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Abstract
The study of gravity waves is important for a complete understanding of
the atmosphere as a whole, including the effects on large scale circulation
patterns. Doppler shifts in the atmospheric airglow emissions (namely green
line, O2 , and OH) are measured using Michelson interferometers to determine winds in the mesosphere at heights between about 87 and 97 km. The
research of this thesis is sub-divided into two sections, one of the in lab testing of a novel monolithic Doppler Michelson interferometer design, and the
second of wind and gravity wave observations in the polar mesosphere.
The first part of this research involves the in-lab testing of a multi-segmented
mirror Michelson interferometer known as the Waves Michelson Interferometer (WaMI) designed as a monolithic wind imaging Doppler Michelson interferometer. This testing includes determination of the relative path differences
of the four mirror segments and Doppler imaging of a retro-reflective rotating
wheel. This acts as a proof of concept for this monolithic design, which was
initially conceived for a satellite limb measurements of winds and rotational
temperature measurements.
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The wind and gravity wave observations are made with the E-Region Wind
Interferometer (ERWIN-II) a Doppler Michelson interferometer located at
the Polar Environment Atmospheric Research Laboratory (PEARL) in Eureka, Nu. (80◦ N, 86◦ W) since 2008. Observations of gravity waves in the
winds and airglow brightness have allowed for the determination of the frequency and wave vectors of these gravity waves, in addition to demonstrating
the vertical motion of the airglow layers by correlating the brightness with
the vertical winds. Additional airglow height information was determined
using correlations with a meteor radar co-located at PEARL. Observations
of quasi-tidal frequency (between about 8 and 12 hour period) waves suggest
that these waves may be inertia-gravity waves and not tides, with additional
support provided by the enhancement of the gravity wave spectra at the
inertial (Coriolis) frequency.
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Chapter 1
Introduction
The study of the atmosphere is a very interesting and important endeavour. It is especially important to study the polar atmosphere, as there are
relatively few measurements of this region, particularly in the mesosphere
(located at about 90 km above the Earth’s surface). Some examples of
the instruments available for measurement of mesospheric winds are meteor radar [63][17][40], incoherent scatter radar [4][32], LIght Detection And
Ranging (LIDAR) [52][56], and Fabry-Perot interferometers [8][2][87]. The
polar mesosphere is particularly interesting due to the large amounts of energy deposited into this layer of the atmosphere by breaking gravity waves
(GW) [57][105][42]. However, with few measurements of these gravity waves
with high temporal resolution, it is of importance to find ways to study
this layer of the atmosphere with high temporal resolution. In this thesis,
the winds in the mesosphere are determined by measuring Doppler shifts in

1

the atmospheric airglow emission [67][68][3][104] using a Michelson interferometer [38][51][83]. This technique (introduced in below) will be compared
and contrasted with the various other techniques that were previously mentioned.
The bulk of this thesis is divided into two areas of research: atmospheric
wind, temperature, and airglow brightness measurements using the E-Region
Wind Interferometer (ERWIN) (see Chapters 4 and 5), and laboratory calibrations and testing of the Waves Michelson interferometer (WaMI) (see
Chapter 6).
The ERWIN and the WaMI provide unique opportunities to study mesopheric winds and gravity waves due to the high temporal resolution of these
high precision wind measurements. Additionally, the WaMI will provide
very high spatial resolution, an improvement over to the ERWIN design,
that would be very useful for characterizing gravity waves.
Some examples of similar atmospheric Doppler wind instruments are shown
in Figure 1.1, showing each instrument’s temporal and spatial resolution,
with the circles denoting the relative precision of the measurements. These
values were determined from published results, and frame the precision and
resolution capability of each instrument to take similar airglow wind observations as the ERWIN (e.g. multiple emissions). It should also be noted that
gravity wave observations are not necessarily the goal of each instrument,
and many have additional capabilities not discussed in this context (such as
the height resolution of the lidar and meteor radar).
2

Figure 1.1: Ariglow wind instrument precision shown as a function of the
temporal and spatial resolution of the instruments for measurement of multiple airglow emissions, assuming typical airglow brightness. The blue circles
provide a relative wind precision for each instrument, with a smaller circle
denoting a higher precision. The black line is the Brunt-Väisälä (or buoyancy) period for gravity waves. The two instruments used for the research
in this thesis are shown in red. [87][2][15][16][52][21][18][55]

3

The WaMI is designed such that one of the back mirrors is segmented, allowing for the sampling of the interferogram at four different path differences
simultaneously, without the need to step the scanning mirror (as is required
for most Michelson interferometer designs [23][83][24]). This monolithic design, using the segmented mirror, is highly beneficial as it allows for wind
measurements to be made at a much higher cadence than a scanning interferometer. Additionally, by imaging the wind field, it is possible to better characterize gravity waves than using single point measurements, which makes
this an improvement for gravity wave characterization over many previous
instruments [83][51][54].
The use of a segmented mirror for simultaneous fringe sampling had been
previously implemented using the Mesospheric Imaging Michelson Interferometer (MIMI) [25]. However, this interferometer only provided single point
Doppler measurements in a laboratory setting, and never imaged the Doppler
winds. The WaMI is an improvement over this design as it has the capability
to image winds, and scan the segmented mirror using a capacitive distance
sensor (CDS) and piezo-electric crystals [79].
Other monolithic Doppler wind measuring devices have been designed, such
as the Doppler Asymmetric Spatial Heterodyne (DASH) spectrometer [15],
and the Stratospheric Wind Interferometer for Transport Studies (SWIFT)DASH [89], which use gratings instead of mirrors in the arms of the Michelson
interferometers to provide a spatial Fourier transform of the observed scene,
a Michelson interferometer with a tilt in one mirror [37] and polarizing inter4

ferometers [44][5]. Although these DASH instruments, and the tilted mirror
Michelson interferometer provide much useful spectral and Doppler wind information, a trade-off of these designs is that they cannot image Doppler
winds, which the WaMI is capable of doing. The polarization instruments
either do not image the atmospheric winds [5] or provide images of plasma
Doppler velocities (on the order of 102 m/s) [44] that are much greater than
those of the mesosphere, and therefore do not provide the same high level of
precision necessary for mesospheric wind imaging. This makes the WaMI a
uniquely qualified design for such high temporal and spatial resolution and
high precision Doppler wind measurements in the mesosphere.
Earlier work in designing and building the optical train for the WaMI was
done at the University of New Brunswick (UNB) by previous students in
Professor Ward’s group, Jeff Langille and Dennis Arsenault. The work contained in this thesis with regards to the WaMI (discussed in Chapter 6)
expands on this previous work; this involves measurement of the relative
path differences of the segmented mirror positions, characterization of the
interferometer, development of algorithms for the imaging of winds with realistic instrument feature, investigation of the sensitivity of the Michelson
interferometer to ambient atmospheric conditions, and Doppler ‘wind’ imaging using a retro-reflective rotating wheel. The high-precision images of the
Doppler wind-wheel are the first time that a segmented mirror, monolithic
design has been used to image Doppler shifts.
Comparisons with the All-Sky Interferometric Meteor Radar (SKiYMET)
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co-located with the ERWIN at the Polar Environment Research Laboratory (PEARL) in Eureka, Nu (80◦ N, 86◦ W), provide an estimate of the
heights and shapes of the airglow layers. Previous research, such as that
with the Wind Imaging Interferometer (WINDII) [83] or the Thermosphere
Ionosphere Mesosphere Energetics and Dynamics (TIMED) Doppler Interferometer (TIDI) [49][115] provide airglow emission profiles with better vertical
resolution; however, the measurements using comparisons between the ERWIN and the meteor radar provide a continuous measurement set with measurements being made during the entire winter at a single location. These
results will be presented in Chapter 4.
Wind observations by ERWIN, see Chapter 5, are used to investigate a wide
variety of atmospheric waves. Through use of a quad mirror (described in
Chapter 3), the four cardinal directions and zenith are able to be simultaneously observed [51]. In combination with the advantages of field widening, this instrument configuration results in the highest cadence mesospheric
wind measurements currently available [8][78]. Description of the uncertainty
analysis (with theory provided in Chapter 3) demonstrates that a shot noise
limited approach to the uncertainty is valid, and could be very useful in
determining expected wind uncertainties given the airglow brightness and
instrument and emission characteristics. Although similar derivations of the
wind uncertainty have been made [111], the previous research was for a specific four-point stepping profile (see Chapter 3 for more details). The research
contained in this thesis includes a derivation for any possible stepping pro6

file, and experimental verification of the derivations in both the laboratory
setting and in the field. The expansion of these derivations is particularly
useful for instrument designs which do not use a four-point stepping profile,
such as the WaMI.
The first observation of quasi-tidal frequency gravity waves in the Arctic, and
determination that these are not necessarily tides is provided in this thesis.
This supports research by Shibuya et al. [85] in the Antarctic demonstrating
similar results. Additional analysis of the gravity wave spectra has demonstrated that there is a large enhancement of the spectral energy beginning
at the inertial frequency (the lowest possible frequency for gravity waves),
followed by a linear decrease in the log of the spectral energy plotted against
the log of the frequency, which further supports the idea that these waves
are gravity waves.
Cross-correlations between the brightness of the airglow layers and the vertical wind are shown to be generally in quadrature (see Chapter 5) which
is the first time the relationship between the airglow brightness and vertical
wind has been demonstrated, given that the brightness of the airglow layers
is correlated with the height of the layers [61][109]. This is supported by previous research, which has shown that the airglow layer heights are correlated
with the brightness of the layers [61][22].
Studies of the large sudden stratospheric warming (SSW) in January 2009
[33][84] are presented, and show results which are consistent with the theory.
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Chapter 2
Background Theory
2.1

Radiative Equilibrium

My research involves measurements of mesospheric winds. The neutral atmosphere is divided into four different spheres, which are defined by the temperature profile of the atmosphere [1] (see Figure 2.1). The mesosphere is a
layer of the neutral atmosphere between 50 and 90 km, with the mesopause
located at ∼ 90 km [1]. This layer lies above the more familiar troposphere
and stratosphere.
To describe the layers of the atmosphere, their divisions based on the temperature profile (see Figure 2.1), the radiative transfer of energy, atmospheric
chemistry (partial pressures of constituents), and dynamics (convection and
stability) need to be considered. To start, it is perhaps instructive to consider a bottom-up approach starting with the troposphere, which is charac-
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Figure 2.1: Temperature profile of the Earth’s atmosphere [107]
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terized by a decreasing temperature with height at a fairly constant lapse
rate of about 7◦ C/km [107]. This temperature decrease with height can be
largely explained through radiative equilibrium [64] with the sun (which can
be treated as a blackbody source with a temperature of ∼ 5800 K [29]) as
the primary energy source. The peak emitted wavelength of the sun can be
determined using Wien’s displacement law [64], such that

λmax =

b
T

(2.1)

where T is the temperature of the source and b is a constant (2.8978 ×
10−3 m-K), with a typical solar spectrum as shown in Figure 2.2. Since
the troposphere is relatively transparent to the incoming short-wave solar
radiation, with most of the radiation in the highly absorptive bands already
absorbed higher up in the atmosphere (see Figure 2.3), heating of this layer
is through absorption of the outgoing long-wave radiation, and convection.
Convective processes are strong in the troposphere, which causes significant
vertical mixing [107]. These processes combine to result in the decrease
of temperature with height, as the surface is more efficiently heated by the
remaining solar radiation than the atmosphere. The top of the troposphere is
marked by the tropopause, with more than 80% of the mass of the atmosphere
contained below the tropopause [107].
The next layer of the atmosphere, the stratosphere, has a lower boundary
between 10 and 18 km, and an upper boundary at about 50 km. This region
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Figure 2.2: Solar spectrum based on the black-body radiation curve given
the temperature of the sun (∼ 5800 K). Most of the energy is in the visible
spectrum, and 95% of the energy falls between 250 nm and 2500 nm [64].

of the atmosphere contains the ozone layer [107]. Ozone is created by the
photo-dissociation of molecular oxygen, with the resulting atomic oxygen
reacting with O2 to form ozone [100]:

O2 + hν → O + O

(2.2)

O2 + O + M → O3 + M

(2.3)
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Figure 2.3: (a) The normalized black body emission spectra for the Sun
(T=6000 K) and the radiative equilibrium temperature for the Earth (T=255
K) [64] as a function of ln λ. (b) The fraction of radiation absorbed by the
atmosphere from the top to the ground as a function of wavelength. (c) The
fraction of radiation absorbed by the atmosphere from the top to 11 km as
a function of wavelength. The atmospheric constituents which contribute to
the important absorption features at each frequency are also included [29].

with M being a third body needed to carry away momentum. Higher in the
atmosphere there is insufficient pressure, and hence third-body interactions,
for enough ozone to be produced to generate any substantial heating. Lower
in the atmosphere, there is not enough available high energy radiation to
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dissociate molecular oxygen, as too much high energy (UV) radiation is absorbed in the stratosphere and does not reach the troposphere. This ozone
layer in the stratosphere absorbs much of the UV radiation (see Figure 2.3),
resulting in a heating of the stratosphere, hence the increase in temperature
with increasing height.
Continuing up, the next layer of the atmosphere is the mesosphere, from
about 50 to 90 km, where the temperature is again decreasing with height.
With low concentrations of ozone, and much of the shorter wavelength light
(< 250 nm) absorbed above in the thermosphere, most of the remaining
visible solar radiation transmits through the mesosphere. In addition, polyatomic molecules in the atmosphere (e.g. H2 O, CO2 ) absorb long-wave radiation (IR) emitted as blackbody radiation by the Earth, but the amount
of available energy to absorb decreases with height due to the energy being
absorbed lower in the atmosphere. These two factors combine to result in
the decrease of temperature with height in the mesosphere [64]. At the top of
the mesosphere, known as the mesopause (approximately 90 km), the coldest
temperatures of the atmosphere are recorded [1].
Above the mesopause is the thermosphere, denoted by an increasing temperature with height. The oxygen in the upper atmosphere absorbs far UV
radiation. This high energy (typically λ < 100 nm) radiation dissociates the
polyatomic molecules, which tend to be the IR radiation emitters, thus reducing the emission rate of the thermosphere; this combination of the high rate
of absorption of the far UV solar radiation, and lack of the IR emitters leads
13

to an increase of the temperature with height [64]. Since the high energy UV
radiation is absorbed at the top of the atmosphere, there is less that makes
it lower into the thermosphere, decreasing the amount of radiation absorbed
(heating), and increasing the number of IR emitting polyatomic molecules
(cooling).

2.2

Airglow

In the case of the research in this thesis, to measure atmospheric winds, the
airglow is used. The winds are determined via Doppler shift of the airglow
emissions. There are numerous airglow emissions in the atmosphere, which
consist of light being emitted by excited atoms or molecules at specifically
known wavelengths [3][68][67]. The three emissions of interest which are observed in this research are the atomic oxygen green line emission (557.7 nm),
molecular oxygen emissions (866 nm and 1260 nm), and hydroxyl (OH) emissions (843 nm and 1315 nm). These emissions all occur at quite a narrow
range of heights due to the chemistry and pressures involved in the reactions
[61].
Without going into too much detail, these airglow emissions begin with excitation of atomic or molecular oxygen by solar radiation. Since part of the
reaction to generate the proper excited atoms or molecules requires a third
body, these excited species cannot be produced too high in the atmosphere
(e.g. ∼ 100 km for OH) where the pressures are lower. Additionally, these
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excited species will have too short a lifetime lower in the atmosphere where
collisions with third-bodies result in the quenching of the excited species,
thereby preventing the emission of photons.
Observations of the airglow layers have shown that there is a relationship between the observed height of the layer and the observed irradiance [61][109],
as shown in Figures 2.4 and 2.5. This is to be expected as an increase (decrease) in the layer height should result in a decrease (increase) in the mixing
ratio of atomic oxygen. Since atomic oxygen is the initial excited species required for all three of the emissions of interest in this thesis, this decrease
(increase) in mixing ratio would result in a decrease (increase) in the volume
emission rate of the airglow emissions [109].
These thin airglow layers provide a good medium by which to observe the
winds. Since the species which are emitting the photons (i.e. the airglow) are
moving with the same speed as the background atmosphere (i.e. the wind),
then measuring the Doppler shifts of these known emissions allows for the
determination of the winds at these heights [83]. There are several different
methods of measuring these winds, such as using a Fabry-Perot interferometer [8][87], meteor radar [40][63], or lidar [52][56], but this thesis will focus
on the measurement of these Doppler winds using a Michelson interferometer. The two Michelson interferometers which are discussed in this thesis
are the E-Region Wind Interferometer (ERWIN-II) and the Waves Michelson
Interferometer (WaMI).
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Figure 2.4: Volume emission rate profiles of OH nightglow emissions as observed by Wind Imaging Interferometer (WINDII), a wind and volume emission rate measuring interferometer on the Upper Atmosphere Research Satellite (UARS) [61].

2.3

Atmospheric Dynamics

The temperature profile of the atmosphere is very important as it sets up
a stably stratified atmosphere, such that, on average, the atmosphere is in
a stable hydrostatic equilibrium, and any vertical perturbation would result
in a restoring force [77]. Air moved adiabatically up (or down) would have
a higher (or lower) density than its surroundings, and would tend to move
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Figure 2.5: Peak altitudes of the OH emission profiles plotted against the
integrated emission rate, as observed by WINDII. The number in the top
right corner is the correlation coefficient for the linear fit [61].

back to its original height, at which it would be in a stable equilibrium. To
describe this motion, it is beneficial to consider a parcel of air and to describe
its motion.
Setting up this Lagrangian view of the atmosphere, using an air parcel, the
dynamics of the atmosphere can be described using Newton’s laws of motion,
conservation of energy and conservation of mass [6]. Starting with Newton’s
second law, and considering an air parcel in a rotating coordinate system
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(Earth), the equation of motion (per unit mass) can be written as
d~v 1
~ × ~v = ~g + F~ ,
+ ∇p + 2Ω
dt ρ

(2.4)

where ~v is the velocity of the air parcel, p is the pressure, ρ is the density,
~ is the angular rotation rate of the Earth, ~g is the effective gravitational
Ω
acceleration (including the centrifugal acceleration due to the rotation of the
Earth), F~ is the acceleration due to frictional forcing, and t is the time [6].
The derivative

d
dt

is the total (or material) derivative
d
∂
=
+ ~u · ∇,
dt
∂t

1
∇p
ρ

(2.5)

~ × ~v is the perceived Coriolis force;
represents the pressure force, 2Ω

these internal forces are balanced against the external forces, ~g represents
the gravitational force, and F~ represents the frictional forces.
The conservation of energy can be written as

cp

dT
1 dp
−
= Q,
dt
ρ dt

(2.6)

where T is the temperature in degrees Kelvin, cp is specific heat of air at
constant pressure, and Q is the net heating (or cooling) rate per unit mass.
The term cp dT
is the energy associated with the change in temperature,
dt
is the energy associated with the change of pressure, and Q is energy
− ρ1 dp
dt
related to an influx (or outflux) of heat (for an adiabatic process this is
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0). Conservation of energy means that for any change in temperature of the
system, there must be a corresponding change in either (or some combination
of both) the pressure and/or there must be heat (energy) exchange with the
surrounding environment.
The third equation governing the air parcel is the conservation of mass, which
is
∂ρ
+ ∇ · (ρ~v ) = 0.
∂t
The term

∂ρ
∂t

(2.7)

is the change of density of the air parcel with time, and the sec-

ond term, ∇ · (ρ~v ) is the mass of air flowing into (or out of) the parcel of air.
If there were a net flux of mass into the parcel, then there would need to be
a corresponding increase in the density of the parcel. An important special
case for the conservation of mass is that when dealing with small timescales,
it can be assumed that air is incompressible, which means that the density of
the air parcel is constant. Therefore, the ∇ · ~v must be 0. This case is known
as the Boussinesq approximation [43], such that the small scale density variations, such as those due to gravity waves, are ignored, but the exponential
decrease of the background density with height is still maintained. This is
especially important when considering gravity waves.
For atmospheric gravity waves to exist, the atmosphere must be stably stratified, such that an air parcel that is perturbed from equilibrium will experience a restoring force towards the equilibrium position. A stably stratified
atmosphere must be in what is known as hydrostatic balance, such that the
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pressure gradient is balanced by the weight of the parcel [92], i.e.
dp
= −gρ.
dz

(2.8)

Using the hydrostatic balance, and the ideal gas equation,

p = ρRT,

(2.9)

g
dp
=−
dz
p
RT

(2.10)

it can be shown that

and integrating from the surface to a height z, the pressure can be written
as
−gz

p = p0 e RT

(2.11)

where R is the universal gas constant, and p0 is the surface pressure. The
factor multiplying z in the integrand is often called the pressure scale height,

Hp =

RT
.
g

(2.12)

A convenient variable to use when considering the stability of the atmosphere
is the potential temperature, which is the temperature, θ, a parcel would have
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if it were moved, adiabatically, to the surface,

θ(z) = T̄ (z)

p̄(z)
p0

−κ
,

(2.13)

where the bar denotes the mean value at a particular height, and κ is the
R
,
cp

and is 2/7 for an ideal atmosphere. By considering the gradient of the

potential temperature with height, it can be shown that
θ
dθ
=
dz
T̄




dT̄
+Γ ,
dz

(2.14)

gκ
,
R

(2.15)

where
Γ≡

and is known as the adiabatic lapse rate, which is the rate of change of temperature of an air parcel with height if there is no energy exchange between
the air parcel and its surrounding environment. Therefore, the potential temperature gradient will be positive (negative) if the actual lapse rate, − dT
,
dz
is less than (greater than) the adiabatic lapse rate. Hence, the atmosphere
is stably stratified if

dθ
dz

> 0, and any perturbed air parcel will experience a

restoring force towards the equilibrium position.
By considering a small, adiabatic, perturbation in height of an air parcel,
it can be shown the air parcel can be assumed to be a simple harmonic
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oscillator(see Appendix A.1 for full derivation), with a frequency of

N2 =

g dθ̄
θ0 dz

(2.16)

where N is known as the Brunt-Väisälä frequency[73].
If a parcel of air were to be perturbed along an incline at an angle of β
(see Figure 2.6), then the restoring force will act at an angle of β, and the
frequency at which this air parcel will oscillate is

ω2 =

g dθ
cos2 β = N 2 cos2 β.
θ̄ dz

(2.17)

Therefore, the frequency is simply the Brunt-Väisälä frequency multiplied
by cos β [73]. The motion of the air parcel for a gravity wave is coupled
with temperature and pressure wavefronts as shown in Figure 2.7 [108]. This
figure shows the motion of air parcel (winds) as the thin black arrows orthogonal to the wave fronts denoted by the solid black lines, with the thick
black arrow denoting the wavevector for this wave. The x-axis shows the
longitude, at a fixed latitude, and the y-axis shows height. The temperature
fronts are along the wave fronts labelled cold and warm, and the pressure is
denoted by the shaded (high) and white (low) areas.
The Navier-Stokes, the conservation of mass, and conservation of thermal
energy equations, can be combined to form the wave equation for linear atmospheric motions as follows. This derivation will follow a similar approach
to many atmospheric texts and papers, for example Fritts and Alexander
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Figure 2.6: Diagram of an air parcel displaced from equilibrium along an
inclined plane [73]

[20]. Assuming that the motion is adiabatic over gravity wave scales, and
the viscous damping terms can be ignored, the horizontal and vertical motion equations, continuity equation, and the conservation of energy equation
become
du 1 ∂p
+
− fv = 0
dt
ρ ∂x

(2.18)

dv 1 ∂p
+
+ fu = 0
dt ρ ∂y

(2.19)

dw 1 ∂p
+
= −g
dt
ρ ∂z

(2.20)
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Figure 2.7: Idealized cross-section of a gravity wave at a fixed latitude showing the wind (thin black arrows), temperature, and pressure (stippled area
is high pressure, white is low pressure) oscillations [43].

1 dρ ∂u ∂v ∂w
+
+
+
=0
ρ dt ∂x ∂y
∂z

(2.21)

dθ
= 0.
dt

(2.22)

~ sin θ, where θ
The value f is the coriolis parameter, and is defined as 2|Ω|
is the latitude, and the values u, v, and w are the zonal, meridional, and
24

vertical winds, respectively.
The conservation of energy equation, has been re-written in terms of the
potential temperature (see equation 2.13). The motion of the atmosphere is
assumed to be a small perturbation on top of the large, steady background
values so that the atmospheric parameters can be written in the form

q(x, y, z, t) = q̄(z) + q 0 (x, y, z, t),

(2.23)

where q̄ is the steady, uniform background value, and q 0 is a small perturbation. The background vertical wind, w̄, can be assumed to be 0, since a
sustained background vertical wind of more than a few cm/s would move
too much air vertically to maintain a the density profile of the atmosphere.
Then, by assuming that the perturbations are small compared to the background values, that the background terms (e.g. ū) vary only in the vertical,
and ignoring any perturbation terms higher than first order, these equations
can be re-written as
∂u0
∂u0
∂ ū
∂
∂u0
+ ū
+ v̄
+ w0
+
∂t
∂x
∂y
∂z ∂x

 0
p
− f v0 = 0
ρ̄

 
∂v 0
∂v 0
∂ p0
∂v 0
0 ∂v̄
+ ū
+ v̄
+w
+
+ f u0 = 0
∂t
∂x
∂y
∂z ∂y ρ̄
 
   0
∂w0
∂w0
∂w0
∂ p0
1 p0
ρ
+ ū
+ v̄
+
−
+
g=0
∂t
∂x
∂y
∂z ρ̄
Hp ρ̄
ρ̄
 
 
 
∂ ρ0
∂ ρ0
∂ ρ0
∂u0 ∂v 0 ∂w0
w0
+ ū
+ v̄
+
+
+
−
=0
∂t ρ̄
∂x ρ̄
∂y ρ̄
∂x
∂y
∂z
Hp
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(2.24)

(2.25)
(2.26)

(2.27)

 
θ0
1 p0
ρ0
= 2
−
(2.28)
cs ρ̄
ρ̄
θ̄
 
 
 
N2
∂ θ0
∂ θ0
∂ θ0
+ ū
+ v̄
+ w0
= 0,
(2.29)
∂t θ̄
∂x θ̄
∂y θ̄
g
p
where cs is the speed of sound, and is γRT̄ . To get the vertical motion
equation, it is useful to re-write
∂
∂z

1 ∂p0
ρ̄ ∂z

as

 0
 
p
1 ∂p0
1
0 ∂
+p
=
.
ρ̄
ρ̄ ∂z
∂z ρ̄

Then, by considering that ρ̄ = ρ̄(0)e
1 ∂p0
∂
=
ρ̄ ∂z
∂z
which is used to get the term

p0
ρ̄

− Hz

p

(2.30)

, this can be further re-arranged as

 0
 
p
1 p0
−
,
ρ̄
Hp ρ̄

(2.31)

in the vertical motion equation. Since any

perturbations associated with gravity waves are small and the density of the
atmosphere is decreasing exponentially with height, it can be assumed that
these take the form of a simple harmonic oscillator, such that
~

q 0 (x, y, z, t) = q̃(z)ei(k·~x−ωt) ,

(2.32)

where
R

q̃(z) = e

dz
2Hp

z

q̂ = e 2Hp q̂,

(2.33)

is the amplitude of a perturbation term, q 0 , and q̂ is the amplitude of the
parameter without accounting for the exponentially decreasing density of
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the atmosphere. Defining the wave vector as ~k ≡ kx̂ + lŷ + mẑ, substituting


0
0
0
equations of this form for u0 , v 0 , w0 , θθ̄ , pρ̄ , ρρ̄ into the 2.24-2.29 equations one
arrives at the polarization equations (see Appendix A.2 for full derivation)

− iω̂û + ik p̂ − f v̂ = 0

(2.34)

− iω̂v̂ + ilp̂ + f û = 0


1
− iω̂ ŵ + im −
p̂ = −g ρ̂
Hp


1
− iω̂ ρ̂ + ikû + ilv̂ + imŵ + im −
ŵ = 0
Hp

(2.35)

θ̂ = −ρ̂
− iω̂ θ̂ +

N2
ŵ = 0.
g

(2.36)

(2.37)
(2.38)
(2.39)

Note that since the measurements with a ground based remote sensing instrument are in a fixed coordinate system, it is useful to define the intrinsic
frequency, ω̂, as the frequency of a wave relative to the background flow of
the atmosphere, ū and v̄, such that

ω̂ = ω − ūk − v̄l.

(2.40)

To determine the dispersion relation for an atmospheric wave driven by buoy-
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ancy, it is useful to determine a single equation in terms of the vertical wind.
To start, equation 2.38 can be used to write density, ρ̂, in terms of potential
temperature, θ̂. Then, equations 2.34 and 2.35 can be combined to solve for
û and v̂ in terms of pressure, p̂, such that

û =

k ω̂ + ilf
p̂
ω̂ 2 − f 2

(2.41)

v̂ =

lω̂ − ikf
p̂.
ω̂ 2 − f 2

(2.42)

Equation 2.39 can be used to eliminate density, ρ̂, and by extension potential
temperature, θ̂:
ρ̂ =

iN 2
ŵ.
g ω̂

(2.43)

Finally, pressure can be written in terms of vertical wind, ŵ, using equation
2.36,
i
(ω̂ 2 − f 2 ) m − 2Hp
ŵ.
p̂ =
ω̂
m2 + 4H1 2

(2.44)

p

By substituting the above equations into equation 2.37, it can be shown that
N2
+
g



 (k 2 + l2 )
2

ω̂ 2 − N
ω̂ 2 − f 2



1
2Hp

m2


+

+ i (k 2 + l2 ) m
1
4Hp2
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+ im −

1
= 0. (2.45)
2Hp

Considering just the imaginary part, the dispersion relation can be defined
as
2

ω̂ 2 =

2

2

N (k + l ) + f

2



2

m +

k 2 + l 2 + m2 +

1
4Hp2

1
4Hp2


.

(2.46)

This form of the dispersion relation is complete for all scales of gravity waves,
and provides an upper and lower bound for the frequency of gravity waves,
such that N > ω̂ > |f |. As a gravity wave approaches a horizontal propagation (i.e. m → 0) then the frequency appraoches the Brunt-Väisälä frequency, N . If the wave vector of the gravity wave approaches vertical, then
the motion of the air parcel would approach horizontal, and the frequency
would approach the lower limit equal to f .

2.3.1

Gravity Waves

2.3.1.1

Taylor-Goldstein Equation

The previous derivation for gravity waves is a complete derivation which
would apply to any wave regardless of scale. However, by applying some
simplifications, one can obtain a description for smaller scale gravity waves
~ sin θ). This
(ones that are not affected by the Coriolis parameter, f = 2|Ω|
allows for the more simplified equations which apply to gravity waves travelling in an arbitrary direction. Additionally, these simplifications lead to the
derivation of the Taylor-Goldstein equations [94][28]. These equations form
a differential eigenvalue problem. The inclusion of the wind terms in the
Taylor-Goldstein equations demonstrates that the background wind shear
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will affect the properties of the waves as they propagate through the atmosphere. This is important to note, as it shows that the waves will not simply
be freely propagating simple harmonic oscillations, but will change due to
vertical wind shear.
By making a Boussinesq approximation (such that the air is incompressible
and density can only vary with height), assuming the motion is adiabatic
over gravity waves scales, and setting the coordinate system such that the
wave travels in the x-direction, the Navier-Stokes equations (less the Coriolis terms), the conservation of mass, and conservation of thermal energy
equations can be re-written to form the wave equation for a linear gravity
wave; these equations can be used to derive the Taylor-Goldstein equation
(see Appendix A.3) [94][28]:
 2 2

k N
k d2 ū
k 1 dū
1
d2 ŵ
2
+
+
−k −
−
ŵ = 0.
dz 2
ω̂ 2
ω̂ dz 2
ω̂ Hρ dz 4Hρ2

(2.47)

As was mentioned earlier in equation 2.17, a gravity wave can have an oscillation at an angle to the vertical. This means that the resulting wave
would have a non-zero vertical wavenumber, m. Given that the wave vector
is orthogonal to the motion of the air parcel (see Figure 2.7), the angle of
the wave-vector can be related to the angle of the air parcel oscillation, and
hence the frequency, see Figure 2.8. From this geometry it is easy to see that
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Figure 2.8: Wave vectors and wave fronts for an upward-propagating wave
(a) and a downward-propagating wave (b) [73]

cos β =

(k 2

k
,
+ m2 )1/2

(2.48)

where m is the vertical wave number. From equations 2.17 and 2.48, the
frequency can be re-written in terms of the wave numbers, hence

ω=

(k 2

kN
,
+ m2 )1/2

(2.49)

which is the dispersion relation for smaller scale gravity waves. Therefore,
this can be re-arranged to solve for m,

2

m =k

2




N2
−1 .
ω2
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(2.50)

Another approach to solving this is to consider an atmosphere with no background wind, and a wavelength much smaller than Hρ , whence the TaylorGoldstein equation simplifies to
d2 ŵ
+
dz 2




k2N 2
2
− k ŵ = 0.
ω2

(2.51)

This is the equation for a simple harmonic oscillator, with the general solution

ŵ(z) = Aeimz + Be−imz ,

(2.52)

where
2

m =k

2




N2
−1 .
ω2

(2.53)

This result is the same as that determined from first principles, see equation
2.50.
If there is a constant non-zero background wind, ū, then using definition
of the intrinsic frequency, ω̂ (see equation 2.40), in place of ω, the vertical
wavenumber becomes
m2 =

k2N 2
− k2,
(ω − ūk)2

(2.54)

and the frequency becomes

ω = ūk ±

k2N 2
k 2 + m2
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1/2
.

