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ABSTRACT 

Wide area differential GPS (WADGPS) satellite-based augmentation system (SBAS) 

services, such as the Wide Area Augmentation System (WAAS) in U.S.A., provide 

satellite orbit and clock corrections and ionospheric delay corrections. Although their 

corrections are optimized for use with GPS single-frequency pseudorange measurements, 

the satellite orbit and clock corrections can be used to improve GPS positioning accuracy 

for dual-frequency users. The main objective of the research described in this dissertation 

is the design of a GPS dual-frequency data processing technique capable of producing 

high-accuracy point positioning results with WADGPS corrections. 

 

In this research, three major issues were identified as the satellite clock referencing issue, 

the resolution of the fast clock correction issue and the residual orbit and clock issue. By 

considering that the ways to handle the identified issues in a precise point positioning 

(PPP) process are different for different position estimator and different basis 

observables, a SBAS PPP with a weighted least-squares approach using a carefully 

designed sequential forward carrier-phase smoother and a SBAS PPP with sequential 

least-squares approach using un-differenced dual-frequency code and carrier-phase 

measurements have been developed. To account for the satellite clock referencing issue, 

the effects of the satellite instrumental biases have been precisely investigated and the 

observation equations for the different observables assuming the source of corrections is 

WADGPS have been developed. To account for the low resolutions of WAAS (or/and 

any SBAS corrections which follows the RTCA standard [2001]) fast clock corrections, a 



iii 

 

weighted moving average filter was adopted and a proper smoothing factor has been 

carefully determined. Finally, to take into account the residual orbit and clock errors, a 

varying carrier-phase ambiguity concept has been applied rather than assuming the 

ambiguity is constant over time. This method is only applicable for the SBAS PPP with a 

sequential least-squares method which has an ambiguity parameter for each satellite in 

the observation model. 

 

Results determined via developed software indicate a few decimeter-level of positioning 

accuracy for both developed PPP algorithms with (real-time) WADGPS orbit and clock 

corrections in kinematic mode could be attainable. Although a few decimeter-level of 

positioning accuracy are slightly less accurate than that of using precise orbit and clock 

products, it will give more flexibility and chances to choose a proper positioning 

technique, which can meet the majority of user expectations and their application needs. 

Furthermore, the algorithms developed in this research can be used for seamless PPP 

solutions with future SBAS corrections when all the planned SBASs are in operation.  
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CHAPTER 1 INTRODUCTION 

In the second half of the twentieth century, a remarkable development in mankind’s 

history of positioning and navigation has been made. By using the mass of accumulated 

knowledge in navigation for centuries, space-based satellite navigation systems, also 

called global navigation satellite systems (GNSS), have been launched and continuously 

provide the capabilities of autonomous geo-spatial positioning, velocity and time 

estimates to an unlimited number of users all over the world at any given time.  

 

The United States (U.S) Navstar Global Positioning System (GPS) is the first 

continuously well-maintained system of this advanced technology of GNSS. Since July 

17, 1995 when GPS declared its fully operational capability (FOC), it has been used as an 

essential tool for positioning and navigation. However, for safety-critical applications 

such as civil aircraft flight and precision approaches to harbors or airports, the GPS 

Standard Positioning Service does not meet all user requirements. The positioning 

accuracy and the integrity are the main reasons [Hofmann-Wellenhof et al., 2007]. 

  

Satellite based augmentation systems (SBAS), such as the Wide Area Augmentation 

System (WAAS) in United States (U.S) [Kee et al., 1991] were initiated at the beginning 

of 1994 and developed to answer for those requirements. As an augmentation system of 

GPS, WAAS provides an enhanced performance in terms of accuracy, availability, 

integrity and reliability. These enhancements to the GPS attributes have been achieved 

through the integration of the external information from a ground monitoring network 
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into the main computation of corrections. A well-known concept of differential GPS 

technique has been adopted to generate satellite orbit and clock corrections and 

ionospheric delay corrections. The tuned uncertainties to bound integrity factors are also 

computed for the corrections. Signals from all the monitored satellites at a national or 

continental-wide network of ground stations, which have precisely known coordinates, 

are used and integrated in the correction generation process. These corrections are 

broadcast by use of geostationary satellites so that users can correct their GPS 

measurements in real-time fashion. Since the corrections are generated by use of a wide 

area ground network, such a system is also called wide area differential GPS 

(WADGPS).  

 

A number of SBAS services, e.g., WAAS in the U.S.A. the European Geostationary 

Navigation Overlay Service (EGNOS), Multi-functional Satellite Augmentation System 

(MSAS) in Japan, GPS-aided Geo-augmented Navigation (GAGAN) in India and the 

former Canada-wide Differential GPS Service (CDGPS – decommissioned since April 1, 

2011) were/are in operation and more are planned for the future (see Table 2.4 in Chapter 

2 for more detail). These free services will enhance the availability of real-time DGPS 

corrections across countries and continents by providing a quality geo-referencing 

capability, especially for single-frequency L1 GPS users.  

 

Even though authorized agencies maintain the accuracy of SBAS corrections to the limit 

in the design of systems and SBAS provides ionospheric corrections for single frequency 

users, in general, about a meter level of single frequency point positioning accuracy with 
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SBAS corrections during ionospheric quiet conditions is attainable [Rho et al., 2003; Rho 

and Langley, 2005 and 2008]. However, when the ionosphere is significantly disturbed, 

the performance of the empirical ionospheric models adopted in SBAS is seriously 

degraded [Komjathy et al., 2005] and a degradation at the few meter level in the 

positioning solutions could easily be observed [Rho and Langley, 2005 and 2007a].  

 

With the growth in the need of more precise and accurate user positions using a single 

GNSS receiver in recent years, and the desire to extend the benefits of WADGPS 

corrections to the more precise applications, a dual-frequency WADGPS precise point 

positioning (PPP) technique has been developed [Rho and Langley, 2005; 2012]. By 

carefully taking into account the satellite clock referencing issue and properly handling 

the low resolution of WAAS fast clock corrections as well as the residual orbit and clock 

errors, a few ten centimeters level of high-accuracy kinematic positioning results have 

been attained. Currently, SBAS systems are spreading out all over the world. A multi-

constellation dual-frequency, L1 and L5, SBAS service and seamless navigation will be 

available across much of the world in the 2020-2025 timeframe [Cameron, 2015]. A 

success in the field of dual-frequency SBAS PPP will make a significant contribution to 

extending the usefulness of SBAS corrections for more users and precise applications in 

the near future.  

1.1 Motivation and Problem Statements of the Research 

The Geodetic Research Laboratory at the University of New Brunswick was involved in 

the project of CDGPS since the year 2000 when the development of CDGPS has been 
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initiated [Lochhead et al., 2002; Langley et al., 2003; Rho et al., 2003]. During the 

research with WADGPS and its ionosphere model, one area of my interests was to 

develop the methodology capable of producing high accuracy reliable positioning results 

that are consistent over time and less sensitive to the changes of atmospheric conditions 

with WADGPS corrections. 

 

 In order to achieve the highest possible point-positioning accuracy, in general, both 

undifferenced carrier-phase and pseudorange measurements with precise ephemeris and 

clock data (such as those of the International GNSS Service (IGS)) should be used 

[Kouba and Héroux, 2001; Bisnath and Langley, 2002; Bisnath et al., 2018]. The 

sequential least squares and Kalman filter techniques are the common approaches used to 

mitigate the measurement noise and to achieve up to several centimeters positioning 

accuracy in post-processing collected data. 

 

However, in contrast to conventional post-processing with precise orbits and clocks, there 

are some special issues in using WADGPS corrections for high accuracy dual-frequency 

GPS point positioning. First, as WADGPS services typically provide clock corrections 

that are referenced to the GPS C1 (L1 C/A-code pseudorange) observable, there exist 

satellite clock referencing issues for the proper use of the corrections for dual-frequency 

observations. As long as satellite instrumental biases exist (C1 vs. P1 (L1 P(Y) – code 

pseudorange) and P1 vs. P2 (L2 (P(Y)-code paseudorange)), this issue should be properly 

reflected in the observation model. Second, since WADGPS is primarily designed for the 

single frequency L1 (C/A) user, the WADGPS satellite orbit and clock corrections are 
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optimized to the use of the GPS pseudorange measurement, which typically has about a 

meter level of measurement noise. In general, the resolution of WAAS (and any SBAS 

corrections which follows the RTCA standard [2001]) satellite clock corrections is 0.125 

m [RTCA, 2001] and the accuracy and precision of WADGPS satellite orbit and clock 

corrections is less than that of precise orbits and clocks. And these are revealed as long-

term residual variations in the point-positioning process. 

 

Therefore, the major challenge in this research was to develop the algorithm(s) that can 

provide a best possible positioning accuracy with WADGPS corrections by precisely 

taking into account the above-described issues in the positioning filter(s). Another 

purpose was to provide the different characteristics and the quantified relative accuracies 

between the GPS PPP results with WADGPS corrections and the PPP results with precise 

orbit and clock products. 

1.2 Literature Reviews of Positioning Techniques 

The precision and accuracy of the positioning solutions depended on how well we 

describe and mitigate the sources of errors in the GNSS signals. Some examples of these 

errors are satellite orbit and clock errors, atmospheric delays, multipath and receiver 

noise, solid earth tide and ocean loading and hardware biases and relative orientation 

effects between satellite and receiver (more detailed descriptions of errors are given in 

Chapter 3). Moreover, the precision of the positioning solutions is also dependent on the 

precision of the observables. For example, the precision of the carrier-phase 

measurements is about 100 times better than that of pseudorange measurements. 
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Therefore, the most precise positioning solutions can only be achievable when the 

carrier-phase measurements are being used in the positioning estimator. However, in this 

case, the (integer) number of unknown cycles, the so-called (integer) ambiguity, should 

be carefully handled (i.e., fixed or estimated) in the process. 

 

In terms of positioning techniques, it is well known that the relative positioning technique 

with double or triple differences of carrier-phase measurements between reference(s) and 

rover(s) could provide a very precise positioning result and has been proven as a most 

effective approach to fix the ambiguity. However, one drawback of this technique is a 

need of simultaneous observations at both the reference and rover sites for the 

computation of the relative difference in position between two points. Therefore, the 

application of this approach, such as GNSS real-time kinematic (RTK) technique and the 

network RTK technique, is limited by the difficulty in placing the reference station(s) and 

the length of baseline(s) due to the de-correlation of the errors between reference(s) and 

rover(s). 

 

However, the existence of very precise orbit and clock products brought a new era into 

GNSS positioning. A global scale PPP technique was developed [Zumberge et al., 1997; 

Kouba and Héroux, 2001]. Precisely generated GNSS orbit and clock products from 

organizations such as IGS are used as satellite position and clock information. The 

ionosphere-free linear combination with undifferenced dual frequency code and phase 

measurements is preferably used to remove the first order ionospheric effects from the 
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signals. Numerous precise models have been developed and used to mitigate all the other 

sources of user range errors. 

 

Unlike the relative positioning technique, the PPP technique does not require a base 

station(s). With this benefit, PPP has been widely used and demonstrated as a technique 

of providing accurate position solutions at the few centimeter level for static positioning 

and at the sub-decimeter level for kinematic positioning [Kouba and Héroux, 2001; Gao 

and Shen, 2001; Abdel-salam, 2005]. Many further applications of GPS PPP can be also 

found in many different fields of research, such as precisely estimating the ionospheric 

and tropospheric delay at a station [Abdel-salam, 2005; Leandro et al., 2007], crustal 

deformation monitoring [Calais et al., 2006], and quasi-real-time GPS meteorology 

[Rocken et al., 2005].  

 

However, the PPP technique also has one drawback of a need of convergence time for 

ambiguity parameter determination and this currently limits the technique to its use for 

post-processing purposes. To reduce the convergence time, several efforts have been 

carried out for fixing carrier phase ambiguities to integers [Laurichesse and Mercier, 

2007; Collins, 2008]. And to help to maintain the stabilized ambiguity estimate in PPP, 

an instantaneous fixing cycle slip technique has also been demonstrated [Banville and 

Langley, 2010]. As an attempt to reduce the convergence time and to improve user 

positioning accuracy, the PPP technique with combined GPS and GLONASS 

measurements has been introduced [Cai, 2009]. By improving dilution of precision (DOP) 
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values by use of GLONASS measurements in addition to GPS measurements, improved 

results were demonstrated in the convergence time as well as in the positioning results. 

 

Recently, as the increased number of SBAS corrections available worldwide, the 

usefulness of some SBAS satellite orbit and clock corrections, i.e., WAAS in U.S.A., 

EGNOS in Europe, MSAS in Japan [Heßelbarth and Wanninger, 2012] and BDSBAS in 

China [Li et al., 2018], has been assessed for PPP. By improving the accuracy and 

precision of GPS broadcast ephemerides with SBAS corrections, better than a few 

decimeters in all three coordinate components for all SBAS have been demonstrated in 

static positioning solutions.  

1.3 Research Objectives 

The main research objectives of this dissertation can be summarized as first, design GPS 

dual-frequency data processing techniques capable of producing high-accuracy 

positioning results with WADGPS corrections as a new breed of dual-frequency 

positioning algorithms with WADGPS corrections; and second, develop a PPP algorithm 

that can utilize GPS measurements by use of precise orbit and clock products in order to 

provide the relative performance index of the developed SBAS PPP with respect to PPP 

with very precise orbit and clock corrections. .  

 

To achieve the major objectives in this research, the following tasks have been addressed: 

• Develop a methodology that can characterize and assess the quality of WADGPS 

orbit and clock corrections. 
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• Investigate and identify the major issues in the proper use of WADGPS 

corrections with dual-frequency GPS measurements. 

• Investigate and develop methodologies that can mitigate the significant sources of 

errors in precise positioning. 

• Investigate and develop new observation models for PPP with WADGPS 

corrections. 

• Investigate and provide an assessment of PPP with WADGPS corrections with 

respect to PPP with precise orbit and clock products.  

• Investigate and provide an assessment of the various developed PPP algorithms. 

1.4 Contributions of the Research 

The primary contribution of the research here is the achievements of the dissertation 

objectives. However, some of the major contributions can be described as follows:  

 

A methodology has been developed for precise analysis of given satellite orbit and clock 

errors compared to reference orbit and clocks in the user range domain at any given 

station. All the important parameters including the different antenna offsets from 

different agencies and the clock reference issue for different orbit and clock products are 

precisely taken into account. And the compiled errors are provided separately for orbit 

and clock errors as well as combined errors in the user range domain. Since the primary 

fundamental sources of errors in GNSS are satellite orbit and clock errors, precisely 

knowing the characteristics and the uncertainties of given orbit and clock products is 

always important. By use of this knowledge as a priori information, the precision and the 
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accuracy of positioning results can be improved. Therefore, the first contribution of the 

research conducted for this dissertation could be described as a use of this developed 

methodology to precisely know the characteristics and the uncertainties of given satellite 

orbit and clock products before the actual positioning process is started and use them to 

improve positioning accuracy.  

 

Dual-frequency PPP algorithms with WADGPS corrections have been carefully 

developed, which fully take into account the identified major issues, i.e., the satellite 

clock referencing issue, the resolution of the fast clock correction issue and the residual 

orbit and clock issue. Although a few decimeter-level of positioning accuracy with (real-

time) WADGPS orbit and clock corrections in kinematic mode are slightly less accurate 

than that of using precise orbit and clock products, it will give more flexibility and 

chances to choose a proper positioning technique, which can meet the majority of user 

expectations and their application needs. Furthermore, the precisely analyzed results of 

using the developed algorithms could serve as a baseline for further developments in PPP 

with WADGPS corrections and the algorithms developed in this research can be used for 

seamless PPP solutions with future SBAS corrections when all the planned SBASs are in 

operation.  

 

The algorithms and processing software were developed to compute PPP solutions using 

GPS measurements with precise orbit and clock products. The compiled results in the 

relative differences in the characteristics of estimated parameters and accuracy between 

the PPP results with WADGPS corrections and the results with precise orbit and clock 
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products are going to give a standard for choosing an appropriate positioning technique, 

which can meet the majority of user requirements. 

 

Finally, all the developed algorithms and processing software developed for this 

dissertation are the combination of the mass of accumulated knowledge in geodetic 

science and advances in the field of GNSS research. The developed software is all written 

in the combination of standard C and C++ languages. The concept of “class” in C++ has 

been adopted and implemented. Another contribution of the research could be described 

as the usability or the reusability of each class in the package of the developed software. 

For example, the developed RTCA (WAAS message) decoder was used as a part of new 

software which was developed for Nav Canada to assess the availability of WAAS 

corrections at any airport in Canada [Langley et al., 2004] and the developed Modified 

RTCA (MRTCA for CDGPS) software was also used in the Department of Geomatic 

Sciences at Laval University for their own project(s) [Santerre et al., 2012].  

1.5 Outline of Dissertation 

This dissertation is organized as follows:  

Chapter 1 presents the introduction, motivation of the research, research objectives, 

literature review and contributions of the research.  

 

Chapter 2 reviews the histories and the principles of GNSS and WADGPSs. In the 

discussions, the emphasis is on GPS and WAAS and CDGPS as the actual systems which 
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were used for the research reported in this dissertation. The detailed descriptions of 

current developments and future plans are also presented in this chapter. 

 

Chapter 3 provides the details of error sources related with the developed algorithms and 

mitigation models and strategies. 

 

Chapter 4 discusses the derivations of new observation models and algorithms for PPP 

with WADGPS corrections as well as PPP using GPS measurements with precise orbit 

and clock corrections. Detailed descriptions of functional and stochastic models are also 

provided.  

 

Chapter 5 presents the quality assessments of the different satellite orbit and clock 

products, which were used in this research. The developed methodology, which can be 

used to access given orbit and clock errors in the user range domain, is also presented. 

 

Chapter 6 presents the data processing and analyzed results for the developed SBAS PPP 

algorithm with the sequential forward smoothing filter. Since a weighted least-squares 

with epoch-by-epoch solution has been adopted to estimate the position solutions, none 

of the parameters is set to handle the satellite-related bias issue. In this case, the main 

issues in using WADGPS corrections for dual-frequency GPS point positioning are the 

satellite clock referencing issue and the way to handle the increased noise level by use of 

the ionosphere-free dual-frequency combination. Numerous sensitivity tests and analyzed 
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results including the overall performance of the developed sequential forward smoothing 

filter as well as detailed descriptions of the P1-C1 bias are provided in this chapter.  

 

Chapter 7 contains the analyzed results in the performance of the developed SBAS PPP 

algorithm with the sequential least-squares method. By taking a real benefit of the 

recursive sequential least-squares approach, a set of time-dependent parameters has been 

set to mitigate the satellite dependent bias as well as the tropospheric effect. Numerous 

tests have been conducted with the developed methodologies to mitigate the remaining 

potential issues, i.e., the low resolution of WAAS fast clock corrections, the satellite 

clock reference issue and the effects of residual SBAS orbit and clock corrections in the 

positioning results. This chapter provides all the results along with the analysis. 

 

Chapter 8 investigates the effects of different quality of satellite orbit and clock 

correction in PPP. This chapter address three indices that can indicate the positioning 

performance with the WAAS-, the CDGPS- and the IGS orbit and clock corrections: first, 

the converged positioning accuracy and its repeatability and second, the convergence 

time. Finally, the positioning performance with a real kinematic data set is discussed.  

 

Chapter 9 summarizes the main conclusions and recommendations for further research. 
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CHAPTER 2 GLOBAL NAVIGATION SATELLITE SYSTEMS AND 

SATELLITE BASED AUGMENTATION SYSTEMS 

A global navigation satellite system (GNSS) can be defined as a navigation system of 

satellites providing signals from space transmitting positioning and timing information 

with global coverage. Currently, United States’ GPS and Russia’s GLONASS are fully 

operational and the European Union’s Galileo and China’s BeiDou systems are expected 

to be in full service by 2020 and as early as possible in the 2020s, respectively [Teunissen 

and Montenbruck, 2017]. 

 

This chapter presents brief descriptions of GPS and its satellite-based augmentation 

systems (SBASs) that have been used in this research. The chapter begins with an 

overview of GPS and discussions of its modernization, reference time and the geodetic 

reference frame. In the following sections, a brief introduction of WAAS and CDGPS as 

well as their current status and future plans are presented. Detailed descriptions of other 

GNSS and SBAS systems can be found in a number of excellent books including 

Hofmann-Wellenhof et al [2007] and recently published Teunissen and Montenbruck 

[2017].  

 2.1 GPS 

GPS is a worldwide, satellite-based passive radio navigation system which is maintained 

and operated by the United States (U.S.) Department of Defense (DoD) and co-managed 

with the U.S. Department of Transportation. The main purpose of the system is to 
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continuously provide the capabilities of positioning, velocity and time (PVT) estimates to 

an unlimited number of users.  

 

GPS consists of three segments: (the so-called) control segment, space segment, and user 

segment. The control segment is composed of ground monitoring stations, ground 

antennas and a master control station (MCS) and backup as shown in Figure 2.1.  

 

Figure 2.1 GPS control segment and worldwide monitoring stations [Gruber, 2010]. 

 

The main responsibility of the MCS is to determine satellite orbit and clock information 

using all the tracking information from the monitoring stations and update each satellite's 

navigation message. The Earth Centered Earth Fixed (ECEF) World Geodetic System 

1984 (WGS84) has been adopted as the reference coordinate system to compute the GPS 
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ephemerides. The GPS System Time which is referenced to Coordinated Universal Time 

(UTC) as maintained by the U.S. Naval Observatory (USNO) is used as a reference time 

without any adjustment of leap seconds. 

 

The space segment was initially composed of 24 operational satellites in six orbital 

planes with an inclination of 55°. The satellites are orbiting at an altitude of about 20,200 

km above the Earth’s surface with an orbital period of approximately 11 hours and 58 

minutes.  

 

For positioning solutions of users, all GPS satellites continuously broadcast navigation 

messages, including satellite health information as well as ranging signals on the same 

two L-band frequencies, 1575.42 MHz (L1 frequency) and 1227.60 MHz (L2 frequency) 

and an additional L-band frequency of 1176.45 MHz (L5 frequency) on the Block IIF 

satellites and future Block III satellites. To allow messages from individual satellites to 

be distinguished from each other, the unique encoding has been implemented for each 

satellite, the so-called code division multiple access (CDMA) spread spectrum technique. 

For legacy signals, two distinct types of CDMA encodings consisting of the coarse 

acquisition (C/A) code with a chip rate of 1.023 MHz and the precise (P) code at 10.23 

MHz are used (please see Figure 2.2 and Table 2.1 in below for the modernized signals). 

The C/A code is used by the Standard Positioning Service (SPS) for civilian users and 

modulated on the L1 frequency. The P code is modulated onto both L1 and L2 carriers 

and used for the Precise Positioning Service (PPS). The P code is intentionally encrypted 
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as the P(Y) code by the system operators. Known as Anti-Spoofing (AS), it is only 

available for military and other “authorized” users with a proper decryption key.  

 

The user segment consists of many types of GPS receivers which can provide the PVT 

information to all users. A GPS receiving system is generally composed of an antenna, 

processor and a relatively stable clock (often a crystal oscillator). For general positioning 

applications, a GPS receiver decodes the GPS SPS ranging signals to obtain pseudorange 

measurements and broadcast ephemerides in the navigation message to have satellite 

position and clock information. In general, more than four simultaneous measurements 

are used and adjusted in the least-squares sense to obtain the user position in X, Y and Z 

components in the ECEF frame and the receiver clock error.   

 

The GPS system has been successfully used in many applications, such as navigation, 

positioning, surveying, atmospheric studies, timing and space applications. However, to 

respond to new demands on the existing system and to adopt additional advances in 

technology, the GPS system is undergoing modernization. 

2.1.1 GPS Modernization 

To serve demanding applications, which can respond to new needs from military and 

civil users, GPS is in ongoing modernizations with the aim to improve the accuracy and 

availability for all users. The project has been initiated in 1998 [ION, 1998] and started 

with removing SA in May 2000. The modernization project consists of modernizing the 

GPS control segment and the space segment.  
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The modernization of the GPS control segment involves adding more stations into the 

existing GPS ground monitoring network (see Figure 2.1) and improving the precision 

and the accuracy of orbit and clock determination by using a wider and denser ground 

network [Gruber, 2010]. 

 

The modernization of the space segment involves adding new signals for civil and 

military users (see Figure 2.2 and Table 2.1). In general, the new signals have enhanced 

capabilities of longer code sequences with higher data rates and increased signal power 

[Enge, 2003; also see Figure 2.1 and Table 2.1 below]. With these features, the system 

performance can be improved in terms of ranging accuracy, faster acquisition, lower code 

noise with reduced multipath effect and better jamming resistance.  

 

 

Figure 2.2 Legacy and modernized GPS signals [Teunissen and Montenbruck, 2017]. 
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Table 2.1 GPS signal overview [Teunissen and Montenbruck, 2017]. 

 
 

This step has been started with the launching of the first modernized or Block IIR-M 

satellite into orbit in September 2005. In Block IIR-M satellites, a more robust civil code 

on the L2 frequency, known as L2C, compared to the existing C/A code on the L1 

frequency and a new military M-code signal at L1 and L2 frequencies with increased 

signal power has been added. In addition to these capabilities, the Block IIF satellites 

have an additional civil signal on a new L5 frequency. The new L5 signal is designed to 

meet the demanding requirements for transportation safety-of-life use. The first Block IIF 

satellite was launched into orbit on May 28, 2010 [USNO, 2011; UNB Website, 2018] 

and the L5 signal is expected to be available from 24 GPS satellites by 2024 [GPS.gov, 

2019]. Finally, another civil signal at L1, known as L1C, is planned to be added on the 

new GPS Block III satellites. The first Block III satellite was successfully launched on 

December 23, 2018 [Barwacz, 2018]. The L1C is specially designed for interoperability 

with other GNSS and SBAS and have an improved tracking performance in 
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challengeable tracking environments. The operational capability for L1C is expected in 

2021 [Betz et al., 2007; Gruber, 2010]. 

2.1.2 GPS Time 

GPS Time is maintained by the GPS Control Segment and is referenced to UTC(USNO) 

with the zero time point defined at midnight on January 6, 1980. And as discussed in 

section 2.1, GPS Time generally only differs from UTC by an integer number of leap 

seconds. However, there is also an inherent but bounded drift between the UTC and the 

GPS time scale due to the fact that GPS System Time and UTC are kept by different 

(paper) master clocks. These additional differences are on the order of nanoseconds. 

According to the GPS interface specification [IS-GPS-200, 2013], the difference between 

GPS Time and UTC (USNO) is maintained within 50 ns (95% probability) by the USNO. 

The requisite data for relating GPS Time to UTC can be obtained from the GPS 

navigation message [IS-GPS-200, 2013].  

2.1.3 GPS Reference Coordinate System: WGS84 

The World Geodetic System 1984 (WGS84) is the reference coordinate system employed 

by GPS. WGS84 is a refined realization of earlier schemes including WGS60, WGS66 

and WGS72, which it inherited from its predecessor, the U.S. Navy TRANSIT System.  

The reference frame as used by GPS is defined as [IS-GPS-200, 2013]: 

• Origin is Earth’s center of mass. 

