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Abstract
Submarine maneuvering analysis requires accurate and computationally
efficient methods to predict the hydrodynamic loading on a vehicle. During
maneuvers in a viscous fluid, this loading will have unsteady contributions
from both the added mass of the surrounding fluid, and from motion history
effects due to the shedding of vorticity into the wake. Despite this, the majority of models for submarine hydrodynamics assume quasi-steady loading,
which neglects the motion history effect. This assumption is primarily made
due to our limited understanding of unsteady submarine hydrodynamics.
This work presents an analysis of the flow around unappended, maneuvering submarine hulls. This was accomplished using Computational Fluid
Dynamics simulations of the flow around the hull. These simulations were
validated by comparison against experimental data for an Unmanned Underwater Vehicle of similar geometry to a submarine hull.
A range of maneuvers were simulated to explore the effect of unsteady motion. These maneuvers were restricted to planar motions without rotation,
and included steady translations, impulsive accelerations, sustained acceler-
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ations, and sinusoidally oscillating maneuvers. The hulls studied range in
slenderness from 7.5 < `/D < 9.5, with a Reynolds number of Re = 3.14e6
and reduced frequencies from k = f `/2U = 0.01 to k = 0.3. Motion history
effects were seen to vary in significance with reduced frequency, and have a
maximum impact at moderate values of 0.12 < k < 0.2.
This analysis was conducted using both classical techniques and modern
vorticity based methods. It was demonstrated that the vorticity based analysis allows for the decomposition of unsteady forces without the need for
external data. A slender body approximation of the vorticity based description was developed and demonstrated to have good accuracy for all cases.
An existing quasi-steady force estimation model was extended to include
unsteady motion. This model used indicial function theory and the vortexbased force description. The unsteady model improved predictions relative
to the quasi-steady assumption for reduced frequencies above k ≈ 0.1, but
significantly increased the computational cost.
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Chapter 1
Introduction
1.1

Motivation
The design and operation of underwater vehicles depends critically on

knowledge of the vehicles’ safe operating limits. This is particularly true
for submarines, where human life is at risk. Submarines operating at sea
are limited in the depth at which they can operate, either from below by the
presence of the sea floor or their deep diving depth (which is determined from
structural considerations) or from above by the presence of the sea surface
and the requirement to avoid collisions and detection. Modern submarines
have a deep diving depth in the range of 300 m [11], which effectively limits
them to a thin layer near the ocean surface. This limitation creates a critical
need for depth control systems that can ensure a submarine will always be
operating within safe limits.
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A submarine is not only limited in the depth at which it can operate,
but also by the speed at which those operations can take place. Depth
control systems require a finite operation time in order to affect a change in
a submarine’s attitude and position, and so the vehicle’s speed will determine
whether a maneuver can be performed without violating the safe operating
limits within that time. This range of speed and depths will be further
reduced when designers take into account possible failure scenarios, such as
flooding or control surface jamming, and the time it takes to recover from
those potential damage states. Submarine dynamicists use a tool known
as a Maneuvering Limitation Diagram (MLD) to describe the vehicle’s Safe
Operating Envelope (SOE) in a variety of conditions. A sample MLD is
shown in Figure 1.1, which includes lines defining sub-envelopes for different
maximum deflections in the diving planes. These diagrams are developed for
every submarine, although they are typically classified, and clearly define the
safe operating envelope. More information on MLDs is available in [11] and
[77].
An MLD is developed by the application of numerical models for the
vehicles dynamics. In these models, the six degrees-of-freedom (6 DOF)
submarine equations of motion are integrated in time in order to predict the
submarine’s trajectory given a set of actions and conditions for the boat’s
crew and machinery. Given an initial speed and depth, a set of procedures
to be conducted by the crew, and possible machinery states, for example
a dive plane jam, the submarines motion is simulated and the maneuver is
2

Figure 1.1: Sample maneuvering limitation diagram. Adapted from [8].

3

evaluated to determine whether the motion stays within safe limits. These
limits are defined partly by the depth as explained above, but also partly by
the submarine’s attitude, for example maximum pitch and roll at which the
boat can safely operate. Hundreds of these simulations are conducted, the
speeds and depths plotted, and the resulting pass/fail boundaries define the
SOE of the submarine on the MLD. It is easy to see that the test matrix
for the determination of the SOE is quite large, and so a premium must
be placed on computationally rapid methods if the MLD is to be used as a
practical tool for engineering design and analysis.
The requirement for rapid computation limits the degree of fidelity and
accuracy that can be obtained in the models for the submarine’s dynamics.
The submarine equations of motion represent the balance of the submarine’s
inertia against the external forces exerted on the vehicle, composed of gravitational, hydrostatic, and hydrodynamic components. The gravitational
and hydrostatic forces can be computed analytically to within the accuracy
of the geometric description of the submarine and it’s ballasting systems.
These models are formally exact for the exact submarine geometry, however
typically a discretized model of the boat is utilized, which necessitates some
degree of approximation in the discretization process. Exact solutions for
the hydrodynamic forces however are not possible, regardless of the geometric description, and so approximations must be made for this component of
the force on the vehicle. These approximations must balance the accuracy of
the resulting hydrodynamic model against the speed of the computation, and
4

several different modelling methodologies are available that each represent a
different compromise in terms of these factors.
Defence Research and Development Canada - Atlantic (DRDC Atlantic)
develops and maintains the tools and expertise required for submarine maneuvering analysis in Canada. This work is embodied in their submarine
simulation program, DSSP [60], which is used for the analysis of underwater
vehicle maneuverability, including the generation of submarine MLDs. Their
model uses a mixture of coefficient based modelling and semi-empirical force
estimation methods, both of which will be discussed in more detail later
in this document. DRDC Atlantic has partnered with University of New
Brunswick (UNB) to develop one such semi-empirical model to be used with
DSSP, which aims to predict the hydrodynamic viscous normal forces experienced by a maneuvering submarine’s hull. This model was originally developed for an axisymmetric hull undergoing steady translation at moderate-tohigh incidence [48], and then later extended to translation at low incidence
and for a submarine undergoing a steady turn [62]. Both DSSP and the
existing UNB model assume that the hydrodynamic forces are quasi-steady
during the maneuver. This means that while the added mass force due to the
acceleration of water surrounding the boat is incorporated into the model,
unsteady hydrodynamic effects which are due to the history of the motion
are not.
It is known from theory [50] as well as examples from the aerospace
industry [27] [76] that motion history effects play a significant role in the
5

fluid forces during unsteady motion, provided the degree of unsteadiness
in the maneuver is high. Unfortunately, in the context of a maneuvering
submarine, it is not known what degree of unsteadiness constitutes a “high”
level, and what effect this unsteadiness will produce on the hydrodynamic
forces on the submarine and the resulting trajectories of the vehicle. The
examination of unsteady effects on axisymmetric submarine hulls represents
not only a logical extension of the existing hydrodynamic model, but a chance
to explore the effects of transience on the hydrodynamics of submarines.

1.2

Research Objectives
The overall goal of this research is to investigate the hydrodynamic

effect of unsteady maneuvering on submarine hull forces and moments, and
to develop a simplified model of these effects for use in a vehicle dynamics
simulator. For simplicity, the research is limited to axisymmetric hulls of
arbitrary but slender profile, performing planar maneuvers without rotation.
In support of this goal, four objectives were identified around which the
research work was organized. The structure of this thesis will largely follow
these objectives.
The flow along the hull was analyzed using tools and techniques from
the field of Computational Fluid Dynamics, or CFD. The CFD analysis simulates the fluid flow surrounding a given hull undergoing a specified maneuver,
and supplies the forces, moments, and other variables relevant to the vehi-
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cle’s hydrodynamics. The CFD data then forms the base of all subsequent
analysis, and it is critical that these simulations are as accurate as possible.
To this end, the first objective was the development of a CFD model which
was capable of accurately simulating the flow along an axisymmetric, unappended submarine hull during unsteady maneuvers. This included studies of
grid and time step requirements, and estimation of the numerical and physical modelling error in the CFD simulations. The CFD model was restricted
to Unsteady Reynolds Averaged Navier-Stokes (URANS) models of turbulence, due to the large number of unsteady cases required for the present
research. The suitability of the CFD model was judged by comparison with
experimental results for a similar class of vehicles undergoing similar motions.
Using the CFD model developed in the first objective, a database of
computational results was developed by simulating a variety of maneuvers.
This database includes a range of motions, including steady translations, impulsive accelerations, and unsteady ramps and oscillations. The maneuvers
were restricted to a range of kinematics felt to be representative of operational submarine maneuvering. Four different hull geometries were also
examined, with a range of hull slenderness representative of the variety of
realistic submarines. In total, 40 different maneuvers were simulated. The
development of this database of unsteady maneuvering data constituted the
second research objective.
The third objective was then the development of an unsteady force
estimation model, based on an analysis of the results contained in the un7

steady maneuvering database. This was accomplished using a combination
of traditional hydrodynamic analysis, theoretical work based on vorticity dynamics, linear and nonlinear dynamical systems techniques, and some results
from slender body theory. Efforts were made wherever possible to make this
model an extension of the existing modelling framework developed by past
researchers [48][62]. The fourth and final step was the testing and validation
of this model. This testing utilized comparisons between the force estimation model and results from the maneuvering database, but was restricted
to only those cases which were not utilized to inform the force estimation
model. Testing was quantified by comparison of the predictions to the original, quasi-steady model.
The four objectives of the research, described above, are summarized
here as:
1. Development and validation of a CFD model for unsteady submarine
hull motion.
2. Generation of a database of unsteady submarine maneuvering data.
3. Formulation of an unsteady hydrodynamic force estimation model based
on the analysis of the database of maneuvering data.
4. Testing and validation of the force estimation model.
The remainder of this document will attempt to follow the logical flow
of these objectives, and is laid out as follows. Chapter 2 begins by providing
8

a brief background on the maneuvering of submarines and on unsteady hydrodynamics, so as to facilitate further discussion. This includes a review of
the relevant literature focusing on experimental and computational methods
for investigating and modelling the unsteady hydrodynamics of maneuvering
submarines. Also included is an evaluation of realistic submarine maneuvers,
so as to estimate the degree of unsteadiness in submarine maneuvering. The
description and validation of the CFD model for dynamic sway is presented in
chapter 3, representing objective 1. Chapter 4 then presents the development
and analysis of the database of unsteady maneuvering data, constituting objective 2. This is followed in chapter 5 by theoretical developments towards
a set of model equations for the hydrodynamic forces and moments, based
on concepts from the theory of vorticity dynamics. Chapter 6 then presents
simplifications of these model equations, which result in a set of expressions
suitable for the development of an unsteady force estimation model. Chapter 7 presents the development and validation of the force estimation model,
based on these expressions. Objective 3 is therefore spread through chapters 5, 6, and 7, whereas objective 4 is entirely within chapter 7. Finally, a
summary and conclusions from the research are presented in chapter 8, along
with recommendations for future work.

9

Chapter 2
Theoretical Background
The goal of this chapter is to provide the theoretical background necessary for the discussion of unsteady submarine hydrodynamics during maneuvering. The chapter is divided into four sections. The first presents an
overview of submarine maneuvering, including the different reference frames
for maneuvering analysis and the state variables describing maneuvering submarines. The second presents a description of the flow physics around maneuvering submarines. It includes an overview of the basic flow topology and
a discussion of the physics of unsteady wakes. The goal of this section is to
identify relevant parameters for the discussion of unsteady maneuvering and
hydrodynamics. The third section provides an overview of the current literature on unsteady submarine maneuvering, with a focus on experimental and
computational studies of maneuvering submarine hydrodynamics, as well as
models for unsteady flow effects. In the final section, a survey of a set of
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real submarine maneuvering cases is presented. The goal of this section is to
develop a range of realistic values for the different submarine state variables
during a maneuver and to provide a rough estimate of the degree to which
unsteadiness may be present in these scenarios.

2.1

Submarine Maneuvering
Intuitively, a submarine’s motion can be described in terms of its posi-

tion and orientation in an Earth-fixed space. While technically this space is
rotating along with the Earth and of spherical geometry, such a description
only becomes important for large scale motions, such as when navigating
across many degrees of latitude or longitude [25]. For most maneuvering
problems, the effect of rotation and surface curvature is negligible, and the
Earth-fixed frame can be taken to be both inertial and Cartesian. A submarine’s position in this frame can then be described by a vector of six variables
representing the six degrees of freedom of the submarine,

~x0 = [x0 , y0 , z0 , φ, θ, ψ]T

(2.1)

where the T superscript indicates the transpose of a vector.
For many aspects of the maneuvering problem, it is more intuitive to
work in a reference frame which is fixed to the body of the submarine. The
position coordinates [x0 , y0 , z0 ] then describe the position in the Earth-fixed
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frame of the origin of the body-fixed frame, which is typically placed at
the centre of buoyancy of the body. The body-fixed frame is oriented such
that the x axis runs longitudinally along the boat and points to the bow
(the front of the boat), the y axis is directed to starboard (a sailors right
when he faces the bow), and the z axis forms a right-handed system and
points towards the keel (the bottom of the hull). The orientation coordinates
[φ, θ, ψ] then represent the Euler angles of the body-fixed frame. The motion
of the submarine through the Earth-fixed frame can then be described either
in the Earth-fixed frame in terms of the rate of change of the position and
Euler angles,
h
iT
˙~x = x˙0 , y˙0 , z˙0 , φ̇, θ̇, ψ̇

(2.2)

or in the body frame by the vector of body-fixed velocities,
h
iT
~ = [u0 , v0 , w0 , p, q, r]T = V~ , Ω
~
U

(2.3)

~ and the subscript u0 is here used to distinguish the motion of
The capital U
~ from the motion of the surrounding fluid, ~u. Note that the subthe body U
marine does not move with respect to the body-fixed frame; rather the bodyfixed velocities represent the inertial velocity of the submarine expressed in
terms of the body fixed axis. Throughout this work, the dot notation is
used to represent a derivative with respect to time, a vector quantity will be
indicated with an arrow, and a matrix or second rank tensor quantity will
be bolded. Following the naval architecture conventions for submarines, the
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components of translational motion will be referred to as the axial (u), lateral
(v), and normal (w) velocity, while the components of rotational motion are
the roll (p), pitch (q), and yaw (r) [16][77].
In addition to the position and velocity vectors, two additional angles
are often used to describe the motion of the body with respect to the oncoming fluid flow. These are the angle of incidence, defined as

α = tan−1

w
u

(2.4)

β = tan−1

−v
u

(2.5)

and the drift angle, defined as

With these definitions, for a boat sailing ahead, a positive angle of incidence
α will represent flow from below while a positive angle of drift β will represent
flow from port. Figure 2.1 displays a schematic of the body fixed reference
frame, including the basis vectors, linear velocities [u0 , v0 , w0 ], rotational velocities [p, q, r], forces [X, Y, Z], torques [K, M, N ], and the incidence and
drift angles.
Submarine motion is described by a set of 12 nonlinear ordinary differential equations, which can be derived from Newton’s laws of motion and the
relationship between the body-fixed and Earth-fixed reference frames. These
equations were first formulated in a form specific for submarines by Gertler
and Hagen [29], and were subsequently revised by Feldman [22]. A subma13

Figure 2.1: Body fixed reference frame coordinates, adapted from [96]
rine is free to move in all 6 degrees of freedom in the ocean, and so its motion
is completely described by its position, attitude, velocity, and rotation rate,
representing the 12 independent variables of the equations of motion. The
12 state variables are then the submarine’s position in the inertial frame,
~x0 = [x0 , y0 , z0 , φ, θ, ψ], and the submarine’s velocity, described either in the
inertial or body-fixed frame. For the discussion of fluid flow, it is often more
convenient to work in the body-fixed frame, and so this frame of reference is
preferred in this work and is to be assumed where not otherwise indicated.
In solving the submarine equations of motion, the vehicle’s position and
orientation represent a set of kinematic relations which are independent of the
hydrodynamics. For this reason, the 6 equations describing the submarine’s
position and attitude are often referred to as the auxillary equations, and the
associated position variables as the auxillary variables. For the majority of
this work then, the state vector will be taken to be comprised only of the six
~ . As the focus of this
body-fixed components of the submarine’s velocity, U
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work is on the description of the vehicles hydrodynamics, the full details on
the transformation matrices for linear and rotational motions, as well as the
description of and the solution methodology for the submarine equations of
motion will not be given here. The interested reader is instead referred to
the textbook by Fossen [25] and the work of Gertler and Hagen [29].

2.2

Unsteady Hydrodynamics
The focus of this work is on unappended submarine hulls undergoing

unsteady motions. These motions result in a complicated flow pattern around
the hull, which depends on the details of the submarine’s attitude and motion.
An overview of the flow topology for unappended hulls undergoing steady
translation at various angles of attack is given by Jeans in [48]; a similar
overview for hulls in steady turning is given by Maxwell in [62]. The same
description of the flow will be used in this work.
The flow will be taken to have longitudinal components running along
the length of the hull and cross-flow components running circumferentially.
As incidence is increased, the influence of the cross-flow will strengthen. As
cross-flow increases, the tendency of the flow to separate from the boundary
layer strengthens. Separated flow along the hull forms a set of counterrotating vortices which are attached to the hull by open-topology separation
lines, and whose strength is proportional to the degree of cross-flow. In
general, at low angles the cross-flow will be weak, the vortices will be small,
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and the force on the hull will be dominated by skin friction and oriented
along the hull. At high angles, the cross-flow will be strong, the vortices will
be large, and the force on the hull will be dominated by pressure drag due
to separation and will have a significant normal component. The degree to
which these effects are altered by unsteadiness during the maneuver is the
subject of this research.
Physically, there are two mechanisms by which unsteadiness is known
to affect the hydrodynamic forces. The first is referred to as the fluid addedmass force. A body undergoing unsteady motion must at some time have a
non-zero acceleration, however in order for the body to accelerate, it must
also accelerate some of the surrounding fluid. The force required for this
fluid acceleration is supplied by the body via the added-mass force, which
is so named due to it appearing with the inertial-terms in the equations of
submarine motion. These forces arise due to coupling between the pressure
field and the changing velocity field during acceleration. Added mass forces
are by definition an unsteady hydrodynamic force, being proportional to
acceleration and not velocity, and all models of submarine dynamics include
them. Added mass forces are often calculated from inviscid flow theory, for
which multiple satisfactory models already exist. For a variety of reasons,
viscous and unsteady wake effects on the added mass forces are assumed to
be negligible. Among these is that high accelerations tend to be brief, and
viscous and wake effects do not have enough time to develop and influence the
added mass force [94]. The standard quasi-steady assumption for unsteady
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flows includes added mass forces, and so for all of these reasons, added mass
forces are not the focus of the present research work. They remain however
an essential component of the unsteady flows and motions which will be
examined.
The second mechanism for unsteady hydrodynamic forces is related to
the viscous wake. The theories presented in this section largely follow the
presentation of Katz and Plotkin in [50], and the interested reader is referred
there for further details. It is well known from aerodynamic theory that, given
only the shape of an airfoil or other 2 dimensional object and the no-flowthrough condition, the steady inviscid flow around this object is only defined
to within an arbitrary constant. An additional constraint is required in order
to fix the flow to a single configuration. For 2D airfoils, this constraint is
typically described as the requirement that the flow separate smoothly at the
trailing edge, and is referred to as the Kutta condition. Mathematically, the
Kutta condition is used to set the value of the total circulation Γ about the
airfoil, where circulation is defined as
I

ZZ

~
ω
~ · dS

~u · d~τ =

Γ=
dS

(2.6)

S

where S is a closed surface surrounding the body, ~u is the flow velocity, ω
~
~ While
is the vorticity, and d~τ is a vector tangential to the local surface dS.
sections of a submarine hull do not have a trailing edge or an equivalent to the
Kutta condition, there will still be circulation associated with the section.
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Physically, this circulation is created by the generation and transport of
vorticity away from the wall in the boundary layer as a result of viscous
forces, and is proportional to the lift force on the body. It is often referred to
as bound vorticity, due to the fact that it moves with the body as if bound
to it.
The net effect of the circulation at each section of a 3D body such
as a wing or a submarine hull will be a vorticity distribution on the body,
referred to as the bound vortex. Helmholtz’s laws of vortex motion state
that a vortex filament cannot begin nor end on solid surfaces or within the
fluid, but must instead form closed loops. Vortices are therefore shed from
the body continuously into the wake. For 3D wings, these vortices form the
familiar horseshoe or tip-vortex pattern, while an analogous process occurs
for a submarine hull. The wake vortices will extend downstream away from
the body, eventually forming closed loops and satisfying the requirement of
Helmholtz’s laws. The strength of these vortices is such that any closed
circuit which encompasses the body and the wake vortex system will have
zero net circulation, although a non-zero local circulation can be defined on
circuits which do not include the entire vorticity field.
In an unsteady flow, the wake vortex system must evolve dynamically
in response to motion of the body. As the body moves through the fluid, a
change in orientation will be accompanied by a change to the local circulation
at a section. The bound vortex will therefore change in response to the
motion, and the wake vortex system must change with it to maintain zero net
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circulation. The time rate of change of circulation is governed by Kelvin’s
condition, which states formally that the total circulation about a closed
circuit is constant,
DΓ
D
=
Dt
Dt

I

~u · d~l = 0

(2.7)

C

As the body maneuvers then, it must also shed closed vortex loops into the
wake. These loops must all satisfy both Kelvin’s and Helmholtz’s laws for
vortex motion, and the vorticity field around the body will evolve along with
the motion of the body.
It is important in this discussion to recall that vorticity is a kinematic
variable derived from the velocity; it is not independent of the velocity field
but rather a way to describe it. The vorticity is formally defined as the curl
of the velocity field
ω
~ = ∇ × ~u

(2.8)

This means that if the vorticity field is continuously changing due to the
shedding of vorticity, then the velocity field must be as well. The velocity
field can be expressed in terms of the vorticity field by the Biot-Savart law,
1
~u(x0 ) =
4π

Z
V

ω
~ × (~x0 − ~x1 )
dV
|~x0 − ~x1 |3

(2.9)

where V is the vorticity containing volume of fluid, ~x0 is the point at which
the velocity is desired, and ~x1 is a point in V . In an incompressible flow, a
change in the velocity field will also be accompanied by a change in the pres-
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sure field. Unlike vorticity and velocity this relationship is dynamic rather
than kinematic. It follows that changes in the velocity and pressure fields will
also be accompanied by changes to the force on a body. The transient evolution of the vorticity field due to shed vorticity therefore induces a transient
change in the force on a body undergoing unsteady motion, via changes in
the velocity and pressure fields. The location and orientation of the body and
wake, as well as the strength of the wake vorticity, will determine whether
this effect inhibits or enhances the equivalent steady force. If transient motion is stopped, these effects will decay as the unsteady wake is swept away
from the body, until the steady value is achieved.
These processes are well understood for simple shapes like airfoils and
wings, and can be described adequately by inviscid aerodynamics theories
coupled with models of the wake dynamics. No equivalent models yet exist for
more complicated bodies such as submarine hulls. It is these effects due to the
dynamics of the unsteady wake that contain time history information, since
they are dependent on the instantaneous wake shape and orientation, and it
is also these effects that are neglected in quasi-steady models for maneuvering
hydrodynamics. The investigation of these effects is the primary motivation
of this work.
The flow of water around a submerged submarine is described by the
incompressible Navier-Stokes equations, written here in tensor notation as
∂ui
=0
∂xi
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(2.10)

∂ui
∂ui
1 ∂P
∂ 2 ui
+ uj
=−
+ν
+ Fg,i
∂t
∂xj
ρ ∂xi
∂xj ∂xj

(2.11)

where the variable ui is the flow velocity in the i-th direction, ρ is the density of the fluid, P is the fluid pressure, and ν is the kinematic viscosity.
Equation 2.10, the continuity equation, represents the conservation of fluid
mass, while equation 2.11 represents the conservation of fluid momentum.
The terms of the momentum equation represent, from left to right, the local
acceleration of the fluid, the convective transport of momentum, the transport due to pressure forces, the transport due to diffusion, and finally the
transport by gravitational forces. The single term of the continuity equation
represents that an incompressible fluid must be free of dilatation, i.e. that
the total volume of a fluid element must be conserved. For a deeply submerged submarine, the effect of the gravitational force on the fluid flow is
the simple introduction of the hydrostatic head, ρgh, where h is the depth
from the surface, and can be bundled into the pressure term of the equation.
This work is only concerned with deeply submerged submarines, and so the
gravitational force will not be discussed further.
The flow will be taken to be characterized by a length scale `, a velocity
scale U∞ , and an unsteady time scale T . For submarine maneuvering problems, ` is typically taken to be the length of the boat, U∞ the free stream
velocity, and T to be some characteristic time scale of the unsteady motion,
for example an oscillation period. The momentum equation can then be
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non-dimensionalized as

St

0
∂u0i
∂P 0
1 ∂ 2 u0i
0 ∂ui
=
−
+
+
u
j
∂t0
∂x0j
∂x0i
Re ∂x0j ∂x0j

(2.12)

2
. Two nonwhere u0 = u/U∞ , x0 = x/`, t0 = t/T , and P 0 = P/ρU∞

dimensional parameters are seen to arise which can be used as a short-hand
to describe the fluid flow. The first is the Reynolds number, defined as

Re =

ρU∞ `
µ

(2.13)

where U∞ and ` are velocity and length scales characteristic of the flow. The
Reynolds number represents the balance of inertial and viscous forces. For
a typical hydrodynamics problem, Reynolds number will be well into the
millions, and the viscous effects can therefore be neglected everywhere in the
fluid except near solid walls and in the wake, where the submarine length is
no longer the appropriate length scale.
The second non-dimensional number is the Strouhal number, which is
defined as
St =

f`
`
=
U∞
T U∞

(2.14)

and represents the balance between unsteady flow effects and inertial ones.
The term `/U∞ can be interpreted as the time required for fluid to flow over
the submarines hull, while f = 1/T is a frequency or time scale characteristic
of the unsteadiness. If the Strouhal number is significant in the problem, then
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the unsteady timescale T must be of a similar length to the flow over time.
Physically, this implies that the fluid would ‘feel’ the effects of unsteadiness
as it flows over the hull.
It is common practice to delineate between unsteadiness which arises
within the flow, which is described by the Strouhal number, and unsteadiness
imposed by external sources. An example of the former is seen in the periodic
shedding of vorticity from a stationary cylinder, while an example of the
latter is the unsteady motion of a submarine hull in an otherwise constant
flow. In the latter case, it is common to refer instead to a value known as
the reduced frequency, which is defined as

k=

f`
2U∞

(2.15)

The factor of 2 arises from geometric conventions in the study of aeroelasticity, where it is common to place the origin at the mid-body. This document
will make frequent use of the reduced frequency to describe unsteadiness,
however both parameters effectively describe the unsteadiness in fluid flows.

2.3

Literature Survey

2.3.1

Experimental Studies

The obvious method for testing the maneuverability of a submarine is
to perform a set of trial maneuvers on the existing submarine in real world
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operating conditions. Such trials testing is commonly done by shipyards,
after construction or modification but prior to delivery, in order to satisfy
the client that a set of maneuvering design criteria has been reached. A
common set of maneuvers exists, for example steady turns and zigzags, which
demonstrate the ability of the submarine to achieve a certain turning radius,
the speed at which it initiates or exits maneuvers, the speed at which it
can about-face, and other important performance criteria. While such trials
are excellent for demonstrating the satisfaction of design or classification
requirements, they have a number of draw backs that make them unsuitable
for scientific study. These include the fact that the real ocean environment is
often complex and difficult to record, that operational submarine geometries
are complex and individual phenomenon difficult to isolate, and that trials
are prohibitively expensive for some scientific purposes. For these and many
other reasons, sea trials are not good candidates for the kind of detailed
analysis required in this study.
Experimental work on maneuverability is instead performed on scale
models of the submarine in specially designed facilities. Experiments in maneuverability can be split into two distinct methods. In captive model testing,
the model is placed in a carriage such as a Planar Motion Mechanism (PMM)
or rotating arm, and is forced through a variety of static and dynamic maneuvers in a towing tank or similar facility. This method allows researchers
to achieve motions which would not be possible for a real submarine, and to
isolate specific hydrodynamic phenomena with specially chosen maneuvers.
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The alternative method is free swimming testing, in which the scale model
is outfitted with a propulsor and control surfaces, and operated either by
auto-pilot or remote control in a specially designed basin. This method most
closely resembles at-sea trials in full scale, and has been remarked as being
the most accurate predictor of full-scale maneuvering performance [39].
While both methods are informative for studying the maneuverability
of a submarine, by design the two methods produce very different datasets.
Captive model testing is able to record the reaction forces and moments experienced by the hull as it undergoes the prescribed maneuvers, and as a
result is ideal for the validation of CFD models for the hydrodynamic forces
and for the generation of hydrodynamic maneuvering coefficients. Free swimming tests on the other hand will record the kinematics experienced by the
submarine as a result of its control actions, and are useful for the validation
of vehicle dynamics models. The focus of this work is on unsteady hydrodynamic effects during maneuvering, and both types of testing are of interest.
For the case of captive model testing, only dynamic tests of submarine maneuvering performance will be reported here. For static captive model tests,
a detailed survey of experimental studies for submarines undergoing steady
translation is presented by Jeans in [48], while a similar database for submarines undergoing steady turning has been presented by Maxwell in [62].
Several unsteady captive model studies have been conducted by a lab
at Virginia Polytechnic Institute and State University. Wetzel and Simpson
[98], Wetzel [97], and Wetzl et al. [99] present the results of experiments
25

on a 6:1 prolate spheroid undergoing combined pitch and plunge maneuvers,
tested in the stability wind tunnel at Virginia Polytechnic. Their results
focus on the location of the separation lines during the unsteady maneuvers,
however force and moment data are also presented in [97]. Hoang et al.
[40] [41] present experiments on a similar prolate spheroid, with a focus on
the surface pressure distribution, and find that dynamic maneuvers delay
the onset of separation as measured by surface pressure, in comparison with
steady maneuvers. Hosder and Simpson [43][44] repeated these experiments
with the DARPA Suboff hull geometry, both with and without a sail, focusing
on separation line location exclusively. Granlund and Simpson [35] then
examined the unsteady force and moments, again from the same combined
pitch and plunge maneuver. The results of this work demonstrated significant
differences between unsteady motion and equivalent steady tests, both in
terms of the force and moments and the separation locations. While the
work from this lab represents the largest and most detailed contribution to
the available data on unsteady submarine maneuvers, preliminary analysis of
this work found that the unsteady effects measured were strongly dominated
by added mass due to the high pitch acceleration used, with negligible effect
due to motion history and essentially quasi-steady conditions. Further, the
range of pitch rates swept during this motion were considered low for a
submarine undergoing realistic maneuvers.
A series of towing tank tests were undertaken by a lab at Memorial
University Newfoundland, using the Marine Dynamic Test Facility (MDTF)
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rig and Planar Motion Mechanism (PMM) at the National Research Council
Institute for Ocean Technology. Mackay et al. present the testing of the
Albert model of the Canadian Victoria class submarine in [59], including dynamic tests in sway and yaw, however the published dataset is quite limited.
Williams et al. [102] present experiments focused on the maneuverability of
an Autonomous Underwater Vehicles (AUV) including dynamic sway data.
The AUV hull investigated is geometrically similar to a submarine hull, including axisymmetry, and was tested unappended. A more complete dataset
on the AUV testing is available in [6], which includes the results of dynamic
yaw tests. Azarsina found that the hydrodynamic maneuvering coefficients
predicted by his tests were functions of the frequency of the oscillating motion, indicating significant unsteady effects for the range of conditions tested.
Dynamic sway and yaw tests were performed on the DARPA Suboff
model as part of its development, the results of which are presented by Roddy
in [78]. These tests were conducted on a PMM mechanism in a tow tank at
the David Taylor Model Basin for a variety of configurations including the
bare hull. The goal of these experiments was to evaluate the stability and
control characteristics of Suboff, and so the complete force and moment data
from the dynamic tests is not presented. Roddy does present the hydrodynamic stability coefficients and derivatives, which are generated from the
force and moment data, including the dynamic tests. Unfortunately this
does not represent enough data to investigate the effect of transience on the
instantaneous forces.
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Investigations into the effect of unsteadiness on submarine maneuvering
were conducted at the David Taylor Model Basin. Szebehley and Niederer
[84] studied a 7:1 spheroid mounted to a torsional oscillator, undergoing free
oscillation in a towing tank over a range of advance speeds. The model was
first deflected to an initial angle and released. The measured frequency was
found to be constant for a given advance speed and initial deflection. In their
analysis, the added inertia of the system was assumed to be constant, and
the frequency dependence of the hydrodynamic damping was investigated
by measuring the rate of decay of the peak oscillation amplitude. Their
results do show that the hydrodynamic damping is dependent on the reduced
frequency of the motion, however the study also contained some unexpected
results that suggested that added inertia may also contain some frequency
dependence, which was counter to their initial assumption. Their study was
inconclusive as to these latter points. As with Roddy, they do not report the
history of the damping force, but rather the value of the estimated damping
coefficient.
A final study of the unsteady forces on a maneuvering submarine is
provided by Sevik [80], who conducted a heaving experiment in a water
channel on an 8:1 ellipsoid. Sevik’s experiment made use of small heave
oscillations producing a maximum angle of attack of 5.2◦ , and tested at only
a single reduced frequency which was relatively large, likely due to restrictions
imposed by the testing apparatus. The results however showed significant
differences between the oscillatory pressures on the body and those predicted
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by potential flow theory.
A set of free swimming model tests have been conducted by the Maritime Research Institute Netherlands (MARIN) on the generic BB2 submarine geometry as part of an Australian-Dutch cooperative study on submarine
maneuvering [71]. These tests comprise several trial maneuvers such as turning circles and zigzags in both the vertical and horizontal plane. The dataset
released does not include the full set of maneuvers examined, however the
data is of high fidelity and includes the full vehicle kinematics as well as
propulsion and control surface settings. While this data does not provide
force information of the kind required for the hydrodynamics database, it
does provide enough information to investigate the maneuvering kinematics
and provide a point of comparison to dynamic models.
In addition to submarine specific studies, interest in related geometries
such as aircraft fuselages and missile/torpedo systems has spurred research
into the study of generic cylindrical geometries undergoing different maneuvers. Gad-el-Hak [27] studied an ogive-cylinder undergoing an oscillatory
pitching motion in a water channel using a fluorescent dye visualization technique to observe the unsteady flow structures in the wake. The results revealed a strong topological difference between the separation on the upstroke
of oscillation, which began on the aftbody and spread forward, and that on
the downstroke, which was anchored to the forebody and spread aft. Rediniotis et al. [76] performed a similar study on a hemisphere-cylinder using
Laser Doppler Velocimetry (LDV). As with Gad-el-Hak, their results showed
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significant differences between the observed steady and unsteady wakes which
were dependent on the reduced frequency of the pitching motion. Following
these studies, Montividas et al. [65] used wake flow visualization to perform
a parametric study on the pitching motion of conical-cylinders in a wind
tunnel. Their results demonstrated that the quasi-steady assumption would
have a narrow range of applicability that was related to body size and aspect
ratio as well as the pitching rate of the sweep, and defined the boundaries of
three different wake regimes based on the shedding of the wake vorticity. A
number of similar visualization studies have been carried out, however many
of them focus on high Mach numbers, making their relevance to submarine
flows limited, and few report the forces and moments on the vehicle during
pitching. An exception is the work of Smith and Nunn [82][83], who performed experiments on a flat-based body of revolution undergoing uniform
pitching at low Mach number, and report the forces, moments, and centre
of pressure for a variety of rates of pitch. As with the related visualization
studies, their work found that significant deviation from the steady results
was present once the rate of pitch passed a threshold value. Unfortunately
this work did not report enough information to calculate a reduced frequency
value corresponding to this threshold pitch rate.

2.3.2

Computational Studies

As with experimental studies, simulation methodologies can be divided
into two sub-categories based on the means of simulating the motion. In a
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prescribed motion model, the geometry is subjected to a series of motions
in order to calculate the force and moment response in a variety of configurations. This is the computational equivalent of captive model studies, and
as with captive models, some of these motions may not be achievable by a
real submarine but are useful for evaluating the hydrodynamics. The alternative are 6-DOF motion studies, which couple a hydrodynamics model with
a model for the submarine motion and possibly the control systems. These
models are equivalent to free swimming tests, and give very high fidelity results of the hydrodynamics during maneuvering. The coupling tends to make
such models very expensive. A major advantage of these studies compared
to free swimming models is that there is a much greater ability to isolate
different hydrodynamic phenomenon, and to track both the kinematics and
the force concurrently. A number of CFD studies for submarine geometries
in steady motion have been conducted, and for a more detailed overview the
reader is again referred to the work of Jeans for submarines in translation
[48] and Maxwell for submarines in steady turning [62]. This review will
focus only on simulations of unsteady submarine motion.
The pitching prolate spheroid case studied experimentally by Wetzel
[98] was simulated by Rhee and Hino [75] using a finite volume CFD code
based on the artificial compressibility method. They use a body force term
to simulate the motion in the body frame, with the standard one-equation
Spalart-Allmaras turbulence model. Their force and moment predictions
were accurate early in the maneuver, but increasingly in error at late times
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and high angles, with a maximum error of approximately 30%. The unsteady
effects due to pitching were clearly observable in terms of the skin friction
lines, and were consistent with the experiment in terms of forces and moments. Numerical predictions for the separation line location and the skin
friction and pressure coefficients at the hull surface were qualitatively well
predicted, but increasingly in error towards the rear of the body near the
suction peak. Comparison with steady numerical cases showed a strong dependence on the choice of turbulence model; Rhee and Hino attribute the
deficiencies of their model to the simplicity of the one equation SA model.
Taylor et al. [85] present the results of simulations of the 6:1 prolate
spheroid undergoing maneuvers, as examined experimentally by Hoang et al.
[40][41]. Their numerical model is similar to that used by Rhee and Hino,
but makes use of the algebraic Baldwin-Lomax turbulence model. They compare computed and experimental surface pressure distributions, and achieved
good qualitative agreement with the experimental results. Their model was
not able to accurately predict the separation location reported in the experimental work, especially in high incidence cases. This issue was present
in both steady and unsteady simulations, and as with Rhee and Hino they
attribute this to possible deficiencies in the turbulence model for both high
angles of attack and high degrees of unsteadiness.
Stanek and Visbal present the results of simulations on a cylindrical
geometry with a tangent-ogive forebody in a pitch-up and hold maneuver,
similar to the cases studied experimentally by Smith and Nunn [82] and
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Gad-el-Hak [27]. Their study uses a fully compressible method, despite the
modest Mach number of 0.28 in the simulation. Validation for the cylindrical
geometry was not presented, although the authors claim the code to have
been previously validated for unsteady delta wings. The authors also neglect
to discuss their choice of turbulence model. Their results showed significant
differences for the normal force in comparison with steady simulations, and
they provide a detailed description of the vortex dynamics along the body.
The high Mach number, lack of validation, and lack of detail on the numerical
model however make it difficult to comment further on this study.
Bettle performed coupled 6-DOF simulations of the appended DRDC
STR geometry using Ansys CFX [8]. Bettle’s focus was on the details of rollstability during the emergency rising maneuver and the interaction between a
submerged submarine and passing surface ships, however he reports detailed
force and moment data as well as motion histories for the cases he examined.
The development and validation of a similar six-DOF capability is described
by Zierke et al. [109], and includes the description of the maneuver history
and forces for a variety of maneuvering scenarios in the development of that
code. The majority of the cases presented are self-propelled and fully appended. In these and other 6-DOF simulations, it is difficult to evaluate the
role of unsteady hydrodynamics, due to the use of fully appended hulls, often
with propulsion, and coupled-kinematics. They do however provide good insight into the requirements for accurate submarine maneuvering simulations
from CFD.
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In addition to the detailed cases presented above, several authors have
presented the use of CFD models to calculate the maneuvering coefficients
for submarine geometries. These include the study of Toxopeus [90] which
presents a detailed overview on the use of CFD for calculating maneuvering
coefficients, and includes an examination of the bare-hull Suboff geometry.
Another example is the study conducted by Pan [72], which attempted to
replicate the PMM tests of Suboff reported by Roddy [78] using Ansys Fluent.
While clearly of interest for the field of submarine maneuvering, these studies
focus on and present the integrated quantities of interest for traditional ship
maneuvering, i.e. the maneuvering coefficients. This makes them poorly
suited for detailed discussions on the physics of unsteady hydrodynamics
during the maneuvers in question, and as such they are mentioned here for
completeness only.