(2.55)

The phase velocity is the ratio of the frequency and the wave number such
that
ω
N
= ū + cos β,
k
k

(2.56)

k
N
ω
= ū + cos β.
m
m m

(2.57)

cx =
cz =

The group velocities are the rate of change of the frequency with the wavenumber,
dω
N m2
m2
ug =
= ū + 2
= ū + 2 (cx − ū)3
2
3/2
dk
(k + m )
N
wg =

2.3.2

dω
N mk
mk
=− 2
=
−
(cx − ū)3 .
dm
(k + m2 )3/2
N2

(2.58)
(2.59)

Gravity Wave Breaking and Turbulence

As was observed in the previous section, the intrinsic frequency of gravity
waves is bound by the Coriolis parameter and the Brunt-Väisälä frequency,
such that |f | < ω̂ < N . By considering the physical nature of gravity waves,
further restrictions on the frequency and wave vector can be made. Additionally, amplitude limitations will also apply, as the gravity wave will become
unstable when it approaches these scales, resulting in the wave breaking such
that the linear theory no longer applies.
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2.3.2.1

Dynamic and Convective Instabilities

For a gravity wave to effectively propagate, i.e. not be evanescent, the vertical wavenumber, m, cannot be zero, hence the vertical wavelength must be
finite [20]. This is only a small consideration, but it has a significant impact on the relative frequency and horizontal wave numbers. By considering
the intrinsic frequency as given in equation 2.46, the maximum value of the
intrinsic frequency relative to the horizontal wavelength can be determined.
Thus, the maximum possible frequency for a given horizontal wavelength can
be determined, and is shown (solid line) in Figure 2.9. Only frequencies and
wavelengths which fall under this line would be physically possible in the
atmosphere.
A second consideration for a restriction on the possible frequencies and wavelengths is specific to the gravity wave observations using the airglow layers.
Since the airglow layers have finite thickness, the layer thickness provides
lower limit for the possible observable gravity waves. If a gravity wave has a
vertical wavelength smaller than the airglow layer thickness, approximately
10 km for the green line, O2 and OH airglow layers, then the wave regions
of enhancement would be cancelled by regions of de-enhancement with a net
reduction in the observable change in the airglow irradiance. Therefore, the
airglow layer would act as a low-pass filter in vertical wavenumber, and any
wave with a vertical wavelength less than approximately 10 km would not
be observable in the airglow emissions. This effectively provides an upper
bound for the vertical wavenumber. This results in the lower bound (dashed
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Figure 2.9: Upper (solid line) and lower (dashed line) bounds for observable
gravity waves in the airglow layers.

line) in Figure 2.9. Therefore, the observable gravity waves from the airglow
emissions, must have frequencies and wavelengths which fall between these
two bounds. It is important to note that this lower bound is not a physical
limit on the gravity wave parameters, but simply a limit on the observable
gravity waves via the airglow layers.
A second figure of the same bounds but for up to 2 × 104 km horizontal wavelengths is provided in Figure 2.10. This demonstrates that, as the frequency
of a gravity wave approaches the Coriolis paramter, then the horizontal wave35

Figure 2.10: Same as Figure 2.9, but up to 2×104 km horizontal wavelengths.

length could become large, on the order of thousands to tens of thousands of
km.
Gravity waves have a large effect on the atmosphere due to the transport and
deposition of energy and momentum. The energy which is deposited is in the
form of internal energy, such as a change in temperature, whereas the momentum transfer results in a drag on the atmosphere, and a reduction in the
background winds. When gravity waves break, their energy and momentum
are transferred to the background atmosphere at that height, longitude and
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latitude [20][27]. This momentum deposition can have a significant effect on
the atmosphere, resulting in changes to the background wind speed through
drag, or by setting up large circulation modes that can transport air over
vast distances in the atmosphere [48].
There are two different ways by which gravity waves can break: convective
instability and dynamic instability.
Convective instability exists when there is a large enough amplitude wave
such that there is a sufficient temperature or density gradient that the air
parcel will start mixing with the background. This situation can be described
using the Richardson number,

Ri =

N2
 ,
∂u 2

(2.60)

∂z

where

∂u
∂z

is the shear term, and is the change of the horizontal wind with

height [92][98]. The Brunt-Väisälä frequency depends on the rate of change
of the potential temperature of the atmosphere with height, such that if
the potential temperature were decreasing with height, then N 2 would be
negative. This would be a convectively unstable atmosphere, therefore, the
Richardson number is less than 0. There would be a dynamical instability when Ri < 0.25 [73]. As the Richardson number gets larger, the fluid
becomes more stable [98]. An example of a convective instability is shown
in Figure 2.11. This figure shows the convective overturning which occurs
once the amplitude of the wave becomes large enough such that the stability
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condition is violated and

∂θ
∂z

< 0 [19]. Under these conditions, the Brunt-

Väisälä frequency is imaginary, hence the Richardson number is less than
zero, which is the convective instability condition.
An example of a convective (and dynamic) instability is shown in Figure
2.12. The corresponding Richardson number is shown in Figure 2.13. Figure
2.12 shows the density field contours, with the y-axis as the height relative
to a reference height, the wave grows in amplitude as it propagates upward,
until it begins to break at about 0.6 z/z0 . This height is a critical level which
is discussed later in this chapter. Lower than this height, the wave is stable;
this can be seen in Figure 2.13, where the Richardson number is above 0.25
until a height of about 0.6. It then begins to break, first with dynamic instability, and then with convective instability when the Richardson number
is less than 0.
Dynamic, or shear instabilities arise when the Richardson number, Ri , is between 0 and 1/4. This means, that if there is a large vertical shear over the
amplitude of the wave, then the different parts of the wave will be subject to
different background velocities. This will push air parcels with higher density over parcels with relatively lower density. Therefore, the higher density
(heavier) air parcel will tend to sink, displacing the lower density air. A
common example of this type of instability is a Kelvin-Helmholtz instability,
shown in Figure 2.14, with its characteristic rolling vortices. As the wave
grows in amplitude, the shear causes the peak to move to the right, and the
trough to the left, resulting in the higher density air over lower density air.
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Figure 2.11: The density field of the atmosphere produced by a non-linear
model at (a) 2.0, (b) 2.4, and (c) 2.8 wave periods [19]. The x-axis is the
phase of the model wave for a single wavelength. The y-axis is the height
relative to a reference height, z0 .
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Figure 2.12: The evolution of the density field of the atmosphere for a modelled, monochromatic forcing. Times are (a) 2, (b) 4, and (c) 6 wave periods
[19]. The x-axis is the phase of the wave for a wavelength. The y-axis is the
height relative to a reference height, z0 .
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Figure 2.13: The evolution of the Richardson number field for the same
monochromatic forcing as Figure 2.12. Times are (a) 4, (b) 6, and (c) 8 wave
periods. The contour represent Ri of 1, 0.25 and 0 for the dotted, dashed
and solid lines, respectively [19].
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Figure 2.14: The set-up of a Kelvin-Helmholtz instability due to a high wind
shear, shown as a function of time and displacement [76].

The air will begin to roll over to account for this imbalance in the buoyancy force, creating a vortex, in which the air will all eventually mix and
the energy of the wave will be deposited into the background atmosphere. A
common example of a Kelvin-Helmholtz instability is observed in clouds as
they roll over and break. Since the air will cool adiabatically as it moves up,
this results in the appearance of the cloud at the peak of the wave. If there
is a large enough wind shear, as the wave oscillates in the atmosphere, the
wind shear will cause a relative motion of the peak of the waves relative to
the trough. This results in denser air flowing above less dense air, the wave
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will then begin to overturn, creating the characteristic vortices.
Another important instability criterion occurs when a gravity wave approaches
a critical height, as was seen in Figures 2.12 and 2.13. To better describe
this, the Taylor-Goldstein equation can be re-cast in terms of the background
wind speed and the phase speed of the wave, such that


d2 ŵ
N2
1 d2 ū
1
dū
1
2
+
+
−
−
− k ŵ = 0, (2.61)
dz 2
(c − ū)2 c − ū dz 2 Hρ (c − ū) dz 4Hρ2
where c is the phase speed of the wave. It is evident from this equation
that when the background wind speed approaches the phase speed of the
wave, there is a singularity, and the amplitude of the wave would approach
infinity. The height at which the background wind is equal to the phase
speed of the wave is known as the critical layer, zc . The critical layer is
an example of conditions under which the linear theory breaks down. It is
intuitively obvious that the wave amplitude cannot grow indefinitely as it
approaches the critical layer. What prevents this unphysical growth are nonlinear effects. As the wave packet approaches the critical layer, wave vector
tilts away from the layer, and therefore the air parcel motion approaches
horizontal, see Figure 2.15. This results in the amplitude of the vertical wind
approaching 0, while the amplitude of the horizontal wind will increase, see
Figure 2.16. As the horizontal amplitude increases, eventually it will become
unstable, and the wave will break, through either convective or dynamic
instabilities. The energy of the wave is then deposited in the atmosphere at

43

Figure 2.15: Illustration of a gravity wave packet approaching a critical level
from below. Note that the vertical group velocity approaches 0, and the
phase fronts become parallel to the critical level, hence the wave packet will
never quite reach this level [73].

this critical level.

2.3.2.2

Turbulence

All of this discussion of wave breaking would be incomplete without some
mention of turbulence. Fluid flow can be considered to have two different
fundamental modes, that of laminar flow and turbulent flow [53]. Laminar
flow is a smooth flow without small scale distortions, and turbulent flow
exists when these small scale distortions (eddies) are present. Once linear
perturbation theory is no longer valid, when the waves are breaking, turbulence can be observed. The scales of the turbulence also give rise to the
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Figure 2.16: Vertical and horizontal winds of a gravity wave approaching a
critical level. The vertical wind, w1 → 0, u1 → ∞, and λz → 0 [73].

turbulence spectrum, which is of interest in the study of gravity waves.
The various velocity and length scales of the flow will dictate the type of flow
that is observed. The Reynolds number,

Re =

UL
,
ν

(2.62)

where U is a typical (bulk) velocity scale, L is the length scale and ν is the
kinematic viscosity of the fluid, provides a means to differentiate between the
laminar mode (low Reynolds number) and turbulent mode (high Reynolds
number)[53]. For the atmosphere, a typical value for the Reynolds number
at which there is a transition between laminar and turbulent flow is about
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5000 [77].
Turbulence can be thought to be made up of eddies of many different sizes
[46]. As the larger eddies become unstable the energy and momentum will be
transferred into the smaller eddies. At larger scales, this transfer of energy
is inviscid, and there is no loss of energy. As the eddies become smaller,
approaching what is known as the Kolmogorov length, viscosity becomes important and the energy will be dissipated [46], see Figures 2.17 and 2.18.
This process is observed in the atmosphere when gravity waves begin to
break. These breaking waves can then seed new gravity waves of smaller
scales, until the kinetic energy and momentum from the gravity waves is deposited into the background atmosphere, causing a drag on the background
wind [102][48][40].
A very simple description of the energy density spectra for a turbulent system
can be described using a dimensional analysis, similar to that used by Kolmogorov [50]. Let us start with a general definition for the energy spectrum
of a turbulent flow such that

E(k) = g(ε, k),
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(2.63)

Figure 2.17: A schematic representing the energy cascade from larger scale
eddies to smaller scale ones until the Kolmogorov scale is reached, and the
eddies dissipate [14].

where k is the wavenumber and ε is the energy flux. Considering the dimensions of each of these parameters,
m3
E∼ 2
s
m2
ε∼ 3
s
k ∼ m−1 ,
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Figure 2.18: Plot of the energy spectrum using Kolmogorov theory of turbulence. Energy is supplied at a rate of ε, and cascaded to smaller scales until
it is dissipated by viscosity [103].

and that the only time dependence on the right side of the equation is in ε,
the energy flux must be raised to a two-thirds exponent, such that

E(k) = βk ε2/3 k p ,

(2.64)

where βk is an unknown, dimensionless constant, and p is the power to which
k must be raised.
From further dimensional analysis, it can be easily shown that the value of
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p must be -5/3, and therefore

E(k) = βk ε2/3 k −5/3 .

(2.65)

This derivation is simple, but perhaps less satisfying than a more robust
derivation in which more detail can be gleaned. Following the work of Kolmogorov [50], and the derivations shown in many fluid dynamics and turbulence textbooks (such as Davidson [10]), the same relationship between the
energy spectrum and the wavenumber can be reached. In addition, the relationship between the energy spectrum and the frequency can derived. This
more detailed derivation is summarized in the following paragraphs.
Following the derivations in Davidson [10], some statistical quantities can be
used to describe turbulence. Beginning with a linear perturbation approach,
the velocity can be written in terms of the mean, and a linear perturbation,
similar to discussions earlier in this chapter with respect to gravity waves,
such that
u = ū + u0 ,

(2.66)

where ū is the mean wind, and u0 is the perturbation.
The correlation between two adjacent points provides information about the
turbulent eddies, such that

Qij = u0i (~x)u0j (~x + ~r) ,
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(2.67)

where Qij is the velocity correlation between two points separated by a distance of ~r, and at a position of ~x, and u0i and u0j are the winds in the i and j
directions, respectively. If the separation is much larger than the size of the
eddy, then the results would be statistically independent, such that Qxx = 0.
If the turbulence is isotropic, such that it is invariant under changes of the
reference frame, then the velocity averages can be defined as

hu0 i = hv 0 i = hw0 i .

(2.68)

Now, the velocity correlation functions can be stated as

Qxx (rx̂) = hu0 (~x)u0 (~x + rx̂)i = u02 f (r)

(2.69)

Qyy (rx̂) = u02 g(r),

(2.70)

where x̂ is the unit vector in the x-direction, and f (r) and g(r) are the
longitudinal and lateral velocity correlation functions, respectively. These
start at 1 when r is 0, and approach 0 as r approaches infinity.
The integral of the longitudinal velocity correlation function is equal to the
integral scale,
Z
`=

∞

f (r)dr,

(2.71)

0

which is the scale for the largest eddies.
To provide a more complete picture of the distribution of the kinetic energy
amongst the different sized eddies, one can consider the longitudinal velocity
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increment
∆v = u0 (~x + rx̂) − u0 (~x),

(2.72)

which gives rise to the second order longitudinal structure function

[∆v]2 = [u0 (~x + rx̂) − u0 (~x)]2 .

(2.73)

Since only eddies of sizes smaller than r should contribute significantly to the
structure function, it can provide a metric for these eddies. By expanding
the structure function, it can be shown that

[∆v]2 = u02 (~x + rx̂) + u02 (~x) − 2 hu0 (~x + rx̂)u0 (~x)i .

(2.74)

By considering that the turbulence is homogeneous, hu0 (~x + rx̂)i = hu0 (~x)i,
and that the third term is equal to Qxx (rx̂), it can be easily shown that
[∆v]2 = 2 u02 (1 − f (r)) .

(2.75)

Expanding this equation to consider three dimensional motion, and considering that, for large r, f (r) approaches 0,

2

[∆v]

4
=
3




1 02
u
.
2

(2.76)

Therefore, the structure function provides information about the energies of
all eddies smaller than r.
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The structure function provides the change in the mean change in the velocities, and it can be considered a function of the velocity, eddy size, integral
length, viscosity (ν), boundary conditions (BC), and time, such that

[∆v]2 = F (u0 , r, `, ν, t, BC).

(2.77)

Since it is assumed that the turbulence is homogeneous and isotropic, the
boundary conditions can be dropped from this equation. At small scales,
r  `, the energy density flux is related to the velocity and integral length
by considering the flux in time (∼ u0 /`) of the energy density (∼ u02 ), such
that
ε∼

u03
,
`

(2.78)

thus allowing u0 and ` to be combined into one variable, ε. Additionally, introducing the Kolmogorov length, which is the length scale at which viscosity
dominates the energy dissipation,

η∼

ν3
ε

1/4
(2.79)

and microscale velocity
v ∼ (εν)1/4
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(2.80)

and considering the turn-over time is small compared to the decay time,
allows for the structure function to be re-written as

[∆v]2 = F (r, ε, ν) .

(2.81)

If the scale is much larger than the Kolmogorov length, i.e. η  r, then
the viscous forces can be neglected at these relatively large scales, which
explains why the Kolmogorov -5/3 law does not apply to smaller scale eddies
when dissipation (viscous forces) start to dominate. The structure function
becomes a function of only the energy flux, and the scale size, such that

[∆v]2 = βεq rp ,

(2.82)

where β is a dimensionless constant, and q and p are the powers to which ε
and r must be raised to satisfy a dimensional analysis of this equation. Since
the units of the structure function are of velocity squared, q and p must both
be 2/3. Given that it was shown that the kinetic energy is proportional to
the structure function, then
Z

∞

E(k)dk ∼ βε2/3 r2/3 ,

0
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(2.83)

must be true. By considering that k ∼ 1r , and taking the derivative with
respect to k, the spectral energy density is

E(k) ∼ βk ε2/3 k −5/3 ,

(2.84)

which is the same relation derived earlier using only dimensional analysis.
To get at the relation with frequency, one can simply use r ∼ u/ω, such that
k ∼ ω/u. Therefore
E(ω) ∼ βω ε2/3 u2/3 ω −5/3 ,

(2.85)

where βω is a constant of proportionality [95][119]. These relations match
with experimental results such as those of Tsuda [99].

2.3.2.3

Circulation Due to Gravity Wave Breaking

It is important to also consider what effects gravity wave breaking has on the
energy and momentum transfer in the atmosphere, as the gravity waves can
carry energy and momentum from one location, and deposit it in another
when the waves break. An example of the large scale effects of this is the
winter poleward (and summer equatorward) circulation generated by gravity
wave breaking in the mesosphere [48]. As gravity waves propagate upwards
in the atmosphere, critical levels are reached when the background wind is
equal to the phase speed. In the summer hemisphere the background winds
are predominantly easterly, with predominantly westerly winds in the winter
hemisphere, see Figure 2.19. The predominance of the westerly winds in the
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Figure 2.19: Schematic showing gravity waves breaking in the mesosphere
due to amplitude growth, and the momentum transfer of said waves to the
background atmosphere (thick black arrows). The green lines show the background wind speed, with gravity waves breaking when the phase speed is
equal to the background wind speed (critical level). (a) shows a typical
background wind profile for the winter hemisphere, (b) shows the typical
atmospheric conditions in the summer hemisphere, and (c) shows the occasional weakening of the stratospheric circulation in the winter, allowing for
some eastward propagating waves to reach the mesosphere [48].

winter hemisphere results in the filtering out of gravity waves with eastward
phase velocities. Therefore, only gravity waves with westward phase velocities reach the mesosphere to break, and the resulting momentum deposition
is largely westward, causing a drag on the background zonal wind. This westward drag force disrupts the geostrophic balance. To restore this balance,
there must be a poleward flow to balance out the gravity wave drag forcing.
Similarly, in the summer hemisphere, the easterly background wind filters
out the westward gravity waves. This results in an eastward forcing on the
wind, which causes an equatorward flow. Combined, these two flows set up
the circulation from the summer pole to the winter pole, see Figure 2.20.

55

Figure 2.20: This schematic of the atmosphere shows the flow to the winter
pole caused by the transfer of momentum from gravity waves. Additionally
it shows the Brewer-Dobson circulation, which is an equator to winter pole
flow caused by the energy transfer from Rossby waves (a type of planetary
wave described in section 2.3.4) [48].

2.3.3

Tides

Next, atmospheric tides will be discussed. Tides are driven, predominately,
by solar heating of the atmosphere [58]. There are two basic types of tides,
migrating which track the sun, and non-migrating which move out of sync
with the sun, or are stationary relative to the surface. Solar heating creates
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the perturbation by which the tides are driven, and the restoring force is the
same as for gravity waves, the buoyancy of the atmosphere. To first describe
tides, one can begin with Laplace’s tidal equation [58],

∇ · ~u = −

iω
Φ,
gh

(2.86)

where h is the depth of the motion, and Φ is the geopotential height,

Φ = gz.

(2.87)

Now, taking a simplified approach, as shown in [58], and determining the
tidal equation on a rotating planar channel, and assuming solutions in the
form of a simple harmonic oscillator (ei(kx−ωt) ),

iωû − f v̂ = −ikΦ,

(2.88)

∂Φ
∂y

(2.89)

iωv̂ + f û = −
where

f ≡ 2Ωc sin θ,

(2.90)

and Ωc is the rotation rate of the Earth (this is a parameter to account for
the Coriolis effect), and θ is the latitude. The boundary conditions are

v̂ = 0 at y = 0, L.
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(2.91)

The zonal and meridional velocities can be written as
ωkΦ − f ∂Φ
∂y

û =

v̂ =

(2.92)

f 2 − ω2
ikf Φ − iω ∂Φ
∂y

(2.93)

f 2 − ω2

−iω
∂ û ∂v̂
+
= 2
∇ · ~u =
∂x ∂y
f − ω2




∂ 2Φ
2
−k Φ
∂y 2

(2.94)

iω
Θn ,
ghn

(2.95)

such that Laplace’s tidal equation becomes
−iω
f 2 − ω2



d2 Θn
− k 2 Θn
dy 2


=−

where Θn are known as the Hough modes, which are the eigenvector solutions
for the Laplace’s equation, and the boundary conditions are
dΘn kf
−
Θn = 0 at y = 0, L.
dy
ω

(2.96)

By writing the Hough modes as

Θn = sin ly + A cos ly,

(2.97)

the boundary conditions become

l cos ly − Al sin ly −

kf
kf
sin ly − A cos ly = 0,
ω
ω
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(2.98)

which implies that
A=

ωl
,
kf

(2.99)

ln =

nπ
.
L

(2.100)

and

Finally, Laplace’s equation can provide a solution of hn ,

ghn =

ω2 − f 2
2 .
k 2 + nπ
L

(2.101)

The Hough modes for the diurnal and semi-diurnal tides are shown in Figures
2.21 and 2.22. All of these Hough modes approach 0 towards the poles. For
the diurnal tides, the Hough modes still have fairly large contributions from
some modes at 80◦ latitude, but each of the semi-diurnal tides show a rapid
decrease to 0, with almost no contribution at 80◦ . The tidal component
at 80◦ latitude is of note for this research as the ERWIN is located at the
PEARL observatory in Eureka, Nu, which is at 80◦ .
Figures 2.23 to 2.26 show the expansion functions for the dependence of
the meridional and zonal winds on the tidal modes. For the diurnal tide,
two of three of the components approach zero well below 80◦ latitude, but
there are contributions from two other modes (-3 and -1) which are large
at that latitude. For the semi-diurnal wind all of the modes approach 0 as
the latitude approaches 90◦ , suggesting that there will be only very small
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Figure 2.21: Symmetric Hough modes for the migrating solar diurnal tide
[59].
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Figure 2.22: Hough modes for the semi-diurnal migrating tides [59].
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Figure 2.23: Expansion functions for the latitude dependence of the solar
diurnal component of the meridional winds. The functions are divided by
the amounts shown, where the U represents the zonal tidal component of the
wind, with the subscript denoting the tidal wave number [59].

contributions from the semi-diurnal tide at 80◦ .

2.3.4

Planetary Waves

The third type of atmospheric waves are planetary waves. These are slightly
different than gravity waves and tides as the restoring force for gravity waves
and tides is buoyancy, whereas the restoring force for planetary waves is
associated with the change in angular momentum of air parcels with latitude,
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Figure 2.24: Expansion functions for the latitude dependence of the solar
diurnal component of the zonal winds. The functions are divided by the
amounts shown, where the V represents the meridional tidal component of
the wind, with the subscript denoting the tidal wave number [59].

due to the change in the Coriolis parameter with latitude [77]. This type
of wave is therefore a potential vorticity-conserving wave [43]. The total
vorticity is
~ ≡ ∇ × ~u,
Ω

(2.102)

where ~u is the the total absolute velocity vector, that is the velocity vector
relative to an inertial frame. For an air parcel, it is useful to consider only
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Figure 2.25: Expansion functions for the latitude dependence of the solar
semi-diurnal component of the meridional winds. The functions are divided
by the amounts shown, where the U represents the zonal tidal component of
the wind, with the subscripts denoting the tidal wave number [59].
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Figure 2.26: Expansion functions for the latitude dependence of the solar
semi-diurnal component of the zonal winds. The functions are divided by
the amounts shown, where the V represents the meridional tidal component
of the wind, with the subscript denoting the tidal wave number [59].
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the vertical portion of the vorticity, such that

η ≡ ẑ · (∇ × ~u),

(2.103)

where ẑ is the unit vector in the z direction (vertical). The absolute vorticity
can also be written as
η = ζ + f,

(2.104)

where ζ is the relative vorticity of the parcel, and f is the Coriolis parameter,
which is
f ≡ 2Ωc sin θ,

(2.105)

where Ωc is the rotation rate of the Earth, and θ is the latitude. From this
equation, it is evident that the Coriolis parameter will vary with latitude,
meaning that the absolute vorticity will also vary with latitude. Therefore,
if one considers an air parcel, initially, with a relative vorticity of 0, which
is perturbed in the meridional direction by a displacement of δy, and given
that the total vorticity must be conserved [43], then it follows that

(ζ + f ) = f0 ,

(2.106)

where f0 is the initial (unperturbed) Coriolis parameter. This equation can
be re-written to solve for relative vorticity, such that

ζ = f0 − f = −βδy,
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(2.107)

where β ≡

∂f
∂y

is the planetary vorticity gradient at the initial latitude. This

shows that, for a meridional displacement, the perturbation of vorticity would
be positive for southward displacement and negative for northward displacement, see Figure 2.27. An air parcel with an eastward velocity in the north-

Figure 2.27: The vorticity field and induced velocity field (dashed arrows) for
a meridionally displaced parcels; the positive and negative signs denote the
direction of the perturbation (positive is northward and negative is southward). The thick line shows the original perturbation position and the light
line shows the westward displacement due to advection induced by the velocity [43].

ern hemisphere, displaced southward would have a cyclonic relative vorticity,
which would result in a poleward (northward) motion of the air ahead of the
parcel, hence a northward motion of the parcel, back towards the equilibrium
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latitude. Once the parcel overshoots the equilibrium latitude, it would be
displaced northward, causing an anti-cyclonic vorticity; this would result in
the southward motion of the parcel, as seen in Figure 2.28. The resulting
oscillatory motion is also known as a Rossby wave.

Figure 2.28: This schematic illustrates the motion of an eastward travelling
air parcel, which is displaced meridionally from equilibrium [77].

To further describe the motion of this air parcel mathematically, it is useful
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to use a stream-function, such that

~u = ∇ψ.

(2.108)

Further, by differentiating equation 2.107 with respect to time, and letting
each variable be a combination of the large scale motion, and a small linear
perturbation (denoted by a prime), it follows that
dζ 0
+ βv 0 = 0.
dt

(2.109)

Considering only the horizontal motion, it can be shown that the zonal and
meridional winds are
∂ψ 0
u =−
,
∂y
0

(2.110)

and
v0 =

∂ψ 0
,
∂x

(2.111)

respectively. Also, by substituting equation 2.108 into equation 2.103, it can
be shown that
ζ 0 = ∇2 ψ 0 ,

(2.112)

hence the vorticity is the Laplacian of the streamfunction. Substituting the
stream-function into equation 2.109 provides what is known as the Rossby
equation,
d 2 0
∂ψ 0
∇ ψ +β
= 0,
dt
∂x
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(2.113)

which shows the balance between the relative vorticity of an air parcel and
the changes in vorticity due to a change in latitude [77].
By assuming the linear perturbation of the streamfunction takes the form of
a simple harmonic oscillator,
~

ψ 0 = ψ00 ei(k·~r−ωt) ,

(2.114)

the Rossby equation can be re-written as

cx − ū = −

k2

β
,
+ l2

(2.115)

where cx is the zonal phase speed of the wave, and k and l are the zonal and
meridional wave numbers, respectively.
Alternatively, one could think about the forces acting on an air parcel. If
one assumes hydrostatic equilibrium, and geostrophic balance, the equations
of motion can be simplified, if vertical motion is neglected, to
du
= −f v,
dt

(2.116)

dv
= f u.
dt

(2.117)

and

This shows that a southward motion of an air parcel, results in an eastward
acceleration. This eastward motion would induce a northward acceleration.
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It is these Coriolis forces that set-up the planetary wave oscillations.