• Z-axis is the direction of the IERS (International Earth Rotation Service) 

Reference Pole (IRP). 
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• X-axis is the intersection of the IERS Reference Meridian (IRM) and the plane 

passing through the origin and normal to the Z-axis. 

• Y-axis completes a right-handed Earth-Centered Earth-fixed orthogonal 

coordinate system. 

Geodetic coordinates of a point in the WGS84 coordinate system refers to the ellipsoid 

with semi-major axis and flattening as given in Table 2.2. 

Table 2.2 Geodetic Constants and Parameters of WGS84 Ellipsoid [IS-GPS-200, 2013]. 

Semi-major axis 6378137.00 m 

Flattening 1/298.257223563 

Earth rotation rate 7.2921151467×10-5  radian/s 

Gravitational constant 398 600.50×109  m3/s2 

Normalized second zonal harmonic -484.16685×10-6 

 

To maintain the highest possible accuracy and stability for the WGS 84 reference frame 

using more accurate coordinates of the monitoring stations and to incorporating it with an 

International Terrestrial Reference Frame (ITRF) as a realization of the International 

Terrestrial Reference System (ITRS) [Petit and Luzum, 2010], the realization of the 

WSG84 reference frame has been updated several times. For instance, the previous 

realizations, WGS 84 (G730), WGS84 (G873) and WGS (G1150) correspond to ITRF92, 

ITRF94 and ITRF2000, respectively. In the above parentheses, the “G” indicates that 

GPS measurements were used to obtain the coordinates and the 4-digit number following 

the “G” indicates the GPS week number when the new realization was implemented in 

the GPS Control Segment. The refined reference frame WGS84 (G1674) and the lastest 
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version of refinement of WGS84 (G1762) have been introduced on February 8, 2012 and 

on October 2013, respectively, which agree with the ITRF2008 at a centimeter level 

yielding conventional zero-transformation parameters [Wong et al., 2012; NGA, 2014]. 

Table 2.3 WGS84 Station Coordinate Updates [NGA, 2014]. 

Name 

Implementation date 

Epoch Accuracy GPS 

Broadcast 

Orbits 

NGA Precise 

Ephemeris 

WGS84 1987 1 January 1987  1 -2 m 

WGS84 (G730) 29 Jun. 1994 2 Jan. 1994 1994.0 10 cm/component r.m.s. 

WGS84 (G873) 29 Jan. 1997 29 Sep. 1996 1997.0 5 cm/component r.m.s. 

WGS84 (G1150) 20 Jan. 2002 20 Jan. 2002 2001.0 1 cm/component r.m.s. 

WGS84 (G1674) 8 Feb. 2012 7 May 2012 2005.0 < 1 cm/component r.m.s. 

WGS84 (G1762) 16 Oct. 2013 16 Oct. 2013 2005.0 < 1 cm/component r.m.s. 

 

2.2 Satellite-Based Augmentation Systems in North America 

WADGPS is an augmentation system of GPS to provide enhanced performance in terms 

of accuracy, availability, integrity and reliability. The basic idea of such a system is users 

can improve their positioning accuracies at the user locations by removing the range 

errors which are spatially and temporally correlated with the errors at the reference 

stations. Signals from multiple ground stations, which are spread over national or 

continental-wide coverage areas, a so-called wide area ground network, are used and 

integrated in the computation of the corrections. The state-space domain concept [Muller, 

1994] of differential corrections is provided via multiple geo-stationary satellites in real-

time fashion. In general, the three correction terms, satellite orbit, satellite clock, and 



23 

 

ionospheric delay are generated with their uncertainties. The generated satellite orbit and 

clock corrections are provided in vector format and the ionospheric delay corrections are 

provided at predefined ionospheric grid points [RTCA, 2001]. Since the corrections are 

broadcast by geo stationary satellites (in addition to geo ranging signals which are 

different for different definitions of WADGPS systems), such a system is often referred 

to as a satellite-based augmentation system (SBAS). 

Table 2.4 Summary of Freely Available SBAS Systems. 

WADGPS Systems Country Status 

CDGPS 

(Canada-wide Differential GPS Service) 
Canada 

Decommissioned 

on April 1, 2011 

WAAS (Wide Area Augmentation System) U.S.A. Operational 

EGNOS 

(European Geostationary Navigation Overlay Service) 
Europe Operational 

MSAS 

(Multi-functional Satellite Augmentation System) 
Japan Operational 

GAGAN (GPS-Aided Geo-Augmented Navigation) India Operational 

BDSBAS (BeiDou Satellite-Based Augmentation 

System) 
China Developing 

SDCM 

(System for Differential Correction and Monitoring) 
Russia Developing 

KASS (Korean Augmentation Satellite System) 
Republic 

of Korea 
Developing 

 

A number of SBAS systems are in operation and more are planned for the future as 

summarized in Table 2.4. These free services will enhance the availability of real-time 

differential-GNSS corrections across countries and continents by providing a quality geo-

referencing capability for single frequency L1 GNSS users. Currently, to extend the 



24 

 

benefit of enhanced and reliable SBAS signals over the world, an SBAS working group 

came to an agreement on standardization of SBAS and is moving forward to serve dual-

frequency (L1/L5) multi-constellation SBAS service for seamless navigation across much 

of the world in the 2020-2025 timeframe [Cameron, 2015]. 

 

However, for the sake of concentration, only CDGPS and WAAS, which were actually 

used as satellite orbit and clock corrections in this research, are discussed. Have note 

again that a detailed summary of other SBAS systems can be found in many references 

including Hofmann-Wellenhof et al [2007] and Teunissen and Montenbruck [2017]. 

2.2.1 Wide Area Augmentation System (WAAS) 

WAAS is the augmentation system of GPS developed by the Federal Aviation 

Administration (FAA) beginning in 1994. The main purpose of the system is to provide 

an improved accuracy, integrity and availability to meet the requirements of en-route and 

terminal phases of flight, and non-precision and precision approaches for GPS air 

navigation. WAAS was approved for aviation use in July 2003 [FAA, 2019].  

 

As a WADGPS system, WAAS provides satellite orbit, clock, and ionospheric delay 

corrections in addition to integrity information via L-band geostationary satellites 

(GEOs). The WAAS GEOs also transmit dual-frequency ranging signals on the GPS L1 

and L5 frequencies (see Rho and Langley [2008] for the early performance of WAAS L5 

signal and the possible benefit of the WAAS GEO ranging measurements in the 
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positioning domain). The WAAS corrections are based on the WAAS ground network 

which is composed of 38 reference stations (WRSs) as illustrated in Figure 2.3. 

 

 

Figure 2.3 WAAS system overview [FAA, 2019].  

 

With that wide-area ground network and hiring three geostationary satellites, the service 

area of WAAS can cover all of the continental United States, most of Alaska and 

significant regions of Canada, Mexico, the Caribbean and Hawaii. Currently, WAAS has 

a capability of producing a meter level of user positioning accuracy for single frequency 

users on ionosphere quiet condition days [Rho and Langley, 2005]. 

 

As one of the SBAS correction providers, WAAS is moving forward and cooperating 

with others to achieve a goal of extending the benefit of seamless SBAS services with 
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dual-frequency multi-constellation signals over the world [Cameron, 2015; ESA 

Nauipedia, 2018]. 

2.2.2 Canada-Wide Differential GPS Service (CDGPS) 

The Canada-wide Differential GPS (CDGPS) Service (subsequently re-named as the 

Canadian Differential GPS Service) was the free GPS augmentation system initiated as a 

public service by the Canadian Council on Geomatics (CCOG). The CDGPS had been 

developed in a collaborative partnership between the provincial, territorial, and federal 

governments of Canada since May 2000 [Lochhead et al., 2002].  

 

CDGPS provided real-time wide-area DGPS corrections, i.e., satellite orbit, satellite 

clock, and ionospheric corrections, via L-band communications satellites across the 

breadth of Canada as well as parts of Mexico and the Caribbean. The real-time service 

was based on the GPS*C corrections generated by Natural Resources Canada (NRCan) 

using data from its network of active control stations - the Canadian Active Control 

System (CACS) and additional stations from the IGS network as illustrated in Figure 2.4. 

Corrections from the GPS*C system were encoded and provided in the GPS*C Modified 

RTCA (GPS*C MRTCA) format which include standard RTCA and non-standard 

messages. The non-standard messages were implemented for the fast and slow satellite 

orbit and clock corrections with higher resolution to support users requiring high 

precision service [CDGPS-ICD, 2003].  
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However, with an arising financial issue, CDGPS was decommissioned on April 1, 2011, 

and the free GNSS augmentation service, which was continuously broadcast since 

October 2003 was terminated on that date.  Nevertheless, the CDGPS service had been 

used as a national DGPS standard for surveying and mapping applications and enhanced 

the availability of real-time DGPS corrections across Canada by bringing a quality geo-

referencing capability for GPS users within the Canadian Spatial Reference System 

(CSRS) and resulting in superior meter-level accuracy in positioning with mapping-grade 

single frequency GPS receivers and sub-meter accuracy with dual frequency receivers 

[Rho et al., 2003; Rho and Langley, 2005; 2007b]. 

 

Figure 2.4 CDGPS service area for ionospheric delay corrections and used reference stations 

(red circles) [Rho and Langley, 2007a]. 
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In this research, for direct comparison in the positioning results using CDGPS and 

WAAS corrections in the same reference frame, the positioning results with CDGPS 

corrections in the NAD83-CSRS coordinate system have been transformed into ITRF05 

by use of a seven-parameter transformation [Craymer, 2006] as summarized in Appendix 

A. 
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CHAPTER 3 ERROR SOURCES AND MITIGATION IN 

POSITIONING 

Since the fundamental observable in GNSS positioning are the range observables, which 

can be generated from the time difference between each satellite and the receiver, user 

positioning accuracies depend on how well the sources of ranging errors of the signals are 

mitigated. In this chapter, the GNSS-related sources of ranging errors and the ways to 

mitigate them in GNSS point positioning are described in the categories of the satellite- 

dependent errors, the site-dependent errors, the atmospheric related errors and others.  

3.1 Satellite-Dependent Error Sources 

Satellite-dependent errors can be defined as the range errors that depend on a specific 

satellite and affecting the performance of positioning results. These errors include 

satellite orbit and clock errors and satellite antenna phase center offsets and variations. 

3.1.1 Satellite Orbit and Clock Errors  

Satellite orbit and clock errors could be described as uncertainties in a given ephemeris 

and clock corrections. At the time of writing, the magnitude of the r.m.s. signal in space 

user range error (SISRE) was about 0.8 m for the GPS broadcast orbit and clock (see 

Figure 5.4 in Chapter 5). Since the basic concept of GNSS positioning is based on given 

satellite information (passive system), the accuracy and the precision of the satellite 

position and clock are critical for the accuracy and precision of single point positioning. 
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However, with the given information from the broadcast ephemeris and using the local or 

global scales of dense and wide ground networks, the orbit and clock accuracies can be 

improved in real time or in post-processing fashion. Currently, real-time WADGPS orbit 

and clock corrections and precise orbit and clock products with real time, near real time, 

and several days of latency are available at different accuracies. All these further 

processed satellite orbit and clock products, which are described in the following sub-

sections, will significantly reduce the orbit and clock errors and enhance the accuracy of 

single point positioning results. 

3.1.1.1 WADGPS Orbit and Clock Corrections 

As discussed in Chapter 2, the enhanced qualities of real time CDGPS and WAAS 

broadcast GPS orbit and clock corrections are continuously generated by analyzing the 

data from the monitored satellites using predefined ground networks. Both systems 

provide the satellite orbit and clock corrections in the format of a state vector but with the 

different signs for the satellite clock correction terms and with different datums for 

CDGPS and WAAS [RTCA, 2001; CDGPS-ICD, 2003]. CDGPS adopted and provided 

these corrections in the datum of NAD83-CSRS. However, the orbit and clock 

corrections for WAAS are defined in WGS84. The accuracy of the CDGPS orbit and 

clock corrections in the user range domain is at about the 20 cm level and it is about 30 

cm to 50 cm for WAAS [Rho and Langley, 2007b; and see the later section 5.2]. 

 

In general, to properly use the WADGPS orbit and clock corrections in the positioning 

solutions, a user needs to follow the described steps below. 
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1) For using WADGPS orbit correction, the orbit correction at any epoch of interest 

should be first computed as: 
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                                                                                  (3.1) 

where, zyx  ,,  are the given WADGPS orbit corrections and zyx   ,, are the rate of 

change correction terms. kt is the time of day or epoch for which the satellite position is 

to be computed and 0t is the time-of-day of applicability or reference correction time 

provided by the WADGPS corrections. 

 

Now, the computed correction vector in equation (3.1) can be used for direct correction 

of the satellite coordinates vector, T

kkk zyx ],,[ , which is computed from a broadcast 

ephemeris [IS-GPS-200, 2013] or can be converted into the range domain error at the 

user location as shown in the equation (3.2), then apply it as a pseudorange correction 

(PRC) for a corresponding range observable. 

         orbitPRC
•

=
LOS δX

LOS
                                                                                            (3.2) 

where orbitPRC  means pseudorange correction for a satellite orbit, LOS represents the 

line of site vector between a satellite, ),,( satsatsat zyx  and a receiver, ),,( rcvrcvrcv zyx ,  

[( ), ( ), ( )]sat rcv sat rcv sat rcvx x y y z z= − − −LOS , •  represents the dot product and δX is the 

computed orbit correction vector in the above equation (3.1). 
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For using WADGPS clock correction, the clock correction term should also be first 

computed. SBAS broadcasts a fast and a long-term clock correction to mitigate the clock 

error which is varying quickly and slowly in time. The fast-clock corrections are usually 

updated every six seconds and it was about every 2 minutes for the long-term corrections. 

Therefore, these corrections should be taken into account separately or as a combined 

clock error to correct user measurements: 

 

First, the fast clock correction can be described in units of meters as it is specified in 

RTCA [2001] : 

( ) ( ) ( ) ( )fastclk fastclk of of ofPRC t PRC t RRC t t t= +  −                                                    (3.3) 

where fastclkPRC is the pseudorange correction by fast clock correction ( fastclk ) and the 

range rate correction term ( RRC ) can be computed: 

  ( )

currnt previous

fastclk fastclk

of

PRC PRC
RRC t

t

−
=


                                                                        (3.4) 

where 
current

fastclkPRC = the most recent fast correction (same as ( )fastclk ofPRC t ;
previous

fastclkPRC is 

the previous fast correction and ,of of previoust t t = − , oft is the time of applicability of the 

most recent fast clock and ,of previoust is the time of applicability of the 
previous

fastclkPRC . 

 

If the fast correction degradation factor indicator ( iai ) for computing the degradation of 

fast and long-term corrections is set, the RRC is computed by the above method. 

However, if  iai  is not set (equal to zero), then the RRC is also equal to zero. 

 



33 

 

Second, the long-term clock correction can be computed as: 

         0010 )()( fGkffkSV attaatt  +−+=                                                                 (3.5) 

where )( kSV tt  is the clock error correction at the time of day kt , 0fa  is the clock 

offset error correction and 1fa is the clock drift error correction and the term 0fGa is the 

additional correction for the GLONASS satellites in their future use when the WADGPS 

capability is extended to provide GLONASS satellite clock corrections. 

 

Then the computed clock correction can be added into the satellite clock error correction 

term, SVt  which is described in the IS-GPS-200 [2013] or applied as a scalar range 

correction for the corresponding range measurement by converting the clock correction in 

time into the metric form using a constant value of the speed of light ( c ).  

 

2) Finally, the PRC term which takes into account the combined WADGPS orbit and 

clock corrections in the range domain can be described as in the equation (3.6) and used 

as a range correction for a corresponding range observable. 

         orbit clock orbit sv fastclkPRC PRC t c PRC+

•
= + +   +

LOS δX

LOS
                                   (3.6) 

For an illustration of how the combined orbit and clock correction can be computed with 

the WAAS orbit and clock corrections, Figure 3.1 shows one result. 
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Figure 3.1 Low resolution of WAAS fast clock correction for PRN17 on January 1, 2011. 

 

In Figure 3.1, the red line shows the original WAAS corrections with the resolution of 

0.125 m. The result shows, first, the final combined orbit and clock corrections (see top 

left panel), orbit clockPRC +  in eqn. (3.6) can be computed by combining the long-term orbit 

corrections in the top right panel and the combined fast and the long-term clock 

corrections (see the middle left panel). And the combined clock corrections are composed 

of the long-term clock corrections (see the middle right panel) and the fast clock 

corrections (see the bottom left panel), which is going to be the combination of fast clock 

and the range rate clock corrections (see the bottom right panel) if the fast correction 
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degradation factor indicator ( iai ) is non-zero as described in eqn. (3.3). Second, the 

resolution of the combined fast and long-term clock corrections is highly correlated with 

the resolution of the fast clock corrections. Finally, if the range rate correction is 

computed by using fast clock corrections as described in eqn. (3.3) with the time stamps , 

t , from the observation time at the station ALGO on January 1, 2011, additional 4 cm 

level of noise is going to be added into the combined fast and long-term clock 

corrections, therefore, noisy combined orbit and clock corrections. Figure 3.1 clearly 

shows that the WAAS fast clock correction is the main source of noisy orbit clockPRC + . 

3.1.1.2 GPS Precise Orbit and Clock Products 

Since 1994, GPS precise satellite orbits and clocks are available through the International 

GNSS Service (IGS) in the form of post-processed results. The IGS is a voluntary 

federation of more than 200 worldwide agencies in more than 100 countries and provides 

the highest quality satellite orbit and clock products as a standard for GNSS [IGS, 2018]. 

These precise products are provided by processing the data from the IGS global tracking 

network of more than 500 permanent and continuously operating GNSS stations. IGS 

precise orbit and clock products are given as satellite position vectors in an ECEF 

coordinate system and the related clock errors. To obtain the satellite position and clock 

for any epoch of interest, both polynomials such as Lagrange and Chebyshev 

polynomials, and trigonometric functions are used to fit the given data and then to 

interpolate the data at the needed epoch [Schenewerk, 2003]. A summary of the 

characteristics of the current IGS precise orbit and clock products is given in the 

following Table 3.1.  
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Table 3.1 IGS GPS satellite precise orbit and clock products [IGS, 2018].  

GPS Satellite Precise Products Accuracy Latency Interval 

Final 
Orbit ~2.5 cm 

12 -18 days 
15 min 

Clock ~75 ps 5 min/30 sec 

Rapid 
Orbit ~2.5 cm 

17 – 41 hours 
15 min 

Clock ~75 ps 5 min 

Ultra-rapid 

(Observed half) 

Orbit ~3 cm 
3 – 9 hours 15 min 

Clock ~150 ps 

Ultra-rapid 

(Predicted half) 

Orbit ~5 cm 

Real time 15 min 
Clock 

~ 3 ns 

 

The current available precise GPS orbit and clock corrections that are generated by using 

global scales of the ground networks with some delays of up to 18 days for final products 

have advantages of using longer and continuous arcs in the process than the above 

discussed regional WADGPS orbit and clock corrections.   

3.1.2 Satellite Antenna Phase Center Offsets and Variations 

As the force model which is used at the IGS ACs for satellite orbit modeling refers to the 

satellite center of mass (CM), therefore, all the precise satellite orbit and clock products 

of IGS ACs also refer to the satellite CM [Kouba, 2009]. However, since the GNSS range 

measurements in the receiver are made from the satellite transmitted signal referenced to 

the satellite antenna phase center (APC), the satellite antenna phase center offsets 

(APCOs) should be known and taken into account for single point positioning users when 

one is using precise satellite orbit and clock products. Note that there is no APCO 

correction needed for the broadcast GPS and WADGPS corrected satellite orbit and clock 

since these products refer to the satellite APC. 
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For the correction of satellite APCOs, IGS provides the satellite APCOs in an antenna 

exchange format file [Schmid, 2010]. These offsets are given in the satellite-fixed 

coordinate system and the origin of the coordinate system is at the satellite’s center of 

mass. Prior to November 5, 2006, the IGS precise products incorporated the relative 

APCOs. In this case, the APCOs were relatively constant for the specific block of GPS 

satellites as can be seen in Table 3.2. 

Table 3.2 Relative antenna phase center offsets adopted by IGS (Valid until November 4, 2006). 

 X offset (m) Y offset (m) Z offset (m) 

Block II/IIA 0.279 0.000 1.023 

Block IIR 0.000 0.000 0.000 

 

However, starting on November 5, 2006, the IGS convention employed absolute APCOs 

and non-zero phase center variations (PCVs) for both satellites and all station antennas in 

the IGS reference frame 2005, namely IGS05 [Schmid, 2010 and Kouba, 2009]. With this 

convention, the antenna Z-offsets are not constant anymore and they are different for all 

satellites (see the following Figure 3.2). After 17 April 2011 (GPS week 1632), IGS 

made further changes in the antenna APCOs and PCVs by introducing the new IGS 

reference frame 2008, so-called IGS08, [Rebischung et al., 2011]. The major changes of 

the new IGS conventions can be summarized as, first, providing additional GLONASS 

phase center offsets based on the estimation of combined GPS/GLONASS solutions; 

second, use more AC results to compute the satellite antenna Z-offsets; third, provide 

bigger maximum nadir angle for the GLONASS satellites and provide more updated 

receiver antenna corrections in the IGS08 frame. For illustration of the major changes in 

the satellite antenna APCO values from the IGS05 to the IGS08, Figure 3.2 shows the 
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differences in the satellite antenna APCO values from the antenna file of IGS05 and the 

values from IGS08. Figure 3.2 clearly shows the change of Z-offsets for the GPS 

satellites as well as non-constant Z-offset values for the GLONASS satellites. 

 

Figure 3.2 Differences in GPS and GLONASS satellite antenna APCOs between IGS05 and IGS08 

(Reference: IGS05_1627.atx and IGS08_1636.atx). Note that the Y components of all the satellite 

antenna APCOs are all equal to zero. 

 

Further, to illustrate the changes of the IGS PCVs from the IGS05 to the new IGS08 

convention, Figure 3.3 shows the differences in the satellite antenna PCV values between 

IGS05 and IGS08. The Figure 3.3 indicates that there is no change in the GPS PCVs 

except for the new Block IIF satellite. However, major changes can be clearly seen in the 

GLONASS PCV values for the GLONASS-M satellites and in the increased maximum 

nadir angle of 15 degrees in IGS08 instead of 14 degrees in IGS05. 
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Figure 3.3 Satellite antenna PCVs for GPS and GLONASS. 

(Top panels show the PCV values from IGS05_1627.atx and the bottom panels show the PCV values 

from IGS08_1636.atx) 

 

However, since the offsets are given in the satellite-fixed coordinate system, which is 

defined such that the Z-axis direction points toward the Earth center, the Y-axis points 

along the solar panels axis and the X-axis completes the right-handed coordinate system 

and is in the sun-satellite-Earth plane, to have the satellite coordinates at the satellite APC 

using the given satellite antenna APCOs, the correction can be made as:  

1[ , , ] [ , , ]offset offset offset

Tx y z−= +X X e e e
PC CM x y z

                                                        (3.7) 

where PCX and CMX are the satellite coordinate vectors at the antenna phase center and  at 

the center of mass, respectively, xe is the unit vector between the satellite and the Sun in 

the ECEF system, ze is the unit vector between satellite and Earth in ECEF,  ye is the 



40 

 

vector to complete the right-handed system and offstoffsetoffset zyx ,,  are the given satellite 

antenna APCOs in the satellite-fixed coordinated system. 

 

To apply the satellite antenna PCV correction, a user first computes the nadir angle for 

the line of site vector between a satellite and a receiver. The interpolation technique is 

applied to have a PCV correction at the computed nadir angle. The range correction is 

made in the corresponding range observable by use of the computed PCV correction.  

3.2 Station-Dependent Error Sources 

Station-dependent error sources are the range error sources that depend on the location of 

a receiver and affect the point positioning performance. These errors could be separated 

into two categories as the receiver-dependent errors and the site-dependent errors. The 

receiver-dependent errors include receiver clock errors, the receiver antenna phase center 

offset and variation and multipath and noise effects. The site-dependent errors include the 

solid Earth tide and ocean loading. 

3.2.1 Receiver Clock Error 

Receivers are usually equipped with quartz crystal clocks that are relatively cheap but 

less stable than the atomic clocks in the satellites (≈ 10-13/day for the satellite clock and ≈ 

10-9/day for the receiver clock). Therefore, a receiver clock is not operating at the same 

rate as atomic time and also is not perfectly synchronized to the satellite clocks. These 

differences cause a receiver clock offset and drift. The receiver clock offset can be 

defined as the difference between the time read from the receiver and the true time 

determined by the underlying GNSS atomic time scale. In the receiver, the magnitude of 
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the time offset is controlled to a certain level (generally less than a millisecond). In 

general, two approaches are generally used for this purpose. First, the receiver steers the 

oscillator in order to drive the clock drift to approximately zero. In this case, the offset is 

constantly to within the level of noise and tracking jitter. Second, the receiver allows a 

certain level of discrete jumps in the receiver’s estimate of time. The level of allowed 

jumps is usually confined to one millisecond in magnitude and it is called a millisecond 

jump [Petovello, 2011].  

 

However, due to the existence of a certain level of receiver clock offset, drift, and slight 

timing errors, these are corresponding errors in the range measurements, and so the 

receiver clock error should be estimated along with other parameters in single point 

positioning.  

3.2.2 Receiver Antenna Phase Center Offset and Variation 

All measurements derived from received GNSS signals refer to the electronic center of 

the antenna. However, a receiver’s APC is not a physical mark that GNSS users can refer 

to and it varies with elevation angle and azimuth of the incoming satellite signals and is 

also frequency dependent. [Hofmann-Wellenhof et al., 2008]. As a result, a mean 

position of the electrical antenna phase center (MAPC) is determined first for the purpose 

of offset calibration. Then, the antenna APCO is defined as the difference between the 

antenna reference point (ARP), which is defined as the intersection of the vertical antenna 

axis of symmetry with the bottom of the antenna, and the MAPC. And the antenna PCV 

is also determined as a deviation between the APC of an individual measurement and the 
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MAPC. Therefore, the total receiver antenna phase center correction for an individual 

phase measurement is composed of the influence of the APCO plus the PCV. This error 

must be corrected, otherwise, a decimeter level of systematic error could be observed 

especially in the vertical component [Mader, 1999; 2001]. 

 

At the time of writing, IGS provides the absolute receiver APCO and PCV at 5° elevation 

angle and azimuth intervals. GNSS users can compute the corresponding correction value 

at any arbitrary elevation angle and azimuth by interpolating the available antenna phase 

center variation values. More detailed explanations on how to use the IGS satellite and 

receiver antenna APCO and PCV can be found in Kouba [2009]. 

3.2.3 Multipath and Measurement Noise 

Multipath is the phenomenon whereby a satellite-emitted signal arrives at a receiver’s 

antenna by more than one path. Multipath is mainly caused by the localized environment 

surrounding the receiver’s antenna, however, secondary effects can also occur through 

reflections at the satellite during signal transmission. The effect of multipath is more 

severe for code measurements compared to carrier-phase observations. Theoretically, the 

maximum multipath error is approximately half of the code chip length as well as less 

than one quarter of a wavelength for carrier phases [Weill, 1997; Langley, 1998]. 