2.3.3

Unsteady Hydrodynamic Models

The classical models for unsteady aerodynamic forces are those developed for the unsteady inviscid flow about flat plates by Wagner [93] and
Theodorsen [86]. In their analysis, closed form solutions for the flow around
an impulsively started flat plate (in the case of Wagner) and an oscillating
flat plate (Theordorsen) were found. These solutions are expressed in terms
of special functions, referred to as the Wagner and Theodorsen functions,
which are functions of the reduced frequency of the motion. In both models,
the effect of the unsteady wake is separate from the force due to added mass.
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The qualitative features of these models are easily extended to airfoils, which
have similar separation topologies, however for more complex bodies such as
a submarine hull no such extension is available.
The Wagner function represents the airfoil’s response to a step change
in angle of attack. A more generalized version of this concept is the indicial
function, which represents the aerodynamic response of any object to a step
change in a single forcing parameter, for example pitch rate, angle of attack,
or Mach number. This concept of the indicial function was pioneered by
Tobak [87] in his work which investigated the short period pitching motion
of aircraft. Once calculated, the indicial functions can be used in Duhamels
integral to calculate the complete response of the aircraft to a series of step
changes during a maneuver, as described by Etkin in [19]. Note that the original implementation of indicial functions using Duhamel’s integral assumes
that the aircraft’s aerodynamic response during maneuvering is linear. Tobak
and Schiff [88] later extended this concept to cover nonlinear aerodynamic
response, by using a functional formulation of the indicial response. Whether
linear or nonlinear, the indicial functions themselves can be determined either from experimental data or by computational models. This technique
has been developed primarily by the aerospace industry, and examples of the
use of indicial functions for aircraft can be found in the experimental work of
Klein and Noderer [52] [53] and Klein and Murphy [54]. Additionally, the use
of CFD methods to calculate the indicial functions has been demonstrated
successfully by Ghoreyshi and Cummings in [30] and [31]. A criticism of
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the indicial function method is that the extension into the non-linear regime
requires an ever increasing number of model constants and an increasingly
complex kernel for the indicial functions themselves. Testing for these constants becomes exceedingly complex and expensive, and the relation of the
mathematical structures to flow physics becomes less obvious. The method
also neglects any possible multivariate effects by assuming functions of a
single parameter.
A similar category of methods exists for analyzing memory effects as
they relate to the radiation of waves at the free surface, where they are
referred to as retardation functions or impulse response functions. The use
of impulse response functions for time domain predictions of fluid memory
effects on surface ships was pioneered by Cummins [14], while the extension
to frequency domain predictions was developed by Ogilvie [70]. While the
mathematics of these methods are similar, the physics they describe is quite
different. The fluid memory effect of the free surface is a purely inviscid
phenomenon due to the generation of free surface waves, while the motion
history effect described here is due instead to the vortical wake generated by
a viscous flow. As they are more directly applicable to the present problem,
aerospace methods developed for vortical lifting flows will be the focus of
the present work. To the author’s knowledge, the use of indicial function
methods for the hydrodynamics of fully submerged submarines has not yet
been attempted.
An alternative to the indicial function approach is those models which
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are based on the extension of the vehicle’s state variables to include dynamic
flow effects. In these models, the hydrodynamic forces are written as a system of ordinary differential equations (ODEs) which are based on a set of
state variables, as in the submarine equations of motion. These ODEs are
enhanced by a second set of equations which represent dynamic events during
maneuvering, and which extend the number of state variables required. The
following example, which was originally presented by Goman and Khrabrov
in [33], helps illustrate the idea.
The lift coefficient is taken to be described by the vehicle’s angle of
attack α, and the point of separation on the body, symbolized here by the
location x, so that cl = f (α, x) and the additional state variable x has been
introduced. In a steady flow, the separation location can be taken to also
be a function of α, and the system reverts to being a function of only the
steady velocities or equivalently the standard flow angles, which is familiar
from steady hydrodynamics. In an unsteady flow however, the separation
point is now a function of time, so that cl = f (α, x(t)) = g(α, t).
Some of the unsteady effects, for example those observed by Wagner
due to incremental change in angle of attack [93], can be represented as
a time lag required for the flow to reach the steady value, which is due
to the rate of change. Those effects could then be modeled as a shift of
the steady state separation point, x0 , so that x(α) = x0 (α − τ1 α̇). Models
which only incorporate these effects are sometimes referred to as lead/lag
models. The additional variable τ1 is here a model constant representing
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the lag time induced by, for example, the convection rate of vorticity away
from the body. Additional terms are required however in order to model
more complex transient events, such as vortex bursts for example. Goman
illustrates this with a relaxation process which is meant to represent the
dynamics of the separation process on an airfoil as

τ2

dx
+ x = x0 (α − τ1 α̇)
dt

(2.16)

This introduces the second model constant τ2 as a relaxation constant in a
more complex dynamic equation for the separation location. The relaxation
and delay time constants must be found either from experiment or further
computational studies. When coupled with the original equation for the
coefficient of lift, a more complex model for the unsteady hydrodynamics is
achieved, with an expanded set of state variables and model constants.
Lead/lag models and state space models have been used successfully for
a number of applications in the aerospace industry. Goman and Khrabrov
[33] went on to show that the simple model presented above can be used to
accurately model the lift on a pitching NACA0015 airfoil up to approximately
40 degrees incidence at several different pitch rates, and expanded the model
to cover vortex breakdown on a delta wing [33]. Fan and Lutze [21] expanded
Goman and Khrabrov’s model to more accurately include the dynamics of
vortex bursting, and used it to model the maneuvering of a complete F18 aircraft. Leishman and Nguyen [57] applied the method to unsteady
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oscillation of airfoils in rotorcraft blades at various reduced frequencies and
Mach numbers. As part of their research on the Suboff geometry, Granlund
and Simpson [36] developed a simple state space model for the added mass
of Suboff undergoing an accelerating heave motion. Their model was based
on relations from potential flow. They showed that a state dependent added
mass produced better matches to experimentally measured forces on the
accelerating Suboff.
Additional models exist which represent promising alternatives to both
state space and indicial function models. Gyoryeshi et al. [32] describe the
use of machine learning methods to develop a recursive neural network capable of rapidly predicting unsteady, nonlinear forces for aircraft based on
training data from Euler and RANS based CFD. Hall et al. [38] have demonstrated a method to develop a force estimation model using the POD modes
of an ensemble of small disturbance based flows in the frequency domain.
Hall’s method required a small number of base flows, on the order of 20, in
order to construct the POD modes. Willcox and Peraire [101] demonstrated
that such a method could be used in either the frequency or time domain, and
that by using a POD technique that is based on both the aerodynamic system
inputs and outputs, they can achieve a higher reduction in the required number of modes. Silva [81] presents aerodynamic force estimation models based
on the use of the Volterra series. While all of these models show promise as
force estimation methods, it is felt that they represent too significant a departure from the existing modeling strategy employed for quasi-steady flows,
39

and that a model extension using these methods is not within the scope of
the current research. For that reason, they are not reviewed further here.

2.4

Survey of Maneuvering Kinematics
As a first step in the examination of unsteady maneuvering, a survey

of the kinematics of some typical and atypical submarine maneuvers was
conducted. The purposes of this survey was to generate a set of reasonable
values for the submarine motions, so that the flow models analyzed in later
sections can be evaluated for their relevance to actual submarine motions.
The aim of the survey is to identify a range of values for the submarine
state variables during a maneuver, as well as to develop methodologies for
evaluating the characteristic time scale of some common maneuvers. The
database of maneuvers examined constitute a set of experiments for the BB2
configuration submarine performed as part of an Australian-Dutch collaborative study, and includes free swimming experiments conducted by MARIN
[71], and numerical simulations conducted by Dr. Mark Bettle at DRDC
Atlantic [9]. Additional simulations were conducted by Dr. George Watt of
DRDC Atlantic on the DRDC-STR geometry [95], with the goal of purposely
creating maneuvers with a high degree of unsteadiness.
The tests of the BB2 configuration, conducted experimentally by MARIN
and simulated by Bettle, consist of several standard trials maneuvers for analysis of the BB2 hull. These include a test of horizontal turning with constant
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rudder angle, horizontal planar zigzags, vertical planar zigzags, depth change
maneuvers, and vertical rising maneuvers. The tests investigated by Watt
for the STR include an acceleration-deceleration, horizontal zigzags, vertical
zigzags, spiral zigzags, and horizontal turning maneuvers. For the purposes
of this survey, the discussion will be restricted to planar maneuvers, and
the spiral maneuvers will not be considered. While the maneuvers are all
reported in 6-DOF, data will only be presented on the three planar variables
that are most relevant to the case in question. For example, in the horizontal turn, only the axial, lateral, and yaw velocities and accelerations will be
examined. Since the maneuvers investigated for both the STR and BB2 all
have different control protocols and kinematics, comparison across the maneuvers is not believed to be meaningful for this survey, and the maneuvers
will be grouped and discussed by the motion type.
For all maneuvers, the initial condition was a steady straight ahead
advance with control surfaces at neutral positions. The BB2 geometry was
scaled to 3.826 m for both the free swimming and simulated cases, and has
an initial advance speed of U0 = 1.2 m/s, which corresponds to 10 knots
when Froude scaled. For the STR geometry, the simulations were conducted
at full scale, with a hull length of 70m. These simulations were conducted
with the advance speed set by a requested engine RPM rather then an initial
speed condition. The advance speed is alternated between approximately 4
m/s and 9 m/s or 8 and 18 knots, which respectively correspond to 100 and
200 requested rpm from the engine. The results of the statistical analysis are
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reported in tabular form in appendix A at the end of this document.
The aerospace industry typically recommends that unsteady effects be
considered for reduced frequencies k ≥ 0.05 for problems such as flutter in
helicopter rotors. To the author’s knowledge, no submarine specific standard
exists for this quantity or unsteady effects in general. For the purposes of
this survey, the reduced frequency will be considered significant when it is
over a value of approximately k = 0.1. This criteria was somewhat arbitrary,
however as a better understanding of the role of unsteadiness in submarine
hydrodynamics is one of the goals of this research, it is hoped that a more
well defined criteria will be established as a result of the present work.
In estimating the reduced frequency, some measure of the characteristic
timescale of the maneuver is required. For oscillating maneuvers, this can
be easily identified as the period of the oscillation. For transient maneuvers
however, it is less straightforward to identify the most relevant timescale, as
several potential candidates exist depending on the interests of the study.
Standard values used in systems theory to measure the transient response
include the peak time, which is the time required for the transient response
to reach a maximum, the rise time, which is the time required to reach some
fraction of the final steady value (e.g. 90%), and the settling time, which is
the time required for the signal to settle continuously within some margin of
the steady value (e.g. ± 1%). The peak time and the rise time both measure
the swiftness of the transient, with the rise time preferred in over-damped
cases without overshoot and the peak time preferred otherwise. The settling
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time instead measures the speed at which the system can achieve a steady
state. While these quantities are related, they describe different aspects of
the response. For example, a system with a rapid initial response and hence
low peak time may have large overshoots and significant ringing, leading to
long settling times.
The maneuvers studied here can be categorized into three general types:
transient response to fixed control input, transient response to varied control
input, and periodic response to control input. As discussed, the periodic case
can be simply handled by estimating the period. For the case of transient
response to fixed control input, the peak time will be the preferred measure
of the transient time scale, as the systems are generally under-damped, and
do not necessarily reach a steady operating state suitable for measuring the
settling time. For the case of transient response to varied control input, the
settling time will be utilized, as these cases possess several peaks in response
to the varied control input, that make the determination of a peaking time
somewhat arbitrary.

2.4.1

Horizontal Turns

The most straight forward of the maneuvers is the horizontal turn. The
submarine is initially travelling forward at constant speed, and at time zero,
the rudder is brought about to a specified angle. The rudder force will cause
the submarine to develop a yawing and swaying acceleration, which after an
initial transient will eventually be countered by hydrodynamic forces. The
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Figure 2.2: Sample Trajectory, Horizontal Turn Maneuver
submarine will settle into a steady turning circle with a constant turning
radius and angle of drift, with the nose of the submarine pointed in. The exit
phase of the maneuver is not investigated for all cases, but for those where it
is, the rudder is brought back to neutral, and the submarine will settle back
onto a straight line course. Figure 2.2 plots the trajectory and attitude of
the BB2 geometry in a sample turn from DSSP51 simulations. The entrance,
turn, and exit are all plotted, and the steady drift angle is clearly visible.
This turn represents the tightest turn simulated, at 30 degree rudder angle,
and correspondingly has the highest steady drift angle at approximately -11
degrees.
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The normalized velocity signal is plotted in Figure 2.3, and the normalized acceleration in Figure 2.4. It can be clearly seen that after an initial
transient, the acceleration falls to zero and all of the state variables maintain
a steady value for the bulk of the turn, until the exit is initiated. For the
case of the horizontal turn, the maneuver can be interpreted as the impulsive
response of the boat to a step change in rudder. The characteristic timescale
for the transient portion of the maneuver can then be estimated from the
peaking time Tp , which is the time required for a variable to reach its maximum value in the transient phase. The peaking time will then be used to
calculate the reduced frequency for the transient portion of steady turning
maneuvers. The peaking time for the various velocity signals in Figure 2.3
can be seen to be approximately similar, and so the peaking time estimate
will be based on the drift angle signal.
The cases investigated by Bettle, MARIN, and Watt contain 19 steady
turning maneuvers. This includes simulations from both DSSP and CFD, free
swimming tests, and studies of both the scaled BB2 model and the full size
STR. These maneuvers were examined to identify characteristic values for the
surge, sway, and yaw velocities as well as the reduced frequency. Normalized
values for the mean and absolute maximum velocity and acceleration are
given in Tables A.1 and A.2.
Note that due to the noise in the experimental data, acceleration statistics for the free swimming model could not be satisfactorily calculated. The
normalized accelerations are modest for the BB2 DSSP runs. Both the mean
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Figure 2.3: Sample Maneuver Velocities, Horizontal Turn Maneuver
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Figure 2.4: Sample Maneuver Accelerations, Horizontal Turn Maneuver
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and the absolute maximum however are at least an order of magnitude higher
for the STR runs in comparison. This is in contrast to the velocity statistics, which were similar between the two geometries. This indicates that
the attempt to purposely induce unsteadiness in the simulations of the STR
geometries produced significant deviations in the acceleration felt by the vehicle, but that these differences in the accelerations did not result in a large
change in the velocity statistics. It is likely that this is due to the fact that
the action taken to induce the unsteadiness were not sustained, leading to
brief spikes in the acceleration which are not sustained for enough time to
significantly change the velocity from the more typical cases.
The reduced frequency, as estimated from the peaking time, is also
included in Table A.1. It can be clearly seen that the reduced frequency
increases with increasing rudder angle. Significant values are seen for all
maneuvers, reaching as high as 0.6 for the STR cases. This indicates a high
likelihood that unsteadiness is significant for steady turns during the transient phase of the maneuver. It is important to note that while this analysis
indicates unsteadiness is likely to be significant to the forces during the transient phase, it is unclear from this analysis to what extent the maneuvers
trajectory or steady equilibrium values would be sensitive to unsteadiness, if
at all.
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2.4.2

Horizontal Zigzags

Zig zags are a common maneuver used in sea trials to assess the performance of the vehicle, in terms of yaw checking, course keeping, and initial
turning ability. The boat is initially moving straight ahead at constant speed
with neutral rudder. At the beginning of the maneuver, the rudder is deflected an angle δr . The rudder is held in this position as the boat comes
about, until the boat has deviated an angle ψe from its initial heading. Once
the excursion angle ψe has been achieved, the rudder is immediately deflected
to −δr . The boat will continue to yaw to an increasing excursion angle, however the rate of this yaw will be arrested by the opposing rudder, until the
yaw stops and begins in the opposite direction. In this way the boat will
overshoot the excursion angle before beginning to turn in the new direction.
The boat is then allowed to turn until it achieves the excursion angle −ψe
to the original heading, and the process is reversed. This is repeated several
times. Zigzag maneuvers are typically reported in terms of the two angles,
so that a maneuver using 10 degrees of rudder and seeking a 5 degree change
of heading (referred to as the yaw check angle) would be a 10/5 zigzag. For a
submarine, zigzags can be completed in the horizontal and vertical planes, as
well as combinations thereof. As vertical motion is restricted by the ability
of the crew to operate in an inclined submarine, vertical zigzags will typically have smaller excursion angles. This section restricts itself to horizontal
zigzag maneuvers; vertical maneuvers are discussed in the following section.
A sample trajectory for a 20/20 zigzag maneuver is shown in Figure
49

Figure 2.5: Sample Trajectory, Horizontal Zig Zag Maneuver
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Figure 2.6: Sample Maneuver Velocities, Horizontal Zig Zag Maneuver
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Figure 2.7: Sample Maneuver Accelerations, Horizontal Zig Zag Maneuver
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2.5, and the corresponding normalized velocities and accelerations are shown
in Figure 2.6 and Figure 2.7. For a zigzag maneuver, a steady value of the
state variables is never achieved, however the motion is clearly periodic. For
this class of maneuver, the characteristic timescale of the motion is identified
by estimating the period from the zero crossings of the drift angle signal.
Considerable noise is present in the drift angle signal for the free swimming
cases. For these cases, a median filter with 151 samples per window was
applied to the drift signal before the evaluation of the zero crossings.
The rms values for the velocity and acceleration in a horizontal zigzag
are given in Table A.3, while the absolute maximums are given in Table
A.4. As with the horizontal turn, the noise present in the free swimming
data prevents the analysis of the accelerations at this time. The STR cases
have here been labeled as 35/xx. These cases were not traditional zigzags,
in that they did not have a consistent target excursion angle. The cases
were initially run as standard zigzags to create a baseline. Based on the
results of the baseline, the control pattern was altered so that the rudder
was brought about at a time corresponding to the peak acceleration of the
baseline case, with the intention of creating a more extreme motion. This
intention appears to have been achieved, at least in so far as can be judged
from the reduced frequency, which is considerably higher for the STR cases.
As with the horizontal turn, while the velocity variables are not noticably
different from the BB2 cases, the accelerations are significantly higher.
For all cases, the reduced frequency exceeds 0.1, indicating that un53

steadiness is likely to affect the hydrodynamics for zigzag maneuvers. The
STR case shows that a higher approach velocity is related to a higher reduced frequency. This is believed to be due to the increased effectiveness of
a given rudder deflection at higher speeds. It can further be seen that higher
reduced frequencies are achieved for the maneuvers with lower rudder and
excursion angles for the BB2 cases. It is not possible to distinguish between
the effects due to rudder angle and those due to excursion angle based on this
dataset, however it is believed that a lower excursion angle results in a higher
frequency since it requires less time to complete. It is hypothesized that the
zigzags with the highest reduced frequency would be those with a high rudder angle and a low excursion angle, as this intuitively would correspond to
a case of ‘oversteering’ and a jerky or non-smooth resulting motion. Unlike
the horizontal turning maneuver, a zigzag does not have a steady state value,
and the reduced frequency is characteristic of the entire maneuver instead
of a transient phase. The hydrodynamic forces never achieve a steady value,
and any motion history effects would continuously effect the vehicle. For
this reason, zigzags are hypothesized to be more susceptible to the effects of
unsteady hydrodynamics, both in terms of the instantaneous hydrodynamic
forces but also in terms of the motion trajectory.

2.4.3

Vertical Zigzags

The vertical zigzag is essentially identical to the horizontal zigzag, but
in the xz plane. The submarine is again initially at a constant straight ahead
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speed, places its stern planes at a constant angle δs , and leaves them there till
it has executed an excursion angle of θe . It then reverses the stern planes to
−δe and continues until it has executed the excursion −θe , and repeats. An
important difference from the horizontal zigzag will be seen in an examination
of the forces during the maneuver, as the vertical maneuver must contend
with hydrostatic forces due to the action of gravity. Vertical zigzags tend
to have lower values of the stern plane angle and excursion angle, since the
crew must be able to continue to operate during the maneuver. A sample
trajectory for a 10/10 vertical zigzag is shown in Figure 2.8, and samples
of the velocities and accelerations are shown in Figures 2.9 and 2.10. The
timescale of the vertical zigzag is estimated in the same manner as that of
the horizontal zigzag, only the incidence angle α is used in place of the drift
angle β.
The statistics for the vertical zigzags rms and maximum deviation are
shown in Tables A.5 and A.6. The reduced frequencies are in the range of
0.2, which indicates that it may be significant for the hydrodynamics. The
vertical zigzags can be seen to result in higher reduced frequencies then their
horizontal plane counterparts. This is believed to be due to the influence
of gravitational forces on vertical plane motions, and for the STR, due to
differences in sizing between the horizontal and vertical plane control surfaces. It can be seen from the vertical zigzags, that for a given excursion
angle, the reduced frequency will be higher if a higher stern plane angle is
utilized. Similarly, for a given stern plane angle, the reduced frequency will
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Figure 2.8: Sample Trajectory for a Vertical Zigzag Maneuver
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Figure 2.9: Sample Normalized Velocities for a Vertical Zigzag Maneuver
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Figure 2.10: Sample Normalized Accelerations for a Vertical Zigzag Maneuver
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be higher for a lower excursion angle. A small excursion angle with a high
stern plane angle would result in a more rapid and less smooth maneuver,
which would intuitively be more sensitive to unsteady effects. The highest
reduced frequency of the cases examined was for the 10/5 maneuver. As
with the previous cases, the noise in the velocity data prevented the calculation of acceleration statistics for the free swimming cases, and the STR cases
examined displayed significantly higher accelerations then the BB2 cases.

2.4.4

Depth Changes

The depth change maneuver is utilized by a submarine to change it’s
depth in the water column, in either direction, followed by a recovery to the
original course. Such a maneuver is utilized for simple operational changes in
depth. A sample trajectory for a depth change maneuver is shown in Figure
2.11. Note that the vertical scale has been exaggerated in this figure for
clarity, and that despite the maneuver having a downwards appearance on
the plot, this would represent a depth change up towards the surface which is
located at z = 0. The normalized velocities and accelerations corresponding
to this depth change maneuver are plotted in Figure 2.12 and Figure 2.13.
The depth change maneuver represents a more complicated set of control operations than those discussed previously. The stern planes are initially
deflected to maximum to start the maneuver, however a series of opposing
counter deflections are utilized throughout the maneuver to smooth the trajectory and ensure that the submarine’s inclination does not become extreme
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Figure 2.11: Sample Trajectory for a Depth Change Maneuver
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Figure 2.12: Sample Normalized Velocities for a Depth Change Maneuver
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Figure 2.13: Sample Normalized Accelerations for a Depth Change Maneuver
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enough to interfere with crew operation, and that there is no overshoot in
achieving the target depth. The details of these stern plane deflections are
determined by the submarines autopilot systems, which are not publicly available. A plot of the resulting incidence angle, stern plane deflection, and pitch
rate for this depth change maneuver are shown in Figure 2.14. For the purposes of estimating a time scale for the transient portion of this maneuver,
the submarine’s settling time is used as the characteristic timescale, as there
are several peaks in the incidence angle signal and the determination of a
peaking time would require a somewhat arbitrary selection of the primary
peak. The settling time is here defined as the time required for the submarine
to achieve a zero degree incidence after completion of the change in depth,
plus or minus 0.1 degrees. Note that this time is longer than that which
would be measured by estimating the time required to achieve the desired
depth; once the desired depth is achieved the submarine is still in the process
of recovering its initial incidence. This also differs from the peaking time used
for the horizontal turn maneuver. This choice was made primarily due to the
active involvement of the control system in the depth change maneuver, but
also because the depth change does not possess a single well defined peak
incidence in the same manner as the horizontal turn.
The rms and maximum values of the state variables during the depth
change maneuver are given in Tables A.7 and A.8. Unlike previous cases, only
two depth changes were analyzed, both using DSSP51, and free swimming
data is not available in the open literature for this maneuver. The two cases
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Figure 2.14: Incidence, stern plane deflection, and pitch rate during depth
change maneuver
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each represent a depth change up and down by approximately half a boat
length at the same initial condition, and so it is also not possible to analyze
the maneuvering trends with respect to the time scale or initial velocity.
The reduced frequency for both maneuvers is approximately 0.15, once again
indicating the significance of unsteadiness during the transient portion of the
maneuver. As with the horizontal turns, this analysis cannot determine to
what degree unsteady effects would effect the location of the final equilibrium
point, or the trajectory used to arrive there.

2.4.5

Vertical Rises

The vertical rise maneuver represents a simpler means of achieving a
depth change towards the surface. In this maneuver, the stern planes are
initially deflected to a given angle and held there. The submarine will pitch
and rise, and the maneuver is continued until the submarine broaches the
surface. A sample trajectory for the vertical rise is given in Figure 2.15,
while the corresponding normalized velocities and accelerations are given in
Figure 2.16 and Figure 2.17. As with the horizontal turn, the vertical rise can
be analyzed as the impulsive response of the submarine to a step change in
stern plane angle, and the time scale will be estimated from the peaking time
of the incidence angle signal. Unlike the horizontal turn, a steady portion of
the maneuver is never achieved, as the submarine surfaces and the maneuver
ends before the transient can settle to an equilibrium value.
The statistics for the state variable rms and maximum values are given
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Figure 2.15: Sample trajectory from a vertical rise maneuver
in Table A.9 and Table A.10. For this class of maneuver, the reduced frequency is estimated from the peaking time of the incidence angle signal. All
of the reduced frequency values are here estimated to be in the range of 0.4,
which is again thought to be significant for the hydrodynamic forces. It can
be clearly seen that the rms and maximum sway velocity and pitch rates all
increase with increasing stern plane angle, as does the reduced frequency.

2.4.6

Survey Conclusions

An examination of the state variable statistics for five different classes
of maneuvers, using two different submarine geometries and three different
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Figure 2.16: Sample normalized velocities from a vertical rise maneuver
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Figure 2.17: Sample normalized accelerations from a vertical rise maneuver
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methodologies, was conducted. Characteristic time scales were estimated for
all of the cases examined, using different techniques depending on the details of the maneuver. All maneuvers investigated here were estimated to
have reduced frequencies of significantly high values to warrant the consideration of unsteady effects on the hydrodynamics. In particular, a range
of 0.05 < k < 0.45 appears to characterize the standard maneuvers, with
extremes up to k ≈ 0.6. Further analysis of the effect of unsteadiness on
the hydrodynamics of a submarine hull in this reduced frequency range will
require the use of higher fidelity tools, such as CFD, which will be examined
in the following chapters.
Some of those maneuvers, namely the depth change and horizontal turn,
were transient for only a fraction of the maneuver, and achieved a steady
equilibrium value for the majority. It is possible that unsteady hydrodynamics during the transient could affect the trajectory followed in reaching that
equilibrium, however it is not possible to analyze this further using the methods of this survey. The limited data available for depth change maneuvers
also means that limited conclusions can be drawn for this class of maneuver. For these reasons, it is believed that planar zigzag maneuvers are the
best candidate for further studies of the effect of unsteady hydrodynamics
on maneuvering submarines.
The effect of different zigzag parameters could be observed in both the
horizontal and vertical zigzag cases studied here. From the horizontal data,
it was seen that an increase in the initial approach velocity carried into the
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maneuver resulted in higher reduced frequencies, and more extreme statistics
for the maneuver. This is likely due to the higher speed allowing the control
planes to be more effective, resulting in faster completion of the required
excursion angles and subsequently a reduced time between control actions.
From the vertical zigzags, it was seen that the highest values of the reduced
frequency were achieved by combining a low requested excursion angle with
a high stern plane angle. Based on this survey, the maneuvers which would
be most significantly affected by unsteady hydrodynamics are thought to
be zigzags in either the horizontal or vertical plane, with a higher control
surface deflection than excursion angle, and a high approach velocity. A
prototypical maneuver of this kind would be a horizontal 20/10 zigzag with
a 20 knot approach velocity.
Comparison of the STR cases with the BB2 cases showed that there was
little effect on the velocity statistics due to purposely creating more extreme
maneuvers. The acceleration statistics on the other hand were significantly
affected. It is believed that the rapid accelerations were not sustained for a
long enough period to generate a significant difference in the velocities. It is
possible that this means the effect of these more extreme or violent maneuvers would therefore be primarily felt through the added mass force and not
through other unsteady effects, however this cannot be further investigated
based on this data.
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Chapter 3
CFD Methodology and
Validation
The primary tool used to analyze unsteady flow for this research is computational fluid dynamics, or CFD. CFD is a powerful simulation methodology, which is able to solve the algebraic analogs to the unsteady, viscous
Navier-Stokes equations on a discretized volumetric domain. The resulting
flow data can be of high fidelity in space and time, and is sensitive to the
choices made when discretizing the fluid equations and domain, and when
selecting turbulence models. As a result, any new CFD model must be validated by comparison to a known flow in order to develop confidence in its
solution accuracy.
This chapter covers the development and validation of the CFD model
used for the simulation of unsteady flows along unappended axisymmetric
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submarine hulls. This will include an overview on the CFD methodology, the
discretizations used, details of the turbulence model, and the body forces introduced by the non-inertial frame of reference. A description of the selected
validation case is then presented, including the domain geometry, computational mesh, and solver settings. This will be followed by a discussion of
the results of the validation simulations, including the mesh and time step
sensitivity. Finally, the chapter will finish with a summary of the CFD model
and some conclusions and recommendations from the validation exercise.

3.1

CFD Model

3.1.1

EXN/Aero Flow Solver

As discussed in Chapter 2, the flow around an unsteady, maneuvering
submarine is governed by the unsteady, incompressible Navier-Stokes equations, which are repeated here for convenience.
∂ui
=0
∂xi

(3.1)

∂ui
∂ui
1 ∂P
∂ 2 ui
+ uj
=−
+ν
∂t
∂xj
ρ ∂xi
∂xj ∂xj

(3.2)

A CFD model is constructed by discretizing the terms of these equations, so
that they may be solved on a discrete mesh of points in a given domain. This
process is not unique or straight forward, as in the incompressible regime the
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continuity equation, 3.1, functions as a kinematic constraint rather than a
dynamic equation. As a result of this complication, the solution process
within a timestep must be iterative in order to ensure the conservation of
mass and momentum. What follows is a brief description of the CFD solution
process; for a more detailed description the reader is referred to the text by
Ferziger and Peric [23]. No solution can be found without combining the
flow equations with appropriate boundary and initial conditions, however
the details of the boundary conditions will be reserved for the discussion of
the computational geometry in a later section.
For a given set of boundary and initial conditions, the velocity and pressure fields in equations 3.1 and 3.2 are unknown. Within a time step, the
general solution process is to first assume a pressure field based on the previous time step or initial condition. The momentum equation, 3.2, can then be
used to solve for the velocity field based on the balance of fluid forces. This
velocity field will in general not conserve mass due to errors in the assumed
pressure field. The continuity equation, 3.1, is recast into an Poisson equation to correct the pressure field based on the mass conservation error. The
pressure and velocity fields can then be corrected to ensure mass conservation. Due to the non-linearity of the relationship between the velocity and
pressure fields, this process must be repeated iteratively within a time step.
In general, the individual equations must also be solved iteratively, so that
the total process contains two levels of nested loops. An inner loop refers to
a single iteration of the equation solver for a given equation, and solves for
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a single field variable, such as the u-velocity field. An outer loop conversely
refers to an iteration of the pressure-velocity coupling process. Additional
model equations, for example those representing turbulence, can be solved
once all outer-loops have been completed and the final velocity and pressure
fields for the timestep are available. Once all additional equations are solved,
the simulation can be advanced to the next timestep.
The process described above is a general solution process for a class
of methods for the incompressible Navier-Stokes equations, referred to in
general as segregated or pressure-based methods. The SIMPLE-C algorithm,
a specific implementation of this method, has been implemented into the
commercial solver EXN/Aero, developed by Envenio Inc [28]. EXN/Aero
uses finite volume discretizations, and has been specially designed to make
efficient use of hybrid multicore/manycore architectures to accelerate the
solution. From left to right, the momentum equation is discretized using a
second order implicit backwards Euler scheme for the unsteady term, the van
Leer Total Variation Diminishing scheme [91] for the convection term, and
central differencing for the pressure and diffusion terms. Full details on the
EXN/Aero solver are available in the EXN/Aero theory manual [20].

3.1.2

Turbulence Model

At high Reynolds numbers, the nonlinear advection term in the momentum equation, 3.2, is unstable, and gives rise to turbulent fluctuations
in the velocity and pressure fields. These fluctuations span a wide range of
74

length and time scales, such that directly resolving them in the flow field is
prohibitively expensive for most applications. In these cases, the turbulent
motions must be filtered from the mean flow field, and their effect on the conservation of mass and momentum modeled by additional equations. A wide
variety of filters and models are available, each with individual strengths
and weaknesses, and the choice of turbulence model will significantly influence the resulting CFD model. For the present work, an Unsteady Reynolds
Averaged Navier-Stokes or URANS approach is utilized. The following is
a brief description of turbulence modeling and the associated theory; for a
more detailed description the reader is referred to the text by Pope [74].
In the present application, the flow is decomposed into a mean flow and
a fluctuating turbulent flow

ui = ui + u0i

(3.3)

where the overbar represents a mean flow quantity and the prime denotes a
fluctuating quantity. In a steady flow, this decomposition would correspond
exactly to a time averaging process, with the mean flow terms independent
of time. In unsteady flows, it corresponds instead to a time filter, which
removes timescales below a certain cutoff. The decomposition is substituted
into the Navier-Stokes equations, and the result is time filtered. This process
is referred to as Reynolds averaging, and the resulting equations are the
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URANS equations,
∂ui
=0
∂xi

(3.4)
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∂xj ∂xj
∂xj

(3.5)

The final term of this equation can be interpreted as an additional stress,
imposed on the mean flow by the turbulent fluctuations. This is termed the
Reynolds stress, and cannot be determined from the mean flow alone and so
must be modelled.
The modelling approach taken in this work is a first order closure of
the URANS equations. The action of the Reynolds stresses is taken to be
equivalent to an isotropic enhancement of the diffusive process in proportion
to the local turbulence. In practice, this is done by calculating a local turbulent viscosity at every point in the flow, and is referred to as the Bousinesq
hypothesis. The URANS turbulent momentum equation is then


∂ui ∂ui uj
1 ∂p
∂
∂ui
+
=−
+
(ν + νT )
∂t
∂xj
ρ ∂xi ∂xj
∂xj

(3.6)

where νT = µT /ρ is the turbulent viscosity.
The turbulent viscosity is a property of the flow, and must be determined at each point based on a turbulence model. The model used for this
work is based on the 2006 version of the Wilcox k-ω model [100]. This model
introduces two additional transport equations for turbulent kinetic energy,
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k, and the specific dissipation rate of turbulent energy, ω, given by
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∂ (uj k)
∂
∂k
∗
ρ
+ρ
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∂t
∂xj
∂xj
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(3.7)

and
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+
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The turbulent viscosity is then given by

µT =

ρk
ω̃

(3.9)

with the dissipation being subject to the stress limiter
s
ω̃ = max ω, Clim

2Sij Sij
β∗

!
(3.10)

In these equations, P is the production of turbulent kinetic energy, Sij is the
strain rate tensor, and Clim , β ∗ , β, γ, σd , σk and σω are model constants.
The EXN/Aero implementation modifies the standard 2006 Wilcox model by
setting σd = 0 so that the cross-diffusion term in the dissipation equation 3.8
is suppressed; all other model constants take the values presented by Wilcox
in [100]. The Wilcox model is a popular choice in the CFD community due to
its accuracy in the near-wall region for wall-bounded flows [74]. It is known
to have issues with free shear layers due to sensitivity to the free stream

77

turbulence condition [74], however free stream turbulence is not a significant
factor in the present work.
While the Wilcox model does not see widespread use in the marine industry, it is functionally quite similar to models such as the Menter Shear
Stres Transport (SST) model [63], which is widely used for submarine hydrodynamics applications. Proponents of the Menter model make two main
claims as to it’s advantages with respect to the Wilcox model. The first is
that the Menter model utilizes a blending function on the model coefficients,
which allows the model to function in the same manner as the Wilcox k − ω
model in the near wall region, and then shift to function in a similar manner
to the k −  model of Laundar and Sharma [56] away from the wall in free
shear regions. The second major advantage claimed by the Menter model is
the presence of a stress limitter applied to the eddy viscosity, from which the
model derives the SST moniker. The resulting model combines the excellent
near-wall performance of the Wilcox model with the free-shear performance
of the k −  model, and is widely popular both for submarine hydrodynamics
and in the larger CFD community. It is important to note however that
historically, the Menter model was developed in response to earlier versions
of the Wilcox model than are being used here. The 2006 version used in this
work does in fact utilize a stress limiter in equation 3.9, and hence is an SST
model. Wilcox argues in [100] that it is this transport limiter that is responsible for the significant improvement in free shear performance, and not the
use of blending functions on the model coefficients, and demonstrates good
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results for free shear cases with this stress limited model. For this reason,
it is not felt that the use of the 2006 Wilcox model represents a significant
departure from the mainstream practices of the submarine hydrodynamics
community.
Of more concern to the present work is the assumption inherent in
two equations models like the Wilcox model and Menter model that the
turbulence can be modelled by an isotropic diffusion process. By making this
assumption, the Reynolds stresses have been assumed to be aligned with the
strain rate of the mean flow. This assumption is believed to breakdown in the
wake behind a submarine translating at incidence. It has been demonstrated
that Reynolds Stress Models (RSM), which do not make this assumption,
give improved predictions for the hydrodynamic force and moments [48] on
submarine hulls in steady translation. Unfortunately, due to the need to solve
five additional transport equations, RSM represents a significant increase in
computational expense in comparison to the Wilcox model, and extensions
of RSM approaches to unsteady flows are comparatively poorly studied. For
these reasons, an RSM model is not pursued for the present work.
In addition to the isotropy concerns, URANS models are ill-defined
for some categories of unsteady flow. In deriving the URANS equations,
it has been assumed that there is no correlation between the time-filtered
component ui and the fluctuating component u0i , i.e. that ui u0j = 0. This is
equivalent to assuming that no energy is transferred through the time filter’s
temporal scale. This will only be true if the filter’s time scale is significantly
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higher than the largest time scale of the turbulent motion. For the unsteady
motions investigated here, if the time scale of the filter is taken to be the
period of the oscillating motion, then this is a reasonable assumption for
most cases. On the other hand, if the filter time scale is taken to be the
timestep of the simulation, then it is not as sound.
The alternative to URANS models would be a category of turbulence
model called Large Eddy Simulations, or LES. In these models, the turbulent
motions are filtered based on the length scale of the motion, and the filtering
process is more rigorously defined. The downsides of these models are that it
is difficult to implement a suitable model for the near-wall region, which is of
critical importance in the present work, and that they are considerably more
computationally expensive than URANS models. It is worth noting that LES
models are also better able to treat the isotropy issues that make RSM models
attractive, while RSM models are a sub-category of URANS models and
therefore have the same difficulties with unsteady time scales. Hybrid models
which use aspects of both URANS and LES methodologies are also available,
referred as Detached Eddy Simulation or DES. DES models effectively break
the fluid volume into regions which use either LES or URANS, and define a
methodology to transition between these regions, however this transition is
a significant source of complications. As with LES, DES methods are also
computationally more expensive than URANS. The difficulties of LES in
the near-wall region, the issues surrounding defining the transition region in
DES, and the added computational expense of LES and DES methodologies
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made them unattractive options for the present work, and so they have not
been used in the present simulations.