2.3.5

Sudden Stratospheric Warming

Sudden stratospheric warmings (SSW) are a large increase in temperature of
the stratosphere, upwards of 40 K, due to adiabatic warming resulting from
the descent of air [34]. A SSW is caused when planetary wave transience
or dissipation causes a forcing which reverses the zonal mean circulation,
and results in a cooling in the mesosphere [88] (of interest to the research
described in this thesis).
Interactions between the zonal mean vorticity and eddy potential vorticity
are considered to describe the planetary wave forcing which results in the
SSW [43]. Following the derivation in Holton [43], assuming that the timescale is sufficiently short, the processes can be assumed to be adiabatic, and
the eddy potential vorticity, q, is assumed to be linear, the mean flow and
eddies can be related by


∂
∂
+ ū
∂t
∂x



q0 + v0

∂ q̄
= −S 0 ,
∂y

(2.118)

ρ0 ∂ψ 0
N 2 ∂z

(2.119)

where
f2 ∂
q ≡∇ ψ +
ρ0 ∂z
0

2

0




,

and S 0 is an eddy damping term representing both thermal and mechanical
dissipation. Multiplying equation 2.118 by q 0 , and finding the zonal average,
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yields
q0

∂q 0
∂q 0
∂ q̄
+ ūq 0
+ v0q0
= −q 0 S 0 .
∂t
∂x
∂y

(2.120)

ū ∂q 02
∂q 0
=
= 0,
∂x
2 ∂x

(2.121)

Noting that
ūq 0

since the partial derivative in x of a zonal mean is 0, equation 2.118 can be
further simplified to
1 ∂q 02
∂ q̄
+ v0q0
= −q 0 S 0 .
2 ∂t
∂y

(2.122)

By considering that
v0q0 =

1
∇ · F~ ,
ρ0

(2.123)

where F~ is known as the Eliassen-Palm flux, the eddy equation can be further
simplified to
∂A
+ ∇ · F~ = D,
∂t

(2.124)

where
A≡

ρ0 (q 0 )2
,
∂ q̄
2 ∂y

(2.125)

is the wave activity, and
D≡−

ρ0 q 0 S 0
∂ q̄
∂y

,

(2.126)

is the dissipation term.
If the Eliassen-Palm flux is convergent, i.e. ∇ · F~ < 0, then this results
in a wave drag on the zonal mean background winds [43]. The EP flux is
convergent when either there is wave dissipation, D < 0, or when there is
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an increase in wave activity,

∂A
∂t

> 0. In the case of SSW, orographically in-

duced, quasi-stationary planetary waves grow in amplitude as they enter the
stratosphere, resulting in an increase of wave activity. This increased wave
activity causes a westward drag on the zonal-mean zonal wind, and weakens
the polar night jet, allowing more waves to propagate into the stratosphere.
Once the background wind reaches 0, a critical layer is formed, through
which the stationary waves cannot propagate. This results in a strong EP
flux convergence of the atmosphere below this level, and further westward
acceleration of the below the critical level [43].
Since the convergence of the EP flux is related to a westward forcing on
the zonal-mean zonal winds, this sets up circulation patterns which cause
the warming in the stratosphere and the corresponding cooling in the mesosphere, as shown in Figure 2.29. From this figure, it can be seen that the
convergence of the EP flux (from part (a)), results in the wave drag, which
is a westward acceleration of the zonal wind. This acceleration of the zonal
wind sets up the circulation shown in part (b) of the figure, with the adiabatic
heating due to the downward flow causes a warming in the northern polar
stratosphere. Similarly, the upward flow, results in an adiabatic cooling of
the air above this critical layer, and results in a cooling of the mesosphere,
as was previously described.
Taking a look at Figure 2.30, which provides data from the Sounding of the
Atmosphere using Broadband Emission Radiometry (SABER) on the Thermosphere Ionosphere Mesosphere Energetics and Dynamics (TIMED) satel73

Figure 2.29: Diagram of the atmospheric conditions which create a sudden
stratospheric warming. (a) shows the height profiles of the EP flux (dashed
line), EP flux divergence (heavy line), and the mean zonal flow acceleration
(thin line); z0 is the height of the leading edge of the wave packet. (b) is
the resulting atmospheric response for each latitude and height, the hatched
area is the region of EP flux convergence, the contours are the induced zonal
accelerations, the arrows show induced circulation. The regions of warming
and cooling are denoted by a W and C for warming and cooling, respectively
[43].

lite, specifically the temperatures given in (f1) and (f2), it can be observed
that during the 2009 season, which had a significant SSW event [22], there
is a large temperature increase in the stratosphere (between approximately
30 and 50 km) from about day 20 to 30. This is preceded by a significant
cooling in the mesosphere from about 80 to 100 km. It should also be noted
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Figure 2.30: Measurements of several parameters during 2005 on the left
(denoted by 1) and 2009 on the right (denoted by 2), with these being during
a ‘quiet’ year and a year with a SSW, respectively. From top to bottom, (a)
is the OH emission rate at 80◦ N in 104 photons/cm3 /s; (b) is the brightness
and peak height of the OH emission layer; (c) is the O2 emission rate, similar
to (a); (d) is the O2 brightness and peak height; (e) is the O mixing ratio, the
volume of O per unit volume (10−2 per unit volume) derived from SABER
observations (unitless); (f) is the temperature in K; and (g) is the difference
between the temperature at 90◦ N and the zonal mean temperature at 60◦
N, and the zonal-mean zonal wind at 60◦ N at 10 hPa [22].
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that during this SSW event, the brightness of both of the emissions shown
(O2 and OH) show a marked decrease in intensity, followed by a strong recovery, which is accompanied by an increase in height followed by a decrease
in height of the airglow layers.
Chapter 4 discusses information about the shape, height and thickness of the
airglow layers, which were described in section 2.2. The discussions on atmospheric dynamics, gravity wave theory, and the Taylor-Goldstein equation
provide the theoretical basis for linear gravity waves, which is further investigated in Chapter 5, including discussion of individual gravity wave events
and vertical motion of the airglow layers (also see section 2.2) as observed in
the vertical winds and zenith irradiance. The theory of gravity wave breaking and turbulence will be addressed in section 5.6 with demonstrations of
the power law observed in the gravity wave spectra. The discussion of tides,
coupled with the gravity wave theory, is applied to analysis of quasi-tidal frequency waves, and the supposition that these are inertia-gravity waves (see
section 5.5). Finally, the section describing sudden stratospheric warming
will be further discussed in analysis of SSW events observed in Eureka, Nu,
in section 5.8.
The next chapter will provide some Michelson interferometer theory, and
describe how a Michelson interferometer can be used to measure and image
winds in the mesosphere.
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Chapter 3
Airglow Interferometry
Research with two Michelson interferometers (ERWIN and WaMI) comprise
the bulk of the content of this thesis, whether it be analysis of atmospheric
data from an instrument in the field (ERWIN) observing the atomic oxygen green line (557.7 nm), molecular oxygen (860 nm) and hydroxyl (843
nm) airglow emissions; or calibration of validation of the instrument design
(WaMI), which is designed to observe the atomic oxygen green line (557.7
nm), molecular oxygen (1260 nm), and hydroxyl (1315 nm) emissions. It is
therefore necessary to provide some additional background.
The start of this chapter will provide a brief introduction to a Michelson
interferometer. This includes a derivation of the wind uncertainty, and validation of the same for any stepping profile for the Michelson interferometer.
This is an expansion on a previous derivation by Ward [111], as the previous
derivation was for the four point stepping profile (e.g. 0, π/2, π, 3π/2). The
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means to determine the uncertainty for any stepping profile is very useful for
instruments that require non-90 degree steps, such as the MIADI [55] and
the WaMI (discussed in detail in this thesis).
This is followed by a description of temperature measurements. The Wind
Imaging Interferometer (WINDII), which flew on the Upper Atmosphere Research Satellite (UARS), had previously shown it possible to measure atmospheric temperatures using the Doppler broadening of the airglow emission
[83]. It was therefore decided to implement similar measurements for the
ground based interferometer, ERWIN. A brief description of the theory and
process behind making these measurements will be described in this chapter.
These temperature measurements are very useful because, although there are
rotational temperature measurements made by the Spectral Airglow Imager
(SATI) at PEARL [84] using molecular oxygen and hydroxyl rotational lines,
the ERWIN would provide an additional height (97 km via the atomic oxygen green line) at which the temperature were measured.
The last section in this chapter is devoted to describing the work with the
WaMI in the laboratory setting. As was mentioned in the previous chapter,
the WaMI is a prototype for a limb viewing satellite instrument. One of the
new ideas implemented for the WaMI, was to have one of the mirrors segmented, thus reducing the amount of scanning necessary for the mirror. This
is useful in that it reduces the time for a scan, allowing for more measurements, and it accounts for a change in the observed airglow irradiance, which
would reduce error in the wind and temperature measurements. The work
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for this thesis was to determine the feasibility of this sectored mirror design,
determine the relative step sizes of the sections, and to use it to measure and
image Doppler shifts using this sectored mirror as a proof of concept.
Additionally, in an attempt to validate the expected sensitivity of the Michelson interferometer to local environmental parameters (e.g. temperature), the
effects of temperature, pressure, and humidity on the phase were measured.
As the Michelson interferometer is constructed using large glass pieces, the
path difference is very sensitive to changes in local temperature [23][24].
Therefore, it is necessary to measure this change in the path difference
with temperature (or other ambient environmental paramters) to provide
a reference against which the Doppler phases can be measured. This can
be achieved by periodically taking measurements of a known non-Doppler
shifted (stationary) source, and measuring how the path difference changes
in time with the ambient environmental conditions.

3.1

Introduction to Michelson Interferometry

The Michelson interferometer, at its most basic, is a beamsplitter and two
mirrors, one fixed and the second movable [70]. As seen in Figure 3.1, light
from a source will impinge on a beamsplitter at a 45◦ angle, with 50% of
the light transmitted, and 50% reflected. Therefore, there will be two paths
for the light to travel, one reflecting off of the fixed mirror, and the second
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reflecting off of the scanning mirror. Both of these reflected beams will
travel back to the beamsplitter. Half of each of these returning beams will
be transmitted, with the other half being reflected off of the beamsplitter.
This results in half of the total light being directed to the detector, and half
being directed back out of the entrance aperture, toward the source.

Figure 3.1: Diagram of an ideal Michelson interferometer.

The output light, which consists of light which travelled along each of the
arms of the Michelson interferometer, will form an interference pattern at the
detector due to the path difference in the two arms. The difference in the
optical path through the two arms results in a phase offset between the two
beams, thus resulting in the fringes observed at the detector. The resulting
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phase offset can be described as

ϕ = 2πσ∆,

where σ is the wavenumber, and is equal to

(3.1)

2π
,
λ

and ∆ is the path differ-

ence [81].
To mathematically model the Michelson interferometer, one can treat the incident light as a monochromatic plane wave, such that its electric field vector
can be described as
~ = E0 ei(2πσx−ωt) ,
E

(3.2)

where E0 is the amplitude, σ is the wavenumber, x is the position in the direction of propagation, ω is the angular frequency, and t is the time [30]. The
modulus square of the electric field vector is proportional to the irradiance,
represented by I.
For an ideal Michelson interferometer, such that the mirrors are 100% reflective and the beamsplitter is 50% reflective and 50% transmissive, that has a
difference in the optical path length of the two arms, represented by ∆, the
electric field at the detector is
~ = E0 e−iωt (ei(2πσx) + ei(2πσ(x+∆) ).
E
2
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(3.3)

Since the irradiance is equal to the modulus square of the electric field vector,
the irradiance can be written as

I=

I0
(1 + cos(2πσ∆)),
2

(3.4)

where I0 is the irradiance of the incident light source. It should be noted that
the irradiance incident on the detector is

I0
2

because half of the incident light

will be reflected back out of the entrance aperture of the interferometer. In
future, the factor of 1/2 will be omitted, and the I0 term will be recognized
as the irradiance incident on the detector only. Also of note is that the
irradiance is no longer dependent on time. The interference of the light at
the detector can be thought of as the co-addition of two plane waves which
have travelled different path lengths, with the path difference of ∆. Thus,
the two plane waves will have different phases, resulting in the interference
pattern. Alternatively, the interference can be thought of as the difference
in the amount of time it takes for the plane waves to travel the two arms.
Since the optical length of one arm is longer than the other, the time for
that plane wave would be longer, resulting in a difference in phase, and the
observed interference pattern.

3.1.1

Measurement Uncertainty

The error in the phase, and hence wind measurements, can be determined
statistically, since each direction measurement consists of dozens of individual
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bin measurements of the wind. Additionally, it has been shown [111] that
the error in the phase, and hence the wind, is dependent on the emission
irradiance and visibility.
To derive the phase error, one starts with the assumption that each individual
measurement (intensity image), is shot noise limited, such that the variance
is equal to the intensity [75]. Using this, and the Michelson equation

Ii = I0 (1 + V cos(ϕ + θi )),

(3.5)

where ϕ is the measured phase, which is proportional to the wind speed, θ
is the relative phase of the scanning mirror, and the subscript i denotes the
step number in the scan.
For the simple four-point algorithm, as shown by Shepherd [81], the mirror
steps are 0, π/2, π, and 3π/2, with the resulting four intensity images,

I1 = I0 + I0 V cos ϕ

(3.6)

I2 = I0 − I0 V sin ϕ

(3.7)

I3 = I0 − I0 V cos ϕ

(3.8)

I4 = I0 + I0 V sin ϕ.

(3.9)
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It can be shown that
I4 − I2
2I0 V sin ϕ
=
= tan ϕ.
I1 − I3
2I0 V cos ϕ

(3.10)

The variables a and b can be defined as

a = I4 − I2 ,

(3.11)

b = I1 − I3 .

(3.12)

a
tan ϕ = .
b

(3.13)

and

such that

Given that each image is shot noise limited, the uncertainties for a and b are

σa2 = σ42 + σ22 = 2I0

(3.14)

σb2 = σ12 + σ32 = 2I0 ,

(3.15)
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respectively. Then the uncertainty in the phase can be shown to be
σϕ2



2

=

∂ϕ
∂a

=

1
2
1 + ab2

=
=

σa2


+

!2

∂ϕ
∂b

σa2
+
b2

2

σb2

1
2
1 + ab2

!2

(−a)2 σb2
b4

(3.16)

2I0
ϕ + sin2 ϕ)

4I02 V 2 (cos2
1
2I0 V 2

Following a similar approach, it can be shown that, for the phase steps used
by ERWIN (0, π/2, π, 3π/2, 3π/2, π, π/2, 0), the phase error is
1
.
σϕ = √
2 I0 V

(3.17)

A more general determination of the wind error can be determined by allowing for any combination of phase steps, and solving for the resulting error.
To start, the calculation of ϕ, as shown in Appendix E, is
n
P

tan ϕ =

ijk
n
P

cos θk Ii Wijk
sin θk Ii Wijk

ijk
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a
= .
b

(3.18)

The summation terms can be reduced to a sum over j and k, multiplied by
each individual image, such that
!

n
n
P
P
i

tan ϕ =

cos θk Wijk

jk

n
n
P
P
i

n
P

Ii
=

!
sin θk Wijk

Ii

jk

i
n
P

αi Ii
,

(3.19)

βi Ii

i

where
αi =

n
X

cos θk Wijk ,

(3.20)

sin θk Wijk .

(3.21)

jk

and
βi =

n
X
jk

The uncertainties in both a and b can be shown to be

σa2

=

2
n 
X
∂a
∂Ii

i

σi2

=

n
X

αi2 Ii ,

(3.22)

i

and
σb2

=

n
X

βi2 Ii ,

(3.23)

i

respectively.
Each individual image in the scan can be re-written, using trigonometric
identities, as

Ii = I0 + I0 V cos ϕ cos θi − I0 V sin ϕ sin θi .
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(3.24)

By substituting this into the equations for σa2 and σb2 , it can be shown that
σa2 =

n
X

!
αi2 I0 +

n
X

i

!
αi2 cos θi

I0 V cos ϕ −

i

n
X

!
αi2 sin θi

I0 V sin ϕ

i

= γ1 I0 + γ2 I0 V cos ϕ − γ3 I0 V sin ϕ
(3.25)

σb2 =

n
X

!
βi2

I0 +

n
X

i

!
βi2 cos θi

I0 V cos ϕ −

i

n
X

!
βi2 sin θi

I0 V sin ϕ

i

= δ1 I0 + δ2 I0 V cos ϕ − δ3 I0 V sin ϕ.
(3.26)

Assuming that
a
ϕ = arctan ,
b

(3.27)

the variance of ϕ can be determined from

σϕ2


=

∂ϕ
∂a

2

σa2


+

∂ϕ
∂b

2

σb2 =

(a2

1
(b2 σa2 + a2 σb2 ).
+ b2 )2

(3.28)

Given equation 3.27, the value of the constants α and β must all be zero save
the sin ϕ term in a, α3 , and the cos ϕ term in b, β2 , since the ratio of

sin θ
cos θ

is equal to tan θ. Furthermore, these values must be the same for equation
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3.27 to be true. Therefore, it can be assumed that

α3 = β2 = ξ.

(3.29)

Substituting the values for a, b, σa , and σb into the equation for σϕ , and
simplifying, provides an equation for the uncertainty in ϕ,
1
σϕ = √
ξ I0 V
 2
1/2
cos ϕ (γ1 + γ2 V cos ϕ − γ3 V sin ϕ) + sin2 ϕ (δ1 + δ2 V cos ϕ − δ3 V sin ϕ)
.
(3.30)
For a phase step such that the entire fringe is evenly sampled (e.g. 0, π/4,
π/2, 3π/4, π, 5π/4, 3π/2, 7π/4), the terms with 2 and 3 for subscripts are
zero, and γ1 = δ1 , removing the dependence on ϕ.
Results from the laboratory experiments with the WaMI can be used to
further test these theoretical error calculations. Taking the results from a
series of scans, the ones used in the thermal drift measurements in Chapter
2, the errors can be determined both experimentally (standard deviations)
and theoretically (calculated using the measured intensity, visibility, phase,
and step profile). As a Kr lamp was used for these scans, the step size
is 1.1667 rad, with eight steps in total. Therefore, the uncertainty can be
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approximated as
σϕ =

1
√
.
1.946 I0 V

(3.31)

The more precise error calculation can be made using equation 3.30 using
the following constants

γ1 = 3535
γ2 = 12.69
γ3 = −265.9
δ1 = 3446
δ2 = −34.00
δ3 = 236.6
ξ = 115.0

All three of these error calculations are shown in Figure 3.2. The two theoretical errors (red and black lines) are very similar, showing that the approximate solution should be sufficient for error determination. These both agree
with the standard deviations determined from each phase image (blue line).
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Figure 3.2: The uncertainty in the phase measurement determined via the
standard deviation (blue), the approximate theoretical error from equation
3.31 (red) and the exact theoretical error from equation 3.30 (black).

3.2
3.2.1

Temperature Measurements
Michelson Visibility

It is well known that a Michelson interferometer interferogram can be used to
determine the Fourier transform of the source spectrum [45]. Knowing this,
coupled with the fact that the observed airglow emissions are Doppler broadened [38], meaning that the temperature of the species will be the dominant
factor in determining the line-shape, and its full width at half maximum, the
Michelson interferometer can be used to determine the temperature of the
emission. To determine the temperature, one must first consider the shape
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of the input irradiance, ergo the Doppler-broadened Gaussian expression for
the irradiance of the airglow emissions, which is

L(σ) = L(σ0 )e

(4 ln 2)(σ−σ0 )2
η2

,

(3.32)

where σ is the wavenumber, and η is the full width at half max of the spectral line [81]. This Doppler broadening is the result of the isotropic random
motion of the molecules due to thermal kinetics, resulting in the Maxwellian
distribution of velocities, and the associated Doppler shifts in the emission.
The observed Doppler shift is proportional to the projection of the velocity in
the direction parallel to the line of sight of the instrument, such that motion
directly towards or away from the Michelson interferometer will result in a
maximum Doppler shift, while orthogonal motion will result in no Doppler
shift. The Gaussian line shape can be determined by integrating over the
range of Doppler broadened wavelengths, with the full width at half maximum being related to the kinetic temperature of the gas. The full width at
half max is
r

2kT ln 2
σ0
mc2
r
T
−7
η = 7.16 × 10 σ0
,
M
η=2

(3.33)

(3.34)

where k is the Boltzmann constant, c is the speed of light, m is the mass of
the emission species in kg, σ0 is the non-Doppler shifted wavenumber, T is
the temperature of the species in K, and M is the molecular weight [81].
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By using the airglow irradiance, equation 3.32, as the input irradiance for the
Michelson equation, equation 3.4, and integrating over all of the wavenumbers [81], the output irradiance can be written as
Z
I=

L(σ)(1 + cos(2πσ∆))dσ
r
(2πη∆)2
π
η(1 + e− 4 ln 2 cos(2πσ0 ∆))
= L(σ0 )
4 ln 2
r
I0 = L(σ0 )

π
η.
4 ln 2

(3.35)
(3.36)

(3.37)

By using the equation that defines the visibility of a Michelson interferometer [70]
V =

Imax − Imin
,
Imax + Imin

(3.38)

and assuming that it is an ideal Michelson interferometer (i.e. instrument
visibility, U , is 1), the line visibility can therefore be written as

V = e−

(2πη∆)2
4 ln 2

.

(3.39)

Considering that the visibility is a multiplicative term, one can introduce
the instrument visibility, U , which is the reduction in the amplitude of the
interference pattern due to instrumental factors such as the flatness of the
two mirrors. Thus, equation 3.35, can be re-written in the more familiar
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form of the Michelson interferometer equation

I = I0 (1 + U V cos(2πσ0 ∆)).

(3.40)

Now, it can be shown that the kinetic temperature of the airglow layer can
be determined from the visibility. The full width at half maximum of the
emission line, η as described above, contains information about the kinetic
temperature of the species due to the Doppler broadening of the line. Since
this is a Gaussian shape, the visibility can be re-written in terms of the
temperature
2

V = e−QT ∆ ,

(3.41)

where
Q=

(7.16 × 10−7 )2 π 2 σ02
.
4 ln 2
M

(3.42)

The constant 7.16 × 10−7 is described earlier, with units of kg1/2 (K mol)−1/2 .

3.2.2

Background Considerations

As was shown in section 3.2.1, the temperature of the airglow layer can be
determined using the visibility term from equation 3.4. To accurately determine the visibility, it is necessary to account for the background intensity
The sinusoid in the Michelson equation rides on top of the background intensity, which consists of two terms: the dark bias of the CCD detector, and
the background intensity of the atmosphere, see Figure 3.3. The dark bias
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Figure 3.3: Micheslon interferogram showing the fringe intensity as a function
of the path difference. The fringe intensity as an amplitude of A, which is
equal to the product of the visibility (U V ) and intensity (I0 ), with an average
intensity (IAV ) equal to I0 . Additionally, the signal is uniformly increased by
the background intensity (IBK ) and dark bias (IBK ).
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of the detector can be easily determined by taking a series of dark images
(see Figure 3.4) with the appropriate exposure time, and taking the mean of
these images. The units of the dark image are arbitrary digital units (ADU),
which are the digital counts that the detector records.

Figure 3.4: ERWIN dark image given in arbitrary digital units (ADU).

Accounting for the background intensity requires the use of a background filter, Figure 3.5, and determining the ratio of the filter function relative to the
emission filter, Figure 3.6. The filter functions were determined empirically
95

by initially approximating each filter’s curve using the Airy relation [60] [13].
The transmittance of such a filter is

T =

A
,
1 + F sin2 (2πtσ/c)

(3.43)

where F is the coefficient of finesse

F =

16
,
(FWHM)2

(3.44)

FWHM is the full width at half max of the curve, A is an empirical constant included to account for the maximum transmission being less than 1,
t is the thickness of the etalon (this was approximated empirically), ν is the
wavenumber and c is the speed of light [30].
After determining the rough transmission function for each filter, and summing over wavelength (just a few nm on either side of the central peak is
sufficient since the transmission should be 0 outside of that peak), a ratio of the filter functions was used to determine the factor to multiply the
background filter measurements by to obtain a similar transmittance (for the
background) as the emission filters. The ratio was adjusted empirically to
minimize the effects of twilight, see Figure 3.7.
Since the temperature is dependent on the visibility, it was necessary to next
re-calculate the visibility, accounting for the background irradiance. Initially,
I0 and U V (product of the instrument visibility, U , and the line visibility,
V ) were calculated using the basic Michelson equation, equation 3.4, which
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Figure 3.5: Filter curve for the green line background filter (provided by
Stephen Brown).

assumes that the background irradiance is 0. Therefore, one must consider
the Michelson equation such that

I = I0 (1 + U V cos(2πσ∆)) + IB ,

(3.45)

where IB is the background irradiance, after being multiplied by the ratio of
the filter functions. Thus
I00 = I0 + IB

(3.46)

I00 U V 0 = I0 U V,

(3.47)
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Figure 3.6: Filter curve for the green line emission (provided by Stephen
Brown).

where the primes denote the values determined without accounting for the
background irradiance. The desired visibility can be determined by substituting 3.46 into 3.47,
UV =

I00 U V 0
.
I00 − IB

(3.48)

Then, dividing by the instrument visibility provides the line visibility (see
Figure 3.8), which can then be used to calculate the temperature (see Chapter
5 for temperature results).
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Figure 3.7: Comparison of the green line irradiance without (blue) and with
(red) the background irradiance removed.

3.3

The E-Region Wind Interferometer

The ERWIN-II (herein after refered to as ERWIN) was designed to measure
the atomic oxygen green line (557.7 nm), an O2 rotational-vibrational emission (866 nm) and an OH rotational-vibrational emission (843 nm) [23]. The
optical layout of the ERWIN is shown in Figure 3.9. The quad mirror is of
particular interest (see Figure 3.10) as it allows for the simultaneous measurement of the four cardinal directions (at an elevation of 38.7◦ above the
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Figure 3.8: Comparison of the green line visibility without (blue) and with
(red) the background irradiance removed.

horizon) and the zenith, see Figure 3.11. This viewing geometry results in
line of sight winds which are combinations of both the vertical and horizontal
wind fields, such that the line of sight winds for the cardinal directions are

vdLOS = −uh cos(α) sin(φ) − w sin(α)

(3.49)

where d represents one of the cardinal directions (north, east, south or west),
√
uh is the horizontal wind such that uh = u2 + v 2 , u is the zonal wind, v is
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Figure 3.9: Diagram of the ERWIN mechanical layout [51]

the meridional winds, w is the vertical wind, α is the elevation angle from
the horizon (38.7◦ ) and φ is the azimuthal angle. It should be noted that the
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Figure 3.10: Image of the quad mirror used in the ERWIN instrument to
simultaneously measure the four cardinal directions (at 38.7 ◦ from the horizon) and zenith.

line of sight winds are positive towards ERWIN. Given this, the zonal winds
can be written as
u=

LOS
− vELOS
vW
,
2 cos(α)

(3.50)

where
vELOS = −v cos(α) − w sin(α)

(3.51)

LOS
vW
= v cos(α) − w sin(α).

(3.52)
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Figure 3.11: Viewing Geometry of ERWIN-II (not to scale) showing the
viewing angle of two of the cardinal directions (at 38.7 O from the horizon)
and the zenith, with the third and fourth observed directions into and out
of the page, respectively. Also included are representations of the airglow
layers at the nominal heights and the rough distances from the ERWIN at
which these would be observed [51].

Similarly, the meridional wind can be written as
LOS
vSLOS − vN
.
v=
2 cos(α)

(3.53)

In addition to measurements of the meridional and zonal winds, the viewing
geometry also allows for the measurements of wavelengths of observed waves
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in the winds and airglow intensity measurements. The measurements of the
these wavelengths are made by assuming that any observed wave takes the
form of a simple monochromatic wave, such that

~v = v0 cos(~k · ~r − ωt + φ0 )

(3.54)

where ~k is the wave vector, ~r is the position, ω is the angular frequency, t
is the time, and φ0 is the phase shift. Then, given the distance between the
observed wind measurements is known, see Figure 3.11, and it is assumed
that the phase difference is a fraction of a wavelength, the wave vector,
and hence wavelength, is determined from the phase difference between two
measurements (i.e. north and south line of sight winds).

3.4

The Waves Michelson Interferometer

The WaMI (see Figure C.4) was designed to measure the atomic oxygen
green line (557.7 nm), O2 emission around 1260 nm and the OH emission at
1315 nm. Instead of measuring individual points of the sky, the WaMI was
designed as limb-viewing satellite instrument [112]. In addition, the WaMI
could measure rotational temperatures by determining the relative intensities of several rotational O2 and OH lines [83][114]. The relative intensity
of the various rotational lines is dependent on the atmospheric temperature.
To isolate these lines, an etalon filter was included, such that the transmis-
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Figure 3.12: Picture of the WaMI interferometer [110].

sion function of the filter has an angular dependence (see Figure 3.13). The
resulting image of the field would have each of the rotational bands appear
as a bright ring, with a simulated image of the strong O2 bands shown in
Figure 3.14. There is also a dichroic beamsplitter in the rear optics (after
the Michelson interferometer). The dichroic beamsplitter is designed such
that the transmission and reflection coefficients are wavelength dependent,
and it will transmit the IR light and reflect the visible light. This allows for
the simultaneous measurement of the visible (green line) and IR (O2 or OH)
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Figure 3.13: Relative intensity as a function of incident angle seen through
the etalons for the (a) strong and (b) weak O2 lines [112]

emissions.
One of the Michelson interferometer mirrors is segmented such that multiple path differences can be observed simultaneously, as shown in Figure
3.15. The original design of the segmented mirror was to allow for simultaneous measurement of either the strong and weak O2 emissions (day) or the
strong O2 and the OH emissions (night). The two top segments would be
180 degrees out of phase, with the same phase difference for the two bottom
segments. With the entire mirror stepped by 90 degrees, this would generate the four necessary phase images which would comprise a scan of the
Michelson interferogram, using the basic 4-point algorithm [23][111]. The
advantage of having the relative mirror phases for each sector and emission
being 180 degrees is that these could be used to determine the intensity of
the emission, although without any Doppler wind information. These inten-
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Figure 3.14: Simulated image of O2 strong lines in the WaMI field of view.
The three rings correspond to three rotational emission lines [112].

sity measurements could then be used to correct for any change in intensity
between the two steps of the Michelson mirror [54]. A perhaps simpler, but
in many ways equally eloquent design, would be to have the relative path
differences of the four segments of the mirror chosen such that these would
provide approximately π/2 phase steps for all of the desire emissions (see Table 3.1). This would allow for a ‘scan’ of the interferogram, without moving
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Figure 3.15: Schematic showing the two phase step method for the WaMI.
The shading indicates sections which correspond to the same emission [112].

the mirror. Therefore, the potential exists for a fixed path length Michelson interferometer to be designed, completely removing the need for moving
parts, which is beneficial for a satellite project [25].
The originally intended design of the mirror step sizes for the WaMI is shown
in Table 3.1. Thus a scan of the Michelson interferometer could be achieved
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Table 3.1: WaMI segemented mirror design step sizes [26].

Step Size (nm)
290.5
678.3
969.8

Step size in wavelengths/ Phase defect in degrees
λ = 557.73 nm
λ = 1270 nm
λ = 1315.68 nm
◦
◦
0.5209 +7.5
0.2287 −7.7
0.2208 −10.5◦
◦
◦
1.2162 −12.2
0.5341 +12.3
0.5156 +5.6◦
1.7388 −4.0◦
0.7636 +4.9◦
0.7371 −4.6◦

with these four relative phases as the steps, and the Doppler phase determined using the algorithms described in Kristoffersen et al. [51] to fit to the
Michelson equation
I = I0 (1 + U V cos(2πσ∆))

(3.55)

where I0 is the intensity of the observed line, U is the instrument visibility,
V is the line visibility, σ is the observed wavenumber of the line (subject
to Doppler shift), and ∆ is the path difference between the two arms of the
Michelson interferometer. The Doppler shift of the line is the difference between the observed wavenumber and the wavenumber of the line at rest. This
was explained in more detail earlier in this chapter.
During the manufacturing process of the Michelson interferometer, and the
construction of the segmented mirror, the step sizes that resulted were not
exactly as was intended in the design. Therefore, it was necessary to measure
the relative path differences of the segmented mirror sections as part of this
thesis work.
Previous work with the Mesospheric Imaging Michelson Interferometer (MIMI)
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found that a Michelson with a segmented mirror could successfully determine
single point Doppler measurements, with corrections for the relative visibilities of the segments [25]. However, these Doppler measurements had yet to
be made with the WaMI, and Doppler imaging had never been done using
this segmented mirror approach.
The control of the movable mirror in WaMI is through 3 piezo-electric posts
and a capacitive feedback bridge designed by COM DEV (see Figure 3.16).
This capacitive displacement sensor (CDS) provides accurate positioning to

Figure 3.16: Schematic of the WaMI capacitive displacement sensor (CDS).
The placement of the capacitors (C) and the piezo-electric posts (PZT) are
show in (a), and the corresponding capacitance bridge system is shown in
(b) [55].

less than 3 Ångstroms [79]. The control of the mirror is through digital to
analogue conversion (DAC) units, which are proportional to the current. The
CDS has five air-gap capacitors, with the length of the air gap, and hence
capacitance, dependent on the mirror displacement. Therefore, a voltage bal110

ance can be maintained by adjusting the piezo-electric posts until the mirror
is at the desired position by balancing the voltage output of the capacitive
feedback bridge. It should be noted that, before Doppler measurements could
be made, it was necessary to parallelize the mirrors in the Michelson interferometer using this CDS. By ensuring that the mirrors are as near to parallel
as possible, the instrument visibility is maximized, which will provide the
highest possible contrast fringes.
This research involves making in-lab measurements using lasers, noble gas
lamps, and a wind wheel, which is discussed in more detail in Chapter 6.
Additional measurements of the measurement uncertainty is discussed in
section 5.1. The use of the visibility to determine the Doppler temperature
is described in section 5.3, including comparisons with the SATI.
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Chapter 4
Meteor Radar Comparisons
4.1

Meteor Wind Radar

This chapter will focus on comparisons between ERWIN and the SKiYMET
meteor radar [41] located at the zero altitude PEARL Auxiliary Laboratory
(0PAL) in Eureka, Nu. The meteor radar determines winds by reflecting radio waves off ionised meteor trails, with the wind determined via the Doppler
shift between initial and return signals [63]. These can be considered measurements of the neutral winds at an altitude of 80-110 km, encompassing
the heights at which the airglow layers are observed, since the collision frequencies are large enough such that the bulk motion of the ionised trail is
equal to that of the neutral wind [17]. The return time for a reflected signal
allows the meteor radar to measure hourly winds with a 3 km resolution [63].
Given the co-location in Eureka and the similar measurements (mesospheric

112

winds), it is possible to do comparisons between these two instruments. Any
differences in the comparison could provide information about the chemical
processes in this region of the atmosphere, and these comparisons provide
information about the height and shape of the airglow layers. This provides
the only means to make continuous airglow layer height measurements over
Eureka for the entire winter months (October to March).
As a meteor travels through the atmosphere, the ablation of the meteor results in an ionised trail, with an evaporation rate of

ne = −Cr2 v 3 p atoms/s

(4.1)

where C is a constant characteristic of the meteor, r is the radius of meteor,
v is the velocity of the meteor and p is the atmospheric pressure [47].
The ionised atmosphere in the meteor trail is a plasma. By approximating
the response of the ionised trail to an incident radar beam to be the same as
that of free electrons, and assuming that any damping terms are negligible,
the refractive index for radio wave propagation can be written as

n2 = 1 −

ne qe2
0 me ω 2

(4.2)

where ne is the number of electrons, qe is the charge of an electron, 0 is
the permittivity of free space, me is the mass of an electron, and ω is the
frequency of the electromagnetic wave [36].This equation can be written in
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the more familiar form,
ωp 2
)
ω

(4.3)

ne qe2
.
0 me

(4.4)

n2 = 1 − (
where ωp , the plasma frequency, is
s
ωp =

Therefore, if the frequency of the incident radio wave is less than the plasma
frequency, then the wave will be reflected by the meteor trail [36][40].
The neutral wind velocity can be determined by measuring the Doppler shift
of radio-waves reflected off of the meteor trails. This Doppler shift is the shift
in the frequency of the reflected wave relative that of the transmitted radiowave associated with the motion of the atmosphere, with the measured lineof-sight velocity being the component of the velocity vector that is parallel to
the transmitted beam. The height of the measured wind can be determined
using the time of flight of the transmitted wave, which is observed by sending
short RF pulses, and determining range from return times, and winds from
Doppler shifts in the frequency [40]. Thus, a meteor radar is able to determine
the height at which the winds are measured. The meteor radar, located at
Eureka, NU, measures winds at heights between 82 km and 97 km, as 90
minute averages centred on each hour, and a height resolution of 3 km. The
nominal peak heights of the airglow emissions are 97 km, 94 km, and 87 km
for the green line, O2 , and OH emissions, respectively, although the peak
height of the layers may vary [83]. Therefore, comparisons of the ERWIN
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and MR winds could provide insight into both the height and shape of the
observed airglow layers.