Therefore, the maximum multipath effect can reach up to 15 meters for GPS P-code 

measurements and 150 meters for C/A code and it is usually on the order of a few cm for 

the carrier-phase measurements. For an illustration of the theoretical maximum multipath 

effect in GPS and GLONASS signals, Table 3.3 shows the results. Note that to compute 
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the maximum multipath errors for GLONASS carrier frequencies, the average value of 

the different carrier frequencies based on the satellite’s frequency channel number 

varying from k = -7,-6,-5, … 0,…6 was used. Table 3.3 shows GLONASS code ranging 

signals could have almost twice bigger multipath effects than those of GPS since the chip 

lengths of GLONASS code ranging signals are almost twice longer than those of GPS. 

However, GLONASS carrier-phase signals have similar multipath effects compared with 

those of GPS within centimeter levels.   

Table 3.3 Theoretical Maximum Multipath effects for GPS and GLONASS Signals.  

 Code Carrier-Phase 

GPS C/A P L1 L2 L5 

Frequency 

(MHz) 

1.023 10.230 1575.420 1227.600 1176.450 

Wavelength (m) 293.052 29.305 0.190 0.244 0.255 

Max. Effect (m) 146.526 14.653 0.048 0.061 0.064 

GLONASS C/A P L1 L2 L5 

Frequency 

(MHz) 

0.511 5.110 1601.719 1245.781 1202.025 

Wavelength (m) 586.678 58.668 0.187 0.241 0.249 

Max. Effect (m) 293.339 29.334 0.047 0.060 0.062 

 

Several efforts have taken place to develop techniques to mitigate the multipath effects, 

such as choke-ring antennas, narrow correlators [Dierendonck et al., 1992] and multiple 

antenna systems [Ray et al., 1999] and signal and data processing techniques by 

exploring the carrier-to-noise density (C/N0) ratios [Langely, 1997; Collins and Langley, 

1999a], phase-smoothed code and carrier-phase multipath-mitigation procedures for 

kinematic applications, using single-difference multipath observables with a dual-antenna 

system [Serrano et al., 2005]. However, the multipath effect still remains as the most 

difficult error source to be handled in GNSS positioning. 
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The random measurement noise, so-called receiver noise, can be described as the radio 

frequency (RF) radiation or electromagnetic interference which is sensed by the antenna 

and/or receiver. Noise could be introduced by the antenna, amplifier, cables and the 

receiver which includes multi-access noise, i.e., interference from other GPS signals and 

GPS-like broadcasts from system augmentations, and signal quantization noise [Langley, 

1997; Misra and Enge, 2001]. The magnitude of measurement noise is usually at the 

decimeter level for code measurements and a few millimeters for carrier-phase 

measurements. Similar to multipath, noise varies with the signal strength and is elevation-

angle dependent due to the dependency of the gain of GPS antennas with elevation angle 

as well as a long path of satellite signal [Langley, 1997]. Therefore, proper weight 

schemes, which can take into account the elevation angle dependencies of the 

measurements as well as the different noise levels of code and carrier-phase 

measurements could be applied to achieve a better precision of positioning results. 

3.2.4 Earth Tide 

The Earth tide is the motion of the deformation of the elastic body of the Earth caused by 

the change in its gravitational potential induced by the tidal forces from the moon and the 

sun. Among the several tidal components, in general, the lunar diurnal, the lunar 

semidiurnal, the solar diurnal and the solar semidiurnal tides are the most dominant 

components. Diurnal tides have a period of approximately 24 hours, and semidiurnal 

tides have a period of approximately 12 hours. The Earth tide effects could reach up to 60 

cm world-wide [Melchior 1974].  
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The mathematical description of the site displacement due to the tidal potential consists 

of two parts; a latitude-dependent permanent displacement and a periodic part with 

predominantly semidiurnal and diurnal periods of changing amplitudes. The site 

displacement vector of the station due to the second degree of the tidal potential can be 

described as [IERS, 2003]: 
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r


 is the site displacement vector in a Cartesian (ECEF) coordinate system, 

],,[ zyxr T =


. 

GM  is the gravitational parameter of the Earth. 

jGM is the gravitational parameters of the moon (j = 2) and the Sun (j = 3). 

r and jR  are the geocentric state vector of the station and the moon (or sun) with the 

corresponding unit vectors r̂  and jR̂ , respectively. 

2l is the nominal second degree dimensionless Love number (about 0.6078). 

2h  is the nominal second degree dimensionless Shida number (about 0.0847). 

In equation (3.8), the term factorized by 2h  and 2l  are the radial and transverse 

components of the tidal displacement. Taking the latitude ( ) of a site dependence into 

account, 2h  and 2l could be formed as [IERS, 2003]. 

2

2

3sin 1
0.6078 0.0006

2
h

 −
= −                                                                                     (3.9) 
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2

2

3sin 1
0.0847 0.0002

2
l

 −
= +                                                                                    (3.10) 

The periodic part in equation (3.8) is largely averaged out for static positioning over a 24 

hour period, however, the permanent part, which can reach up to 12 cm at mid-latitudes is 

not averaged out for a 24 hour period. For the precise point positioning, the complete 

correction which includes both the periodic and the permanent parts of tidal 

displacements should be applied. Otherwise, the systematic position errors can be 

observed up to 12.5 cm in the height direction and 5 cm in north direction [Kouba, 2009]. 

3.2.5 Ocean Tide Loading 

Ocean tide loading is the displacement of the Earth’s surface due to loading of ocean 

tides. Similar to the Earth tide, the diurnal and the semidiurnal periods are the dominant 

components. However, the effect is more localized and does not have a permanent part 

compared with the Earth tide. Like the Earth tide effect, the ocean tide loading effects are 

largely averaged out and could be eliminated through daily averaging. The displacements 

at most continental stations, which are located more than 1000 km from the coastline, are 

less than 1 cm. Therefore, ocean loading effects can be neglected for point positioning at 

the 5 cm level of precision or mm static positioning over a 24 hour period [Kouba, 2009]. 

However, the effects should be considered for the applications for cm level precise 

kinematic point positioning or precise static positioning near the coastal regions with the 

time span of the data significantly less than 24 hours. And the ocean loading effects are 

typically important and should be taken into account for the projects that need to estimate 

the tropospheric zenith path delays (ZPD) or clock solutions. If the effects are not 
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considered, the effects are mapped into the estimated ZPD [Dragert et al., 2000] and 

station clocks. 

 

The ocean load displacement vector can generally be modeled in each principal direction 

by the following correction term [IERS, 2003]. 

11

1

( ) cos[ ( )]j i j i i i j

i

f amp i t u phase i  
=

 =   + + −                                                      (3.11) 

where 

  is the ocean loading displacement vector. 

i  represents the 11 tidal constituents, the semi-diurnal waves M2, S2, K2 and N2, the 

diurnal waves O1, K1, P1 and Q1, and the long-period waves Mf, Mm and Msa. 

3,2,1=j  represent the displacement in radial, west and south directions, respectively. 

)(iamp j  and )(iphase j are the amplitude and phase of the thi  wave at the computing 

station thj  component. 

i  is the angular velocity of the thi wave at the computing time t . 

i  is the astronomical argument at time of 0 hour. 

if  and iu are dependnt on the longitude of the lunar node. 

3.3 Atmospheric Errors 

Atmospheric errors could be described as the range errors that caused by the atmospheric 

impact on the propagated GNSS signal and affecting the performance of GNSS 
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positioning results. The sources of these errors could be separated and categorized into 

the ionospheric effect (code delay and phase advance) and the tropospheric delay. 

3.3.1 Ionospheric Effect  

The ionosphere is a part of the upper atmosphere that is kept partially ionized by 

ultraviolet light and X rays from the sun and influences radio propagation to distant 

places on the Earth. It becomes sensible from about 50 km height from the Earth’s 

surface and reaches as high as about 1000 km even though the upper boundary of the 

ionosphere is not well defined [Komjathy, 1997; Langley, 1998]. A series of distinct 

regions of electron density of the ionosphere exist, with division into three main layers: 

D, E, and F, on the basis of radio wave propagation properties [Komjathy, 1997]. 

 

The effect of the ionosphere is typically important for any GNSS ranging system that has 

the signals pass through the Earth’s atmosphere to a receiver on or near the Earth’s 

surface. The ionosphere has spatial and temporal variations which depend on the 

geomagnetic field and solar activity. The amount of the ionospheric code delay and phase 

advance of the GNSS signals varies from a few meters to tens of meters depending on 

location, time within the day, and solar-geomagnetic conditions  (e.g., see the daily UNB 

WAAS ionosphere monitoring status, http://gauss.gge.unb.ca/WAAS/UNB.WAAS.html). 

For single frequency GNSS users, the ionospheric effects can be mitigated by use of 

predicted values from empirical models. The Klobuchar ionosphere model [Klobuchar, 

1987], which adopts a sinusoidal half cosine curve to fit the average diurnal variation 

ionosphere, is generally used for GPS L1 users [IS-GPS-200, 2013]. Although the 

http://gauss.gge.unb.ca/WAAS/UNB.WAAS.html
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Klobuchar model was developed for GPS, it can also be used for other GNSS such as 

GLONASS by properly taking into account the different frequency effects for the 

predicted ionospheric delays. However, due to the simplified empirical feature in the two-

dimensional model, the overall performance of the model is expected on average to 

account for about 50 percent of the ionospheric delay [Klobuchar, 1987; Feess and 

Stephens, 1987]. In a similar way, the NeQuick Galileo (NeQuick-G) model which is the 

ionospheric model adopted by the Galileo system, is also freely available to use for any 

GNSS users. As a three-dimensional and time dependent ionospheric electron density 

model, the enhanced performance of the NeQuick-G model has been demonstrated with 

respect to the performance of the Klobuchar model [Rho et al., 2017]. However, as an 

alternative method to mitigate the effect of the ionosphere for single frequency 

positioning users, many different types of regional or global ionospheric models, such as 

real-time WADGPS ionospheric delay corrections and IGS Global Ionospheric Map 

(GIM) [Schaer, 1997] are available and provide ionospheric delay predictions. Currently, 

IGS provides two different types of ionospheric maps with different latency and accuracy. 

Rapid ionospheric maps are available in less than 24 hours with a 2-9 TECU level of 

accuracy (1 TECU ≈ 16 cm at L1) and the final ionospheric maps are available with 

about 11 days of latency with 2-8 TECU accuracy [IGS, 2018]. 

 

For the dual frequency case, the first order ionospheric effects can be directly cancelled 

out by use of the ionosphere-free linear combination as: 

22
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where  IFP  and IF  represent the ionosphere-free pseudorange and phase observables, 

respectively, 1P  and 2P are the pseudorange observables at L1 and L2, respectively, 1  

and 2  are the carrier-phase observables at L1 and L2 in meters, 1f and 2f are the 

corresponding frequencies for L1 and L2, respectively.  

3.3.2 Tropospheric Delay 

The troposphere is the lower part of atmosphere over the Earth’s surface. The thickness 

of the troposphere is not everywhere the same. It extends to a height of less than 9 km 

over the poles and in excess of 16 km over the equator [Langley, 1998]. The tropospheric 

delays for GNSS signals can be described as the delays caused by the propagation of 

electromagnetic signals which is affected by the presence of neutral atoms and molecules 

in the troposphere. There is also a small contribution from the stratosphere. The amount 

of tropospheric delay in the zenith direction is about 2.3 to 2.6 m at the sea level 

[Langley, 1998]. Unlike the ionosphere, the troposphere is a non-dispersive medium for 

GNSS signals, and so the tropospheric effect is not cancelled out by combining multiple 

GNSS measurements. Therefore, usually prediction values from delay models are used to 

mitigate the effects or to estimate it as an unknown parameter in the least-squares 

adjustment.  

 

In general, the tropospheric delay can be divided into dry and wet components. The dry 

part is the most dominant component and almost 90% of the total delay can be accounted 
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for by this and it can be precisely modelled based on surface meteorological 

measurements. However, the wet component, which is a function of the water vapour 

along the signal path, is highly variable both spatially and temporally. Therefore, precise 

model prediction is difficult and accuracy is not better than 1 cm to 2 cm [Langley, 

1998]. The tropospheric delay is generally modelled by the dry component and wet 

component of delay in the zenith direction and related to slant delays by use of elevation-

angle-dependent mapping functions as:  

wet

z

wetdry

z

drytrop mdmdd +=                                                                                         (3.14) 

where tropd is the total tropospheric delay and 
Z

dryd is the zenith dry component of delay 

and its mapping function, drym , and Z

wetd is the wet zenith delay and its mapping function, 

wetm . An alternative modelling approach is to split the total delay into hydrostatic and 

non-hydrostatic components. 

 

Currently there are many different troposphere models including Hopfield, Saastamoinen, 

Davis, Niell, UNB3 and UNB3m, while mapping functions include Davis, Ifadis, Niell, 

Chao, Black&Eisner and Foelsche and Kirchengast [Mendes and Langley, 1994; Guo and 

Langley, 2003]. Differences in the models can be classified based on theoretical or 

practical data in use and the different approaches. Different mapping functions also can 

be classified by the different accuracy and complexity in use. More detailed and 

comprehensive discussion of tropospheric models and mapping functions can be found in 

Mendes [1999]. 
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CDGPS and WAAS adopted the UNB3 tropospheric delay prediction model in order to 

mitigate the effect of the troposphere. The UNB3 model consists of the Saastamoinen 

zenith tropospheric delay model with Niell mapping functions and a look-up table of 

surface meteorological parameter values with respect to latitude and height [Collins, 

1999b]. However, for the sake of simplicity and reduced computational burden, WAAS is 

using the UNB3 model with the Black & Eisner mapping function [RTCA, 2001]. In 

general, the expected residual zenith delay error after applying a predicted value from a 

model such as UNB3 would be at the few cm level [Collins, 1999b]. And it is also worth 

to mention that there exists an improved version of the UNB3 model, the so-called 

UNB3m model, by use of more realistic estimates of water vapor pressure [Leandro et 

al., 2006].  

3.4 Other Error Sources 

Other sources of errors could be defined as the range errors caused by the specific system 

definitions and the relativistic effects in GNSS affecting the performance of positioning 

results. These errors include phase wind-up, relativistic effects for GNSS, Sagnac effect, 

differential code biases (DCBs) and resolution of the WADGPS satellite clock 

corrections. 

3.4.1 Phase Wind-up 

GNSS satellites transmit right-handed circularly polarized L-band signals. A circularly 

polarized antenna's phase depends directly on the antenna's orientation with respect to the 

signal source. Therefore, the measured carrier phase varies when the receiving and/or 

transmitting antennas change their relative orientations. This effect is known as phase 
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wind-up or sometimes also denoted as wrap-up [Wu et al., 1993]. The phase wind-up 

effect is significant for un-differenced point positioning and the effect can reach up to one 

cycle (one wavelength) or more if the antenna keeps rotating. The phase wind-up effect 

even exists for a non-moving platform, such as in static positioning, because the satellite 

antenna is slowly rotating due to the reorientation of its solar panels toward the sun. 

During eclipse seasons, rapid phase wind-up error can occur with the antenna rotations of 

up to one revolution within less than half an hour [Bar-Server, 1998]. Therefore, phase 

data needs to be corrected for this effect by equations [Wu et al., 1993] or simply edited 

out during the case of an eclipse. 

The phase wind-up corrections,  , can be evaluated as follows: [Wu et al., 1993] 

ˆ ˆ ˆˆ ˆ ˆ' ' ( ') 'D x k k x k y= − • −                                                                                               (3.15)                                                                                                

ˆ ˆ ˆˆ ˆ ˆ( )D x k k x k y= − • −                                                                                                   (3.16) 

1 'ˆ( ( ' )) cos ( )
'

D D
sign k D D

D D
 − •

= •                                                                             (3.17)                                                                              

where,  

k̂  is the satellite to receiver unit vector. 

'ˆ,'ˆ,'ˆ zyx  are the current satellite body coordinate unit vectors. 

zyx ˆ,ˆ,ˆ  are the receiver local unit vectors. 

',D D are the effective dipole vectors of the satellite and receiver, i.e., 'ˆ,'ˆ,'ˆ zyx and zyx ˆ,ˆ,ˆ , 

respectively. 

  is the phase wind-up correction in radians can be evaluated from dot (• ) and vector, (

 ), products. 
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3.4.2 Relativistic Effects for GNSS 

Since the GNSS satellites are located far from the Earth and constantly moving relative to 

an observer on the Earth, the nominal frequency of the satellite clock on board is 

influenced by the motion of the satellite and by the difference of the gravitational field at 

the satellite and the observer. Two relativistic effects, General Relativity and Special 

Relativity, affect the GNSS satellite clocks. General Relativity predicts the atomic clocks 

at GNSS orbital altitudes appear to be ticking faster by about 45,900 ns/day because they 

are in a relatively weaker gravitational field than atomic clocks on Earth's surface. 

Special Relativity predicts that the satellite on-board atomic clocks moving at GNSS 

orbital speeds should tick slower by about 72,000 ns/day than clocks on the ground. 

Therefore, the corresponding relativistic effects of Special and General Relativity must be 

taken into account [Zhu and Groten, 1988].  

 

In GNSS systems, the predicted relativistic effects of Special and General Relativity on 

the satellite’s atomic clocks have been compensated by the computed values based on the 

assumption of a circular orbit. Therefore, users only need to take into account the 

periodic eccentricity correction, usually denoted as the periodic relativity correction, 

given in the equation (3.18). 

c

vr
t sr

e




−=
2

                                                                                                             (3.18) 

where et is the periodic relativity clock correction of the satellite, sr


 and rv


 are the 

instantaneous satellite position and velocity vector, respectively [IS-GPS-200, 2013]. 
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Approximation errors of this standard GPS relativity treatment are well below the 0.1 ns 

and 10-14 level for time and frequency, respectively [Kouba, 2004]. Moreover, to the 

satellite clock effect, the earth gravitational field gives rise to a space-time curvature of 

the satellite signal [Hofmann-Wellenhof et al., 2007] and causes a maximum of 2 cm of 

propagation delay. The correction of this term is given in equation (3.19). 

s

rr

s

s

rr

s

rel
c 




−+

++
= ln

2
2

                                                                                         (3.19) 

where rel is the range correction for General Relativity in meters,  is the earth’s 

gravitational constant, s and r denote the geocentric distances of satellite s  and 

observing receiver site, r , and s

r is the distance between the satellite and the observing 

receiver site. 

3.4.3 Earth-Rotation-Effect 

Due to the rotation of Earth during the time of signal propagation from the satellite to the 

receiver on Earth, a non-relativistic effect is introduced. According to Hofmann-

Wellenhof et al., [2007], a receiver clock located on the surface on Earth is rotating with 

respect to resting refence frame at the geocenter with the associated linear velocity of 

about 500 m/s . The correction can be estimated by the equation (3.20) [Ashby and 

Spilker, 1996]. Alternatively, “another solution can be obtained by rotating the receiver 

coordinates around the z axis with the amount of Earth rotation during the propagation 

time until no remarkable change in coordinates is observed. Then, the correction can be 

estimated as the difference between the original range and the one obtained from the 

transformation” [Abdel-salam., 2005]. 
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                                                                                                  (3.20) 

where Sagnac is the transmitting path correction due to the rotation of the Earth and c  is 

the speed of light, sr


 and rr


 are the geocentric position vector of the satellite and the 

receiver, respectively and rv


 is the velocity vector of the receiver. 

3.4.4 Differential Code Bias (DCB) 

The different electronic signal path delays for different signal components give rise to 

satellite and receiver instrumental biases, so-called P1-P2 and P1-C1 differential code 

biases (DCB). The existence of these biases causes a twofold problem. The first problem 

is in the generation of the satellite orbit and clock correction products at the different 

agencies or organizations by use of their ground networks. For the consistency of their 

products, all tracking stations should use the same type of observations and the generated 

products, especially the clock products, are generally held fixed with user observations. 

For example, the IGS uses the dual frequency, P1 and P2 ionosphere-free linear 

combination to generate their precise products. As a result, the reference clock of the 

products is fixed in that P1/P2 ionosphere-free observable. The second is that a user 

needs to use the specific set of pseudorange observations, which are consistent with the 

observables, when the used satellite and clock products are generated. If a different 

observable is used, the user should make a proper correction to take into account the 

satellite clock reference issue. Otherwise, user position and clock solutions would be 

degraded. In general, the satellite P1-P2 DCBs vary in the range of ±4 ns and the range of 

variation of P1-C1 DCBs is about ±2 ns [CODE, 2018]. 
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This clock reference issue is important for a user who is using any satellite orbit and 

clock products, such as GNSS broadcast orbit and clock and precise orbit and clock 

products. However, this issue is typically more important for a user who is using dual 

frequency data with WADGPS corrections. Because the reference clock of WADGPS 

corrections refers to the single frequency, C1 observable, a user should take the proper 

step for clock bias correction by use of satellite DCB values [Rho and Langley, 2005]. 

Note that the values of differential code biases are regularly estimated and provided by 

IGS analysis centers, for example CODE [2018], and comprehensive derivations and the 

ways to correct the clock reference issue for the different types of observables with the 

different satellite orbit and clock products are described later in chapter 4.  

3.4.5 Resolution of WADGPS Clock Corrections 

User positioning results are sensitive to the level of noise in the GNSS observables. In 

general, more noise in the data or products used make less precise positioning results. 

The WADGPS provide all the corrections based on a predefined resolution for the 

specific types of correction messages. The resolution for pseudorange correction (PRC), 

which take into account the fast satellite clock term and the long-term satellite orbit and 

clock is 0.125 m for WAAS [RTCA, 2001]. However, in the case of CDGPS, the 

resolution for the PRC was 0.0039 m [CDGPS-ICD, 2003]. Due to the different 

resolutions for the fast and long-term corrections between CDGPS and WAAS, the final 

PRC corrections for WAAS are shown to be noisier than that of CDGPS. For illustration 

purposes, Figure 3.4 shows the different noise levels for the PRC between CDGPS and 

WAAS. 
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Figure 3.4 Different noise levels for the combined (fast and long-term) PRC between CDGPS (red 

trace) and WAAS (blue trace) [Rho and Langley, 2005]. 

 

Note that Figure 3.4 shows the combined (fast and long-term) pseudorange corrections 

(PRC) for PRN 22 on November 10, 2004. The lower panel shows their broadcast errors. 

The blue (dotted) traces show the PRC and its error from WAAS and the red (continuous) 

lines represent the PRC and its error from CDGPS [Rho and Langley, 2005]. In Figure 

3.4, first of all, we can see the different magnitudes of the PRC corrections between 

CDGPS and WAAS. The differences are due, in part, to the fact that CDGPS uses 

NAD83(CSRS) and WAAS uses WGS84 as reference frames for the satellite corrections. 

In the lower panel, we can see the different transmitted uncertainties for the PRC 

corrections. The relationship between PRC and its sigma are well described in the WAAS 
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MOPS [2001] and CDGPS-ICD [2003]. The CDGPS errors might be unrealistically 

small. However, the sigma is not a critical issue compared with the actual correction 

values as long as the weighted least-squares processing just considers the relative 

uncertainties between satellites at a specific epoch rather than the magnitude of the 

uncertainties. However, we can clearly see that the WAAS PRC is somewhat noisier than 

the PRC from CDGPS in Figure 3.4. 

 

Figure 3.5 WAAS fast correction and range-rate correction (RRC) on November 10, 2004 [Rho and 

Langley, 2005]. 

Finally, Figure 3.5 shows that the WAAS fast correction has a resolution of 0.125 m and 

we found it caused a noisy PRC correction (see also Figure 3.1), therefore noisy solution, 

for all the satellites. In the single-frequency case, we deal with about a meter-level 
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accuracy. In this case, the low resolution for the corrections might not be a significant 

issue.  However, to improve the dual-frequency precise point positing with WAAS 

corrections, it would be good to take into account the quantization noise effect in the 

corrections. The effects of the low resolution of WAAS satellite clock corrections in the 

positioning domain and the way the issue was handled in this research are presented later 

in Chapter 7. 
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CHAPTER 4 DEVELOPMENT AND DESCRIPTIONS OF 

MATHEMATICAL MODELS 

This chapter presents the developed mathematical models for PPP with the WADGPS 

corrections and the PPP models for GPS measurements with precise orbit and clock data. 

Since the ways to handle the special issues in the PPP process with different orbit and 

clock products are different for different position estimators and different basis 

observables, the chapter begins with a discussion of WADGPS PPP with a sequential 

forward smoothing filter. In this section, a developed point positioning model with 

WADGPS corrections, which fully takes into account the satellite clock referencing issue 

and carrier-phase smoothing method, is discussed. In the following section, the PPP 

models with different orbit and clock corrections are discussed in the context of using a 

recursive sequential least-squares method with un-differenced dual-frequency code and 

carrier-phase measurements. In this chapter, the detailed functional and stochastic models 

for PPP processes are described.  

4.1 WADGPS PPP Algorithm with Sequential Forward Smoothing Filter 

In order to achieve the highest possible point positioning accuracy with WADGPS 

corrections in real-time fashion, there are some special issues in using WADGPS 

corrections for dual-frequency GPS point positioning. First, due to the WADGPS 

corrections being designed for real-time navigation solutions, having independent epoch-

by-epoch solutions, the position estimator should use a weighted least-squares approach 
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to properly take into account the uncertainty of each WADGPS correction at each epoch. 

In this case, the increased noise level from using the ionosphere-free dual-frequency 

combination should be dealt with by a carrier-phase smoothing or filtering technique in 

the measurement domain. Second, as WADGPS services typically provide clock 

corrections, which are referenced to the C1 (L1 C/A-code pseudorange) observable, there 

exist satellite clock referencing issues for the proper use of the corrections for dual-

frequency observations. As long as satellite instrumental biases exist (C1 vs. P1 and P1 

vs. P2), this issue should be properly reflected in the observation model.   

4.1.1 Development of Precise Point Positioning Model with WADGPS Corrections 

In the standalone positioning model, the pseudorange observation equation can be written 

as 

obsobs

r

refobs

s

refobstropobsionrefref empbbdddTdtP +++++++−= −−,                             (4.1) 

where P  is the observed pseudorange;  is the geometric range between receiver and 

satellite; dt and dT are the satellite and receiver clock errors, respectively; iond  and tropd

are the ionospheric and tropospheric delays; sb and rb  are the satellite and receiver 

instrumental biases or delays; mp is the multipath; and e  is the unmodeled error 

including receiver noise. In equation (4.1), all terms are expressed in meters and subscript 

“ref” indicates the reference for a correction and “obs” refers to the observable being 

used. 
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Specifically, for the standard GPS dual-frequency code observables, C1, P1, and P2, we 

have 

11111,1 CC

r

refC

s

refCtropCionrefref empbbdddTdtC +++++++−= −−                               (4.2) 

11111,1 PP

r

refP

s

refPtropPionrefref empbbdddTdtP +++++++−= −−                                (4.3) 

22222,2 PP

r

refP

s

refPtropPionrefref empbbdddTdtP +++++++−= −−                             (4.4) 

4.1.1.1 Positioning Using the Broadcast Navigation Message Only 

The satellite instrumental biases depend on the satellite clock reference used. Consider 

first, only applying the clock correction as given in the broadcast navigation message. 