3.1.3

Accelerating Frame of Reference

The final component required for simulating the flow around a maneuvering submarine is a method of implementing the submarines motion. In
the steady flow of a body undergoing translation, both the body-fixed and
the earth-fixed frames are inertial, and so the transformation between them
is straight forward and the equations governing the fluid flow are unmodified.
In this case, if one wishes to solve the problem in the body-fixed frame, one
needs only to define the boundary conditions with the appropriate body-fixed
values.
If the body is undergoing rotation or acceleration, then the body-fixed
frame is no longer inertial, and the transformation will now introduce additional terms into the Navier-Stokes or URANS equations. These new terms
will appear as a body force or source term in the discretized momentum
equation, which is now written as


1 ∂p
∂
∂ui
∂ui ∂ui uj
+
=−
+
(ν + νT )
+ Fi
∂t
∂xj
ρ ∂xi ∂xj
∂xj

(3.11)

The body force Fi takes the form
h
i
Fi = −ρ U̇i + ijk Ωj Uk + ijk Ω̇j rk + ijk Ωj (klm Ωl rm ) + 2ijk Ωj Uk (3.12)
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where U is the linear velocity of the body frame, Ω is the angular velocity
of the body frame, r is the position vector of the cell centre, and ijk is the
Levi-Civita symbol or permutation tensor, used here to represent the cross
product operation in tensor form. The terms of the right hand side represent
components of the inertial force due to the frames acceleration. The first two
terms represent the linear acceleration at ~r, the third represents the angular
acceleration, the fourth the centrifugal acceleration, and the fifth the Coriolis
acceleration. All of the inertial terms are determined uniquely by the maneuver kinematics and the computational mesh, and so their implementation
into the flow solver is straight forward.

3.2

Phoenix UUV Validation Case
The validation case selected for this work is a subset of the maneuvers

examined experimentally by Azarsina [6] in the 90 m ice tank at the Natural
Research Council facility in Saint John’s Newfoundland. Azarsina performed
a series of steady translation, dynamic sway, and dynamic yaw maneuvers using five different configurations of the Phoenix unmanned underwater vehicle
(UUV) geometry in a horizontal Planar Motion Mechanism. The validation
exercise is restricted to only the geometry configuration with a slenderness
ratio of l/D = 8.5, which is within the range of typical submarine hulls. The
validation will cover steady translation cases at five angles of incidence, and
dynamic sway at two different rates of oscillation. Details of the Phoenix
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geometry, the computational mesh, time steps, boundary conditions, and
maneuver kinematics are presented below.

3.2.1

Phoenix Geometry

Figure 3.1 displays a normalized diagram of the unappended Phoenix
UUV geometry at a slenderness ratio of  = `/D = 8.5. The geometry
consists of three distinct sections: an ellipsoidal nose, a parallel mid-body,
and a parabolic tail. The experimental model achieved varying slenderness
ratios by using inserts to lengthen the parallel mid-body, while maintaining
the model diameter and the length of the nose and tail sections. The model
diameter is 203 mm, so that at a slenderness of 8.5, the model length is
1.724 m. The model is free flooding, and contains various hardware for data
acquisition, mounting etc. As a result, the centres of buoyancy, mass, etc will
be slightly modified from the values that would be calculated based purely on
the model geometry. The model centre of gravity (M C) is located at λ/` =
0.427, where λ indicates axial distance from the nose, and the longitudinal
centre of buoyancy (LCB) is located at λ/` = 0.473 when flooded. The
models displaced volume is 0.046 m3 , and the model mass when flooded is
49.2 kg. The flooded model geometric properties are summarized in Table
3.1. Unless otherwise indicated, all hydrodynamic moments are reported
relative to the centre of buoyancy.
The model is affixed to the PMM mechanism by a pair of symmetric
support struts attached to the top surface of the body. The exact profile
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Figure 3.1: Normalized Diagram of the Unappended Phoenix Geometry at
 = 8.5
of these struts is not reported in [5], however their chord length is given
as c = 0.176 m and their thickness to chord length ratio is reported as
26%. The symmetric NACA-0026 profile has therefore been assumed for the
CFD model; geometric details on NACA profiles are available in standard
references, e.g. Abbot and von Doenhoff [1]. The struts attach to the model
through holes in the parallel mid-body, and in the experiment are connected
to a pair of load cells used to measure the hydrodynamic forces and moments.
The experimental model has a small gap between the end of the strut and the
model hull, as well as the access holes for the struts which allow the model
to flood. The model is assumed in the experiment to flood completely and
move as a solid mass, with no free surfaces to generate sloshing effects. For
simplicity, the CFD model neglects the gaps between the strut and the hull
and attaches the strut directly; the fluid within the experimental model is
not simulated. The struts are separated by 0.723 m. The exact position of
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Table 3.1: Summary of Phoenix Model Properties while Flooded
Length
Diameter
Slenderness
Centre of Gravity
Centre of Buoyancy
Model Flooded Mass
Wetted Surface Area
Displaced Volume

`
D

MC
LCB
m
Aw
V

1.724 m
0.203 m
8.5
0.736 m
0.815 m
49.2 kg
0.964 m2
0.046 m3

the struts relative to the body is not reported in [5]; the CFD model places
them so that the quarter chords of each strut is equally distant from the
centre of gravity. No turbulence stimulation or tripping devices are used on
either the struts or the vehicle body.

3.2.2

Computational Mesh

The computational domain is rectangular with the long axis aligned with
the hull. The nose is placed approximately two body lengths downstream of
the front face, and approximately ten body lengths upstream of the rear face.
The side walls of the towing tank are not modelled, so as to avoid a relative
motion problem, and the domain side boundaries are located approximately
thirty diameters to either side of the hull. The experiment placed the hull at a
depth of approximately hs /D = 5.37 as measured from the top of the model,
and hb /D = 4.37 from the bottom of the tank to the keel, with total water
depth h/D = 10.74 and a depth based Froude number of F r =

√U
gh

= 0.45.

Here hf = 1.09 m is the free surface depth, hb = 1.293 m is the bottom
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clearance, and h = 2.18 m is the total water depth. The vertical tank
dimensions and model placement have been matched in the computational
domain.
The International Towing Tank Conference (ITTC) recommendations
for captive model testing [45] recommend h/D > 4 and a channel-depth
based Froude number F r < 0.5 for deep water testing of surface ships, both
of which are satisfied by the present work. Past work by Bettle et al. [7]
found negligible effect of bottom proximity for submarines in a similar range
of depths, lending confidence to the use of this criteria, and so it is assumed
that there is negligible effect due to proximity to the tank bottom. Similarly,
the submergence Froude number is here F rs =

√U
ghs

= 0.636, while the

length-based Froude number is F rl = 0.51. Past work by Abdul Khader
[51] on axisymmetric bodies found negligible effect due to the free surface for
bodies submerged below hs /D ≈ 4, while past work by Torunski on a fully
appended submarine model found that free surface effects became negligible
for submergence Froude numbers in the vicinity of F rs ≈ 0.5. Further, it
was stated by Williams et al. [102] and Azarsina [6] that the free surface
effect was negligible in the experimental work, and so the free surface was
not modelled in the computational domain. Rather, a symmetry condition
was placed at the calm water line. Further research is required in order to
verify this assumption.
A schematic of the computational domain is shown in Figure 3.2, including cross-sections of the computational mesh. The top and bottom bound86

Figure 3.2: Schematic Diagram of the Computational Domain
aries, labelled 1, have been modelled using a slip wall boundary condition.
Initial modelling effort used a moving wall boundary condition matched to
the submarine velocity on the bottom surface; however this was found to
have negligible effect on the hydrodynamics. The front face, labelled two,
has been modelled with a specified velocity inlet boundary condition. The
rear face, labelled 4, has been modelled as a zero pressure gradient outlet
boundary. The side walls, labelled 3, are assigned either outlet or inlet conditions depending on the kinematics of the specific case. During dynamic
sway motion, the inlet and side boundaries (labels 2 and 3) utilized a time
dependent far-field boundary condition which adjusts the specified inlet velocity, and switches between constant velocity inlet and zero-pressure outlets
based on the motion of the submarine. The hull and struts use a no-slip wall
boundary condition, with direct wall integration techniques used on the hull
and wall-function techniques used on the strut. While the model geometry
is symmetric about the vertical axis, the maneuver kinematics are not, and
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so no symmetries are applied.
For the purposes of studying the mesh dependence of the simulated
results, three different discretized meshes of the flow domain were generated.
The default mesh is taken to be the medium resolution mesh, and should
be the assumed mesh were not otherwise specified in this document. The
medium resolution mesh uses 335 nodes along the hull longitudinally and
241 nodes circumferentially, for an average resolution of 0.13 cm2 on the hull
surface. The height of the first cell on the hull is such that in wall coordinates
y + ≈ 0.2, while on the strut the first cell ranges from 30 ≤ y + ≤ 60. This
near-wall resolution was maintained on all three mesh geometries. While this
decision may theoretically impact the prediction of the wall shear stress as the
mesh is refined towards infinity, this was not considered a significant factor for
the present work, and maintaining the first cell height simplified the mesh
generation procedure. The mesh is block structured and uses hexahedral
cells, with a total cell count of approximately 23 million on the medium
resolution mesh. Figure 3.3 shows a view of the medium resolution mesh
near the submarine body, including the forward and rear struts on both the
xz and yz planes. For the medium mesh undergoing dynamic maneuvers, the
time step was set to 0.0005 s, corresponding to a Courant number, Co =

U ∆t
∆x

of Co ≈ 230 in the smallest cell. This value was determined in a trial and
error manner based on the convergence of the resulting computation.
Details on the coarse, medium, and fine meshes are given in Table 3.2,
while the corresponding time steps and non-dimensional time scales are given
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(a) Isometric View

(b) x = 0 Plane

(c) y = 0 Plane

Figure 3.3: Near-Body Computational Mesh, Medium Resolution
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Table 3.2: Computational Mesh Parameters
Cell Count [x106 ]
Axial Nodes
Circumferential Nodes
Hull Resolution

Coarse
12.0
224
162
0.29

Medium
23.3
335
241
0.13

Fine
42.6
429
322
0.08

in Table 3.3. It is important to note that the time step and mesh size are
not refined at the same ratio across the three meshes; i.e. the Courant number is not constant for each resolution. The decisions made with respect to
the mesh sizing were largely based on past experience and hardware limitations. The medium resolution case was first chosen to be consistent with
past work in submarine hydrodynamics, e.g. the meshes generated by Jeans
et al [47] and by Zhang [107]. The fine resolution was then created by refining that mesh towards the memory limit of the available computers; it
was not possible at the time to simulate a significantly finer mesh. With
the refinement ratio established by this limitation, the coarse resolution was
chosen to be approximately consistent. The time step sizes were then set by
numerical stability concerns from the code, such that it was not possible to
maintain the same Courant number across all cases. While ideally these values would be chosen in a more scientifically rigorous manner, the limitations
of the present numerical model and computational hardware were unavoidable, and the chosen values are believed to still be sufficient to estimate the
uncertainty in the CFD model.
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Table 3.3: Computational Time Stepping Parameters
Coarse
Medium
Fine

3.2.3

dt [s]
0.001
0.0005
0.0001

U dt/L
0.0012
0.0006
0.0003

U dt/c
0.0114
0.0057
0.0028

Co
508
227
65.7

Maneuver Kinematics

The validation exercise includes simulations of both steady translation
and dynamic sway maneuvers. The steady translation cases here correspond
to the quasi-steady equivalent of the dynamic sway. The PMM is a standard
testing apparatus for maneuvering studies. It consists of a carriage mounted
on a track above the towing tank. The model to be towed is connected to
the carriage, in the present case by the pair of struts. The carriage proceeds
down the track towing the model. The connecting struts can be manipulated
to superimpose a variety of motions onto the model as it is towed down the
track; these can be either static or dynamic.
It is important to note that the experiments performed by Azarsina
made use of a horizontal PMM for the sway tests, while standard experimental procedures would call for the use of a vertical PMM for studying dynamic
sway. This is because the horizontal motion during sway would result in large
incidence angles on the struts, potentially resulting in significant strut interference in the measured hydrodynamic forces. As of this writing, the NRC
facility does not possess a vertical PMM capability, and so the horizontal
actuator was the only option available. Strut interference then represents a
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Table 3.4: Kinematics of Dynamic Sway Cases for Validation Maneuvers
Maneuver
Slow Sway
Fast Sway

y0 [m]
1.25
0.32

ω [rad/s]
0.44
1.80

v0 [m/s]
0.550
0.576

v̇0 [m/s2 ]
0.242
1.037

β0 [deg]
15.37
16.07

k
0.03
0.12

significant potential source of error in the experimental data.
In steady translation, the hull is placed at an initial angle of incidence
with respect to the flow, and is towed down the tank with a constant towing
speed of U = 2 m/s. Note that the support struts are rigid and do not orient
with the oncoming flow, so that the nominal incidence angle of the struts is
equal to the incidence of the hull. For all cases shown here, the Reynolds
number based on hull length was maintained at Re ≈ 3.1e6.
In pure sway, the objective of the maneuver is to generate an unsteady
motion in which the angle of incidence of the flow varies with time, but maintains zero rotation of the geometry. The model is towed down the tank with a
constant forward velocity, and the longitudinal axis is kept constantly aligned
with the tank walls. The model is oscillated side to side with a sinusoidally
fit sway velocity, and hence develops a sinusoidally oscillating incidence angle. The model experiences no rotation, and so the local incidence angle at
all sections of the hull is equal to the nominal incidence angle of the model.
The equivalent quasi-steady maneuver is then a series of steady translations,
each with a constant angle of incidence.
In the dynamic sway experiment, the model forward velocity was held
constant at u = 2 m/s for all cases. The experiment varied the amplitude of
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the models deviation from the centreline of the tank and the frequency of the
sway oscillation between trials in such a way that the nominal sway velocity
amplitude was constant for all runs at v0 ≈ 0.55 m/s. This is equivalent to an
angle of incidence oscillation of β0 ≈ 16◦ . The instantaneous sway velocity
is then given by


4πkU t
v (t) = v0 cos (ωt) = −u tan (β0 ) cos
`


(3.13)

while the instantaneous drift angle is

β (t) = tan

−1



−v (t)
u



−1

= tan




4πkU t
tan (β0 ) cos
`

(3.14)

Note that the target of a nominally constant v0 was not exactly achieved due
to limits in the precision of the sway mechanism. The simulations utilized
the achieved value of v0 , which varies for each case, rather than the nominal
target. While the experiment utilized a number of different frequencies, the
simulations will here focus only on the two extreme cases of fast and slow
oscillation, corresponding to reduced frequencies of k = 0.03 and k = 0.12
respectively. This was done to accentuate the differences between fully unsteady and quasi-steady maneuvers. Note that based on the results of the
maneuvering survey in Section 2.4, the reduced frequency of the rapid sway
case would correspond to a relatively slow horizontal zig-zag, and is lower
than all of the vertical zig-zag cases. For all oscillating cases, the numerical
time step is fixed, and as a result the ratio between the maneuver frequency
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and numerical frequency will vary between the two cases. This is not considered an issue from the point of view of accurately resolving the motion of
the hull, as the maneuver frequency is significantly lower then the numerical
frequency. In general the mean flow is unlikely to possess frequency content
near the numerical frequency due to the motion of the hull, however it is possible that there would be turbulent fluctuations of suitably high frequency
to warrant concern; see the discussion of unsteady turbulence models above.
The largest issue introduced by the fixed time step is not related to accuracy
but instead to runtime, as with a fixed time step the low frequency case will
require significantly longer computational times in order to simulate two periods of oscillation. As the numerical timestep was largely chosen based on
numerical stability concerns, this is an unavoidable element of the present
methodology.

3.3

Validation Results

3.3.1

Strut Supported Steady Translation

Steady translation simulations of the strut supported geometry were
conducted at incidence angles of 0◦ , 4◦ , 8◦ , 12◦ , and 16◦ . Despite the steady
kinematics, the simulations were conducted in an unsteady mode so as not
to suppress any unsteadiness of the flow field. All steady simulations utilized
a timestep of 0.001 seconds and simulated a total of five seconds of flow.
The time step was not varied with mesh resolution for the steady cases,
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due to concerns that highly refined time steps may confound the analysis
by resolving turbulent fluctuations or other sources of unsteadiness in the
flow. As the goal of the steady translation cases was to establish a quasisteady baseline, the temporal evolution of the flow was not considered a
concern for these cases, and so sensitivity of the results to time step size was
not considered to be a significant factor. For the coarse and the medium
mesh, the five second run time was sufficient for the force and moment data
to achieve a steady mean value with a standard deviation of less then one
percent in the final second of the simulation. For the fine mesh, this level
of steadiness was only achieved on cases with greater than 8◦ incidence,
due to oscillations in the forces at low incidence. The significance of these
oscillations varied with incidence but were always less than 10% of the mean
value, and are believed to be physical. As this issue only occured at low
incidence on the fine mesh, no attempt was made to formally estimate the
statistical variation caused by these oscillations, however the physical origin
of these issues will be discussed in more detail below.
The numerical convergence targets for a given time step were set to a
target mass flow error of 0.005%; typical values achieved were in the range of
0.008%. Within the equation solvers, normalized convergence targets were
set to 1.0e-4 for the root-mean-square (RMS) residuals. The achieved convergence values for these cases were approximately 2.0e-5 for the momentum
and turbulence variables, and 5.0e-4 for pressure. For the purposes of this
study, these results were taken to be sufficiently converged. In this work, the
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residuals are normalized by the local value of the cell’s flux coefficient at the
beginning of the outer loop; i.e. the coefficient Ai when writing the algebraic
equation in the form
Ai φi +

X

Aj φj = Bi

j

for the cell i and it’s neighbours j. The iterative convergence targets for
the linear solver are maintained at the same level for all cases, independent
of time step size. While this would appear to imply a constant level of
iterative error independent of timestep, note that the targets refer to the
normalized values. Reduction of the timestep will act similarly to an underrelaxation parameter, especially for a steady problem, and hence might be
expected to reduce the unnormalized residuals in general. The normalization
of the residuals then serves to ensure that the linear solver is converging the
equations adequately, regardless of settings such as timestep size.
The resulting non-dimensional forces and moments for steady translation are plotted in Figures 3.4 through 3.6 for all three meshes, and compared
with the experimental results of Azarsina [5]. Here and in all subsequent
plots, the forces are non-dimensionalized by 21 ρU 2 `2 , while the moments are
non-dimensionalized by 21 ρU 2 `3 . The only experimental uncertainty which
is described by Azarsina is for the standard deviation of the axial force in
steady straight ahead motion, which is plotted in Figure 3.4. Typically, the
standard deviation of a signal is not taken as a sufficient measure of experimental uncertainty, as it is a function of the measurement time and as
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such is not representative of the underlying uncertainty due to, for example,
the accuracy of the dynamometer. While desirable, values of the instrument
uncertainty and other parameters useful for estimating the experimental uncertainty are not available, and so this standard deviation is used as the best
available estimate. While the reported uncertainty appears to be quite high
in comparison with the axial force, note that the axial force at zero degrees
drift represents a low loading state compared to, for example, the lateral force
at high drift. Further, at any significant angle of drift, it is expected that
the lateral force will be significantly larger than the axial force for a body
of this type. This is a known issue with expermiental testing across large
ranges of drift angle. Simulated values of the axial force are well within this
uncertainty bound. Further, if the hull’s resistance is estimated using the
ITTC-57 correlation line [46] for the residuary resistance and the Watanabe
formula [15] for estimating the form factor, the result is −100X 0 = 0.137,
which agrees quite well with the simulated result and fits comfortably within
the experimental uncertainty, lending further confidence to the results of the
simulation.
The simulations predict a higher yawing moment than the experiment
at all angles of incidence, while the lateral force is predicted higher than the
experiment at high angles but slightly lower than the experiment at low angles. This corresponds to an average discrepancy between experimental and
simulated values of 21% axially, 14% laterally, and 22% in yaw. Without
additional information on the experimental uncertainty, it is difficult to com97

Figure 3.4: Comparison of Experimental and Simulated Axial Force vs Incidence During Steady Translation
ment on the implications of these discrepancies between the simulated and
experimental results, as in the only case with reported uncertainty the simulated results are within the stated experimental uncertainty. If the reported
uncertainty is taken to be representative of the entire range of the experiment, then the axial force predictions are within this range for all cases, while
the lateral forces are within it for angles under 12◦ . A significant amount
of uncertainty is believed to be introduced by the presence of the support
struts, which will be discussed further below.
The experimental trends are reproduced well by the simulation results,
with the exception of the axial force predicted at 16◦ . For flow at 12◦ , the
simulation predicts that the rear strut is operating with a leading-edge separation bubble on the forward quarter of the strut at the junction with the
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Figure 3.5: Comparison of Experimental and Simulated Normal Force vs
Incidence During Steady Translation

Figure 3.6: Comparison of Experimental and Simulated Yawing Moment vs
Incidence During Steady Translation
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hull. This separation bubble re-attaches approximately at the shoulder of
the strut, as shown by the pressure contours and hull streamlines plotted in
Figure 3.7. When the incidence increases to 16◦ , the simulations predict that
the rear strut has transitioned to a stalled flow condition at the junction,
with a large separation bubble and significant recirculation on the suction
face, as shown in Figure 3.8. The net effect of this transition is to reduce
the axial pressure force on the tail of the vehicle, resulting in a net decrease
in total axial force from 12◦ to 16◦ incidence. The experiments on the other
hand predict that the force will increase with incidence angle in this range.
Junction flows such as this are known to be complex, and it is likely that
the local flow in this area is sensitive to the assumptions made regarding the
strut geometry, as well as the local mesh and turbulence model. While it is
not possible to validate the CFD results in terms of the separation topology
around the struts, it is clear that there is significant uncertainty introduced
by their presence, and that this is pronounced at high angles of incidence.
Flow separation from the struts is also the cause of the lower statistical
convergence of the force and moment at low angles on the fine mesh. As
mentioned above, for flows below 8◦ on the fine mesh, the force and moments
on the hull oscillate rather then approach a steady mean. This is believed
to be due to unsteady vortex shedding from the struts, caused by the rear
strut operating in the wake of the forward strut at low angles. Figures 3.9
and 3.10 plots contours of wake vorticity in the flow around the struts at 4◦
and 12◦ respectively, in which the interaction of the wake at low angles is
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Figure 3.7: Pressure Contours and Hull Streamlines from Simulation at 12◦
Incidence During Steady Translation, Showing Bubble Separation on the
Rear Strut

Figure 3.8: Pressure Contours and Hull Streamlines from Simulation at 16◦
Incidence During Steady Translation, Showing Bubble Separation on the
Rear Strut
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clearly visible. At low incidence angles, this interaction results in a complex
and unsteady flow on the tail of the submarine, and due to the already lower
force values at low incidence, the significance of this unsteadiness grows.
As with the issues surrounding the junction flows, this issue is likely to be
sensitive to the geometry of the struts, the local and global mesh properties,
and the turbulence model.
The reader will also note that the lateral force results on the coarse
mesh, and the yawing moment results on all meshes, predict non-zero values
at zero degrees drift. This is counter to the expected result, which is that
an axisymmetric body such as this should have zero lateral force and yawing
moment at zero incidence. This is again due to the ineraction of the forward
and rear struts, which promotes a lock-in phenonmenon wherein the wake
from the forward strut may predominantly flow onto one side of the other of
the rear strut even at zero incidence, producing a flow pattern which is not
port-starboard symmetric despite a symmetric geometry and flow condition
upstream. This is a highly non-linear phenomenon which depends significantly on the geometry of the struts and mesh, as well as the past history of
the flow, even in steady conditions. This is most pronounced for the coarse
mesh result, leading to the significant non-zero lateral force measured at zero
drift. In addition to the lock in, the yawing moment depends not only on the
axial distribution of lateral force, but also on the lateral distribution of axial
force, which will not be symmetric either. This magnifies this effect for the
yawing moment, leading to non-zero yawing moment predictions on all three
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Figure 3.9: Simulated Contours of Wake Vorticity Behind the Support Struts
at β = 4◦ During Steady Translation

Figure 3.10: Simulated Contours of Wake Vorticity Behind the Support
Struts at β = 12◦ During Steady Translation
meshes. As this is a flow interference phenomenon caused by the presence of
the support struts, it is physical in origin, although it will be affected by the
numerical models specifics. As with the other issues discussed in this section,
this result is also strongly related to the details of the geometry, mesh, and
turbulence model.
Mesh refinement was seen to lower the simulated yawing moment results for all angles, while the lateral force prediction is either lowered or held
constant. Axial force predictions increased with mesh refinement at the in103

termediate angles of 8◦ and 12◦ , but decreased otherwise. These differing
trends with mesh refinement are thought to be due to the complexity of the
flow at the junction of the struts and the hull. It is believed that the coarse
mesh diffuses the wake of the upstream strut, and works to suppress some
of the complex flow at the rear strut junction as a result. Similarly, the
transition of the rear strut separation is suppressed by the coarse mesh.
These results demonstrate significant variation in the effects of mesh
refinement at different incidence angles, and result in a very noisy signal from
which to estimate grid-dependent error. For the purposes of estimating grid
dependent error, the median case of steady translation at β = 8◦ incidence
is chosen. Using the procedure of Celik et al [12] and the lateral force and
yawing moment predictions as the measurement criteria, the fine mesh Grid
Convergence Index (GCI) was estimated at 4.7% and 1.2% respectively, with
an apparent order of convergence of 3.2 and 7.5, and with refinement ratios
of 1.22 from coarse to medium and 1.24 from medium to fine. These results
indicate good convergence towards a grid independent solution between the
medium and fine mesh. Similarly, the relative error between the medium
and fine meshes was found to be approximately 3.3% for both the lateral
force and the yawing moment. Based on these results, it was concluded
that the medium mesh case gives an appropriate balance of accuracy and
computational economy.
Overall, the agreement between the experiment and the simulation results is judged to be acceptable. It is known from previous work on submarine
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hulls in translation [48] that turbulence anisotropy is significant within the
wake, and that Reynolds stress turbulence models give improved force predictions compared to two equation models such as the Wilcox model. It is
possible that better agreement between the experimental and simulated results could be obtained through the use of an RSM model. In addition, it is
known that boundary layer transition can have a significant impact on the
hydrodynamic forces for this class of body. No attempt at modelling transition has been made in this work, however it is possible that a transition
model could improve results. Further, the hydrodynamics of this case are
significantly affected by the flow around the strut junctions, which is not a
factor in the unappended cases of interest for this research. At these junctions, the flow will be sensitive to the local mesh and turbulence model, as
well as the assumptions about strut geometry. While it is possible that further changes to the CFD model or refinement of the mesh may improve the
results for steady translation, it is believed that these improvements would
primarily be focused on the complex flow in the strut-hull junction which is
not present in the unsupported case, and so further validation effort on the
steady translation case has not been pursued.

3.3.2

Strut Supported Dynamic Sway

Dynamic sway simulations of the strut supported geometry were conducted for the two cases of rapid and slow oscillation, presented in Table
3.4. The experiment began recording force data as the model passed the
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centreline of the tank, corresponding to maximum sway velocity and zero
sway acceleration. The dynamic simulations in turn are initialized from a
steady simulation of the maximum velocity condition, and begin with a brief
relaxation time during which the kinematics are held constant in an attempt
to limit any non-physical transient due to the simulation start-up procedure.
The simulation time signal is shifted accordingly; i.e. t < 0 corresponds to
the relaxation period with t = 0 corresponding to the beginning of sway
motion and the recording of force data at the tank centreline.
Azarsina’s experiments report the results of a cosine fit to the measured
lateral force and yawing moment data. The fit is reported in terms of the
amplitude of the fitting cosine, Y0 and N0 , and the phase angle φY and
φN . The inertia of the model mass was included in the reported forces, and
therefore was added to the CFD solution. For many cases, it is expected
that the inertial force of the model mass will be extremely in comparison
to the hydrodynamic forces. As the present work is concerned with the
hydrodynamics, this represents a confounding variable that makes analysis
difficult. Unfortunately, as several details of the experimental procedure and
reporting were not available and had to be assumed in the simulation, it was
felt that maximum effort should be made to preserve the experimental data
and not introduce further assumptions or errors. The intention here is to
present the experimental work as faithfully to what was reported as possible,
and to attempt to match the simulated results to it.
In his work, Azarsina defines a positive damping force as one which
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opposes the sway velocity, but a positive apparent inertial force as one which
is directed with the acceleration [6]. The fluid force from CFD will contain
inertial components which are positive when opposed to the acceleration,
and damping components which are positive when opposed to the velocity.
If Y0,cf d and φY,cf d are the magnitude and phase angle of the force from CFD,
then the inertial and damping components are given by

Yi = −Y0,cf d sin (φY,cf d ) sin (ωt)

(3.15)

Yd = Y0,cf d cos (φY,cf d ) cos (ωt)

(3.16)

In order to be consistent with the experiment, the sign of the inertial component must be reversed, and then the components must be summed along
with the inertia of the flooded model. The corrected force is then given by

Ycorr = mv̇ − Yi + Yd

(3.17)

All results reported in this section are given in terms of the corrected lateral
force. No such correction is applied to the axial force or yawing moment,
under the assumption that there were minimal inertial effects on these quantities. For the yawing moment, this was justified by the small lever arm
between the centre of gravity and the centre of buoyancy.
For the purposes of discussion, the baseline case is taken to be the rapid
(k = 0.12) sway with medium resolution, which was simulated for 18 s or
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5 cycles. After 5 cycles of the rapid sway, the standard deviation of the
force amplitude was 0.25%, while the standard deviation of the force phase
angle was 0.32%. Both the amplitude and phase of the first cycle deviate by
< 1% from the mean value, and so it was concluded that only a single cycle
was required to converge the amplitude and phase statistics. These results
were typical of all force and moment components. All subsequent simulations
completed 2.5 cycles, corresponding to approximately 9 s for the rapid sway
and 36 s for the slow sway, in order to balance computational economy and
confidence in the simulated data, and to minimize any influence of the startup transient.
The results of the dynamic sway simulations are reported in Table 3.5
for the amplitude and phase of the fitting cosines, and in Table 3.6 for the
apparent mass and damping factor. Also included in both tables are the
results of a refinement study on the rapid sway case. The apparent mass and
damping factor are found by dividing the magnitude of the force component
by the corresponding motion component, i.e. Mapparent = |Yi + mv̇| / |v̇| and
b = |Yd | / |v|. The apparent mass in Table 3.6 represents the combination of
the flooded vehicle mass and the added inertia from the surrounding fluid,
and thus will always be greater than the mass of the vehicle. Also included in
Table 3.6 are relative errors between the simulated and experimental values
for the apparent mass and damping factor, normalized by the experimental
value.
The experimental and simulated phase angles have good agreement,
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Table 3.5: Comparison of the Amplitude and Phase Angel of Lateral Force
and Yawing Moment Predictions with Experimental Fits During Dynamic
Sway
k
0.03

0.12

Case
CFD, Medium
Experiment
CFD, Coarse
CFD, Medium
CFD, Fine
Experiment

Y0 [N]
106.8
77.6
128.1
124.5
123.6
112.8

φY [deg]
159.3
158.0
140.1
141.1
138.5
134.9

N0 [Nm]
35.1
24.9
42.8
43.0
42.9
29.6

φN [deg]
183.9
179.0
186.3
183.4
183.5
191.4

with the relative error between simulated and experimental results < 5% in
all cases. The amplitude of the simulated lateral force agrees well with the
experiment at high k, where the relative error is between 14% and 9.5% and
within the error range of the static simulations. The simulations predict a
much greater force amplitude at low k however, with a relative difference
of 38%, which is much higher then the static error. The simulated yawing
moment amplitude is higher than the experiment for all cases, with an average relative error of approximately 44%. The static simulations similarly
predicted a higher yawing moment in all cases, although with a lower relative
value.
Based on the results for the apparent mass and damping factor predictions in Table 3.6, it appears that the discrepancy between simulated and
experimental values of the lateral force is more pronounced in the damping
components. Improved mesh resolution reduces the damping factor, while
having little effect on the apparent mass prediction. It is important to note
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Table 3.6: Comparison of the Lateral Force Apparent Mass and Damping
Factor From Simulation Predictions and Experimental Data
k
0.03

0.12

Case
CFD, Medium
Experiment
CFD, Coarse
CFD, Medium
CFD, Fine
Experiment

Mapparent [kg]
156.0
120.4
79.3
75.4
79.0
77.5

eM
0.295
0.023
0.027
0.019

b [kg/s]
181.6
131.0
170.6
168.2
160.7
138.0

eb
0.386
0.236
0.219
0.164

however that a large percentage of the apparent mass is due to the physical
mass of the system, and so errors in the force amplitude and phase angle
are expected to be less significant in the apparent mass prediction. With
the close agreement of the phase angles in Table 3.5, it is likely that much
of the over-prediction of the damping factor is driven by over-prediction of
the force amplitude. As in the case of the force amplitude, at high k this
result is in line with the error of the static simulations. While it is tempting
to conclude that no additional error in the force prediction has been introduced due to the unsteady motion at high k, such a conclusions would be
premature. At low k, there is seen to be significant error beyond that seen in
the steady simulations, and as only two frequencies were examined, it is not
possible to determine from the present data whether this indicates the model
is indeed more accurate at high frequencies or whether there is a fortuitous
cancellation of error occuring for the high k case.
At low k, there appears to be an additional discrepancy in the apparent
mass prediction. Both the experiment and the simulations predict a reduc-
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tion in the inertial force as the acceleration goes to zero, in keeping with
theory. The inertial force does not however decrease in proportion to the
acceleration, resulting in an increase in the predicted apparent mass as frequency is reduced. Potential flow theory would predict that the apparent
mass is constant for all accelerating motion, and the experiment did find
that the apparent mass tended to a constant value as k increased [6]. It
is possible then that the increase of apparent mass as k approaches zero is
due to a viscous effect which is in phase with acceleration becoming more
pronounced. For both the experiment and the simulations, the behaviour
of the apparent mass as k → 0 is ill defined, and the evaluation of the apparent mass becomes more difficult due to the decreasing significance of the
acceleration. It is therefore expected that the accuracy of the apparent mass
prediction is worse at low k. As the majority of the interest is in higher
values of k where unsteady effects are expected to be significant, this issue
has not been investigated further.
Unlike the lateral force, the yawing moment error has been significantly
increased at all angles of incidence in comparison to the steady case. Force
distribution data for the experimental case is not available for comparison,
however it is known from theory that the effect of turbulent separation is
likely concentrated towards the tail of the submarine, while any effect of
transition would be concentrated towards the nose, both of which would
have significant effect on the moment about the centre of buoyancy. Both
of these effects would introduce additional complications in the case of dy111

namic flows, as both are dynamic in nature, and so it is speculated that the
increased error in the dynamic yawing moment predictions is due to the lack
of sufficient models for these phenomenon. The analysis of these phenomenon
would also be exacerbated by the presence of the support struts. Dynamic
transition is itself a complicated physical phenomenon and a subject of significant research, while advanced turbulence models such as DES were not
found to be economical for the present application. As such, these options
cannot be pursued further.

3.4

Summary
A CFD model has been developed which is capable of simulating the

unsteady flow around unappended submarine hulls in steady translation and
dynamic sway. The model is based on the CFD solver EXN/Aero, developed
by Envenio Inc, and uses the Wilcox 2006 turbulence model with inertial
source terms to simulate mesh motion. The model was compared to the
HPMM experiments conducted by Azarsina [5] on the Phoenix UUV geometry in steady translation and dynamic sway, so as to estimate the accuracy
of the numerical model. From these results, it was concluded that the model
is sufficiently accurate to proceed with the development of the database of
unsteady maneuvering simulations, however it is possible that there may be
significant modelling error present in the unsteady cases.
In steady translation, the results showed good agreement with the ex-
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perimental values, and were within experimental uncertainty for those cases
where uncertainty data was available. A mesh refinement study demonstrated that the medium resolution mesh provided an acceptable balance of
accuracy and computational economy. In dynamic sway, the agreement with
the experimental results varied. For the lateral force, at high k the results
show similar levels of error to the steady case. At low k however, the results
show an apparent discrepancy in the apparent mass, which is significantly
higher than predicted by the experiment. Both the experiment and the simulations predict a higher apparent mass at low k, in contradiction to potential
flow theory, suggesting that there may be error in both results due to the
singular nature of the added mass as k → 0. For all cases, the yawing moment showed more discrepancy between simulations and experiment than the
steady result. It is not possible from the present data to determine whether
the model is more accurate at high frequencies, or if error cancellation is
occurring in the high frequency case.
The simulation results were in all cases seen to be sensitive to the complex junction flows where the HPMM support struts joined the hull. However,
since this feature is not present in the unsupported cases which are ultimately
of interest, it was not believed that further refinement of the mesh or changes
to the model were warranted on this basis.
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Chapter 4
Development and Analysis of a
Computational Database of
Maneuvering Bare Hull
Geometries
With the accuracy of the computational model established by the validation study, a series of steady and unsteady simulations of unappended
submarine hulls undergoing a variety of maneuvers was conducted. The aim
of these simulations was to establish a database of results from which the unsteady hydrodynamics could be analyzed and a simplified model developed.
To that end, the emphasis was placed on maneuvers which would highlight
the relative effects of unsteadiness. Four different geometries were investi114

gated, consisting of two different versions of the Phoenix geometry used for
the validation study, the DRDC Standard Test Rig (STR), and the Series
58 Model 4621. More detail on each of these geometries is given below.
The analysis in this chapter is based primarily on the familiar description
of hydrodynamic forces and moments in terms of the surface distributions
of pressure and shear stress. In addition, a potential flow model is used to
decompose the dynamic forces into those due to added mass and those due
to motion history. A brief overview of the potential flow model is provided,
followed by a more detailed analysis of the maneuvers in question. Four
general classes of maneuver were investigated, including steady translations,
impulsive accelerations, sustained accelerations, and sinusoidally oscillating
motions. Each individual class of maneuver is described in more detail in
their respective sections below.