4.2

Meteor Radar Comparisons with ERWIN

This section will focus on the comparisons between the ERWIN and the
SKiYMET meteor radar. First, simple correlations and correlation coefficients will be presented. This will be followed by the comparisons which
consider the thickness of the airglow layer, by comparing multiple heights of
the MR with ERWIN. These comparisons of multiple heights will then be refined to account for a Gaussian weighting of the airglow layer to provide the
best estimate of the airglow layer shape. Finally, a comparison between two
periods of time will be studied, one in which the atmosphere is under typical
winter conditions, and the second during a sudden stratospheric warming
event.
The ERWIN and MR wind data for the month of December 2008 was compared to determine the height of the layers by finding the best correlations
between the ERWIN winds and MR winds. The ERWIN data was binned
using the same parameters as the MR, to produce an identical time series.
Then, any missing data from one time series was removed from the other
time series, and any wind values with magnitudes greater than 75 m/s in
either data set were rejected to remove any outliers, as winds with magnitudes greater than 75 m/s would be larger than what would be reasonably
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expected for these heights.
Plots of the ERWIN winds for each emission and the MR winds for each
height are shown in Figures 4.1 and 4.2. Plots of these ERWIN winds versus
the MR winds show the correlations between the two data sets, see Figures
4.3 and 4.4. These correlation plots show that the winds have a different
correlation at each height. In this case, for the green line winds, the correlation increases with height until 91 km, and then decreases starting at 94
km. A similar pattern can be observed with the correlations between the
OH winds, and those measured with the MR, see Figure 4.4. The correlation
increases until around 85 to 88 km, above which the correlation starts to
sharply decrease. These correlations show that the winds measured from the
green line airglow are higher than those observed using the OH layer, which
is as expected, since the nominal height for the OH layer is lower than that
of the green line layer.
Using this logic, an estimate for what the average heights of the three airglow layers over the entire month could be determined by calculating the
correlation coefficient for each MR height, see Figure 4.5. The peak of the
correlation coefficient for each layer are typically around about 0.5, although
this is slightly small for a correlation coefficient, this is due to the comparisons between the winds averaged over a (relatively) narrow band of the
atmosphere for the MR, and the winds weighted by the relative brightness of
each airglow layer with height. The height of the peak correlation coefficient
for the green line is at 91 km, for the O2 is 88 km, and for the OH is between
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Figure 4.1: Time series of the ERWIN and MR meridional winds from Dec
2008 (day 0 = Dec 1). The blue lines are MR wind, red is the ERWIN green
line, black is the ERWIN O2 and green is the ERWIN OH. The different
frames represent the different MR wind heights (see legend for information
on height).
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Figure 4.2: Time series of the ERWIN and MR zonal winds from Dec 2008
(day 0 = Dec 1). The blue lines are MR wind, red is the ERWIN green
line, black is the ERWIN O2 and green is the ERWIN OH. The different
frames represent the different MR wind heights (see legend for information
on height).
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Figure 4.3: Correlations of the ERWIN green line and MR meridional winds,
a)-f) represent correlations of ERWIN with each height of the MR (see title
of each plot for the MR height).

85 and 88 km. These are all a bit lower than the expected nominal heights,
which are 97 km for green line, 94 km for O2 , and 87 km for OH [83]. This
could be in part due to the lower reliability of the MR winds at 97 km (personal communication with Chris Meek), due to the lower amount of meteor
trails at that height from which to reflect the radio waves. This could cause
a systematic bias towards lower heights for the best correlations. However,
this figure does suggest that the airglow layers have a finite thickness, which
agrees with previous results suggesting the airglow layers could be 8 to 10
km thick [61].
Since the airglow layers are several kilometres thick, this simple comparison
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Figure 4.4: Correlations of the ERWIN hydroxyl and MR meridional winds,
a)-f) represent correlations of ERWIN with each height of the MR (similar
to Figure 4.3)

of the winds measured using each height of the MR and the winds measured
using the airglow is an oversimplification. This results in lower correlation coefficients than a more accurate comparison, which would be to use a weighted
average of several different heights simultaneously. This was undertaken and
the results discussed below.
Three different comparisons methods were used. The first was a simple single height comparison, this provided a reference for the correlation coefficient
and for the linear fit parameters. The second comparison used a boxcar average of the MR heights, and the third was a Gaussian average of the MR
heights.
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Figure 4.5: Correlation coefficient for the ERWIN and MR winds, a) is the
green line ERWIN winds, b) is O2 ERWIN winds, and c) is OH ERWIN
winds. The solid line represents the correlation coefficient for the meridional
wind, and the dotted line is for the zonal wind.

As a first step, the simple, single height comparisons were made (see Figures
4.3 and 4.4), and the correlation coefficients were determined and plotted
against the height, see Figures 4.5. In addition to the correlation coefficients, linear fit parameters for the correlation between the ERWIN and MR
winds were determined, see Figure 4.6. There were two linear fits to this
data, the first was a simple least mean squares linear fit, and the second a
weighted linear fit which accounts for the uncertainties in both the ERWIN
and MR data [96]. The uncertainties in each data set were determined using
a combination of the variances of the wind for the 90 minute averages (determined by taking the variance of the ERWIN wind data) and the measurement
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Figure 4.6: Plot of the ERWIN green line winds versus the MR winds at a
height of 91 km, with the error bars denoting the uncertainty in the measured
winds. The red line is a simple least mean squares linear fit with a slope
of 0.3962 and a y-intercept of -4.8989 m/s. The blue line is a weighted
linear fit, which accounts for the uncertainties in both the ERWIN and MR
measurements; this fit has a slope of 0.6859 and a y-intercept of -1.8822 m/s.

uncertainty of the individual measurements. This was justified due to the
relatively high cadence of the ERWIN wind data, allowing for an appropriate
measure of the variance of the wind over a 90 minute time frame. For the
MR the individual measurement uncertainty was assumed to be 5% of the
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measured wind value divided by the square root of the number of meteor
trails. For the ERWIN the individual measurement uncertainty was a sum
of the variances for each measurement used in the 90 minute average. These
provided an estimate of the overall uncertainty in each measurement for both
instruments, and were used in the weighted linear fit.
The winds for each individual height for the MR were correlated with the
winds for each ERWIN emission, and fitted with both the least mean squares
linear fit and the weighted linear fit. The results are shown in Tables 4.1,
4.2 and 4.3, showing the green line, O2 and OH results, respectively. In each
table, R denotes the correlation coefficient, a is the slope of the weighted
linear fit, b is the y-intercept of the weighted linear fit, aLM S is the slope and
bLM S is the y-intercept of the least mean squares linear fit.
Table 4.1: MR vs ERWIN green line correlations
Direction

Meridional

Zonal

Height
R
a
b
aLM S
bLM S
R
a
b
aLM S
bLM S

82 km
0.2508
1.1946
-9.6704
0.2279
-6.8907
0.1146
0.8364
16.6249
0.0823
13.5519

85 km
0.4289
0.9563
-8.5493
0.3557
-6.7084
0.0931
0.7984
11.7776
0.0670
13.2643

88 km
0.5192
0.8785
-6.4071
0.4141
-5.7214
0.3183
0.7389
7.5904
0.2359
12.3072

91 km
0.5367
0.6857
-1.18816
0.3962
-4.8989
0.3918
0.5779
6.8987
0.2540
11.5859

94 km
0.4288
0.6290
-1.2857
0.3074
-4.6955
0.2577
0.5614
6.9576
0.1579
11.9796

97 km
0.2371
0.5442
0.2471
0.1669
-4.9595
-0.0183
-0.4778
14.1641
-0.0110
13.2511

Since the MR and ERWIN are measuring the same neutral winds, albeit
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Table 4.2: MR vs ERWIN O2 correlations
Direction

Meridional

Zonal

Height
R
a
b
aLM S
bLM S
R
a
b
aLM S
bLM S

82 km
0.3194
0.6778
-6.0747
0.2717
-7.5434
0.2230
0.5175
19.1632
0.1500
17.3139

85 km
0.4887
0.6701
-6.7715
0.3793
-7.1927
0.2027
0.4859
16.4963
0.1368
16.8050

88 km
0.5800
0.6569
-5.7761
0.4330
-6.1386
0.3900
0.5419
13.0276
0.2709
15.6433

91 km
0.5445
0.5454
-3.0901
0.3762
-5.3503
0.3652
0.4464
12.6581
0.2219
15.2571

94 km
0.3738
0.4643
-2.1343
0.2508
-5.2842
0.1668
0.2539
14.8889
0.0958
15.9253

97 km
0.1633
0.3541
-0.6559
0.1076
-5.6170
-0.0904
-0.2749
19.0441
-0.0510
16.9253

Table 4.3: MR vs ERWIN OH correlation
Direction

Meridional

Zonal

Height
R
a
b
aLM S
bLM S
R
a
b
aLM S
bLM S

82 km
0.5018
0.7206
0.5601
0.3889
1.3239
0.4887
0.7125
16.0385
0.2996
12.4124

85 km
0.5402
0.6891
-0.4763
0.3820
2.3071
0.4779
0.6488
11.5739
0.2941
11.4172

88 km
0.5407
0.7177
0.3769
0.3678
3.3812
0.4468
0.7213
7.4986
0.2829
10.0460

91 km
0.4551
0.5950
3.8001
0.2865
3.9885
0.2576
0.6521
5.8439
0.1426
10.2068

94 km
0.2596
0.5554
4.3314
0.1587
3.9391
0.0168
0.7375
5.0073
0.0088
11.0424

97 km
0.0790
0.5108
6.2634
0.0474
3.6436
-0.1740
-0.5821
13.4452
-0.0895
11.5720

with slightly different integration times, lines of sight, sample volumes and
weighting functions of height, it would be expected that the slope of the
fits would be less than one (for ERWIN winds on the y-axis and MR winds
on the x-axis), and the y-intercept would be near 0 m/s. This is because
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the ERWIN wind measurements are weighted averages of the winds present
in the airglow layers, weighted by the relative intensity of the airglow layer
with height. Since the height binning for the MR is smaller than the typical
FWHM of the airglow layers [61][80], then the MR would be able to measure
higher winds. The least mean squares slopes are all less than one, and are
smaller than all of the corresponding weighted linear fit slopes. If the axes
are flipped, such that the ERWIN data were the x variable and the MR were
the y variable, then the slopes should be the inverse of those determined with
MR as the x variable and ERWIN as the y variable. For example, for the
correlation between the green line ERWIN winds and the 91 km meridional
MR winds, the slope for the least means squares linear fit was 0.3918, and for
the weighted linear fit it was 0.6857. The correlation with the ERWIN as the
x variable and MR as the y variable resulted in a least mean squares linear
fit of 0.7271 and a weighted linear fit of 1.4579. The weighted linear fit slopes
are the inverse of each other, whereas the least mean squares linear fits are
not equal to the inverse of each other. This demonstrates that the weighted
linear fit is a more reliable fit for these data, given the known uncertainties.
For the green line emission, the height at which the best correlation of the
winds (for both directions) is 91 km, with the slopes of 0.6857 and 0.5779
for the meridional and zonal, respectively; the y-intercepts are -1.18816 m/s
and 6.8987 m/s. For the O2 emission, 88 km is the height at which the
best correlation occurs, with slopes of 0.6569 and 0.5419, and y-intercepts of
-5.7761 m/s and 13.0276 m/s for meridional and zonal winds, respectively.
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Finally, for the OH emission, the height of best correlation is 85 km, with
slopes of 0.6891 and 0.6488, and y-intercepts of -0.4763 m/s and 11.5739 m/s
for meridional and zonal winds, respectively.
To provide a better estimate of layer shape and height, averaging over multiple MR heights in the comparison is expected to provide a better approximation to the height integration associated with the ERWIN measurements.
The first method of comparison was using a simple boxcar average, for which
the winds at each height are given the same weight in the average. Every
possible continuous combination of heights was considered. That is, every
combination with at least two heights, such that there are no gaps in the
boxcar function, was made and compared to each of airglow emission winds.
The second method of comparison was using a Gaussian average, or more
specifically a weighted average using a normalised Pascal’s triangle, such
that every possible continuous combination of three or more heights (since
two heights would be the same as a boxcar) was considered. The correlation
coefficients for each height combination are provided in Tables 4.4 and 4.5
for the boxcar averages and the Gaussian averages, respectively.
The best height combinations with the best correlations provide an estimate
of what the best height, and thickness of the airglow layers are. As well
as, some idea of the shape can be determined via a comparison between the
boxcar and Gaussian correlation coefficients. Based on the boxcar correlation coefficients (Table 4.4), the combination of 88 to 94 km provides the
best overall correlation coefficient of 0.4855 (an average of the meridional
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Table 4.4: MR vs ERWIN boxcar correlation coefficients

Averaging profile
82+85
85+88
88+91
91+94
94+97
82+85+88
85+88+91
88+91+94
91+94+97
82+85+88+91
85+88+91+94
88+91+94+97
82+85+88+
91+94
85+88+91+
94+97
82+85+88+
91+94+97

Green Line
Meridional Zonal
0.3780
0.1126
0.5163
0.2267
0.5691
0.3884
0.5274
0.3585
0.3805
0.1399
0.4822
0.2085
0.5785
0.3327
0.5794
0.3916
0.4966
0.2736
0.5572
0.3075
0.5966
0.3637
0.5616
0.3342

O2
Meridional
0.4483
0.5819
0.6050
0.5010
0.3066
0.5570
0.6270
0.5823
0.4454
0.6173
0.6163
0.5385

Zonal
0.2307
0.3278
0.4094
0.2922
0.0437
0.3245
0.3921
0.3667
0.1885
0.3909
0.3773
0.2843

OH
Meridional
0.5736
0.5875
0.5346
0.3894
0.1930
0.6283
0.5940
0.4856
0.3259
0.6410
0.5522
0.4294

Zonal
0.5238
0.5139
0.3841
0.1486
-0.0938
0.5651
0.4758
0.2767
0.0373
0.5450
0.3883
0.1733

0.5864

0.3463

0.6197

0.3882

0.6056

0.4712

0.5843

0.3236

0.5796

0.3110

0.4996

0.2921

0.5789

0.3164

0.5888

0.3331

0.5540

0.3847

and zonal values) for the green line emission. For the O2 emission, the best
overall correlation is 0.5096 from a combination of 85 to 91 km, and for the
OH emission the best overall correlation was found to be 0.5967 from a combination of heights from 82 to 88 km.
Based on the Gaussian correlation coefficients (Table 4.5), the combination
of all of the heights (82 to 97 km) centred around 89.5 km with an average
correlation coefficient of 0.4878 provided the best correlation for the green
line emission. For the O2 emission the best overall correlation is 0.5155 from
a combination of 82 to 94 km centred around 88 km, and for the OH emis127

Table 4.5: MR vs ERWIN Gaussian correlation coefficients

Averaging profile
82+2*85+88
85+2*88+91
88+2*91+94
91+2*94+97
82+3*85+3*88+91
85+3*88+3*91+94
88+3*91+3*94+97
82+4*85+6*88+
4*91+94
85+4*88+6*91+
4*94+97
82+5*85+10*88+
10*91+5*94+97

Green Line
Meridional Zonal
0.4734
.01779
0.5694
0.3328
0.5746
0.3966
0.4858
0.2739
0.5428
0.2689
0.5912
0.3846
0.5525
0.3551

O2
Meridional
0.5449
0.6220
0.5790
0.4325
0.6067
0.6200
0.5271

Zonal
0.2938
0.3965
0.3708
0.1853
0.3633
0.4026
0.2946

OH
Meridional
0.6114
0.5867
0.4832
0.3123
0.6209
0.5514
0.4147

Zonal
0.5480
0.4737
0.2745
0.0316
0.5375
0.3888
0.1623

0.5835

0.3426

0.6306

0.4004

0.6012

0.4819

0.5878

0.3854

0.5894

0.3626

0.4963

0.2856

0.5986

0.3770

0.6231

0.3950

0.5598

0.3957

sion the best overall correlation is 0.5792 from a combination of 82 to 91
km centred around 86.5 km. For the green line and O2 emissions, the best
correlation was provided by the Gaussian combination of heights, whereas,
for the OH, the best correlation was using the boxcar averaging.
It is of note that for each correlation, the meridional correlation coefficient is
higher than the zonal correlation coefficient. This suggests that the meridional winds are a better fit than the zonal winds. There is no current explanation for this, and is a subject of further research.
In addition to the comparisons during December 2008, comparisons between
the ERWIN and meteor radar were done during January (16 to 30) of 2009;
this period is of note as there was a sudden stratospheric warming (SSW).
The correlations for each height are shown in Table 4.6. As indicated in this
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Table 4.6: MR vs ERWIN correlation coefficients, January 16-30, 2009

Height (km)
82
85
88
91
94
97

Green Line
Meridional Zonal
0.1384
0.0981
0.1627
0.1373
0.2348
0.1520
0.3603
0.3809
0.4914
0.6128
0.2755
0.4341

O2
Meridional
0.1936
0.2302
0.3747
0.4878
0.5126
0.1956

Zonal
0.1216
0.2021
0.2843
0.5259
0.6269
0.2971

OH
Meridional
0.4433
0.5509
0.6614
0.6037
0.3869
0.1339

Zonal
0.4702
0.5930
0.6739
0.6427
0.4487
0.0420

table, the best matching height for the green line is 94 km with an average
correlation of 0.5521. The best correlation for the O2 is also 94 km, with an
average correlation of 0.5587. Finally, the best matching height for the OH
is 88 km, with an average correlation of 0.6646.
The boxcar average profiles are shown in Table 4.7. For the green line emission, the combination of heights that provide the best correlation is 91 to
97 km, with an average correlation value of 0.5691. For the O2 emission,
the combination of heights with the best correlation is 88 to 97 km, with an
average correlation value of 0.6011. Finally for the OH emission, the combination of heights with the best correlation is 82 to 94 km, with an average
correlation value of 0.7562. It is likely that the OH emission has the best
correlation because the other two emissions are higher up and likely would
have a larger contribution from heights above 97 km.
Table 4.8, presents the correlation coefficients using the Gaussian averages
for the same height combinations as Table 4.7. For the green line emis-
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Table 4.7: MR vs ERWIN boxcar correlation coefficients, January 16-30,
2009

Averaging Profile
82+85
85+88
88+91
91+94
94+97
82+85+88
85+88+91
88+91+94
91+94+97
82+85+88+91
85+88+91+94
88+91+94+97
82+85+88+
91+94
85+88+91+
94+97
82+85+88+
91+94+97

Green Line
Meridional Zonal
0.1640
0.1256
0.2178
0.1556
0.3280
0.2993
0.4766
0.5603
0.4736
0.6415
0.2105
0.1485
0.3052
0.2722
0.4520
0.4923
0.5005
0.6377
0.2896
0.2481
0.4246
0.4465
0.4899
0.5863

O2
Meridional
0.2308
0.3317
0.4751
0.5579
0.4387
0.3138
0.4399
0.5690
0.5302
0.4155
0.5426
0.5624

Zonal
0.1723
0.2621
0.4509
0.6451
0.5745
0.2329
0.4084
0.6061
0.6512
0.3644
0.6398
0.6398

OH
Meridional
0.5414
0.6637
0.6956
0.5487
0.3229
0.6497
0.7278
0.6766
0.4958
0.7266
0.7341
0.6334

Zonal
0.5680
0.6814
0.7167
0.6025
0.3164
0.6662
0.7478
0.7127
0.5119
0.7433
0.7593
0.6463

0.4006

0.4030

0.5165

0.5044

0.7492

0.7631

0.4669

0.5396

0.5485

0.6027

0.7020

0.7112

0.4425

0.4908

0.5278

0.5510

0.7254

0.7291

sion, the combination of heigts providing the best correlation is 91+2*94+97
km, with an average correlation of 0.5789. For the O2 , the combination of
heights with the best correlation is 88+3*91+3*94+97 km, with an average
correlation of 0.6150. For the OH, the combination of heights with the best
correlation is 82+4*85+6*88+4*91+94 km, with an average correlation of
0.7507. These results suggest that a Gaussian distribution in height for the
airglow emission is the best approximation. The height profile matches with
the experimentally observed airglow profiles from WINDII [61][104].
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Table 4.8: MR vs ERWIN Gaussian correlation coefficients, January 16-30,
2009

Averaging profile
82+2*85+88
85+2*88+85
88+2*91+94
91+2*94+97
82+3*85+3*88+91
85+3*88+3*91+94
88+3*91+3*94+97
82+4*85+6*88+
4*91+94
85+4*88+6*91+
4*94+97
82+5*85+10*88+
10*91+5*94+97

Green Line
Merdional Zonal
0.2003
0.1470
0.2892
0.2424
0.4317
0.4659
0.5131
0.6447
0.2547
0.2027
0.3785
0.3744
0.4950
0.5824

O2
Meridional
0.2951
0.4273
0.5535
0.5410
0.3759
0.5147
0.5745

Zonal
0.2270
0.3792
0.5905
0.6587
0.3155
0.5107
0.6555

OH
Merdional
0.6321
0.7190
0.6651
0.4761
0.7030
0.7259
0.6008

Zonal
0.6533
0.7368
0.7016
0.5031
0.7218
0.7509
0.6331

0.3281

0.2999

0.4616

0.4288

0.7407

0.7607

0.4534

0.4979

0.5658

0.6062

0.6900

0.7175

0.4031

0.4121

0.5301

0.5341

0.7388

0.7606

The best combinations of heights, for both the boxcar and Gaussian fits, for
the MR correlation with the ERWIN winds is provided in Figures 4.7 (boxcar correlation, Dec 2008), 4.8 (Gaussian correlation, Dec 2008), 4.9 (boxcar
correlation, Jan 2009), and 4.10 (Gaussian correlation, Jan 2009). The correlations were generally better during January 2009, even though the number
of data points was fewer. The exception was the green line and O2 meridional
wind correlations, which were worse during Jan 2009; this could be due to
the increase in height of the airglow layers during the SSW [84], which occurred during this time (this event is discussed later in this chapter). Since
the airglow layers are known to move upward during this warming, more
of the green line layer, which is the highest of these three layers, would be
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outside the range of the MR observations, and lower correlation coefficients
would result. However, this would not explain why the green line and O2
zonal winds are better correlated during the SSW.
The expected values for the slopes of these plots is 1, with a y-intercept of
0 m/s. The slopes are closer to 1 during the non-SSW period, with the yintercepts, particularly for the zonal winds are quite large, given the precision
of the two sets of measurements during the SSW. This implies that there is
a consistent offset between the ERWIN and MR winds. Since the slopes are
closer to 1 for the December period, this may indicate that under the normal
winter conditions, there is less variability in the winds, which could result in
a closer to one to one ratio between the winds observed by the ERWIN and
those observed by the MR, given the instruments slight differences in viewing geometry. The cause of these offsets is not known, although it could be
caused by a bias due to the MR heights not encompassing the entire range of
the airglow emissions, or due to the MR and ERWIN having slightly different
viewing geometries.
The limitation of the previous analysis, is that it provides an average height
profile for the airglow layer over a long period of time (a month for December 2008, and 15 days for January 2009). Further analysis, was undertaken
by comparing the ERWIN and MR winds over two day periods stepped by
a day, and determining the correlation coefficients for each two day period.
The time series of heights of strongest correlation provides an estimate of
the airglow heights with a temporal component added. Figures 4.11 and
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Figure 4.7: Correlation of MR (x-axis) and ERWIN (y-axis) winds from
December 2008 using the optimum boxcar weighting for the MR winds, with
a weighted linear fit for each.

4.12 present the results of this analysis for the December, 2008 and January,
2009 data sets mentioned above. These figures show the correlation coefficients between the ERWIN and MR winds for each individual MR height,
with the x’s denoting the height at which the correlation coefficient is the
highest. The height of the OH layer is typically observed to be lower than
that of the O2 and green line layers. For the December 2008 data (Figure
4.11), the OH airglow is typically observed between 85 and 88 km, the O2
layer is typically between 88 and 94 km, and the green line airglow layer
is between 91 and 94 km. These results are quite consistent between the
ERWIN and MR correlations of the meridional winds, and for the correla-
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Figure 4.8: Correlation of MR (x-axis) and ERWIN (y-axis) winds from
December 2008 using the optimum Gaussian weighting for the MR winds,
with a weighted linear fit for each.

tions of the zonal winds. Given that the MR winds are less reliable at 97
km, this could result in a bias to slightly lower heights, particularly for the
green line emission. For the January 2009 data (Figure 4.12), the heights
are slightly higher. During the SSW event, which began on January 16,
2009, the observed airglow layers are higher than during the quiet period of
December 2008, with the OH airglow being between 88 and 91 km, the O2
airglow between 91 and 97 km, and similarly for the green line airglow layer.
It is also of note that, post-SSW, all three airglow layers decrease in height.
This is also coincident with an increase in the observed airglow intensities
(see below) and is consistent with the Sounding of the Atmosphere using
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Figure 4.9: Correlation of MR (x-axis) and ERWIN (y-axis) winds from Jan
16-30, 2009 using the optimum boxcar weighting, with a weighted linear fit
for each.

Broadband Emission Radiometry (SABER) airglow observations [22].
Figure 4.13 shows the daily averaged intensities for the three observed emissions. If one considers that the two full moons during these dates (Dec 12
and Jan 10) will result in an increase in the observed intensity that is not
related to an increase in the airglow intensity, the intensity for each airglow
layer decreases at the start of the SSW (around day 46 on the figure), and
begins to increase following the SSW. This recovery in the airglow intensity
also coincides with the decrease in the height post the SSW (see Figure 4.12).

The correlations between the ERWIN and MR winds, demonstrates that in-
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Figure 4.10: Correlation of MR (x-axis) and ERWIN (y-axis) winds for Jan
16-30, 2009 using the optimum Gaussian weighting, with a weighted linear
fit for each.

formation about the height of the airglow layers can be measured using a
combination of these two instruments. Additionally, the results from a typical month (Dec 2008), and from a SSW (Jan 2009) show the decrease in the
airglow layer heights, which is consistent with the theory and other observations of SSW events [22]. This provides further evidence that the airglow
layers move downward during a SSW.
These comparisons between the airglow Doppler winds (observed by ERWIN), and the MR, provide additional information about the heights and
shapes of the airglow layers. The correlation coefficients comparing individual MR heights, provide an estimate of both the layer shape, and peak height.
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Figure 4.11: ERWIN and MR wind correlations showing a correlation for
each two-day period, stepped by a day during December 2008. The top plots
are all of the meridional wind correlations, left to right: green line, O2 , and
OH. The bottom plots show the zonal wind correlations, with the left to right
plots the same as the top. The x’s denote the height at which the correlation
coefficient is the largest for that given time period, and could be thought of
as the height of the peak airglow layer intensity.

This is useful, as it provides an additional means to measure the airglow layer
heights, given that the satellite observations are not continuous.
Weighted comparisons between the MR and ERWIN provide more reliable
measures of the the heights of the airglow layers, and provide more insight
into the differences between the winds measured by these two instruments.
Since the airglow layers have a finite thickness, it is necessary to account for
the relative weighting at each height of the airglow, to increase the correlation between the MR and ERWIN winds.
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Figure 4.12: ERWIN and MR wind correlations showing a correlation for
each two-day period, stepped by a day during January 16-30, 2009. The top
plots are all of the meridional wind correlations, left to right: green line, O2 ,
and OH. The bottom plots show the zonal wind correlations, with the left
to right plots the same as the top. The x’s denote the height at which the
correlation coefficient is the largest for that given time period, and could be
thought of as the height of the peak airglow layer intensity

Meausrements of the heights for two periods, one with a SSW and one under
typical atmospheric conditions, demonstrate the sensitivity of these height
measurements, as the airglow layer are shown to increase in height during
the SSW.
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Figure 4.13: Airglow intensities (in ADU) a) for the green line, b) for O2 ,
and c) for OH.

139

Chapter 5
Wind Observations and Results
Observations of the wind and atmospheric dynamics in the mesopause are relatively rare, particularly in the high latitudes, and are important due to better understand the transfer of energy throughout the atmosphere [20][43][42].
The high amounts of gravity wave breaking in the mesopause results in a
deposition of energy from other regions of the atmosphere, making this a
particularly interesting region of the atmosphere to study [42]. Additionally,
due to the nature of the pole-to-pole circulation patterns at these heights in
the atmosphere, polar measurements of winds and gravity waves are of great
interest [48].
The ERWIN, being located at the PEARL observatory in the high arctic (80◦
N), provides a means to measure the polar mesospheric winds, dynamics, and
gravity waves. With the high observation cadence of the ERWIN, approximately 5 minutes for each observed emission, gravity waves with frequencies
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up to almost the Brunt-Väisälä frequency (∼ 0.02 s−1 )[20] can be observed
and characterized.
This chapter will focus on the geophysical results observed using the ERWIN,
including temperature, wind, and intensity measurements. The results of
longer term variations, such as tides, will be explored first, including crosscorrelations between the airglow irradiances. Also, comparisons between
the ERWIN Doppler broadened green line temperature measurements will
be compared with SATI O2 and OH rotational temperature measurements,
demonstrating that the ERWIN provides an additional height at which neutral atmosphere temperatures can be measured.
It will be demonstrated, for the first time in the arctic, that quasi-tidal frequency waves are not necessarily tides, but are inertia-gravity waves. This
includes measurements of the frequency, amplitude, and wave vector of these
waves. By showing that these waves are not zonally propagating, this will
verify that these are inertia-gravity waves. Inertia-gravity waves are gravity
waves with low frequency, close to that of the Coriolis parameter, such that
the rotation of the Earth has a significant influence on the wave [20]. This
concept is further supported by the observation of the power spectral density
spectra, which show an enhancement at the inertial (Coriolis) frequency, and
a linear decrease in amplitude with respect to frequency for a log-log plot of
amplitude and frequency.
The last part of this chapter will discuss sudden stratospheric warming, and
provide results demonstrating the decrease in the airglow brightness, and
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reversal of the zonal and meridional winds.