This gives a clock referenced to the P1P2 ionosphere-free linear combination [IS-GPS-

200, 2013]. If we apply the GDT correction to the satellite clock correction, as instructed in 

IS-GPS-200 [2013], we get the clock referenced to P1. GDT  is related to the P1P2 inter-

frequency instrumental delay as follows: 

21
1

1
PPGD bT −

−
=


,                                                                                                          (4.5) 

where 6469.1
2

2

2

1 =
f

f
 ; and 1f and 2f  are the L1 and L2 carrier frequencies 

respectively. 

 

Using the 1 2P P  clock reference, we have 

111111,21 )(1 CC

r

refC

s

PCtropCionrefGDPP empbbdddTTdtC +++++++−−= −−                 (4.6) 
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111111,21 )(1 PP

r

refP

s

PPtropPionrefGDPP empbbdddTTdtP +++++++−−= −−                  (4.7) 

222122,21 )(2 PP

r

refP

s

PPtropPionrefGDPP empbbdddTTdtP +++++++−−= −−               (4.8) 

Note that the satellite bias term for P1 is zero and that the bias for P2 is related to GDT  as 

follow:   

GDPP Tb )1(12 −=−                                                                                                            (4.9) 

 

So, the equation for P2 can also be written as 
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Note that for P2 with the navigation message, GDT should be applied with the factor of 

1.6469 = . 

 

Consider the C1P2 ionosphere-free linear combination, ignoring the receiver biases, 

multipath, and noise: 

s

PCtroprefGDGDPP bddTTTdtPC 1121 )(21 −++++−−=−                                (4.11) 
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Noting that 



 =  

we have 
s

PCtroprefPP bddTdtPC 112121 −+++−=−                                              (4.13) 
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So, for the C1P2 combination with GPS navigation clock corrections,  GDT  is not applied 

but s

PCb 11−  should be applied with the factor 5457.2= . 

4.1.1.2 Positioning Using WADGPS Corrections 

Now, let’s consider satellite clock corrections from WAAS and CDGPS. These clock 

corrections are referenced to C1 and are in addition to the navigation message 

corrections. We have, therefore 

1 2 1 , 1 1 1 1 1 1

1 2 1 , 1 1 1 1

1 ( )
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P P GD C ref ion C trop C C C ref C C

r

P P GD C ref ion C trop C ref C C

C dt T t dT d d b b mp e

dt T t dT d d b mp e

 

 

− −

−

= − − + + + + + + + +

= − − + + + + + + +
          (4.14) 

where 1Ct is the WADGPS clock correction. Note that GDT is applied but no other 

satellite-bias correction is needed. 

 

Continuing with the P1 and P2 observables, we have 

111111,121 )(1 PP

r

refP

s

CPtropPionrefCGDPP empbbdddTtTdtP ++++++++−−= −−      (4.15) 

222122,121 )(2 PP

r

refP

s

CPtropPionrefCGDPP empbbdddTtTdtP ++++++++−−= −−   (4.16) 

The bias s

CPGD

s

CP

s

PP

s

CP bTbbb 11111212 )1( −−−− +−=−=                                                    (4.17) 

So, we have for P2 

1 2 1 , 2 1 1 2 2 2

1 2 1 , 2 1 1 2 2 2

2 ( ) ( 1)

( )

s r

P P GD C ref ion P trop GD P C P ref P P

s r

P P GD C ref ion P trop P C P ref P P

P dt T t dT d d T b b mp e

dt T t dT d d b b mp e

  

  

− −

− −

= − − + + + + + − + + + +

= − − + + + + + + + +

                                                                                                                                      (4.18) 

The ionosphere-free linear combination using the WADGPS corrections is (again, 

ignoring the receiver bias, multipath, and noise terms) 
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1 2 1 1 1

1 2 1 1 1

1 2 ( )

( )

s

P P GD GD C ref trop P C

s

P P C ref trop P C

C P dt T T t dT d b

dt t dT d b

      

  

−

−

− = − − + + + + −

= − + + + −
                      (4.19) 

So, for the C1P2 combination with WADGPS clock corrections,  GDT  is not applied but 

s

CPb 11−  should be applied with the factor of 5457.1= . 

4.1.1.3 Positioning with IGS Precise Products 

Note that the main purpose of this section is to derive the observation model with 

WADGPS corrections, since the P1-C1 bias issue also exists for pseudorange-based point 

positioning with IGS precise products (see Chapter 3), the way to handle the P1-C1 bias 

issue with the different observables is illustrated in this section.  

 

In the case of IGS clock products, which are referenced to P1P2, we have 

111111,2121 )(1 CC

r

refC

s

PCtropCionrefPPPP empbbdddTDCBdtC +++++++−−= −−     (4.20) 

where 21PPdt  is the IGS clock correction and 21PPDCB  is the IGS inter-frequency 

differential code bias and should be used in place of GDT  for consistency. 

1 2 1 2 , 1 1 1 1 1 1

1 2 1 2 , 1 1 1 1

1 ( )

( )

s r

P P P P ref ion P trop P P P ref P P

r

P P P P ref ion P trop P ref P P

P dt DCB dT d d b b mp e

dt DCB dT d d b mp e

 

 

− −

−

= − − + + + + + + +

= − − + + + + + +
         (4.21) 

1 2 1 2 , 2 2 1 2 2 2

1 2 1 2 , 2 1 2 2 2 2

1 2 1 2 , 2 2 2 2

2 ( )

( )

( )

s r

P P P P ref ion P trop P P P ref P P

r

P P P P ref ion P trop P P P ref P P

r

P P P P ref ion P trop P ref P P

P dt DCB dT d d b b mp e

dt DCB dT d d DCB b mp e

dt DCB dT d d b mp e

 

 

 

− −

−

−

= − − + + + + + + +

= − − + + + + + + +

= − − + + + + + +

 (4.22) 

And so the ionosphere-free linear combination using IGS clocks is 
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1 2 1 2 1 2 1 1

1 2 1 1

1 2 ( )

( )

s

P P P P P P ref trop C P

s

P P ref trop C P

C P dt DCB DCB dT d b

dt dT d b

     

 

−

−

− = − − + + + +

= − + + +
            (4.23) 

So, for the C1P2 combination with IGS clock corrections, neither GDT  nor 21PPDCB  is 

applied but s

PCb 11−  should be applied with the factor 2.5457. =  

Note that the signs should be consistent in the above equations so that s

PC

s

CP bb 1111 −− −= . 

 

By expanding the above derivations into other observables and to the different linear 

combinations, the following Tables 4.1 to 4.3 show the summary of the inter-frequency 

bias corrections for the different satellite orbit and clock products. 

Table 4.1 Summary of inter-frequency bias corrections for broadcast orbits and clocks.  

 BROADCAST ORBITS AND CLOCKS (P1 REFERENCE) 

 CODE OBSERVABLES DCB 

FREQUENCY 

MODE 
C1 P1 P2 

P1-C1 P1-P2 

( GDT or DCB) APPLY SCALE APPL

Y 

SCALE 

SINGLE YES x x YES -1 YES -1 

SINGLE x YES x NO X YES -1 

SINGLE x x YES NO X YES −  

DUAL YES x YES YES -  NO x 

DUAL x YES YES NO X NO x 
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Table 4.2 Summary of inter-frequency bias corrections for WADGPS orbits and clocks. 

 
WIDE AREA DIFFERENTIAL GPS ORBITS AND CLOCKS 

(C1 REFERENCE) 

 CODE OBSERVABLES DCB 

FREQUENCY 

MODE 
C1 P1 P2 

P1-C1 P1-P2 

( GDT or DCB) APPLY SCALE APPLY SCALE 

SINGLE YES x x NO x YES -1 

SINGLE x YES x YES 1 YES -1 

SINGLE x x YES YES 1 YES −  

DUAL YES x YES YES −  NO x 

DUAL x YES YES YES 1 NO x 

 

Table 4.3 Summary of inter-frequency bias corrections for IGS orbits and clock products. 

 IGS ORBITS AND CLOCKS (P1 REFERENCE) 

 CODE OBSERVABLES DCB 

FREQUENCY 

MODE 
C1 P1 P2 

P1-C1 P1-P2 

( GDT  or DCB) APPLY SCALE APPLY SCALE 

SINGLE YES x x YES -1 YES −  

SINGLE x YES x NO x YES −  

SINGLE x x YES NO x YES −  

DUAL YES x YES YES −  NO x 

DUAL x YES YES NO x NO x 

 

Note that the sign of the P1-P2 and the P1-C1 DCBs depend on the sign of the satellite 

clock in the observation model. The assigned signs in the tables are consistent with the 

derived observation equations in this dissertation. 

4.1.2 Modified Hatch-Type Smoothing Algorithm for WADGPS 

For dual-frequency GPS point positioning with the WADGPS corrections, the increased 

noise level by use of the ionosphere-free combination should be properly handled. As 
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long as the position estimator uses a weighted least-squares approach with independent 

epoch-by-epoch solutions properly taking into account the uncertainty, the smoothing 

process needs to generate useful uncertainty for each smoothed measurement in the 

measurement domain.  

 

In this section, a modified Hatch-type filter is introduced to properly use the WADGPS 

corrections. The basic form can be attributed to the carrier-phase smoothing algorithm, 

which was first introduced by Hatch [1982]. This filter is effective if the change in carrier 

phase and pseudorange can be considered to be equal over a certain interval. The main 

idea of the modification is to get the uncertainty of the smoothed pseudorange. Both 

systematic and random error effects are considered by analyzing the error propagation of 

different error sources for the smoothed pseudorange. As long as the WADGPS service 

provides corrections for the satellite orbit, clock and ionospheric delay (for the single-

frequency case) with their uncertainties, the systematic errors and their residual effects 

can be properly managed.  

 

To mitigate random error, including multipath and noise effects, a set of noise model 

coefficients is used. McGraw et al. [2000] describe the multipath and noise level for 

different qualities of receivers and provided the estimated coefficients for an exponential 

noise model. Their work was originally carried out for the Local Area Augmentation 

System (LAAS) but is generally applicable. The combined multipath and noise in the 

GPS measurements can be modeled by using a tuned exponential function at each station. 
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In the work described here, an attempt was made to mimic the real-time situation by use 

of the above noise model with the WADGPS corrections.   

4.1.2.1 A Modified Carrier-Phase Smoothed Pseudorange Algorithm 

Consider a series of n  observations of pseudoranges iP  and their variances 
iPD , and 

carrier phases i  and their variances 
i

D , 1,...,i n= . 

The general GPS observation equations for pseudorange and carrier phase, explicitly 

including the orbit error term but ignoring the instrumental biases for the sake of clarity, 

are: 

iiiiontroporbii empddddtdTP +++++−+= ,)(                                                 (4.24) 

iiiiontroporbii MPNddddtdT  +++−++−+= ,)(                                                (4.25) 

where orbd  is the orbit error (added to the observation equations to make explicit 

reference to all the terms which WADGPS provides); N  is the carrier-phase ambiguity; 

MP  is the multipath error for carrier phase; and  is the carrier-phase noise. The other 

terms have their usual meaning as described in equation (4.1) and again, all terms are 

expressed in meters. 

Then the weighted forward smoothing model can be formed: 

 
==

−+=
n

i

i

n

i

iniin WPWP
11

/)(                                                                                (4.26)                                                                                                               

and the equivalent recursive form is 
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, 11 PP =                                               (4.27) 

where, nP is the smoothed pseudorange up to the thn  epoch and nW  is the weight for the 

raw pseudorange.  

Due to the opposite signs of the ionospheric delay terms between pseudorange and carrier 

phase (see equations (4.24) and (4.25)), we can see twice the ionospheric delay change, 

the so-called divergence, in results computed using equation (4.27). The smoothing 

interval for single-frequency use is limited by this divergence factor.  

 

For the dual-frequency case, the ionosphere-free pseudorange and carrier phase can be 

formed as: 

)()()(21 2211 PPCCtroporbIF mpempedddtdTPCP +−++++−+=−=                 (4.28) 

1 2 1 1 2 2

1 2

( ) ( ) ( )

IF

orb tropdT dt d d N N MP MP

 

           

 =  − 

= + − + + + − + + − +
    (4.29) 

where the carrier-phase ambiguities, 1N and 2N , are assumed as constants 

(uninterrupted measurements). 

Now, the pseudorange and carrier-phase changes in time can be written: 

)()()( 2211 PPCCtroporbIF mpempedddtdTP +−++++−+=           (4.30) 

 )()()( 2211  +−++++−+= MPMPdddtdT troporbIF     (4.31) 
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Equations (4.30) and (4.31) show that first, there is no divergence problem as with single-

frequency observations and second, the condition that the changes in carrier phase and 

pseudorange are nominally equal is satisfied. As long as the noise and multipath in the 

carrier phase is much smaller than that in the pseudorange, a portion of the differences 

between carrier phase and pseudorange can be averaged out within a particular time 

interval.  

 

However, equations (4.24) and (4.25) and (4.30) and (4.31) include some biases which 

slowly change with time, i.e., residual satellite orbit, clock and troposphere effects. 

Within a certain time interval, those long-term biases are not averaged out with a 

smoothing process. However with the WADGPS corrections, we have satellite orbit and 

clock corrections with their uncertainties. The UNB3m troposphere model [Leandro et 

al., 2006] with Niell mapping functions as well as its uncertainty has also been used to 

mitigate the tropospheric error in the observables. The only significant difference in the 

troposphere model compared to that currently used by WAAS was that the Niell mapping 

functions have been used rather than the Black and Eisner mapping function [RTCA, 

2001]. So now we can deal with much smaller residual errors for the long-term biases in 

our observations. And the smoothing process is only limited by cycle slips. If a cycle slip 

happens in the carrier phase, the smoothing process has to reset.   
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4.1.2.2 Weighting Scheme for Smoothing Process.  

Let the uncertainty (standard deviation) caused by white noise and multipath be  , and 

the uncertainty caused by satellite orbit, clock, and atmospheric delay (assumed to be 

random with zero mean),  . Then, assuming these groups of errors are uncorrelated, we 

have 

2 2 2

n nP P nD = +                                                                                                                 (4.32) 

From equation (4.24) and (4.25), 

2 2 2 1/2

1[( ) ]
nn dTS T I  =  + +                                                                                         (4.33) 

where 1S  is a scale factor for estimating the tropospheric delay ( tropd ) residual error. 1S  

is assigned an empirical value of 0.01 for the UNB3 tropospheric model. I is the 

uncertainty for the ionospheric correction (single-frequency case) from WADGPS, dT is 

the uncertainty for satellite orbit and clock corrections from WADGPS. 

The systematic errors are the same for pseudorange and carrier phase:  

nPnn
==                                                                                                                (4.34) 

To get an estimate of the random errors,  , the coefficients of the exponential noise 

function for a geodetic quality receiver have been used [McGraw et al., 2000]:  

)/exp(10 cnP aa
n

 −+=                                                                                           (4.35) 

where 16.00 =a meters,  07.11 =a meters, n is the elevation angle in degrees and 

5.15=c degrees. 

Finally, the weight for the raw pseudorange in equation (4.27) is given by 
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=                                                                                                                      (4.36) 

4.1.2.3 The Uncertainty for Smoothed Pseudorange.  

By use of equation (4.27), the random error for the smoothed pseudorange can be 

expressed as:  
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However, as the noise and multipath on the carrier phase is roughly 100 times smaller 

than that on the pseudorange [Misra and Enge, 2001], and again to mimic the real-time 

situation by use of the empirical noise model [McGraw et al., 2000] with the WADGPS 

corrections, the random error for the smoothed pseudorange in these analyses has been 

simplified to 
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where, additionally it has been assumed that for the ionosphere-free combination, from 

the analysis for the noise level of C1 code and P2 code measurements, PPP PC
 ==

21
. 

Then, 

2 2 2 2( )
IF nn

P P   = +                                                                                                   (4.39) 
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and 

2/122

1 ])[(
nn dTIF TS +=                                                                                              (4.40) 

and again, the systematic errors are the same for pseudorange and carrier phase: 

IF IF nn n
P IF =  =                                                                                                          (4.41) 

IF IF nn n
IFP  =  =                                                                                                          (4.42) 

So finally, the uncertainty for smoothed pseudoranges, which considers both systematic 

and random error effects, can be expressed as: 

2 2 2

n n nP P P
D = +                                                                                                              (4.43) 

The receiver position is finally calculated by weighted least squares with the smoothed 

pseudoranges and the following weighting scheme: 

2

1
n

n

P

P

W
D

=                                                                                                                     (4.44) 

4.1.3 Adjustment with Weighted Least Squares Method 

Linearization of the observation equation (4.28) with respect to a set of parameters, X , 

which consists of station position ),,( zyx and receiver clock dT , now can be described 

in the form of a matrix equation as: 

0
P

+ − =w AδΧ r ; C
P

                                                                                                 (4.45) 

where w is the misclosure vector and denoted as 
0

P
P P= −w ; P  is the carrier-phase 

smoothed pseudorange; 0P  is the computed value from the model with initial parameters, 

0
X ; A  is the design matrix; δX is the vector of corrections to the unknown parameters 
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X ; r  is the vector of residuals and C
P

 is the variance-covariance matrix of observations, 

P , and can be denoted by using the above derived equation (4.43) as 2

PP
C D= . 

And the design matrix, A , whose elements are the partial derivatives of the observation 

equation with respect to unknown X is formed as: 

1 1 1

1 1 1

2 1 2

2 2 2

s s s

s s s

s s s

s s s

sn sn sn

sn sn sn

x x y y z z
c

x x y y z z
c

x x y y z z
c

  

  

  

 − − −
 
 
 − − −
 

=  
 
 

− − − 
 
 

A                                                                            (4.46) 

where 2 2 2( ) ( ) ( )s s s sx x y y z z = − + − + − and   is the geometrical range between 

satellite and receiver; ( , , )s s sx y z are the satellite position coordinates; the superscript n  

is a total number of monitored satellites at the specific epoch and c is the speed of light. 

Now the weighted least-squares solution can be made as: 

1 1 1( )δX A C A A C w
T T

P P P

− − −= −                                                                                         (4.47) 

where X̂ is the estimated parameter at each epoch and computed as 0X̂ X δX= +  

Finally, the covariance matrix of the X can be made as:  

1 1( )XC A C A
T

P

− −=                                                                                                          (4.48) 

4.2 PPP Model with Sequential Least-Squares Method 

In this section, the observation models for PPP with WADGPS orbit and clock 

corrections using a recursive sequential least-squares method are described. In terms of 
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the PPP algorithm with WADGPS corrections, since the recursive form of sequential 

least-squares allows us to introduce additional time-dependent parameters into the above 

described method for WADGPS PPP with a sequential forward smoothing, the major 

purposes in the development of WADGPS PPP with a sequential least-squares method 

are to have a system that is less sensitive to the clock reference issue and to have 

improved positioning accuracy by estimating the tropospheric delays and by properly 

handling the residual orbit and clock errors. Simsky [2003] showed a possibility to 

improve the dual-frequency point positioning accuracy by estimating orbit and clock 

errors using a dynamic ambiguity method with a Kalman filter approach. With the 

standard observation model along with the broadcast ephemeris, this method was 

demonstrated to obtain a similar positioning accuracy to that of the GPS code-based 

differential techniques. However, in this research, to have a best possible positioning 

accuracy in the developed WADGPS PPP with sequential least-squares method, a similar 

form of a conventional GPS PPP method [Kouba and Héroux, 2001] has been used. The 

ionosphere-free linear combination with undifferenced dual frequency code and carrier-

phase measurements is used as a basis observable. The station position vector, receiver 

clock offset and tropospheric zenith path delays are estimated along with ambiguity 

parameters. However with WADGPS corrections, the ambiguity parameter is not 

assumed as constant nor as an integer, but varying with time to absorb long-term residual 

orbit and clock errors. Since the WADGPS orbit and clock corrections are less precise 

than precise orbit and clock products, such as those from IGS, the varying ambiguity 

method was developed to have a best positioning solution especially in kinematic 
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positioning. However, with this approach, due to the ambiguity parameters absorbing not 

only residual orbit and clock errors but also some parts of a constant bias including a 

constant feature of ambiguity and instrumental bias for each satellite, this algorithm is 

less sensitive to the clock reference issue compared with the WADGPS PPP with the 

sequential forward smoothing method. Note that again the clock reference issue is the key 

issue, which should be carefully taken into account to properly use WADGPS corrections 

with GPS dual-frequency data. Finally, by taking a benefit of recursive sequential least-

squares, which is continuously estimating a set of current states by using the information 

from the previous states, temporal filtering or a smoothing effect in the positioning 

solutions could be attained. Therefore, less noisy and more accurate positioning solutions 

could be computed than that of WADGPS PPP with the sequential forward smoothing 

method. 

 

To clearly identify and highlight the differences between the conventional PPP algorithm 

with precise orbit and clock products and the PPP algorithm with WADGPS corrections, 

the next section starts with describing the conventional PPP using precise orbit and clock 

products.  

4.2.1 PPP Model with Precise Orbit and Clocks 

For the clarity of derivation of the GPS PPP observation model, the general form of the 

ionosphere-free linear combination between code observations and between carrier-phase 

observations on L1 and L2 can be formed here again: 
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( )
IF IF IF IF

s r

IF trop P P P PP dT dt d b b mp e= + − +                + + + +                                          (4.49) 

( )
IF IF IF IF IF

s r

IF tropdT dt d N b b MP       = + − + + + + + +                                      (4.50) 

where the used terms in the above equations have their usual meaning as the terms 

described in equations (4.1) and (4.24) and (4.25). 

 

In equation (4.49) and (4.50), due to the same functional behaviour as constant partial 

derivatives of the associated receiver clock parameter and the satellite and receiver inter-

frequency biases, the inter-frequency biases are not separable in the form of normal 

equations for the least-squares solutions. By taking into account this issue in the model 

and to explicitly highlight the datum dependency of the carrier-phase ambiguity for the 

code measurement, the combined clock, which includes satellite and receiver clocks and 

code bias in equation (4.49), is carried over to the phase model in equation (4.50). Then 

the equations can be simplified as: 

* *

IFIF trop PP dT d e= + +              +                                                                                  (4.51) 

* *

IF IFIF tropdT d B   = + + + +                                                                                 (4.52) 

where *dT  is the combined receiver clock term which contains satellite and receiver 

clocks and the satellite and receiver inter-frequency code biases and can be expressed as 

* ( ) ( )
IF IF

s r

P PdT dT dt b b= − + + ; 
*

IFPe is the unmodeled error including residual inter-

frequency bias, multipath and receiver noise for a specific observable as 

*

/IF IF IF IF

s

P r P P Pe b mp e= + + ; 
*

IF
 is the unmodeled error for carrier-phase measurement and 
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denoted as *

/IF IF IF IF

s

rb MP     = + + ; and  the combined ambiguity parameter, which 

can compensate code and carrier-phase biases and the ambiguity, can be described as: 

( ) ( )
IF IF IF IF IFIF

s s r r

P PB b b b b N
   = − + − + and it is referred as a float ambiguity as its integer 

characteristic has to be disappeared with the inclusion of the biases.  

 

By directly estimating the above combined ambiguity parameter in phase measurements 

in the sequential least-squares form, the effect of the satellite inter-frequency bias in code 

measurements could be diminished and observed in the ambiguity parameter as a sum of 

code and phase biases as well as the phase ambiguity as introduced by Collins [2008]. 

 

However, with the precise orbit and clock products, equations (4.51) and (4.52) can be 

more generalized and formed as an observation model for a conventional GPS PPP. By 

assuming the GPS precise orbit and clock products are precise enough, the satellite- 

dependent orbit ( orbd ) and clock ( dt ) errors can be assumed as known values and thus 

removed from the equations. By expressing the tropospheric path delay ( tropd ) as a 

product of the zenith path delay ( Zpd ) and mapping function ( M ), which relates the 

slant path delay to the zenith path delay at the station, the point positioning mathematical 

models for code and carrier-phase observations can be given in the simplified forms: 

 
** *

IFIF PP dT M Zpd e= + +           +                                                                              (4.53) 

** *

IF IF
IF dT M Zpd B 

 = + +  + +                                                                             (4.54) 
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where, ** ( )
IF IF

s r

P PdT dT b b= + +  

 

The equations (4.53) and (4.54) show a set of the unknown parameters in the functional 

models, which include three position coordinates, one receiver clock offset, one zenith 

path tropospheric delay, and the ambiguity parameter for each observed satellite. 

Therefore the unknown parameter vector can be set as: 

1...[ , , , , , ]T

i nx y z dT Zpd N ==X                                                                                        (4.55) 

where n is the total number of monitored satellites at the specific epoch. 

4.2.2 PPP Model with WADGPS Corrections 

Since WADGPS orbit and clock corrections are less precise and accurate than the so-

called precise orbit and clock products, such as those from IGS, to clearly illustrate the 

effects of less precise orbit and clock products in the observation model, the combined 

residual satellite orbit ( orbd ) and clock ( clkd ) errors in the range domain are introduced as 

SISREd . In the notation of SISREd , the SISRE is the Signal in Space Range Error, which is 

only affected by the residual orbit and clock error and could also be denoted as 

SISRE orb clkd d d= + . By introducing this term into the above equations (4.51) and (4.52), 

they can be transformed and denoted as: 

** *

IFSISREIF PP dT M Zpd ed= + +  +               +                                                                    (4.56) 

** *

IF IF
IF SISREddT M Zpd B 

 = + +  + + +                                                                    (4.57) 
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In the above equations (4.56) and (4.57), the residual satellite orbit and clock errors are 

common for the code and the phase measurements. To have the best positioning results, 

these long-term residual errors should be dealt with in the estimation by adding a 

parameter. However, in that case, the system of normal equations derived from the 

observation models in the least square solutions will be singular due to the identical 

functional behavior in the linearized form.  

 

However, with an emphasis on the role of a common receiver clock parameter, which  

absorbs the common errors in code and phase measurements at each epoch, the combined 

residual orbit and clock errors could be further spliced into an average term and the 

remaining variation of the residual orbit and clock term as: 

SISRE SISRE

SISRE avgd d d= +                                                                                                 (4.58) 

 

Putting equation (4.58) into equations (4.56) and (4.57) and considering that the average 

residual orbit and clock term is not separable from the common receiver clock parameter, 

then, the equations (4.56) and (4.57) can be rewritten as: 

*'
IFIF P

SISREP dT M Zpd ed = + +  + +                                                                                (4.59) 

' *'
IF IF

IF dT M Zpd B 
 

 = + +  +     +                                                                               (4.60) 

where, ' ( ) ( )
IF IF

s r

P P

SISRE

avgdT d t b dT d b= − + + +                                                                  (4.61)                                                                        

and 
'

IF IF

SISREB Bd = +                                                                                               (4.62)                                                             
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Equations (4.59) and (4.60) show the common receiver clock parameter, 'dT , in both 

code and phase observables is now including not only a physical meaning of the receiver 

clock and satellite and receiver inter-frequency bias for code measurements but also 

including an average of the residual satellite orbit and clocks. However, in the above 

equation (4.62), since the ambiguity parameter now includes the variation of residual 

orbit and clock errors, it is no longer assumed as a constant but as varying over time. By 

introducing a stochastic approach, a random walk process for the ambiguity parameter, 

the constant feature of the ambiguity as well as the variation of the residual orbit and 

clock errors could be estimated at a certain level. Therefore, in this approach, the 

accuracy of the point positioning results relies on the stability of the residual satellite 

orbit and clock errors over time and the proper choice of process noise for the ambiguity 

parameter. 