4.1

Hull Geometries
Four geometries were chosen for their ability to represent a variety of

different submarine hull configurations. These geometries represent a range
of slenderness, profile shape, wetted surface area and volume. For all cases,
the submarine was scaled to the same length of ` = 1.724 m in order to
simplify mesh generation. The bodies slenderness was maintained by scaling
the diameter appropriately.
The first of these was taken to be the Phoenix UUV geometry. While
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Figure 4.1: Normalized Profiles of the Four Simulated Hull Geometries
technically a UUV, the shape of Phoenix fits comfortably within the envelope of submarine hull designs, with many employing the parallel mid-body
geometry used by Phoenix and a similar slenderness ratio. The primary motivation for selecting Phoenix was ease of use, since several meshes had already
been generated for Phoenix during the validation study. As discussed, the
baseline Phoenix case has a slenderness ratio of  = 8.5. A second Phoenix
geometry, with slenderness  = 9.5 and labeled Phoenix 9.5, was selected to
represent a significantly more slender case. Since it is more slender, Phoenix
9.5 will also have a significantly reduced surface area and volume compared
to the other geometries. The third geometry chosen was the DRDC Standard
Test Rig or STR. The STR is a common configuration for submarine studies
at DRDC, and was chosen primarily due to DRDC’s significant interest in
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Table 4.1: Geometric Parameters of the Hull Forms
Geometry
Phoenix 8.5
Phoenix 9.5
DRDC STR
Series 58


8.5
9.5
8.75
7.34

Ap [m2 ]
0.307
0.274
0.292
0.294

Aw [m2 ]
0.964
0.863
0.917
0.924

V [m3 ]
0.046
0.037
0.042
0.045

λcb /`
0.456
0.475
0.445
0.446

Ap /`2
0.103
0.092
0.098
0.099

V /`3
8.97e-3
7.22e-3
8.20e-3
8.78e-3

its performance and their large amount of experience with it. The STR is
very similar to Phoenix 8.5 in terms of its body parameters and its shape,
being also a three part geometry with a parallel mid body. As mentioned,
the STR was chosen primarily due to the significant interest at DRDC in this
specific design, and is not expected to represent a significant departure from
the Phoenix 8.5 results otherwise. The final geometry chosen was the Series
58 Model 4621. This geometry is the least slender of the four at  = 7.34,
and notably has a continuously varying profile as opposed to the three part
parallel mid-body profile. The Series 58 and Phoenix 9.5 therefore represent
the most significant departures from the envelope, with the STR and Phoenix
8.5 sitting comfortably near the mean of the geometries. A summary of the
geometric details, including slenderness, planform area, and hull volume, of
each geometry is given in Table 4.1, and the four hull profiles are shown in
Figure 4.1 for reference. Planform area is here defined as the lateral projected area of the hull profile. The meshes and boundary conditions for these
geometries match those used in the validation study wherever possible, with
the obvious exception of the removal of the support struts.
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4.2

Potential Flow Model
As discussed in section 2.2, there are two dynamic effects which are

known to contribute to the unsteady force. The first is the added mass force,
which is inertial in origin and acts in opposition to the acceleration, while
the second is the viscous flow history effect due to shed vorticity. It is not
generally possible to distinguish between these two effects in a given force
signal without additional information. To that end, a potential flow model
was used to generate the inviscid added mass coefficients for the geometries
examined in this work. Added mass coefficients describe the proportionality
between the added mass forces felt by a vehicle and its acceleration, for
example
Yam = Yu̇ u̇ + Yv̇ v̇...

(4.1)

In general, a total of 36 coefficients are required to describe each possible combination of acceleration and force or moment. In practice a number of these
are either zero or equivalent to other coefficients due to symmetries of the
geometry. The geometries studied here are axisymmetric and unappended,
and move without rotation. The only added mass coefficients of interest then
are the surge and sway coefficients Xu̇0 , Yv̇0 , and Nv̇0 . Initial estimates of the
Nv̇0 coefficient were negligibly small for this body, and so yaw added inertia
in sway has been neglected in the present work. Nondimensional added mass
coefficients are typically reported in one of two ways, either using the hull
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length so that
Xu̇0


= Xu̇ /

1 3
ρL
2


(4.2)

or by using the volume so that

kX = Xu̇ / (ρV )

(4.3)

This work will typically utilize the length-based non-dimensionalization, however both are reported in table 4.2.
Once known, these coefficients can be used with the kinematics to decompose the force from the CFD simulations into that due to inviscid added
mass and an unsteady residual. The residual is here defined as

Yr = Y − Yam = Y − Yv̇ v̇

(4.4)

The motion history effects will then be entirely contained in the unsteady
residual, along with any viscous added mass effects.
The potential flow was solved using the Aircraft 3D Panel Method
(APAME) code, which is an open source tool for solving simple potential
flow problems. Full details on the APAME code are available in the manual
by Filkovic [24]. APAME uses standard potential flow techniques, consisting
of constant strength source and dipole elements at every panel. For the sake
of brevity, the full details on potential flow methods will not be given here; the
interested reader is referred instead to the textbook by Katz and Plotkins
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Table 4.2: Predicted Inviscid Added Mass Coefficients by Geometry
Geometry
Phoenix 8.5
Phoenix 9.5
DRDC STR
Series 58

Xu̇0
6.91e-4
4.90e-4
5.84e-4
6.36e-4

Yv̇0
1.67e-2
1.35e-2
1.54e-2
1.64e-2

kX
0.0339
0.0339
0.0356
0.0362

kY
0.9300
0.9376
0.9372
0.9376

[50]. The use of APAME to calculate inviscid added mass coefficients for
submarine hulls was previously validated by Marshall in [61].
Like CFD codes, potential flow codes require a discretized mesh of the
geometry on which to solve the problem, however unlike CFD codes this
mesh is only of the wetted surface of the geometry of interest. For this work,
the discretized surface is represented by evenly distributed triangular panels
along the entire body. A grid convergence study found that a panel density
of approximately thirty thousand panels was sufficient to give a converged
result. Table 4.2 lists the added mass coefficients for all four geometries at
this panel density. Based on the added mass coefficient predicted here, an
apparent mass of 94.9 kg would be expected for the experimental validation,
as opposed to the 75.4 kg (k = 0.12) and 156.0 kg (k = 0.03) values found
during the validation study. This result then further suggests that strut
interference may have been a significant obfuscating factor in the validation
study.
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4.3

Computational Database of Unsteady Maneuvers

4.3.1

Steady Translation

In order to establish the quasi-steady limit for the cases under investigation, six steady translations were simulated for a range of incidence angles
from 0◦ to 20◦ . Past experience has shown that at angles of incidence above
20◦ , the wake is increasingly unstable, resulting in dynamic separation and
vortex shedding even in cases with steady kinematics. As the interest here
is on unsteadiness arising from the kinematics, all cases investigated were
restricted to incidence angles below 20◦ . In addition, past work by Jeans [48]
has already demonstrated the effect of geometry on the hydrodynamics during steady translation, and so only the Phoenix geometry is simulated here.
As steady translation has already been covered in depth by other authors,
only a brief overview of the results is given here, for the sake of comparison
to the unsteady cases.
As with the validation case, the total velocity was maintained at 2 m/s
while incidence angle was varied in each case. The unsteady solver is again
utilized, with a time step of dt = 0.001 s and a total simulation time of 5
seconds. For all cases, this run time was sufficient for the force and moment
data to achieve a steady mean value with a standard deviation of less than 1%
in the final second. The mass convergence target was set to 0.005%, while the
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Figure 4.2: Simulated Axial Force for the Unappended Phoenix Geometry
During Steady Translation
linear solver convergence was set to 1.0e-4. Achieved convergences averaged
0.007% for mass imbalance, 1.75e-5 for the momentum residual, 1.5e-3 for the
pressure residual, and 1.1e-4 for the turbulent residual. These were taken to
be sufficiently converged results. Figures 4.2 through 4.4 plot the axial force,
lateral force, and yawing moment respectively versus drift angle. A grid
convergence study on the 16◦ case found less than 2% variation between the
medium and fine resolution cases for the lateral force and yawing moment,
with CGI’s of 6.9% and 0.2% respectively, and so all further results presented
here refer to the medium resolution mesh.
In steady translation, the flow topology is dominated by a pair of
counter-rotating vortices in the lee of the body. These vortices grow in
strength and size as the angle of drift increases, and are fed by sheets of
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Figure 4.3: Simulated Lateral Force for the Unappended Phoenix Geometry
During Steady Translation

Figure 4.4: Simulated Yawing Moment for the Unappended Phoenix Geometry During Steady Translation
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separated vorticity from open topology separation lines along the stern half
of the body. Visualizations of this separated flow are given in Figure 4.5 for
a range of incidence angles, in which the growth of these vortices is clearly
visible. Figure 4.6 plots the lateral force distribution along the body for a
range of incidence angles for both the viscous CFD solution and the potential
flow solution. The distributions have here been normalized by sin 2β, which
will collapse the potential flow results onto a single curve and highlight the
effect of viscous flow in the CFD results. Note that the potential flow force
distributions predict zero net lateral force, and so the degree to which a viscous solution departs from the potential solution will be proportional to the
total lateral force at that angle of incidence. For the range of incidence angles under consideration, the lateral force forms the dominant contribution
to the yawing moment, and as these are the primary hydrodynamic variables
of interest, only the lateral force distribution is detailed. These distributions
are characterized by three dominant flow features. These three features of
the flow are the defining characteristics of steady translation for this class of
body, and will form much of the basis for analysis of the unsteady flows to
follow.
The first is a strong positive peak on the nose, which is caused by the
forward stagnation point where the flow attaches to the body. As incidence
angle increases, this stagnation point moves along the nose, and has a growing lateral force component. There is no deviation from the potential flow
solution along the nose, as the flow here is attached and the boundary layers
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(a) β = 4◦

(b) β = 12◦

(c) β = 20◦

Figure 4.5: Contours of Vorticity Magnitude in Steady Translation at Re =
3.0e6, obtained from CFD generated velocity fields.
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Figure 4.6: Comparison of Lateral Force Distributions on the Body During
Steady Translation From CFD and Potential Flow for Varying Incidence
Angles
are relatively thin.
The second feature is seen along the mid-body, which is relatively flat
and contributes little to the lateral force or yawing moment. The potential
flow solution remains effectively zero along the length of the mid-body. The
CFD solution however is seen to move away from the potential flow solution
as incidence angle grows. This is due to the growth of the wake vortices with
increasing incidence angle. In the absence of the vortices, the pressure on
the leeward side of the body recovers to the free stream value, and there is
negligible pressure difference between the windward and leeward sides. In
the presence of separation, the leeward side cannot fully recover, resulting
in low pressures on the lee of the body and a lateral pressure force on the
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mid-body which increases with the incidence angle.
At the tail, the potential flow solution recovers towards a rear stagnation
point, which is more diffuse than the forward stagnation due to the longer run
and gentler slope of the tail contraction as compared to the nose. The CFD
result however is seen to have a significantly weaker recovery in comparison
with the potential flow solution. This is again due to the vorticity leaving
the surface, which is particularly strong at the tail of the body and is present
at all angles of incidence.

4.3.2

Impulsive Acceleration

The simplest unsteady flow examined was an impulsive acceleration.
The aim of these maneuvers was to examine the response of the hull to an
impulse of acceleration, or correspondingly a step change in angle of drift,
so as to identify the relevant unsteady time scales in the force and moment
response. The flow is initialized using a steady translation at incidence,
and the kinematics are held constant at this condition for three seconds to
eliminate any influence of the start-up transient. The impulsive acceleration
takes the form of a Gaussian function

v̇ =

∆v
p
2πt21

!
exp

− (t − t0 )2
2t21

!
(4.5)

Here, the constant t0 = 3.0 s centres the impulse at three seconds, while the
constant t1 = 100dt = 0.05 s sets the pulse half-width. The pulse magnitude
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∆v was chosen so as to produce a 1◦ change in the angle of drift from the
initial condition. As the steady force and moment are nonlinear functions
of angle of drift, it was assumed that the response would vary based on the
initial drift angle. As the impulsive acceleration cases are aperiodic, rather
than define a reduced frequency, the response will be described in terms of
non-dimensional time
t0 =

tU
`

(4.6)

or equivalently in terms of the time required to flow over the hull.
Five initial angles of incidence were tested from 0◦ to 20◦ for the Phoenix
8.5 geometry. The simulations were run with a time step of dt = 0.0005 s for
a total of 6 s, with the peak acceleration centred at t0 = 3 s. The simulations achieved an average mass imbalance of 2.0e-7%, an average normalized
momentum residual of 1.4e-6, pressure residual of 1.6e-4, and turbulence
residuals of 1.1e-5. Note that the pressure and mass convergence is significantly improved from the steady translation case. This is believed to be due
to a change in the memory allocation in the solver which results in better
convergence for the step maneuvers. This change was discovered late in the
research progress, and time restraints prevented it’s application to the other
cases.
Figure 4.7 plots the lateral force response for all five simulations, nor-
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Figure 4.7: Indicial Functions of the Lateral Force Response to Impulsive
Acceleration
malized by the difference between the final and initial value, so that

YI =

Y (t) − Y (0)
Y (∞) − Y (0)

(4.7)

The response function normalized in this manner is often referred to as an
indicial function by the aerodynamics community, and this terminology will
be adopted here. The lateral force can be seen to have two distinct time
scales. A strong initial pulse is seen to correspond directly to the acceleration.
This then dies down towards the initial condition, before slowly building to
the final steady value over approximately one flow over of the body. An
unsteady residual, formed by subtracting the inviscid added mass force from
the total force, is also plotted in figure 4.7. It can be seen that the initial pulse
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Figure 4.8: Indicial Functions of the Yawing Moment Response to Impulsive
Acceleration
corresponds entirely to the added mass, and that the motion history effect
corresponds to the slow build up towards the steady value, taking place at
approximately the convective time scale of the flow over the body. Note that,
since the response function is normalized by the steady state force difference,
the strength of the added mass force has been exaggerated in figure 4.7.
In dimensional terms, all of the accelerations were of approximately similar
strength, and so all of the added mass pulses were also of approximately
similar strength. As expected, the response functions vary depending on the
initial incidence of the body due to the non-linearity of the hydrodynamics.
Figure 4.8 plots a similar indicial function for the yawing moment, and
it can be again seen to have two dominant timescales. While the lateral
force had a strong added mass effect during the acceleration pulse, inviscid
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theory predicts no yaw added inertia coupling in sway for this class of body.
Rather, the moment grows in strength on the timescale of the acceleration,
and overshoots the final steady value. This initial overshoot then gradually
dies towards the steady value, again over approximately one flow over. Inviscid theory famously predicts that there is no force felt by a body in a steady
inviscid flow, however there is still an inviscid moment, referred to as Munks
moment and calculated as [66]

Nm = (Xu̇ − Yv̇ ) uv

(4.8)

In steady flows, Munks moment is known to over-predict the actual viscous
moment [48]. The initial overshoot of the indicial response seen here is believed to arise from the incremental strength of the vortex sheet on body
due to the changing kinematics, as per Munk’s moment, which then relaxes
towards the viscous moment as the vorticity diffuses from the surface. If the
Munk moment is removed to form an unsteady residual in a similar manner
as the inviscid added mass, i.e. Nres = N − Nm , then we can again observe a
slow build towards the steady value, consistent with motion history effects.
Note that since the Munk moment does not go to zero with the acceleration,
the normalized residual shown here is formed by first removing the Munk
moment and then applying the indicial normalization to the residual.
These features of the moment response can be further investigated by
examination of the lateral force distribution, plotted in figure 4.9 for select
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Figure 4.9: Lateral Force Distributions on the Hull During a βi = 10 Impulsive Acceleration

Figure 4.10: Lateral Force Distributions on the Tail During a βi = 10◦
Impulsive Acceleration
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time steps during the βi = 10◦ maneuver. The effect of added mass can be
clearly seen in the t0 = 0 curve, which is increased uniformly along the body
in comparison with the initial condition. This uniform increase results in
no effect on the moment. The effect of motion history is more difficult to
observe, but appears to be concentrated near the tail. Figure 4.10 plots the
same force distributions on the rear half of the body only, and the effect is
more clearly seen. The force distribution on the front half of the body rapidly
transitions to the steady value, with little to no effect due to motion history
seen. The tail however develops an initially stronger negative peak which
relaxes towards the steady value. This causes the lateral force to slowly grow
towards the final steady value, and the yawing moment to initially overshoot
it due to the negative moment arm at the tail, both of which correspond to
the motion history effects seen in the indicial functions. The motion history
effect in the step change maneuver can then be summarized as an initial
tendency of the tail to feel a stronger negative force, which relaxes towards
the steady state value as the initial vorticity is convected away from the
body. This relaxation process takes approximately one flow over the body to
complete.
A sensitivity study on the effect of the kinematics on these results was
conducted. Three additional versions of the βi = 10◦ case were simulated.
The first used a shorter or thinner pulse to accomplish the same change in
incidence, the second used a stronger pulse of the same width to accomplish
twice the change in incidence, and the third reversed the maneuver so that
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Figure 4.11: Lateral Force Response Functions with βi = 10◦ and Varied
Accelerations
the step change was from β = 11◦ to β = 10◦ . Figures 4.11 and 4.12 plot
the force and moment response functions for these cases. It can be seen
that while the acceleration and kinematic responses of the force and moment
vary in response to the changes in the pulse, there is negligible change in the
residual response, and hence in the motion history. For both the larger pulse
and the negative pulse, no visible change in the residual can be observed.
For the thinner pulse, a minor change in the vicinity of t0 = 0 is observable,
however this is believed to be related to the accuracy of the added mass
coefficient prediction rather then variation in the motion history effects, due
to it’s highly local nature around the acceleration peak. Based on these
results, it was concluded that while the hydrodynamic response of the hull
is nonlinear in terms of the initial angle of incidence, the response is locally
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Figure 4.12: Yawing Moment Response Functions with βi = 10◦ and Varied
Accelerations
linear in an approximately 2◦ neighbourhood of the initial drift angle.

4.3.3

Sustained Acceleration

Sustained accelerations represent the next step in unsteady maneuvers,
in terms of the complexity of the kinematics. In these maneuvers, the hull
is initially held in straight ahead motion with zero angle of drift. At t0 = 2
seconds, a smooth lateral acceleration is applied which rapidly builds up to a
value of v̇, which is sustained for the duration of the maneuver. As the hull
accelerates, the drift angle is increased due to the increase in sway velocity.
The acceleration is held constant until a drift angle of β = 20◦ is achieved,
at which point the simulation ends. This maneuver is then equivalent to
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either a step change in acceleration or a ramp in the velocity and angle of
drift. As with the impulsive accelerations, the motion is aperiodic, and so a
frequency cannot be defined. The unsteadiness of the maneuver was instead
parametrized by the ratio of the convective time scale to an acceleration time
scale, as
k=

v̇`
U2

(4.9)

Two different accelerations were studied, a rapid case with k = 0.1, and
a slow case with k = 0.01. It was hoped that these two cases would bracket
the quasi-steady limit. Both cases utilized the Phoenix 8.5 geometry with the
medium resolution settings for space and time discretization. The average
achieved mass error for the two cases was 2.6e-6%, while the normalized average momentum residual was 1.1e-6, the average pressure residual was 1.0e-3,
and the average turbulent residual was 1.6e-5. The level of convergence is
similar to the steady cases, and the results are taken to be sufficiently well
converged.
Figures 4.13 and 4.14 plot the lateral force and yawing moment signals
as a function of the instantaneous drift angle. Also shown is the equivalent
steady translation signal, as estimated by a cubic spline fit of the steady
translation data. It is clear that both the lateral force and yawing moment
deviate from the steady translation prediction by significant amounts at different points during the maneuver. The lateral force curve at k = 0.10 shows
a distinct jump during the initial motion, which is due to the added mass

136

Figure 4.13: Lateral Force Signal as a Function of Drift Angle during Sustained Acceleration Maneuvers
force growing in response to the increasing acceleration. In comparison, the
k = 0.01 curve has a much weaker acceleration and the jump in the force
due to the added mass is smaller. The yawing moment curves both initially
follow the steady result, but are seen to be higher in the latter half of the
maneuver, or equivalently at high angles of drift. The increase in the yawing moment at high angles is also seen to be proportional to the reduced
frequency of the maneuver. As there is no added mass contribution to the
yawing moment, this increase is believed to be entirely due to motion history effects in the maneuver. In effect, the transient value lies between the
inviscid Munk moment and the quasi-steady limit.
The force data shown in figure 4.13 will contain contributions due to
both the added mass force and motion history effects, and so it is again
137

Figure 4.14: Yawing Moment Signal as a Function of Drift Angle during
Sustained Acceleration Maneuvers
difficult to evaluate the error of the quasi-steady assumption from the total
force data. Figure 4.15 plots a comparison of the unsteady residual force
with the steady force. As with the yawing moment, it can be seen that the
residual force deviates from the steady value in proportion to k. At low
k, the residual force approximately follows the steady force for angles below
approximately 15◦ , indicating that the lateral force is essentially quasi-steady
for the majority of the maneuver. At k = 0.10 however, the residual force
is significantly lower then the steady force for the majority of the maneuver,
indicating the increased importance of motion history effects at higher k. For
the k = 0.01 case, the maximum error due to the quasi-steady assumption
occurs near 20◦ drift, and has a value of approximately 9% for the residual
force and 13% for the yawing moment. The maximum error for the k = 0.10
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Figure 4.15: Residual Lateral Force Signal as a Function of Drift Angle during
Sustained Acceleration maneuvers
case however occurs at moderate drift angles in the vicinity of 12◦ for the
residual force with a value of 51% and at high drift angles near 20◦ for yawing
moment, with a value of 18%. The error of the quasi-steady assumption
clearly grows in proportion to k for this case, and is also much more significant
for the lateral force than for the yawing moment. In all cases, these deviations
are believed to be outside of the limits of the numerical uncertainty, based
on estimates for the sinusoidal sway maneuvers presented below.
Contours of wake vorticity are compared in figure 4.16 for the sustained
acceleration cases at an instantaneous drift angle of β (t) ≈ 20◦ , with acceleration at k = 0.01 plotted on the left of the body and k = 0.1 on the
right. The k = 0.01 case is essentially identical to the quasi-steady contours
at β = 20◦ plotted in figure 4.5. The acceleration at k = 0.1 however shows
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Figure 4.16: Comparison of simulated vorticity contours at β (t) ≈ 20◦ for
sustained acceleration at Re = 3.0e6, with k = 0.01 (left) and k = 0.1 (right).

Figure 4.17: Comparison of simulated tail plane vorticity contours at β (t) ≈
20◦ for sustained acceleration at Re = 3.0e6, with k = 0.01 (left) and k = 0.1
(right).
a minor but noticeable reduction in the separated vorticity, particularly near
the stern and into the wake. This is highlighted in figure 4.17 which compares the contours at the tail plane only; the wake vorticity is noticably more
compact. These reductions seem to be indicative of a delay in development;
at k = 0.1, the wake is smaller, weaker, and generally matches a steady
translation at a reduced angle of drift.
Figure 4.18 plots the lateral force distributions along the body for both
unsteady maneuvers and steady translation at β (t) ≈ 16◦ . Three distinct
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Figure 4.18: Distributions of the Total Lateral Force During Sustained Acceleration Maneuvers at β ≈ 16◦
unsteady effects are present in this force distribution. The first is due to
the added mass of the surrounding fluid, which increases the local force everywhere on the body, in proportion to the acceleration and the local cross
sectional area at each station. The net effect for the unsteady maneuvers
is an increase in the lateral force, in proportion to v̇, with no change in the
yawing moment.
As with the total force signals, it is difficult to distinguish the effect
of the added mass from that of motion history in a plot of the lateral force
distribution. Figure 4.19 plots the distribution of the residual force, which is
obtained from the total force distribution by subtracting the added mass force
distribution as predicted by the potential flow model. As with the impulsive
acceleration, it is apparent that the dynamic motion has a significant effect
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Figure 4.19: Distributions of the Residual Lateral Force During Sustained
Acceleration Maneuvers at β ≈ 16◦
on the force at the tail, which has a strong negative peak proportional to k.
As k increases, the effect is also seen to spread further up the mid-body. This
has the effect of reducing the lateral force but increasing the yawing moment,
due to its concentration behind the centre of rotation. As with the impulsive
accelerations, this negative force on the tail is attributed to the history of
the motion, and is believed to be induced by the unsteady vorticity in the
wake near the body.
In addition, it can be seen that both the k = 0.01 and k = 0.10 maneuvers have increased residual force near the forward stagnation point on
the nose. This effect does not appear to be proportional to k, as it has
approximately the same strength in both maneuvers. Examination of the
distribution at other points in the maneuver shows that this effect only be142

comes significant at β > 8◦ and sufficiently late times. The forward stagnation point was not affected by dynamic motion in the impulsive acceleration
maneuvers. Taken together, these results suggest that the effect may require
sustained acceleration in order to develop. The effect of this increased lateral
force on the nose is to increase the lateral force and yawing moment for both
maneuvers.
The net result of these three unsteady effects differs between the two
maneuvers. The yawing moment increases in all cases in proportion to k. For
the k = 0.01 maneuver, the combined effect of the negative residual force at
the tail and positive residual force at the nose is to increase the residual force
due to the strength of the forward stagnation effect relative to the effect at
the tail. For the k = 0.10 maneuver, the combined effect results in a net
decrease of the residual force. This interplay explains the residual curves
seen in figure 4.15, where the k = 0.10 maneuver had a lower residual force
than the steady maneuver while the k = 0.01 maneuver had a higher residual
force. As k increases then, the effect of motion history at the tail becomes
more significant, while the effect at the nose is constant.
The reader should note also that the deviation of the residual lateral
force, both as a total force and as a distributed force, could equally be caused
by error in the predicted added mass coefficient. The typical argument made
when using an inviscid added mass coefficient in a viscous flow result is that
accelerations tend to be brief with respect to the timescale of viscous flow
phenomenon, and so are not modified by viscosity. The sustained acceleration
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maneuvers shown here violate this assumption, and so it is possible that the
phenomenon seen here in relation to the forward stagnation point and the
residual lateral force at k = 0.01 may be due to a viscous modification of
the added mass which develops at late times. This point will be revisited in
chapter 5 using vortex dynamics tools to assess the added mass without the
use of the inviscid coefficient.

4.3.4

Sinusoidal Maneuvers

The most complex maneuver studied was a sinusoidally oscillating sway,
similar to the sway motions studied experimentally by Azarsina [6]. As in
the validation study, these motions constitute the submarine maneuvering
with constant forward velocity and sinusoidally varying sway velocity across
a range of frequencies. The sway velocity is then given by


4πkU t
v (t) = v0 cos (ωt) = −u tan (β0 ) cos
`


(4.10)

while the drift angle is

β (t) = tan

−1



−v (t)
u



−1

= tan




4πkU t
tan (β0 ) cos
`

(4.11)

A range of four reduced frequencies was identified based on the results of the
maneuvering survey as being representative of realistic unsteady submarine
motions, ranging from a quasi-steady case of k = 0.03 to the moderately
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Table 4.3: Kinematics of the Sinusoidal Sway Maneuvers
Maneuver
Sway 9
Sway 1
Sway K1
Sway K2
Sway B5
Sway B10
Sway B20
Sway 9B5
Sway 9B10
Sway 9B20
Sway K1B5
Sway K1B10
Sway K1B20
Sway K2B5
Sway K2B10
Sway K2B20
Sway L
Sway STR
Sway 58

Geometry
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 8.5
Phoenix 9.5
DRDC STR
Series 58

k
0.03
0.12
0.20
0.30
0.12
0.12
0.12
0.03
0.03
0.03
0.20
0.20
0.20
0.30
0.30
0.30
0.12
0.12
0.12

β0
16
16
16
16
5
10
20
5
10
20
5
10
20
5
10
20
16
16
16

unsteady cases at k = 0.12 and k = 0.2 to a more extreme case at k = 0.3. In
addition, four different maximum velocities were chosen to represent extreme
incidence angles of β0 = 5◦ , 10◦ , 16◦ , and 20◦ . All four geometries were
studied in sway motion, in order to investigate the effect of hull geometry,
however only the Phoenix 8.5 geometry was simulated for the full range of
kinematics identified. Unless otherwise specified, all results use the medium
resolution settings for space and time discretization, and similar grids were
used in all four geometries. In total 19 different sinusoidal maneuvers were
studied.
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Based on the findings of the validation study, all sinusoidal maneuvers were simulated for two cycles. An attempt was made to initialize these
simulations from a steady translation result, however in some cases this procedure resulted in an initial instability in the simulation. For these cases,
the simulations were instead started from a uniform field based on the initial
kinematics. In all cases, a 0.2 second hold is used in an attempt to minimize
the effect of the starting transient. The average achieved mass convergence
for these cases was 0.00394%, while the average RMS momentum residual
was 4.33e-6, average pressure residual 1.25e-3, and average turbulence residual 4.26e-5. This convergence level is similar to that achieved by the steady
translation cases, and was taken to be sufficient for the present work.
Figure 4.20 plots the lateral force as a function of angle of drift for the
four β0 ≈ 16◦ maneuvers conducted by the Phoenix 8.5 geometry, along with
the steady translation result. In all cases the motion begins at β = −16◦ ,
in the lower left quadrant of the figure. The loop is then traversed in a
clockwise manner as indicated by the black arrow at the centre of this figure.
The force clearly demonstrates significant hysteresis which grows from the
quasi-steady solution in proportion to the reduced frequency. The hysteresis
of the total force proceeds in a clockwise manner, indicating that the force
leads the velocity signal, due in large part to the dominance of the added
mass. The residual force is again plotted in figure 4.21 by removing the contribution of the inviscid added mass force. It can be seen that the residual
also clearly grows in proportion to k and makes a significant contribution to
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the total lateral force. The residual force hysteresis proceeds in a counterclockwise manner, suggesting that the motion history is inducing a lag on
the lateral force in comparison to the velocity signal. Figure 4.22 plots the
yawing moment signal for the same cases. It can be seen that as with the
sustained acceleration, the deviation of the unsteady signal from the quasisteady result is much less significant for the yawing moment. The yawing
moment hysteresis is seen to be clockwise, leading the velocity signal. As
there is negligible added inertia in yaw during dynamic sway, this indicates
that the motion history effect induces a lead in the moment, as opposed to
the lag it induced in the force. This result is consistent with the impulsive
maneuvers, which demonstrated that during increasing incidence, the motion
history effect reduced the lateral force but enhanced the yawing moment due
to the negative lever arm at the tail.
In order to assess the sensitivity of these results to the grid and time step
resolution, a sensitivity study was conducted on the Phoenix 8.5, β0 ≈ 16◦ ,
k = 0.12 case. Time restraints prevented the analysis of multiple cases within
the kinematic space, and so this case was selected due to it’s relevance to
both the unsteady database and the validation study. The amplitude and
phase angle of a cosine fit to the lateral force was calculated for all three
resolutions, varying both the grid and time step. The relative variation
between the medium and fine mesh results were less than 1%, while GCIs
calculated based on the lateral force signal’s amplitude and phase were 0.04%
and 1.1% respectively, while the yawing moment signal had GCIs of 0.02%
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Figure 4.20: Hysteresis of the Lateral Force during Sinusoidally Oscillating
Sway for Phoenix 8.5 with β0 ≈ 16◦ and Varying Frequency.

Figure 4.21: Hysteresis of the Residual Force during Sinusoidally Oscillating
Sway for Phoenix 8.5 with β0 ≈ 16◦ and Varying Frequency.
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Figure 4.22: Hysteresis of the Yawing Moment during Sinusoidally Oscillating
Sway for Phoenix 8.5 with β0 ≈ 16◦ and Varying Frequency.
and 0.05%. No visible change in the signals could be detected when plotted,
and such a comparison is therefore not shown here. These results show
excellent convergence towards a resolution independent solution, and the
medium mesh cases is taken to have sufficient resolution for the present case.
A comparison of the wake vorticity contours at β (t) ≈ 16◦ is shown
in figure 4.23 for steady translation and oscillating sway cases at β0 = 16◦ .
The k = 0.03 case can be seen to be nearly identical to the steady case,
again indicative of quasi-steady motion, while all other cases show significant
motion history effects. These effects are again concentrated near the tail and
behind the body, with the wake contours being both deformed in character
and offset in the vertical plane compared to the steady case.
Figures 4.20 through 4.23 demonstrate the effect of increasing k on
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(a) Steady

(b) k = 0.03

(c) k = 0.12

Figure 4.23: Wake vorticity contours behind the Phoenix 8.5 hull during
oscillating sway at β (t) ≈ 16◦ and Re = 3.1e6, as well as steady translation
at β = 16◦ and Re = 3.0e6.
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(d) k = 0.20

(e) k = 0.30

Figure 4.23: [Continued] Wake vorticity contours behind the Phoenix 8.5
hull during oscillating sway at β (t) ≈ 16◦ and Re = 3.1e6, as well as steady
translation at β = 16◦ and Re = 3.0e6.
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sinusoidal motion with a fixed range of drift angle. Figures 4.24 and 4.25
plot the effect of variation in drift angle for constant k = 0.12. The lateral
force demonstrates significant hysteresis at all amplitudes, however the loops
become increasingly less ellipsoidal as β0 increases, developing a pronounced
cusp at β0 = 20◦ . In these plots, a pure added mass signal would appear
as an ellipse, with its major axes aligned with the β and Y 0 axes and their
respective magnitudes growing with β0 and k. A purely quasi-steady signal
would then appear as the linear superposition of this ellipse with the steady
force curve. The development of the pronounced cusp as β0 increases then
represents a growth in the nonlinear contribution of the motion history effect
as β0 increases. Likewise, the pronounced growth of the yawing moment
hysteresis curves demonstrates increasing deviation from the quasi-steady
result as β0 increases. This demonstrates that for constant k = 0.12, motion
history effects become more pronounced with growing drift angle, due to the
non-linear transient growth of wake vorticity with increasing drift angle.
Figure 4.26 plots the lateral force hysteresis curves for the Phoenix 8.5
geometry for all combinations of k and β0 . It can be seen that in general,
the trend towards a more cusped hysteresis loop at high β0 exists for all
cases, but is most pronounced at the moderate k values of k = 0.12 and
k = 0.20. As k increases beyond k = 0.20, the added mass is seen to become
more dominant, and the hysteresis loops begin to resemble a more smooth
ellipsoidal curve. This suggests that motion history may have a maximum
significance somewhere in the vicinity of 0.12 < k < 0.20.
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Figure 4.24: Lateral force hysteresis for the Phoenix 8.5 geometry undergoing
oscillating sway at k = 0.12 and varying β0 .

Figure 4.25: Yawing moment hysteresis for the Phoenix 8.5 geometry undergoing oscillating sway at k = 0.12 and varying β0 .
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(a) k = 0.03

(b) k = 0.12

(c) k = 0.20

(d) k = 0.30

Figure 4.26: Lateral force hysteresis for the Phoenix 8.5 geometry undergoing
oscillating sway at varying k and β0 .
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Figure 4.27 plots the yawing moment hysteresis curves for the Phoenix
8.5 geometry for all combinations of k and β0 . In contrast to the lateral force,
the hysteresis of the yawing moment is seen to grow in proportion to both
k and β0 , with no clear maximum indicated by the present data. This is
likely due to the lack of added mass coupling for the yawing moment in sway
motion, such that there is no competing influence due to the acceleration.
This suggests then that the range of validity of the quasi-steady assumption
will vary depending on the relative importance of the lateral force and the
yawing moment in a given application.
In order to assess the sensitivity of motion history effects to hull geometry, the β0 ≈ 16◦ , k = 0.12 case was repeated for the Phoenix 9.5, series 58,
and DRDC STR geometries. Figure 4.28 plots the hysteresis loops for the
lateral force signal from all four geometries. Past work on steady translation
indicated that the lateral force should scale between geometries as a function
of the planform area, and so the lateral force here is non-dimensionalized as

Y ∗ = Y / 21 ρU02 Ap . It can be seen that while the signals are similar, there is
significant variation between the geometries. It is important to note however
that the different hulls have different added mass coefficients, and that the
added mass and motion history effects need not scale in the same manner.
In light of this, the residual force is plotted in figure 4.29. It is seen that,
outside of an initial transient due to initialization, the residual force signals
collapse to a single curve when non-dimensionalized by 12 ρU02 Ap .
A comparison of the yawing moment hysteresis about the centre of buoy155

(a) k = 0.03

(b) k = 0.12

(c) k = 0.20

(d) k = 0.30

Figure 4.27: Yawing moment hysteresis for the Phoenix 8.5 geometry undergoing oscillating sway at varying k and β0 .
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Figure 4.28: Hysteresis of the Lateral Force during Sinusoidally Oscillating
Sway with β0 ≈ 16◦ and k = 0.12 for Varying Hull Geometries.