5.1

ERWIN Uncertainty Analysis

Before addressing the geophysical results, a brief discussion of the ERWIN uncertainty measurements, both the uncertainty resulting from the shot noise
statistics and the uncertainty from the thermal drift calibration measurements, will be discussed. The shot noise statistical uncertainty was discussed
in Chapter 3, with the expected uncertainty dependent on the observed intensity and visibility (see equation 3.17). This result is supported by the
errors determined experimentally using the ERWIN. The resulting wind errors from statistics and the theoretical errors determined from the intensity
and visibility are shown in Figure 5.1. These results are of the standard error,
√
which is σ/ N , where N is the number of measurements, in this case the
number of bins in a measurement. As can be observed in the figure, the theoretical error determined using the intensity and visibility, red dots, matches
very closely to the statistical (standard) error, blue dots. This supports the
theoretical calculation shown in equation 3.17.
An additional consideration for the precision of the phase and thus wind
measurements is the accuracy of the calibration lamp measurements in accounting for the thermal drift. Thermal drift of the WaMI interferometer
was discussed in Chapter 6. To account for the thermal drift, one must use a
known calibration source, which has a wavelength close to that of the lines of
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Figure 5.1: The ERWIN wind errors in m/s, where plot a) is the wind error
determined from statistics (blue) and wind error from equation 3.17 (red),
b) is the intensity, and c) is the visibility [51].

interest. In the case of ERWIN, a Krypton lamp is used to monitor the green
line thermal drift; the lamp wavelength is 557.0 nm. Argon lamps are used
to monitor the thermal drift of the molecular oxygen and hydroxyl lines; the
lamp wavelength for the O2 is 866.7 nm, and the wavelength for the OH is
840.8 nm.
The thermal drift for a day (Jan 26, 2009) is shown in Figure 5.2. The zenith
phase and the calibration phase (thermal drift) are shown in the top panel,
blue and red dots, respectively. In this case, the calibration lamp measurements, hence thermal drift measurements, were made at an eighth of the rate
as the atmospheric emission measurements. After every eight atmospheric
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Figure 5.2: a) Plot of green line emission zenith phase (blue dots) and the
calibration phase (red dots) for Jan 26, 2009. b) Plot of the difference between
the zenith phase and the calibration phase interpolated, using cubic splines,
to the times of the zenith phase measurements [51].

measurements, the calibration lamp measurements were taken. To remove
the thermal drift, the calibration lamp measurements were interpolated using cubic splines to the times of the atmospheric emission measurements.
The difference between these interpolated calibration measurements and the
atmospheric measurements provides the phase results for the wind plus any
errors which may be introduced through the interpolation.
The difference between the zenith phase, and the interpolated calibration
phase, shown in the bottom panel of Figure 5.2, is a measure of the vertical wind, plus some error from the interpolated calibration phase. It was
assumed that the variance of this phase would be due, primarily, to the geophysical variability (i.e. wind) and the errors in the removal of the thermal
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drift, such that the total variance, σt , could be written as [74]
σt2 = σw2 + σe2 ,

(5.1)

where σw is the geophysical variance, and σe is the variance due to the errors
in the cubic spline. The total standard deviation of the difference between
the zenith and calibration phases is 1.02◦ or 4.5 m/s.
To determine the amount of variance that is due to the interpolation, a
special set of calibration data was taken on March 20, 2010. The calibration
measurements were taken much more frequently, at the same cadence as
the atmospheric emissions. This calibration time series was then compared
to a time series created by sampling this calibration time series at a rate
commensurate with rate of the calibration measurements on Jan 26, 2009.
This ‘new’ time series (the under-sampled March 20, 2010 calibration data)
was then fit to the original March 20 calibration time series using a cubic
spline interpolation, similar to what was done to remove thermal drift from
the Jan 26, 2009 atmospheric data.
The difference between these two time series is shown in Figure 5.3, which
should result in errors due only to the interpolation, as the data sets are
of the same measurements. The total standard deviation for this data set
is 0.3279◦ or 1.42 m/s. This variability is much smaller than that recorded
for Jan 26, 2009, implying that the errors due to the interpolation are small
relative to the geophysical variability. By removing the variability due to
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Figure 5.3: Plot of the error in the cubic spline interpolation for the green
line calibration lamp sampled every 30 minutes and interpolated to the times
of the original time series [51]. The blue dots are the difference in the cubic
spline of the under-sampled data, and the original March 20 calibration data.

the cubic spline (see Figure 5.3) from the total variability observed on the
Jan 26, 2009 airglow emission time-series, the remaining variability is 0.966◦
or 4.2 m/s. Given that the errors for individual wind measurements are
approximately 1 to 2 m/s, the resulting variability can be attributed to the
geophysical variability (i.e. wind). Hence, these zenith phase measurements
are providing a measure of the vertical winds, and not simply noise due to
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errors associated with the thermal drift.

5.2

ERWIN Results

The ERWIN-II has been operational since 2008, providing approximately a
decade of data to peruse. The longer scale waves and signatures, e.g. planetary waves and tides, can be studied using this data set, as well as shorter
scale gravity waves. Given that the ERWIN observes winds, as well as, airglow intensity and temperature, these waves can be observed in multiple
manners. The focus of this research was more on gravity waves and tides,
so planetary waves will not be discussed in great detail, but it should be
acknowledged that these are observed using the ERWIN, and could be the
focus of future research.
This section is focused on the larger scale features of the ERWIN data set.
This includes discussion of the gaps in the data set, and the effects of the sun
and moon elevations on the data, including discussion of the uncertainties.
Comparisons between the observed large scale waves at the three heights for
each different emission layer are also discussed.
Figures 5.4 through 5.5 show the observed meridional and zonal winds for
both the green line and OH emissions. Each of these figures shows quasi-tidal
frequency components, as there are sinusoidal variations in the winds on the
order of 2 to 3 cycles per day, as well as some longer term variations, which
could be due to planetary waves. The gap in the data from about Dec 15
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to Dec 17, 2009, is due to the instrument being inoperational (likely due to
a brief power outage). Due to the nature of having an scientific instrument
located in a remote location such as Eureka, Nu, there are occasional issues
that result in these types of gaps in data for a few hours, or sometimes up
to a few days.

Figure 5.4: ERWIN meridional winds from December, 2009, a) is the green
line emission and b) is the OH emission. The blue dots represent the meridional winds and the red dots are the daily averages.

It is also worth noting that there is an increase in the variablility of the
towards the end of the month. This increase in the wind variability can be
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Figure 5.5: Same as Figure 5.4, except for zonal winds from December 2009.
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explained by looking at the uncertainty in the wind measurements, shown
in Figures 5.6 and 5.7. There is an increase in the uncertainty towards the

Figure 5.6: ERWIN meridional wind errors from December, 2009, a) is the
green line emission, and b) is the OH emission.

end of the month. There is also a relatively high uncertainty before the data
gap (Dec 15). There are several contributing factors to these increases in the
uncertainty. By considering equation 3.17, the uncertainty in a wind measurement should increase with a decreasing visibility, and with a decreasing
intensity. There is a lower visibility observed towards the end of the month
and around Dec 5 (see Figure 5.8). Additionally, by considering the decrease
in the airglow intensity from about Dec 5 to 15 (see Figure 5.9), this explains
the relatively large uncertainties during this time.
Additionally, the sun and moon elevations can effect the observed intensity,
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Figure 5.7: ERWIN zonal wind errors from December, 2009, a) is the green
line emission, and b) is the OH emission.

as these would both cause an increase in the background, broad spectrum,
intensity. With the use of a background filter, as discussed in Chapter 3, this
effect can be minimized. Therefore, a full moon results in an increase in the
observed intensity. However, this is not necessarily due to an increase in the
airglow intensity itself, but due to the increase in background (white) light
which is reflected by the moon. There were two full moons during December
2009, one on Dec 2, and one on Dec 31. There is a corresponding increase in
the observed intensity around both of those dates. There is also a decrease
in the visibility, although it is not quite as significant around Dec 2. This,
in addition to the lower observed wind uncertainties during the beginning of
the month suggest that there was also an increase in the airglow intensity

151

Figure 5.8: ERWIN observed visibility from December, 2009, a) is the green
line emission, and b) is the OH emission.

at this time. Unfortunately, there were no background measurements taken
at this time, so the background intensity could not be removed to reveal the
true airglow intensity.
The effect of the sun on the observed intensity is not very evident during
December, since the solar elevation is always well below the horizon. However, if one considers the observed intensity from February 2009, shown in
Figure 5.10, there is an increase in intensity around twilight. Once the solar
elevation is high enough, the ERWIN ceases to take measurements, because
the uncertainty in the wind becomes too large. This results in some data
gaps beginning in February.
Additionally, the large scale features in the time-series of the observed inten-
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Figure 5.9: The zenith intensity, from December 2009, for the green line airglow emission, a), and the OH airglow emission, b). The blue dots represent
the raw intensities as measured by the ERWIN, and the red dots are the
daily averaged intensity.

sities are shifted relative to each other. This temporal shift in the intensity
can be seen in Figure 5.11. The observed patterns are present first in the
green line layer, followed by the O2 layer, and finally in the OH layer. Since
the nominal heights of the airglow layers are 97 km, 94 km, and 87 km for
the green line, O2 , and OH, respectively [23], it would be expected, assuming
upward propagating waves, that the temporal offset would be the greatest
between the green line and OH layers, and smaller between the green line
and O2 layers, as is observed. Similar patterns appear in the meridional and
zonal winds, shown in Figure 5.12.
To empirically determine the values of the temporal offsets, a cross-correlation
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Figure 5.10: ERWIN observed intensity from February 2009, a) is the green
line emission, and b) is the OH emission.

analysis was employed, with the maximum peak representing the relative
temporal offset with respect to the green line emission, as shown in Figure
5.13. A simple correlation plot between the green line and O2 , and green line
and OH is shown in Figure 5.14. Since the temporal offset between the green
line and the O2 is small (see Figure 5.14), the difference in the correlation is
small, with the correlation coefficient only increasing from 0.8682 to 0.8801.
However, for the green line and OH correlation, which has a much larger
offset, the difference is much more stark. There is almost no correlation between the unshifted OH and the green line, with the plot (plot c)) appearing
as not much more than scatter, with a correlation coefficient of 0.1007. Once
the OH intensity is shifted in time, the correlation is demonstrably better, in
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Figure 5.11: The hourly averaged zenith intensity observed by the ERWIN
for a) the green line, b) O2 , and c) OH airglow layers. Two peaks in each plot
are highlighted with an arrow - blue denotes the first peak, and red denotes
the second peak.

both the qualitative appearance of the correlation plot, such that there is a
much more linear plot with less spread, and quantitatively with the correlation coefficient improving to 0.5758. Similar plots are shown in Figures 5.15
and 5.16, for both the meridional and zonal winds.
These wind correlation plots follow a similar trend as the intensity correlations. Considering the green line correlations with O2 , see Figure 5.15, the
correlation is improved by shifting the O2 winds in time to match the green
line. The correlation coefficient for the meridional wind improves from 0.8237
to 0.9086, and for the zonal wind the correlation coefficient improves from
0.8223 to 0.8830. As was observed with the intensity, the shift in time, which
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Figure 5.12: Winds from Dec 20 , 2014, a) is meridional, and b) is zonal, with
positive being northward and eastward, respectively. The blue dots denote
the green line emission, red dots are the O2 emission, and black dots are the
OH emission.

is larger between the green line and OH than it is for the green line and O2 ,
results in a much improved correlation for both the meridional and zonal
winds between the green line and OH emissions. For the meridional wind
the correlation coefficient improves from -0.1769 to 0.6907, and for the zonal
wind the correlation coefficient improves from 0.2032 to 0.6363. The lower
correlation between the green line and OH as compared to the green line and
O2 is likely due to the fact that the atmospheric conditions will also evolve
in time, and it would be an oversimplification to assume that the airglow
intensity and the wind would be composed of perfectly coherent waves.
Next, based on the offsets that were determined from the intensity cross156

Figure 5.13: a) shows the green line (blue), O2 (green), and OH (red) zenith
intensities for Dec 20, 2014. b) is the normalized cross-correlation between
the green line and O2 (blue), and green line and OH (green), with the relative
offset given in hours such that positive means that green line leads the other
emission.

correlations, such as shown in Figure 5.13, these offsets were plotted against
the nominal heights for each of the airglow layers (97 km for green line, 94
km for O2 , and 87 km for OH), see Figure 5.17. The linear nature of the
fit of the temporal offset and the airglow layer height shows that the phase
speed is constant.
The daily correlations for an entire month, see Figure 5.18, show the overall
trend of the offsets. It is observed that the offsets are small for the green
line-O2 correlations, and are fairly constant. The offsets for the green lineOH correlations are more variable, but overall these offsets are close to three
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Figure 5.14: Correlation between green line intensity and a) O2 , b) O2 shifted
by the corresponding lag determined from the cross-correlation, c) OH, and
d) OH shifted by the appropriate lag. R is the correlation coefficient for each
plot. This plot is from Dec 20, 2014.

times as large as those of the green line-O2 correlations. Thus, this remains
consistent with the expected results that any travelling perturbation should
produce a linear relationship between the offset in time and the difference in
height of the emission layers.

5.3

Comparisons with SATI

As discussed in Chapter 3, the atmospheric temperature can be determined
using the airglow emission visibility (shown in Figure 5.19). Although the
ERWIN is providing temperature measurements, it should be noted that
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Figure 5.15: Green line and O2 correlations from Dec 20, 2014 where a) is
meridional wind, b) meridional wind with O2 time-series shifted based on
the time lag in the cross-correlation, c) is the zonal wind, and d) is the zonal
wind with the same time shift as b).

there are some limitations to these temperature measurements which become obvious due to the outliers at around 0.6 to 0.7, and 1.6 to 1.8 days.
These outliers are due to the reduced reliability of the Doppler-broadened
temperature measurements during twilight, which is coincident with these
outliers; twilight is also responsible for the data gaps during day 1 (Jan 29)
and day 2 (Jan 30), see Figure 5.20. The reduction in accuracy (and precision) during twilight is due to the higher levels of background light, relative
to the airglow brightness, and the lower reliability of the removal of said
background during these times. Similar effects are observed in the winds, see
Figures 5.4 and 5.5. The moon can also provide similar issues for the tem159

Figure 5.16: Same as Figure 5.15, except for the OH emission.

perature measurements when the moon is bright enough (close to full). As
the result, most studies of the ERWIN temperature measurements have been
during new moon periods. There are also some outliers in the temperature
data around 1.4 to 1.5 days. This is the same time as a spike in the observed
zenith irradiance (Figure 5.20), and is likely due to an auroral event, which
would cause the temperature measurements at that time to be unreliable.
Therefore, one must be mindful of auroral events when making temperature
measurements.
Fortuitously, there is a temperature imaging instrument called the Spectral
Airglow Temperature Imager (SATI), co-located with ERWIN at PEARL.
SATI determines temperatures in the mesopause by measuring the relative
intensities of lines within rotational bands associated with the O2 (0-1) band
160

Figure 5.17: Temporal offset for each emission layer relative to the green line
emission, plotted against the nominal heights of each airglow layer.

and the OH Meinel (6-2) airglow layers [114]. This allows for comparisons of
the mesopause temperature measurements made by ERWIN with the SATI
measurements.
Comparisons between ERWIN and SATI temperatures were chosen over a
three day period from Dec 19 to 21, 2014. These dates were chosen due
to the availability of data from both instruments, as well as the phase of
the moon, which was close to new at this time. The new moon period was
chosen as this results in a lower brightness in the night sky, which would
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Figure 5.18: Daily correlation coefficients over the month of December 2014.
Each correlation is relative to the green line emission; a) is O2 intensity,
b) is OH intensity, c) is O2 meridional wind, d) is OH meridional wind,
e) is O2 zonal wind, and f) is OH zonal wind. The correlation coefficients
are normalized such that 1 would be perfectly correlated and -1 is perfectly
anti-correlated.

be an additional background source for ERWIN, thereby increasing the reliability of the ERWIN temperature measurements. Figure 5.21 shows the
temperatures measured by SATI for the O2 and OH emissions, and the green
line temperatures measured by ERWIN. The ERWIN measurements follow
a similar larger scale trend as the SATI measurements, however, the smaller
scale variations do not appear as clearly in the ERWIN results. These discrepancies in the smaller scale variations are expected due to the higher uncertainty in the ERWIN temperature measurement compared to the SATI.
In addition, the ERWIN temperatures seem to be closer to the SATI O2
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Figure 5.19: Green line temperature from January 28-30, 2017

temperatures, which could be indicative of a positive temperature gradient
with height. This makes the green line ERWIN temperature measurements
useful, as these provide an additional airglow temperature measurement that
SATI cannot make.
Since the ERWIN temperature measurements make use of the changes in
visibility with temperature, these temperature measurements are very susceptible to any small changes in the visibility due to cloud cover or blowing
snow, or due to quick changes in the background intensity that may not be
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Figure 5.20: Green line irradiance from January 28-30, 2017
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Figure 5.21: Temperature measurements by SATI (blue is O2 , red is OH)
and ERWIN green line (green).

properly accounted for using the current cadence of the background filters.
The uncertainty in the temperature is

σT =

1 U
σV .
Q∆2 V

(5.2)

The standard deviation in V , σV , on Dec 20, 2014, on average, was about
0.02. Given that the visibility is typically around 0.3, an estimate for a
typical temperature standard deviation is approximately 10 K.
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5.4

Gravity Waves

Gravity waves are a very important part of the energy budget of the middle
atmosphere [20], as was discussed in Chapter 2. Gravity waves have a large
impact on energy transport and large circulation patterns in the whole atmosphere, and it is therefore useful to better measure and understand such a
phenomenon. In general, in analyses of observations it is assumed that gravity waves adhere to a linear perturbation theory, as long as the waves are
not breaking. As the ERWIN measures winds in five different look directions
(north, east, south, west, and zenith) for three different airglow emission
layers, it is possible to measure wave parameters on scales of the distance
between observation points in the atmospheric winds.
A limitation of the linear perturbation theory approach for the ERWIN measurements is that the wave must exist over a reasonably large area, approximately 250 km2 . This makes it more difficult to observe smaller scale (< 100
km) waves.
To identify a gravity wave to study, an S-transform of the winds is taken, and
the frequency of a wave which appears in all four directions is noted. A case
study of a wave observed on December 22, 2008 will be discussed further.
The wave was first identified using the S-transform, see Figure 5.22. On this
date, there was a substantial amplitude wave with a semi-diurnal frequency,
as well as a wave of approximately a 5 cpd frequency. For this case study,
the frequency signature of around 10 to 12 cpd was studied. This wave was
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Figure 5.22: S-transform of the ERWIN green line winds for a) north, b)
east, c) south, and d) west directions. Frequency is provided in cycles per
day.

chosen due to the relatively large amplitude, and because it was present in
each of the directions for at least a portion of the day. Based on the Fourier
transform for each look direction, the frequency was determined to be 10.8
cpd.
Following a similar approach to characterizing gravity waves as Suzuki et al.
[93], the next step in analysing the wave, once it had been identified, was
to isolate just the frequency of interest, which was accomplished by using a
fourth order bandpass Butterworth filter, with a bandwidth of 3 cpd centred
on 10.5 cpd. The resulting filtered winds are shown in Figure 5.23. The form
of the wave packets suggest that the wave was present later in the day for
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Figure 5.23: Bandpass filtered wind, isolating the 10.8 cpd frequency signal
from Dec 22, 2008; a) is the meridional wind where blue is the north line-ofsight wind and red is the south line-of-sight wind, b) is the zonal wind where
blue is the east and red is the west line-of-sight winds, and c) is the vertical
wind where blue is the green line emission and red is the OH emission.

the east and west winds, and during the middle of the day for the north and
south winds. This is consistent with the power spectrum shown using the Stransform (Figure 5.22). The frequency of the wave is determined by fitting
a sine curve to each of the filtered winds, and finding the average frequency.
Cross-correlations of the relative time lags between the north and south lineof-sight winds, and the east and west line-of-sight winds and the green line
and OHl winds provide a measure of the meridional, zonal and vertical wavelengths, respectively. The cross-correlation plots for each different direction
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is shown in Figure 5.24. The peaks with time lags closest to zero were chosen
as the relative time difference for the north-south and east-west and vertical
comparisons. A quadratic fit to the three points closest to the peak provided
a more precise measure of the time differences between the waves observed
in the two directions. By considering the viewing geometry, as discussed in
Chapter 3, the relative horizontal positions in the sky are 242 km at the
height of the green line airglow layer, 235 km at the height of the O2 airglow
layer, and 217 km at the height of the OH airglow layer. These horizontal distances provide the means to measure the horizontal wave numbers.
The difference in the heights of the green line and OH airglow layers is approximately 10 km, which is used in the determination of the vertical wave
number. Given that the frequency is known, this is enough information to
determine the wavenumbers for the meridional, zonal, and vertical directions:

k=

∆t ω
,
∆x

(5.3)

where ∆t is the time lag at which the highest correlation occurred, ω is the
frequency of the wave, and ∆x is the difference in position of the two observed directions (250 km for meridional and zonal wave number, and 10 km
for the vertical wave number).
The wave vectors were determined to be 1.1 × 10−5 m−1 , 6.9 × 10−7 m−1 , and
1.3×10−4 m−1 for the meridional, zonal, and vertical directions, respectively.
The approximate uncertainties of these values is 1 × 10−7 m−1 for the hori-
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Figure 5.24: Cross-correlation plots of the a) north and south line-of-sight
winds, b) east and west line-of-sight winds, and c) green line vertical winds
and the OH vertical winds. A fourth order Butterworth bandpass filter
(bandwidth of 3 cpd, centred at 10.5 cpd) was used to filter each of the
line-of-sight winds to isolate the wave of interest.

zontal wave numbers, and 2 × 10−5 m−1 for the vertical wave number. Based
on these calculations, and the mean background wind (determined by taking
the mean of the meridional and zonal winds for the day), and using equation
2.40, the intrinsic frequency was determined to be 8.7 × 10−4 s−1 (or 11.9
cpd). Using the dispersion relation (equation 2.46), the Brunt-Väisälä frequency can be written in terms of the frequency, vertical and horizontal
wavenumbers, such that

N 2 = (ω̂ 2 − f 2 )
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m2 + 4H1 2
,
k 2 + l2

(5.4)

where k, l, and m are the zonal, meridional, and vertical wavenumbers,
respectively. The Brunt-Väisälä frequency was determined to be 0.012 s−1
(or a period of 8.8 minutes).
Comparisons between the vertical winds of the green line and OH airglow
layers (O2 was excluded due to the higher uncertainty in those measurements)
showed different vertical wind amplitudes for the different airglow layers,
as shown in Figure 5.25. Due to the exponential decrease of density with

Figure 5.25: Plot of the green line vertical wind (blue), OH vertical wind
(red), and the OH vertical wind multiplied by ez/2H (black), which provides
an estimate of the increase in the amplitude of the wave due to conservation
of energy with the change in height.
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height in the atmosphere and conservation of energy, it would be expected
that the amplitude of a gravity wave would increase by a factor of ez/2H ,
where z is the change in height, and H is the scale height and is assumed
to be approximately 6 km for the mesopause. Figure 5.25 shows that the
vertical wind for the OH emission is much smaller than that for the green
line emission, which would be expected given the decrease of pressure with
height and conservation of energy. By considering the difference in height of
the OH and green line airglow layers, the expected increase of the amplitude
of the gravity wave from the height of the OH layer to the height of the green
line layer can be determined using this exponential factor (or see equation
2.33). The green line layer is used as a reference height in this case, with
the expected change in the amplitude of the OH winds from the nominal
height of the OH airglow layer up to the nominal height of the green line
airglow layer. The amplitude of the green line vertical wind is 0.90 m/s and
for the OH vertical wind is 0.39 m/s. Multiplying the OH vertical wind by
the exponential factor, results in an expected amplitude of 0.89 m/s, which
is similar to the observed velocity. This demonstrates that this aspect of the
behaviour of the gravity waves is consistent with the linear theory.
An example of where the results deviate from the linear theory, however, is
in the determination of the ratio of the horizontal wind perturbation to the
vertical wind perturbation. It is expected that the vertical wind perturbation
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should scale with the horizontal wind perturbation as [20]

ŵ = −

k
û,
m

(5.5)

where ŵ and û are the vertical and horizontal linear perturbation wind amplitudes, and k and m are the horizontal and vertical wave numbers, respectively. For this particular wave, the observed horizontal wind amplitude was
3.11 m/s, and the vertical wind amplitude was 0.9 m/s, for the green line
emission observations. Given the previously calculated wave numbers, and
the horizontal wind amplitude, the expected value for the vertical wind amplitude would be 0.2 m/s, with an approximate uncertainty for the vertical
winds of 0.2 m/s. This calculated vertical wind amplitude is smaller than the
measured vertical wind amplitude. This incongruity could be due to limitations in the linear theory, or it could be due to contamination of the vertical
wind in the horizontal wind. However more research is needed to provide a
thorough analysis which includes non-linear elements to reach a robust conclusion on the nature of these waves, and to reduce the uncertainty of the
results.

5.5

Observations of Quasi-Tidal Waves

As was discussed in the introductory chapter, tides are an important part of
atmospheric dynamics. These waves have frequencies that are integer num-
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bers of a day. A diurnal tide has a frequency of 1 cpd (cycle per day), or a
24 hour period; a semi-diurnal tide has a frequency of 2 cpd, or a 12 hour
period; and a ter-diurnal tide has a frequency of 3 cpd, or an 8 hour period.
These large-amplitude waves present in the polar mesosphere and lower thermosphere have been previously observed [71]. There are many different possible explanations for this wave signature such as that this is a semi-diurnal
migrating tide [62]. It has also been attributed to a 12 hour ‘psuedo-tide’
caused by the modulation of the gravity wave momentum flux by the tides
[7][12]. It has also been suggested that these waves could be semi-diurnal
non-migrating tides caused by interactions between planetary waves and the
migrating semi-diurnal tide [116] [65] with additional non-linear interactions
caused by filtering of gravity waves [66].
Another possible explanation for these waves is that they are in fact gravity
waves that are close to the inertial (Coriolis) frequency. As was previously
discussed in Chapter 2, based on the Hough modes for the tides, it would
be expected that the amplitudes of the tides in the wind would be small at
the high latitudes at which the ERWIN measures winds. Research in the
antarctic by Shibuya et al. [86] at Syowa Station (39.6◦ E, 69.0◦ S) using the
PANSY (Program of the Antarctic Syowa MST (Mesosphere-StratosphereTroposphere)) radar found that there were quasi-12 hour inertia-gravity waves
in the lower mesosphere. Additionally, research by Vadas et al. [102][101]
found greater than 11 hour period waves, which were determined to be secondary gravity waves, caused by breaking gravity wavs. This, coupled with
174

some interesting variability in the amplitude and frequency of the power in
the S-transform (which will be discussed later in this section) prompted a
more rigorous study of these tidal frequency waves.
The Fourier transform of the line of sight winds (see Figure 5.26) shows that
there is a strong semi-dirunal wave present, however, there is not any diurnal signature present during the month. This is typical of the ERWIN wind

Figure 5.26: Fast Fourier transform of the green line winds for December,
2017, such that a) is the north, b) is the east, c) is the south, and d) is the
west line-of-sight winds.

observations, such that there is not a diurnal wave present in the winds.
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Through use of an S-transform [91], which provides a measure of the temporal variations of the power spectrum, in a similar manner as the wavelet
transform does (this is described in more detail in Appendix B), the temporal variations of tidal amplitudes and phases can be determined. Waves with
quasi-tidal frequencies are frequently observed. However, the amplitudes of
these waves change significantly in time. A typical example is shown in Figure 5.27 for December 2017, but this is representative of the entire ERWIN
data set.

Figure 5.27: S-transform of the a) green line meridional winds, b) green line
zonal winds, c) OH meridional winds, and d) OH zonal winds.

Early in the month a wave with a ter-diurnal frequency and significant amplitude is present. It quickly dissipates and then semi-diurnal frequency waves
are observed for several days. Then there is a short gap and another ter176

diurnal wave appears around Dec 10 or 11. Similar variations in these tidal
period waves are present throughout the entire month. This variability in
the amplitude is interesting, and provides motivation for further investigation into the wave parameters for these large scale waves.
The parameters of interest for these waves are the meridional, zonal and vertical wavelengths, and the frequency. The examination of the large amplitude
semi-diurnal wave present on December 22, 2017 will be presented. By taking the Fourier transform of the line-of-sight winds, as shown in Figure 5.28,
it can be seen that the is an approximately semi-diurnal wave present in all
of the viewing directions. The wind time series was then passed through a

Figure 5.28: Fast Fourier transform of the green line winds for Dec 22, 2017,
such that a) is the north, b) is the east, c) is the south, and d) is the west
line-of-sight winds.
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low-pass filter to remove any higher frequency waves present, as well as noise.
To determine the frequency, a sinusoidal regression was fit to the wind data
for each direction, and the average taken. For this example from December
22, 2017, the frequency was determined to be 2.03 cpd (1.47 × 10−4 s−1 ).
Following this process, the meridional wavenumber is 4.20 × 10−7 m−1 and

Figure 5.29: Cross-correlation of the a) north and south line-of-sight winds,
and b) east and west line-of-sight winds. The y-axes are normalized correlation coefficient, and the x-axes are the lags, in hours, of the south relative to
north, and the west relative to east, respectively.

the zonal wavenumber is 6.08 × 10−7 m−1 . These values are equivalent to
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1.5 × 104 km and 1.0 × 104 km in terms of meridional and zonal wavelength,
respectively.
Following a similar procedure, but comparing the same line-of-sight wind
from different emissions (e.g. green line north line-of-sight wind cross-correlated
with the OH north line-of-sight wind), the vertical wavenumber, m, can be
determined assuming the airglow layers are at their nominal heights. For
this day, December 22, 2017, the vertical wavenumber was determined to be
1.1 × 10−4 m−1 , or 57 km as a vertical wavelength.
Using the values for each of these parameters, as determined for this semidiurnal tidal frequency wave, and following a procedure similar to that used
for gravity waves in the previous section, the Brunt-Väisälä frequency was
determined to be 0.012 s−1 , or 8.8 minutes. This value is close to what is
typically expected for the mesopause region, approximately 0.02 s−1 [20].
As was discussed in Chapter 2, for a tide, it would be expected for the
phase fronts to propagate entirely zonally, in other words, the meridional
wavenumber would be expected to be 0 [58]. However, for this observed
quasi-tidal frequency wave, the direction of propagation is 55◦ from the east,
and the meridional wavenumber is 4.20 × 10−7 m−1 . Additionally, this zonal
wavelength would be a wavenumber 0.1 wave, which is not an integer and
therefore nonphysical for a tide. This, combined with the calculated value for
the Brunt-Väisälä frequency being typical for this region of the atmosphere,
suggests that this wave could be a large scale gravity wave, and not a tide.
This may also account for the somewhat ‘bursty’ nature of the waves, such
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that these waves appear and disappear, on the order of one to several days,
over a month of observations.
To determine whether this situation is typical for waves with quasi-tidal periods, the frequency of these waves over the entire month of December, 2017
were observed, to see if the meridional wavenumbers were in fact generally
non-zero. Quasi-tidal frequency waves, in this case, are waves which have low
frequencies below about 4 cpd, but above 1 cpd. For each day in December
2017, an exact frequency for these wave signatures and the amplitude and
horizontal (meridional and zonal) wavenumbers were determined following
the procedure outlined above for the wave on December 22, 2017. The results of these calculations are provided in Figures 5.30 and 5.31.
The meridional wavenumbers shown in Figure 5.30 as the blue data, are
predominately non-zero, and hence inconsistent with a zonally propagating
tide. The black lines are provided as an approximate measure of the uncertainty in the wavenumbers. They are centred on zero, such that any value
that falls between those two lines could be considered to be 0 to within the
uncertainty of these measurements. Given that the vast majority (81%) of
the meridional wavenumbers fall outside of this range, most of these waves
are not zonally propagating. Additionally, Figure 5.31, shows the variability
of the frequency from one day to the next. Not only are the frequencies
varying in the range between those of semi-diurnal and ter-diurnal tides, but
the frequencies are often not integer multiples of a day. Then, by considering
the zonal wavelengths, it can be demonstrated, as shown in Figure 5.32, that
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Figure 5.30: Plot of the horizontal wave numbers determined for low frequency waves (between 1 and 4 cpd) during December 2017. The blue data
are meridional wavenumbers, green are the zonal wavenumbers, and the black
lines denote the level of uncertainty in the measurements, such that any value
that lies between those lines would be indistinguishable from a wavenumber
of 0.

these waves would have non-integer wave numbers, which would be indicative
of gravity waves since the zonal wavelengths of the tides are harmonics of
the Earth’s circumference. This is further evidence that the observed waves
are not tides, but are in fact low-frequency gravity waves.
As discussed earlier, the maximum frequency for a gravity wave is the Brunt-
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Figure 5.31: Wave parameters from observed low frequency (between 1 and
4 cpd) waves during December 2017. Plot a) is the frequency, and b) is the
amplitude.

Väisälä frequency. The lowest frequency at which a gravity wave can exist
is equal to the Coriolis parameter [20], see equation 2.105. The value for the
Coriolis parameter at 80◦ latitude is 1.44 × 10−1 s−1 , or a period of approximately 12.2 hours, meaning the frequency of these waves falls within the
accepted range for gravity waves. The hypothesis that these tidal frequency
waves are in fact inertia-gravity waves and not tides is consistent with results
reported by Shibuya et al. [86] [85] in Antarctica.
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Figure 5.32: The zonal wave number (ratio of Earth’s circumference over the
wavelength) for low frequency waves (between 1 and 4 cpd) during December
2018.