 

In the above described observation models for WADGPS PPP, first, since the code 

measurement is not able to deal with the variation of combined residual orbit and clock 

errors, SISREd , some side effects might be expected. Second, since the major effects of 

the clock reference issue (P1-C1 bias issue) could be assumed as a bias or constant effect 

over time, nevertheless, these biases could be slightly varying over time [Rho and 

Langley, 2005], losing the constant feature of the ambiguity parameter in equation (4.62) 

by introducing the variation of residual orbit and clock errors, a residual satellite and 

receiver inter-frequency bias could appear and the side effects of this feature can also be 

seen in the positioning solutions. 
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4.2.3 Stochastic Modeling 

In the sequential least-squares approach, a best positioning solution can be obtained when 

the deterministic component of the model is well coordinated with the statistical 

component. The statistical component can be divided into the measurement part and the 

unknown parameter part. Especially for the varying ambiguity method, the process noise 

covariance matrix as the statistical model of the unknown parameter is the key issue and 

the determination of the process noise for each unknown parameter is an important role 

for having a best possible positioning accuracy.  

4.2.3.1 Stochastic Model for Measurements 

Stochastic modeling for measurements represents the information about the relative 

accuracies and precisions for the used measurements in the model. In a PPP process, for 

example, the accuracies and the precisions of code and carrier-phase measurements are 

different. In general, a carrier-phase measurement has about 100 times better precision 

than that of a code measurement. And different accuracies and precisions also exist for 

the same types of observations due to GNSS measurements being made under different 

local conditions at the time of reception of the GNSS signals. As discussed in section 

3.3.3, in general, different measurement noises from different types of receiver and 

different multipath in the different environments, which usually have elevation-angle 

dependency of the observations at the user site, would be a matter of interest.  
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In this research, to take into account the different level of precisions between code and 

phase measurements, a 100 times bigger weight has been given to the carrier-phase. 

Finally, to bound the elevation-angle-dependent multipath and noise effects in the 

positioning process, the exponential-function-based weighting scheme described by 

equation (4.35) in section 4.1.2.2 was used for the overall process, assuming no physical 

correlation among the observations. However, since the positioning results will vary, 

based on different elevation-angle-dependent weighting schemes for the positioning 

solutions, to have generalized positioning statistics, which have stabilized and been 

normalized at a certain elevation angle, the elevation-angle-dependent weighting function 

has been normalized at an elevation angle of 38° which is about the mean of all used 

elevation angles from 10° to 85° (see section 6.4.2.2).  

4.2.3.2 Stochastic Model for Unknown Parameters (Varying Ambiguity Method) 

In sequential least squares, the variance of the state vector is controlled and updated by 

the process noises to properly model the variations of the states over time. Therefore the 

stochastic model for the unknown parameters is a key issue for the time-dependent 

recursive forms of sequential least-squares methods to properly introduce system 

dynamics into the process. 

 

With an assumption of no correlation between parameters, the process noise variance-

covariance matrix with respect to the unknown parameters can be formed as: 
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ΔtεC                                     (4.63) 

where t  represents the time interval between epoch 1i − and i , XC t  means a variance 

of process noise for unknown parameters, X , for time interval, t . Therefore, 

zyx CCC  ,, are the variances of the position vector in X, Y and Z component over the 

time interval, t ; dTC is the variance of receiver clock offset in t ; 
ZpddC is the variance 

of total tropospheric zenith delay in t ; and 
kjNC

...1= is the variance of  ambiguity in t  

for each satellite, kj ...1= . XC t   can be denoted as 2

X XC t q t  =  and finally Xq

represents the process noise for unknown parameters, X . 

 

The process noise can be adjusted according to user dynamics, receiver clock behavior, 

atmospheric activity as well as variations of the residual orbit and clock errors (for the 

WADGPS PPP case) over time. In static mode, a user position is constant and 

consequently, 0=== zyx CCC  . In kinematic mode, a station position change over time 

depends on user dynamics. In the developed observation model, since no position 

velocity is defined in the state vector in equation (4.55), a prediction of states from the 

previous epoch to the current is not applicable especially for the kinematic situation 

where the position is changing every epoch. However, the difference in the position 
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estimate over time can be used as an uncertainty for the process noise of the position 

parameters with some additional uncertainty of that information in the kinematic 

situation. The process noise for the receiver clock can vary as a function of frequency 

stability according to the quality of its oscillator. However, it is usually set to a large 

value, dTC , to accommodate the unpredictable occurrence of clock resets, such as a 

millisecond jump. For the troposphere, the zenith path delay will vary in time by a small 

amount over an hour. To count on these effects, a random walk process noise of 

5 mm/ h with h  in units of hours was assigned to the zenith path delay, 
zpddC [Kouba 

and Héroux, 2001]. Finally, for a PPP process with precise orbit and clock data, the 

process noise for the ambiguity parameters was assumed to be constant over time such 

that, 0
...1

=
= kjNC . However, for the varying ambiguity method, the process noise for 

ambiguity parameter, 
1...j kNq =

, is the main target to be determined. In this dissertation, a 

random walk process noise of 1.0E-02 m/ 30sec was assigned for the static process and 

generally for the simulated kinematic process with static data. In the process noise 

matrix, again, no correlation was assumed between parameters, therefore, the matrix 

becomes diagonal. 

 

Note that, in this dissertation, with an assumption that the uncertainties for the defined 

position and clock parameters are unknown at the beginning of the process, the initial 

uncertainty of 1010 m for both the position and the receiver clock parameter has been 

used. The initial uncertainty of the zenith tropospheric delay is set to 0.05 m while the 



88 

 

 

initial value of 2 m is used for the ambiguity parameter for each satellite. However, in the 

data processing, a set of measured initial uncertainties for the states is actually used 

instead of the above assumed values by estimating the states and updating the variance 

and covariance matrix of the state parameters twice only at the first epoch in the entire 

process. 

4.2.4 Adjustment with Sequential Least-Squares Method 

The linearized form of the observation equations (4.53) and (4.54) for GPS PPP and 

WADGPS PPP with respect to a set of a-priori parameters, 0
X , and observations, l , 

becomes, in matrix form: 

0w AδX r+ − = ;  Cl                                                                                                    (4.64) 

where A is the design matrix; δX  is the vector of corrections to the unknown parameters; 

X is the unknown parameter vector described in equation (4.55); w  is the misclosure 

vector,

0

0
w

P P −
=  

 −  
 ; P and 0P are the pseudorange measurement and the predicted or 

computed value from the model as 0
AX , respectively;   is the carrier-phase observable 

and 0  is the computed value; r  is the residual vector, r
Pe



 
=  

 
; and Cl is the variance-

covariance matrix of the observations, 
0

0

PC

C

 
=  

 
Cl  and is formed by using the 

stochastic model for measurements at the section 4.2.4.1. 
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The partial derivatives of the observation equations with respect to X  in equation (4.55) 

for GPS PPP, recalling for the unknowns for GPS PPP, consist of four types of 

parameters: station position ),,( zyx , receiver clock dT , troposphere zenith path delay, 

Zpd , and (non-integer) carrier-phase ambiguities N . 

The form of the design matrix, A , for GPS PPP is: 

1:

1:

j
j nsat

j
j nsat

IF IF IF IF IF IF

x y z dT zpd N

IF IF IF IF IF IF

x y z dT zpd N

P P P P P P

X X X X X X

X X X X X X

=

=

      
      
 

=       
 

      
 

A                                              (4.65) 

where: 
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 and 

1:

0
j
j nsatN

X
=


=


for a 

pseudorange and 

1:

1
j
j nsatN

X
=


=


for a carrier-phase measurement. 

The partial derivatives are evaluated using initial estimates for the parameters. 

The least-squares solution with a-priori covariance for constraining parameters, 0x
C , 

could be obtained as: 

1( )T T−= − +0

-1 -1 -1

x
δX C A C A A C wl l                                                                                  (4.66) 

So that the estimated parameters are 

0X̂ X δX= +                                                                                                                  (4.67) 

With covariance matrix 



90 

 

 

ˆ ( )= 0

-1 T -1 -1

X x
C C + A C Al

                                                                                                 (4.68) 

To propagate the covariance information from epoch 1−i  to i , during an interval t , 

ˆ
i-1X

C has to be updated by use of the process noise described in equation (4.63) and 

represented by the covariance matrix 
ΔtεC : 

ˆ0
Δti-1i
εXx

C = (C + C )                                                                                                        (4.69)  

4.3 Quality Control 

Quality control refers to the operational techniques and activities to check that a system 

can fulfill the application requirements for quality. For a navigation or positioning system 

using GNSS, the positioning solution is based on the range observations from satellites to 

a receiver at the user location. However, the observations could contain random sources 

of errors, resulting in cycle slips, outliers or blunders for example. Therefore, to obtain 

the best unbiased solutions, the qualities of a new set of observations should be checked 

to detect any anomalies in the observations and to see whether or not they can be 

tolerated.  

4.3.1 Cycle Slip Detection 

When the loss of signal lock occurs in a GNSS receiver, the integer counter for the phase 

measurement is typically reinitiated, and it causes a jump in the instantaneous 

accumulated phase by an integer number of cycles. Consequently, the carrier-phase range 

from receiver to satellite is erroneous up to the amount of the jump. This jump is called a 

cycle slip in the carrier phase measurement. 
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In this research, the overall concept of cycle slip detection for undifferenced carrier phase 

observables follows Blewitt [1998] and Xu [2007]. Since cycle slips can occur 

concurrently and differently on L1 and L2, the slip on each signal should be 

independently detectable. For the cycle slip detection in undifferenced carrier phase 

observables, test quantities from the several methods include the difference between the 

wide lane and narrow lane linear combinations of L1 and L2 observations, the difference 

between code and carrier phase measurements, and the quantity of differential phases in 

time are checked and when a discontinuity is detected, the observable is set as a cycle slip 

and the corresponding measurement is reinitiated.  

4.3.2 Outlier Detection 

Statistical testing of observations for the presence of outliers is performed by examining 

the observational residuals at each epoch. For the outlier detection test, a test statistic is 

formed and the null-hypothesis 0H , which represents the case where no outliers exist in 

the observations or there is no mismodelling, is tested against an alternative hypothesis, 

aH . The alternative hypothesis aH  represents the presence of outliers and describes the 

type of misspecifications in the models [Teunissen and Kleusberg, 1998].   

 

A detection test statistic is formulated including all measurements at the epoch of 

estimation as follows: 

1

lT −= T
r C r                                                                                                                     (4.70) 
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where, 1

l

−
C  is the covariance matrix of the observations and r  is the residual vector and 

evaluated from equation (4.64). 

 

Without outliers in the measurements, the residuals can be assumed to follow a normal 

(Gaussian) distribution with a zero mean, which underlines the null hypothesis ( 0H ). 

With the assumption of the normal distribution, the squared sum of residuals in equation 

(4.64) is distributed in accordance to the 2 variable, therefore the square sums can be 

effectively tested at the specified probability level against the alternative hypothesis, aH  

[Kouba, 2009].  

 

The outlier detection test can then be given as [Vaniček and Krakiwsky, 1986]: 

2

,10 : dfTH  −                                                                                                              (4.71) 

2

,1: dfa TH  −                                                                                                             (4.72) 

where 
2

,1 df − is the Chi-square value for −1 , where  is the significance level or the 

probability of a Type I error (i.e., the percentage of good observations will be incorrectly 

rejected), df is the degrees of freedom, which is equal to the difference between the 

number of observations, n , and the number of unknowns, m , i.e. ( )n m− .  

 

The power of this test increases as the degrees of freedom increases and the detection 

testing requires at least one degree of freedom. When identifying an outlier using the 
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outlier test, the largest observation is rejected and a new solution is generated. If multiple 

outliers exist, then the outlier test is applied iteratively until all outliers have been 

removed. 

 

Note in practical applications during urban navigation and when several sources of GNSS 

interference, such as ionospheric scintillation or multipath effects, are present, the 

residual errors cannot be assumed to follow a normal Gaussian distribution. “To this end, 

the best non-Gaussian noise model that has been presented in specialized literature is the 

Huber estimator [Karlgaard and Schaubt, 2007] using a robust estimator algorithm, which 

is able to handle multipath GNSS signals as well as intentional and unintentional 

interference” [Hamza, 2012]. 

4.4 Summary 

This chapter presented the functional and stochastic models as for the developed PPP 

systems with different orbit and clock corrections. The next chapter will present the 

characteristics and the accuracies of the used CDGPS and WAAS orbit and clock 

corrections with respect to the IGS final orbit and clock products in the user range 

domain. The following Chapter 6, Chapter 7 and Chapter 8 will present the positioning 

results and analysis for the developed models with various tests.  
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CHAPTER 5 ANALYSIS OF SATELLITE ORBIT AND CLOCK 

ACCURACY 

When the research was conducted on this subject, there were only two SBAS, the 

CDGPS- and the WAAS-, real-time satellite orbit and clock corrections were fully and 

freely available. However, the characteristics and the accuracies of these satellite orbit 

and clock corrections were not publicly available and still remained to be answered. To 

help to answer these questions, the development of the methodology, which can be used 

for the precise analysis of a given satellite orbit and clock product in the user range 

domain with respect to the most precise IGS final GPS products, was made. The original 

development and early analyzed results for CDGPS and WAAS orbit and clocks can be 

found in Rho and Langley [2007b]. It would be valuable to note that the methodology 

described in this chapter isn’t necessarily limited for use only for the satellite orbit and 

clock assessment. The same concept of the methodology has been effectively used to 

assess the different performance of ionosphere models [Rho et al., 2017]. 

 

This chapter presents the methodology which has been developed for precise analysis of 

the signal in space range error (SISRE) that is only affected by orbit and clock errors in 

the user range domain at any given location and the quality assessments of real-time 

CDGPS and WAAS orbit and clock corrections with respect to the IGS final orbit and 

clock product.  
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5.1 Quality Assessment of CDGPS and WAAS Orbit and Clocks 

In the developed PPP algorithms in this research, the ionosphere-free linear combination 

with un-differenced dual-frequency code and phase measurements have been used to 

remove a first order ionospheric effect from the signals. In addition, various accurate 

models have also been used to mitigate all the other remaining sources of user range 

errors from the measurements. In this case, the positioning results mainly relied on the 

qualities of the used satellite orbit and clock products.  

  

In order to help understand the different qualities between the CDGPS and the WAAS 

orbit and clock corrections and what the effect of the used satellite orbit and clock 

accuracy and precision in the positioning domain is, the characteristics and quality 

assessments of the used CDGPS and WAAS orbit and clock errors with respect to the 

IGS final product has been assessed in user range domain. Since there is no truth for real 

satellite location and its clock values, the most precise post-mission IGS orbit and clock 

product was assumed as truth. For data processing, a data set spanning seven days from 

January 1 to January 7, 2011 has been used. 

 

To evaluate the accuracy of the CDGPS and the WAAS orbit and clock corrections, the 

accuracy of the broadcast orbits and clocks as well as the orbits and clocks after the 

CDGPS and the WAAS corrections have been applied are determined. The assessment of 

these orbit and clock corrections has been conducted by comparing the corrected 

broadcast orbits and clocks to the IGS precise orbit and clock products. Please note again 
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that since the CDGPS orbit corrections were generated in the NAD83(CSRS) reference 

frame, the step to transform the coordinates of CDGPS corrected orbit and clocks from 

NAD83(CSRS) to ITRF05 has been taken by using the seven-parameter transformation 

technique with the published values [Craymer, 2006] (see Appendix A). In order to 

rigorously assess the CDGPS and WAAS satellite orbit and clock accuracies, a 

methodology was necessary to fully take into account the satellite clock referencing issue 

[Rho and Langley, 2005] as well as the different satellite antenna phase-center offsets 

used by the different agencies. The GPS control segment computes the orbit with respect 

to the center of mass point of each satellite but transforms the results to the effective 

antenna phase centers [Ray and Senior, 2005]. Since the observables of GPS users refer 

to the antenna’s phase center, those offsets are not officially provided. As augmentation 

systems of GPS, the CDGPS and the WAAS provide orbit and clock corrections 

referenced to the antenna phase centers. However, as the assumptions of some sets of 

antenna phase center offsets are different for different analysis centers and different 

systems, it was necessary to account for any differences when the different sources of 

satellite orbit and clock values were compared.   

5.1.1 Methodology 

As the IGS precise products are referenced to the center of mass, the center of mass was 

used as a fundamental reference point and transform the broadcast and the SBAS 

corrected orbit and clocks to the reference point. And all of the following equations are 

expressed in meters.  
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Orbit OrbitBRD (comp) = BRD (eph) + APCO(user)                                              (5.1) 

Clock ClockBRD (comp) = BRD (eph) + APCO*(user)                                              (5.2) 

where, OrbitBRD represents the broadcasted orbit, i.e., XYZ in ECEF frame and ClockBRD

is the broadcasted clock; comp means the computed values; eph represents the broadcast 

ephemeris; user  represents user-defined antenna phase-center offsets (APCOs) in the 

ECEF frame, i.e., the APCOs from IGS or the National Geospatial-Intelligence Agency 

(NGA), and APCO* is the antenna-Z offset, which is directed from the satellite center of 

mass towards to the Earth.  

 

Then, the CDGPS and the WAAS corrected orbit ( OrbitCORR ) and clock ( ClockCORR ) 

are determined by applying the CDGPS and the WAAS corrections [CDGPS-ICD, 2003, 

RTCA, 2001] into the OrbitBRD and ClockBRD as: 

Orbit Orbit OrbitCORR (comp) = BRD (eph) +SBASCORR + APCO(user)     (5.3) 

Clock Clock Clock P1C1CORR (comp) = BRD (eph) SBASCORR + b + APCO*(user)            (5.4) 

where OrbitSBASCORR  represents either the CDGPS or the WAAS long-term satellite 

orbit corrections in the ECEF frame; ClockSBASCORR  is either the combined CDGPS or 

the WAAS fast and long-term clock correction at the antenna phase-center and 
P1C1b  

represents the satellite P1-C1 bias (in this application, the monthly average values from 

CODE were used to correct the P1-C1 bias effect). Note that the sign for the clock 

corrections between CDGPS [CDGPS-ICD, 2003] and WAAS are opposite, therefore, 
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the negative sign should be applied when the CDGPS corrections are used in the above 

equation (5.4). 

 

Now, the reference IGS orbits are already referred to the center of mass, but the clocks 

are with respect to the antenna, hence the IGS precise satellite orbit ( OrbitIGS ) and the 

IGS clock ( ClockIGS ) are computed as: 

Orbit OrbitIGS (comp) = IGS (SP3)                                                                                       (5.5) 

Clock ClockIGS (comp) = IGS (SP3) + APCO*(IGS)                                                            (5.6)  

where, the SP3  represents the IGS final precise orbit and clock data in SP3  format and 

the APCO*(IGS) is the antenna Z-offset values from the IGS ANTEX file. 

 

Then, the broadcast and the WADGPS corrected orbit and clock errors with respect to the 

IGS products can be described as: 

Orbit Orbit OrbitδX = X (comp) - IGS (comp)                                                        (5.7) 

Clock Clock ClockδX = X (comp) - IGS (comp)                                                                         (5.8) 

where, OrbitδX  is the final orbit errors in the ECEF frame; ClockδX  is the final clock error 

and X represents the specific orbit and clock products, i.e., broadcast or SBAS-corrected 

orbits and clocks. 

 

Finally, to generate the range error for broadcast and SBAS-corrected satellite orbit and 

clock products, the SISRE  is computed for each satellite: 
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Orbit ClockSISRE(comp) PRE (sat) δX (sat)= -                                                                     (5.9)  

where 

OrbitPRE (sat) = ( )•Orbit

LOS
δX

LOS
                                                                                 (5.10) 

where OrbitPRE  is the pseudorange correction error caused by the projected orbit errors 

into the line of site vector ( LOS ) between a satellite and a user position; •  means a dot 

product. In this research, the user position was assumed to be located on the earth and 

right below the satellite; i.e., the same coordinates for the specific satellite in latitude and 

longitude but a height of zero (assumed user located right below the satellite).  

 

By repeating equation from (5.1) to (5.10), a set of range errors (SISREs) for all the 

monitored number of n satellites ( isat ,  i 1 ... n= ) at each epoch can be computed. To 

compute the final SISRE, the average of all the monitored satellites at each epoch was 

subtracted from the SISRE for each satellite because that is equivalent to a clock error 

which will be absorbed by the receiver clock in a least squares solution at a specific 

epoch., i.e. simulating an epoch-by-epoch solution in a point positioning process: 

i iSISRE(sat ) = SISRE(sat ) (SISREs)mean−                                                                           (5.11) 

Therefore, the SISREs  for a specific epoch can be obtained as: 

1 nSISREs [SISRE(sat ) ... SISRE(sat )]=                                                                                 (5.12) 

By repeating the computation of SISREs  in equation (5.12) at each epoch for a day, a 

time series of daily SISREs  can be computed.  
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5.1.2 Effects of Antenna Phase-center Offsets 

To characterize the effects of the different APCOs  in the comparison of two different 

sets of satellite orbit and clock corrections, the broadcast and SBAS-corrected orbit and 

clock errors were computed and compared with respect to the IGS precise products. In 

this comparison, again, IGS precise orbit and clock data was assumed as truth. As the 

SBAS corrections are estimated with respect to the GPS broadcast ephemeris and clock, 

another purpose of this comparison is to see if they are following the same conventions as 

the GPS control segment. 

 

Two different sets of offsets, IGS and NGA, were considered (see Appendix B). The IGS 

has adopted absolute values of the offsets for each satellite after November 5, 2006. 

However, the NGA also provides their own offset estimates [NGA, 2019]. The offsets 

used by the NGA are similar to those of the IGS for all the Block IIA, Block IIR, Block 

IIR-M and Block II-F satellites in the X and Y components, however, they differ 

significantly and are distinct for the offsets in Z component, most being around 0.2 m – 

0.8 m for all the satellites except for the Block IIA satellites. In the case of Block IIA 

satellites, the differences were observed in the range of 1.3 m to 1.7 m.  
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Figure 5.1. Broadcast orbit and clock errors on January 1, 2011. 

 

The above Figure 5.1 shows the computed broadcast orbit and clock errors separately 

using the NGA and IGS offsets. In Figure 5.1, the left panel shows the broadcast orbit 

and clock errors computed by using the NGA offsets and the right panel shows those 

errors computed by using the IGS offsets. 

 

On the right, when the IGS offsets are applied to the broadcast orbit and clock, the effect 

of the unmatched offsets was observed as a certain level of bias from the different blocks 

of satellites in the radial component errors. The dominant bias was observed for those 

Block IIA satellites that had a difference of 1.3 m to 1.7 m with respect to the NGA 
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offsets. However, those biases did not appear when the NGA antenna offsets were 

applied (see the left panel). Another effect of the unmatched offsets was observed for the 

clock errors. The broadcast clock errors with NGA offsets are more precise and accurate 

than the clock errors computed using IGS offsets. These results show that the broadcast 

orbit and clock data have a better match with the NGA antenna offset conventions. It also 

shows the unmatched antenna offset effects can be observed in the radial orbit errors and 

clock error components (range error components).  

 

Figure 5.2 CDGPS- (green) and WAAS- (red) corrected orbit and clock errors on January 1, 2011. 

 

To see if the SBAS-corrected orbits and clocks are following the same conventions as the 

broadcast data, i.e., NGA conventions, each component of the SBAS-corrected orbit 
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errors and clock errors were computed with respect to the IGS products. The above 

Figure 5.2 shows the CDGPS- and WAAS- corrected orbit and clock errors, which were 

computed by using the NGA conventions (left panel) and by using the IGS conventions 

(right panel). In both panels, the red colors show the WAAS-corrected results and the 

green colors represent the CDGPS-corrected results. 

 

In Figure 5.2, the same unmatched antenna offset effects were observed in the CDGPS-

corrected orbit and clock errors, which were computed by using NGA offsets (see left 

panels). However, those bias effects disappeared when the IGS conventions were used 

(see the right panels). It shows that the CDGPS orbit and clock corrections have a better 

match with the IGS convention. It could be explained that the CDGPS computes orbit 

corrections using data from the IGS “hourly” global network as well as a regional ground 

network [CDGPS-ICD, 2003]. In using the IGS hourly data, they used the same 

conventions as IGS. 

 

In the case of the WAAS-corrected orbit and clock errors, the above identified antenna 

offset effects have not been clearly observed. Since a wide range of variations were 

observed in the WAAS-corrected orbit and clock errors, the effects might be hidden. 

However, the WAAS orbit and clock have a better accuracy when the errors are 

computed using the NGA conventions (see Table 5.1). It shows that WAAS is following 

the same conventions as the GPS control segment.  
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5.1.3 Signal in Space User Range Errors (SISREs) 

To see the improvement in the use of SBAS corrections over the broadcast satellite orbit 

and clock, the GPS broadcast orbit and clock errors were also generated for those 

satellites that have the SBAS orbit and clock corrections. Then, the SISREs have been 

computed for the broadcast orbit and clock as well as SBAS-corrected orbits and clocks. 

 

Figure 5.3 Signal in space range errors on January 1, 2011. 

 

Figure 5.3 shows the generated time series of the SISREs for the broadcast orbits and 

clocks (top panel), the WAAS-corrected satellite orbits and clocks (middle panel) and the 

CDGPS-corrected satellite orbit and clock products (bottom panel) for the day on January 

1, 2011.  
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 In the top panel, the GPS broadcast SISREs show a wide variability and long-term 

variations in time. Those variations are caused by the less precise and accurate broadcast 

clock errors rather than the relatively precise orbit errors (see Table 5.1; the broadcast 

clock errors have much bigger errors than the orbit errors). In the middle panel, it was 

observed that the SISREs of WAAS-corrected satellite orbits and clocks are significantly 

better than the individual orbit and clock errors (also see the following Table 5.1). The 

improvement in SISREs indicates that there exist strong correlations between orbit and 

clock corrections (see Figure 5.1, where the magnitudes and the overall variations of the 

WAAS-corrected orbit errors are similar to those of the WAAS-corrected clock errors). 

As the SISREs account for both the orbit and the clock errors, those highly correlated 

error terms are cancelled out and the true WAAS error is revealed. The following Table 

5.1 also shows that the r.m.s. of the WAAS orbit and clock errors have similar values and 

the SISREs for WAAS-corrected results are at about the 36 cm level. Those results 

clearly indicate that the WAAS orbit and clock corrections are highly correlated and it is 

not valid to separately use them for a correction or for validation. In the bottom panel, 

CDGPS orbit and clock corrections showed good performance in correcting broadcast 

ephemeris and clock. The r.m.s. of SISREs for this day was at about the 18 cm level (see 

Table 5.1). To clearly identify the effects of the different antenna offset in terms of the 

magnitude of the errors and to see the overall accuracy of the different satellite orbit and 

clock products, the r.m.s. of the errors for each error component for each satellite orbit 

and clock product have been computed on the single day, January 1, 2011. 