Figure 4.29: Hysteresis of the Residual Lateral Force during Sinusoidally
Oscillating Sway with β0 ≈ 16◦ and k = 0.12 for Varying Hull Geometries.
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ancy is shown for all four hulls in figure 4.30. Previous steady translation results have shown that the yawing moment should scale between geometries as
a function of volume, and so the yawing moment is here non-dimensionalized

as N ∗ = N/ 12 ρU02 ∀ . This result again shows that the resulting moments
are similar, but have significant variation across the geometries. It was noted
however in the analysis of the impulsive maneuvers that the motion history
effect is concentrated about the tail; moreover, all four geometries have varied centres of buoyancy. If the yawing moment is instead calculated about
the mid-body, then the motion history effects at the tail should have similar
moment arms for all geometries. The mid-body yawing moment is plotted
in figure 4.31, and it is seen that the moment signal also collapses to a single
curve, although here it is non-dimensionalized by ρU02 ∀. From these results,
it can be concluded that the effect of motion history on the lateral force scales
with Ap , while the effect on the yawing moment scales with ∀. Both the lateral force and the yawing moment effect are seen to be otherwise independent
of the hull geometry, including the specifics of the profile shape.
The above results demonstrate that the motion history effect grows in
proportion to k, and that it can be scaled with variations in the hull geometry.
It is also of interest to evaluate the accuracy of the quasi-steady assumption
for a given case. The quasi-steady forces are here formed by the interpolation
of the steady results onto the unsteady kinematics using a cubic spline. For
the lateral force, the inviscid added mass is then added to this result. An
error signal can then be formed by taking the difference between the result
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Figure 4.30: Hysteresis of the Yawing Moment about the Centre of Buoyancy
during Sinusoidally Oscillating Sway with β0 ≈ 16◦ and k = 0.12 for Varying
Hull Geometries

Figure 4.31: Hysteresis of the Yawing Moment about the Mid-Body during
Sinusoidally Oscillating Sway with β0 ≈ 16◦ and k = 0.12 for Varying Hull
Geometries
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Figure 4.32: Hysteresis of the Lateral Force Quasi-Steady Error Signal during
Sinusoidally Oscillating Sway of the Phoenix 8.5 Geometry with β0 ≈ 16◦
and Varying Frequency
from CFD and the calculated quasi-steady signal. Hysteresis curves of this
error signal are plotted in figure 4.32 for the lateral force on the Phoenix
8.5 geometry during β0 ≈ 16◦ maneuvers. It can be seen that the error
grows in proportion to k, and is highest at the extremes of the maneuver,
corresponding to high velocities and drift angles, and low accelerations. This
result is typical of both the lateral force and yawing moment for all of the
sinusoidally oscillating maneuvers.
The significance of the quasi-steady error can be judged by taking the
root-mean-square (RMS) of the quasi-steady error signal and comparing it
to the RMS of the actual signal. Figures 4.33 and 4.34 plot surfaces of the
resulting normalized error for the range of kinematics studied here. These
160

surfaces have been generated by interpolating the error data between the
simulated cases using a 2D cubic spline interpolation. The error of simulated
cases is highlighted with a white circle. For both the lateral force and the
yawing moment, high error is seen to be correlated with high angle of drift.
This result is to be expected, as higher drift angles correspond to increased
wake vorticity and hence a stronger motion history effect. A more surprising
result is that the highest lateral force error is seen to occur at moderate
reduced frequencies, in the range of 0.12 < k < 0.2. This is due to the fact
that as the reduced frequency increases, both the motion history effect and
the added mass grow in significance, however the added mass force does so
much faster. The maximum quasi-steady error is found to be near β0 = 20◦
and k = 0.20 for the lateral force, and β0 = 20◦ and k = 0.30 for the
yawing moment. These results suggest that unsteady effects may possess
three regimes based on the value of k. At sufficiently low k, in the vicinity
of k = 0.03, motion history effects are small and the flow can be taken to
be quasi-steady. For moderate k, the flow is unsteady, and both motion
history and added mass forces are significant. At sufficiently high k, the
motion history effect is of reduced significance for the lateral force, due to
the large influence of the added mass. This region will be referred to here as
‘effectively-inviscid’, and it is possible that for sufficiently high k, the quasisteady assumption may again be valid for the lateral force. Further work is
required in order to test this hypothesis.
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Figure 4.33: Approximate Lateral Force Error of the Quasi-Steady Assumption as a Function of Maximum Drift Angle and Reduced Frequency

Figure 4.34: Approximate Yawing Moment Error of the Quasi-Steady Assumption as a Function of Maximum Drift Angle and Reduced Frequency
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4.4

Summary
CFD simulations of four classes of unsteady maneuvers were conducted,

with varying maneuver kinematics and geometries. In all, this represents a
database of 37 maneuvers with varying degrees of unsteadiness from which
an unsteady model of hydrodynamic forces and moments has been developed.
The quasi-steady limit was established by the examination of eight
steady translation cases. The yawing moment is dominated by the lateral
force distribution, and it was shown that this distribution is characterized
by three dominant flow features. These are the forward stagnation point at
the nose, the beginning of separation along the mid-body, and finally the
large scale separation at the tail. A grid sensitivity analysis demonstrated
that the medium resolution mesh gave an adequate balance of computational
economy and accuracy.
Impulsive accelerations were used to study the hydrodynamic response
of the hull to unsteady motion. It was seen that the lateral force and yawing
moment responses are characterized by two time scales. The first is the time
scale of the acceleration, during which the lateral force contains significant
added mass forces and the yawing moment adjusts in time with the kinematics towards the inviscid Munk moment. The second, longer time scale
takes place over approximately one flow over, and is the time scale of the
motion history effects. The lateral force distribution was seen to increase
along the body during the acceleration, in proportion to the acceleration and
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the local body radius, as per a classic added mass force distribution. The
motion history effect was seen to be most significant at the tail, where the
unsteady vorticity causes the force distribution to initially follow the inviscid
solution during the acceleration, before relaxing towards the viscous solution
over one flow over. The net effect of this distributed force on the tail is
to lower the lateral force and increase the yawing moment. This effect dies
out in time as the transient vorticity is washed down stream, until the final
steady value is established after approximately one flow over. The hydrodynamic response of the hull was seen to be a nonlinear function of the initial
incidence, however the response was demonstrated to be locally linear within
a 2◦ neighbourhood of a given initial incidence.
Sustained acceleration maneuvers were used to study the hydrodynamic
response over a longer period of sustained forcing. It was seen that in addition
to the negative force on the tail, sustained acceleration induced a positive
lateral force on the nose of the vehicle. This caused a further increase in
the yawing moment as compared to the quasi-steady solution, and partially
offset the negative effect of motion history at the tail.
A series of 21 sinusoidal maneuvers was studied. These maneuvers included variation in the frequency, range of motion, hull geometry, and mesh
resolution. It was again shown that the motion history effects grow in proportion to k, and collapse towards the quasi-steady limit as k approaches
zero. A grid sensitivity study of the dynamic maneuver again demonstrated
that the medium resolution case gave an adequate balance of computational
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economy and accuracy. The lateral residual force, which contains all lateral force motion history effects, and the yawing moment were shown to
depend only on the planform area and volume of the hull respectively, and
not on the specifics of the profile shape. The error introduced by the quasisteady assumption was shown to have a maximum in the lateral force, near
0.12 < k < 0.2. At higher reduced frequencies, the added mass was seen
to dominate the motion history effect such that the flow may approach an
‘effectively inviscid’ regime.
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Chapter 5
Vorticity Based Analysis of the
Unsteady Database
The analysis of the hydrodynamics in the previous chapter made use of
the classical definition of the forces and moments as being the result of the
pressure and shear forces on the hull. These loads were then decomposed using coefficients predicted by potential flow methods, and the motion history
effects identified. While these methods are intuitive and reliable for analysis, past experience has shown that modelling based on the pressure and
shear distributions is extremely difficult. The pressure and velocity fields
are nonlinearly coupled, and it is difficult to apply geometrical reasoning to
the problem due to the non-local interactions of the pressure and velocity
fields. Past modelling efforts [48] have instead focused on a vorticity-based
description of the forces and moments, which extensively use concepts from

166

vorticity dynamics, in particular the hydrodynamic impulse. These methods
are thought to be advantageous for the present problem, as they are linear in
the velocity and vorticity fields, and allow the application of geometric reasoning to hydrodynamic problems. This chapter will therefore present these
methods and their extension to unsteady problems. The CFD results in the
computational database will then be re-examined in terms of the hydrodynamic impulse and associated vortical quantities, and it will be demonstrated
that a vorticity based description of the flow provides the basis necessary for
modelling the unsteady hydrodynamics.

5.1

Hydrodynamic Impulse Equations
Vorticity and impulse-based methods for calculating the loads on a body

have a long history, and have been applied to a variety of flow problems. The
relationship between the time rate of change of the impulse and the force on
a solid body was demonstrated by Lamb [55] for a solid body moving in
an infinite field of ideal fluid. This result was extended in Saffman [79] to
inviscid flows containing vorticity, and is extended further to viscous flows in
finite domains in Wu et al. [104] and Noca et al. [67], which form the basis
for the present work. Analysis methods based on these theories are referred
to in the literature as either vortex-force based methods or impulse-based
methods, and these terms will be used interchangeably in the present work.
Past applications of impulse-based methods to slender, axisymmetric
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bodies [47] have focused only on steady flows. Unsteady flows have been
studied in two dimensions for both flat plates [34] and cylinders [68][69][49],
while three dimensional studies of unsteady flow have focused on flapping
plates [17][58] and oscillating vertical cylinders [105]. The work presented
here will build on previous work at UNB, which demonstrated the use of
an impulse-based analysis for steady viscous flow in finite, rotating domains
using variables expressed in a non-inertial body-fixed frame. This will be
done by extending that analysis to unsteady viscous flows.
As the flow solution has been developed in the non-inertial body-fixed
frame of reference, this frame is chosen for the impulse formulation as well.
Unlike the CFD solution, the impulse analysis is restricted to a sub-domain
of the computational mesh which is close to the body and highly refined.
The fluid containing volume will be denoted ∀f , the volume of the solid body
∀b , and the total volume of the analysis domain will then be ∀ = ∀f ∪ ∀b .
The solid volume ∀b is bounded by the surface B, and the total volume ∀
is bounded by the surface Σ, so that the fluid volume ∀f is bounded by
S = B ∪ Σ. The wake behind the body is cut by a plane W which is a subset
of Σ, i.e. W ⊂ Σ. The analysis domain and related surfaces and volumes are
illustrated in figure 5.1.
The impulse formulation used in this work will largely follow that presented by Wu et al. [104] as the ‘advection form’, with some simplifications
introduced based on the restricted maneuver kinematics and past experience
with slender axisymmetric bodies due to Jeans et al. [47]. The equations will
168

Figure 5.1: A schematic diagram showing the flowfield, CFD domain, and
impulse analysis sub-domain utilized in this study.
first be derived in an inertial frame, using a derivation which largely follows
that presented by Noca in [67]. They will then be transformed to the body
fixed frame in which the analysis will take place.

5.1.1

Derivation of the Impulse Equations in an Inertial Frame

Traditionally, the force and moment on a body submerged in fluid is
expressed in terms of the pressure p and shear stress ~τ distributed on the
body surface as
F~ = −

Z
(−pn̂ + ~τ ) dS

(5.1)

~x0 × (−pn̂ + ~τ ) dS

(5.2)

B

and
~ =−
M

Z
B
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where n̂ is the normal on B, oriented such that it points out of the fluid and
thus into the body, and ~τ is the viscous shear. As an alternative, the force
on the body is sometimes re-expressed in terms of the field variables as
D~u0
d∀ +
Dt

Z

D~u0
~x0 ×
d∀ +
Dt
∀f

Z

F~ = −ρ

Z
∀f

(−pn̂ + ~τ ) dS

(5.3)

~x0 × (−pn̂ + ~τ ) dS

(5.4)

Σ

and
~ = −ρ
M

Z

Σ

The subscript ()0 here indicates a variable measured from an inertial frame.
Taken together, equations 5.1 and 5.3 clearly represent a version of Newtons
second law, with the surface forces on B and Σ balanced against the total
fluid acceleration represented by the integral of ρD~u0 /Dt.
Using the Reynolds transport theorem, equation 5.3 is rewritten so as
to explicitly account for the motion of ∀ as
Z
Z
h


i
d
~ 0 ~u0 + T dS
~
~u0 d∀ + n̂ · −pI − ~u0 − U
F = −ρ
dt ∀f
Σ
Z


~ 0 ~u0 dS
− n̂ · ~u0 − U

(5.5)

B

~ 0 is the velocity of ∀, and a bold capital denotes a second rank tensor,
Here U
so that I is the identity tensor and T is the viscous stress tensor. Equation
5.5 then represents the force on the body written in terms of a moving frame
~ 0 and the traditional field variables evaluated in the field
with velocity U
surrounding the body. The final term involving the surface integral on the
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body can be immediately dropped by noting that the no-slip condition in the
~ 0 on the body surface. A similar equation can
present problem requires ~u0 = U
be derived for the moment. This form of the force and moment expressions
then forms the starting point for the derivation of the impulse equations.
In order to transform equations like 5.5 into impulse-based equations,
frequent use is made of the identity
Z

1
~ad∀ =
n−1
∀

Z



Z
~x × ∇ × ~ad∀ −

∀

~x × (n̂ × ~a) dS

(5.6)

S

This is referred to by Wu [104] as a ‘derivative-moment transform’ and by
Noca [67] as the ‘impulse-momentum identity’. Proofs of the identity are
available in Noca [67] for the form used here, and in Wu [104] for general
tensor operations on the vector ~a, not limited to the vector product. The
vector ~a here is an arbitrary vector, and the variable n represents the dimension of the space under consideration. All work presented herein is performed
in three dimensions, and so the

1
n−1

term will be simplified to 1/2 for the

remainder of this work.
To derive the impulse equations, identity 5.6 is applied to equation 5.5
with ~a = ~u0 , yielding
!
Z
Z
d
1
F~ = −ρ
~x0 × ω
~ 0 d∀ − ~x0 × (n̂ × ~u0 ) dS
dt 2
∀f
S
Z
h


i
~ 0 ~u0 + T dS
+ n̂ · −pI − ~u0 − U
Σ
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(5.7)

where the vorticity ω0 = ∇ × ~u0 has been introduced as the curl of the
velocity field. The term involving ~x0 × ω
~ 0 represents the first moment of the
vorticity field, and will be denoted here as
~0 = 1
G
2

Z
~x0 × ω
~ 0 d∀

(5.8)

∀f

and similarly for the second moment of vorticity which appears in the equivalent body moment equation,
~ 0 = −1
H
2

Z

|~x0 |2 ω
~ 0∀

(5.9)

∀f

The expression for the force is then
~0
dG
F~ = −ρ
dt Z
Z
h


i
d1
~
+ρ
~x0 × (n̂ × ~u0 ) dS + n̂ · −pI − ~u0 − U0 ~u0 + T dS
dt 2 Σ
Σ
Z
d1
+ρ
~x0 × (n̂ × ~u0 ) dS
(5.10)
dt 2 B
where the time derivative of the surface integral has been expanded into the
farfield and body contributions. For cases with no body deformation, the
time derivative of the body surface integral can be rewritten as
d1
dt 2

Z

˙
~x0 × (n̂ × ~u0 ) dS = ∀b~u˙ 0 = P~0

(5.11)

B

where a dot denotes differentiation with respect to time and P~0 is the fluid
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momentum relative to an inertial frame displaced by the solid body. A proof
of this statement is included in appendix B.
The hydrodynamic impulse is defined as

I~0 = ρ

Z
~u0 d∀

(5.12)

∀f

and represents the force which would be required to accelerate the fluid impulsively from rest to the current flow configuration, i.e.
dI~0
F~ = −
dt

(5.13)

For the case of an infinite fluid volume ∀, such that the fluid is at rest at
infinity, it can be seen that the identity 5.6 applied to equation 5.12 would
give

d ~
dI~0
= −ρ
G0 − P~0
F~ = −
dt
dt

(5.14)

Equation 5.14 is referred to by Wu as the global-view expression of the vorticity based fluid force [104]. As the domains in the present problem are
necessarily finite and not at rest at the far field, equation 5.14 is not valid,
however the relation between the hydrodynamic impulse and the vorticity
moment is retained so that

~ 0 − P~0
I~0 = G
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(5.15)

and the force expression is rewritten as
dI~0
F~ = −ρ
dt Z
d1
~x0 × (n̂ × ~u0 ) dS
+ρ
dt 2 Σ
Z
h


i
~
+ n̂ · −pI − ~u0 − U0 ~u0 + T dS

(5.16)

Σ

A similar process can be used on the moment equation, with the angular
hydrodynamic impulse defined as

J~0 =

Z

~0 − Q
~0
~x0 × ~u0 d∀ = H

(5.17)

∀f

~ 0 representing the angular momentum of the fluid displaced
and the vector Q
by the body.
The remaining surface integral terms in equation 5.16 all apply to the
farfield surface, so that they can be grouped together as
Z
d1
~
FΣ = ρ
~x0 × (n̂ × ~u0 ) dS
dt 2 Σ
Z
h


i
~
+ n̂ · −pI − ~u0 − U0 ~u0 + T dS

(5.18)

Σ

In order to re-express these quantities in terms of the vorticity field, the
pressure must be removed from the second term on the right hand side. This
can be accomplished by the manipulation of the term involving the time
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derivative, which will be denoted here as
d1
F~1 = ρ
dt 2

Z
~x0 × (n̂ × ~u0 ) dS

(5.19)

Σ

The integrand of equation 5.19 is rewritten using the vector triple product,
so that
~x0 × (n̂ × ~u0 ) = n̂ · [(~x0 · ~u0 ) I − ~x0~u0 ]

(5.20)

and equation 5.19 becomes
d1
F~1 = ρ
dt 2

Z
n̂ · [(~x0 · ~u0 ) I − ~x0~u0 ] dS

(5.21)

Σ

The F~1 term can then be re-written using the identity
d
dt


∂Φ ~
n̂ · ΦdS =
n̂ ·
+ U0 (∇ · Φ) dS
∂t
S
S

Z

Z



(5.22)

which can be found in Aris [4]. If Φ set as

Φ = (~x0 · ~u0 ) I − ~x0~u0

(5.23)

then F~1 can be written as
1
F~1 = ρ
2



Z
n̂ ·
Σ


∂
~
[(~x0 · ~u0 ) I − ~x0~u0 ] + U0 [∇ · ([~x0 · ~u0 ] I − ~x0~u0 )] dS
∂t
(5.24)

The first term can be transformed back into the vector triple product, and
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the divergence term can be simplified, yielding
1
F~1 = ρ
2



Z

∂~u0
~x0 × n̂ ×
∂t
Σ



~ 0 (~x0 × ω
+ n̂ · U
~ 0 − 2~u0 ) dS

(5.25)

which still does not contain the fluid pressure. Further manipulation is required in order to eliminate the pressure terms from equation 5.18.
The Navier-Stokes equation can be rewritten in terms of the fluid acceleration as


1
∂~u0
2
= −∇ p + |~u0 | − ~l0 + ∇ · T
ρ
∂t
2

(5.26)

Here, the convective acceleration has been decomposed into the gradient of
the kinetic energy and the Lamb vector,
1
(~u0 · ∇) ~u0 = ∇ |~u0 |2 + ~l0
2

(5.27)

~l0 = ω0 × ~u0

(5.28)

where

is the Lamb vector, which describes the rotational part of the convective
acceleration. Equation 5.26 is substituted into equation 5.25, yielding

F~1






1
2
~x0 × n̂ × −∇ p + |~u0 | − ~l0 + ∇ · T dS
2
Σ
Z
1
~ 0 (~x0 × ω
+ρ
n̂ · U
~ 0 − 2~u0 ) dS
(5.29)
2 Σ

1
= ρ
2

Z
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The pressure term can be further rearranged using the expression
Z







1
~x0 × n̂ × −∇ p + |~u0 |2
2
Σ




Z 
1
2
p + |~u0 | n̂dS
dS = 2
2
Σ

(5.30)

which is derived by Noca in [67]. The F1 term can now be written as
Z


1
~
~
F1 = −ρ
~x0 × n̂ × l0 dS
2 Σ
Z
1
~ 0 (~x0 × ω
n̂ · U
~ 0 − 2~u0 ) + ~x0 × (n̂ × ∇ · T) dS
+ρ
2 Σ

Z 
1
2
+ρ n̂ p + |~u0 | dS
(5.31)
2
Σ
which contains the pressure term, in the desired form. Equation 5.31 can be
subsituted into equation 5.18 for the surface forces to give

F~Σ

1
= ρ
2

Z



~ 0 (~x0 × ω
n̂ · U
~ 0 ) − ~x0 × n̂ × ~l0 dS


ZΣ
1
2
+ρ n̂ ·
|~u0 | I − ~u0~u0 dS + F~v
2
Σ

(5.32)

where the viscous shear terms have been collected into the vector F~v .
While equation 5.32 has eliminated the pressure variable, a further simplification is desired so the equation will be linear in the velocity and vorticity
fields. Using another identity from Noca [67],
Z
−
∀f

~l0 d∀ =



Z
n̂ ·
S


1
2
|~u0 | I − ~u0~u0 dS
2
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(5.33)

equation 5.32 is further transformed to give
Z

Z


~l0 d∀ − ρ 1
~x0 × n̂ × ~l0 dS
2 Σ
∀f
Z
1
~ 0 (~x0 × ω
n̂ · U
~ 0 ) dS
+ρ
2 Σ


Z
1
2
|~u0 | I − ~u0~u0 dS + F~v
−ρ n̂ ·
2
B

F~Σ = −ρ

(5.34)

The total equation for the fluid dynamic force on a body, expressed in terms
of the impulse of a finite moving domain in the inertial frame is then
Z
Z


dI~0
1
~
~
~ 0 (~x0 × ω
F = −ρ
−ρ
l0 d∀ + ρ
n̂ · U
~ 0 ) − ~x0 × n̂ × ~l0 dS
dt
2 Σ
∀

 f
Z
1
2
|~u0 | I − ~u0~u0 dS + F~v
(5.35)
−ρ n̂ ·
2
B
Past experience has shown that at the Reynolds numbers of interest, the
viscous force F~v is negligibly small in comparison to all other terms of the
impulse equations. For this reason, the viscous term is not expanded here,
and will be neglected in the following. A similar derivation can be performed
for the fluid dynamic moment.

5.1.2

Transformation to the Body Fixed Frame

Equation 5.35 presents the expressions for the force on a body in terms of
the the velocity and vorticity fields which surround it, as desired. Direct use
of equation 5.35 on the data from CFD analysis is however not practical, as
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the CFD simulations are conducted in a body-fixed frame of reference which
is not inertial. It is convenient then to be able to transform equation 5.35 to
this body frame for the purposes of analysing the CFD data. This will be
accomplished here for the limited case of a body-frame which is accelerating
without rotation.
The fundamental variables transform according to well known fluid dynamics principles. As the origin is arbitrary, at any given instant it can be
placed coincident with the origin of the inertial system, so that ~x0 = ~x. The
~ 0 , so that ~u = ~u0 − U
~ 0 . In the absence of
body frame moves with a velocity U
rotation, the vorticity field is frame independent, so that ω
~0 = ω
~ . With the
transformation of the fundamental variables established, the transformation
of equation 5.35 will be conducted on a term by term basis.
The first term of equation 5.35 is the rate of change of the hydrodynamic
impulse, which can be expanded to give

d ~
dI~0
~
=
G0 − P0
dt
dt

(5.36)

The time derivative of the vorticity moment is further expanded to give
~0
dG
1d
=
dt
2 dt

Z
~x0 × ω
~ 0 d∀
∀f
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(5.37)

The Reynolds transport theorem can be applied to give
~0
dG
1
=
dt
2

"Z
∀f

d
(~x0 × ω
~ 0 ) d∀ +
dt

Z

#
~ 0 (~x0 × ω
n̂ · U
~ 0 ) dS

(5.38)

S

The product rule is applied to the first term, so that the result is
~0
dG
1
=
dt
2

"Z
∀f

d~ω0
~0 × ω
d∀ +
U
~ 0 + ~x0 ×
dt

Z

#
~ 0 (~x0 × ω
n̂ · U
~ 0 ) dS

(5.39)

S

The terms of equation 5.39 can now be simply transformed to the body frame,
so that
"Z
#
Z
~
dG0
1
d~ω
~0 × ω
~ 0 (~x × ω
=
U
~ + ~x ×
d∀ + n̂ · U
~ ) dS
dt
2 ∀f
dt
S

(5.40)

Note that, in the body frame, the origin of the coordinate system does not
move and

d~
x
dt

= 0. This implies that

Z
~
dG
1d
=
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~ d∀
dt
2 dt ∀f
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#
Z
1
d
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(5.41)

From equation 5.41, it can then be seen that
Z
~0
~
dG
dG
1
~0 × ω
=
+
U
~ d∀
dt
dt
2 ∀f
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(5.42)

This final expression contains a frame-dependent form of the Lamb vector,
~ = ω
~ 0 , in keeping with the previous
which will be denoted here as L
~ ×U
definition of the Lamb vector in the inertial frame.
The second component of the hydrodynamic impulse is the rate of
change of the momentum displaced by the body,
dP~0
1d
= ∀b~u˙ 0 =
dt
2 dt

Z
~x0 × (n̂ × ~u0 ) dS

(5.43)

h
i
~
~x × n̂ × ~u + U0 dS

(5.44)

B

It can be easily seen that
1d
dP~0
=
dt
2 dt

Z



B

With the slip condition in the body frame requiring that ~u = 0 on B, the
body term simplifies to
dP~0
1d
=
dt
2 dt

Z



~ 0 dS
~x × n̂ × U

B

~
~˙ 0 = dP
= ∀b U
dt

(5.45)

The total expression for the transformation of the impulse term is then
Z
Z
~
dI~0
dG
dP~
1
dI~ 1
~
~
=
+
−
Ld∀ =
−
Ld∀
dt
dt
dt
2 ∀f
dt
2 ∀f

(5.46)

The second term in equation 5.35 is the volume integral of the Lamb
vector. Expanding the Lamb vector into the vector product of the vorticity
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and velocity shows that the body frame Lamb term decomposes so that
Z

~l0 d∀ =

Z
ω
~ 0 × ~u0 d∀
∀f

∀f

Z
=

Z


~l + Ld∀
~
~ 0 d∀ =
ω
~ × ~u + U

∀f

(5.47)

∀f

~ is the Lamb vector due to frame motion. The fourth term of equation
where L
5.35 also involves the Lamb vector, and is similarly decomposed so that
1
2

Z

Z
i


h
1
~
~
~
~x0 × n̂ × l0 dS =
~x × n̂ × l + L dS
2 Σ
Σ


(5.48)

The third term is the surface integral of the product of the normal frame
velocity and the vorticity moment. This term is seen to be invariant to the
transformation to the body frame,
1
2

Z

1
~ 0 (~x0 × ω
n̂ · U
~ 0 ) dS =
2
Σ

Z

~ 0 (~x × ω
n̂ · U
~ ) dS

(5.49)

Σ

The final term involves the body surface integral of the velocity, which due
to the slip condition transforms to an integral of the frame velocity,


Z
n̂ ·

ρ
B




Z
1
1 ~ 2
2
~
~
|~u0 | I − ~u0~u0 dS = ρ n̂ ·
U0 I − U0 U0 dS
2
2
B

(5.50)

The total equation for the fluid dynamic force expressed in the body frame
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can then be written as
Z
Z


1
dI~
~
~
F = −ρ − ρ ld∀ − ρ
~x × n̂ × ~l dS + F~f
dt
2 S∞
∀

(5.51)

where the vector F~f contains all of the frame motion terms,
Z
Z


1
1
~
~
~
~
n̂ · U0 (~x × ω
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(5.52)
−ρ n̂ ·
2
B
excluding the term involving P~ which is bundled into the hydrodynamic
impulse. Note that the frame Lamb term introduced by the impulse has
been partially cancelled with the frame Lamb term introduced by the Lamb
vector.
The frame motion vector can be immediately simplified by noting that
the body surface term involves the integral of a constant vector and the
normal vector on a closed surface, i.e.


Z

1 ~ 2
~ 0U
~0
U0 I − U
2

n̂dS ·
B


=0

(5.53)

~ =ω
~ 0 , the Lamb term can be re-arranged so that
Noting that L
~ ×U
1~
F~f = ρ U
0×
2

Z
∀f

1
ω
~ d∀ + ρ
2

Z



~ 0 (~x × ω
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Σ
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(5.54)

The last term can be expanded to give

h
i


~ 0 = n̂ · U
~ 0 (~x × ω
~0
~x × n̂ × ω
~ ×U
~ ) − n̂ · ω
~ ~x × U

(5.55)

This is substituted back into 5.54 to cancel the second term, leaving
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The second term can be rewritten
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F~f = ρ U
0×
2
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It can further be shown that [104]
Z

Z

(n̂ · ω
~ ) ~xdS

ω
~ d∀ =
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(5.58)

S

Noting that n̂·~ω = 0 on B, this result can be used to transform the first term
of equation 5.57 to cancel the second term, resulting in F~f = 0. A similar
process can be conducted for the moment equation, but is not repeated here
for the sake of brevity. The final equations for the fluid dynamic force and
moment on the body in the accelerating body frame are then
Z
Z


dI~
1
~
~
F = −ρ − ρ
ld∀ − ρ
~x × n̂ × ~l dS
dt
2 Σ
∀f
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(5.59)

and
Z
Z
~
1
dH
~
~
+ρ
~x × ld∀ + ρ
|~x|2 n̂ × ~ldS
M =ρ
dt
2 Σ
∀f

5.1.3

(5.60)

Numerical Evaluation

For all cases examined here, the analysis sub-domain is defined as a subdomain of the CFD domain. This sub-domain is rectangular, with boundaries
placed slightly ahead of the bodies nose and downstream of the tail in the
axial direction, four diameters to either side in the lateral direction, and two
diameters to either side in the normal direction. The axial boundaries are
placed such that they are nearly coincident with the geometry; the forward
boundary is slightly upstream of the nose so as to not intersect the boundary
layer, and a similar displacement is applied at the tail. With the analysis
domain so defined, significant vorticity only intersects with the rear surface
of Σ, where it intersects with the wake behind the tail, so that
Z

Z

f (~ω ) dS

f (~ω ) dS =

(5.61)

W

Σ

On the wake surface, denoted by W , the normal vector is n̂ = [−1, 0, 0], so
that the lateral force and yawing moment equations simplify to
dIy
Y = −ρ
−ρ
dt

Z
∀f

1
ly d∀ − ρ xt
2
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ly dS
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(5.62)

and
dJz
+ρ
N =ρ
dt

Z
∀f

1
(xly − ylx ) d∀ + ρ
2

Z

|~x|2 ly dS

(5.63)

W

where xt is the location of the tail. Much of the discussion in this chapter
is focused on the evaluation of the individual terms of equations 5.62 and
5.63. For the sake of brevity, these terms are not written out each time, but
instead named as follows. Terms involving the fluid momentum displaced by
the body, Py and Qz , are referred to as fluid body terms. Terms involving
Gy and Hz by themselves are referred to as vorticity-moment terms, while
terms involving Iy and Jz are impulse terms. Finally, those terms involving
the volume integral of ~l are referred to as Lamb terms, while those terms
involving the wake integral are referred to as wake terms.
To relate the impulse, vorticity moment, and Lamb terms directly to
the flow field it is necessary to expand these vectors in terms of the vorticity
components. With the components of the vorticity vector denoted as ω
~ =
[ξ, η, ζ], the impulse components are then given by
1
Iy =
2

Z
(xζ − zξ) d∀ − ∀b v̇

(5.64)

∀f

and
1
Hz =
2

Z
∀f
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|~x|2 ζd∀

(5.65)

Similarly, the Lamb components are given by

lx = wη − vζ

(5.66)

ly = wξ − uζ

(5.67)

and

While the velocity and pressure fields are computed every time step, the
vorticity field and other auxillary variables not directly involved in the CFD
comptuation are not. The vorticity and velocity fields are sampled at a rate
dT ≥ dt and output for post-processing.
For this work, all post-processing is done in the open-source package
Paraview [73]. The Lamb and impulse variables can be calculated at every
mesh point based on the output position, velocity, and vorticity fields. The
sampled fields will contain the entire CFD domain, and so the first step is to
extract the data for only ∀f . The wake terms in equations 5.62 and 5.63 are
first evaluated by interpolating the CFD data onto a yz slice plane. The data
on this plane is then integrated using a piece-wise constant quadrature for
the surface integral. The volume integrals are evaluated by first performing
the same interpolation step on a set of 200 yz planes distributed at even
x stations along the body. A surface integral is then evaluated on these
planes, again using a piece-wise constant quadrature. The result will be a
distribution ∂φ/∂x which is integrated in the x direction using Simpsons
method to get φ. This method was used so that the axial distribution of
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the volumetric terms would available for future analysis, and to maintain
similarity with a similar method used in past work.

5.2

Impulse-Based Analysis
With the body frame expressions for the lateral force and yawing mo-

ment defined by equations 5.62 and 5.63, it is of interest to re-do the analysis
of chapter 4 using the vorticity-based expressions. This is done for three reasons. The vorticity-based expressions utilize different sets of the CFD data
in order to predict the force on the hull, and so can be expected to have
a different level of accuracy as compared to the pressure and shear based
expressions. The grid and time step dependency study done in support of
the previous analysis utilized the pressure and shear expressions for the force
and moment, and concluded that the results were independent of grid and
time step. This may not necessarily be the case for the expressions based
on the vorticity field, and it is of interest to determine whether these results
differ. Finally, it is believed that the vorticity-based expressions will provide
benefits for the analysis of the motion history effects and the development
of a simplified force prediction model. As with the analysis in chapter 4, the
analysis here will be done based on maneuver type.
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5.2.1

Steady Translation

As with the previous analysis, vorticity-based analysis of the steady
translation cases has been covered in depth by previous studies [48], and
will not be covered in detail here. For the purposes of the present work, it is
sufficient to establish the accuracy and grid dependency of the vorticity-based
expressions in the quasi-steady limit.
In the limit of steady translation, equations 5.62 and 5.63 simplify to
Z
Y = −ρ
∀f

1
ly d∀ − ρ xt
2

Z
ly dS

(5.68)

W

and
Z
N =ρ
∀f

1
(xly − ylx ) d∀ + ρ
2

Z

|~x|2 ly dS

(5.69)

W

Figures 5.2 and 5.3 plot a comparison of the classical predictions, based on
the pressure and shear stress at the wall, with the impulse or vorticity based
predictions for the lateral force and yawing moment. The results are seen to
be almost identical, with slight divergence in the β = 20◦ case. In all cases,
relative difference between the two methods is less than 4%. Additionally,
for all cases the wake term is seen to be small in comparison to the Lamb
term, in keeping with past results for steady translation studies. The force
is then determined primarily through the Lamb term, which in steady translation can be interpreted as representing the bound vorticity in the body
[108][79][104]. Bound vorticity is a classical concept which attributes the
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Figure 5.2: Comparison of the pressure and shear and vorticity based lateral
force predictions on the Phoenix 8.5 hull undergoing steady translation at
Re = 3.0e6.
combined vorticity of the attached boundary layer and the cross-flow vortex
system to a potential flow vortex system which moves with the body.
The sensitivity of the lateral force and yawing moment predictions to
the mesh resolution was studied for the β = 16◦ case. The results are shown
in figures 5.4 and 5.5 respectively. The convergence of the impulse-based
method is seen to no longer be monotonically decreasing as in the pressure
and shear analysis. The lateral force results suggest that the methods are
diverging as the grid is refined, while the yawing moment shows oscillatory
convergence in the vicinity of the pressure and shear results. The total variation between the medium and fine mesh results is seen to be less than 2%
in all cases. Combined, these results suggest that the impulse-based anal190

Figure 5.3: Comparison of the classical and vorticity based yawing moment
predictions on the Phoenix 8.5 hull undergoing steady translation at Re =
3.0e6.
ysis method is significantly more sensitive to the numerical mesh then the
equivalent pressure and shear based analysis. The choice to use the medium
resolution mesh was made based only on the results of the pressure and shear
based force predictions. These results suggest that a more robust criterion
would be to use the results of force predictions from both methods in order
to inform a mesh sensitivity study.
As discussed in section 4.3.1, the lateral force distribution in steady
translation is characterized by three features: the forward stagnation point,
the beginning of separation on the mid-body, and large scale separation at
the tail. These features are also reflected in the impulse-based analysis.
Figure 5.6 plots a comparison of the pressure-based force distribution and
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Figure 5.4: Results of a mesh sensitivity study for the lateral force predictions
in steady translation of the Phoenix 8.5 hull at Re = 3.0e6 and β = 16◦ .

Figure 5.5: Results of a mesh sensitivity study for the lateral force predictions
in steady translation of the Phoenix 8.5 hull at Re = 3.0e6 and β = 16◦ .
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Figure 5.6: Comparison of the pressure-based lateral force distribution and
lateral force Lamb vector distribution for steady translation of the Phoenix
8.5 hull at Re = 3.0e6.
the distribution of the lateral force Lamb term in steady translation. It
is seen that there is excellent agreement between the two methods for the
force distribution, and that all three features are present in the Lamb term
distribution. The second two features, the initiation of separation and the
large scale separation at the tail, are also clearly visible in contours of the
Lamb vector field around the body, which are plotted in figure 5.7 at select
incidence angles.

5.2.2

Impulsive Acceleration

For the impulsive acceleration maneuvers, the flow is transient, and the
full impulse equations apply. As with the pressure and shear based analysis,
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(a) β = 4◦

(b) β = 12◦

(c) β = 20◦

Figure 5.7: Contours of the Lamb vector around the Phoenix 8.5 hull during
steady translation at Re = 3.0e6 and varying angles of drift.
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Figure 5.8: Comparison of the lateral force signals from pressure and impulse
based methods for the Phoenix 8.5 geometry undergoing impulsive accelerations at Re = 3.0e6.
the primary goal in the analysis of the response to an impulsive acceleration is
to determine the time response of the components of equations 5.62 and 5.63.
In this manner, it is hoped that the impulse-based expressions will provide a
sensible decomposition of the response into components due to added mass
and those due to unsteady circulation. Due to the small difference in the
incidence over the course of the impulsive acceleration maneuvers, it was
not felt to be feasible to visualize these effects in the flow field, and so the
discussion will here be restricted to the integrated components of the force
and moment only.
Figures 5.8 and 5.9 plot a comparison of the lateral force and yawing
moment signals from the classical pressure-based equations and the impulse195

Figure 5.9: Comparison of the yawing moment signals from pressure and
impulse based methods for the Phoenix 8.5 geometry undergoing impulsive
accelerations at Re = 3.0e6.
based equations. The agreement between the two methods is seen to be good,
in all cases within the bounds of the steady translation cases. While some
discrepancy between the two methods is visible at βi = 20◦ , this result is in
fact in keeping with the level of discrepancy seen at β = 20◦ in the steady
translation case for both the lateral force and yawing moment. No additional
difference appears to have been introduced by the unsteadiness of the flow
in this case.
In order to further examine the response of the impulse equations, it
is of interest to decompose equations 5.62 and 5.63 into their component
parts, and measure their respective time scales. Figure 5.10 plots the impulse, Lamb, and wake terms of the lateral force equation for the βi = 10◦
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case. It can be seen that the added mass force, characterized by the strong
impulsive peak, is entirely contained in the impulse term. In contrast, the
Lamb and wake terms do not appear to respond to the acceleration directly,
but instead to build up to their final value over one flow over. The wake term
only appears to make a significant contribution to the total force during the
transient. The impulse term contains small oscillations on the convective
time scale in addition to the added mass, but is dominated by the added
mass pulse. Unsteady circulation effects are present in all three components,
however the Lamb term is the dominant component for the majority of the
maneuver, with an approximately equal contribution from the added mass at
peak acceleration. This response pattern, with the added mass pulse isolated
in the impulse component, was seen in all of the impulsive acceleration maneuvers. From these results, it is then seen that the use of the impulse-based
expressions provides a clear means of separating the added mass force from
that due to unsteady circulation, without the need for external information
such as the results of a potential flow model.
Figure 5.11 plots the same signals for the impulse, Lamb, and wake
terms of the yawing moment equation. As with the pressure and shear based
analysis, there is no contribution from added inertia to the yawing moment.
The wake and impulse terms are seen to be negligibly small during the steady
portion of the maneuver, and make minor contributions during the transient,
again on the convective time scale. The Lamb term can be seen to dominate
the signal. As with the pressure and shear based analysis, it contains both
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Figure 5.10: Components of the impulse-based lateral force signal for the
Phoenix 8.5 geometry undergoing impulsive acceleration with βi = 10◦ and
Re = 3.0e6.
a rapid rise in response to the change in the kinematics on the accelerations
timescale, followed by a relaxation towards the steady value on the convective time scale. This is again indicative of an initially Munk-like response,
followed by a relaxation process. The Lamb term in the moment equation
then would be characterized by both time scales.

5.2.3

Sustained Acceleration

A comparison of the lateral force signal from the pressure and impulse
based methods for the sustained acceleration maneuver is shown in figure
5.12. The two methods compare well, however there is seen to be a small
disagreement in the force prediction at k = 0.1, which grows with β and
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Figure 5.11: Components of the impulse-based yawing moment signal for the
Phoenix 8.5 geometry undergoing impulsive acceleration with βi = 10◦ and
Re = 3.0e6.
becomes visible at high angles. The relative difference of the impulse method
compared to the pressure based method at β = 20◦ is approximately 4%, and
while larger than the steady translation simulations, is still low enough to
have confidence in the impulse method’s accuracy.
Figure 5.13 plots similar signals for the yawing moment predictions from
the pressure and impulse based methods. The k = 0.1 results again demonstrate significant disagreement at high angles, here reaching relative difference of 7% at β = 20◦ . This is noticeably worse than the k = 0.01 maneuver,
which has a relative difference of approximately 2.5% at β = 20◦ . It is not
currently known why the k = 0.1 maneuver suffers this issue in comparison
to other maneuvers tested here.
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Figure 5.12: Comparison of the lateral force signals from pressure and impulse based methods for the Phoenix 8.5 geometry undergoing sustained
acceleration at Re = 3.0e6.