5.6

Analysis of Gravity Wave Spectra

To further support the idea that these quasi-tidal frequency waves are gravity
waves, it is useful to consider the power spectrum of the waves. By considering that a gravity wave’s frequency is bounded on the lower end by the
Coriolis parameter (see Chapter 2), which is approximately 1.96 cpd (12.2
h), it would be expected that gravity waves would contribute to the power
spectrum starting at this frequency. In addition to providing information
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about which gravity wave frequencies are present, the Fourier transform of
the wind data provides information about the spectral energy density. If
the energy cascade is similar to turbulence, as indicated by research starting
with Kolmogorov and his two-thirds law [50][103] it would be expected that
there would be an exponential relationship between the power spectral density and the frequency, such that the power spectral density is proportional
to the frequency raised the power of −5/3 [20][99]. However, previous research has found that the relationship varies between −1 and −2, with most
being close to −5/3 [20]. Additional research suggests that, for high vertical
wavenumber (greater than approximately 3.33 × 10−4 ), that the power to
which the frequency is raised is between −2.5 and −3 [99][20][113].
The ERWIN provides wind observations with a high temporal resolution,
and hence a high Nyquist frequency (∼ 100 cpd). This allows waves with
low frequencies down to the Nyquist frequency to be observed. However, experimental observations seem to suggest that the Fourier transform reaches
a noise floor above approximately 20 cpd (see Figure 5.34). Any wave with
an amplitude smaller than the precision of the ERWIN would be buried below the noise floor. Since these Fourier transforms are for the entire month
of January, 2018, the amplitudes would be averaged over the entire month,
meaning that waves with short durations would have reduced amplitudes,
and be unobservable in this manner. Although it is possible to observe many
of these higher frequency waves in the Fourier transform, it requires observing
only a small fraction of time, which is less useful for observing these gravity
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wave spectra. An example of the Fourier transform of the meridional and
zonal winds for the entire month of January 2018 is shown in Figure 5.33. It
should be noted that there is a large contribution to the power at approximately 2 cpd, which the author proposes is due to inertia-gravity waves, as
discussed in the previous section.

Figure 5.33: Fast Fourier transform of the ERWIN green line emission a)
meridional and b) zonal winds from January 2018. The frequency is provided
in cycles per day (cpd).

A log-log plot of the spectral density and the frequency, shown in Figure 5.34,
shows a pattern similar to that expected from previous research of gravity
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Figure 5.34: Log-log plot of the spectral density vs the frequency in cycles
per day (cpd) of the ERWIN green line emission a) meridional and b) zonal
winds. The black line is the measured spectral density, and the red line is a
linear fit to the log-log plot of the spectral density and the frequency from 2
cpd to 10 cpd.

wave spectra in the mesosphere [20]. The enhancement of the power at the
inertial frequency, followed by a linear decrease in the log(E), demonstrates
that these waves could all be contributing to the gravity wave spectrum. The
rate of the decrease in power density, relative to frequency, is consistent with
the transfer of energy from larger scale to smaller scale gravity waves. Since
the minimum frequency expected for gravity waves is equal to the Coriolis pa186

rameter (inertial frequency), the linear trend of the log(E) vs log(f requency)
should start at approximately 2 cpd, which is observed. It should be noted
that the use of frequency instead of angular frequency (ω) will have no effect
on the resulting slope in the log-log plot since the factor of 2π would result
in a constant change of the y-intercept, but would not affect the slope. Since
the noise floor starts between about 10 and 20 cpd, it is necessary to limit
the maximum frequency used to calculate the slope to approximately 10 cpd
to ensure that the noise floor is not artificially increasing the measured slope.
The observed slopes for the meridional and zonal green line winds was found
to be −2.1 ± 0.1 and −1.65 ± 0.09, respectively. As was previously discussed
in the section, it has been observed that values for the slope typically lie between -1 and -2 [20]. By following a similar approach for the three emissions,
and observing the months of November through February for several years,
the values of the slope for this log-log relation was determined (see Figure
5.35). The observed slopes are flatter with decreasing height of the emission
layer. The average observed slope (over these four years) was −1.82 ± 0.08
for the green line, −1.34 ± 0.12 for the O2 and −1.27 ± 0.14 for the OH.
These fall within the experimentally observed range of -1 to -2.
It is also possible that the variability of the slopes is due to the effects of filtering by the airglow layer. Since the airglow layer has a finite thickness, any
waves with wavelengths that are smaller than the thickness of the respective
airglow layers (apart from the unique circumstance when the line of sight is
parallel to the wave fronts) would not be observable by the ERWIN. The rel187

Figure 5.35: The mean slope for a log-log plot of the spectral density vs
the frequency for the ERWIN observed winds. Each year is denoted by a
different colour (see legend), a) is the green line, b) is the O2 , and c) is the
OH emissions.

ative enhancement of the airglow in one portion of the airglow layer would be
cancelled by a relative diminishment at another, resulting in no net change
in the observed line of sight integrated airglow irradiance (as was described
in Chapter 2). This would be true for any wave with a wavelength on the
order of the size of the airglow layers or smaller. Therefore, the thickness
of the airglow layer provides a lower limit to the wavelength of observable
waves, essentially acting as a low-pass filter of vertical wave number.
For the spectral slopes, if it is assumed that -5/3 is the actual value, then any
measured deviations from this slope would indicate that there is ‘missing’ energy. This ‘missing’ energy could be attributed to the ‘missing’ or unobserved
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waves, such that any waves that were filtered out due to the airglow layer,
would be missing from this spectral density plot. Therefore, a slope that is
greater (less) than -5/3, could be due to a high-pass (low-pass) filtering of
the observed waves, with low (high) frequency waves missing. More research
is needed to provide a complete explanation of this phenomenon.

5.7

Vertical Analysis of Gravity Waves

In addition to appearing in the winds, gravity waves affect on the airglow
irradiances [109]. Vertical motion has been hypothesized as being the mechanism causing variability in the irradiance [97] but this effect has never been
directly verified in combination with the wind. It is therefore of interest to investigate and analyse gravity waves which appear in both the vertical winds
and the airglow intensity measurements to confirm whether the signature
corresponds to what is expected. As was previously discussed in Chapter 2,
research has shown a relation between airglow brightness and the height of
said airglow layer [61], including results from the Wind Imaging Interferometer (WINDII) [83] and the High Resolution Doppler Imager (HRDI) [35].
The airglow irradiance should increase (decrease) with a decrease (increase)
in the height of the airglow. This inverse relationship between the airglow
layer brightness and the peak altitude of the airglow layer as been observed
[117][69]. Since the brightness of the airglow layer is an analogue of the height
of the layer, then the wind and the airglow layer irradiance should be related
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in a similar manner to velocity and position. Therefore, the vertical wind
should be proportional to the time derivative of the airglow irradiance. For a
sinusoidal signature in the wind, such as a gravity wave, it would be expected
that the wind and airglow irradiance would therefore be in quadrature.
To compare the effects of a gravity wave in the wind and intensity measurements, it is first necessary to identify a wave signature that is present in both
the vertical wind and in the zenith irradiance. The zenith irradiance is chosen to examine the airglow intensity because the vertical wind is determined
from the zenith line-of-sight winds, so this measurement of intensity is from
the same position in the sky as the vertical wind measurement.
The S-transform and fast Fourier transform were one methods used to identify waves for this vertical analysis. Any wave which appeared in both the
vertical wind and the zenith irradiance, with a sufficiently large amplitude
and with the same frequency was studied.
The S-transform for December 22, 2008 of the vertical wind and zenith irradiance, Figure 5.36, shows a wave present in both the vertical wind and the
zenith irradiance of a ∼ 5.5 cpd frequency. Figure 5.37 shows the Fourier
transform of the same observations, and the same approximately 5.5 cpd
frequency signature is identifiable in both the vertical wind and the zenith
irradiance plots.
To further investigate this 5.5 cpd wave, a 30 minute binning of the wind
and irradiance data was performed, with the results shown in Figure 5.38.
It should be noted that the vertical wind in this figure is oriented such that
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Figure 5.36: S-transform from December 22, 2008 showing the a) vertical
wind velocity in m/s, and b) zenith irradiance in ADU for the green line
emission. A large amplitude signature is present in both the wind and irradiance measurements of around 5.5 cpd, and is present for most of the
day.

positive is downward and negative is upward. The offset between the vertical
wind and the zenith irradiance appears to be consistent with that of a velocity and position measurement, i.e. in quadrature. Since both are sinusoidal
waves, one would expect there to be a π/2 phase shift between the velocity
and the irradiance (position analogue).
The phase shift can be determined by taking the cross-correlation between
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Figure 5.37: Fast Fourier transform from Dec 22, 2008 of the a) vertical
winds and b) zenith irradiance for the green line emission. The same 5.5 cpd
signature (denoted by the arrows) as was observed in Figure 5.36 is observed
in the FFT.

the irradiance and the vertical wind (see Figure 5.39). The phase offset between the zenith irradiance and the vertical velocity is 1.33 rad (or 0.212
fractions of a cycle), with the expected offset being π/2 rad, see Figure 5.39.
The uncertainty in the phase offset can be determined from the temporal
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Figure 5.38: The vertical wind (blue) and zenith irradiance (green) from
December 22, 2008, averaged in thirty minute bins. The offset between the
vertical wind and the zenith irradiance can be observed. Note: the vertical
wind in this figure is line-of-sight, so positive is towards the ERWIN and
downward, and negative is upward.

resolution of the time series and the frequency of the wave, such that

δϕ =

ω
,
Fs

(5.6)

where ω is the frequency of the observed wave, and Fs is the sampling rate
of the measurements. In this case, the uncertainty was determined to be
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Figure 5.39: Cross-correlation between the green line vertical winds with
respect to the green line emission zenith irradiance for December 22, 2008.
The correlation is normalized such that the values on the y-axis are equal
to the correlation coefficient and the x-axis is the relative offset between the
two time series in hours.

0.30 rad (or 0.047 fractions of a cycle), which means that this result is not
inconsistent with a π/2 phase offset to within the uncertainty.
Using the Fourier transform of the vertical wind and zenith irradiance data
from Dec 22, 2008, five additional candidate waves were identified (see Figure
5.37); the observed waves had frequencies of 5.5 cpd, 8.3 cpd, 10.8 cpd, 12.6
cpd, 16.4 cpd and 21.4 cpd. The amplitudes of these waves decrease signif194

icantly with frequency, which makes it difficult to isolate waves with higher
(> 20 cpd) frequencies. These waves, are displayed in Figure 5.40. These

Figure 5.40: Plots of the filtered (using a bandpass Butterworth filter) vertical wind (blue lines) and the filtered green line zenith irradiance (green lines)
with the each subplot containing the waves of a different frequency, which is
provided in the title of each plot.

plots demonstrate that the relationship between the irradiance and vertical
wind is similar to the example just discussed.
To further study this behaviour, and to better quantify it, the instances of
gravity waves appearing in both the zenith irradiance, and the vertical wind
for a month were determined. This process was automated, with fairly strict
conditions to remove waves which were below a 0.05 significance level for
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the Fourier transform. The significance level denotes the probability that a
signature above that amplitude could be attributed to noise, meaning that
there is a 95% chance that the signature is statistically significant. This strict
condition was chosen to prevent ‘false positive’ waves from being included in
the analysis. Unfortunately, this meant that some of the previously observed
waves on Dec 22, 2008 were not considered. This was done for several months
over several years, see Figure 5.41; these months were chosen to provide a
representation of this behaviour, and because these months had sufficient
numbers of waves appearing in both the vertical wind and the zenith irradiance. Overall, although there are some outliers, the vast majority (84%) of
the waves have phase offsets of π/2, consistent with a vertical motion of the
airglow layer. These outliers could be explained by the gravity waves breaking or a break-down of linear theory for that wave. Further study of this
phenomenon would be necessary to identify the exact cause of these outliers.
Therefore, these results support the assertion that the brightness of the airglow layer is directly proportional to the vertical deviations from a nominal
height due to the vertical winds associated with gravity waves.

5.8

Sudden Stratospheric Warming

As was discussed in Chapter 2, a sudden stratospheric warming is an event
that occurs in the middle atmosphere resulting in an sudden increase in the
temperature of the stratosphere. This is accompanied by a temperature de-
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Figure 5.41: The phase offsets for between the green line zenith irradiance
and the vertical wind of observed gravity wave signatures for a) November
2008, b) December 2008, c) December 2009, and d) November 2013. The
error bars denote the uncertainty in the phase offset measurements and the
black lines indicate the 0.25 fraction of a cycle, which is the expected phase
offset between the zenith irradiance and the vertical wind.

crease in the mesosphere, as well as a reversal of the zonal winds from the
typically observed westerly winds to easterly during the warming. These
changes to the winds and temperature in the mesosphere result in conditions
which are typical of the summer polar mesosphere occuring during the winter
months.
There has been previous research which show this reversal of the zonal winds
[11][90], but the ERWIN wind results are capable of providing further evidence of the effects of a sudden stratospheric warming on the polar mesosphere. In particular, the results during a particularly strong SSW in January
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2009 [33][84] are presented, including airglow brightness, and meridional and
zonal winds. These results are contrasted against non-SSW conditions to
provide a reference to typical winter polar conditions.
Figures 5.42 and 5.43 show the meridional and zonal winds, respectively,
during the SSW in January of 2009. There is a very large easterly reversal

Figure 5.42: ERWIN meridional winds from January 16 to 31, 2009, a) is the
green line emission and b) is the OH emission. The blue dots represent the
meridional winds and the red dots are the daily averages.

of the prevailing zonal winds, which can best be observed using the daily averages starting around the 23rd. This is coincident with a SSW event which
198

Figure 5.43: Same as Figure 5.42, except for zonal winds.

occurred in January 2009, starting on the 18th, with the maximum stratospheric temperature occuring on Jan 23 [84][33]. There is a slight reversal
of the zonal wind conincident with the beginning of this warming, around
Jan 18 observed in both emissions. This is followed by a more pronounced
easterly wind peaking on Jan 26, just after the peak of the SSW (Jan 23).
There is also a strong northerly wind coincident with the peak of the SSW.
This reversal of the winter wind conditions is not seen when the SSW is not
present, see for example Figures 5.44 and 5.45, where there is no easterly re-
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versal of the zonal winds, which remain westerly (positive) during the entire
month of January 2010.

Figure 5.44: Same as Figure 5.42, except for January 2010.

In addition to the change in the zonal wind direction [34], a decrease in the
airglow intensity is observed during this SSW, followed by an increase [84],
see Figures 5.46 and 5.47. This is consistent with what would be expected
given the change in the circulation patterns which occur during a SSW. During a SSW, there is an upward circulation set up in the mesosphere [43],
which would result in air relatively poor in atomic oxygen moving up to the
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Figure 5.45: Same as Figure 5.42, except for zonal winds from January 2010.

heights of the airglow layers [104], resulting in a decrease in the observed
airglow intensities.
In January 2009, during the SSW event, there is a decrease in the intensity
coincident with the beginning of the SSW event on Jan 16. This is followed
by a recovery, and enhancement of the airglow intensity, starting on Jan 23,
which is observed in both the green line and the OH emissions. This can be
contrasted against the airglow intensities from December 2009 and January
2010. Although there are intensity increases during the beginning of Decem-
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Figure 5.46: The zenith intensity for the green line airglow emission, a), and
the OH airglow emission, b). The blue dots represent the raw intensities as
measured by the ERWIN, and the red dots are the daily averaged intensity.

ber 2009, the end of December and beginning of January 2010, and towards
the end of January, the dates of the full moon should be noted, see Table 5.1.
Given the full moons on Dec 31, 2009 and Jan 30, 2010, this explains why
there is an increase in the observed airglow irradiances, due to an increase in
the background brightness, around those dates.
Since there is a new moon on Jan 26, 2009, there was no contribution from
the moon in the intensity measurements, and this increase was due solely to
the increase in the airglow intensity post the SSW. Although there increases
in the observed intensities during the beginning of December 2009, the end
of December/beginning of January, and the end of January, all of these in-
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Figure 5.47: Same as Figure 5.46, except from Jan 2010.
Table 5.1: Full and new moon dates for January 2009, December 2009, and
January 2010.
Moon Phase
Full
New
Full
Full
New
Full
New
Full

Date
Jan 10, 2009
Jan 26, 2009
Feb 9, 2009
Dec 2, 2009
Dec 16, 2009
Dec 31, 2009
Jan 15, 2010
Jan 30, 2010

creases correspond with a full moon period, which would explain the increase
in intensity. Thus, these increases in intensity are not due to changes in the
airglow intensity, but increases of the background brightness of the sky.
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The results presented in this chapter demonstrate that the ERWIN can effectively be used to measure gravity waves, including wavelength and spectral
measurements. Analysis of the statistical uncertainties supports the theoretically determined uncertainties, as shown in Chapter 3. Comparisons with
the SATI provide validation of the Doppler broadened temperature measurements made by ERWIN. Analyses of gravity wave events provides evidence
supporting the claim that long period (∼ 12 h) waves are inertia-gravity
waves, and that vertical motion of the airglow layer is consistent with the
airglow theory, given that the airglow brightness and vertical winds appear
in quadrature.
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Chapter 6
WaMI Results
The discussions on the ERWIN observations demonstrate the effectiveness,
and necessity, to measure gravity waves with high temporal resolution. However, the limitation of the ERWIN is that it does not provide a very high
spatial resolution. Although, measurements of large wavelength (>125 km)
waves, the wavelengths of smaller scale waves cannot be determined using
this method. To provide much more information about the wave, including a better measure of the wavelength, a much higher spatial resolution is
necessary. Therefore, a great improvement on the current wind measuring
capabilities for the mesopause region of the atmosphere, would be to provide
a high temporal resolution, wind imaging interferometer.
The WaMI (Waves Michelson Interferometer) is a field-widened Michelson
interferometer; it has a sectored mirror, and a dichroic beamsplitter separating the light into two channels, visible at 557 nm, and IR at 1300 nm. This
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experimental set-up allows for quicker wind measurements to be made, since
a scan of the Michelson fringes can be made with a single image, and it is
possible to do a scan for each emission simultaneously. The use of the four
segments of the mirror to generate the step size creates a slight complication
due to the dependence of the instrumental transmission, visibility and path
length on position in the field (i.e. position on the detector). Therefore, the
instrument must be calibrated for the transmission, visibility and phase, in
order to properly generate a scan using the four mirror segments.
The ability to sufficiently sample the interferogram with a single image, and
the simultaneity of the observation of the two airglow emissions, leads to
the potential to have a very high temporal resolution, greater than that of
the Brunt-Väisälä frequency, which would allow for the imaging of gravity
wave winds up to the highest frequency possible for these waves. To the
knowledge of the author, there are no other instruments capable of imaging Doppler wind fields in the mesosphere with a temporal resolution higher
than the Brunt-Väisälä frequency. The WaMI is currently in a laboratory
setting, such that in-lab experiments using lasers, and spectral lamps can
be performed to study the behaviour of the Michelson interferometer, and
experimentally verify its perfermance as a wind imaging instrument.
To create an emission source in the lab setting capable of producing Doppler
shifts in wavelength, a wind wheel set-up, similar to the one used by Langille
et al. [55], was used. This consisted of a disk with a retro-reflective surface,
a beam-splitter, and several lenses to direct the light into the WaMI opti206

cal train. Light passes through the beam-splitter, reflects off of the retroreflecting wheel, which is at an angle of 45 degrees from the vertical, and
reflects off of the beamsplitter. The light is then directed into the WaMI optical train, such that the wind wheel is focused at the field-stop (see Figure
6.1). Since the wind wheel is angled at 45 degrees, the reflected light will be

Figure 6.1: Diagram of wind wheel set-up.

Doppler shifted, such that the observed wavelength is
v
λ = (1 + )λ0
c

(6.1)

where c is the speed of light, λ0 is the emitted frequency, and v is the projection of the velocity of the rotating wheel along the z-axis. Since the
retro-reflective wheel acts as a secondary source, there is a Doppler shift of
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the light striking the wheel, and a Doppler shift of the light relfecting from
the wheel, such that
v = 4πrf cos(π/4)

(6.2)

where r is the distance from the centre of the wheel to the observation point,
and f is the frequency at which the wheel is spinning.
Before the wind wheel results are discussed, first a determination of the step
size (i.e. how far 1 DAC value moves the scanning mirror) and a description
of the mirror steps on the quadrant mirror will be provided.

6.1

Determination of the Mirror Steps

Use of a capacitive feedback bridge, described by Langille et al. [55], allows
the scanning mirror to be moved with a precision on the order of tens of
nanometers. The currently implemented control limit of the mirror motion
is associated with changes in the currents by 1 DAC value, ∼ 0.08 µA (more
precision is possible but the associated control electronics were not implemented). To determine the change in the path difference corresponding to
this current step, the mirror is scanned using sources at two different wavelengths corresponding to this step in current: a HeNe laser with a wavelength
of 633 nm, and a laser diode with a wavelength of 1300 nm. The scan with
the HeNe laser was seven steps, with each step being 3 DAC values, and the
scan with the laser diode was seven steps with each step being 6 DAC values.
Since the laser diode wavelength is close to a factor of two larger than the
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HeNe laser, doubling the step size resulted in a similar step size in radians
for both sources.
To determine the step size, one must first consider the Michelson equation,
with the addition of the relative phase of the scanning mirror included, such
that
I = I0 (1 + U V cos(ϕ + θ)) + IB

(6.3)

where ϕ is the phase of the fringe at the initial mirror step, and θ is the phase
of the scanning mirror relative to the initial step of the scanning mirror. Since
each bin in the image provides an independent fringe sampling (a separate
scan), if a sufficient portion of a fringe is observed, then the phase of the
scanning mirror, and mirror steps can be determined using the algorithm
from Ward [111] as follows. For this least mean squares solution, start with
the merit function given by

S=

m X
n
X

2
Iij − I0j (1 + U V j cos(ϕj + θi )) ,

(6.4)

j=1 i=1

where j is the index representing each individual scan (i.e. each bin in the
image), i is the index representing each step of the scanning mirror, m is the
total number of scans, and n is the total number of steps. Then, by taking
the partial derivatives with respect to each of the variables in the Michelson
equation, I0 , U V , ϕ, and θ, equations for each of these parameters can be
derived. The resulting equations (with the derivations shown in appendix E)
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are
Pn

l

tan(ϕ ) =

l
i,j,k=1 cos(θk )Ii Wijk
Pn
l
i,j,k=1 sin(θk )Ii Wi,j,k

(6.5)

where
Wi,j,k = (sin(θi − θj ) + sin(θj − θk ) + sin(θk − θi )) ,

Pn
l
l
l
I
i,j=1 i cos(ϕ + θj ) − cos(ϕ + θi )
U V l = Pn
,
l
l
l
l
i,j=1 Ii cos(ϕ + θj ) {cos(ϕ + θj ) − cos(ϕ + θi )}

Pn
l
l
l
l
i,j=1 Ii cos(ϕ + θj ) cos(ϕ + θj ) − cos(ϕ + θi )
l
,
I0 = Pn
l
l
l
l
i,j=1 Ii cos(ϕ + θj ) {cos(ϕ + θj ) − cos(ϕ + θi )}

(6.6)
(6.7)

(6.8)

and
(
1
2

cos(2θk )

m
X

(I0j U V j )2

sin(2ϕj ) + sin(2θk )

j=1

(
cos θk

m
X

m
X

)
(I0j U V j )2

cos(2ϕj ) −

j=1

I0j U V j (Ikj − I0j ) sin ϕj + sin θk

j=1

m
X

)
I0j U V j (Ikj − I0j ) cos ϕj

= 0.

j=1

(6.9)
To solve these equations, one must choose an initial value for the steps, θ,
which can be used in 6.5 through 6.8 to determine the values of I0 , U V , and
ϕ. These values of I0 , U V , and ϕ can be used to solve the transcendental
equation, 6.9, for θ. This new value of θ can then be used to iteratively
determine each of the parameters until a stop condition is met, such as a
minimum value for the merit function.
This method was used to find step size (or more correctly the change in path
difference) for 26 scans using an intensity and frequency stabilized HeNe laser,
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Figure 6.2: The relative path difference, in radians, for a) 633 nm, and b)
1300 nm.

with each step being 3 DAC values. The same procdure was implemented
with an IR laser diode, except that each step was 6 DAC values. The change
in path difference (in radians) can be shown to be directly proportional to
the DAC values, see Figure 6.2. The slope of these two graphs provides the
step size, in radians, per DAC value. This can be converted to metres using
the laser wavelengths (i.e. half a wavelength displacement per fringe), with
the resulting change in path difference per DAC value at 633 nm being 34.3
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± 0.1 nm, and for 1300 nm being 34.4 ± 0.2 nm. It is satisfying that these
two path differences agree, as the absolute path difference in nm should be
independent of the wavelength of the source.
To use the four sections of the Michelson mirror to generate a scan, the relative phase of the four mirror segments must be known. To determine the
relative mirror quadrant phases, a scan of the Michelson fringe was made using a source of known wavelength (e.g. a HeNe laser at 632.8 nm). From this
scan, the intensity, visibility and phase images can be generated (see Figure
6.3 for each quadrants background phase). Due to the spatial dependence
at the field of the background phase, it is slightly different for each mirror quadrant (see Figure 6.4), and the background phase for each quadrant
must be determined (see Figure 6.3), with the relative phase differences for
each quadrant recorded. As can be observed from 6.3, the first and second
quadrant have a similar phase (-3.27 and -3.20) and the third and fourth
quadrants also have a similar phase to each other (1.12 and 0.94).
The design of the sectored mirror on the interferometer considered mirror
steps for the green line atomic oxygen emission as well as several molecular
oxygen lines and an OH line all around 1300 nm, see Table 6.1 [112]. The
sectored mirror was designed with both the shorter wavelength (557.7 nm)
and the longer wavelengths (around 1300 nm) in mind, such that the steps
would be suitable for building a scan for all of the observed emissions. By
using the background phases measured using both the HeNe laser (633 nm)
and the laser diode (1310 nm), it was possible to determine the relative step
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Figure 6.3: The mean background phase (in radians) for each quadrant using
a 633 nm HeNe laser.

sizes of the quadrant mirror, shown in Table 6.2. These path differences, in
nm, agree to within the uncertainties. The uncertainty for the laser diode
was larger than that of the HeNe laser. This is due to several contributing
factors. The first is that there is a larger uncertainty in the measure of a path
length due to the larger wavelength. Also, there is additional uncertainty due
to the lower signal to noise ratio for the laser diode for the required integration times. Finally, the intensity and frequency stabilities of the HeNe laser
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Figure 6.4: The mean background phase (in radians) for each quadrant relative to the first quadrant, using a 633 nm HeNe laser.

was greater than those of the laser diode.

6.1.1

Four-Quadrant Algorithms

With the relative step sizes of the four segmented mirror sections determined,
it is possible to compose a scan with these four relative step sizes. Since the
four quad mirror positions do not correspond to the ideal situation (i.e. the
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Table 6.1: Emission lines for WaMI

R

Q(9)

Wavelength
in air (nm)
1264.060

S

R(3)

1264.277

R

R(9)

1264.386

P

Q(19)

1278.289

O

P (11)

1278.408

P (19)
P1 (4)

1278.590

Emission
O12 ∆(0,0)
strong

O12 ∆(0, 0)
weak

Line

P

OH (8,5)
O(1 S)

1315.682
557.73

Table 6.2: WaMI quadrant mirror relative step sizes
Step Size (nm)
λ = 633 nm λ = 1310 nm
209.5 ± 1
230 ± 20
651 ± 1
660 ± 10
849 ± 1
860 ± 10

phases of the quadrants are not 0, 90, 180, and 270 degrees of phase) (see
Table 6.2), it was necessary to generate the ideal situation scan using the
four mirror positions from two different positions of the back mirror; hence,
eight steps in total. For the visible (632.8 nm) channel, the step profile is
shown in Figure 6.5 and a sample of eight images used in the scan is shown
in Figure 6.6. This combination allows for a recreation of what a ‘scan’
generated solely using the four quad mirror at the ideal phase steps would
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be. Therefore, this approach shows whether a fixed segmented mirror could
be used to generate the scan.

Figure 6.5: Phase of each of the steps for the quad mirror scan for the
wind wheel experiment using a HeNe laser (632.8 nm). The first four steps
correspond to the relative quad mirror positions, while steps 5 through 8 are
the same relative mirror positions moved by approximately 1.07 rad.

It should be noted that in Figure 6.6, the relative intensities of each quad
mirror segment is different. These differences are due to differences in the
transmission and visibility of the the instrument as a function of the field.
These intensity images cannot be used directly as the steps of a scan since
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Figure 6.6: The eight images used to generate a scan of the Michelson interferometer using the four quad mirror positions. The colour bar is intensity
in ADU.

the difference in the intensities would result in errors in the determination
of the phase of the interferogram, and hence error in any Doppler wind
measurements. Images of the intensity for the four segments of the quad
mirror (see Figure 6.7) demonstrate the relative intensity differences between
the quadrants. Observation of the measured visibility for each quadrant (see
Figure 6.8) shows that there are also differences in the visibility for each
quadrant, for which calibrations must also be made.
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Figure 6.7: The observed intensity for a HeNe laser (633 nm) with the WaMI.
The four circular images are the field for each segment of the quad mirror.

The corrections to the raw images can be made by re-arranging equation 6.3,
to get



I
1
= cos(ϕ + θ),
−1
0
I0
UV 0

(6.10)

where the primes denote the calibration correction factors which must be predetermined. Therefore, if a calibration scan (or set of scans) can be made,
then these calibration values for the intensity, I00 , and visibility, U V 0 , can be
used to determine the corrected intensities for the quad mirror scans, such
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Figure 6.8: The observed visibility for a HeNe laser (633 nm) with the WaMI.
The four circular images are the visibility of the field for each segment of the
quad mirror

that the corrected intensity is

IQ =


I
1
−1
.
0
I0
UV 0

(6.11)

The corrected intensity images are shown in Figure 6.9. Since these have
been normalized, the range is close to -1 to 1, with the relative intensity of
the fringes the same from one step to the next.
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Figure 6.9: Corrected intensity images used to generate a scan of the Michelson interferometer using the four quad mirror segments. The colour bar is
the corrected intensity, which is unitless.

The corrected intensity images can be fit to a simple cosine (using a nonlinear least-mean-square algorithm) such that

IQ = A cos(ϕ + θ) + B,
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(6.12)

where A is the amplitude of the oscillation, and B is the offset. The emission
intensity (I0 ), and the emission visibility (U V ) are
I0 = I00 (B(U V 0 ) + 1) ,

(6.13)

and
UV = A

I00 U V 0
,
I0

(6.14)

respectively. Using these equations, the intensity and visbility for this experiment with the HeNe laser in the lab are shown in Figures 6.10 and 6.11.
These values are similar to the averaged values of the intensity and visibility
determined by scanning the moving mirror. The resulting phase image is
also determined, and is shown in Figure 6.12. The uncertainty of this phase
measurement is 0.0119 rad, or 6.00 m/s.
To compare possible different approaches to determining the images for a
scan using the four segments of the quad mirror, a comparison of the standard deviations for the phase measurement (which is proportional to wind)
for each approach was determined. The different approaches involve using
the mean of the intensity and visibility versus using the images of both, and
the inclusion of the background phase differences (see Figure 6.4). The different combinations of these are shown in Table 6.3. From these results it
is evident that the calibration ϕ0 must included to provide reasonable wind
errors. Also, to minimize the uncertainty in the phase measurement, the I0
image should be used rather than simply a mean. Although the visibility is
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Figure 6.10: Intensity of a ground glass diffuser illuminated by a HeNe laser
using the segments of the quad mirror to generate a scan of the Michelson
interferogram.

a less significant factor, it does provide a small decrease in the standard deviations when it is included. Therefore, it should be concluded that the best
approach, when generating a scan using the segmented mirror, is to correct
for the I0 image, visibility image, and the ϕ0 image using calibration measurements. Any subsequent analysis using the segmented mirror to generate
a scan uses all of these corrections.
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Figure 6.11: Visibility of a ground glass diffuser illuminated by a HeNe laser
using the segments of the quad mirror to generate a scan of the Michelson
interferogram.