106 

 

 

Table 5.1 Summary for r.m.s errors for the different orbit and clock products (the colored rows 

highlight the statistics with the better matched antenna offsets). 

r.m.s. (m) Offset Radial Along-track Cross-track Clock SISRE 

GPS NGA 0.233 1.168 0.544 1.127 1.090 

IGS 1.034 1.167 0.544 1.515 1.090 

WAAS NGA 1.138 1.639 1.052 1.083 0.366 

IGS 1.276 1.638 1.051 1.188 0.366 

CDGPS NGA 0.823 0.137 0.126 0.907 0.178 

IGS 0.017 0.122 0.126 0.179 0.178 

 

The statistics in Table 5.1 show that the unmatched antenna offsets can be observed only 

for the radial orbit errors and clock errors. Table 5.1 also shows that the better matched 

antenna offsets have better accuracies for the specific satellite orbit and clock products. 

However, when the SISRE were computed, those inconsistencies cancel; i.e., the SISRE 

values for matched or unmatched antenna offsets are the same and the true broadcast and 

WADGPS errors are revealed. That shows the different APCOs  only become an issue 

when satellite orbit and clock products are compared with different sets of corrections.  

 

Further to see the consistency of the WADGPS orbit and clock errors, a continuous seven 

days of worth of data was processed from January 1, 2011 to January 7, 2011. Since the 

radial and clock errors are the most significant components in the range errors, 

continuous time series of the errors and their statistics for the r.m.s. of the errors in the 

radial and clock components and SISREs have been generated. Figure 5.4 shows the 

computed results.  
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Figure 5.4 r.m.s. errors for the radial orbit component, clock and SISRE for a continuous seven days 

from January 1, 2011 to January 7, 2011. 

 

By analyzing Figure 5.4, it could be concluded first that the individual WAAS-corrected 

orbit and clock accuracies are worse than broadcast results, and the true WAAS errors 

only can be revealed when the SISREs were computed for the continuous seven days. 

And the daily r.m.s. of the radial component errors and the clock errors for the WAAS-

corrected results are highly correlated in terms of magnitude of r.m.s. errors for the 

continuous seven days. The day-to-day variations of the daily r.m.s. of WAAS SISREs 

were about 0.05 m (from 0.33 m to 0.38 m) and it was at about the 0.12 m level (from 

0.02 m to 0.14 m) for the GPS broadcast SISRE. In the case of CDGPS-corrected orbit 

and clock errors, the results show good performance not only in the individual errors but 

also in the daily r.m.s of SISREs. The day-to-day variations for the r.m.s. of SISREs were 

about 0.01 m (from 0.18 m to 0.19 m) for the continuous seven days. 
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Finally, in order to see the overall day-to-day variations of all the BRD, the CDGPS and 

the WAAS corrections, the compiled SISREs for the continuous seven days are 

illustrated in Figure 5.5. Figure 5.5 shows the time series of errors for each satellite and 

clock product in the user range domain. 

 

Figure 5.5 Signal in space user range errors from January 1, 2011 to January 7, 2011. 

 

Analyzing Figure 5.5, as it was seen in the daily statistics of SISREs in Figure 5.4, after 

the SBAS corrections are applied to the BRD orbit and clocks, the consistency in terms of 

the magnitude of errors is significantly improved. The similarity in the overall daily 

patterns is also observed. However, it is clear that SBAS-corrected orbit and clock errors 
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show a short-term drift for each satellite and a long-term variation during a day. It is also 

can be seen that the quality of SBAS orbit and clock corrections are not equal for the 

monitored satellites and not consistent in time. Sometimes scattered corrections could be 

obtained for a specific satellite. In order to obtain the highest possible accuracy with 

SBAS corrections, these issues should be well accommodated in the positioning filter.  

5.2 Summary of Chapter 

In this chapter, the methodology that fully takes into account the different satellite 

antenna phase-center offsets used by different agencies has been carefully considered to 

rigorously assess the CDGPS and WAAS satellite orbit and clock correction accuracies 

with respect to the IGS precise orbit and clock products. With the adopted method: 

 

By analyzing the clock and radial orbit errors: 

• It was found that the CDGPS orbit and clock corrections have a better match with 

the IGS conventions of the antenna phase-center offsets and the broadcast 

ephemeris and clock have a better agreement with NGA conventions. Finally, we 

found WAAS appears to use the same conventions as the GPS control segment. 

 

By analyzing the signal in space user range errors (SISREs) with a continuous seven days 

worth of data: 
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• CDGPS orbit and clock corrections showed good performance in correcting both 

broadcast ephemeris and clock. And the overall r.m.s. of SISREs for the 

continuous seven days was about 18 cm. 

• WAAS orbit and clock corrections are highly correlated and it is not valid to 

separately use them for a correction or for a validation. The overall r.m.s. of 

SISREs was at about the 36 cm level for the continuous seven days. 

 

By analyzing the time series of SISREs with the CDGPS and the WAAS corrections for 

the continuous seven days worth of data: 

• CDGPS- and WAAS-corrected orbit and clock errors have a short-term drift for 

each satellite and a long-term variation during the day. And the quality of SBAS 

orbit and clock corrections are not equal for each monitored satellite and not 

consistent in time.  

• Therefore, these issues should be well accommodated in the positioning filter to 

obtain precise positioning results. 

 

The next chapter will present data processing and analyzed results using the developed 

SBAS PPP algorithm with the sequential forward carrier-phase smoothing method, which 

fully takes into account the satellite clock referencing issue. Numerous sensitivity tests 

and analyzed results including the performance of the developed algorithm as well as 

detailed descriptions of the P1-C1 bias are provided. 
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CHAPTER 6 POSITIONING RESULTS AND ANALYSIS OF SBAS 

PPP WITH SEQUENTIAL FORWARD SMOOTHING METHOD 

As stated in Chapter 4, the developed SBAS PPP algorithm with the sequential forward 

smoothing filter is a pseudorange-based carrier-phase smoothing method. Since the 

standard point positioning model with the weighted least-squares approach has been 

adopted to estimate the epoch-by-epoch solutions, none of the parameters is set to handle 

a satellite-related bias and variations over time. In this case, the existence of the satellite 

clock referencing issue (P1-C1 bias issue) and the increased noise level by use of the 

ionosphere-free dual-frequency combination are the main issues. 

 

This chapter presents the positioning results and analysis for the developed SBAS PPP 

with the sequential forward carrier-phase smoothing method, which fully takes into 

account the satellite clock referencing issue. The chapter starts with a brief introduction 

of the processing software that has been developed for this research and the description of 

the used data set is following. The remainder of this chapter begins with an overview of 

the P1-C1 bias and its effect on point positioning as well as introducing a simple way to 

compute the P1-C1 bias at each station. In the following sections, the overall 

performance of the developed model is analyzed with a number of tests in the positioning 

domain by using CDGPS and WAAS corrections. The magnitude of the possible 

improvement by using the sequential forward smoother in the observation model is 

analyzed by comparing the smoothed positioning results with unsmoothed results and the 
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benefits of dual-frequency point positioning are also illustrated by comparing the single-

frequency results with respect to the dual-frequency point positioning results. Analysis of 

residual errors with the WAAS corrections is also presented. In the remaining sections, 

the positioning performance of the sequential forward smoothing method has been 

assessed by comparing its positioning results with respect to the results of the sequential 

least-squares method. Finally, a summary of the chapter is specified. Note that the early 

data processing and analyzing of results with this technique has been presented by Rho 

and Langley [2005].  

6.1 Processing Software 

For data processing to obtain CDGPS- and WAAS-corrected positioning solutions, the 

processing software, so-called UNB RTCA/MRTCA corrections software that has been 

developed by the author from scratch has been used. The software was originally 

developed to see the CDGPS and WAAS performance anywhere in North America [Rho 

et al., 2003]. Any RINEX observation data from any station can be used as input and 

RTCA [RTCA, 1999] or MRTCA [CDGPS-ICD, 2003] archived correction message are 

used to correct the raw pseudoranges. The correction scheme explained in the CDGPS-

ICD [2003] and the RTCA [2001] was followed for the most part. However, for the 

tropospheric delay correction, the UNB3m tropospheric model [Leandro et al., 2006] 

with Niell mapping functions [Niell, 1996] was used rather than the UNB3 tropospheric 

model [Collins, 1999b] with Black and Eisner mapping function, which is currently used 

in WAAS [RTCA, 2001]. Optionally, the UNB3 model can be used. With the needs of 
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Figure 6.1 Summary of the functionality in the data processing software. 
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GPS Corrections 
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PRE-PROCESSOR (Quality Control) 
removing blunder, detecting cycle slips 

ERROR CORRECTIONS 
ionospheric delay (single frequency case), tropospheric delays (UNB3, 

UNB3m), satellite antenna phase center offset, phase wind up, relativistic 

corrections, Earth tide, ocean loading, inter-frequency bias 

 

PROCESSING MODE 
 

Standard point positioning 

WADGPS positioning 

Precise point positioning 

SYSTEM  

DEFINITION 
 

Unknown vector 

Functional Model 

Stochastic Model 
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extensions and ongoing developments in the functionalities, the software is also able to 

process GPS and GLONASS pseudorange and carrier-phase observations with broadcast, 

SBAS, and precise orbit and clock corrections in the standard point positioning domain as 

well as in the precise point positioning approach. The overall functionalities and data 

processing flows in the software are illustrated in Figure 6.1.  

6.2 Descriptions of Used Data Set 

In order to see the overall performance of the developed algorithms for dual-frequency 

point positioning with the CDGPS and the WAAS orbit and clock corrections, numerous 

tests have been conducted for this dissertation. For analyses conducted using the 

developed algorithms, six stations from the IGS network have been selected. The 

locations, the types of the receivers and their observables for the entire set of selected 

stations are listed in Table 6.1 and the locations are shown in Figure 6.2.  

 

In this chapter, for sensitivity tests with detailed views and analysis of the results, the 

station, ALGO, has been selected. The station ALGO is equipped with an AOA 

Benchmark receiver, a Dorne Margolin AOAD/M_T choke-ring antenna and a 

meteorological sensor as well as a hydrogen-maser atomic clock. The station ALGO was 

selected because the coordinates of the station have been precisely determined with 

respect to ITRF2005 and NAD83(CSRS) and the well-equipped instruments could help 

to mitigate the errors in the measurements. For example, the choke-ring antenna can 

mitigate the multipath effects to a certain extent and the external hydrogen-maser atomic
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Figure 6.2 Map of the selected reference stations. 

 

Table 6.1 Type of receivers and observables at the selected stations. 

Station Location Receiver/Antenna Type Observables 

ALGO 
Algonquin park, 

ON, Canada 

AOA Benchmark/ AOAD/M_T 

(GPS Only) 

C1,P1 and P2 

L1 and L2 

AMC2 
Colorado, CO, USA 

U.S.A. 

Ashtech Z-XII3T/ AOAD/M_T 

(GPS Only) 

C1,P1 and P2 

L1 and L2 

DUBO 
Lac du bonnet, MB, 

Canada 

TPS NETG3/ AOAD/M_T 

(GPS/GLO) 

C1,P1 and P2 

L1 and L2 

HNPT 
Cambridge, MD, 

USA 

Leica GRX1200GGPRO/ LEIAX1202GG 

(GPS/GLO) 

C1 and P2 

L1 and L2 

NANO 
Nanoose Bay, BC, 

Canada 

Leica GRX1200GGPRO/ LEIAT504GG 

(GPS/GLO) 

C1 and P2 

L1 and L2 

UNBJ 
Fredericton, NB, 

Canada 

TPS LEGACY/ JPSREGANT_DD_E 

(GPS/GLO) 

C1,P1 and P2 

L1 and L2 
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clock helps stabilize the receiver clock and as a result, helps to precisely estimate it in the 

estimator.  

6.3 Analysis of Satellite Clock Reference Issue (P1-C1 Bias Effects) 

As was briefly discussed in Chapter 3, the different electronic signal path delays for 

different signal components give rise to satellite and receiver instrumental biases, the so-

called P1-P2 and P1-C1 differential code biases (DCBs). In general, the satellite P1-P2 

DCBs vary between ±4 nanoseconds and, for P1-C1 DCBs, about ±2 nanoseconds. If 

we assume the receiver DCBs are common for all satellites at a single station, we can 

simply assume the receiver biases are absorbed by the receiver clock error in the 

estimation process. In this case, we don’t explicitly consider a variation of receiver 

biases, even though there might exist a temporal variation of receiver biases caused by 

several factors including the surrounding local temperature conditions.  

 

The above derived equation (4.19) showed that the P1-C1 bias should be considered as a 

source of error with a corresponding scale factor when we use the WADGPS corrections. 

In order to take into account the P1-C1 bias in the WADGPS PPP model, the following 

three methods can be used. First, we can simply use the Center for Orbit Determination in 

Europe (CODE) published P1-C1 table for the corrections [CODE, 2018]. However, the 

P1-C1 table from CODE consists of monthly averaged values so they are not sensitive to 

any daily P1-C1 bias variation. Gao et al., [2001] has shown that some modeled satellite 

biases are time varying. Second, if the receiver provides all three C1, P1 and P2 
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observables, we can directly generate a P2' = C1 + (P2-P1) observable and use it. This P2' 

observable can reflect a temporal variation of the P1-C1 bias but additional noise is 

introduced. Third, we can compute the P1-C1 bias at each station by use of the P1-C1 

observable directly from the receiver. If the dominant behavior of the P1-C1 bias is 

constant, this method will work well. However, if there is a significant variation in the 

P1-C1 bias during the day, this method and the CODE table approach might not be the 

best ways to handle the P1-C1 bias. 

6.3.1 Methodology to Compute P1-C1 Bias at a Station 

To calculate the variation of satellite P1-C1 DCB at a station, the P1-C1 time series were 

generated for all the monitored satellites for a whole day. Equation (6.1) shows that the 

P1-C1 time series behaves as a function of satellite and receiver P1-C1 biases and 

residual multipath and noise: 

 )()()()(11 11111111 CPCP
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r

P eemmbbbbCP −+−+−+−=−                                          (6.1) 

where, P1 and C1 are the P1 and C1 observables, b represents bias, s and r mean the 

satellite and receiver, respectively, and m and e represent the multipath and unmodeled 

noise and errors. 

 

In this analysis, the selected stations have choke-ring antennas. With a choke-ring 

antenna, the multipath in P1-C1 is largely attenuated. Any residual multipath is assumed 

to be quasi-random noise. The remaining terms in the expression for P1-C1 are just the 
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P1-C1 biases for satellite and receiver. Figure 6.3 illustrates the P1-C1 biases at station 

ALGO on January 1, 2011.  

 

Figure 6.3 P1-C1 time series for each satellite at station ALGO on January 1, 2011. 

 

Figure 6.3 clearly shows the P1-C1 values include elevation-angle dependent multipath 

and noise effects. And we can also see that the P1-C1 bias for a particular satellite can 

vary slightly with time. It is clear that the biases are different for different satellites.    

 

To complete the equation for computing the P1-C1 bias at the station, another assumption 

was made as the receiver P1-C1 bias in GPS is constant over a time interval of 24 hours. 

Nevertheless, the receiver bias could change as a result of a receiver temperature change 

or a significant change in the ambient temperature of the antenna preamplifier or antenna 

cable. To compute the satellite and receiver combined P1-C1 bias, the mean of all P1-C1 
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biases was taken by using data available over time. Then the mean of the biases was 

computed separately for each satellite. The bias for satellite i is then given by:  

321_ −−= BiasBiasBiasSAT ii                                                                                       (6.2) 

 

Figure 6.4 Comparison of P1-C1 DCBs using the UNB approach, the mean of P1-C1 biases from the 

seven stations (blue bar) on January 1, 2011, and CODE’s monthly mean (red bar) for January 2011. 

 

To get the daily mean of each satellite P1-C1 bias, all the P1-C1 biases for each satellite 

from the used stations were averaged. Note that for the selected six stations in Figure 6.2, 

the receivers from the stations, HNPT and NANO, do not provide P1 observables. To 

have more meaningful statistics in the computation of satellite P1-C1 bias, the data from 

three more stations, NRC1 (latitude 45.5°N, longitude 75.6°W), PRDS (latitude 50.9°N, 

longitude 114.3°W) and QUIN (latitude 39.9°N, longitude 120.9°W), from the IGS 
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network have been used. Each of these three stations was equipped with a dual-frequency 

GPS receiver with a choke-ring antenna and provided all P1 and C1 observables. The 

above Figure 6.4 shows the computed daily mean of P1-C1 bias for each satellite using 

seven stations on January 1, 2011, and the values from the monthly CODE P1-C1 table. 

 

In Figure 6.4, some discrepancies were observed between the computed daily mean of the 

seven stations and the monthly mean values from CODE. The maximum difference in 

terms of absolute discrepancies is 0.17 m for satellite PRN 23 for this day. The standard 

deviation of the discrepancies is about 0.075 m. The differences might be explained by 

the different number of stations which contributed to the computation of the P1-C1 bias 

at UNB and CODE. CODE actually used about 200 stations to compute the satellite P1-

C1 biases [CODE, 2018]. Figure 6.4 also shows the peak-to-peak range of satellite P1-C1 

bias is about -0.80 m to 0.60 m from the calculation. This value is reasonable and 

compares with the maximum values obtained by others [Gao et al., 2001]. 

6.3.2 Sensitivity Test 

To help determine the best overall processing scheme with a specific type of correction 

for the P1-C1 bias, the station ALGO was selected for a sensitivity test and used for four 

different types of P1-C1 corrections. For the different types of corrections, first the P1 

and C1 observables were used to generate the P2' observable and second the estimated 

P1-C1 biases computed at the station ALGO were used. Thirdly, the mean of P1-C1 of all 

seven stations and, lastly, the P1-C1 bias table from CODE have been used. Table 6.2 
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shows the statistics compiled by comparing the positioning results with respect to the 

precisely known station coordinates in the IGS weekly SINEX file with the four different 

types of corrections. 

 

For data processing, as described in section 4.1.1.2, the C1/P2 ionosphere-free linear 

combination with the WAAS corrections has been used. For the WAAS satellite orbit and 

clock corrections, the correction domain smoothing method has been applied to the 

WAAS fast-clock corrections (see the effect of correction domain smoothing of WAAS 

fast clock corrections in positioning results in Figure C.1 and Table C.1 in Appendix C).  

Table 6.2 Statistics for the dual-frequency (C1P2) WAAS point positioning results with four different 

types of corrections at station, ALGO (smallest value in each row highlighted with green color). 

Unit: m P2' 
UNB P1-C1 

(ALGO station) 

UNB P1-C1 

(all stations) 

CODE 

Table 
Uncorrected 

3d r.m.s. 0.581 0.621 0.662 0.780 1.268 

r.m.s. N 0.244 0.276 0.284 0.340 0.462 

r.m.s. E 0.165 0.185 0.182 0.217 0.392 

r.m.s. Ht 0.501 0.525 0.570 0.668 1.113 

Bias N -0.105 -0.108 -0.104 -0.098 -0.126 

Bias E 0.009 -0.010 -0.014 0.007 0.029 

Bias Ht 0.182 0.143 0.138 0.164 0.230 

 

Table 6.2 shows the best r.m.s. results in the positioning domain were achieved when the 

P1 and C1 observables were used to generate the P2' observable. The only difference in 

this approach compared to the other three approaches is that we could accommodate a 

temporal variation of P1-C1 biases even though the noise level of this observable is 

larger. The statistics might show that the time variation is slightly more significant than 
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the increased noise level at station ALGO. The second and third best performance was 

when a computed P1-C1 bias set was directly used at the station and when a set of daily 

means from all seven stations was used. These results reflect a sensitivity to local 

conditions and indicate that daily variations are significant in comparison to the overall 

mean of variations for the P1-C1 bias from CODE at this station. And the table also 

shows the P1-C1 biases have more of a variation effect on the height component than on 

the horizontal components. 

 

For the data processing in this dissertation, the P2' approach was used with four stations 

which have both P1 and C1 observables to take into account the P1-C1 bias. For those 

two stations, HNPT and NANO, which do not have both P1 and C1 observables, the 

CODE monthly averaged table has been used. However, there is another advantage to 

using the P2' approach. Since the WADGPS corrections are designed to be used in real 

time, the P2' approach is the most useful way to handle the P1-C1 bias if a receiver can 

generate all the necessary measurements to make P2'. The other three approaches for the 

corrections cannot be used in a real-time fashion as long as it is needed to wait for some 

time to compute or get the P1-C1 bias at UNB or from CODE. 

6.3.3 P1-C1 Bias Effects in Point Positioning 

To see the overall effects of the P1-C1 biases in the positioning domain, the differences 

in the positioning solutions between the P1-C1 bias-corrected and uncorrected results 

were generated. Figure 6.5 shows the P1-C1 bias behavior in GPS point positioning. 
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Figure 6.5 P1-C1 bias effects on the positioning result with WAAS corrections at station ALGO on 

January 1, 2011. The red traces show the DCB uncorrected solution and green lines show the DCB 

corrected solution with P2' approach. 

 

In Figure 6.5, the characteristic of the P1-C1 bias looks to be not constant but varies with 

time. This is because more than 4 satellites are used to estimate the receiver position. The 

different signs and magnitudes of the variations for P1-C1 biases of different satellites are 

combined together for the position estimation. However, the improvements in the height 

component in particular are clearly seen when the bias effect properly has been taken into 

account in the model.  
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To see the overall effects of the P1-C1 biases in the positioning domain, the point 

positioning results have been computed with and without considering the P1-C1 biases at 

all six stations on January 1, 2011. Then the differences in the r.m.s. errors between 

biased and unbiased solutions were generated. The solution was compiled by using the 

smoothed ionosphere-free results with WAAS orbit and clock corrections. Figure 6.6 

shows the results. 

 

 

Figure 6.6 P1-C1 bias effects in the simulated kinematic positioning solutions with WAAS corrections 

using the sequential forward smoothing method at the selected six stations on January 1, 2011. 

 

Analyzing the differences in the positioning r.m.s. errors in Figure 6.6 for all stations, the 

statistics shown in Figure 6.7 could be computed. 
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Figure 6.7 Improvements in the positioning solutions by taking into account the P1-C1 biases in the 

process of WADGPS PPP with the sequential forward smoothing method. 

 

Figure 6.7 shows the most significant improvement occurs in the height component. The 

statistics show, when averaged over all stations, about 0.28 m of improvement in the 

north component, about 0.21 m in the east component and about 0.60 m in the vertical 

component. These statistics clearly show that the P1-C1 bias issue is significant for dual-

frequency point positioning with WADGPS corrections, especially for the sequential 

forward smoothing method, which doesn’t have a satellite-dependent parameter enrolled 

in the observation model. (Also see Figure 7.11 in Chapter 7, where we see that the P1-

C1 bias effects are dramatically reduced by using a sequential least-squares method with 

a set of ambiguity parameters, which can absorb a satellite-dependent bias).  

6.4. Performance Analysis in Positioning Domain 

In order to see what can be improved with the developed methods, the point positioning 

process with two scenarios was carried out with the ALGO data of January 1, 2011. The 
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two scenarios were (1) comparing single-frequency point positioning results with WAAS 

corrections and point positioning results with the ionosphere-free combination but 

without smoothing to see the increased noise effects in the positioning domain, and (2) 

comparing point positioning results with the ionosphere-free combination with and 

without the developed smoothing method. For the ionosphere-free combination, the P1-

C1 bias correction with 'P2  approach was applied. Figure 6.8 and Figure 6.9 show the 

processed positioning results. Statistical summaries of these results are given in Table 

6.3. 

 

Figure 6.8 Point positioning results with WAAS corrections at station ALGO on January 1, 2011. 

Green dots and lines: the results from single-frequency analysis (C1, not smoothed). Red dots and 

lines: the results from the ionosphere-free combination without smoothing. The circles on the right-

hand plot indicate the 95% contours and the small black circle indicates the mean of the single-

frequency results. 
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Figure 6.9 Point positioning results with WAAS corrections at station ALGO on January 1, 2011. 

Red dots and lines: the results from dual-frequency ionosphere-free combination without smoothing. 

Green dots and lines: the results from dual-frequency ionosphere-free combination with smoothing. 

The circles on the right-hand plot indicate the 95% contours and the small black circle indicates the 

mean of the smoothed results. 

 

Table 6.3 Statistics for the point positioning process with WAAS corrections at station ALGO on 

January 1, 2011 (IF represents the ionosphere-free combination used; SM represents the smoothing 

process applied). 

unit: m Average Bias r.m.s. Error 

ALGO North East Height North East Height 

C1 0.461 0.029 0.705 0.570 0.231 0.951 

IF NoSM -0.160 -0.040 0.135 0.680 0.486 1.095 

IF SM -0.105 0.009 0.182 0.244 0.165 0.501 

 

In Figure 6.8, we can see the biases, which would be caused by unresolved ionospheric 

delay errors using WAAS ionospheric corrections in the single frequency results, are 
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dramatically reduced by using an ionosphere-free combination. However, due to the 

increased noise for the ionosphere-free combination, the time series (left panel) clearly 

show that the positioning results with the dual frequency ionosphere-free combination 

without smoothing are noisier and the positioning accuracy was degraded compared to 

the single-frequency case. It shows that the increased noise level using the ionosphere-

free combination with the P2' observable degraded the positioning precision. The 

statistics in Table 6.3 also show that the r.m.s. error in all component was degraded by 

more than 10 cm. However, Figure 6.9 shows the developed smoothing algorithm in this 

research appears to work properly in the measurement domain, reducing the horizontal 

r.m.s. error by about 40 cm in the north component and about 30 cm for the east 

component and for the improvement in the height component, it was about 60 cm.  

 

In order to see and characterize the unmodeled errors with the developed methodology, 

the residual errors of the positioning results are further analyzed. Figure 6.10 shows the 

residual errors for the single-frequency, dual-frequency ionosphere-free combination 

without smoothing, and the ionosphere-free combination with smoothing method in the 

measurement domain. 
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Figure 6.10 Residual errors for single-frequency, dual-frequency ionosphere free (IF) combination 

without smoothing, and IF with smoothing methods in the measurement domain at station ALGO on 

January 1, 2011.  The scale of the dual-frequency smoothed residuals was changed to ±2 m to see a 

detailed view. 

 

In Figure 6.10, the r.m.s. of the single-frequency C1 pseudorange residuals is 0.338 m 

with peak-to-peak variations of about ± 1 m. These values appear to be reasonable for the 

C1 pseudoranges for an ionosphere-quiet-condition day. However, due to the increased 

noise with the ionosphere-free combination without smoothing method in the second 

panel, the largest residuals errors were observed in this approach. The overall residual 
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errors vary within ± 3 m and the r.m.s. of the residuals for the entire day is 0.619 m. 

Finally, by taking the developed sequential forward smoothing method in the 

measurement domain, the smallest residual errors were observed in the dual-frequency 

smoothed positioning results. The overall peak-to-peak variation of the residuals is at the 

±0.60 m level and the r.m.s. of the residual errors is 0.247 m. These values appear to be 

reasonable for the ionosphere-free linear combination with the carrier-phase smoothing 

method. However, in the third panel in Figure 6.10, the residual errors with the WAAS 

orbit and clock corrections are not consistent in time but show long-term variations. The 

characteristics of the WAAS residual errors could be identified as a large scatter of 

residuals with long-term variations. Due to the initialization of the sequential forward 

smoothing filter as well as the filter initialization in the generation of corrections for a 

newly monitored satellite in the WAAS regional ground network, the large initial residual 

errors are clearly observed as more scattered values at the beginning of each satellite arc 

(also see the large initial values in the signal in space user range errors in Figure 5.5).  