Figure 5.13: Comparison of the yawing moment signals from pressure and
impulse based methods for the Phoenix 8.5 geometry undergoing sustained
acceleration at Re = 3.0e6.
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Figure 5.14 plots the components of the lateral force impulse equation,
equation 5.62, for the k = 0.1 maneuver, along with the potential flow prediction for the inviscid added mass force. The Lamb and wake components
can be seen to grow smoothly over the course of the maneuver, with the
Lamb component dominant at late times, while the initial response of the
impulse component can again be seen to respond on the same timescale as
the acceleration. It can be seen that the impulse component follows the potential flow solution quite closely for the initial portion of the maneuver at
low angles, however it begins to deviate at high angles, or alternatively at
late times. This phenomenon was present at both k = 0.1 and k = 0.01, and
does not seem to be strongly related to reduced frequency.
As discussed previously, it is typically argued that the potential flow
solution can be used for the added mass coefficients because high accelerations tend to be brief, and viscous added mass effects therefore do not have
time to develop. This scenario would seem to violate that assumption, in
that the acceleration is both significant and sustained. It is possible then
that the deviation seen here represents a viscous modification of the added
mass, however it is not possible to reach a conclusion based on the data
available here. To the extent that the impulse term does correspond to the
added mass, these results would seem to strongly suggest such a modification, which may be related to the increased force due to the stagnation point
seen in chapter 4. As viscous added mass was not the focus of the present
work and this phenomenon was only observed in a single case, this effect was
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Figure 5.14: Components of the impulse-based lateral force signal for the
Phoenix 8.5 geometry undergoing sustained acceleration at k = 0.10 and
Re = 3.0e6.
not studied in further detail.
The impulse components of the yawing moment for the k = 0.1 maneuver are plotted in figure 5.15. The angular impulse component is seen to
be essentially negligible, in keeping with the inviscid added mass prediction
for the yawing moment without rotation. The Lamb and wake components
again respond smoothly over the course of the maneuver, with the Lamb
component again representing the dominant term of the yawing moment.
Contours of the lateral force lamb vector term are compared in figure
5.16 for the steady translation and sustained acceleration cases at β (t) ≈ 20◦ .
At k = 0.01, the sustained acceleration contours are seen to be nearly identical with the steady translation case, demonstrating approximately quasi202

Figure 5.15: Components of the impulse-based yawing moment signal for
the Phoenix 8.5 geometry undergoing sustained acceleration at k = 0.10 and
Re = 3.0e6.
steady behaviour. For k = 0.1, there is seen to be minor differences in the
Lamb contours, particularly in the stern half of the body, where they appear
to be pinched towards the centreline in comparison with the steady case.
These differences in the Lamb contour field of the separated wake are relatively subtle considering the larger variation of the residual force shown in
figure 4.15, which suggests that a significant portion of the added mass effect
may be involved with the bound vorticity of the boundary layer, which is
difficult to visualize in figures such as 5.16. This will be investigated in more
detail in the following section.
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(a) Steady

(b) k = 0.01

(c) k = 0.1

Figure 5.16: Lateral force Lamb term contours on Phoenix 8.5 during sustained acceleration at Re = 3.0e6 and β (t) ≈ 20◦ .
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Figure 5.17: Comparison of the lateral force hysteresis from pressure and
shear based and impulse based methods for the Phoenix 8.5 geometry undergoing dynamic sway with β0 = 16◦ and Re = 3.1e6.

5.2.4

Sinusoidal Sway

The impulse components of the lateral force and yawing moment signals
were calculated for a subset of the sinusoidal maneuvers detailed in table
4.3. The results will here be presented for constant k = 0.12 maneuvers
with varying β0 , and constant β0 = 16◦ maneuvers with varying k, and are
representative of the general trends seen for all maneuvers studied.
Figures 5.17 and 5.18 plot comparisons of the lateral force hysteresis
as calculated by the impulse based and pressure and shear based methods
for constant β0 and constant k respectively. The agreement between the
two methods is seen to be good for all frequencies, with an RMS relative
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Figure 5.18: Comparison of the lateral force hysteresis from pressure and
shear based and impulse based methods for the Phoenix 8.5 geometry undergoing dynamic sway with k = 0.12 and Re = 3.1e6.
difference of less than 10% in all cases, where the difference is calculated as

φd =

(φpressure − φimpulse )rms
(φpressure )rms

(5.70)

Similar comparisons for the yawing moment signals are plotted in figures
5.19 and 5.20 for constant β0 and constant k respectively. The signals are
used here in place of the hysteresis curves for the sake of clarity, due to the
tight hysteresis loops of the yawing moment. The agreement is again seen
to be good, with an RMS relative difference of less than 10% in all cases.
Table 5.1 summarizes the RMS difference data for all four cases presented
here. Disagreement is seen to be most significant during the maneuver at
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Figure 5.19: Comparison of the yawing moment signals from pressure and
shear based and impulse based methods for the Phoenix 8.5 geometry undergoing dynamic sway with β0 = 16◦ and Re = 3.1e6.
low angles, or equivalently, at high accelerations. This is believed to be
numerical in nature and related to the mesh and timestep resolution, and
will be discussed in more detail below.
To assess the sensitivity of the impulse equations to errors related to
the grid resolution and time step of the CFD mesh, the grid sensitivity study
was re-done using the impulse based force and moment predictions for the
β0 = 16◦ , k = 0.12 maneuver. Figure 5.21 plots the lateral force hysteresis
prediction from both pressure and shear and impulse based methods from
three different mesh and time step resolutions. It is clear that while the
pressure and shear based results are essentially resolution independent, the
impulse based predictions exhibit significant variation as the mesh and time
207

Figure 5.20: Comparison of the yawing moment signals from pressure and
shear based and impulse based methods for the Pheonix 8.5 geometry undergoing dynamic sway with k = 0.12 and Re = 3.1e6.

Table 5.1: Relative RMS difference between impulse based and pressure
and shear based predictions for the lateral force and yawing moment of
the Phoenix 8.5 geometry undergoing dynamic sway with β0 = 16◦ and
Re = 3.1e6.
k
0.03
0.12
0.20
0.30
0.12
0.12
0.12

β0
16.0
16.0
16.0
16.0
5.0
10.0
20.0

Yerr
0.065
0.067
0.043
0.031
0.074
0.095
0.065
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Nerr
0.053
0.071
0.092
0.085
0.067
0.092
0.066

step are refined. Similar hysteresis curves are plotted in figure 5.22 for the
yawing moment, and as with the lateral force, the best result is obtained for
the fine resolution case. In all cases, the majority of the discrepancy between
the two methods is localised to the region near β ≈ 0◦ , suggesting that high
accelerations drive the divergence of the methods. The decision to utilize
the medium resolution to simulate the results of the unsteady database had
already been based on the good convergence of the solution for the pressure
and shear based description of the forces, and time restraints prevented the
reversal of this decision based on the results of the vorticity analysis. For this
reason, the medium resolution case will continue to be presented for all other
cases in this work, despite the drawbacks identified here. It is recommended
that future work examine both methods of predicting the force and moment
on the body in order to better inform decisions with regard to numerical
sensitivity to grid and timestep resolution.
The grid and time resolution were not varied independently of each
other in the original sensitivity study, and so it is difficult to judge the degree to which these factors independently affect the results seen here. An
attempt was made to approximate this by down-sampling the fine resolution
case in time, however this did not result in significant changes to the signal.
While it is tempting to conclude that the error is therefore due primarily to
spatial resolution, it is not clear the degree to which a down-sampled signal
accurately reflects the results of a simulation conducted at a lower time resolution, and the result is not felt to be conclusive. Regardless, it is clear that
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Figure 5.21: Lateral force hysteresis predictions for the Phoenix 8.5 geometry
undergoing sinusoidal sway with β0 = 16◦ , k = 0.12, and Re = 3.1e6 at three
different mesh and time step resolutions.

Figure 5.22: Yawing moment hysteresis predictions for the Phoenix 8.5 geometry undergoing sinusoidal sway with β0 = 16◦ , k = 0.12, and Re = 3.1e6
at three different mesh and time step resolutions.
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the impulse based method is more sensitive to mesh and time resolution for
this case than the pressure and shear based method. A term-wise analysis of
the impulse equations shows that the wake term is the most sensitive to the
simulations resolution by a large margin. As the wake term is only active
on a small part of the mesh in comparison to the Lamb and impulse terms,
this suggests that the sensitivity of the results might be local to that part of
the mesh rather than global. Further study is required to investigate these
issues.
Figures 5.23 through 5.25 plot the hysteresis of the impulse, Lamb, and
wake terms of the lateral force equation. For k = 0.03, the Lamb term is the
dominant contribution to the force, but for all other cases, the impulse term
dominates. The wake term consistently makes the smallest contribution to
the lateral force. The Lamb term can be clearly seen to decay towards the
quasi-steady result as k → 0, while the wake and impulse terms decay towards
zero. The impulse term can also be seen to again be approximated by the
potential flow solution for the inviscid added mass. Similar hysteresis curves
are plotted in figures 5.26 through 5.28 for the yawing moment impulse,
Lamb, and wake terms. In all cases, the Lamb term is the dominant term in
the yawing moment, while the angular impulse term is the smallest.
The only term of equation 5.62 to remain significant in the steady limit is
the Lamb term, and so it is of interest to examine how the Lamb distribution
on the body changes as k → 0. Figure 5.29 plots a comparison of the lateral
Lamb distribution at β (t) ≈ 16◦ for all four of the β0 = 16◦ maneuvers. The
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(a) β0 = 16◦

(b) k = 0.12

Figure 5.23: Hysteresis of the impulse component of the lateral force on
the Phoenix 8.5 geometry undergoing sinusoidal sway with k = 0.12 and
Re = 3.1e6.
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(a) β0 = 16◦

(b) k = 0.12

Figure 5.24: Hysteresis of the Lamb component of the lateral force on the
Phoenix 8.5 geometry undergoing sinusoidal sway at Re = 3.1e6.
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(a) β0 = 16◦

(b) k = 0.12

Figure 5.25: Hysteresis of the wake component of the lateral force on the
Phoenix 8.5 geometry undergoing sinusoidal sway with k = 0.12 and Re =
3.1e6.
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(a) β0 = 16◦

(b) k = 0.12

Figure 5.26: Hysteresis of the impulse component of the yawing moment on
the Phoenix 8.5 geometry undergoing sinusoidal sway with k = 0.12 and
Re = 3.1e6.
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(a) β0 = 16◦

(b) k = 0.12

Figure 5.27: Hysteresis of the Lamb component of the yawing moment on
the Phoenix 8.5 geometry undergoing sinusoidal sway with k = 0.12 and
Re = 3.1e6.
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(a) β0 = 16◦

(b) k = 0.12

Figure 5.28: Hysteresis of the wake component of the yawing moment on
the Phoenix 8.5 geometry undergoing sinusoidal sway with k = 0.12 and
Re = 3.1e6.
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Figure 5.29: Distribution of the lateral Lamb vector on the Phoenix 8.5
geometry undergoing sinusoidal sway at β (t) ≈ 16◦ with Re = 3.1e6, β0 =
16◦ , and varying k.
main effect of the unsteadiness is seen to be significantly more negative force
on the tail of the body, in proportion to k. This would have the effect of
lowering the total lateral Lamb term, as seen in figure 5.24, and increasing
the yawing Lamb term, as seen in figure 5.27.
A sequence of contours of the Lamb vector around the body at β (t) ≈
16◦ and varying k are shown in figure 5.30. It can be seen that the unsteady
motion has significantly distorted the Lateral lamb vector field for all cases
with k ≥ 0.12, however it appears to have done so primarily by changing the
positive ly in the separated wake. This is an apparent contradiction with the
results shown in figure 5.29, which shows that the lateral Lamb vector on the
tail is more negative as a result of the unsteady motion.
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(a) Steady

(b) k = 0.12

(c) k = 0.30

Figure 5.30: Contours of the lateral Lamb vector around the Phoenix 8.5
geometry undergoing sinusoidal sway at β (t) ≈ 16◦ , with Re = 3.1e6, β0 =
16◦ , and varying k.
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Figure 5.31 plots the development of the lateral Lamb vector term at
λ/` = 0.8 as a function of y for the same β (t) ≈ 16◦ case. This result is
generated by sampling the Lamb vector field at λ/` = 0.8 on a yz surface.
The value of dYL0 /dx at this station is then calculated by first integrating
in the z direction, then in the y direction, with figure 5.31 plotting the
accumulated value of the y-direction integral as a function of y. From this
result, it can be seen that the windward boundary layer makes a strong
negative contribution to the local Lamb vector. This is opposed but not
cancelled by the positive contribution of the leeward boundary layer. The
leeward boundary layer does not recover enough to cancel the windward due
to the separated wake vorticity. In steady translation, the steady wake vortex
is seen to make an initially negative contribution, followed by a positive one.
This is echoed by the Lamb vector contours in figure 5.30.
For k ≥ 0.12, the dynamic motion results in several changes to the
Lamb vector field at λ/` = 0.8. The leeward boundary layer is weakened
further in comparison to the windward, resulting in a more negative local
lateral Lamb force. The separated vorticity is also not fully developed in
comparison to the steady case at this station, such that the negative region
of the separated vortex is not present, and the positive region is significantly
altered, as was seen in the vorticity contours of figure 5.30. The windward
boundary layer is approximately constant in all cases, so that the effect of
the dynamic motion is to modify the leeward boundary layer and separated
vorticity in the wake, as expected. Figure 5.32 plots the same profile of
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Figure 5.31: Distribution of the local lateral Lamb vector as a function of y
at β (t) ≈ 16◦ , λ/` = 0.8 during dynamic sway at β0 = 16◦ and Re = 3.1e6.
the local lateral Lamb, however here the result is normalized by the total
value at λ/` = 0.8. The effect of dynamic motion is now clearly visible,
as the boundary layer’s relative significance is reduced with increasing k, so
that the flow at the tail is increasingly sensitive to the separated wake. The
positive Lamb contribution of the wake is significantly altered, but the local
force is still negative due to the contribution of the windward boundary layer.
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Figure 5.32: Normalized distribution of the local lateral Lamb vector as a
function of y at β (t) ≈ 16◦ , λ/` = 0.8 during dynamic sway at β0 = 16◦ and
Re = 3.1e6.

5.3

Discussion
For the sake of the discussion, the exact impulse expressions will be

restated here,
Z
Z
dIy
1
− ρ ly d∀ − ρxt
ly dS
Y = −ρ
dt
2 W
∀
Z
Z
dJz
1
N = ρ
+ ρ (xly − ylx ) d∀ + ρ
|~x|2 ly dS
dt
2
∀
W

(5.71)
(5.72)

Recall that these equations apply to a body-fixed frame of reference, with the
origin at the centre of buoyancy, and the analysis volume ∀ extending from
the nose to the tail in the axial direction, four diameters to either side in the
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lateral direction, and two diameters to either side in the normal direction. It
is important to be aware that the discussion herein is limited to this setup,
and that the results and their interpretation may vary with changes in the
analysis domains placement and shape.
While the derivations of the impulse expressions demonstrates their validity, the physical interpretation of the individual terms of equations 5.71
and 5.72 is not immediately clear. In the classical force formulas,

F~ = −

Z
(−pn̂ + ~τ ) dS

(5.73)

~x0 × (−pn̂ + ~τ ) dS

(5.74)

B

and
~ =−
M

Z
B

it is clear that the equations express the force exerted on the body due to
the pressure and shear of the surrounding fluid. The derivation of equations
5.71 and 5.72 began by shifting the focus from the force exerted on the body
by the fluid to the force exerted on the fluid by the body, and they are best
understood in this light. Both the Lamb vector and the impulse are in a sense
inertial in origin, as they can be derived from the fluid acceleration without
any recourse to the fluid dynamics. The terms of the impulse equations
will be discussed here in terms of forces, but it must be emphasized that
ultimately they are inertial expressions which can be related to elements of
the pressure and shear stress fields on the hull, from which the force on the
body ultimately derives.
223

The value of equations 5.71 and 5.72 is in their ability to decompose
the unsteady flow effects into elements which are familiar from elementary
hydrodynamics. The most obvious example of this is that the impulse terms
can be equated to the inviscid added mass, as predicted by potential flow
theory. This is not an intuitive result, especially as a main component of the
impulse is the moment of the vorticity field within the domain, which would
be expected to be significantly modified by viscosity. Further examination of
the CFD results reveals that not only is the impulse component of the force
well predicted by the inviscid added mass, but so too is the fluid momentum,
so that

 Z
1
~ ≈ Yv̇ v
~x × ω
~ d∀ − ∀U
Iy = ĵ · ρ
2 ∀

(5.75)

Figure 5.33 plots a comparison of the potential flow prediction and CFD
(both steady and unsteady) results for the lateral fluid momentum during
dynamic sway. The results are seen to collapse, so that the momentum not
only assumes the potential flow value, but is also essentially quasi-steady,
even during maneuvers with significant dI/dt.
This result is best understood by examining the lateral vorticity moment
distribution on the body. Figure 5.34 plots a comparison of the vorticity moment distribution during sinusoidal sway with β (t) ≈ 16◦ . The distribution
is seen to be essentially quasi-steady everywhere along the body, except near
the tail, where there is slight variation with k. This result is consistent for
all β (t), so that only the tail has any variation during dynamic motion.
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Figure 5.33: Comparison of the fluid momentum as predicted by potential
flow theory, steady CFD, and unsteady CFD for the Phoenix 8.5 geometry
with β0 = 16◦ and Re = 3.1e6.

Figure 5.34: Comparison of the vorticity moment distributions at β (t) ≈ 16◦
on the Phoenix 8.5 geometry during sinusoidal sway at β0 = 16◦ , Re = 3.1e6,
and varying k.
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(a) Steady

(b) k = 0.12

(c) k = 0.30

Figure 5.35: Contours of the lateral vorticity moment around the Phoenix
8.5 geometry undergoing sinusoidal sway at β (t) ≈ 16◦ , with Re = 3.1e6,
β0 = 16◦ , and varying k.
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Figure 5.35 plots the contours of the vorticity moment during sinusoidal
sway with β (t) ≈ 16◦ . Significant variation can be seen near the tail, however as with the Lamb vector term, the boundary layer also makes a strong
contribution, and it is difficult to judge their relative strengths based on the
contours in figure 5.35. Figure 5.36 plots the accumulation of the vorticity
moment as a function of y at λ/` = 0.8 for the same case, normalized by the
total value. Unlike the lateral Lamb vector, it can be seen that the boundary
layer vorticity moment dominates for all k.
The boundary layer vorticity is known to be strongly dominated by
its near-wall value. As a result of this, the vorticity moment in general is
dominated by near-wall processes. This dominance of the near-wall for all
k explains the ability of the potential flow model to accurately predict the
lateral impulse, even in the presence of a dynamic separated wake. The potential flow source and dipole terms on the wall are equivalent to an infinitely
thin vortex sheet, which adjusts its strength in response to the kinematics
in order to satisfy the no-penetration boundary condition at the wall. The
dominance of the near-wall processes in the vorticity moment means that
this remains a good model with which to predict the lateral impulse, even in
viscous flow conditions. As a result, the vorticity moment will react on the
kinematic timescale, leading to quasi-steady behaviour.
Unlike the lateral impulse, the yawing impulse was not modelled with
a potential flow added mass. This is due to the potential model predicting
negligible cross-coupling between added yawing inertia and sway accelera227

Figure 5.36: Normalized distribution of the lateral impulse as a function of y
at λ/` = 0.8 and β (t) ≈ 16◦ during dynamic sway at β0 = 16◦ , Re = 3.1e6.
tion, while the impulse analysis showed small contributions from the angular
impulse. Figure 5.37 plots hysteresis loops of the angular vorticity moment
at select stations along the body, for the β0 = 16◦ sway oscillation of the
Phoenix 8.5 geometry. It can be seen that only near the tail is there significant departure from the quasi-steady value, and even there the departure
is quite small. This is due to the near-wall vorticity, which is the dominant
contribution to the lateral vorticity moment, having zero moment about the
body in sway motion, as predicted by the potential flow model. The result
of this is that the separated vorticity at the tail, which is modified by the
motion history and is relatively negligible to the lateral vorticity moment,
makes a small but significant contribution to the yawing angular vorticity
moment. It is hypothesized but cannot be shown using the present data,
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(a) λ/` = 0.0

(b) λ/` = 0.33

(c) λ/` = 0.66

(d) λ/` = 1.00

Figure 5.37: Angular vorticity moment Hz hysteresis at select stations on the
Phoenix 8.5 geometry during oscillating sway at Re = 3.1e6 and β0 = 16◦ .
that in a maneuver with significant ṙ, the angular impulse would be a significant portion of the yawing moment, and would be well approximated by
the potential flow model for the yawing added inertia Nṙ .
The impulse terms then are equivalent to the inviscid added mass, and
are driven primarily by wall processes which react in conjunction with the
acceleration to satisfy the no-penetration condition. In the classical analysis
of airfoil motion, it is known that the solution for the no-penetration condi-
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tion is not unique, but must be accompanied by a condition for the bound
circulation in order to fully determine the flow. The bound circulation is here
represented by the Lamb term, which has been shown by many authors to
reduce to the classical Kutta-Joukowski expression in simple flows [79, 104]
and is sometimes referred to as the vortex force [106]. Unlike the vorticity
moment, the Lamb term is not dominated by the near-wall vorticity, because
as the wall is approached and the vorticity increases, there is an accompanying decrease in the velocity due to the no-slip condition. The Lamb term
then is much more strongly affected by the separated vorticity, and is the
dominant source of motion history effects in unsteady motion.
The final term in the impulse equations is the wake term. Wu et al [106]
ascribe this term to the inviscid effect of vorticity outside of ∀ on the surface
Σ. Kang et al [49] have demonstrated that the wake term is only significant
if the wake plane bisects a shed vortex, such that even in unsteady problems,
the analysis domain could be shaped so that the wake term goes to zero,
provided that the wake vorticity exists in discrete elements. This possibility
has not been explored in the present work, and it is unclear to what extent
the wake behind an unsteady submarine hull can be divided into discrete
vortex loops. A synthesis of these interpretations then would be that it
is the inviscid effect of external vorticity on the vortex which it presently
intersects, meaning that it represents the continuity of the vortex loop as per
Helmholtz’s laws. In all cases, it makes a minor contribution to the total
force and moment in comparison to the Lamb and impulse terms.
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5.4

Summary
Equations for the lateral force and yawing moment on a submarine hull

in unsteady translating flow were derived based on vorticity dynamics relations. These expressions were evaluated using the data generated from the
database of unsteady CFD simulations. For both the steady translations and
the impulsive accelerations, the level of agreement between the two methods
was excellent. For the sinusoidal sway cases, some error was seen when comparing the two methods, in particular during instances of high acceleration,
however the magnitude of this discrepancy was not felt to introduce significant concerns for the present analysis. The sustained acceleration cases
demonstrated increasing error at late times or equivalently high angles, particularly in the yawing moment, such that further work is required in order
to build confidence in the use of the vorticity based formulation for this class
of motions. For all cases except sustained acceleration then, the vorticity
based analysis method was shown to be sufficiently accurate to proceed with
the analysis of the unsteady motion.
A grid and time step sensitivity study was performed for the case of
a sinusoidally oscillating hull. It was seen that while the traditional pressure and shear based force formula were essentially independent of mesh and
time step, there was significant variation in the impulse-based expressions.
While the results were still sufficiently accurate for the present work, further research is required in order to develop guidelines and best practices for
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impulse-based analyses using CFD data.
The database of unsteady maneuvers was re-examined using these impulsebased expressions. It was shown that the impulse-based expressions are able
to decompose the unsteady force into those components due to added mass
and those components due to motion history, without the use of external
data. The added mass terms were seen to be well predicted by the inviscid
added mass coefficient in most cases, with the only exception being sustained
acceleration. Further research is required in order to assess potential viscous
modifications for the added mass in the sustained acceleration cases.
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Chapter 6
Simplifications of the Vortex
Based Description
The impulse based force description provides a natural decomposition
of the transient forces and moments into those due to added mass and those
due to unsteady circulation. The impulse based equations are repeated here
for convenience, as
Z
Z
dIy
1
− ρ ly d∀ − ρxt
ly dS
Y = −ρ
dt
2 W
∀
Z
Z
dJz
1
N = ρ
+ ρ (xly − ylx ) d∀ + ρ
|~x|2 ly dS
dt
2
∀
W
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(6.1)
(6.2)

with the Lamb vector, translational impulse, and angular impulse defined as

~l = ω
~ × ~u

(6.3)
Z

~ − P~ = 1 ~x × ω
I~ = G
~ d∀ − ∀b~u0
2 ∀
Z
~ −Q
~ = 1 |~x|2 ω
~ d∀ − ∀b (~xcg × ~u0 )
J~ = H
2 ∀

(6.4)
(6.5)

~ and H
~ are the first and second moments of the vorticity field
The variables G
~ are the linear and angular momentum of the fluid
respectively, and P~ and Q
displaced by the body.
Equations 6.1 and 6.2 represent exact expressions for the lateral force
and yawing moment in the high Reynolds number limit, based entirely on
the velocity field around the body and its derivatives. While this represents
a powerful analytical framework for unsteady problems, past experience in
steady flows has shown that these expressions can be considerably simplified for bodies such as submarine hulls. These simplifications will here be
extended to the unsteady problem, and will make use of a combination of potential flow models, slender body approximations, and exact transformations
to simplify equations 6.1 and 6.2 on a term by term basis.
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6.1

Origin Dependence
In steady translation, equation 6.1 reduces to the Lamb and wake terms,

so that
Z

1
Y = −ρ ly d∀ − ρxt
2
∀

Z
ly dS

(6.6)

W

Further, both the present work and previous experience has demonstrated
that the wake term makes a negligible contribution to the steady lateral force,
but is significant in unsteady motion. This suggests that the wake term may
represent an inherently transient influence.
It is interesting to note that both the wake term and the impulse term
are origin dependent, while the lateral force must be independent of the choice
of origin of the coordinate system. This suggests then that these terms may
be related, and that the origin dependence of the system as a whole must
cancel through their relation. Analysis of the data from the CFD simulations
confirms that the sum of the impulse and wake terms is independent of the
origin of the coordinate system. If the lateral force as calculated with the
origin at the centre of buoyancy is equated to the lateral force with the origin
at the tail, the resulting impulse equation is then
dIy,cb 1
− xt
dt
2

Z
ly dS =
W

dIy,t
dt

(6.7)

or
1
− xt
2

Z
ly dS =
W
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dIy,t dIy,cb
−
dt
dt

(6.8)

The wake term could then be interpreted as the difference between the impulse about the centre of buoyancy and the impulse about the tail. As the
linear momentum of the fluid body is origin independent, this reduces to the
difference between the vorticity moments about the centre of buoyancy and
the tail, so that
1
− xt
2

Z

dGy,t dGy,cb
−
dt
dt

ly dS =
W

(6.9)

The distance between the tail and the centre of buoyancy will here be
denoted as δx . The vorticity moment about the tail can then be written in
terms of the coordinate system with origin at the centre of buoyancy as

~t
G

Z

1 
~x + δx î × ω
~ d∀
=
2 ∀

Z
Z
1
=
~x × ω
~ d∀ + δx î × ω
~ d∀
2
∀
∀
Z
1
~ cb + δx î ×
= G
ω
~ d∀
2 ∀

(6.10)

The identity [79]
Z

Z

(~ω · n̂) ~xdS

ω
~ d∀ =
∀

(6.11)

W

can then be applied to the final term of equation 6.10, so that the lateral
impulse about the tail can be written as
dIy,t
dIy,cb
1d
=
− δx
dt
dt
2 dt

Z
zξdS

(6.12)

W

The final term here represents the slender body lateral impulse at the tail
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plane. In general, the slender lateral impulse will be denoted as
Z
iy (x) =

zξdS

(6.13)

S(x)

and represents a slender body approximation to the lateral impulse. The tail
plane value recurs frequently in this work, and will be denoted as iyt = iy (xt ).
Note that while it is a slender approximation of the lateral impulse, the steps
used here to simplify the wake term are exact, and do not make a slender
approximation in regards to the wake term itself. The transformed wake
term will then be written as
diyt
δx
= xt
dt

Z
ly dS

(6.14)

W

Figure 6.1 plots a comparison of the original wake term and the transformed
wake term, in which it can be seen that there is excellent agreement between
the two results. Note that since there was no simplification involved in arriving at equation 6.14, the difference between the two results seen here is
entirely due to numerical differences in evaluating the two expressions.
From equation 6.14, it is seen that the wake term is inherently unsteady.
In light of this, it is likely that the small values of the wake term found for
the steady translation cases were due to the use of an unsteady CFD solver
to simulate a case with steady kinematics. The non-zero wake term then
represents residual unsteadiness in the CFD solution, and would be strictly
zero in the steady state limit.
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Figure 6.1: Comparison of the original and transformed wake term during
oscillating sway of the Phoenix 8.5 geometry at β0 = 16◦ and Re = 3.1e6.

6.2

Inviscid Added Mass
The analysis of the previous chapters has demonstrated that the lateral

impulse term can be well approximated by the inviscid added mass, so that

−ρ

dIy
≈ Yv̇ v̇
dt

(6.15)

This is due to the relative strength of the wall vorticity sheet, which dominates the vorticity moment field. This vorticity sheet is analogous to the
source and dipole distributions used in the potential flow model to satisfy
the no-penetration boundary condition, and will primarily react on the kinematic time scale in a similar manner. Due to the lack of rotation and shape

238

of the body, this sheet produces negligible yawing moment. This means that
while the potential flow model is a good approximation for the lateral impulse
component, no equivalent approximation applies to the yawing impulse.

6.3

Slender Body Approximations
The remaining terms in equations 6.1 and 6.2 constitute the lateral force

Lamb vector term, and all three terms of the yawing moment. These will
here be approximated using slender body theory, applied on a term by term
basis.
The lateral force Lamb term can be decomposed based on the vehicle’s
~ and a disturbance velocity ~u0 , so that
velocity U
Z
−ρ

~ld∀ = −ρ

∀

Z



~ d∀
ω
~ × ~u0 − U

(6.16)

∀

~ >> ~u0 , so that
Equation 6.16 can then be linearized by noting that U
Z

~ld∀ ≈ −ρU
~ ×

−ρ

Z

∀

ω
~ d∀

(6.17)

ζd∀

(6.18)

∀

and the lateral Lamb term is then
Z
−ρ

Z
ly d∀ ≈ −ρU

∀

∀

Identity 6.11 can then be applied to equation 6.18, so that the slender body
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Figure 6.2: Comparison of the exact and slender lateral Lamb term formulations for the Phoenix 8.5 geometry undergoing dynamic sway at Re = 3.1e6,
β0 = 16◦ .
lateral Lamb term is given by
Z

Z
ly d∀ ≈ ρU

−ρ
∀

zξdS = ρU iyt

(6.19)

W

where iyt is again the slender body lateral impulse in the tail plane. A
comparison of the exact and slender lateral Lamb term is plotted in figure
6.2. The exact lateral Lamb term is seen to be well approximated by the
slender-body simplification for all k.
The components of the yawing moment are simplified in a similar manner. As a first step, the yawing moment wake term can be simplified by
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Figure 6.3: Comparison of the exact and slender body yawing moment wake
term for the Phoenix 8.5 geometry undergoing dynamic sway at Re = 3.1e6,
β0 = 16◦ .
noting that the body is slender, so that |~x| ≈ |x|, and therefore
1
−ρ
2

Z
W

Z
1 2
|~x| ly dS ≈ −ρ xt
ly dS
2
W
1 diyt
≈ −ρx2t
2 dt
2

(6.20)

A comparison of the exact and slender body wake moment is shown in figure
6.3. The slender body result is again seen to be a good approximation of the
exact result at all frequencies.
The Lamb term of equation 5.63 is composed of two components, one
due to the axial distribution of lateral loading, and one due to the lateral
distribution of axial loading. Past experience has shown that the Lamb term
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Figure 6.4: Comparison of the exact and lateral-only yawing moment Lamb
terms for the Phoenix 8.5 geometry undergoing sinusoidal oscillations at
Re = 3.1e6, β0 = 16◦ , and varying frequencies.
is dominated by the lateral loading in steady translation. Figure 6.4 plots
a comparison of the exact Lamb moment with that calculated by neglecting
the axial loading, so that
Z

Z
(xly − ylx ) d∀ ≈ ρ

ρ
∀

xly d∀

(6.21)

∀

It can be seen that the axial loading continues to make a negligibly small
contribution throughout the maneuver. On this basis, the axial loading is
dropped from the Lamb term for the yawing moment.
As with the lateral force, the yawing Lamb term can be further simplified
by decomposing the Lamb vector into components due to the body motion
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and those due to the disturbance in the fluid, with the disturbance terms
again neglected, so that
Z

Z
xly d∀ ≈ −ρU

ρ
∀


xζd∀ + V ∀

(6.22)

∀

Equation 6.22 can be rewritten in terms of two serial integrations as
Z


Z
xζd∀ + V ∀ = −ρU

− ρU
∀

xn


ζdSdx + V ∀

Z
x

xt

(6.23)

S(x)

and the surface integral can be rewritten as the axial derivative of a volume
integral, so that
xn

Z
− ρU


Z
ζdSdx + V ∀ = −ρU

Z
x

xt

xn

xt

S(x)

Z

∂
x
∂x


ζd∀dx + V ∀

∀

(6.24)
The identity 6.11 can then be applied to the volume integral in equation 6.24,
Z

xn

− ρU
xt

∂
x
∂x


Z
ζd∀dx + V ∀ = −ρU

Z
∀

xn

xt

∂
x
∂x

Z


zξdSdx + V ∀

S(x)

(6.25)
Equation 6.25 can then be integrated by parts to give
Z

xn

− ρU
xt

∂
x
∂x

Z


Z
zξdSdx + V ∀ = −ρU

S(x)

xn


iy (x) dx + xt iyt

xt

(6.26)
which is the final form for the slender body yawing moment Lamb term. The
variable iyt can be recognized again as the tail plane slender body lateral
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impulse, while iy (x) is the slender body lateral impulse at the axial plane
x. The slender lateral impulse can be further decomposed into the slender
lateral vorticity moment and the displaced momentum of the hull section, so
that
iy (x) = gy (x) + V A (x)

(6.27)

where gy is the slender body lateral vorticity moment at x,
Z
gy (x) =

zξdS

(6.28)

S(x)

It can be seen that at the tail plane, iy (xt ) = gy (xt ) = iyt . A comparison
of the exact and slender-body results for the yawing moment Lamb term is
shown in figure 6.5. It can be seen that the slender body expression is an
excellent approximation of the exact result, and in comparison with figure 6.4,
the slender body result is nearly identical to the exact result for the lateralforce only, indicating that the majority of the error in this approximation
is due to neglecting the axial loading as opposed to the other slender-body
approximations.
The final term of the yawing moment equations is the angular impulse,

ρ

dJz
dHz
dQz
=ρ
−ρ
dt
dt
dt

(6.29)

where Hz and Qz are the yaw components of the angular vorticity moment
and fluid body angular momentum respectively. The equivalent terms in
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Figure 6.5: Comparison of the exact and slender yawing moment Lamb terms
for the Phoenix 8.5 geometry undergoing sinusoidal oscillations at Re = 3.1e6
and β0 = 16◦ .
the lateral force expression are replaced by the potential flow result for the
added mass, and so it is initially tempting to make the same replacement in
yaw. The potential flow model however predicts negligible added inertia yaw
coupling in sway, such that Nv̇ ≈ 0, while the results from section 5.2 show
a small but non-zero contribution from this term. For this reason, a slender
body simplification is sought instead.
For the class of bodies considered here, the fluid body is found to have
approximately zero angular momentum in sway motion, such that
dQz
≈0
dt
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(6.30)

and the angular vorticity moment dominates the angular impulse. The angular vorticity moment can be immediately simplified by applying the slenderness assumption x >> y, z, so that
1
Hz =
2

Z

1
|~x| ζd∀ ≈
2
∀
2

Z

xn

2

Z

|x|
xt

ζdSdx

(6.31)

S(x)

As with the Lamb term, the surface integral can be re-cast into the axial
derivative of a volume integral,
Z

1
Hz ≈
2

xn

2



|x|
xt

Z

∂
∂x


ζd∀ dx

(6.32)

∀

This volume integral can be transformed, again using the identity 6.11 to
obtain
1
Hz ≈
2

Z

xn

2

|x|
xt



∂
∂x



Z

zξdS dx

(6.33)

S(x)

This result can now be integrated by parts, to obtain
x n

Z
Z
Z
1 xn
1
2
zξdSdx
zξdS
−
2x
Hz ≈
|x|
2
2 xt
S(x)
W
xt

(6.34)

which can be simplified to
1
Hz ≈ − x2t iyt −
2

Z
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xn

xgy (x)dx
xt

(6.35)

The slender body expression for the angular impulse is then
dJz
dHz
1 diyt
d
≈
≈ − x2t
−
dt
dt
2 dt
dt

Z

xn

xgy (x) dx

(6.36)

xt

and can be seen to be a function of the rate of change of the tail plane
impulse and the axial distribution of the lateral vorticity moment. Figure
6.6 plots a comparison of the exact and slender angular impulse signals for
the Phoenix 8.5 geometry undergoing dynamic sway. While the quality of
agreement between the two signals is not as high as in previous terms, this
is believed to be primarily due to a higher degree of numerical error in the
computation for the angular impulse, and equation 6.36 is taken to provide
an acceptable level of approximation for the present work.

6.4

Simplified Force and Moment Expressions
Collecting equations 6.15, 6.19, and 6.14, the simplification of the lateral

impulse equation is

Y ≈ Yv̇ v̇ − ρU iyt − ρxt

1 diyt
2 dt

(6.37)

This expression will be referred to here as the slender body force, despite
the fact that it uses a mix of slender body approximations with potential
flow models. Figure 6.7 plots a comparison of the exact and slender force
expressions for the β0 = 16◦ maneuver. The slender body expression is again
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Figure 6.6: Comparison of the slender and exact angular impulse signals
for the Phoenix 8.5 geometry undergoing oscillating sway at β0 = 16◦ and
Re = 3.1e6.
seen to be a good approximation of the exact force for the entire range of
reduced frequencies. Some discrepancy is visible, particularly for example
at k = 0.12 in the vicinity of β (t) ≈ 0◦ . Note however that this is the
same region in which the impulse method was found to have discrepancies
for this case, and that the slender body data and impulse data are based
on similar datasets. This suggests that the issue may be fundamental to
the dataset in this region, rather then the slender body expressions. In
addition to providing a good approximation of the lateral force, the slender
body equation is considerably simplified with respect to the exact impulse
equation, requiring only the details of the bodies kinematics and the vorticity
moment in the tail plane. Note that while the role of unsteadiness in the
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Figure 6.7: Comparison of the exact and slender lateral force formulations for
the Phoenix 8.5 geometry undergoing dynamic sway at Re = 3.1e6, β0 = 16◦ .
wake term is highlighted by the time derivative, unsteady effects are present
in both the Lamb and wake terms (the second and third terms on the right
hand side).
Similarly, the complete expression for the slender body yawing moment
is
d
N ≈ −ρ
dt

Z

xn

Z

xn

xgy (x) dx − ρU
xt

xt



iy (x) dx + xt iyt − ρx2t

diyt
dt

(6.38)

As with the lateral force, the slender body expression significantly simplifies
the exact expression, however unlike the lateral force, the yawing moment
depends on the slender vorticity moment over the entire body, as opposed to
only at the tail plane. Figure 6.8 plots a comparison of the yawing moment
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Figure 6.8: Comparison of the exact and slender body yawing moment for
the Phoenix 8.5 geometry undergoing sinusoidal oscillations at Re = 3.1e6,
β0 = 16◦ , and varying frequencies.
signals as predicted by the exact theory and the slender body expression. It
can be seen that the exact yawing moment is well approximated by the slender body expression at all frequencies examined here, and as with the lateral
force expressions, areas of significant error in the slender body expressions are
also errors with significant error for the full impulse expressions, suggesting
that the route of the error is in the dataset itself. Note that unlike equation
6.37, unsteady effects are present in all three terms of equation 6.38.
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6.5

Discussion
The slender body expressions for the lateral force and yawing moment

were seen to provide a good approximation of the exact force and moment
for the entire range of reduced frequencies. The process of simplifying the
original expressions demonstrated three important facts regarding the impulse description of the forces, which are worthy of discussion. The first,
that the lateral impulse is well approximated by an inviscid potential flow
model for the added mass, has been discussed in detail in chapter 5, and will
not be further belaboured here. The second, that the wake term is inherently
unsteady, and the third, regarding the prominence of the slender vorticity
moment, are worthy of further consideration.
In chapter 5, the wake term was described by a synthesis of results
from the literature. It was remarked as reflecting the inviscid influence of
vorticity external to the bounding surface on the vortex presently bisected
by that surface. It can be seen here that this can be refined to the unsteady
inviscid influence. By relating the wake term to the slender vorticity moment
in the tail plane, it is further seen that the ‘influence’ must entail either a
change in the orientation of the vorticity vector (dξ/dt) or the movement of
the vorticity in the normal (dz/dt) direction. If the wake vortex system is
approximated by a single vortex loop shed by the body, then for the lateral
force wake term to be significant, in the wake plane this vortex must either
be moving to be more aligned with the hull axis, or must be moving away
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from the centreline. The inherent unsteadiness of the wake term clarifies its
role in steady and unsteady problems, and is not immediately apparent from
the exact impulse expression.
The reduction of the exact equations to the slender approximations
further showed that nearly all terms can be reduced to expressions involving
either the lateral slender body impulse or its time rate of change. This
allows the application of the same geometric reasoning used to discuss the
wake term to the entire body, so that it is seen that the the lateral force and
yawing moment on the hull are primarily dependent on the strength of the
axial vorticity, the z direction position of the wake vortex with respect to the
centreline, and the rate of change of these quantities. This allows for a much
more intuitive description of the hydrodynamic loads, based on geometric
reasoning and easily visualized flow structures, and provides an excellent
foundation for the development of an unsteady hydrodynamics model.