6.2

Wind Wheel Measurements

As was mentioned at the beginning of this chapter, a rotating, retro-reflective
wheel was used as a means to simulate Doppler winds in the lab environment
[55] and validate the WaMI segmented mirror wind observation method. Results from these experiments showing that variations in the observed Doppler
shift are proportional to variations in the rotation rate of the wind wheel, as
well as results imaging the wind wheel to show the gradient across the wheel,
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Figure 6.12: Relative phase (with the background fringes of equal inclination
removed) of a ground glass diffuser illuminated by a HeNe laser using the
segments of the quad mirror to generate a scan of the Michelson interfogram.

will be discussed in this section.

6.2.1

Single Point Wind Measurements

The first wind wheel experiments undertaken used a single point of the wind
wheel illuminated (either with the HeNe laser, or the laser diode). The light
was then directed through a ground glass diffuser (located conjugate with the
field-stop), and into the input of the WaMI optics. With a single point on
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Table 6.3: Standard deviations of the phase measurements (in m/s) for different approaches to generating the scan using the segmented mirror. Note:
N/A means the phase could not be properly unwrapped, and any phase measurement would be unreliable.

I0 image; UV image
I0 mean; UV mean
I0 image; no UV
I0 mean; no UV
No I0 ; no UV

Standard Deviation (m/s)
ϕ0 Image
No ϕ0
6.00
1.26 × 103
21.09
1.50 × 103
7.08
1.40 × 103
21.00
1.65 × 103
789
N/A

the retro-reflective wind wheel illuminated, the resulting Doppler shift was
associated with the Doppler shift corresponding to the illuminated region
on the wheel (this is a function of distance from the centre of the wheel see equation 6.2 for the Doppler shift as a function of position). Thus, once
the light has passed through the diffuser, the entire field would be Doppler
shifted by the same amount. Hence, for the images at the WaMI detector, the
entire field of view had the same Doppler shift, and each bin can be thought
of as an individual measurement of this Doppler shifted source. The basic
procedure of this experiment involved alternating between stationary wheel
measurements, and rotating wheel measurements, with each rotating wheel
measurement being done with a successively higher frequency of rotation.
The repeated stationary measurements were done for two reasons: first, to
provide a reliable background phase image, and second to provide measurements of the thermal drift. Without these thermal drift measurements, the
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end results would not provide accurate Doppler shift measurements of the
wheel. Further discussion of the thermal sensitivity of the WaMI is discussed
in Appendix C where deviations from the expected thermal drift based on
the manufacturer’s specifications for the glass types used in WaMI, as well as
dependencies on other environmental parameters, such as the humidity are
described.
The single-point wind wheel experiment involved taking measurements of the
Doppler shifted images at incrementally increased frequencies of the wind
wheel’s rotation, starting at 20 Hz, and increasing to 120 Hz, in 20 Hz increments. The laser point was focused at 4.5 cm from the centre of the wheel.
As shown in Figure 6.13, the measured Doppler shift of the HeNe laser light,
matches, to within the calculated uncertainties, using the theoretical values
of the Doppler shift.
The same experiment was performed with the IR laser diode. Figure 6.14
shows the measured Doppler shift agrees with the expected values to within
the uncertainties (save one point). The uncertainties are larger using the
laser diode (1300 nm) compared to the HeNe at 632.8 nm. The uncertainties are approximately 6-8 m/s, whereas the uncertainties for the HeNe was
approximately 3 m/s. This difference can be explained due to the higher
precision inherent in using a shorter wavelength, the lower signal to noise
ratio for the InGaAs detector used with the IR laser diode, and the lower
frequency stability of the IR laser diode. It proved difficult to have a sufficiently diffuse source using the laser diode and diffuser, without substantially
226

Figure 6.13: Velocity of the wind wheel at a single point 4.6 cm from the
centre of rotation using a HeNe laser (632.8 nm), blue is the experimentally
measured velocities, and red is the theoretical velocities. Error bars denote
uncertainty in experimental velocity in m/s.

reducing the observed intensity. Given the necessary integration times for
the detector, the background noise levels increased, causing there to be a
decrease in the precision at this wavelength.
Using the four quad mirror positons, and a single step of the back mirror to
generate the eight steps used in the scan (as described earlier in detail), the
values for the Doppler shift of each rotation rate of the wind wheel was de-
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Figure 6.14: Velocity of the wind wheel at a single point 4.7 cm from the
centre of rotation using the IR laser diode (1.3 µm), blue is the experimentally
measured velocities, and red is the theoretical velocities. Error bars denote
uncertainty in experimental velocity in m/s.

termined. This essentially recreates the stepping configuration which would
be used by a properly designed segmented mirror. Figure 6.15 shows the
results with the HeNe, and Figure 6.16 shows the results with the IR laser
diode. The results for the HeNe laser are very similar to those in Figure 6.13,
with similar errors. The results using the laser diode match to the theoretically expected results to within the measured uncertainties, but with larger
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uncertainties than those observed in Figure 6.14 generated by scanning the
mirror.

Figure 6.15: Velocity of the wind wheel at a single point 4.6 cm from the
centre of rotation, illuminated using a HeNe laser (632.8 nm). The blue
dots are the experimentally measured velocities, and the red dots are the
theoretical velocities. Error bars denote the uncertainty in experimental
velocity in m/s. In this case, the scan was developed using the four quad
mirror positions.
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Figure 6.16: Velocity of the wind wheel at a single point 4.7 cm from the
centre of rotation illuminated using an IR laser diode (1.3 µm). The blue
dots are the experimentally measured velocities, and the red dots are the
theoretical velocities. Error bars denote the uncertainty in experimental
velocity in m/s. In this case, the scan was developed using the four quad
mirror positions.

6.2.2

Wind Wheel Imaging

Since the ultimate design of the WaMI is to provide images of winds, it is
prudent to also test the wind imaging capabilities of WaMI in the laboratory
setting. To do this, the wind wheel was imaged by placing a ground glass
diffuser before the wind wheel in the optical path. Therefore, the light im230

pinging on the wind wheel is diffuse, and covers the entire wheel. The light
reflected off of the wind wheel, then reflected off of the beamsplitter, and
into the front WaMI optics, imaged onto the field stop.

Figure 6.17: Image of the rotating wind wheel at 120 Hz, relative to a slowly
rotating (10 Hz) wind wheel, showing the velocity in m/s. The field of view
is 2.8 cm and illuminated with a HeNe laser (632.8 nm).

Figures 6.17 and 6.19 show the imaged Doppler shift of the rotating wind
wheel, using the HeNe laser and IR laser diode, respectively. Figures 6.18
and 6.20 show the expected Doppler velocities based on the rotation rate of
the wheel (110 Hz) and the field of view (2.8 cm for HeNe and 2.2 cm for
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Figure 6.18: Theoretically expected wind wheel velocity image (m/s) based
on the field of view of 2.8 cm, and a rotation rate of 110 Hz, since the
experiment was performed with a wheel rotating at 120 Hz relative to 10 Hz,
or a 110 Hz difference.

IR laser diode). For these experiments, it was determined that the use of
a stationary wind wheel for the background phase calculations was insufficient. Various imperfections and differences in the relative reflectivity of the
retro-reflective surface caused there to be artifacts in the phase images. By
having the wheel slowly rotate (10 Hz), these imperfections were averaged,
and these were used to provide the background and thermal drift phases.
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Figure 6.19: Image of the rotating wind wheel at 120 Hz, relative to a slowly
rotating (10 Hz) wind wheel, showing the velocity in m/s. The field of view
is 2.2 cm and illuminated with an IR laser diode (1300 nm).

Therefore, the relative rotation rate of the wheel for the theoretical calculations was 110 Hz with an absolute rotation rate of 120 Hz. Additionally, due
to the orientation of the IR camera, the IR image of the wind wheel is flipped
about the y-axis compared to the visible image of the wind wheel Doppler
velocities. These images demonstrate that the WaMI is capable of imaging
a wind field, with precision of approximately 3 m/s at 633 nm, and 6-8 m/s
at 1300 nm.
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Figure 6.20: Theoretically expected wind wheel velocity image (m/s) based
on the field of view of 2.2 cm, and a rotation rate of 110 Hz. Value of zero
wind and direction of the wind gradient were changed to match that observed
using the laser diode in Figure 6.19.

Using the segmented mirror to generate the steps of the scan, similar to what
was previously described and used in the single point wind measurements,
the wind wheel can also be imaged, see Figures 6.21 and 6.22. These results
for the visible channel are very similar to that observed by stepping the mirror (Figure 6.17). For the IR channel, although the gradient across the image
is still evident, there is more variability present. This is encouraging as the
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Figure 6.21: Image of the rotating wind wheel at 120 Hz, relative to a slowly
rotating (10 Hz) wind wheel, showing the velocity in m/s using the steps
generated from the segmented mirror. The field of view is 2.8 cm and
illuminated with a HeNe laser (632.8 nm).

potential to use the segmented mirror to generate scans, and image winds is
feasible with perhaps better signal to noise necessary for the IR observations.
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Figure 6.22: Image of the rotating wind wheel at 120 Hz, relative to a slowly
rotating (10 Hz) wind wheel, showing the velocity in m/s using the steps
generated from the segmented mirror. The field of view is 2.8 cm and
illuminated with a laser diode (1300 nm).
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Chapter 7
Conclusion
This thesis had two main themes: the development of the ERWIN and WaMI
Michelson interferometer capabilities to improve atmospheric wind and temperature measurements, and the investigation of dynamical signatures in atmospheric wind measurements taken with the ERWIN. The theme first discussed was the atmospheric observations with ERWIN, followed by discussion
of the improvements made to mesopsheric wind measuring instrumentation
vis-à-vis WaMI.

7.1

Primary Contributions

The work contained in this thesis built off of previous work, such as the
original design of the ERWIN instrument. The work done as part of this
thesis was as follows:
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1. Comparisons between the meteor wind radar and the ERWIN wind
measurements
• Determinations of airglow layer shape through correlation analysis
• Measurements of airglow layer heights during a SSW and nonSSW period
2. Correlation analysis of the airglow layers
3. Temperature measurements and comparisons with SATI
4. Analysis of gravity wave events
5. Analysis of quasi-tidal frequency waves, and determination that these
are inertia-gravity waves
6. Analysis of gravity wave spectra, and determination of a height correlation with the power law
7. Measurements of vertical winds, and verification of the relation between
the airglow irradiance and the vertical wind
8. Investigation of SSW events
9. Demonstration of the imaging capabilities of the WaMI
• Determination of segmented mirror relative path differences
• Calibration of the intensity, visibility and phase to properly sample
the Michelson interferogram using the segmented mirror
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• Imaging of Doppler shifts in a laboratory setting using the wind
wheel

7.2

Comparisons with Meteor Radar

The meteor radar comparisons started as a means to combine the ERWIN
winds and the meteor radar winds. This study expanded to include the characterization of the airglow layer heights, shapes, and thicknesses. Since the
meteor radar provides height profiles of the winds, albeit with a much lower
temporal resolution, this allowed for wind comparisons to provide information about the heights of the airglow layers.
It was determined that the best comparison between the ERWIN and the
meteor radar was associated with temporal averaging of the ERWIN observations to the meteor radar observation cadence and a Gaussian averaging of
the meteor radar heights. The heights of the airglow layers were shown to be
quite variable with time. A study of a SSW event showed that the height of
the airglow layers increased during the SSW event relative to months when
no SSW event occurred.

7.3

ERWIN Observations

Further studies of the SSW events showed results consistent with the theory.
The airglow irradiance was shown to decrease immediately after the begin-
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ning of the stratospheric warming, followed several days later by an increase
of the irradiance. This increase caused the airglow irradiance to be larger
than during a typical quiet period, and about 20 days after the SSW event
began, the irradiance had returned to normal conditions. A reversal of the
typically westerly zonal wind was also observed. During the winter months,
the zonal wind is predominately westerly. The SSW causes summertime conditions in the polar mesosphere to occur, resulting in easterly zonal winds.
As part of the study of the Michelson interferometers, used for atmospheric
measurements, the capability of measuring the atmospheric temperature using the emission line width was discussed. The emission line width, at the
heights of the atmosphere observed by the ERWIN, known to be Doppler
broadened, so that the line width is a function of the atmospheric temperature [38]. It was shown that, through the proper removal of the background
atmospheric brightness, an accurate measure of the line width could be determined from the observed Michelson visibility. Comparisons with the SATI
showed similar variability of the temperatures, suggesting that under the appropriate conditions (new moon) the ERWIN can provide reliable green line
atmospheric temperatures. This is a good complement to the SATI instrument, as it measures rotational temperature of the OH and O2 emissions,
and therefore cannot measure the temperature at the height of the green line
emission layer.
Investigation of the nature of the large scale waves with tidal frequencies,
provided significant insight into the nature of the observed waves. The ini240

tial assumption was that these semi-diurnal and ter-diurnal waves were tides.
The ‘bursty’ nature of these waves, such that the amplitude would change
over time to the point that the wave would no longer exist, and then would
reappear later, was very intriguing. This motivated the further study and
characterization of these waves.
The expected wave vector for a tide should be entirely zonal and a harmonic
of the Earth’s circumference, in other words, the meridional component of
the wave vector should be approximately 0. The observed wave vectors were
found to be in many different directions, and the meridional component of
the wave vector was seldom 0, and the zonal wavelength was not typically
found to be harmonics of the circumference at this latitude. In addition, it
was found that the frequencies of these waves were variable, and often not
exactly a integer multiple of a day. Therefore, it was concluded that many
of these waves were not tides, but in fact large scale, inertia-gravity waves.
A case study of a gravity wave provided results that were consistent with
the linear perturbation theory for gravity waves. The calculated BruntVäisälä frequency was consistent with what is typically observed at this
height of the atmosphere. Additionally, the increase of the amplitude of the
wave with height (by observing the wave with two different airglow layers)
was consistent with the expected change in amplitude based on the height
difference.
An analysis of the vertical behaviour of gravity waves, using the vertical wind
and the airglow irradiance, was consistent with the vertical motion causing
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perturbations in the brightness of the layer. Since the irradiance of the airglow is generally observed to increase with a decrease in the layer height, the
irradiance provides an analogue to the variations of the height of the airglow
layer. The velocity of the airglow layer is simply the wind, therefore the irradiance and the vertical wind should have a similar relationship as deviations
in position from equilibrium and velocity, respectively. For the most part,
the change in the irradiance and winds were consistent with the kinematic
motion of the airglow layer, which is the first time that measurements showing this relationship between the airglow irradiance and vertical wind have
been made.
The analysis of the gravity wave spectral density, as a function of the frequency, was shown to behave as has been previously observed. The slope of
the log-log plot of the spectral density and the frequency was shown to have
typical values between about -2 and -1; this is consistent with the results
reported elsewhere (e.g. [40][20][72]). It is of interest to note that the slopes
of the gravity wave spectra are similar to that expected for turbulence from
Kolmogorov, but with some deviations suggesting that gravity waves behave
slightly differently from turbulence. The observed slopes were typically shallower for the OH and O2 emission, compared to the green line. This could
provide information about the nature of gravity waves in the mesosphere, as
well as, the effects of filtering due to the finite thickness of the airglow layers.
Further research into this behaviour of the gravity wave spectra is needed to
provide more insight into this behaviour.
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7.4

Imaging Doppler Shifts with WaMI

A significant study of the WaMI interferometer was performed in the laboratory setting at UNB, studying the mirror stepping control and the drift of
the phase measurements with temperature, pressure, and humidity.
The study of the WaMI stepping control was of special interest as the interferometer has one mirror surface which is segmented to provide four phase steps
in a single image. The work conducted as part of this study provided the
first experimental verification of the segmented mirror approach to Doppler
imaging of airglow. Due to an error in the initial construction of the WaMI
Michelson interferometer, the size of the coatings on the mirror generating
these steps was twice as large as was intended. This limitation meant that
the interferometer could not generate a full scan from a single image, but required the full mirror to be appropriately stepped to generate the appropriate
quadrant phases to duplicate the single image scan. This was successfully
accomplished and demonstrated that the technique was achievable in practice.
In the laboratory experiments with WaMI, it was determined that the stepping control of the mirror is precise to about 0.1 nm. The relative phases of
the sectored mirror are more uncertain, due in large part to the variability
across each different sector. This is not as much of an issue for stepping the
mirror, because these relative phase difference are constant with time and
the mirror step. Therefore, the relative phase steps for each position on the
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mirror are unaffected by the stepping of the mirror and the resulting measure of the relative mirror position is of a very high precision. However, for
the scans built using the sectored mirror, independently generating the scan
from each mirror sector in addition to a single step of the scanning mirror,
these differences in the sectored mirror sections cause an increase in the uncertainty of the relative mirror phases. This increase in the uncertainty, also
introduces additional errors in the measure of the phase and any Doppler
wind (or wind wheel) measurements made using the sectored mirror generated scans. The resulting uncertainty in the relative sectored mirror positions
is approximately 1 nm for the HeNe laser, but is approximately 10 nm for
the IR laser diode. This is a very high precision for measurements using the
HeNe laser. The increase in the uncertainty using the IR laser due in part
to the decrease in uncertainty related to using a longer wavelength, and in
part due to the pragmatic limitations using the InGaAs detector regarding
the exposure time and saturation of the detector.
Measurements of the Doppler shift caused by a spinning retro-reflective wheel
(wind wheel) provide an estimate of the ability of the WaMI to measure and
image atmospheric winds, and the uncertainties expected in such measurements. The results of the wind wheel experiments show that the WaMI can
make single point wind measurements to within a few metres per second in
the visible (632.8 nm). However, the uncertainties were much higher for the
IR (1.3 µm) measurements, about 10 m/s uncertainties in the wind wheel
measurements. This increase in the uncertainty for the longer wavelength is
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due to a combination of the reduced precision (when converting to velocity)
inherent in using a longer wavelength, and pragmatic limitations due the detector well depth. The imaging of the wind wheel was of similar success, in
that the images taken with the HeNe at 632.8 nm were quite similar to that
of the expected images. However, the IR (1.3 µm) measurements, again,
had a larger uncertainty, but still maintained a similar appearance in the
measured Doppler velocity image as that of the theoretical Doppler velocity
image, based on the rotation rate and radius of the wheel.

7.5

Future Work

Further study of gravity wave events using the ERWIN would be of great
interest, and could provide much more insight into the nature and behaviour
of gravity waves, and the middle atmosphere as a whole. The ERWIN data
set now extends over 10 years, with measurements during each polar night;
these measurements are continuous (except for some small gaps due to power
outages) from mid-November to early February. Climatological studies would
provide valuable information about the atmosphere and potential changes in
the polar mesosphere. Continued operation of the ERWIN would be useful
in support of longer term studies, and for more studies of specific events such
as the SSW (a larger data set would contain more of these events).
Future work with the WaMI interferometer should, initially, focus on the
further study of the thermal and humidity drift. This would provide infor-
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mation that would benefit future Michelson interferometer designs, and help
to limit the effects of the temperature and humidity on the relative path difference. Also, installing the WaMI in an observatory, such that it can provide
atmospheric measurements, including but not limited to, wind, temperature,
and airglow irradiance, is an additional future goal for the WaMI.
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Appendix A
Derivations
A.1

Brunt-Väisälä Frequency

By considering a small, adiabatic, perturbation in height of an air parcel, δz,
it can be shown that the density at the new height is

ρ = ρ0

p̄(z0 + δz)
p̄0

∂ p̄(z )

1/γ
' ρ0

1 ∂z0
1+
δz
γ p̄(z0 )

!
,

(A.1)

where ρ0 is the density at the height z0 , such that ρ0 = ρ̄(z0 ), and γ ≡
cp
,
cv

where cp and cv are the specific heats of air at constant pressure and

temperature, respectively. By taking the definition of the pressure scale
height [92],
1
1 dp̄
≡−
,
Hp
p̄ dz
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(A.2)

it can be shown that


1
δz .
ρ ' ρ0 1 −
γHp

(A.3)

This is the density of a parcel of air undergoing a small, adiabatic perturbation from the equilibrium height. To determine the relative density of said
parcel with the background ambient density at this perturbed height, one
must show that the ambient density of air at a height of z + δz is




∂ ρ̄(z0 )
1
ρ̄(z0 + δz) ' ρ0 +
δz = ρ0 1 −
δz ,
∂z
Hρ

(A.4)

given that the density scale height is defined as
1 dρ̄
1
≡−
.
Hρ
ρ̄ dz

(A.5)

By considering that the potential temperature scale height is
1
1
1
=
−
,
Hθ
Hρ γHp

(A.6)

it can be shown that the difference between the air parcel density and the
background density, δz, is
δρ
δz
=
.
ρ0
Hθ
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(A.7)

By considering the definition of potential temperature scale height,
1
1 dθ
≡
,
Hθ
θ̄ dz

(A.8)

the difference in density between the air parcel and the background atmosphere can be related to the change in potential temperature,
δθ
δρ
=− .
ρ0
θ0

(A.9)

Now, using Newton’s law, the motion of the air parcel can be written as
d2 δz
ρ0 2 = −δρ g,
dt

(A.10)

given that the difference in density between the air parcel and the surrounding
air is δρ. Using equation A.9, the motion of an air parcel can be re-written
as
ρ0

d2 δz
ρ0
=
g
δθ.
dt2
θ0

(A.11)

dθ̄
For a vertically displaced air parcel in a stably stratified atmosphere ( dz
> 0),

the potential temperature of the air parcel would be less than that of the
surrounding air. Therefore, the difference in potential temperature could be
written as
δθ ∼ −

dθ̄
δz.
dz
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(A.12)

Finally, one arrives at
ρ0

d2 δz
ρ0 dθ̄
δz.
∼ −g
2
dt
θ0 dz

(A.13)

This is the equation for a simple harmonic oscillator, with a frequency of

N2 =

g dθ̄
θ0 dz

(A.14)

where N is known as the Brunt-Väisälä frequency [73].

A.2

Polarization Equations

The derivation of the polarization equations is described, in detail, below.
Since any perturbations associated with gravity waves are small, it can be
assumed that these take the form of a simple harmonic oscillator, such that
~

q 0 (x, y, z, t) = q̃(z)ei(k·~x−ωt) ,

(A.15)

where q̃(z) is the amplitude of a perturbation term, q 0 . Defining the wave vec

0 0
0 θ0 p0 ρ0
~
tor as k ≡ kx̂+lŷ+mẑ, substituting equations of this form for u , v , w , θ̄ , ρ̄ , ρ̄
into the 2.24-2.29 equations, and assuming that the background wind shear
is negligible, results in

− iωũ + iūkũ + iv̄lũ + ik p̃ − f ṽ = 0

(A.16)

− iωṽ + iūkṽ + iv̄lṽ + ilp̃ + f ũ = 0

(A.17)
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− iω w̃ + iūk w̃ + iv̄lw̃ +

p̃
∂ p̃
−
= −g ρ̃
∂z Hp

− iω ρ̃ + ikūρ̃ + ilv̄ ρ̃ + ikũ + ilṽ + imw̃ +
θ̃ =

∂ w̃
w̃
−
=0
∂z
Hp

p̃
− ρ̃
c2s

(A.18)
(A.19)
(A.20)

− iω θ̃ + ikūθ̃ + ilv̄ θ̃ + w̃

N2
=0
g

(A.21)

Since the measurements with a ground based remote sensing instrument are
in a fixed coordinate system, it is useful to define the intrinsic frequency, ω̂,
as the frequency of a wave relative to the background flow of the atmosphere,
ū and v̄, such that
ω̂ = ω − ūk − v̄l.

(A.22)

By substituting this intrinsic frequency into the previous equations, we arrive
at the polarization equations [20], named by C.O. Hines [39] as these provide
the relative magnitudes and phases of the winds, pressure, and density,

− iω̂ũ + ik p̃ − f ṽ = 0

(A.23)

− iω̂ṽ + ilp̃ + f ũ = 0

(A.24)

− iω̂ w̃ +

p̃
∂ p̃
−
= −g ρ̃
∂z Hp

− iω̂ ρ̃ + ikũ + ilṽ + imw̃ +
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∂ w̃
w̃
−
=0
∂z
Hp

(A.25)
(A.26)

p̃
− ρ̃
c2s

θ̃ =

− iω̂ θ̃ + w̃

(A.27)

N2
= 0.
g

(A.28)

Since the atmosphere has an exponentially decreasing density, the perturbation parameters can be re-defined as
R

q̃(z) = e

dz
2Hp

z

q̂ = e 2Hp q̂,

(A.29)

where q̂ is the amplitude of the parameter without accounting for the exponentially decreasing density. By substituting this into the polarization equations and assuming the speed of sound is sufficiently large to be neglected
for non-acoustic waves, one arrives at

− iω̂û + ik p̂ − f v̂ = 0

(A.30)

− iω̂v̂ + ilp̂ + f û = 0


1
− iω̂ ŵ + im −
p̂ = −g ρ̂
Hp


1
− iω̂ ρ̂ + ikû + ilv̂ + imŵ + im −
ŵ = 0
Hp

(A.31)

θ̂ = −ρ̂

(A.34)

− iω̂ θ̂ +

N2
ŵ = 0.
g
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(A.32)

(A.33)

(A.35)

A.3

Taylor-Goldstein Equation

By taking the Navier-Stokes equations (less the Coriolis terms), the conservation of mass, and conservation of thermal energy equations, can be re-written
to form the wave equation for a linear gravity wave; these equations can be
used to derive the Taylor-Goldstein equation. Under the Boussinesq approximation, which assumes that the air is incompressible and only allows for the
variation of density with height, assuming that the motion is adiabatic over
gravity wave scales, and setting the coordinate system such that the wave
travels in the x-direction, the horizontal and vertical momentum equations,
continuity equation, and the conservation of energy equation become [73]
∂u
∂u
1 ∂p
∂u
+u
+w
=−
∂t
∂x
∂z
ρ ∂x

(A.36)

∂w
∂w
∂w
1 ∂p
+u
+w
=−
−g
∂t
∂x
∂z
ρ ∂z

(A.37)

∂u ∂w
+
=0
∂x
∂z

(A.38)

∂ρ
∂ρ
∂ρ
+u
+w
= 0.
∂t
∂x
∂z

(A.39)

By following a similar derivation as the previous section, a simplified version
of the polarization equations [39] becomes

iω̂ũ − w̃

dū
i
= k p̃
dz
ρ0
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(A.40)

iω̂ w̃ =

ρ̃
1 dp̃
+ g
ρ0 dz ρ0

(A.41)

dw̃
=0
dz

(A.42)

ikũ +

− iω̂ ρ̃ = w̃

ρ0 2
N .
g

(A.43)

Therefore, using the polarization equations to solve for the vertical wind
parameter, one arrives at
1 d
iω̂ w̃ =
ρ0 dz



iω̂ dw̃ iρ0 w̃ dū
ρ0
+
k 2 dz
k dz


+

iN 2
w̃.
ω̂

(A.44)

Then, by considering that the density of the atmosphere is exponentially
− Hz

decreasing with height (ρ0 = ρ(0)e
(w̃ = ŵe
d
dz



z
2Hρ

ρ

), and using conservation of energy

), the derivative of w̃ can be shown to be

z
d
ŵe 2Hρ
dz



d
=
dz



ŵ
dŵ
+
2Hρ
dz


e

z
2Hρ




=

ŵ
1 dŵ
d2 ŵ
+
+
2
2
4Hρ
dz
Hρ dz



z

e 2Hρ .
(A.45)

Next, by neglecting higher order perturbation terms, and evaluating the
derivatives with respect to z, one arrives at the Taylor-Goldstein equation
[94][28],
 2 2

d2 ŵ
k N
k d2 ū
k 1 dū
1
2
+
+
−k −
−
ŵ = 0.
dz 2
ω̂ 2
ω̂ dz 2
ω̂ Hρ dz 4Hρ2
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(A.46)

Appendix B
S-Transform
B.1

S-Transform Theory

A technique used in this thesis for providing both a time and frequency
representation of a signal is the Stockwell transform (S-transform) [91]. The
time-average of the S-transform provides the Fourier transform of the data.
To begin a derivation of the S-transform, following the work of Stockwell
et al. [91], it is useful to start with a ‘phase-correction’ of the continuous
wavelet transform, W (τ, d), of a function h(t),
Z

∞

h(t)w(t − τ, d)dt,

W (τ, d) =

(B.1)

−∞

where w(t, d) is the fundamental mother wavelet, d is the dilation term which
determines the width of the wavelet and τ is the time offset of the mother
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wavelet relative to the original time-series. The continuous wavelet transform
can be thought of as a Fourier transform multiplied by this translated mother
wavelet providing a collection of Fourier coefficients; the mother wavelet must
have a zero mean [9].
The S-transform of the function h(t) is defined as the continuous wavelet
transform multiplied by a phase factor

S(τ, f ) = ei2πf τ W (t − τ, d)dt,

(B.2)

where f is frequency. The mother wavelet, in the case of the S-transform is
t2 f 2
|f |
w(t, f ) = √ e− 2 e−i2πf t .
2π

(B.3)

It should be noted that this mother wavelet does not satisfy the zero mean
condition required for the continuous wavelet transform. Therefore, the Stransform is not strictly a continuous wavelet transform, but it is still a useful
analogue for describing the S-transform.
Combining these three equations, the S-transform can be written out as
Z

inf ty

S(τ, f ) =
−∞

(τ −t)2 f 2
|f |
h(t) √ e− 2 e−i2πf t dt.
2π

(B.4)

The S-transform is a representation of the local spectrum [91], and thus the
Fourier transform can be shown to be sum of the S-transform over all of time,
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such that
Z ∞

(τ −t)2 f 2
|f | −i2πf t
−
2
S(τ, f )dτ =
h(t) √ e
e
dτ dt
2π
−∞
−∞
−∞
Z ∞
h(t)e−i2πf t dt = H(f ),
=

Z

∞

Z

∞

(B.5)

−∞

where H(f ) is the Fourier transform of h(t).
A simulated sinusoidal signal was used to demonstrate the functionality of
the S-transform. The sinusoidal function was defined as

f (t) =




sin(4πt),





if t ≤ 0.25;

sin(4πt) + 0.2 sin(40πt), if 0.25 < t ≤ 0.5;






sin(16πt),
if t > 0.5.

The amplitude and times are of arbitrary units, with the frequencies defined
as 2, 20 and 8 cycles per arbitrary time unit. The plot of this function,
and the corresponding S-transform are shown in Figure B.1. This example
demonstrates the usefulness of the S-transform. The S-transform of the signal has peaks in the amplitude (colour) from the beginning of the signal to
slightly past 0.5 of the frequency 2 signal, a strong signal from a little bit
before 0.5 and tapering off at 1 of an approximately frequency 8 signal, and finally a signal from about 0.25 to 0.5 of an approximately frequency 20 signal.
These are consistent with that of the known function. It is noteworthy that
the amplitude of the frequency 2 signal is smaller than that of the frequency
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Figure B.1: a) Plot of a simulated sinusoidal signal with multiple frequencies.
b) S-transform of the same sinusoidal signal.

8 signal, but the relative amplitude of the frequency 20 is much smaller than
the other two, as expected. Although this could provide problems determining the exact amplitude of the signals, it is not of concern for the use of the
S-transform in this thesis since it is being used to simply identify signals and
the times at which these signals occur. The amplitude of the signal from
the S-transform has not been discussed in this thesis. The packet does taper
off and overshoot the actual times for this signal, which could provide some
issue for identifying the exact timing of a signal. However, it should provide
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a sufficient estimate of the wave packet boundaries in time.
Since the S-transform can be summed to give the Fourier transform, a comparison with the fast Fourier transform (FFT) of the signal can help to
verify the accuracy of the frequency and amplitude measurements of the Stransform, shown in Figure B.2. The amplitude of the lower frequency signal

Figure B.2: The Fourier transform of a simulated, multi-frequency signal
where the solid line is the FFT and the dotted line is the Fourier transform
determined from an integration of the S-transform amplitude with time.

is lower than that of the FFT, which suggests that there may be a bias towards smaller amplitudes for the lower frequencies, which was also observed
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in the S-transform in Figure B.1. The rest of the peaks are quite close to the
FFT amplitudes, although there is less detail in the S-transform summation
compared to the FFT.
This demonstrates that the S-transform can be used to effectively identify
individual frequency signatures, including the time during which this signal
was present. It is perhaps less accurate at providing amplitudes, at least for
the lower frequency signatures.