The systematic long-term patterns in the satellite arcs for a specific time period, which 

could not be handled with the sequential forward smoothing method, could affect the 

positioning accuracy with the WAAS corrections.  

 

To more clearly see the unresolved errors with the WAAS corrections and to see how 

well the sequential forward smoothing filter performed, the following Figure 6.9 shows 

the residual errors of the unsmoothed ionosphere-free solutions and the residuals of the 

smoothed ionosphere-free solutions for the selected PRN 2, PRN 5, PRN 28 and PRN 30 
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satellites. The summarized statistics in terms of the average bias and r.m.s. of the 

residuals for each PRN are given in Table 6.4. 

 

Figure 6.11 Residual errors for the selected PRNs, PRN2, PRN5, PRN28 and PRN30 at station 

ALGO on January 1, 2011. 

 

Table 6.4 Statistics of the residuals for PRN2, PRN5, PRN28, and PRN30 at station ALGO on 

January 1, 2011. 

Unit (m) Unsmoothed IF Smoothed IF 

 Bias r.m.s. Bias r.m.s. 

PRN02 0.115 0.516 0.126 0.255 

PRN05 0.030 0.488 -0.032 0.159 

PRN28 0.073 0.490 0.047 0.193 

PRN30 -0.010 0.542 -0.015 0.239 
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Examining Figure 6.11 and Table 6.4, it can be concluded that the unresolved satellite 

orbit and clock errors with WAAS corrections appear as elevation angle and time-

dependent errors. A drift and sinusoidal patterns in time are dominant features. The 

statistics in Table 6.4 show the average of the residual errors for each satellite arc is 

slightly biased. However, the results in Figure 6.11 and Table 6.4 show that the 

sequential forward filter performed reasonably well in terms of the mean and the 

variations of the residual errors for each satellite arc.  

6.5 Analysis of Positioning Results with CDGPS and WAAS Corrections 

To see the positioning performances of the developed algorithm with the CDGPS and the 

WAAS corrections and to measure the positioning performance of the sequential forward 

smoothing method with respect to the recursive sequential least-squares method, the 

positioning process has been conducted by separately using the sequential forward 

smoothing method and the sequential least-squares method with the CDGPS and the 

WAAS corrections at station ALGO on January 1, 2011. For the direct comparison of the 

positioning solutions between the two methodologies, the varying ambiguity method, 

which is only applicable for the SBAS PPP with sequential least-squares method, has not 

been applied. The WAAS fast clock smoothing and the DCB correction with the 'P2  

approach have been commonly applied for both methodologies. However, with the 

sequential least-squares method, better positioning accuracy would be expected compared 

to that of the sequential forward smoothing method since the satellite-dependent errors 

such as such as residual satellite orbit and clock errors, residual satellite DCBs in addition 
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to the station dependent residual tropospheric delay errors could be mitigated by utilizing 

the ambiguity parameter for each satellite and by estimating the zenith tropospheric 

delays at the station. In addition, position domain smoothing could also be expected to be 

benefited by continuously propagating the covariance matrix of the estimated parameters 

in addition to a priori state information. 

 

Figure 6.12 Point positioning results with sequential forward smoothing filter at station ALGO on 

January 1, 2011. WAAS fast clock correction domain smoothing is applied. 

 

Table 6.5 Statistics for the positioning process with sequential forward smoothing filter at station 

ALGO on January 1, 2011. 

 Average Error r.m.s. Error 3d r.m.s. 

unit: m North East Height North East Height  

CDGPS -0.100 -0.048 0.189 0.190 0.159 0.477 0.538 

WAAS -0.105 0.010 0.182 0.244 0.165 0.501 0.581 

 



134 

 

 

The above Figure 6.12 shows the point positioning results with the sequential forward 

smoothing filter by separately using the WAAS corrections and the CDGPS corrections. 

Then the following Figure 6.13 shows the positioning results with the sequential least-

squares approach by using the CDGPS- and the WAAS-corrections. The corresponding 

statistics are given in Table 6.5 and Table 6.6, respectively. 

 

Figure 6.13 Point positioning results with sequential least-squares approach at station ALGO on 

January 1, 2011. WAAS fast clock correction domain smoothing is applied. 

 

Table 6.6 Statistics for the positioning process with sequential least-squares approach at station 

ALGO on January 1, 2011. 

 Average Error r.m.s. Error 3d r.m.s. 

unit: m North East Height North East Height  

CDGPS -0.062 0.063 0.171 0.174 0.216 0.370 0.462 

WAAS -0.197 0.069 0.085 0.227 0.201 0.344 0.459 
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Analyzing Figure 6.12, first, it can be seen that the number of monitored satellites for the 

CDGPS solutions is one less than that of WAAS solutions from 1:34:00 to 6:21:00 and 

from 11:56:30 to 14:49:00 in GPS Time. This was because CDGPS didn’t provide the 

corrections for the GPS PRN32 satellite. Second, due to the high resolution of the 

CDGPS orbit and clock corrections, it is also clear that the positioning results with 

CDGPS corrections are less noisy than the results with WAAS corrections even though 

the WAAS fast-clock smoothing process has been applied. However, the overall patterns 

of the positioning results in all positioning components are similar between the two 

solutions. The statistics in Table 6.6 show that the overall positioning performance of the 

CDGPS solutions was better than that of the WAAS solutions but they are comparable 

within a 5 cm level in terms of r.m.s. errors. 

 

By comparing Figure 6.12 and Figure 6.13, due to the different effects of the residual 

satellite orbit and clock errors, residual satellite DCBs and residual tropospheric delay 

errors in the different positioning methodologies in the estimation, the overall patterns of 

the positioning results between the sequential forward smoothing solutions and the 

recursive sequential least-squares solutions are not strongly correlated.  

 

It is also clear that the effect of the position domain smoothing has been observed in the 

sequential least-squares solutions. The positioning results with the sequential least-

squares approach look smoother in time than the results of using the sequential forward 

smoothing method. The overall statistics in Table 6.5 and Table 6.6 show that the 
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positioning performance of using the sequential forward smoothing method is 

comparable to the positioning solutions with sequential least-squares method within 

about the 12 cm level and it was about 8 cm level for the CDGPS solutions in terms of 3d 

r.m.s. errors. Finally, by comparing the daily mean biases with the WAAS corrections 

between the two solutions, it is observed that the total amount of the daily mean bias is 

almost identical but the magnitude of the biases between the north and the height 

components are opposite for the two approaches. It might show that the sequential least-

squares method might transform some of the bias in the height component to the north 

component. 

6.5 Summary of the Chapter 

In this chapter, the numerical results of the developed dual-frequency point positioning 

algorithm with WADGPS correction, which fully takes into account the satellite clock 

referencing issue, have been presented. To account for the increased noise level by use of 

the ionosphere-free combination for the dual-frequency case, the sequential forward 

smoother has been used. With the developed observation model, it was found that there 

were improvements at the 20 to 30 cm level in the horizontal component and about a 

maximum 60 cm level in the height component when the instrumental biases were taken 

into account. However, it should be noted that the improvements were not only from the 

satellite P1-C1 bias effects but also from the combined effects of multipath and noise, 

which were reduced by the smoothing filter. With the developed algorithm, numerical 

test results indicate that a few decimeter-level of positioning accuracy is attainable in 
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terms of r.m.s. errors and the positioning performance with CDGPS and WAAS 

corrections are comparable within about the 5 cm level. For compiling the statistics for 

WAAS solutions, the correction domain smoothing process for the WAAS fast clock 

corrections has been applied, which is also discussed in more detail in the next chapter. 

Better accuracy in the positioning results could be obtained if the residual orbit and clock 

errors, as well as residual tropospheric delays, are estimated in the newly developed 

observation model. 

 

The next chapter will present numerical results and analysis from a number of different 

tests using the newly developed varying-ambiguity method. The method can take into 

account the long term variations of the residual WAAS satellite orbit and clock 

corrections by applying the varying carrier-phase ambiguity concept rather than assuming 

the ambiguity is constant over time. 
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CHAPTER 7 POSITIONING RESULTS AND ANALYSIS OF SBAS 

PPP WITH THE SEQUENTIAL LEAST-SQUARES METHOD 

This chapter presents the results of the data processing and analysis for the developed 

SBAS PPP with sequential least-squares method. As described in section 4.2, a major 

benefit of using this approach with respect to the sequential forward smoothing method is 

to mitigate the effects of satellite-dependent errors and station-dependent errors, i.e., 

tropospheric delay error, in the positioning solutions. By utilizing ambiguity parameters 

with a varying ambiguity concept and by estimating tropospheric delays in the developed 

observation model, a system is less sensitive to the satellite clock reference issue and the 

residual satellite orbit and clock errors. Therefore, an improved accuracy in the 

positioning solutions could be achieved.  

 

This chapter begins with the analysis of the effects of the low resolution of WAAS fast 

clock corrections in the positioning domain by continuous use of the same data set that 

has been described in section 6.2. The determination of a proper smoothing factor to 

handle the low resolution of WAAS corrections and the effects of the correction domain 

smoothing in the positioning results are discussed. In the following sections, the data 

processing and analysis to determine the process noise for the ambiguity parameter and 

the effects of the varying ambiguity method in the parameter estimates are presented. 

Then the effects of the residual P1-C1 bias issue in the varying ambiguity method are 

presented. Finally, a summary of the chapter is specified.  
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7.1 Analysis of Low Resolution of WAAS Fast Clock Corrections  

As was discussed in section 3.4.5 in Chapter 3, since the SBAS satellite orbit and clock 

corrections are optimized for use with GPS pseudorange measurements, which have 

about a one-meter level of measurement noise, the resolution for the pseudorange 

correction (PRC), which takes into account the fast satellite clock term and the long-term 

satellite orbit and clock terms, is 0.125 m [RTCA, 1999]. However, it is well known that 

user positioning results are sensitive to the level of noise in the GNSS observables. In 

general, more noise in the data or products used make for less precise positioning results. 

 

Since the low resolution of the WAAS fast clock correction gives rise to a noise-like 

peak-to-peak variation within a specific range (see Figure 3.1) and it is the main source of 

the increased noise in the corrections, the WAAS fast-clock corrections have been 

precisely analyzed and the proper weight of the filter has been determined.  

7.1.1 Methodology 

In order to mitigate the effect of the low resolution of the WAAS satellite fast-clock 

corrections in the positioning results, the correction domain smoothing process has been 

applied to improve the precision of the corrections. For the smoothing process, a 

weighted moving average filter has been applied. The equation of the weighted moving 

average filter is described as: 

kkk xxx )1(1  −+= −                                                                                                    (6.3) 
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where, k is the (current) epoch and the value of kx is taken as the filtered value of kx . 

The value of the filter constant  represents the degree of filtering; for example, if   is 

getting close to 1, it means there is less impact from the current measurement, kx , in the 

computation and filtering data strongly. For the extreme case, if   equals to zero, it 

means no filtering is performed. 

 

For an illustration of the low resolution issue in the WAAS fast clock corrections and the 

performance of the weighted moving average filter, the following Figure 7.1 shows an 

example.  

 

Figure 7.1 Low resolution of WAAS fast clock correction and the performance of the weighted 

moving average filter for PRN17 at the station ALGO on January 1, 2011. 
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In Figure 7.1, the red line shows the original WAAS corrections as illustrated in Figure 

3.1, and the green line shows the smoothed corrections by corresponding to the smoothed 

WAAS fast clock corrections with the degree of filtering factor of 0.6. The result shows, 

first, the smoothing process only with the WAAS fast clock corrections in the bottom left 

panel can reduce the noise of the final combined orbit and clock corrections (see the top 

left panel), which can be computed by combining the long-term orbit corrections in the 

top right panel and the combined fast and the long-term clock corrections (see the middle 

left panel). Second, when the range rate correction is computed by using the smoothed 

fast clock corrections as described in eqn. (3.3), only one-quarter of the noise, i.e., 1 cm 

level of noise in the range rate correction (see bottom right panel) is going to be added 

into the combined fast (see the bottom left panel) and long-term clock corrections (see the 

middle right panel). Finally, Figure 7.1 clearly shows that the WAAS fast clock 

correction is the main source of noisy combined orbit and clock corrections and the 

correction domain smoothing is well performed with a filtering factor of 0.6. Note that 

the detailed descriptions of how to compute the combined orbit and clock corrections (top 

left panel) can be found in the section 3.1.1.1. Note also that Figure 7.1 shows the WAAS 

orbit corrections (top right panel) and the combined clock corrections (middle left panel) 

are inversely proportional in terms of the variations in time and the magnitude of errors 

as it was discussed in Chapter 5. 
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7.1.2 Sensitivity Test in PPP 

To see the correction domain smoothing effects in the point positioning results with 

different smoothing factors, one day of 30-second data from the IGS station, ALGO, has 

been processed (see Figure 6.2). Based on the considerations of the possible delays in the 

response of the smoothing filter over time and to prevent over-smoothing of the WAAS 

fast clock corrections, smoothing factors of 0.5, 0.6 and 0.7 have been chosen to see 

which performs best. The expected improvement in the precision of smoothed WAAS 

fast clock corrections is at about the 6 cm level. To see the effects of correction domain 

smoothing in the simulated kinematic (i.e., epoch-by-epoch) results with static data, the 

process noise for the position changes has been set to 30 m2/h as an initial variance and 

the rate of change in the receiver positions also taken into accounted by use of the r.m.s. 

of positioning changes in the process noise matrix. A large number, i.e., 1010 m/ sec has 

been assigned as an uncertainty for the receiver clock to count on a certain change. For 

the tropospheric total zenith path delay parameter (TZPD), a random walk process noise 

of 5 mm/ h  was assigned. To see the exact effects of the correction domain smoothing 

and distinguish the effects from the process noise for the varying ambiguity parameter in 

a later section, the ambiguity for each satellite was assumed to be constant. In this test, an 

elevation cutoff angle of 10° was used for data processing. 

 

In this sensitivity test, the major interest was to see if the correction domain smoothing 

can make better positioning results by improving the precision of the WAAS satellite 
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clock corrections. The following Figure 7.2 and Table 7.1 show the processed results in 

the positioning domain and the corresponding statistical results, respectively. 

 

Figure 7.2 Effects of the different smoothing factors. The NoSM means no smoothing, SM(0.n) 

represents a smoothing process was taken with a degree of filtering factor of 0.n. 

 

Table 7.1 Statistics of the point positioning results with the different smoothing factors. 

Unit: meter NoSM SM(0.5) SM(0.6) SM(0.7) 

Average 

North -0.193 -0.197 -0.197 -0.197 

East 0.023 0.071 0.069 0.067 

Height 0.087 0.085 0.085 0.085 

r.m.s. errors 

North 0.315 0.231 0.227 0.226 

East 0.235 0.201 0.201 0.204 

Height 0.455 0.341 0.344 0.351 
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Analyzing Figure 7.2 and Table 7.1, the effect of the correction domain smoothing 

appears in the smoothed results in the positioning domain. Significant improvements of 

more than 10 cm have been observed in the r.m.s of the height errors with less than 1.2 

cm level of difference in the average bias for all positioning components when the 

correction domain smoothing has been applied. Since the satellite clock error is the 

dominant user range error and the height component of user position is sensitive to the 

change of corrections due to a weaker DOP value than that of horizontal components, the 

biggest improvement in the height component is reasonable. However, the improvements 

in the point positioning results show that the effects of the different smoothing factors in 

the positioning results are marginal when going from, say, 0.5 to 0.7. Only a few 

millimeter levels of improvement can be achievable by increasing the smoothing factor. 

Therefore, a smoothing factor of 0.6 was selected to use for the entire process of WAAS 

fast clock corrections in this research. 

 

To further quantify the magnitude of the WAAS correction domain smoothing effects in 

the positioning results, all the data from the selected six stations for the continuous seven 

sample days, from January 1 to January 7, 2011, have been processed. In this process, all 

the necessary corrections including the satellite clock reference issue (P1-C1 bias) and 

the process noise for the ambiguity parameter have been appropriately taken into account. 

To account for residual orbit and clock errors, the process noise of 0.010 m/ 30sec for 

ambiguity parameters has been applied (see the following section of determination of 

process noise and Figure 7.4). Furthermore, in order to see the effects of correction 
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domain smoothing in the single frequency C1 observable case and the dual-frequency 

WAAS PPP with code-based carrier-phase smoothing technique, the same data sets have 

been processed. The major interest in this test is to see the dependency of correction 

domain smoothing on the different measurement noises and the different estimation 

methods; i.e., weighted least-squares with epoch-by-epoch solutions and the recursive 

sequential least-squares method. To see the exact effects of the correction domain 

smoothing separately from the position domain smoothing effects by using a sequential 

least-squares method, the correction domain smoothing filter has been separately and 

independently run from the positioning estimators making sure that exactly the same 

degree of smoothing factor for the fast clock corrections was used for the point 

positioning process with the different estimation methods. Finally, PPP process with a 

sequential least-squares method needs a certain time to precisely separate a specific 

parameter from the measurements in the positioning domain (i.e., convergence time). To 

precisely analyze the dependency of correction domain smoothing on the different 

measurement noises and the different estimation methods, all the statistics have been 

computed by using the positioning results from 6:00 to 24:00 in GPS Time of the whole 

day results at each station for all sample days. The selected 6 hours from the start of a 

process is more than enough time to stabilize a positioning filter with WAAS corrections 

(see the convergence time statistics for WAAS orbit and clock corrections in Table 8.3). 

The following Figure 7.3 shows the compiled statistics in terms of the improvements in 

average r.m.s. errors using all the selected six stations.  

 



146 

 

 

 

Figure 7.3 Improvements in positioning solutions by using correction domain smoothing for WAAS 

fast clock corrections (see text for color codes). 

 

In Figure 7.3, the blue color shows the results with the single frequency C1 observable, 

the red color represents the improvements in the dual-frequency code-based carrier-phase 

smoothing technique, and the green color represents the results using dual-frequency 

sequential least-squares with the varying ambiguity method. 

 

The results in Figure 7.3 show that only a maximum improvement of 2.9 cm in the height 

component could be achieved by use of C1 pseudorange measurements only. However, 

more improvement can be seen in the positioning results when the code-based carrier-

phase smoothed measurements, which have about ten centimeter level of measurement 

noise, and the carrier-phase measurements with about a few cm level of measurement 

noise were used. It clearly shows that the improvement in the positioning accuracy by use 

of the correction domain smoothing method depends on the measurement noises for the 
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used observables. The significant improvement of about 9.5 cm in the height component, 

which is a greater improvement than what we expected (about 6 cm level), with the 

recursive sequential least-squares method shows that the improvement in the correction 

domain smoothing also depends on the position estimation method used. However, it 

should be noted that the above improvements are not only from the correction domain 

smoothing effects but also from the effects of varying ambiguity method. Without 

counting on the effects from the varying ambiguity method, the improvements in 

positioning solutions by using correction domain smoothing for WAAS fast clock 

corrections were 2.1 cm, 1.0 cm and 5.2 cm in average r.m.s. errors for north, east and 

height direction.  

 

Based on the above results, the effects of the correction domain smoothing in the 

positioning results could be summarized as first, the level of improvement in the 

positioning errors is correlated with the noise level of the used observables and the used 

different estimation methods. Second, the correction domain smoothing for the low 

resolution of WAAS fast clock corrections is not significant for standard point 

positioning with code measurements. However, it appears that the improvement in the 

precision of WAAS fast clock corrections is important for the dual-frequency WAAS 

PPP algorithms, especially for the WAAS PPP with sequential least-squares approach. 
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7.2 Analysis of the Process noise for Ambiguity Parameter (Varying Ambiguity 

Method) 

In order to obtain the best performance with the developed WAAS PPP with varying 

ambiguity method, the determination of the process noise for a varying ambiguity 

parameter is the main issue. In theory, the variation of the residual satellite orbit and 

clock errors for the ambiguity parameter does not depend on the station movements or 

any other parameters which have been defined in the system; i.e., the receiver clock 

offset and TZPD. However, due to the correlations among the introduced parameters, the 

residual orbit and clock errors not only affect the ambiguity parameters but also all other 

parameters in the system. Even though the main purpose of the varying ambiguity 

method is typically designed for kinematic processes, the effects of the varying ambiguity 

method on the estimated parameters in the static mode are also presented in this section. 

7.2.1 Determination of Process noise for Ambiguity Parameter 

To see the effects of the different process noises for the ambiguity parameter in the 

positioning solutions and to determine a proper value for the process noise for the 

ambiguity parameter, data from two IGS stations, ALGO and UNBJ, has been processed. 

Two days of data, January 1 and January 7, 2011, have been selected and processed to 

see if the selection of the process noise value for ambiguity parameters is dependent on 

time. The simulated kinematic processing mode with the static data set has been used 

since the static mode is not sensitive to variations in the positioning solutions after 

convergence. For the positioning process, the correction domain WAAS fast clock 
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smoothing with the degree of filtering factor, 0.6, has been used and to take into account 

the satellite clock reference issue, the P1-C1 bias with the 'P2  approach has been used. 

 

However, to have a representative process noise value for the ambiguity parameters, 

which is less sensitive to the different elevation-angle dependent weighting schemes such 

as the cosecant function or exponential function, the elevation-angle dependent weight 

function (see equation (4.35)) has been normalized at the elevation angle of 38° as set to 

unity for the computation of PPP results. The elevation angle of 38° was selected as 

being close to half of all the elevation angles (10° to 85°) in the used GPS data set. 

 

Since the process noise for the ambiguities can be varying from zero (fixed-ambiguity 

process) to infinity (code-only process), the search process has been conducted on the full 

possible range of process noise, from 0 to infinity. The strategy to choose the best process 

noise value is to find a value at the minimum r.m.s. error in the positioning results with 

the WAAS corrections. To see the overall PPP results at each process noise value, 3-

dimensional r.m.s. errors have been taken for a full day of PPP results on the above 

selected two days, January 1 and January 7, 2011. For computing the r.m.s. errors, the 

precisely known coordinates from the IGS (the appropriate SINEX weekly file), have 

been used as reference coordinates for the two selected stations. To see the difference in 

the determination of process noise between the WAAS and the CDGPS orbit and clock 

corrections, the same process has been also conducted with CDGPS corrections. The 

following Figure 7.4 shows the processed results.  
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Figure 7.4 Determination of the process noise level for the ambiguity parameter on January 1, 2011 

and January 7, 2011. 

 

In Figure 7.4, for the results with WAAS correction, most of the curves have common 

minima at around the value of 0.010 m/ 30sec  or 0.015 m/ 30sec  and the minimum 

values are not strongly station and day dependent. However, due to the flatness of all 

curves in the vicinity of the minima, the positioning results are relatively insensitive to 

the particular value of the process noise between about 0.003 m/ 30sec  and 0.05 

m/ 30sec . Similar results have also been observed in the positioning results with 

CDGPS corrections except that the common minimum was observed at around the value 

of 0.003 m/ 30sec  or 0.010 m/ 30sec . This shows that the common minimum for 
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process noise is dependent on the precision of the satellite orbit and clock corrections (see 

Figure 5.5 in Chapter 5). 

 

However, it is clear that the selection of the proper process noise value for the ambiguity 

parameter is important for both CDGPS and WAAS corrections and the improvements in 

the positioning solutions could reach up to more than the 10 cm level by comparing the 

results between the fixed ambiguity and the varying ambiguity methods with the process 

noise value at 0.010 m/ 30sec . In this research, a process noise of 0.010 m/ 30sec was 

used for the static process and the simulated kinematic process with static data. However, 

for a real kinematic data set, which has mixed static and kinematic data in the whole span 

of collected data, a process noise value of 0.003 m/ 30sec  has been used. Due to the 

fact that a smaller process noise value for the ambiguity parameter in the static process 

and the combined static and kinematic process could make a slightly smaller variation 

over time in the positioning solutions, the minimum process noise of 0.003 m/ 30sec  

has been selected from the ranges of the above-described process noises for the real-

kinematic data process with varying ambiguity method. 

7.2.2 Effects of Varying Ambiguity Method on The Estimated Parameters 

To help to see how the system works for the different qualities of the orbit and clock 

products as well as the different definitions of the ambiguity parameter in the system, i.e., 

fixed versus varying in time, the 30-second data from the station ALGO has been 

processed with the WAAS orbit and clock corrections as well as the IGS final precise 
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orbit (15-minute update interval) and clock (5-minute update interval) products. For the 

static process, an elevation cutoff angle of 10° and the above determined process noise of 

0.010 m/ 30sec have been used to count on varying ambiguities in the system. In this 

test, the major interest was to see how the defined parameters in the system respond to 

the residual orbit and clock errors by using the different qualities of the satellite orbit and 

clock products. The following Figure 7.5 shows the estimated parameters for the position, 

the receiver clock offset and the TZPD at the station ALGO in the static mode. Statistics 

of the results in Figure 7.5 are shown in Table 7.2. 

 

Figure 7.5 Effects of the residual WAAS orbit and clock errors in the estimated parameters at the 

station, ALGO, on January 1, 2011. 
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In Figure 7.5, the IGS TZPD in the bottom right panel shows the IGS final tropospheric 

total zenith path delays at the station ALGO on January 1, 2011. The accuracy of this 

product has a maximum of 4 mm [IGS, 2012]. 

Table 7.2 Statistics for the effects of the residual WAAS orbit and clock errors in the estimated 

position parameters. 

Unit: meter Bias North Bias East Bias Height 

WAASPPP (fixed) -0.031 -0.031 -0.063 

WAASPPP(varying) -0.050 -0.078 -0.023 

IGS PPP (fixed) 0.004 -0.001 -0.002 

Convergence ( < 20 cm) 

Unite: Epochs 
North East Height 

WAASPPP (fixed) 21 233 906  

WAASPPP( varying) 20 186 840  

IGS PPP (fixed) 20 104 66 

 

In Figure 7.5 and Table 7.2, the effects of the WAAS residual orbit and clock errors can 

be seen in all the estimated parameters. First of all, the results show that all the 

positioning results with the different orbit and clock products have all converged to the 

few centimeter levels. However, with the WAAS orbit and clock corrections, due to the 

changes of ambiguity bias from one state to another with the source of WAAS 

corrections changing over time, a few centimeter level of variation over a few hours was 

observed even after the convergence in the positioning domain.  

 

In terms of convergence of positioning errors, since the IGS precise orbit and clock 

products are the most accurate and precise currently readily and freely available, the 
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fastest convergence has been observed in the positioning results with these products. 

With the WAAS orbit and clock corrections, the longest convergence time was observed 

in the height component with the fixed ambiguity method. However, the major benefit of 

using the varying ambiguity method compared to the fixed ambiguity method appeared as 

a fast bound of the actual variations of residual orbit and clock errors in the positioning 

domain. The fast variations but the smaller magnitude of changes in the positioning errors 

and the less convergence time in the height component have been observed at the 

beginning of the convergence process at station ALGO (see Figure 7.5 bottom left, 

convergence for height errors).  

 

In terms of the estimated receiver clock parameter, since the receiver clock at the station, 

ALGO is stabilized by the equipped external hydrogen-maser atomic clock, as expected, 

the estimated receiver clock with the IGS products only shows a small drift over time. 