6.6

Summary
This chapter set out to simplify the impulse-based expressions for the

lateral force and yawing moment. It used a combination of exact transformations, potential flow models, and slender body approximations to arrive at
a considerably simplified expression, that is seen to rely only on the slender
body lateral impulse, the added mass coefficients, and the vehicle’s kinematics. This simplification demonstrated that for the problem of submarine hull
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maneuvering, the contribution of the lateral force wake term is inherently unsteady, a fact which is not immediately apparent from the exact expressions.
Further, by reducing the vortex-based variables to only the slender body
lateral impulse, the simplified expressions allow for a more intuitive and geometric understanding of the hydrodynamic loads, based on the strength,
position, and rate of change of the wake vortex structure. This simplified
description of the hydrodynamics will then form the basis for the extension
of existing hydrodynamic models towards the prediction of transient loads
during maneuvering.
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Chapter 7
Unsteady Hydrodynamic Force
Model
The slender body equations developed in chapter 6 provide a means
of estimating the unsteady hydrodynamic forces from a subset of the vorticity field near the body, but they do not provide a means of predicting
that vorticity field in the first place. In order to arrive at a closed model
for the unsteady hydrodynamics, these equations must be coupled with a
predictive model for the slender body vorticity moment along the body, and
in particular at the tail. This chapter will present such a model based on
indicial function theory, and will validate the resulting force predictions by
comparison to cases from the unsteady database. Further, these predictions
will be compared to those produced by a quasi-steady model, so as to provide
a clearer understanding of the applicability of the quasi-steady assumption
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during maneuvering.
This chapter will begin with a statement of the requirements for the
unsteady prediction model in section 7.1. This is followed by an overview
of the quasi-steady model in section 7.2, so as to establish the quasi-steady
baseline and to provide a clear link between the present work and past modelling efforts. The development and analysis of the lateral force model is
presented in section 7.3, and the yawing moment model in section 7.4. In
both cases, the analysis will be based on a quantitative comparison of the
unsteady model’s performance with that of the quasi-steady model, for test
cases selected from the unsteady database. Qualitative aspects of the unsteady model performance are then discussed in section 7.6, and finally a
summary of the modelling work is presented in section 7.7.

7.1

Unsteady Model Requirements
The basis of the unsteady model is the slender body expressions for the

lateral force and yawing moment, which will be written here as

Yu (t) = Yv̇ v̇ (t) − ρU iyt (t) − ρxt
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1 diyt (t)
2 dt

(7.1)

and
Z
d xn
Nu (t) = −ρ
xgy (t, x) dx
dt xt

Z xn
diyt (t)
iy (t, x) dx + xt iyt (t) − ρx2t
−ρU
dt
xt

(7.2)

The subscript ()u is used here to distinguish between the unsteady model
expressions, the exact force and moment for which these expressions are
only approximate, and the Jeans model expressions and quasi-steady model
predictions, denoted by the subscript ()j and ()q respectively. Predicting
the unsteady force and moment is seen to require model predictions for the
added mass coefficient, Yv̇ , the tail plane slender body impulse iyt , and the
slender body vorticity moment distribution on the body, gy . The added mass
coefficient will here be taken from the potential flow prediction based on the
APAME software as in the preceding chapters. Model development for the
unsteady tail plane slender body lateral impulse and the slender body lateral
vorticity moment distribution will be presented separately below.
The unsteady model is required to accurately predict the transient hydrodynamics during maneuvering. Three additional qualitative requirements
were added in order to ensure that the final model would be usable in a general purpose submarine dynamics code. These are:
1. The model must be general with respect to kinematics, and not require
a priori knowledge of the motion or motion type. It must be causal, requiring only the present and potentially past vehicle motions to inform
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its predictions.
2. The model must reduce to a steady solution as k → 0, and ideally
should reduce to the Jeans model.
3. The model must be rapid compared to CFD and ideally should be faster
than real time.
Previously developed hydrodynamics models for steady flow were capable of
predicting the lateral force distribution in addition to the total lateral force
and yawing moment. This was not taken to be a requirement of the unsteady
model, as the distribution is not required for simulations of submarine dynamics. Further work on the slender body expressions would be required
to develop a prediction method for the lateral force distribution, due to the
presence of several point-load terms in equations 7.1 and 7.2, which do not
have clear distributions.

7.2

Quasi-Steady Model
The steady translation model of Jeans et al [47] is based on a similar

set of vortex force theories as the unsteady work presented in chapter 5. The
Jeans model takes the exact impulse equations, 5.62 and 5.63, and expresses
them in the steady limit as
Z
Ys = −ρ

ly d∀
∀
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(7.3)

Z
(xly − ylx ) d∀

Ns = ρ

(7.4)

∀

Note that the wake term has here been neglected, unlike equations 5.68 and
5.69. This is in keeping with the work of Jeans et al [47] who found it to be
entirely negligible for the steady cases they examined.
Jeans et al simplify equations 7.3 and 7.4 using a similar set of slender
body approximations as those utilized in chapter 6. The resulting expression
for the lateral force is

Yj (β) = ρU∞ cos (β) iyt (β)

(7.5)

and for the yawing moment




B
l
2 1
+ ρU∞ ∀
− 1 sin (2β)
Nj (β) = Yj (β) lcb −
2
2 π

(7.6)

Here, B = 5.3 is a model constant, and the B/π −1 term represents a viscous
modification to the Munk moment coefficient Yv̇ − Xu̇ . The lateral force is
again seen to be a function of the lateral tail plane slender body impulse,
which is modelled by

i∗yt


(β) =

Re
Reref

1/m



d cot (β) + i∗y0

(7.7)

where
i∗yt =

iyt
U∞ sin (β) Ap tan (β)
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(7.8)

The reference Reynolds number is Reref = 23.0e6, with m = 10. Jeans
et al [47] give different fitting coefficients for different sources of data, with
the values for CFD simulations with the SST turbulence model stated as
d = 0.020167 and i∗y0 = 0.22816. Jeans et al do not give a distinct set
of coefficients for the k − ω model utilized in this work, however do to the
similarities between the k −ω model and the SST model, the SST coefficients
are considered the most appropriate choice for the present work.
Jeans et al [47] express the yawing moment in terms of a corrected Munk
moment, which is a pure couple, and the lateral force, which is taken to act
at the mid-body. Equation 7.2 instead places the lateral force at the tail, so
that in the steady limit equation 7.2 becomes
Z

xn



Z

xn

iy (x) dx − xt Y

iy (x) dx − xt iyt = −ρU

N = −ρU

(7.9)

xt

xt

No attempt has been made to reformulate expression 7.2 in terms of a corrected Munk moment, and so it is unclear how such terms would compare.
If the origin is moved to the tail however, Jeans [48] gives the expression for
the slender body moment as
Z

xn

Nt = −ρU

iy (x) dx

(7.10)

xt

which is equivalent to equation 7.9 if expressed about the tail. It is believed
then that the differences in the slender body expressions for the yawing moment about the centre of buoyancy are due to modelling choices made in
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deriving expression 7.6 in terms of the viscous Munk moment.
For the purposes of the present work, a quasi-steady model will be
formed by combining the Jeans model expressions, 7.5 and 7.6, with the inviscid added mass coefficients predicted by APAME. The quasi-steady model
predictions are then given by

Yq (t) = Yv̇ v̇ (t) + Yj (β [t])

(7.11)

Nq (t) = Nj (β [t])

(7.12)

and

This model is intended to mimic the predictions of a submarine dynamics
code using quasi-steady methods, and is used here to highlight the differences
between an unsteady and quasi-steady modelling strategy.

7.3

Lateral Force Model
The slender body lateral force expression is given as

Yu (t) = Yv̇ v̇ (t) − ρU iyt (t) − ρxt

1 diyt (t)
2 dt

(7.13)

and can be seen to depend entirely on the added mass coefficient, body kinematics, and the tail plane slender body impulse. Both the added mass and
the kinematics are known a-priori, and therefore the only term which must
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be modelled is the tail plane slender body impulse. This will be accomplished
here using an indicial function approach.

7.3.1

Unsteady Tail Impulse Prediction

The Jeans model predicts the tail plane slender body lateral impulse
with a kinematic expression based on data fitting. Jeans arrived at this
expression by analyzing the circulation in the tail plane and the centroid of
vorticity, which were taken to be discrete representations of the tail plane
vorticity field in terms of a single wake vortex-pair. This concept was not
found to be useful to the present work, as in unsteady motion the wake plane
vortex system cannot necessarily be represented by a single vortex pair, but
can instead consist of multiple pairs, the number of which is not known a
priori. Attempts by the author to use the discrete vortex description of Jeans
resulted in unphysical results, and were not found to be productive. The
unsteady model will instead deal directly with the slender lateral vorticity
moment and impulse.
In this work, an indicial function approach was taken, wherein the response of the tail plane slender impulse to small accelerations was used to
synthesize the net response to larger motions. The tail plane slender body
lateral impulse is written in terms of a convolution integral as
Z

t

iyt (t) = iyt (t − σ1 `/U ) +

ĥ1 (β [τ ] ; t − τ ) K10 (β [τ ]) β̇ [τ ] dτ (7.14)

t−σ1 `/U
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Here, ĥ1 is the tail plane indicial response function, K10 is the tail plane quasisteady kernel, β̇ is the rate of change of the drift angle, and the first term on
the right hand side represents the initial condition. In a traditional response
function approach, the limits of integration in equation 7.14 would be from
0 to t, however it is anticipated that the indicial function will be constant at
ĥ1 = 1 after a relaxation time σ1 . That portion of the response is then be
taken out of the convolution integral and bundled into the initial condition.
The indicial response functions for the tail plane slender lateral impulse
are calculated from the CFD simulation for the Phoenix 8.5 geometry undergoing impulsive acceleration, and are shown in figure 7.1 for five initial
angles of drift. It is clear that the response varies with the initial drift,
and so a functional form is used in equation 7.14. The appropriate response
function is chosen based on the value of β [τ ], which is then evaluated at
t − τ . This process is here indicated by the use of the semi-colon to separate
the β argument from the t argument in ĥ1 (β; t). As expected, the indicial
functions all reach an approximately steady value of ĥ1 ≈ 1 in the range of
1.0 < t0 < 1.5. A value of σ1 = 1.25 will be used throughout this work. This
relaxation process represents the convection of shed vorticity away from the
body, such that after σ1 `/U s the shed vorticity is far enough downstream
to have negligible effect on the hydrodynamics.
The kernel function represents the quasi-steady value for the tail plane
impulse at a given drift angle. The prime notation is used here to denote
differentiation with respect to β, i.e. K10 = dK1 /dβ. The kernel function
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Figure 7.1: Tail plane slender body lateral impulse indicial response functions
for the Phoenix 8.5 geometry at five different initial drift angles.
K1 is here calculated from the CFD simulations of steady translation, which
have been interpolated using a cubic spline, and is shown in figure 7.2. The
choice to use CFD data for the kernel K1 , as opposed to the steady model
defined in section 7.2, was made to minimize possible sources of error due to
the steady model and therefore provide a more accurate assessment of the
unsteady model performance. When implemented in a submarine dynamics
simulator, the Kernel function would likely be a sub-model, such as the steady
translation model of Jeans.
In theory, once the tail plane impulse has been predicted with equation
7.14, the wake term can be calculated from the time derivative of the tail
plane impulse signal. In practice it was found that the slender impulse prediction contained low levels of high frequency noise, such that numerically
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Figure 7.2: Tail plane slender body lateral impulse quasi-steady kernel function for the Phoenix 8.5 geometry.
calculating the derivative introduced significant noise and error into the resulting prediction for the wake terms. This noise necessitated a filtering step
in order to smooth the predicted signals. The wake terms are here calculated
by approximating the derivative of the tail plane impulse using a second order central differencing scheme on the result of equation 7.14, which is then
smoothed using a moving average filter. The filter was here taken to have a
window length of 50dt for all cases, or t0 ≈ 0.03.
The tail impulse equation, 7.14, clearly satisfies the first two model
requirements. The model is general in formulation and makes no assumptions
about the maneuver kinematics. When β̇ = 0, no additional unsteady effects
are produced and the motion history effect will decay towards the steady
state values provided by the quasi-steady kernel. The model’s performance
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in terms of run time will depend on the value of dτ and the expense of the
convolution integral, and will be discussed in section 7.6.
The choice of central differences and moving average filters to calculate
the wake terms was made so as to minimize the risk of bias in the wake term
prediction, however they both result in a non-causal model which requires
future information. This choice is not appropriate for implementation into
a vehicle dynamics model for this reason. For the sake of simplicity in the
present analysis, the model is used as presented, and the wake term prediction
must be considered to be non-causal. If and when this model is implemented
into a vehicle dynamics model, this issue will have to be re-visited.

7.3.2

Submarine Dynamics Simulations

Model predictions have been generated for the sinusoidal maneuvers examined in chapters 4 and 5. The results of the unsteady model predictions
will here be compared with the CFD data and the results of the quasi-steady
model, in order to assess the accuracy of the present unsteady model for the
prediction of unsteady hydrodynamic forces. Note that while the sinusoidal
maneuvers have previously been examined as part of the development of the
slender body equations which the model uses, the model itself does not incorporate these results into its formulation. Instead, the model incorporates
data only from the steady and impulsive acceleration simulations, and so it
is not felt to be necessary to generate new data for the sake of validation.
For all of the model results presented here, a simple vehicle dynam265

Table 7.1: Ratio of integral time dτ to real time dt = 0.0005 s for the unsteady
model predictions.
k
dτ /dt

0.03
100

0.12
10

0.20
10

0.30
5

ics simulation was conducted. This simulation utilized the CFD time step,
dt = 0.0005 seconds, to progress the unsteady and quasi-steady models
through real time t using the predetermined kinematics. Within a given
time step, the model equations were evaluated within historical time τ with
a constant timestep dτ , where the ratio of dτ /dt was fixed at the beginning
of the simulation. Table 7.1 lists the time step ratio as a function of reduced
frequency for all cases simulated here. These values were chosen to provide
a balance of accuracy and computational economy.

7.3.3

Lateral Force Model Performance

Figure 7.3 plots a comparison of the iyt value as calculated from the CFD
results with that predicted by the unsteady indicial model, using equation
7.14. The unsteady model matches the CFD results extremely well for k =
0.03 and k = 0.12, but accuracy begins to degrade as k increases past k =
0.20. In all cases however the unsteady model prediction is much closer than
the steady result indicated by the blue static curve.
The indicial model is seen to have poor accuracy over the initial quarter
to half cycle. This is believed to be due to complications in the initialization
process. The indicial model is here initialized from the quasi-steady value of
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Figure 7.3: Comparison of CFD results and indicial model predictions for
the lateral tail plane slender body impulse of the Phoenix 8.5 geometry undergoing sinusoidal sway at Re = 3.1e6 and β0 = 16◦ .
the initial kinematics; the motion history effect must then be developed over
the course of the first cycle. Some of the CFD results were initialized from
a uniform field, with a 0.2 second hold which was intended to suppress the
effect of the startup transient. These CFD results can be seen to smoothly
increase from 0, while the indicial model starts from the quasi-steady line.
An attempt was made to initialize the unsteady model from a zero condition,
however the result would quickly build towards the quasi-steady value over
the initial kinematic hold. It is likely that during the CFD initialization
process, the indicial response functions shown in figure 7.1 do not represent
the appropriate response, as the flowfield must be established rather than
incrementally altered. This issue was not seen in cases that were initialized
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Figure 7.4: Comparison of CFD results and indicial model predictions for the
lateral force Lamb term on the Phoenix 8.5 geometry undergoing sinusoidal
sway at Re = 3.1e6 and β0 = 16◦ .
from a quasi-steady condition, and is not believed to be a fundamental issue
with the indicial model. The unsteady model results from the second cycle
were seen to agree quite well with the CFD results, and so when plotting
hysteresis curves in this section, only the second cycle is utilized. As a
submarine dynamics simulation cannot be initialized from a uniform field
in the same way as a CFD simulation, this is not considered to be a critical
limitation of the unsteady model’s ability to predict submarine maneuvering.
Figure 7.4 plots a comparison of the lateral force Lamb term as calculated from CFD using the exact expression for the lateral Lamb force, the
slender body expression, and the result predicted by the unsteady indicial
model. The model results are seen to agree well with the CFD results, and
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Figure 7.5: Comparison of the CFD results and indicial model predictions
for the lateral force wake term on the Phoenix 8.5 geometry undergoing
sinusoidal sway at Re = 3.1e6 and β0 = 16◦ .
to significantly improve upon a quasi-steady assumption, represented here
by the blue static curve. The error in the indicial model prediction is seen to
be similar in character to that due to the slender body simplifications, lending confidence to the indicial model’s accuracy for this term. Recall that the
Lamb term contains the bulk of the motion history effect for the lateral force,
so that this term is the most significant for the models ability to accurately
capture the transient effects of maneuvering on the lateral force.
Figure 7.5 plots a comparison of the lateral force wake term signals as
predicted by the indicial model to those due to the exact and slender body
results calculated from CFD data. Up to k = 0.20, the phase of the signals
appears to be well predicted, with the model somewhat under-predicting the
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magnitude of the peak forces. This loss of accuracy in the peaks may be due
to the requirement to filter the signal, as discussed above, as it is not seen in
the slender body calculation. The k = 0.30 signal can be seen to also possess
a degree of phase error which is not seen in the other cases. As the filters
and time derivative approximation are unbiased, it is believed that this phase
error is due to the indicial model prediction itself. Recall that like the Lamb
term, the lateral force wake term is related to the past history of motion, but
is significantly smaller in magnitude, and makes only minor contributions to
the total lateral force.
The unsteady model prediction for the total lateral force is compared
against exact and slender CFD data and quasi-steady results in figures 7.6
through 7.9. The unsteady model significantly improves accuracy compared
to the quasi-steady result, especially at high incidence angles. A degree of
error remains in the unsteady model prediction, particularly at low to moderate angles during the down stroke, i.e. while |β| → 0. This error is present
in the slender approximation as well, although not as pronounced, which suggests that this error is at least partly due to the the slender approximations
as well as the indicial model performance.
The unsteady model does not explicitly contain any geometric terms,
but is implicitly dependent on the submarine geometry to the extent that
the kernel and indicial functions will vary with geometry. For the present
work, the kernel and indicial functions have been developed exclusively using
the Phoenix 8.5 geometry, and so it is not presently possible to explicitly
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Figure 7.6: Lateral force predictions for the Phoenix 8.5 geometry undergoing
sinusoidal sway at Re = 3.1e6, k = 0.03, and β0 = 16◦ .

Figure 7.7: Lateral force predictions for the Phoenix 8.5 geometry undergoing
sinusoidal sway at Re = 3.1e6, k = 0.12, and β0 = 16◦ .
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Figure 7.8: Lateral force predictions for the Phoenix 8.5 geometry undergoing
sinusoidal sway at Re = 3.1e6, k = 0.20, and β0 = 16◦ .

Figure 7.9: Lateral force predictions for the Phoenix 8.5 geometry undergoing
sinusoidal sway at Re = 3.1e6, k = 0.30, and β0 = 16◦ .
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Figure 7.10: Comparison of the lateral unsteady residual force for various
submarine geometries and the unsteady model during sinusoidal sway at
Re = 3.1e6, k = 0.12, and β0 = 16◦ .
run the unsteady model for the other geometries simulated in section 4.3.4.
The dependence of the quasi-steady kernel on geometry is known from the
previous work on steady translation by Jeans et al [47], however the geometric
dependence of the indicial functions cannot be directly ascertained without
further CFD simulations.
The geometric dependence of the unsteady model can however be indirectly tested based on the results of chapter 4 for the lateral force scaling.
In chapter 4, it was found that for a given set of maneuver kinematics, the
unsteady residual force for all four geometries will collapse to a single curve
if scaled by 21 ρU02 Ap . Figure 7.10 plots the unsteady residual as calculated
from CFD for all four geometries undergoing sinusoidal sway at k = 0.12
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Figure 7.11: Lateral force predictions for various submarine geometries undergoing sinusoidal sway at Re = 3.1e6, k = 0.12, and β0 = 16◦ .
and β0 = 16◦ , and compares it with the same residual as predicted by the
unsteady model for the Phoenix 8.5 geometry. The residual is seen to be in
good agreement for half the cycle, but to be over-predicted when β > 0◦ and
β̇ < 0, and vice versa. This residual, which was predicted for the Phoenix
8.5 geometry, should be a constant function for all geometries based on the
results of chapter 4. Further, the scaling of the residual implies that the indicial functions should scale in the same manner, and not otherwise depend
on geometry, however further work is required to verify this hypothesis.
If the unsteady residual prediction for the Phoenix 8.5 is scaled by the
ratio of the planform areas and combined with the added mass prediction
from APAME, the resulting predictions for the total unsteady lateral force
for each geometry are given in figure 7.11. The results are seen to have similar
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performance in all cases, suggesting that the accuracy of the present unsteady
model is not significantly affected by variations in the hull geometry.
Figure 7.10 demonstrates significant error between the unsteady model
prediction of the residual force and the residual as measured from the CFD
simulations in those periods of the maneuver where |β| → 0◦ . Figure 7.4
however demonstrates that the indicial model has good accuracy for the
Lamb term in all portions of the maneuver, which is the dominant term of
the residual. Recall that the residual is formed by removing the potential flow
added mass prediction from the total force. For the indicial model results,
the residual then represents the combined contribution of the sub-models for
the Lamb and wake terms, of which the Lamb term dominates. Figure 7.12
plots the lateral residual force for the k = 0.12 and β0 = 16◦ maneuver.
The blue line here represents the residual as calculated from CFD data using
the pressure and shear fields, while the green line represents the residual as
predicted by the unsteady model. The significant discrepancy when |β| → 0◦
is clearly seen. Also plotted however are two residuals calculated from the
CFD data using the vortex description of the force. The red line is formed
by calculating the total force using impulse-based methods, and does not
have the discrepancy as |β| → 0◦ . The light blue line however represents
the residual as formed by assuming that the impulse term and the potential
term cancel, i.e. that YI − Yv̇ v̇ = 0. This line prominently features the same
discrepancy as |β| → 0◦ , and is analogous with the approach used by the
unsteady model. It can be concluded then that this error in the residual
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Figure 7.12: Comparison of the lateral force residual as calculated from pressure and shear data, impulse data, and model predictions for the Phoenix
8.5 geometry undergoing sinusoidal oscillation at k = 0.12, β0 = 16◦ , and
Re = 3.1e6.
force is not due to a failure of the indicial portion of the unsteady model,
but rather due to the assumption of a potential flow model for the added
mass term. While both the wake term and Lamb term contain some degree
of modelling error, for these terms the error is not as localized and instead
occurs throughout the cycle. As with the sustained acceleration cases, the
question of viscous or unsteady corrections to the added mass coefficients is
not pursued further in this work.
The results presented above are typical of the sinusoidal database cases
for the Phoenix 8.5 geometry. Figure 7.13 plots a comparison of the unsteady model results with the CFD results for all Phoenix 8.5 oscillatory
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(a) k = 0.03

(b) k = 0.12

(c) k = 0.20

(d) k = 0.30

Figure 7.13: Lateral force predictions for the Phoenix 8.5 geometry undergoing sinusoidal sway at Re = 3.1e6 with varying k and β0 .
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Figure 7.14: Lateral force predictions for the Phoenix 8.5 geometry undergoing sustained acceleration at Re = 3.1e6 and k = 0.1.
sway cases. In general, disagreement is seen to be most pronounced in the
vicinity of β (t) ≈ 0◦ , where added mass is the dominant term of the lateral force. This trend appears to become more pronounced as β0 increases,
suggesting that β0 may influence the accuracy of the inviscid added mass
approximation. Figure 7.14 plots a similar comparison for the Phoenix 8.5
geometry undergoing sustained acceleration at k = 0.1. The unsteady model
is seen to significantly improve predictions for β (t) ≤ 15◦ . Recall that during
the sustained accelerations, the inviscid added mass became an increasingly
poor model for the impulse term at late times, or equivalently high angles.
The majority of the disagreement in figure 7.14 is due to the impulse term
and the potential flow model for the added mass.
A term by term comparison of the error signals shows that the impulse
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and wake terms are the leading source of error in the lateral force predictions,
and are of similar magnitudes. As the wake term prediction is a higher-order
result of the indicial model, it is expected that there is more error in this
term when compared to the Lamb term, and as seen above, this is likely
attributable to the approximation of the time derivative and the filtering
of the results. Given these issues with the wake term, continued model
improvement may be more easily achieved by improvements to the potential
flow model which predicts the impulse term, or equivalently the added mass.
The question of whether viscous corrections for the inviscid added mass are
required has been raised previously during the analysis of the ramp maneuver
results, and requires serious consideration in all future work.
Figures 7.15 and 7.16 plot the lateral force error surfaces for the quasisteady and unsteady model respectively. These surfaces are generated by
cubic interpolation of the rms error, as outlined in section 4.3.4. The unsteady model significantly improves the force predictions for the majority of
the kinematic space. Despite the results of figure 7.13, which suggest low
angle issues become increasing important as β0 increases, peak RMS error
for the lateral force prediction is seen to occur with the combination low frequencies and amplitudes. While this degradation in accuracy is of concern,
small amplitude, low frequency motions represent marginal cases which are
close to or possibly within the quasi-steady limit, and it is not surprising that
a quasi-steady model may outperform the unsteady model in this region. As
quasi-steady performance is not of primary concern in the present work, this
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Figure 7.15: RMS error surface for the quasi-steady model lateral force predictions of the Phoenix 8.5 geometry undergoing dynamic sway at Re =
3.1e6.
was not considered a significant issue for the unsteady model. Note that
these issues are related to performance in the vicinity of k ≈ 0.05, and that
the model does still reduce towards the correct quasi-steady behaviour as
k → 0, thus satisfying the second model requirement.

7.4

Yawing Moment Model
The yawing moment equation,
Z
d xn
xgy (t, x) dx
Nu (t) = −ρ
dt xt
Z xn

diyt (t)
−ρU
iy (t, x) dx + xt iyt (t) − ρx2t
dt
xt
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(7.15)

Figure 7.16: RMS error surface for the unsteady model lateral force predictions of the Phoenix 8.5 geometry undergoing dynamic sway at Re = 3.1e6.
requires not just the slender lateral impulse in the tail plane, but also the
slender impulse and vorticity moment distributions along the body. The
slender lateral impulse is related to the slender lateral vorticity moment by

iy (x, t) = gy (x, t) + V (t)A(x)

(7.16)

where V is the vehicles lateral velocity and A is the local cross-sectional area.
The slender vorticity moment is given by
Z
gy (x, t) =

zξdS
S(x)
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(7.17)

The discussion in this section will be framed around predicting this vorticity moment distribution, with the implication that the slender impulse and
the higher moments of the distribution can then be calculated in a straight
forward manner.

7.4.1

Unsteady Vorticity Moment Distribution

Figure 7.17 plots a comparison of the slender vorticity moment in steady
translation and oscillatory sway at k = 0.12 and β0 = 16◦ for select incidence
angles during a half cycle. The unsteady results have two distributions for a
given incidence angle due to the difference between the upstroke and downstroke of the oscillatory motion, so that for example β (t) ≈ 8◦ has one
unsteady result for β̇ > 0 and a different unsteady result for β̇ < 0. As
β̇ ≈ 0 at β (t) ≈ 16◦ , there is only a single unsteady result for this case. The
steady result remains a good approximation for the unsteady distribution
for approximately half of the body length, with the transient effects most
pronounced at the tail.
Figure 7.18 plots the hysteresis of gy at several stations along the body
for varying k. The local slender vorticity moment is seen to be essentially
quasi-steady at all k for λ/` ≤ 0.4. From these results, it was concluded that
the steady vorticity moment remains a good approximation of the unsteady
vorticity moment for the front half of the body, while the rear half is perturbed by unsteady effects. The unsteady vorticity moment is then taken to
be expressible in terms of the sum of the steady vorticity moment and an
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Figure 7.17: Comparison of the slender vorticity moment distribution on
the Phoenix 8.5 geometry during steady translation and oscillatory sway at
varying incidence, with Re = 3.1e6, k = 0.12, and β0 = 16◦ .
unsteady tail function,

gy (x, t) = gySS (x, β (t)) + ft (x, t)

(7.18)

The superscript SS here indicates steady state. For all results shown in this
chapter, the steady state vorticity moment is obtained from a cubic spline interpolation of the results from the steady translation CFD simulation. When
implemented into a dynamics model, a steady model will be required to represent this term, for example the model of Jeans et al.
Figure 7.19 plots the instantaneous tail functions corresponding to the
vorticity moment distributions shown in figure 7.17. The value at the nose

283

(a) λ/` = 0.12

(b) λ/` = 0.20

(c) λ/` = 0.40

(d) λ/` = 0.60

(e) λ/` = 0.80

(f) λ/` = 1.00

Figure 7.18: Hysteresis of the slender vorticity moment at several stations
along the Phoenix 8.5 geometry during oscillatory sway at Re = 3.1e6 and
β0 = 16◦ .
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is zero for all cases. Further, the value at the tail can be calculated from
equation 7.14, with the unsteady tail perturbation defined as

SS
(β (t)) − gyt (t)
γt = gyt

(7.19)

The tail function is seen to build nonlinearly towards the tail, but is not
identically zero over the nose, likely due to approximation errors introduced
by the cubic spline fit of the steady data. In some cases this results in a zero
crossing near the mid-body. The simplest approximation of the tail function
is then a quadratic fit, which is here based on the mid-point value, so that
an unsteady mid-point perturbation can be defined as

SS
γm = gym
(β (t)) − gym (t)

(7.20)

Using the mid-point and tail perturbations and an assumed zero value on
the nose, the tail function is approximated as

ft (x, t) ≈ (2γt − 4γm ) x02 + (4γm − γt ) x0

(7.21)

where x0 = λ/`.
The quality of this fit varies between R2 = 0.76 for β ≈ 12◦ , β̇ > 0 to
R2 = 0.99 at β ≈ 16◦ for the data shown in figure 7.19. For the majority of
the cycle, the fit is a good approximation of the tail function. The quality
rapidly deteriorates as γt → 0 however, likely due to the inappropriateness
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Figure 7.19: Exact and approximate tail functions for the Phoenix 8.5 geometry at select incidence angles during oscillating sway at k = 0.12, β0 = 16◦ ,
and Re = 3.1e6.
of a quadratic form for this case. For the case plotted in figure 7.19, this
would occur when β̇ < 0 and 16◦ > β (t) > 12◦ . As this is a small portion
of the cycle, this issue is not believed to introduce significant error into the
final model prediction. While only k = 0.12 is shown here, these results are
typical of the tail function analysis at all frequencies.
Equation 7.21 provides a means to approximate the tail function with
reasonable accuracy, however it requires the value of gy at the mid-point.
In keeping with the analysis for the tail plane, this value was formulated in
terms of the indicial response at the mid-point, as
Z

t

gym (t) = gym (t − σ2 `/U )+

ĥ2 (β [τ ] ; t − τ ) K20 (β [τ ]) β̇ [τ ] dτ (7.22)

t−σ2 `/U
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Figure 7.20: Quasi-steady kernel function for the mid-point vorticity moment
response of the Phoenix 8.5 geometry.
As in the tail plane, ĥ2 is the indicial response function, K20 is the quasi-steady
kernel, and σ2 is a time constant after which the response can be taken to be
completed. The quasi-steady kernel is calculated from the steady translation
simulations, and is shown in figure 7.20. For consistency with the tail plane,
the relaxation constant is taken to be σ2 = 1.25.
The mid-point indicial response ĥ2 introduces a further complication
to the model. Figure 7.21 plots the mid-point response function at five
different initial angles of incidence. The response takes place over two distinct
timescales: a rapid initial rise in time with the kinematics, and a slower build
up in time with the convection. The kinematic response here is due to the
local effect of the added mass. As the local added mass is proportional to
the cross-sectional area of the hull, this portion of the response vanishes at
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Figure 7.21: Original mid-body indicial response functions for the Phoenix
8.5 geometry.
the tail due to the vanishing area, and is not seen in figure 7.1. When used
in equation 7.22, these functions gave poor results for the mid-point vorticity
moment, significantly over-predicting the results from CFD.
The indicial functions are intended to represent the impulsive response
of the slender body impulse to acceleration. The CFD simulations however
had to approximate an impulsive acceleration by a finite time Gaussian function, and as a result, the kinematic response is diffused over an initial period
of the motion. It is believed that when this approximation is present in
the indicial functions, the convolution integral will give poor predictions for
the local vorticity moment due to over-estimating the local added mass effect. By modifying the indicial response functions to better approximate an
ideal impulse, significant improvements in the results were obtained. The re288

Figure 7.22: Original and modified mid-body indicial response functions for
the Phoenix 8.5 geometry with βi = 10◦ .
sponse functions were here modified by truncating the function for t0 ≤ 0.15,
shifting the remaining signal to t0 = 0, and concatenating it with an idealized response. Figure 7.22 plots a comparison of the original and modified
response for βi = 10◦ to illustrate this process. The resulting modified response functions are plotted in figure 7.23. It is these modified response
functions which are used as ĥ2 in equation 7.22.

7.4.2

Yawing Moment Model Predictions

Figure 7.24 plots a comparison of the CFD results and the indicial
model predictions for the mid-body vorticity moment. The mid-body vorticity moment is well predicted by the indicial model, and is again seen to
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Figure 7.23: Modified mid-body indicial response functions for the Phoenix
8.5 geometry.
be nearly quasi-steady and independent of frequency for the cases considered
here, verifying the results from the previous analysis.
The performance of the fitted tail function is demonstrated in figure
7.25 for the λ/` = 0.8 station. The fitted tail function is seen to mildly
under-predict the amplitude at this station. While other stations are not
shown here, recall that the first half of the body is nearly quasi-steady, and
that unsteady effects grow towards the tail. The tail function performance
is most critical at the tail, and the λ/` = 0.8 station shown here is typical of
the achieved model performance.
The tail function has here been approximated by only two points, to
represent the minimum increase in complexity from the steady translation
model of Jeans, which only predicts a value at the tail. By using higher
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Figure 7.24: Mid-body vorticity moment predictions from CFD and the
indicial model for the Phoenix 8.5 geometry undergoing dynamic sway at
Re = 3.1e6 and β0 = 16◦ .
order polynomials with more points, it is likely that improved performance
could be obtained. However each additional point will require an evaluation
of a similar indicial response convolution integral, potentially impacting the
models runtime. Further, while a polynomial was used here, it is possible
that other functional forms may be more appropriate. In particular, the
rapid building of the tail function as the tail is approached suggests that
an exponential function may give improved results. These options have not
been pursued here, for the sake of simplicity, but are recommended for future
investigation.
Figure 7.26 compares the exact, slender, and modelled predictions for
the Lamb term of the yawing moment. The unsteady model is seen to have
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Figure 7.25: Vorticity moment predictions from CFD and the tail function
model at λ/` = 0.8 for the Phoenix 8.5 geometry undergoing dynamic sway
at Re = 3.1e6 and β0 = 16◦ .
similar performance to the slender body assumptions, with minor deviations
apparent near the signal peaks, corresponding to the extreme drift angles.
The model accuracy is similar to the slender body approximations, indicating
minimal modelling error. Recall that the Lamb term is the dominant component of the yawing moment. It will contain the Munk moment, viscous
corrections, and a majority of the motion history effect, such that accurately
capturing the Lamb term will be critical to the models ability to predict the
total yawing moment.
Figure 7.27 plots a similar comparison for the yawing moment wake
term. Recall that the wake term can be calculated directly from the tail
indicial model, and does not make use of the mid-point prediction or the tail
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Figure 7.26: Lamb moment term predictions from CFD, slender body theory,
and the unsteady model for the Phoenix 8.5 geometry undergoing oscillating
sway at Re = 3.1e6 and β0 = 16◦ .
function, unlike the yawing moment Lamb and impulse terms. The model
prediction for the wake term under-predicts the signal peaks, particularly at
high frequencies. In addition, a phase error is introduced at high frequencies,
with the peak location lagged with respect to the CFD data. This performance is similar to the model performance for the wake term of the lateral
force, which is to be expected due to the strong similarity between these two
terms. All of the same issues related to approximating the time derivative
and noise filtering which were relevant to the lateral force wake term are
then also relevant to the yawing moment. Compared to the Lamb term, the
wake term represents a much more minor contribution to the total yawing
moment, and is entirely unsteady in character.
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Figure 7.27: Wake moment term predictions from CFD, slender body theory,
and the unsteady model for the Phoenix 8.5 geometry undergoing oscillating
sway at Re = 3.1e6 and β0 = 16◦ .
Figure 7.28 compares the exact, slender, and modelled predictions for
the impulse term. Similar to the wake term, the model result is seen to
under-predict the amplitude of the peak moment, and to introduce a phase
shift at higher frequencies. Recall that the impulse term is a mixed term,
containing both a time derivative of the tail lateral impulse and the first
moment of the lateral impulse distribution. The errors seen in the wake term
and assosciated with the time derivative will all apply here. Further, as a
higher order moment of the impulse distribution, it is expected that the error
of the model will be higher than for the Lamb term, which requires only the
distribution itself. The angular impulse term is also the weakest contributor
to the yawing moment, and so error introduced here should have a relatively
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Figure 7.28: Angular impulse term predictions from CFD, slender body theory, and the unsteady model for the Phoenix 8.5 geometry undergoing oscillating sway at Re = 3.1e6 and β0 = 16◦ .
minor impact on the final yawing moment prediction. Neverthless, the results
for the angular impulse term are the most disappointing of the three terms
of the yawing moment equation, and could be improved by either improving
the accuracy of the tail function or of the tail plane time derivative terms,
both of which have been discussed above.
Figures 7.29 through 7.32 plot comparisons of the yawing moment from
CFD data, the quasi-steady model, and the unsteady model. The unsteady
model predicts the correct qualitative hysteresis behaviour, unlike the quasisteady model. Unfortunately, it notably over-predicts the yawing moment
at low to moderate incidence angles. An examination of the error by term
indicates that there is no dominant contributor for all cases. Error in the
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Figure 7.29: Comparison of CFD, quasi-steady model, and unsteady model
predictions for the yawing moment on the Phoenix 8.5 geometry during oscillating sway at β0 = 16◦ , Re = 3.1e6, and k = 0.03.
Lamb term dominates at k = 0.03, while for k = 0.12 and k = 0.20, the
wake and impulse terms contribute significantly more error than the Lamb
term, and at k = 0.30 all terms contribute similarly. Further improvements
to the yawing model are likely best obtained by improving the fit of the tail
function, and improving the approximation of the time derivatives in the
wake and impulse terms.
Results for all Phoenix 8.5 cases undergoing oscillatory sway are plotted
in figure 7.33. The signal amplitude is notably under-predicted for β0 = 20◦ ,
in particular at the lower frequencies. Figure 7.34 plots a similar comparison
for the Pheonix 8.5 in sustained acceleration at k = 0.1. The unsteady model
is again seen to produce less disagreement with the CFD results in comparison
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Figure 7.30: Comparison of CFD, quasi-steady model, and unsteady model
predictions for the yawing moment on the Phoenix 8.5 geometry during oscillating sway at β0 = 16◦ , Re = 3.1e6, and k = 0.12.