B.2
1

S-Transform Matlab Code

f u n c t i o n S = S t r a n s f o r m ( h , t , tau , nu , f i g )

2
3
4

5

6

7
8
9

% Function t h a t p e r f o r m s an S−t r a n s f o r m on t h e data , h .
% Created Oct 2 9 , 2012 by Samuel K r i s t o f f e r s e n , u s i n g
t he S−t r a n s f o r m as
% d e f i n e d by S t o c k w e l l e t a l . , L o c a l i z a t i o n o f t he
Complex Spectrum : The S
% Transform ; IEEE T r a n s a c t i o n s o f S i g n a l P r o c e s s i n g ,
Vol 4 4 , No . 4 , 1 9 9 6 .
%
% R e v i s i o n : Samuel K r i s t o f f e r s e n , A p r i l , 2018
%
− removed n e s t e d f o r l o o p s , and s w i t c h e d t o a
parfor loop .

10
11
12
13
14
15

%
%
%
%
%

h − v e c t o r o f data which i s a f u n c t i o n o f time , t ;
t − time v e c t o r ;
tau − time d e l a y ;
nu − f r e q u e n c y ;
f i g − 1 f o r f i g u r e , 0 f o r no f i g u r e .

16
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17

18

% Note : t he F o u r i e r t r a n s f o r m can be determined from
t he S t r a n s f o r m by
% summing o v e r t he time delay , tau .

19
20

i f na rg i n <5; f i g = 0 ; end

21
22
23

M = l e n g t h ( tau ) ; N = l e n g t h ( nu ) ;
S = z e r o s (M∗N, 1 ) ;

24
25

26
27
28
29

30
31

% For l o o p f o r each o f t h e tau and nu v e c t o r s t o
d e t e r m i n e t he S t r a n s f o r m
% f o r each v a l u e o f tau and nu .
p a r f o r j = 1 :M∗N
n = rem ( ( j −1) ,N) +1; m = f l o o r ( ( j −1)/N) +1;
S ( j ) = sum ( h . ∗ abs ( nu ( n ) ) / s q r t (2∗ p i ) . ∗ exp ( −(( tau (m)−
t ) . ˆ 2 . ∗ nu ( n ) . ˆ 2 ) / 2 ) . ∗ exp(−1 i ∗2∗ p i ∗nu ( n ) ∗ t ) ) ;
end
S = r e s h a p e ( S , N,M) ;

32
33
34
35
36

i f f i g == 1
f i g u r e ; p c o l o r ( tau , nu , abs ( S ) ) ; c o l o r b a r ;
shading i n t e r p ;
end
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Appendix C
Thermal Drift Considerations
As discussed in Chapter 6, the measured phase of the interferogram will drift
over time as the result of physical parameters including ambient temperature and pressure. Although these can be calibrated using a known emission
source (such as a discharge lamp), it was noticed that the dependence of the
measured phase on temperature and pressure were not equal to what was
expected based on the designed Michelson, and the manufacturer’s specifications for the different glass types. These deviations from the expected
behaviour precipitated the further investigation of the thermal drift, as well
as dependencies on humidity and pressure.
Since the WaMI Michelson interferometer is composed of several large pieces
of glass, the optical path difference is very sensitive to changes in temperature due to the expansion of the glass and changes in the refractive index.
This was considered in the original design of the WaMI Michelson interfer-
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ometer [26][112], in addition to considerations of field-widening and achromaticity for the desired path difference. Through study and analysis of the
WaMI’s step sizes, it was discovered that the thermal drift of the phase was
much larger than was expected based on the calculations in the technical
report by Gault [26], which used the glass parameters from which the interferometer was constructed. This was further investigated to determine the
reason for this discrepancy.
For the WaMI Michelson interferometer, a path difference of approximately
6 cm was chosen to allow for the best combination of visibility and precision
for the selected airglow emissions and expected atmospheric temperatures,
given that the visibility decreases with increasing path difference, and the
precision increases with increasing path difference [81]. With a path difference of 6 cm, the number of observable fringes with a normal Michelson
interferometer would be enormous considering equation 3.4, and the angular
dependence of the path difference,

∆ = ∆0 cos θ,

(C.1)

where ∆0 is the path difference at an incident angle of zero, and θ is the
incident angle. The resulting fringe pattern can be seen in Figure C.1, out
to a maximum incident angle of 0.5◦ . Since the desired field of view for the
WaMI Michelson interferometer is 8.4 × 8.4◦ , this would result in too many
observed fringes, and the effective visibility per bin would drop to zero quite
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Figure C.1: The fringe pattern for a Michelson interferometer with a 6 cm
path difference out to an incident angle of 0.5◦ .

quickly away from zero incidence angle.
To limit the fringe dependence on incident angle, the interferometer was fieldwidened, in a manner similar to that used with the Wide-Angle Michelson
Interferometer as described by Hilliard and Shepherd [38], or other fieldwidened Michelson interferometers [82][24]. By making use of a solid piece of
glass in one of the arms, the second mirror can be placed at a position such
that it appears at the virtual image of the first mirror, see Figure C.2. By
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Figure C.2: Wide-Angle Michelson Interferometer: the second mirror is replaced with a block of glass with a thickness of t, and a refractive index of
n [38]

using Snell’s law, the overall path difference can be shown to be

∆ = 2nt cos θ + 2t0 cos θi
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(C.2)

where n is the refractive index of the glass, t is the thickness of the glass, t0
is the length of the air gap, θi is the incident angle the air gap mirror, and
θ is the incident angle to the mirrored back surface of the glass arm [81]. θ
can be related to i using Snell’s law, such that

sin i = n sin θ.

(C.3)

Given that cos2 θ = 1 − sin2 θ, equation C.2 can be re-written as
1

1
sin2 i 2
∆ = 2nt 1 − 2
− 2t0 (1 − sin2 i) 2 .
n

(C.4)

This can be further simplified by using a binomial expansion, resulting in

0

∆ = 2(nt − t ) −






t
1 t
0
2
0
− t sin i −
− t sin4 i + ...
n
4 n3

(C.5)

with the higher order terms being truncated since it can be assumed that i is
small. Therefore, by choosing the position t0 to be t/n, such that the second
order terms are eliminated, the path difference becomes

∆0 − ∆ ≈

∆0
sin4 i,
2
8n

(C.6)

where


t
∆0 = 2 nt −
n


.

(C.7)

Using this field-widened condition results in fewer fringes per incident angle
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Figure C.3: The fringe pattern for a field-widened Michelson interferometer
with a 6 cm path difference out to an incident angle of 8.4◦ .

as shown in Figure C.3 (here fringes out to ±8.4◦ incident angle are shown,
which is much greater than the 0.5◦ range of incident angles shown in Figure
C.1).
The design for the WaMI interferometer is slightly more complicated, with
a second piece of glass placed between the beamsplitter and the air gap, as
shown in Figure C.4. The glass types used for WaMI are as the result of this
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Figure C.4: The schematic of the WaMI Michelson interferometer with a
hexagonal beamsplitter, one solid glass arm, and one arm with glass and an
air gap [26].

design, the path difference can be written as

∆ = ∆0 − C2 sin2 θ − C4 sin4 θ,
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(C.8)

where
t1
t2
+
+ t3 ,
n1 n2


t2
1 t1
+
+ t3 ,
C4 =
4 n31 n32
C2 =

(C.9)
(C.10)

∆0 = 2(n1 t1 + n2 t2 + t3 ),

(C.11)

t1 and t2 are the length of the glasses in the arms as shown in Figure C.4,
t3 is the width of the air gap, and ∆0 is the path difference when at zero
incidence (θ = 0). It should be noted that, although the refractive index of
the air is not 1, it was determined that the difference was small enough such
that it did not affect the path difference calculations by a significant amount
[26].
To determine the thermal sensitivity of the WaMI, the rate of change of the
refractive index with temperature and the thermal expansion of the glasses
must be considered. The rate of change of the refractive index with temperature can be determined from the Schott specifications, such that
dn
n2 − 1
=
dT
2n


D0 +

E0
λ2 − λ2T K


(C.12)

where n is the refractive index; λ is the wavelength; and D0 , E0 and λT K
are constants provided by the Schott catalogue (see Table C.1 for the glasses
used for WaMI).
The rate of change of path difference with temperature can be determined by
289

Table C.1: Dispersion constants for
Symbol
D0
E0
λT K

Units
K−1
µm2 K−1
µm

N-LaK 12
−5.67x10−6
5.25x10−7
0.162

dn
dT

SF11
1.12x10−5
1.46x10−6
0.282

taking the partial derivative of the path difference with temperature, which
is given by
∂∆0
= 2 (γ1 t1 + γ2 t2 + α3 t3 ) ,
∂T

(C.13)

where
γ=

dn
+ nα,
dT

(C.14)

and α is the thermal expansion coefficient of the respective glass types. α3 is
the thermal expansion coefficient for the air gap, which is determined by the
glass rods which support the capacitors, and hence will change the effective
size of the air gap.
Table C.2: Properties of the Schott glasses used in the design of the WaMI
Michelson interferometer.
Glass

α−20/+70 (K −1 )

α+20/+300 (K−1 )

N-LaK 12

7.6x10−6

9.3x10−6

SF11

6.1x10−6

6.8x10−6

λ (nm)
557.73
1270
1315.682
557.73
1270
1315.682

n
1.679939
1.660563
1.659945
1.789694
1.749585
1.748710

γ (K−1 )
1.069x105
9.795x10−6
9.780x10−6
2.169x10−5
1.783x10−5
1.778x10−5

∂n/∂λ (µm−1 )
-0.073815
-0.013668
-0.013420
-0.182312
-0.019678
-0.018669

The various parameters for the two types of glass used in the WaMI design
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Table C.3: WaMI dimensions and parameters (see Figure C.4 for reference).

Glass
N-LaK12
SF11
gap

Arm lengths
gap TEC
(cm,K−1 )
t1 = 4.9594
t2 = −1.9599
t3 = −1.8450
α3 = 6.1 × 10−6

Phase Variation
λ = 558 nm, λ = 1316 nm
(rad at 8◦ )

Thermal sens.
λ = 558 nm, λ = 1316 nm
(rad K−1 )

∆cm

14.2

-0.1669

5.958

15.2

0.2299

(N-LaK 12 and SF11) are shown in Table C.2 and the final arm lengths are
shown in Table C.3. Since the refractive index, hence γ and ∂n/∂λ, are
wavelength dependent, the values for these are reported for each of the wavelengths of the desired atmospheric airglow emissions. It should be noted that
there are two values reported for the thermal expansion coefficient for each of
the glasses, one for -20 to +70◦ C and one for +20 to +300◦ C. Experiments
in the lab are typically done at ambient room temperature, around 25◦ C,
which is in the range for both of these coefficients. Since α−20/+70 is the value
that Schott suggests for use at room temperature, this was the value used in
the original design and manufacture of the Michelson interferometer. Using
these values, at 557 nm, the thermal sensitivity is -0.1669 rad/K.
Analysis of the thermal drift, was done, in the lab, by simply operating the
interferometer for approximately 14 hours, and taking a scan every 3-4 minutes, while simultaneously measuring the ambient temperature, pressure and
relative humidity around the interferometer. As can be observed in Figure
C.5, for the purposes of this instrument (i.e. wind measurements to a pre-
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Figure C.5: The thermal drift phase for WaMI (solid, left axis) plotted with
temperature (dotted, right axis)

cision of 1 m/s) the phase has a strong dependence on the temperature. A
precision of 1 m/s is equivalent to 0.00225 rad at 557.7 nm and 9.67 × 10−4
rad at 1.3 µm. From first inspection of Figure C.6 there does not appear to
be a strong correlation between phase and pressure. Finally, for the phase
and absolute humidity, Figure C.7, there appears to be a strong, positive
correlation. Absolute humidity could affect the path difference due to the
dependence of capacitance of a parallel-plate capacitor on humidity [79] (see
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Figure C.6: The thermal drift phase for WaMI (solid, left axis) plotted with
pressure (dotted, right axis)

Appendix D). Since the moving mirror (and size of the air gap) is controlled
by a capacitive feedback loop, a change in capacitance would be expected to
change the size of the air gap, and hence the path difference.
The phase is highly correlated with temperature, as shown in Figures C.5
and C.8, with a slope of 1.356 rad/K and R2 of 0.9478. Figures C.6 and C.9
show that there is very little correlation between phase and pressure, with an
R2 of 0.0688. Figures C.7 and C.10 show that there is a correlation between
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Figure C.7: The thermal drift phase for WaMI (solid, left axis) plotted with
absolute humidity (dotted, right axis)

the phase and absolute humidity, however, there seems to be two regimes
under which the humidity affects the phase: increasing humidity has a slope
of 0.0176 rad g−1 cm3 and R2 of 0.9632, and decreasing humidity has a slope
of 0.0572 rad g−1 cm3 and R2 of 0.9475.
It should be noted that the value for the thermal sensitivity, 1.356 rad/K,
is very different from the value calculated in the design phase of the interferometer, which was -0.1669 rad/K. The most likely reasons for this would
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Figure C.8: Correlation plot of temperature and phase with a linear fit.

be that the change in capacitance with humidity has not been accounted
for, and the linear thermal expansion coefficients of the glass may not be
sufficiently accurate and linear given the thermal sensitivity of the Michelson
interferometer.
Given that the temperature has a very linear relationship with the phase,
it should be safe to assume that the thermal expansion coefficients for the
glasses is linear over the temperature ranges observed. However, it may be
necessary to consider the thermal expansion coefficient for 20 to 300◦ C. Using
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Figure C.9: Correlation plot of pressure and phase with a linear fit.

equation C.13, the expected thermal sensitivities with these different linear
thermal expansion coefficients can be determined. The third value of thermal
Table C.4: Expected thermal sensitivity of WaMI at 557 nm
Glass
N-LaK 12
SF11
N-LaK 12
SF11
N-LaK 12
SF11

α K−1
7.6 × 10−6
6.1 × 10−6
9.3 × 10−6
6.8 × 10−6
8.45 × 10−6
6.45 × 10−6

Thermal Sensitivity rad/K
-0.1669
2.1801
1.0066
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Figure C.10: Correlation plot of absolute humidity and phase. There are two
linear fits, one from the start to 10 hours, and the second from 12 hours to
approximately 14 hours. The phase appears to show a different dependence
on absolute humidity depending on whether the humidity is increasing or
decreasing; the solid line shows the correlation with a decreasing humidity,
and the dotted line shows a correlation with increasing humidity.

sensitivity from Table C.4 is the closest to the actual measured value determined experimentally of 1.356 rad/K (see Figure C.8). This suggests that
there could be a non-linearity in the thermal expansion, with those values
providing the closest estimate of the average, or the capacitive displacement
sensor could have a large dependence on the absolute humidity and/or tem-
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perature resulting in this increase in the thermal sensitivity compared to that
which was expected.
If there is a dependence of the capacitive displacement sensor on the temperature and absolute humidity, this would likely be due to the dependence
of the capacitance on the permittivity of the air. The relation between the
permittivity of air (see Appendix D) and the temperature and humidity of
air are shown in Figure C.11. The plot of permittivity of air and absolute

Figure C.11: Plots of the permittivity of air with a) temperature, and b)
absolute humidity.

humidity shows that there is a clear relationship between them. However,
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there is also a correlation that is observed between the temperature and the
permittivity of air, as shown in Figure C.11 b). This makes it difficult to
determine which parameter is having the effect on the path difference.
The sensitivity of the phase with absolute humidity was observed to have
two slopes, one for the regime when the humidity was increasing and one for
when the humidity was decreasing, see Figure C.10. This could be due to
hysterisis in the capcitive distance sensor, but more data would be needed to
determine this definitively. However, there does appear to be a high corre-

Figure C.12: Correlation between the absolute humidity and the temperature
showing two regimes of correlation.
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lation between the temperature and the absolute humidity, see Figure C.12.
Similar to the correlation between the phase and the absolute humidity, there
seems to be two different correlations regimes, both of which have high correlations, R2 of 0.999 for the solid line, and R2 of 0.991 for the dotted line.
To definitively determine the dependencies of the phase on temperature, humidity, and, to a lesser extent, pressure, experiments done with a controlled
environment would be necessary. Having a fixed humidity and a varying
temperature, and having a fixed temperature with varying humidity would
provide more insight into the phase dependencies. Additionally, scans at
more wavelengths, for example 1300 nm, would also provide additional leverage to determine the overall effects that the environmental parameters have
on the WaMI.
Although better understanding of the effects of the environmental parameters on the phase drift are of academic interest, and could be useful in the
further design of similar instruments, this does not improve the operation of
the current instruments (e.g. WaMI). The solution to deal with this large
dependence on the temperature and humidity is to take frequent calibration
scans (every 10 to 20 minutes), and to have a tight control on the temperature and humidity around the Michelson interferometer to within about 2
degrees. Explorations of these dependencies is left as future work in the
further development of the WaMI.
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Appendix D
Humidity and Permittivity of
Air
D.1

Absolute Humidity of Air

This section will provide brief overview of the determination of the absolute humidity from a relative humidity measurement. The thermorecorder
provided measurements of the temperature, atmospheric pressure, and the
relative humidity. To determine the absolute humidity, given these parameters, the saturation vapour pressure was determined [106]

ln

pws
pC


=


TC
C1 ϑ + C2 ϑ1.5 + C3 ϑ3 + C4 ϑ3.5 + C5 ϑ4 + C6 ϑ7.5
T
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(D.1)

where

ϑ=1−

T
TC

TC = critical temperature, 647.096 K
pC = critical pressure, 220 640 hPa
C1 = −7.82951783
C2 = 1.84408259
C3 = −11.7866497
C4 = 22.6807411
C5 = −15.9618719
C6 = 1.80122502

From the relative humidity, the vapour pressure of water can be determined
by
pw = pws

RH
,
100

(D.2)

where RH is the relative humidity as a percent. Using the vapour pressure,
the absolute humidity is

AH = (2.16679 gK/J)
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pw
.
T

(D.3)

D.2

Permittivity of Air

A simple parallel plate capacitor consists of two parallel plates separated by
a finite distance. The capacitance of this simple capacitor is [31]

C=

Q
,
V

(D.4)

where Q is the charge on the capacitor and V is the potential difference
between the two plates. Given that the potential difference between the
plates can be written as
V =

Q
d,
A

(D.5)

where A is the surface area of the plates,  is the relative permittivity of the
air between the plates, and d is the distance between the plates, it can be
shown that the capacitance is

C=

A
.
d

(D.6)

Therefore, the capacitance is directly proportional to the relative permittivity.
The relative permittivity of air is known to be [118]




158.26
48pws
−6
 = 0 1 +
p+
RH 10
,
T
T
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(D.7)

where 0 is the permittivity of free space, T is the temperature (K), p is
pressure (hPa), pws is the saturation vapour pressure of water (hPa), and
RH is the relative humidity (%).
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Appendix E
Algorithms
E.1

Step Size Algorithm

Given that the algorithm for the step size determination was presented in
Chapter 3, a more complete derivation is presented here. The derivation,
which follows closely the work by Ward [111], starts with the model for the
interferogram,
Iij = I0j (1 + V j cos(ϕj + θi )),

(E.1)

where I0j is the intensity, V j is the visibility, ϕj is the phase of the fringe,
θi is the phase of the ith step of the scan, i is the step number in a scan,
and j is index of the scan. By using a least mean squares approach to this
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problem, the sum of the residuals is

S=

m X
n
X

2
xji − I0j (1 + V j cos(ϕj + θi )) ,

(E.2)

i=1 j=1

where xji is the measurement.
To find the solution for each variable in the model, the minimum of the
sum must be determined. To find this relative to each variable, the partial
derivative of S relative to each variable must be determined and set to zero.
This provides the four equations which follow:
m

∂S X l
l
l
l
:
x
−
I
(1
+
V
cos(ϕ
+
θ
))
sin(ϕl + θi ) = 0
i
0
∂ϕl i=1 i

(E.3)

m

∂S X l
l
l
l
:
x
−
I
(1
+
V
cos(ϕ
+
θ
))
cos(ϕl + θi ) = 0
i
i
0
l
∂V
i=1

(E.4)

m


∂S X
:
1 + V l cos(ϕl + θi ) xli I0l (1 + cos(ϕl + θi )) = 0
l
∂I0 i=1
n

∂S X i i
:
I0 V sin(ϕi + θk ) xik − I0i (1 + cos(ϕi + θk )) .
∂θk i=1

(E.5)

(E.6)

By taking equation E.5 and subtracting V l times equation E.4, one arrives
at
m
X


xli − I0l (1 + V l cos(ϕl + θi )) = 0.

i=1
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(E.7)

Solving for I0l ,
I0l

Pm
= Pm

i=1

(1 +

l
i=1 xi
V l cos(ϕl

+ θi ))

,

(E.8)

and inserting this into equation E.4,
m
X
i=1

m
X

"

Pm

#
l
l
cos(ϕ
+
θ
)
x

j
j=1 j
xli − Pm
1 + V l cos(ϕl + θi ) = 0
l
l
j=1 (1 + V cos(ϕ + θj ))

(E.9)


xli cos(ϕl + θi ) 1 + V l cos(ϕl + θj )

i,j=1

−

m
X


xlj cos(ϕl + θi ) 1 + V l cos(ϕl + θi ) = 0. (E.10)

i,j=1

m
X

xli

l

cos(ϕ + θi ) −

i=1

l
X

xlj cos(ϕl + θj )

j=1

=Vl

m
X

xlj cos2 (ϕl + θi ) −

i,j=1

m
X

!
xli cos(ϕl + θi ) cos(ϕl + θj ) . (E.11)

i,j=1

By using the commutative and associative properties of summation, this can
be re-written as
m
X


xli cos(ϕl + θi ) − cos(ϕl + θj )

i,j=1

=V

l

m
X


xli cos(ϕl + θj ) cos(ϕl + θj ) − cos(ϕl + θi ) , (E.12)

i,j=1

307

and, solving for V l
Pm

Vl =

l
i,j=1 xi
Pm
l
l
i,j=1 xi cos(ϕ

cos(ϕl + θj ) − cos(ϕl + θi )



+ θj ) (cos(ϕl + θi ) − cos(ϕl + θj ))

.

(E.13)

By substituting this solution for V l into the equation for I0 , one arrives at
Pm
I0l =

l
i=1 xi

P

m
j,k=1

xlj cos(ϕl + θk ) cos(ϕl + θj ) − cos(ϕl + θk )
D


, (E.14)

where

D=

m
X


xlj cos(ϕl + θk ) cos(ϕl + θj ) − cos(ϕl + θk )

i,j,k=1


+ xlj cos(ϕl + θi ) cos(ϕl + θk ) − cos(ϕl + θj ) . (E.15)

By considering only the denominator, and adjusting the indices such that
each term has xli ,

D=
+

m
X
i,j,k=1
m
X

l

m
X

l

cos(ϕ + θi ) cos(ϕ + θj ) −

xli cos2 (ϕl + θj )

i,j,k=1
m
X

xli cos(ϕl + θk ) cos(ϕl + θj ) −

i,j,k=1

xli cos(ϕl + θk ) cos(ϕl + θi ).

i,j,k=1

(E.16)
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The sums can be separated, considering

D=m
+

m
X
i=1
m
X

xli

cos(ϕ + θi )

m
X

i=1

1 = m,

l

cos(ϕ + θj ) − m

m
X

j=1

xli

i=1

−m

l

Pm

m
X

m
X

cos(ϕl + θj )

j=1

xli cos(ϕl + θi )

xli

i=1
m
X

m
X

cos2 (ϕl + θj )

j=1

cos(ϕl + θk )

k=1
m
X

cos(ϕl + θk )

i=1
k=1
m
m
m
m
X
X
X
X
l
l
l
l
=m
xi cos(ϕ + θi )
cos(ϕ + θj ) − m
xi
cos2 (ϕl
i=1
j=1
i=1
j=1
m
m
m
X X
X
+
xli
cos(ϕl + θk )
cos(ϕl + θj )
i=1
j=1
k=1
m
m
X
X
−m
xli cos(ϕl + θi )
cos(ϕl + θj )
i=1

=

=

m
X

xli

j=1
m
X

i=1

j,k=1

m
X

m
X

i=1

xli

+ θj )

cos(ϕl + θj ) cos(ϕl + θk ) − m

m
X

!
cos( ϕl + θj )

j=1

!

cos(ϕl + θj ) cos(ϕl + θk ) − cos(ϕl + θj ) .

j,k=1

(E.17)

Replacing this in the denominator of the equation E.8, and cancelling the
Pm l
i=1 xi terms, results in

Pm
l
l
l
l
x
cos(ϕ
+
θ
)
cos(ϕ
+
θ
)
−
cos(ϕ
+
θ
)
j
i
j
i
i,j=1
I0l = Pm
l
l
l
i,j=1 cos(ϕ + θi ) (cos(ϕ + θj ) − cos(ϕ + θi ))
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(E.18)

Next, by substituting the values for I0l and V l into equation E.3, ones obtains
m
X
i=1


Pm
l
l
l
j,k=1 cos(ϕ + θk ) cos(ϕ + θj ) − cos(ϕ + θk )
sin(ϕ +
− Pm
l
l
l
j,k=1 cos(ϕ + θj ) (cos(ϕ + θk ) − cos(ϕ + θj ))

P
l
l
l
cos(ϕl + θi ) m
j,k=1 xj cos(ϕ + θk ) − cos(ϕ + θj )
) = 0 (E.19)
− Pm
l
l
l
j,k=1 cos(ϕ + θj ) (cos(ϕ + θk ) − cos(ϕ + θj ))
l

θi )(xli

Multiplying through by the denominators provides
m
X

l

sin(ϕ +

θi )[xli

i=1

m
X


cos(ϕl + θj ) cos(ϕl + θk ) − cos(ϕl + θj )

i,j=1

−

m
X


xlj cos(ϕl + θk ) cos(ϕl + θj ) − cos(ϕl + θk )

j,k=1
m
X

l

− cos(ϕ + θi )


xlj cos(ϕl + θk ) − cos(ϕl + θj ) ] = 0. (E.20)

j,k=1

Swapping the j and k indices in the second term and writing in terms of
three summations
m
X

xli sin(ϕl + θi ) cos(ϕl + θk ) cos(ϕl + θj ) − cos(ϕl + θk )



i,j,k=1

−
−

m
X

i=1
m
X

sin(ϕl + θi )

m
X


xlk cos(ϕl + θj ) cos(ϕl + θk ) − cos(ϕl + θj )

j,k=1

sin(ϕl + θi ) cos(ϕl + θi )

i=1

m
X


xlj cos(ϕl + θk ) − cos(ϕl + θj ) = 0.

j,k=1

(E.21)
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Next, the indices of each summation are adjusted such that each value of x
has the index i,
m
X

xli sin(ϕl + θi ) cos(ϕl + θk ) cos(ϕl + θj ) − cos(ϕl + θk )



i,j,k=1

−
−

m
X


xli sin(ϕl + θj ) cos(ϕl + θk ) cos(ϕl + θi ) − cos(ϕl + θk )

i,j,k=1
m
X


xli sin(ϕl + θk ) cos(ϕl + θk ) cos(ϕl + θj ) − cos(ϕl + θi ) = 0.

i,j,k=1

(E.22)
The like terms and collected, such that
m
X

xli cos(ϕl + θk )[sin(ϕl + θi ) cos(ϕl + θj ) − cos(ϕl + θk )



i,j,k=1


− sin(ϕl + θj ) cos(ϕl + θi ) − cos(ϕl + θk )

− sin(ϕl + θk ) cos(ϕl + θj ) − cos(ϕl + θi ) ] = 0. (E.23)

By expanding the bracketed cosine terms, and collecting the terms deliberately, one arrives at
m
X

xli cos(ϕl + θk )[sin(ϕl + θi ) cos(ϕl + θj ) − sin(ϕl + θj ) cos(ϕl + θi )

i,j,k=1

+ sin(ϕl + θj ) cos(ϕl + θk ) − sin(ϕl + θk ) cos(ϕl + θj )
+ sin(ϕl + θk ) cos(ϕl + θi ) − sin(ϕl + θi ) cos(ϕl + θk )] = 0. (E.24)
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By making use of the trigonometric identity,

sin u cos v − sin v cos u = sin(u − v),

(E.25)

one arrives at
m
X

xli cos(ϕl + θk ) [sin(θi − θj ) + sin(θj − θk ) + sin(θk − θi )] = 0. (E.26)

ijk=1

Let
Wijk = sin(θi − θj ) + sin(θj − θk ) + sin(θk − θi ),

(E.27)

equation E.26 can be re-written as
m
X

xli cos(ϕl + θk )Wijk = 0.

(E.28)

i,j,k=1

Expanding the cosine term yields
m
X


xli cos θk cos ϕl − sin θk sin ϕl Wijk = 0.

(E.29)

i,j,k=1

Since ϕl is not dependent on any of the summation indices, those terms can
be removed from the summations, and re-arranged such that
Pm
l
sin ϕl
i,j,k=1 xi cos θk Wijk
l
= tan ϕ = Pm
.
l
cos ϕl
i,j,k=1 xi sin θk Wijk
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(E.30)

This provides a solution for the phase, ϕ, given an initial estimate of the
stepping profile, θ. Once the phase is determined, this phase can be used to
calculate the intensity, I0 , and visibility, V , using equations E.18 and E.13,
respectively.
With the intensity, visibility, and phase determined, these values can be used
to calculate the stepping profile, θ. Finding the root of the partial derivative
of the sum of the residuals with respect to the phase of the steps in the scan,
θ, shown in equation E.6, provides a value of θ which minimizes the sum of
the residuals. Starting with equation E.6, and expanding the brackets insdie
the summation, the following result is obtained,
n
X

I0i V i xik sin(ϕi + θk ) − I0i sin(ϕi + θk ) − I0i V i sin(ϕi + θk ) cos(ϕi + θk ) = 0.

i=1

(E.31)

Then, expanding the sine and cosine terms using the sum formulae,

sin(u ± v) = sin u cos v ± sin v cos u,

(E.32)

cos(u ± v) = cos u cos v ∓ sin u sin v,

(E.33)

and
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one arrives at
n
X

I0i V i xik sin θk cos ϕi + I0i V i xik cos θk sin ϕi

i=1

− (I0i V i )2

− (I0i )2 V i sin θk cos ϕi − (I0i )2 V i cos θk sin ϕi


sin θk cos ϕi + cos θk sin ϕi cos θk cos ϕi − sin θk cos ϕi = 0.
(E.34)

By expanding the bracketed terms, and removing the terms not dependent
on i from the summations, it can be shown that

sin θk

n
X

I0i V i xik

i

cos ϕ + cos θk

i=1

n
X

I0i V i xik sin ϕi

i=1

− sin θk

n
X

(I0i )2 V i

i

cos ϕ − cos θk

n
X

i=1

− sin θk cos θk

n
X

(I0i V i )2 cos2 ϕi + sin2 θk

i=1
2

− cos θk

n
X

(I0i V i )2

(I0i )2 V i sin ϕi

i=1
n
X

(I0i V i )2 cos ϕi sin ϕi

i=1
n
X
cos ϕ sin ϕ + cos θk sin θk
(I0i V i )2 sin2 ϕi = 0.
i

i

i=1

i=1

(E.35)

Making use of the double angle trigonometric identity

sin u cos u = 21 sin(2u),
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(E.36)

and the power reducing trigonometric identities

sin2 u =

1 − cos(2u)
,
2

(E.37)

cos2 u =

1 + cos(2u)
,
2

(E.38)

and

the root of the partial derivative of S with respect to θk can be re-written as

sin θk

n
X

I0i V i

xik

−

I0i



i

cos ϕ + cos θk

i=1

n
X


I0i V i xik − I0i sin ϕi

i=1
n
X
(I i V i )2
0

+ 12 sin(2θk )

i=1

2

n

 X
(I0i V i )2
i
1 − cos(2ϕ −
1 + cos(2ϕi )
2
i=1

n

!

n

1 − cos(2θk ) X (I0i V i )2
1 + cos(2θk ) X (I0i V i )2
+
sin(2ϕi )−
sin(2ϕi ) = 0.
2
2
2
2
i=1
i=1
(E.39)

Finally, by expanding, and collecting like terms, root the can be shown to be
"
1
2

#
n
n
X
X
cos(2θk )
(I0i V i )2 sin(2ϕi ) + sin(2θk )
(I0i V i )2 cos(2ϕi )

"
− cos θk

i=1
n
X


i

I0i V i xik − I0 sin ϕi + sin θk

i=1
n
X

#

i

I0i V i xik − I0 cos ϕi = 0.

i=1

i=1

(E.40)

Once the steps, θk are determined, these can be used as the new seed values
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to iteratively find values for I0 , V , and ϕ. This process would be repeated
until a desired finish condition was met, such as the difference between values
of the sum of the residuals, S was small.
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