Figure 7.31: Comparison of CFD, quasi-steady model, and unsteady model
predictions for the yawing moment on the Phoenix 8.5 geometry during oscillating sway at β0 = 16◦ , Re = 3.1e6, and k = 0.20.
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Figure 7.32: Comparison of CFD, quasi-steady model, and unsteady model
predictions for the yawing moment on the Phoenix 8.5 geometry during oscillating sway at β0 = 16◦ , Re = 3.1e6, and k = 0.30.
to the quasi-steady model at low angles. For β (t) ≥ 15◦ , the unsteady model
is increasingly in disagreement with the CFD prediction however. Note that
the impulse expressions for the k = 0.1 ramp also suffered from increased
disagreement at high angles, which is likely the source of the present error
in the unsteady model predictions. Regardless, the unsteady model still
out-performs the quasi-steady assumption until β (t) ≈ 18◦ , representing the
majority of the maneuver.
Error surfaces for the quasi-steady and unsteady model predictions are
shown in figures 7.35 and 7.36 respectively. The unsteady model can be seen
to significantly improve the results for moderate to high frequency motions,
i.e. k ≥ 0.2. For lower frequencies however, k ≤ 0.12, the unsteady model
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(a) k = 0.03

(b) k = 0.12

(c) k = 0.20

(d) k = 0.30

Figure 7.33: Comparison of CFD, quasi-steady model, and unsteady model
predictions for the yawing moment on the Phoenix 8.5 geometry during oscillating sway at Re = 3.1e6 and varying β0 and k.
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Figure 7.34: Comparison of CFD, quasi-steady, and unsteady model predictions for the yawing moment of the Phoenix 8.5 geometry undergoing
sustained acceleration at Re = 3.1e6 and k = 0.1.
does not provide a clear improvement over the quasi-steady assumption, in
terms of RMS error. This is particularly true at high angles of incidence near
β0 = 20◦ . As with the lateral force predictions, low frequency motions are
not considered to be the primary use case for an unsteady model such as the
one developed here, and the model clearly improves results for moderate to
high frequencies. Nevertheless, further improvements are clearly required to
in order to develop a model that is accurate for the entire kinematic space.
As with the lateral force, the unsteady CFD database does not currently
contain sufficient data to explicitly test the unsteady models performance on
different geomtries. The effect of geometry can again be implicitly tested by
scaling the results for the Phoenix 8.5 geometry, which is presented in figure
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Figure 7.35: RMS error surface from the quasi-steady yawing moment model
for the Phoenix 8.5 geometry undergoing oscillating sway at Re = 3.1e6.

Figure 7.36: RMS error surface from the unsteady yawing moment model for
the Phoenix 8.5 geometry undergoing oscillating sway at Re = 3.1e6.
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Figure 7.37: Yawing moment predictions for various submarine geometries
undergoing sinusoidal sway at Re = 3.1e6, k = 0.12, and β0 = 16◦ .
7.37. As with the lateral force, the unsteady model performance is seen to be
similar for all four geometries, with deviation most notable for the Phoenix
9.5 geometry. Coupled with the result for the lateral force, which suggested
good performance at predicting the tail indicial, this suggests that what
geometric dependence exists is likely to be either in the mid-point indicial,
or the tail function itself. Of these, the tail function is considered to be the
much more likely candidate, on the basis of the similarity of the mid-body
geometry for all four geometries. As with the lateral force, further research
is required to verify the models capability for other geometries.
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7.5

Implementation of the Unsteady Hydrodynamic Force Model
The discussion above has presented the disparate elements of the un-

steady hydrodynamic force model and evaluated their accuracy in select maneuvers. In order to enhance the discussion, the complete model for the
unsteady lateral force and yawing moment in sway motion will be restated
here. The lateral force and yawing moment are expressed in terms of the
simplified vortex-based expressions,
1 diyt (t)
(7.23)
Yu (t) = Yv̇ v̇ (t) − ρU iyt (t) − ρxt
2 dt
Z xn

Z xn
d
iy (t, x) + xt iyt
xgy (t, x) dx − ρU
Nu (t) = −ρ
dt xt
xt
diyt (t)
−ρx2t
(7.24)
dt
The added mass coefficient Yv̇ has here been predicted by the potential flow
model generated in the APAME package. The lateral slender body impulse
is related to the lateral slender body vorticity moment by

iy (t, x) = gy (t, x) + V (t) A (x)

(7.25)

Note that at the tail, the slender impulse and slender vorticity moment are
equivalent due to the vanishing of the cross-sectional area A. The lateral
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slender body vorticity moment is defined as
Z
gy (t, x) =

zξdS

(7.26)

S(x)

The unsteady slender body vorticity moment distribution is predicted
using the steady state distributions, here calculated from CFD, and an unsteady tail function, so that

gy (t, x) = gySS (β [t] , x) + ft (t, x)

(7.27)

ft (t, x) = (2γt − 4γm ) x02 + (4γm − γt ) x0

(7.28)

where γm and γt are the mid-body and tail slender body vorticity moment
perturbations,

γt = gySS (β [t] , xt ) − gy (t, xt )

(7.29)

γm = gySS (β [t] , xm ) − gy (t, xm )

(7.30)

The tail plane and mid-body vorticity moments are expressed in terms of a
convolution integral of their indicial functions, so that
Z

t

iyt (t) = iyt (t − σ1 `/U ) +

ĥ1 (β [τ ] ; t − τ ) K10 (β [τ ]) β̇ [τ ] dτ

σ1 `/U
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(7.31)

at the tail plane, and
Z

t

gym (t) = gym (t − σ2 `/U ) +

ĥ2 (β [τ ] ; t − τ ) K20 (β [τ ]) β̇ [τ ] dτ (7.32)

σ2 `/U

at the mid-body. Here, σ1 = σ2 = 1.25 are unsteady relaxation times, ĥ1
and ĥ2 are the slender vorticity moment indicial functions at the tail and
mid-body respectively, and K10 and K20 are quasi-steady kernel functions.
For this work, both the indicial functions and the kernel functions have been
taken from CFD simulations of the hull in impulsive acceleration and steady
translation respectively.
In order to implement the unsteady model into a submarine dynamics
code, several new complications are introduced for the submarine dynamics
model. Existing submarine dynamics models will already have some capability to either predict or receive as input the added mass coefficient Yv̇ , and so
no new information is required for this component. In addition, the unsteady
model requires the entire quasi-steady slender lateral vorticity moment, gySS ,
and especially the kernel functions K1 and K2 at the tail and mid-body.
To the authors knowledge, only the Jeans model is currently available
for the prediction of this data, and so while the unsteady model does not
explicitly assume coupling with the Jeans steady translation model, it is the
only practical tool currently available. For reference, the Jeans et al model
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[47] formulation of the kernel K1 is given here as
K1∗

=

i∗yt


(β) =

Re
Reref

1/m



d cot (β) + i∗y0

(7.33)

with
K1∗ =

K1
U∞ sin (β) Ap tan (β)

(7.34)

and model constants i∗y0 = 0.22816, d = 0.020167, and m = 10.0. The Jeans
et al [47] formulation of the steady-steady vorticity moment distribution is
given as a function of axial location and local hull radius, denoted here as
p
a∗ = a/ Ap tan β. The steady-state vorticity moment distribution is then
gy∗SS (x0 , a∗ ) = i∗yt x0 + Ba∗2

(7.35)

with the non-dimensionalization

gy∗SS =

gySS
U∞ sin (β) Ap tan (β)

(7.36)

and the model constant B = 5.3. The mid-body kernel function K2 must
then be evaluated from equation 7.35, and will be a function of the mid-body
hull radius.
The unsteady model also requires the indicial response functions ĥ1
and ĥ2 , which have here been calculated from CFD simulations of impulsive
accelerations. The analysis of chapter 4 has demonstrated that the motion
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history effect on the lateral force scales with a bodies planform area, while
the motion history effect on the mid-body yawing moment scales with the
volume, but are otherwise independent of geometry. Preliminary testing has
also demonstrated that it is possible to scale the results from one geometry in
order to synthesize results for a different one. Taken together, these results
strongly suggest that the indicial functions may also be scalable between
geometries, however this has not been verified. The present work predicts the
indicial functions from a CFD analysis of a single geometry, and furthermore
all testing was conducted only at a single Reynolds number. While it is
possible that the geometric and Reynolds number effects may both be isolated
in the kernel function, this has not been extensively tested. Further research
is required to determine whether and how the indicial response functions
depend on these factors.

7.6

Discussion
The accuracy of the unsteady hydrodynamics model has been demon-

strated in the above sections in detail. In addition to accuracy during unsteady motion, three additional requirements were stated for the unsteady
hydrodynamics model at the beginning of this chapter. These were that
the model was general with respect to kinematics, would reduce naturally
towards the quasi-steady solution, and be rapid compared to CFD. Ideally,
the model would also be causal but contain memory effects, would reduce
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specifically towards the model of Jeans [48], and would be faster than real
time. While all of the general goals were achieved, some of the ideal goals
were not, and the discussion will focus on these points.
The model is clearly general, in that no direct assumption about the
nature of the motion was employed. It has however been implicitly assumed
that the motion can be well represented at small timescales by the indicial
functions, and that the indicial response itself is only weakly nonlinear with
respect to incidence angle. The degree to which these assumptions are true
is unclear based on the available data. The indicial response was shown to be
weakly nonlinear in section 4.3.2 by varying the impulse kinematics within
a small range. In particular, it was shown that the response was identical
in both directions for the βi = 10◦ maneuver, however this is again a small
perturbation only.
From the data presented here for a full maneuver, for example the
k = 0.12, β0 = 16◦ oscillation shown in figures 7.7 and 7.30, it can be
clearly seen that the model is not equally accurate when passing through the
same incidence angle from different directions; ie the accuracy at β (t) = 10◦
and β̇ > 0 is not the same as when β (t) = 10◦ and β̇ < 0. This is even more
starkly seen in the results for the residual force in figure 7.10. These two
portions of the maneuver will be referred to here as the upstroke and downstroke for the sake of discussion, although note that the exact location at
which the features in question occur will vary with the maneuver kinematics.
In essence, the indicial model creates a prediction for the motion his308

tory force by superimposing weighted results from the historic quasi-steady
prediction. From this viewpoint, the weights are determined by the progression of the indicial response functions. The model further assumes that the
added mass component is separate, and unaffected by the viscous and dynamic nature of the flow, and instead can be based on a potential flow model.
From model results presented above, it was seen that these assumptions are
largely successful at predicting the Lamb and wake components of the force
and moment, but that the potential flow model for the lateral force added
mass breaks down at certain stages of the maneuver. This is particularly
true in the sustained acceleration at late times, and certain portions of the
sinusoidally oscillating maneuvers. As a result, while the model is general
with respect to the input kinematics, it is less accurate for certain kinds of
motion, which may violate the potential flow assumption of the added mass.
In addition to being general, the model was required to be causal, utilizing only past and present information on the body motion. The need to
calculate the time derivative and to filter the high frequency noise that calculation introduced, led to the use of central differencing schemes and moving
average filters, which utilize both past and future data in their calculations.
This choice was made so as to avoid the introduction of phase error by biasing the time derivative towards its past values. Such a calculation will not
be possible within a vehicle dynamics code however, as the future information will not be available within these computations. The degree of error
introduced by one-sided differences and alternative filtering methods has not
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been assessed in this work, however such schemes will be required in order
to implement the final version of this model. Further work is required in
order to evaluate the impact of such one-sided schemes on the accuracy of
the unsteady model.
In the limit of quasi-steady operation, β̇ will vary slowly with respect to
ĥ, and the convolution integrals will reduce to the kernel function. Similarly,
the tail function will also reduce to zero, so that the steady vorticity moment
is unchanged. The accuracy of the model in the quasi-steady limit will then
be dependent on the kernel functions and steady distributions. For this work,
the kernels and steady distributions were calculated directly from CFD data,
and the model reduced towards the quasi-steady CFD results as β̇ → 0,
satisfying the quasi-steady performance objective. If the steady model chosen
for the kernel and steady vorticity moment is taken from the Jeans model,
then the unsteady model will naturally reduce to the model of Jeans as k → 0,
as desired.
The discussion of the model performance has so far concentrated on
accuracy in comparison to quasi-steady predictions. While accurate unsteady
predictions are the primary goal of this work, a secondary goal of rapid and
efficient computation was also identified. While the indicial model is rapid
compared to CFD, it is not capable of faster than real time performance in
its present form. At the time step ratios given in table 7.1, the average model
run time currently rests at approximately 1000 times slower than real time.
This is an obvious limitation from the standpoint of a submarine dynamics
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simulation, which require fast computations due to the large number of cases
of interest in a typical submarine maneuvering study.
The current implementation of the model is programmed in a naive
fashion with no special attention paid to run time. The algorithm involves
four search procedures, for example to identify which indicial response function is most appropriate, which may represent a significant computational
cost. At least some of these searches could likely be done on initialization
rather then repeated every timestep, which would likely lead to a substantial
improvement in performance. Other techniques for designing the algorithm
may similarly yield substantial savings, and further work is required in this
area.
While potential changes to the algorithm could yield significant improvements to the models runtime, it is believed that the convolution integral in
the indicial equations, 7.14 and 7.22, will represent a significant barrier to
implementation in a submarine dynamics simulator. The model in its present
form uses a functional approach to the indicial response, in an effort to capture the non-linearity of the hydrodynamics. If the model were linearized
about a given condition by removing the dependence of the indicial response
on incidence angle, it is likely that some computational savings could be
achieved, at the cost of accuracy. Further, the indicial response functions
are currently represented by discrete data from CFD simulations. If a closed
form expression for the indicial response were found, either through curve
fitting or other means, then significant computational savings are also likely
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possible. Preliminary testing of these ideas was promising, but was not pursued out of a preference for accuracy in the present work.
The implementation of the indicial model equations in this work is notably different from traditional implementations developed by the aerospace
community. In a standard implementation, the convolution integral, kernel,
and indicial functions would all be operating on the total lateral force and
yawing moment, rather than the slender vorticity moment as done here. In
a traditional aerospace approach then, the indicial response would include
the quasi-steady circulation, represented here by the kernel, the unsteady
circulation, represented by the indicial function, and the added mass, here
taken out of the integral entirely. It was discussed in the work for the yawing moment that including the added mass response in the indicial response
resulted in poor model predictions, likely due to over-predicting the added
mass component. Preliminary testing also demonstrated a similar result for
the yawing moment, although this was not pursued in detail.
The choice to separate the components into the vortex-based quantities
was here made primarily due to the desire for a clear flow-physics based description of the unsteady effects, and to provide a clear link to the steady work
of Jeans et al [47]. This work has clearly demonstrated that the vortex-based
description provides a clear framework for this decomposition, and allows the
application of geometric reasoning. In the context of a simplified model for
unsteady motion, this decomposition has the additional advantage of allowing
different modelling approaches to be applied to components which operate
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on different time scales. In the present work, this represented a significant
advantage for the added mass component. Other researchers, for example
Brunton et al [10], take this idea further and explicitly separate both the
added mass component and the quasi-steady circulation component. They
argue that these components then represent respectively the high-frequency
and low-frequency limits of the response, and by dealing with them explicitly and separately, the performance of the resulting model in those limits
is guaranteed. The present work only explicitly separates the lateral force
added mass. The quasi-steady response is here incorporated into the kernel
functions, while the Munk moment in yaw is a component of the yawing
Lamb term. Explicit decomposition on the basis of time scale may then allow further improvements to the unsteady model, in particular the yawing
moment, however further research is required to arrive at an expression in
such a decomposed form.
Ultimately, as submarine dynamics codes are by nature numerical simulations of ordinary differential equations, it is believed that the best method
for incorporating the unsteady model with a submarine dynamics code would
be to reformulate the convolution integral into an ODE system. This would
be equivalent to a state-space representation of the transient response, and
would allow the application of powerful techniques for analyzing and simulating such systems from the existing work on dynamical systems theory. In
addition to the potential for speed-up, it should be noted that the indicial
model described here has accounted for unsteadiness in only one of the six
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degrees of freedom of a submarine. It is conceptually difficult to extend the
indicial framework to multiple degrees of freedom, while this is much more
straightforward for a state space model. Further research is required in order
to determine whether and how the present unsteady model can be optimized
for use in submarine dynamics simulations, however a state space formulation
is strongly recommended for future work.

7.7

Summary
Using the slender body expressions for the lateral force and yawing

moment, an unsteady force prediction model was developed. This model
was intended to be general with respect to kinematics, causal, to reduce to
known steady solutions as k → 0, and to be rapid when compared to CFD
simulations. Ideally, the model was intended to reduce to the Jeans model in
steady operation, and to achieve faster than real time operation on a scientific
work station.
The resulting unsteady model was based on nonlinear indicial function
theory and a quadratic fit to an unsteady tail function for the slender vorticity
moment distribution. This model was shown to improve the accuracy of
transient force and moment predictions for moderate and higher frequencies,
approximately k ≥ 0.12. At low frequencies, k ≈ 0.3, the unsteady model
tends to over-predict the lateral force and yawing moment in comparison
to the quasi-steady model. As low frequency cases are not considered to
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be the priority use case for the unsteady model, it is recommended that a
quasi-steady model be used in these cases, with the transition to quasi-steady
operation recommended in the vicinity of k ≈ 0.03.
The unsteady model is also general with respect to kinematics, and will
reduce towards known quasi-steady solutions as k → 0. Unfortunately the
model is not causal in its present implementation, due to the choice to use
centred differences and moving average filters when approximating the time
derivative. These choices were made so as to avoid the introduction of phase
error in the model predictions, but could easily be replaced with one-sided
estimates so as to guarantee causal operation. The potential impact of these
changes requires further research.
In addition, while the model achieved the goal of being rapid compared
to CFD, it is not currently faster than real time, due to the significant expense incurred to compute the convolution integrals in the indicial model.
A number of potential avenues are available to address this issue, including
improved algorithm design, linearization, closed form solutions, and reformulation in state space. These areas are strongly recommended for future
research, especially the potential to re-formulate the model in state space,
which is a much more natural form for inclusion in a submarine dynamics
simulator.
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Chapter 8
Conclusions and
Recommendations
8.1

Conclusions
A database of unsteady submarine maneuvering data was generated

using CFD simulations. Analysis of this database demonstrated that for
cases with reduced frequencies k = f `/2U ≥ 0.12, unsteady effects made
a significant contribution to the hydrodynamics, such that quasi-steady hydrodynamic models introduced significant error into predictions. Further,
a survey of free swimming experiments demonstrated that this range of reduced frequencies is frequently experienced in submarine operations. The
quasi-steady assumption then represents a significant source of error in hydrodynamic model predictions for realistic submarine maneuvers. It was
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therefore concluded that an unsteady model was required in order to improve the accuracy of maneuvering analysis.
The best framework for the development of these models was shown
to be a vortex-based description of the hydrodynamic forces. This is due
to the vortex-based methods providing a natural means to decompose the
hydrodynamic forces into those which respond on a convective timescale, due
to unsteady circulation, and those which respond on a kinematic timescale,
due to the rate of change of the hydrodynamic impulse. This decomposition
cannot be accomplished in a classical approach without recourse to additional
assumptions, such as a potential flow model for added mass forces. The
unsteady circulatory effects on the slender submarine hulls were shown to
scale with the hull’s surface area (for the lateral force) and volume (for the
yawing moment) but to be otherwise independent of the geometry. In the
context of a slender body such as a submarine, it was demonstrated that the
vortex-based description can be reduced to requiring only the distribution of
the slender lateral vorticity moment along the body, its first moment, and
its rate of change, representing a significant reduction in model complexity.
An unsteady force prediction model was developed, based on an indicial
response model for the unsteady circulatory forces. This model was able to
significantly improve the predictions for transient hydrodynamics at reduced
frequencies above approximately k ≈ 0.1. This model made no assumptions
about the motion kinematics, and reduces to known quasi-steady solutions
as the reduced frequency approaches zero. The unsteady model was able
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to significantly improve the predictions for transient hydrodynamic forces in
comparison with the quasi-steady assumption, but significantly increases the
computational run time.

8.2

Recommendations for Future Work
Recommendations will here be aimed at four broad areas for future

work. These are improvements to the CFD model, further development of the
unsteady simulation database, the unsteady model formulation, and finally
the unsteady model implementation.
The CFD study in the present work was able to verify and validate
the CFD model by estimating the numerical uncertainty and comparing the
simulated forces with those from experiments. While these results were sufficient to proceed with the analysis in the present work, there is more that
could be done to improve the CFD model’s fidelity and accuracy. URANS
based turbulence modelling is known to be theoretically unsound for unsteady flows. While unsteadiness due to turbulence itself is not the concern
of the present work, the effect of a properly posed unsteady turbulence model
such as LES should be investigated. In addition, much of the validation
study performed here was limited by the availability of experimental data
for unsteady model loads. Further experiments targeting a higher reduced
frequency range, with quantified uncertainty and reporting of the full force
signals would be a tremendous aid for future research into unsteady hydro-
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dynamics. These experiments should ideally use a vertical PMM or similar
motion mechanism, so as to avoid the significant flow interference problems
seen in the present validation study.
The logical next steps for the database of unsteady CFD simulations is
to simulate unsteady rotation and/or axial acceleration. In addition, further
sway cases are also of interest, particularly to explore the effect of geometry
and Reynolds number on unsteadiness in general, and the indicial response
function in particular. While it is currently hypothesized that the indicial response functions do not significantly depend on either geometry or Reynolds
number, this requires verification. Further work could also include extension
to non-axisymmetric hulls, either by altering the hull shape, or by the addition of appendages such as a sail. In all cases however it is required that
a thorough understanding of the steady hydrodynamics be available before
extending into unsteady analysis.
The unsteady force expressions were here developed for the case of sway
acceleration only. These expressions should be extended to include unsteady
rotation and axial acceleration, so that the entire range of 6-DOF kinematics
can be considered. Further, the question of the role of viscosity and/or separation in predicting the added mass forces was raised several times throughout this work, and should be investigated in more detail, either by more
detailed analysis of the present data or by additional simulations. In particular, the case of sustained accelerations should be revisited, as they appeared
to pose unique challenges for the present methodology.
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Future improvements of the unsteady force estimation model should
be aimed at the computational expense and generality of the model. In
particular, it is desirable to reformulate the model in terms of a system of
differential equations as opposed to the present convolution integrals, so that
the evolution of the vorticity moment can be more easily tracked within a
submarine dynamics code. Finally, a study on the effect of unsteady hydrodynamics on maneuvering in terms of the vehicle’s trajectory would be
extremely valuable for determining the impact of transient hydrodynamics
on maneuvering problems. This could be done most simply by a comparison
of the trajectories predicted for a given maneuver by a model incorporating
unsteady effects and another which does not. Such a study is theoretically
possible using the present model, but would likely require a more generalized unsteady model incorporating unsteady rotation and axial acceleration,
as well as the extension of these concepts to other submarine appendages
such as control surfaces and the submarine’s sail. This is because while
the submarine hull is comparatively understudied and has relatively complex
hydrodynamics, the influence of the control surfaces and especially the sail
are expected to be very significant in terms of the magnitude of the forces.
Submarine’s are also very unlikely to maneuver in such a way that they experience significant lateral acceleration without also experiencing some degree
of rotational and axial acceleration, necessitating the incorporation of other
degrees of freedom. With such a generalized model, it would be possible
to compare and contrast the trajectories predicted by a model using quasi320

steady hydrodynamics with one using unsteady hydrodynamics for a realistic
maneuver. This would definitively demonstrate the importance of unsteady
phenomenon to the performance of submarine maneuvering, and provide the
necessary context to determine when unsteady effects must be considered in
a maneuvering scenario.
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Maneuvering Survey Statistics
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δr
20
5
10
15
20
-20
30
5
-5
10
-10
15
-15
20
-20
30
-30
35
35

Method
URANS
DSSP51
DSSP51
DSSP51
DSSP51
DSSP51
DSSP51
FSM
FSM
FSM
FSM
FSM
FSM
FSM
FSM
FSM
FSM
DSSP51
DSSP51

urms /U0
0.9654
0.9671
0.9195
0.8728
0.8285
0.8283
0.7664
0.9495
0.9690
0.9238
0.9531
0.8222
0.8905
0.7955
0.8396
0.8900
0.7655
0.7696
0.7651

vrms /U0
0.1009
0.0643
0.0914
0.1074
0.1177
0.1178
0.1263
0.0454
0.0280
0.0622
0.0267
0.0603
0.0487
0.0618
0.0555
0.0613
0.0517
0.0677
0.0657

rrms L/U0
0.4341
0.2133
0.3103
0.3719
0.4147
0.4150
0.4561
0.1379
0.1277
0.2219
0.1952
0.2613
0.2544
0.2907
0.3088
0.3038
0.2857
0.4102
0.3878

u̇rms L/U02
0.0733
0.0024
0.0078
0.0145
0.0216
0.0216
0.0333
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.4688
0.4328

v̇rms L/U02
0.0738
0.0069
0.0138
0.0199
0.0252
0.0252
0.0336
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.2730
0.2291

ṙrms L2 /U02
0.0850
0.0064
0.0133
0.0194
0.0250
0.0250
0.0340
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
0.0211
0.0153

Table A.1: Mean maneuvering kinematics and estimated time scales during steady turning

Geometry
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
STR
STR

k
0.4398
0.09780
0.1678
0.2397
0.2952
0.2925
0.4368
0.2128
0.2274
0.2191
0.2203
0.0921
0.2288
0.1071
0.1457
0.3551
0.1133
0.6478
0.6376
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δr
20
5
10
15
20
-20
30
5
-5
10
-10
15
-15
20
-20
30
-30
35
35

Method
URANS
DSSP51
DSSP51
DSSP51
DSSP51
DSSP51
DSSP51
FSM
FSM
FSM
FSM
FSM
FSM
FSM
FSM
FSM
FSM
DSSP51
DSSP51

|u|max /U0
1.000
1.000
1.000
1.000
1.000
1.000
1.000
0.9959
1.0014
0.9824
1.0023
0.9998
0.9929
0.9915
1.0029
0.9966
0.9983
1.000
1.000

|v|max /U0
0.1351
0.0704
0.1057
0.1311
0.1517
0.1517
0.1825
0.0922
0.0599
0.1277
0.0653
0.1369
0.0999
0.1165
0.0950
0.1344
0.1154
0.1150
0.1304

|r|max L/U0
0.5600
0.2335
0.3591
0.4540
0.5336
0.5338
0.6611
0.2078
0.2155
0.3250
0.3232
0.4143
0.4063
0.4909
0.4802
0.5923
0.5896
0.6542
0.6306

|u̇|max L/U02
0.1455
0.0070
0.0194
0.0333
0.0530
0.0530
0.0993
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
2.4490
1.7630

|v̇|max L/U02
0.1247
0.0303
0.0600
0.0893
0.1181
0.1181
0.1746
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
2.3421
1.0150

|ṙ|max L2 /U02
0.6515
0.1460
0.2877
0.4248
0.5522
0.5522
0.7882
NA
NA
NA
NA
NA
NA
NA
NA
NA
NA
11.37
6.2662

Table A.2: Maximum maneuvering kinematics and estimated time scales during steady turning

Geometry
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
STR
STR

k
0.4398
0.09780
0.1678
0.2397
0.2952
0.2925
0.4368
0.2128
0.2274
0.2191
0.2203
0.0921
0.2288
0.1071
0.1457
0.3551
0.1133
0.6478
0.6376
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Geometry
BB2
BB2
BB2
BB2
BB2
BB2
STR
STR

Method
DSSP51
DSSP51
FSM
FSM
FSM
FSM
DSSP51
DSSP51

urms /U0
0.9760
0.9077
0.9348
0.9289
0.8160
0.8241
0.7775
0.8426

vrms /U0
0.0592
0.1001
0.0284
0.0358
0.0488
0.0626
0.0657
0.0653

rrms L/U0
0.2075
0.3611
0.1531
0.1596
0.2448
0.2498
0.3848
0.3208

u̇L/U02
0.0105
0.0305
NA
NA
NA
NA
0.1583
0.1125

v̇L/U02
0.0563
0.0902
NA
NA
NA
NA
0.2814
0.2259

ṙL2 /U02
0.2072
0.3384
NA
NA
NA
NA
1.6869
1.0318
k
0.1502
0.1423
0.1595
0.1571
0.1268
0.1150
0.2266
0.3568

Geometry
BB2
BB2
BB2
BB2
BB2
BB2
STR
STR

Method
DSSP51
DSSP51
FSM
FSM
FSM
FSM
DSSP51
DSSP51

|umax | /U0
1.000
1.000
0.9904
0.9941
0.9679
0.9909
1.000
1.000

|vmax | /U0
0.0947
0.1485
0.0718
0.0820
0.1143
0.1380
0.1069
0.1163

|rmax | L/U0
0.3274
0.5242
0.2941
0.2942
0.4414
0.4446
0.6028
0.5533

u̇L/U02
0.0222
0.0618
NA
NA
NA
NA
0.8104
0.5422

v̇L/U02
0.0926
0.1681
NA
NA
NA
NA
1.0013
0.5961

ṙL2 /U02
0.4824
0.7970
NA
NA
NA
NA
6.2010
3.0908

k
0.1502
0.1423
0.1595
0.1571
0.1268
0.1150
0.2266
0.3568

Table A.4: Maximum velocity and acceleration, and estimated time scales during a horizontal zigzag

δr /ψe
10/10
20/20
10/10
-10/10
20/20
-20/20
35/xx
35/xx

Table A.3: Mean velocity and acceleration, and estimated time scales during a horizontal zigzag

δr /ψe
10/10
20/20
10/10
-10/10
20/20
-20/20
35/xx
35/xx
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Geometry
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
STR
STR

Method
URANS
URANS
DSSP51
DSSP51
DSSP51
DSSP51
FSM
FSM
FSM
DSSP51
DSSP51

umean /U0
0.9895
0.9794
0.9950
0.9880
0.9788
0.9473
0.9522
0.9386
0.8944
0.8061
0.8395

wmean /U0
0.0445
0.0641
0.0336
0.0483
0.0648
0.0923
0.0334
0.0572
0.0643
0.1085
0.0929

qmean L/U0
0.1571
0.1939
0.0946
0.1526
0.1826
0.2909
0.1104
0.1369
0.1990
0.3474
0.3264

u̇mean L/U02
0.0074
0.0123
0.0028
0.0082
0.0102
0.0280
NA
NA
NA
0.4986
0.3119

ẇmean L/U02
0.0830
0.0863
0.0443
0.0806
0.0826
0.1421
NA
NA
NA
1.2032
0.7625

q̇mean L2 /U02
0.2673
0.4238
0.1591
0.1994
0.3127
0.4025
NA
NA
NA
0.0261
0.0114

Table A.5: Mean maneuvering velocities and accelerations, and estimated time scales during a vertical
zigzag

δs /θe
10/5
10/10
5/5
10/5
10/10
20/10
10/5
10/10
20/10
35/xx
35/xx

k
0.2737
0.2091
0.2380
0.2995
0.2317
0.2781
0.2613
0.1876
0.2203
0.1808
0.2180
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Geometry
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
BB2
STR
STR

Method
URANS
URANS
DSSP51
DSSP51
DSSP51
DSSP51
FSM
FSM
FSM
DSSP51
DSSP51

|umax | /U0
1.000
1.000
1.000
1.000
1.000
1.000
1.013
1.000
1.022
1.000
1.000

|wmax | /U0
0.0785
0.1071
0.0541
0.0800
0.1010
0.1482
0.0835
0.1371
0.1606
0.1526
0.1390

|qmax | L/U0
0.2416
0.2694
0.1261
0.2116
0.2433
0.3964
0.1924
0.2315
0.3604
0.5655
0.5122

|u̇max | L/U02
0.0157
0.0233
0.0056
0.0144
0.0195
0.0478
NA
NA
NA
2.0658
1.5810

|ẇmax | L/U02
0.1079
0.1222
0.0624
0.1042
0.1218
0.1989
NA
NA
NA
4.5909
3.0136

|q̇max | L2 /U02
0.6362
0.6676
0.3365
0.5868
0.6245
0.9874
NA
NA
NA
13.651
6.4539

Table A.6: Maximum maneuvering velocities and accelerations, and estimated time scales during a vertical
zigzag

δs /θe
10/5
10/10
5/5
10/5
10/10
20/10
10/5
10/10
20/10
35/xx
35/xx

k
0.2737
0.2091
0.2380
0.2995
0.2317
0.2781
0.2613
0.1876
0.2203
0.1808
0.2180
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Geometry
BB2
BB2

Method
DSSP51
DSSP51

umean /U0
0.9948
0.9948

wmean /U0
0.0142
0.0136

qmean L/U0
0.0680
0.0684

u̇mean L/U02
0.0066
0.0068

ẇmean L/U02
0.0201
0.0192

q̇mean L2 /U02
0.1684
0.1708

Geometry
BB2
BB2

Method
DSSP51
DSSP51

|u|max /U0
1.0
1.0

|w|max /U0
0.0689
0.0597

|q|max L/U0
0.4231
0.4263

|u̇|max L/U02
0.0590
0.0620

|ẇ|max L/U02
0.1161
0.1224

k
0.1466
0.1480

k
0.1466
0.1480

|q|max L2 /U02
1.0228
1.0330

Table A.8: Maximum velocities and accelerations, and estimated time scales during a depth change

dz/L
-0.653
0.653

Table A.7: Mean velocities and accelerations, and estimated time scales during a depth change

dz/L
-0.653
0.653
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Geometry
BB2
BB2
BB2
BB2

Method
DSSP51
DSSP51
DSSP51
DSSP51

umean /U0
0.9957
0.9836
0.9675
0.9489

wmean /U0
0.0324
0.0673
0.0966
0.1208

qmean L/U0
0.0391
0.0906
0.1397
0.1838

u̇mean L/U02
0.0014
0.0062
0.0141
0.0245

ẇmean L/U02
0.0128
0.0299
0.0461
0.0610

q̇mean L2 /U02
0.0349
0.0842
0.1336
0.1809

Geometry
BB2
BB2
BB2
BB2

Method
DSSP51
DSSP51
DSSP51
DSSP51

|umax | /U0
1.000
1.000
1.000
1.000

|wmax | /U0
0.0474
0.0875
0.1214
0.1504

|qmax | L/U0
0.0824
0.1587
0.2296
0.2957

|u̇max | L/U02
0.0030
0.0115
0.0247
0.0418

|ẇmax | L/U02
0.0335
0.0663
0.0985
0.1302

|q̇max | L2 /U02
0.1596
0.2936
0.4267
0.5524

k
0.4141
0.4309
0.4491
0.4555

k
0.4141
0.4309
0.4491
0.4555

Table A.10: Maximum maneuvering velocity and acceleration, and estimated time scales during a vertical
rise

δs
5
10
15
20

Table A.9: Mean maneuvering velocity and acceleration, and estimated time scales during a vertical rise

δs
5
10
15
20

Appendix B
Derivation of the Fluid Body
Momentum
The fluid body momentum term is stated as
d1
dt 2

Z
~x0 × (n̂ × ~u0 ) dS

(B.1)

B

This equation represents the momentum of a fluid body, which is in general
free to deform. For the present work, there is no deformation and the body
velocity is constant, so that this equation can be simplified. The surface B
here bounds the body ∀B , with the inward pointing normal vector n̂. At B,
~ 0 , where U
~ 0 is the body velocity by the no-slip condition.
the velocity ~u0 = U
~ 0 is uniform in space but may change in time. For the ease
The velocity U
of this derivation, the ()0 subscript, used to denote an inertial quantity, will
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be dropped and all terms are understood to be inertial. The vector triple
product is used to decompose the integrand as
1d
2 dt

Z
n̂ ·

h

i
~ I − ~xU
~ dS
~x · U

(B.2)

B

The divergence theorem can then be used to rewrite the integral as
1d
−
2 dt

Z

h

i
~
~
∇ · ~x · U I − ~xU d∀

(B.3)

∀b

A negative sign was introduced here due to the inward orientation of the
normal vector n̂ with respect to the body ∀B .
The first term of the integrand can be written in tensor notation as

∇·

h
 i
~ I = ∂ [(xi Ui ) δjk ] ek
~x · U
∂xj

(B.4)

where ek is the direction cosine. The product rule is used to expand the
derivative as


∂ [(xi Ui ) δjk ]
∂ (xi Ui )
∂δjk
ek =
δjk + (xi Ui )
ek
∂xj
∂xj
∂xj

(B.5)

The second term of this equation is zero, as the identity tensor field has no
divergence. The identity tensor is used to rewrite the first term as
∂ (xi Ui )
∂ (xi Ui )
δjk ek =
ek
∂xj
∂xk
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(B.6)

This can then be expanded using the product rule as


∂ (xi Ui )
∂xi
∂Ui
ek =
Ui +
xi e k
∂xk
∂xk
∂xk

(B.7)

Since the body velocity field Uj is uniform, the second term here is zero. The
Jacobian of the position vector simplifies to the identity tensor, so that
∂xi
Ui ek = δik Ui ek
∂xk

(B.8)

and it can be seen that the entire term simplifies so that
h
 i
~
~
∇ · ~x · U I = U

(B.9)

The second term of the integrand of equation B.3 can be written in
tensor notation as
  ∂ (x U )
i j
~ =
∇ · ~xU
ej
∂xi

(B.10)

By the product rule, this becomes



∂xi
∂Uj
Uj + xi
ej
∂xi
∂xi

(B.11)

As Uj is uniform, the second term of this expression goes to zero. The first
term contains the divergence of the position vector, which is the dimension
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of the space. The entire term then can be written as
 
~ = 3U
~
∇ · ~xU

(B.12)

Equations B.9 and B.12 can be substituted into equation B.3, giving
1d
−
2 dt

Z

Z
h

i
1d
~
~
~ d∀
∇ · ~x · U I − ~xU d∀ = −
−2U
2 dt ∀b
∀b

(B.13)

This can clearly be simplified so that
1d
−
2 dt

Z

h

i
~
~
~˙ ∀b
∇ · ~x · U I − ~xU d∀ = U

∀b

as desired.
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