However with the WAAS corrections, the estimated receiver clock parameter has a long 

term sawtooth pattern by absorbing the common bias in the signals at each epoch, which 

includes long term residual orbit and clock errors from all the monitored satellites. The 

maximum difference in the estimated clock between the results of using IGS and using 

the WAAS orbit and clock products easily reaches up to more than 1 m. However, as 

described in equation (4.61), the results clearly show that the receiver clock parameter is 

absorbing most of the long term WAAS residual orbit and clock errors and is the key 

parameter for point positioning with WAAS corrections. 
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To see the effects of the residual WAAS orbit and clock errors in the estimated total 

zenith path delays, the estimated TZPDs with different orbit and clock products as well as 

different concepts of ambiguity parameters have been compared with respect to the IGS 

final TZPDs at the station ALGO and the compiled statistics are shown in Table 7.3. 

Table 7.3 Statistics for the effects of the residual WAAS orbit and clock errors in the estimated total 

zenith path delays at the station ALGO. 

Differences in TZPD (m) WAASPPP (fixed) WAASPPP (varying) IGS PPP 

r.m.s. 0.045 0.016 0.009 

 

In the case of the estimated TZPD, Table 7.3 shows the best agreements with respect to 

the IGS final TZPD at station ALGO was observed in the estimated TZPDs using the IGS 

precise orbit and clock products. However, with the WAAS corrections, the result shows 

the estimated TZPD with the varying ambiguity method has a better agreement with the 

IGS final TZPD by properly taking into account the residual orbit and clock errors. 

However, it is clear that all the above results show that all the defined parameters in the 

system are correlated and are affected by the residual orbit and clock errors. 

 

Further to see the effects of the varying ambiguity method in the estimated ambiguities 

and the residuals, the following Figure 7.6 and Figure 7.7 shows the results.  
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Figure 7.6 Effects of the residual WAAS orbit and clock errors in the estimated ambiguities at the 

station ALGO on January 1, 2011 (some set of estimated ambiguities within ±2 m range). 

 

Figure 7.7 Effects of the residual WAAS orbit and clock errors in the residuals at the station ALGO 

on January 1, 2011. 
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Table 7.4 Statistics of the residual errors at the station ALGO on January 1, 2011. 

Residual errors 

(Unit: meter) 

Pseudorange Carrier phase 

mean r.m.s Mean r.m.s 

WAASPPP (Fixed) 0.210 0.664 0.000 0.067 

WAASPPP(Varying) 0.078 0.599 0.000 0.031 

 

By examining Figure 7.6 and Figure 7.7, as it has been designed in the observation and 

the processing model in Chapter 4, first, the results in Figure 7.6 clearly show that the 

varying ambiguity approach can absorb the residual orbit and clocks into the ambiguity 

parameters making them appear noisier and more varying over time compared to the 

fixed ambiguity approach. Second, Figure 7.6 also shows that the effect of the varying 

ambiguity approach appears as a different mean bias of the ambiguity estimates for each 

satellite compared to the fixed ambiguity approach. Since an ambiguity parameter is 

estimated as a byproduct of other parameters in the developed system, any difference in 

the bias estimate of other parameters causes a different bias in the ambiguity parameter 

for each satellite and make a difference in the positioning solutions (see, for example, the 

bias estimates in the receiver clock parameter and the ambiguity estimates for each 

satellite from 18 hours to 24 hours between the two approaches; also see Figure 8.2 and 

Figure 8.3, in which the results show that the varying ambiguity method can improve the 

positioning solutions in terms of accuracy, its repeatability and convergence time 

compared to the fixed ambiguity approach). Third, the desired performance of the 

varying ambiguity method would appear in Figure 7.7 as a random and a stationary time 

series in the carrier-phase residuals. However, when the proper process noise hasn’t been 

properly taken into account (See Figure 7.7 left panels), the unresolved orbit and clock 
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errors are remained in the carrier-phase residuals and appear as a time-dependent and 

non-stationary behavior. Table 7.4 also shows that the varying ambiguity method can 

affect both pseudorange and the carrier-phase residual errors and appear as less biased for 

pseudorange residuals and less varying for both pseudorange and carrier-phase residuals 

than those of the fixed ambiguity method. Since the pseudorange measurements are more 

affective for the filter during the convergence process, the less biased feature of 

pseudorange residuals might show the reason for a fast convergence time with the 

varying ambiguity method (see Table 7.2).  

 

Figure 7.8 WAAS PPP results using fixed ambiguity method and varying ambiguity method at the 

station ALGO on January 1, 2011. 
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Table 7.5 Statistics for point positioning results using fixed ambiguity method and varying ambiguity 

method at the station ALGO on January 1, 2011. 

unit: m Average Bias r.m.s. Error 

ALGO North East Height North East Height 3d r.m.s. 

NoVaryingAmb -0.197 0.069 0.085 0.227 0.201 0.344 0.459 

VaryingAmb -0.184 -0.005 0.050 0.217 0.148 0.204 0.332 

Difference 0.013 -0.074 -0.035 -0.01 -0.053 -0.140 -0.127 

 

To illustrate the varying ambiguity effect in the kinematic results, the positioning 

solutions have been computed by using the fixed ambiguity method and the varying 

ambiguity method in the kinematic mode at the station ALGO on January 1, 2011. The 

above Figure 7.8 shows the processed results at the station ALGO and Table 7.5 shows 

the corresponding statistics. 

 

Analyzing Figure 7.8, the results show that the varying ambiguity effects can be seen as 

improvements in all the positioning components. By estimating the long-term residual 

orbit and clock errors in the ambiguity parameters, smaller variations in the positioning 

solutions and more accurate positioning solutions have been achieved. Table 7.5 shows 

that there was about 12.7 cm improvement observed in the 3d r.m.s. errors with a 

maximum of 7 cm improvement in the bias at the east component.  

7.3 Analysis of Residual Satellite Clock Reference Issue (P1-C1 BIAS) 

In order to see the P1-C1 bias effect in the WAAS PPP with varying ambiguity method, 

the point positioning solutions have been computed by using all the selected six stations 

with and without considering the P1-C1 bias effects in the kinematic mode for a single 
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day on January 1, 2011. To have the positioning solutions with P1-C1 bias corrections, 

the 'P2  approach has been used for those stations where both P1 and C1 observables are 

available for use and if only C1 observables are available, the P1-C1 bias table from 

CODE [2018] has been used. The following Figure 7.9 shows the processed results at the 

station ALGO with and without considering the P1-C1 bias issues on January 1. 2011. 

 

Figure 7.9 P1-C1 bias effects in the simulated kinematic positioning solutions with WAAS 

corrections. 

 

In Figure 7.9, the overall sinusoidal feature of P1-C1 bias effects, which was seen in the 

point positioning results with sequential forward filter (see Figure 6.5), has been 

observed. However, since the WADGPS PPP with varying ambiguity method adopted an 

ambiguity parameter to absorb a satellite-dependent bias for each satellite, only much 
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smaller residual P1-C1 bias effects have been observed in the positioning results, 

compared with the results from the sequential forward smoothing method. Since the 

positioning solutions with the WADGPS PPP using varying ambiguity method relies 

more on the carrier-phase measurements by assigning a more than 100 times bigger 

weight for carrier-phase than code measurements, the dominant P1-C1 code bias in terms 

of magnitude of errors was observed at the beginning of the process when the filter has 

not stabilized yet and when greater contributions were made from the code measurements 

(see the difference in east component and the magnitude of differences for each 

positioning component). To illustrate the magnitude of the residual P1-C1 bias effects in 

the positioning domain, Figure 7.10 shows the positioning results with and without 

considering the P1-C1 bias issue at the selected six stations. 

 

 

Figure 7.10 P1-C1 bias effects in the simulated kinematic positioning solutions with WAAS 

corrections using varying ambiguity method at the selected six stations on January 1, 2011. 
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Analyzing the differences in the positioning r.m.s. errors in Figure 7.10, the statistical 

results are shown in Figure 7.11. 

 

Figure 7.11 Improvements in the positioning solutions by taking into account the P1-C1 biases in the 

process of WADGPS PPP with varying ambiguity method. 

 

Figure 7.10 and Figure 7.11 show that the overall effect of P1-C1 code bias has been 

diminished by estimating it with the predefined ambiguity parameter with the developed 

algorithm. The maximum of 6 cm level of improvements can be seen when the P1-C1 

bias has been corrected. The results show that even though less than a 6 cm level of the 

P1-C1 bias effects could be seen in the point positioning results, this level of error is not 

negligibly small compared with the total amount of daily r.m.s. error in the positioning 

results (see Figure 7.4), and to have the best positioning results, the P1-C1 bias effect 

should be corrected. 
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7.4 Summary of the Chapter 

In this chapter, the positioning results by using the SBAS PPP with the sequential least- 

squares method, which can utilize GPS dual frequency carrier-phase data and take into 

account the residual satellite orbit and clock errors as well as reducing the effects of the 

clock reference issue has been precisely analyzed. Based on the analyzed results, the 

following summary could be made: 

 

To account for the low resolution of WAAS fast clock corrections, a weighted moving 

average filter has been adopted and a proper weight or smoothing factor has been 

carefully determined. By comparing the PPP results with and without considering the 

correction domain smoothing effects for WAAS fast clock corrections: 

• The correction domain smoothing filter for WAAS fast clock corrections is 

effective and can make more reliable and better point positioning solutions than 

the results using the original WAAS fast clock corrections. 

• WAAS correction domain smoothing is not significant for single-frequency 

pseudrange users. 

• It appeared that the improvement in the precision of WAAS fast clock corrections 

is important for the dual-frequency WAAS PPP algorithms, especially for the 

WAAS PPP with the sequential least-squares approach. 

 

To take into account the residual orbit and clock errors, the varying ambiguity method 

has been applied and the proper process noise for ambiguity parameters has been 
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determined. By analyzing the different performance in the PPP results compiled by using 

the fixed ambiguity method and the varying ambiguity method, the following summary 

could be made: 

• The varying ambiguity method can make more realistic estimates of the 

predefined parameters by absorbing the residual orbit and clock errors in the static 

mode. 

• The varying ambiguity method showed better performance than the fixed 

ambiguity method. 

 

By utilizing the ambiguity parameter for each satellite in the developed algorithm, the 

effects of the satellite clock reference issue (P1-C1 bias issue) was significantly reduced. 

By comparing the compiled PPP results with and without considering the P1-C1 bias 

issue, it could be summarized as: 

• The clock reference issue almost disappeared and only about a maximum of 6 cm 

level in the east component was observed in terms of daily r.m.s. errors. 

• This level of error is not negligibly small compared with the total amount of daily 

r.m.s. error in the positioning results. 

• To achieve a best possible positioning accuracy, the clock reference issue should 

be taken into account. 

 

Finally, in the next chapter, the overall performance of the developed WADGPS PPP 

with the sequential least-squares method will be assessed in terms of the positioning 
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accuracy and the convergence time in the static mode. The kinematic positioning results 

and analysis for the developed methodology with the real kinematic data set are also 

presented.  
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CHAPTER 8 EFFECTS OF DIFFERENT QUALITY OF SATELLITE 

ORBIT AND CLOCK CORRECTIONS IN SBAS PPP 

Positioning performance of the PPP process is highly reliant on the quality of used 

satellite orbit and clock corrections. This chapter address three indices that can indicate 

the positioning performance with the different quality of orbit and clock corrections: first, 

the converged positioning accuracy and second, the convergence time. Finally, the 

positioning performance with a real kinematic data set is discussed. 

8.1 Description of Data  

In order to precisely analyze the effect of the different quality of satellite orbit and clock 

corrections on the PPP results, the WAAS, the CDGPS and the IGS precise orbit and 

clock products have been selected. As it was addressed in Chapter 5, WAAS and CDGPS 

orbit and clock corrections have an accuracy at the 36 cm level and about the 18 cm level, 

respectively, with respect to the IGS final precise orbit and clock corrections. In addition, 

the original broadcast WAAS fast- and long-term clock corrections is 12.5 cm and is 

noisier than that of CDGPS. The resolution of CDGPS clock corrections is 0.39 cm. The 

accuracy of the IGS final precise orbit and clock products are 2.5 cm and about 75 ps, 

respectively [IGS 2018]. To see the spatial dependency of the positioning results, a total 

number of 19 sample stations, which cover most of the service area of WAAS and 

CDGPS, have been selected from the IGS network. IGS stations have been selected 

because the coordinates of the stations are precisely determined with respect to 
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ITRF2005. To see the temporal dependency in the performance of PPP results, a 7 days 

data set from January 1, 2011, to January 7, 2011, has been selected. The overall 

performance of the PPP results with different orbit and clock corrections has been 

assessed by comparing the estimated coordinates with respect to the known coordinates. 

The selected stations and their locations are identified in Figure 8.1. 

 

Figure 8.1 Selected nineteen stations from IGS network. 

 

8.2. Assessment of Converged Positioning Accuracy and Repeatability 

In order to see the accuracy of the PPP solutions with the three different orbit and clock 

corrections, the positioning results have been conducted with the 30 seconds RINEX data 
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at all selected 19 stations in the static mode for the continuous seven days. To assess the 

accuracy of the results, the fully converged last epoch of daily positioning solutions at 

each station has been collected and compared directly to the known station coordinates 

subsequently found in the corresponding IGS weekly SINEX file. To see the differences 

in the accuracies of the positioning results before and after applying the developed 

methodologies, i.e., correction domain smoothing to the WAAS fast clock corrections 

and the varying ambiguity approach, a set of PPP results has been separately computed 

with and without considering them using WAAS corrections. For the CDGPS results, 

only the varying ambiguity method has been considered.  

 

For the process of the WAAS fast clock smoothing, the degree of filtering factor of 0.6 

has been used. To apply the varying ambiguity approach for both CDGPS and WAAS 

results, the process noise of 0.01 m/ 30sec has been chosen. To take into account the 

satellite clock referencing issue, the 'P2  observables have mostly been used for all 17 

stations except for the two stations, HNPT and NANO. These two stations did not have 

P1 observable, therefore, the CODE monthly averaged P1-C1 table has been used 

instead.  

 

The following Figure 8.2 to Figure 8.3 show the computed WAAS results with and 

without considering the fast clock smoothing and the varying ambiguity method and 

Figure 8.4 and Figure 8.5 show the CDGPS results with and without considering varying 

ambiguity.  
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Figure 8.2 Repeatability of positioning results using WAAS corrections without taking into account 

the varying ambiguity method. 

 

 

Figure 8.3 Repeatability of positioning results using WAAS corrections with taking into account the 

varying ambiguity method. 
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Figure 8.4 Repeatability of positioning results using CDGPS corrections without taking into account 

the varying ambiguity method. 

 

 

Figure 8.5 Repeatability of positioning results using CDGPS corrections with taking into account the 

varying ambiguity method. 
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Figure 8.6 Repeatability of positioning results using IGS final orbit and clock corrections. 

 

Figure 8.7 Converged PPP results with CDGPS, WAAS and IGS orbit and clock corrections at the 

selected 19 stations for continuous 7 days; Neither the fast clock smoothing nor the varying 

ambiguity method has been applied for both CDGPS and WAAS results. 

 



172 

 

 

Table 8.1 Statistics of the converged PPP results without taking into account the fast clock smoothing 

and the varying ambiguity method. 

Unit: m Mean Bias Std.dev 

Correction North East Height North East Height 

CDGPS -0.032 -0.030 0.072 0.026 0.038 0.047 

WAAS -0.067 -0.069 -0.055 0.032 0.050 0.083 

IGS 0.001 0.001 -0.004 0.003 0.005 0.008 

 

 

Figure 8.8 Converged PPP results with CDGPS, WAAS and IGS orbit and clock corrections at the 

selected 19 stations for continuous 7 days; the fast clock smoothing and the varying ambiguity 

method have been applied for WAAS results; Only the varying ambiguity method has been applied 

for CDGPS results. 

 

Table 8.2 Statistics of the converged PPP results by taking into account the fast clock smoothing and 

the varying ambiguity method for WAAS results and applying the varying ambiguity method for 

CDGPS results. 

Unit: m Mean Bias Std.dev 

Correction North East Height North East Height 

CDGPS -0.017 -0.056 0.082 0.016 0.025 0.030 

WAAS -0.048 -0.034 -0.022 0.016 0.028 0.041 

IGS 0.001 0.001 -0.004 0.003 0.005 0.008 
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By comparing the figures from Figure 8.2 through Figure 8.8, first of all as expected, the 

positioning accuracy with the IGS precise orbit and clock corrections are noticeably 

better than other results. The average mean bias and the std.dev in Table 8.2 are all at 

millimeter levels. Second, for the CDGPS results, even though the varying ambiguity 

method did not apply, the converged solutions for all 19 stations are placed in the 

accuracy range within about the 10 cm level for the horizontal, north and east, 

components and about the 20 cm level for the vertical component. It is also noticeable 

that there exists day to day variations in the positioning accuracy. However, when the 

varying ambiguity method has been applied, the real accuracy of the CDGPS corrections 

appeared as an improved precision and repeatability for all selected stations for the 

selected sample days. The effect of varying ambiguity as well as the fast clock smoothing 

can be more clearly seen in the WAAS results. Without taking into account the developed 

methodologies, the accuracies in the converged solutions were largely scattered among 

the stations and over the days. However, by estimating the residual WAAS orbit and 

clock errors as well as taking into account the low resolution of WAAS fast clock 

corrections with the developed methodologies, more precise and accurate results could be 

obtained. All the results show the developed methodologies are properly designed and the 

PPP with SBAS corrections should be taking into account the residual orbit and clock 

errors to achieve accurate and precise results. And the results in Figure 8.8 and Table 8.2 

show the stability of the developed algorithm as well as the validity of the developed 

model. The following section will assess the convergence time using the above data set 

with the different quality orbit and clock corrections. 
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8.2 Assessment of Convergence Time  

The convergence time could be defined by that time which is needed to precisely separate 

a specific parameter from the measurements and from all correlated parameters to within 

a certain threshold. Therefore, we might call it the separability or decorrelation time for 

the specific parameter. Since all the parameters are correlated in the filter (design matrix), 

a certain amount of time is needed to separate a parameter from the others. The main 

advantage of using WADGPS corrections for the PPP process would be to use the 

corrections in a real-time fashion. In this context, the convergence time is another 

important factor for WADGPS PPP.  

 

In order to compile the convergence times from Figure 8.2 to Figure 8.6, the time 

required for each coordinate component to converge to better than 50, 40, 30 and 20 cm 

is taken at each station on each day. The average of the values in the north and east and 

height components for each threshold for the different positioning solutions with the 

different orbit and clock corrections is given in Table 8.3 and Figure 8.9. 

 

Analyzing the results of the different positioning approaches with the three different orbit 

and clock corrections in the following Table 8.3 and Figure 8.9, it could be concluded 

that first, the accuracy and the precision of the orbit and clock corrections is a major 

factor that affects the convergence time. Second, the varying ambiguity method with 

WADGPS corrections can make a faster convergence in all positioning components. 

Third, the resolution of the WADGPS orbit and clock corrections could be an important 
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Table 8.3 Convergence time statistics for the different orbit and clock products (30 second epochs). 

 Unit: Epoch < 50cm < 40cm < 30cm < 20cm 

North IGS 8.8 11.1 15.0 20.5 

 CDGPS Fixed 5.3 7.1 10.4 18.1 

 CDGPS Varying 4.8 6.8 10.7 18.3 

 WAAS Fixed 23.3 26.9 40.4 144.8 

 WAAS Varying 14.5 19.1 39.6 121.8 

East IGS 8.8 14.5 24.0 40.2 

 CDGPS Fixed 9.6 20.2 44.0 93.8 

 CDGPS Varying 3.3 6.5 15.3 38.6 

 WAAS Fixed 43.1 58.0 94.2 267.2 

 WAAS Varying 12.7 22.5 57.4 174.1 

Height IGS 13.7 19.0 27.9 48.7 

 CDGPS Fixed 12.1 19.6 35.8 137.9 

 CDGPS Varying 14.5 24.9 47.0 248.3 

 WAAS Fixed 72.5 190.6 395.1 809.5 

 WAAS Varying 45.5 93.8 223.5 521.3 

 

Figure 8.9 Average of convergence time for the different orbit and clock products. 
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factor that affects the convergence time and WAAS PPP will be limited by a slower 

parameter convergence compared to using IGS or CDGPS orbit and clock corrections. 

8.3 Performance Analysis of the Kinematic Positioning Results 

To assess the performance of the developed precise point positioning algorithms in the 

kinematic mode, an experiment has been carried out for the kinematic point positioning 

and the analyzed results are presented in this section. 

8.3.1 Kinematic Data Descriptions 

For analyses conducted using the developed WADGPS PPP with varying ambiguity 

method on the point positioning results, a land-vehicle data set has been collected using a 

NovAtel ProPak-V3 dual-frequency GPS/GLONASS receiver in Fredericton on 

September 7, 2008. For collecting data, a sampling interval of 1 second and 10° elevation 

cutoff angle were used. The total data span of the kinematic test was about 54.4 minutes 

and the first 30 minutes of data were collected in static mode and the remaining data were 

used as real kinematic vehicle data. 

 

To have a reference trajectory or “truth” for the kinematic test, UNBN, one of the UNB 

continuously operating reference stations, which has a same type of receiver as the rover, 

has been used as a reference station. The precisely known coordinates from the IGS 

(SINEX file) has been used as reference coordinates for UNBN and all the coordinates of 

the kinematic points have been generated using a double-differencing technique with the 



177 

 

 

GrafNavTM software. The following Figure 8.10 shows the overall trajectory of the 

kinematic data. 

 

Figure 8.10 Trajectory of the kinematic data. 

 

The spatially distributed uncertainties of the computed reference positions using the 

GrafNav software are shown in Figure 8.11. The triangle marks the location of the 

reference station. 
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Figure 8.11 Standard deviations of double-differenced positioning solutions from the GrafNav’s 

software (colour-coded precisions in meters). 

 

Figure 8.11 shows that the uncertainties for the horizontal trajectory were less than 2 cm 

in most cases. However it was about 3 cm for the uncertainties in the vertical component. 

8.3.2 Numerical Positioning Results and Analysis 

For the process, the rover data with the developed algorithm in the kinematic mode, the 

initial variance for the process noise of 60 m2/h has been assigned and the rate of change 

in the receiver positions also taken into account by use of the r.m.s. of position changes in 

the process noise matrix. The NovAtel receiver was set to use the clock steering 

technique and with this setup, the receiver clock drift is only varying several centimeters 
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per second. However, a large value of 1.0E10 m/ sec has been assigned as process noise 

for the receiver clock to accommodate any sudden jumps in the process as well as take 

into account the common bias at each epoch in the process. A random walk process noise 

of 5 mm/ hour  is assigned to model the change of the tropospheric delay over time. To 

help to see the different characteristics in the estimated PPP results using WAAS 

corrections versus the CDGPS corrections, PPP results have been also determined using 

the CDGPS orbit and clock corrections. For the kinematic process with the CDGPS PPP 

and the WAAS PPP, 0.003 m/ 30sec  has been used for the process noise.  

 

In order to evaluate the accuracy of the compiled results by use of the developed 

algorithms, the generated positioning results using double-differencing (DD) with the 

ambiguity fixing technique in the GrafNav software were assumed as truth. The 

following Figure 8.12 shows the GPS solutions using IGS precise orbit corrections and 

30 seconds clock corrections and Figure 8.13 shows the CDGPS PPP and the WAAS PPP 

results with the varying ambiguity method. 
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Figure 8.12 GPS kinematic PPP results using IGS precise orbit and clock products. 

 

Figure 8.13 Kinematic PPP results using the varying ambiguity method using WAAS corrections and 

CDGPS corrections. 
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The associated statistical results are shown in Table 8.4. 

Table 8.4 Statistics for the kinematic positioning performance of the WADGPS PPP with varying 

ambiguity method. 

Unit: meter IGS WAAS CDGPS 

Average Error North -0.049 -0.010 -0.053 

 East -0.009 -0.042 -0.204 

 Height -0.009 -0.124 -0.065 

r.m.s Error North 0.057 0.042 0.058 

 East 0.018 0.057 0.205 

 Height 0.055 0.147 0.131 

3d r.m.s. Error  0.081 0.163 0.250 

 

The above results show that the overall performance of the developed WAAS PPP is 

comparable with the PPP with GPS precise orbit and clock data from IGS in terms of 

r.m.s. errors within about the 10 cm level. However, due to the bias in the east component 

errors with the CDGPS corrections, CDGPS PPP results are only comparable with the 

IGS PPP results at the level of 20 cm. The bias in the east component might be explained 

by the slower convergence time due to the fact that one less satellite has been used with 

respect to the IGS and WAAS solutions since CDGPS did not provide the corrections for 

GPS PRN32 for this day.  

8.4 Summary of the Chapter 

In this chapter, the effects of different quality of satellite orbit and clock corrections on 

PPP results have been analyzed. Based on the precisely analyzed results with three 

different quality of satellite orbit and clock products, i.e., the WAAS, the CDGPS and the 
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IGS precise orbit and clock products at the selected 19 stations for continuous 7 days, the 

following summary can be drawn: 

 

By precisely analyzing the converged accuracy with the three different quality of satellite 

orbit and clock corrections in the static PPP results: 

• The positioning accuracy of the PPP process and its repeatability are highly 

reliant on the quality of the used satellite orbit and clock corrections. 

• The positioning accuracy with IGS precise orbit and clock corrections is 

noticeably better than other results.  

• Improved positioning accuracy and its repeatability can be obtained when the 

developed methodologies, i.e., the varying ambiguity method and the correction 

domain smoothing to the WAAS fast clock corrections, are applied in the 

positioning process with WADGPS corrections. 

 

By analyzing the convergence time with the selected satellite orbit and clock corrections 

in the static PPP results: 

• Accuracy and precision of orbit and clock corrections are key factors affecting 

convergence time. 

• The varying ambiguity method with WADGPS corrections can make a faster 

convergence in all positioning components.  

• The resolution of WADGPS orbit and clock corrections could also be an 

important factor affecting the convergence time. 
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• PPP with WAAS orbit and clock corrections will be limited by slower parameter 

convergence when compared to PPP results using IGS or CDGPS orbit and clock 

corrections. 

 

By analyzing the kinematic results with a real kinematic land vehicle data set: 

• A few decimeter-level of positioning accuracy with the CDGPS and the WAAS 

orbit and clock corrections in kinematic mode could be achieved. 

•  The accuracy of WAAS PPP is comparable with conventional PPP using IGS 

precise orbit and clock data within 10 cm level in terms of r.m.s. errors.  

• The accuracy of CDGPS PPP results is comparable with conventional PPP using 

IGS precise orbit and clock data at the level of 20 cm in terms of r.m.s. errors. 

  

All the precisely analyzed results presented in this chapter show the developed 

methodologies are properly designed and the PPP with SBAS corrections should be 

taking into account the residual orbit and clock errors to achieve accurate and precise 

results. And the results presented in this chapter give more flexibility and chances to 

choose a proper positioning technique which can meet many user expectations for their 

applications. Finally, the next chapter presents the conclusions of the research carried out 

in this dissertation and recommendations for future research. 



184 

 

 

CHAPTER 9 CONCLUSIONS AND RECOMMENDATIONS FOR 

FUTURE RESEARCH 

This chapter summarizes the research carried out in this dissertation. In the first part of 

this chapter, several conclusions and the main findings are summarized in the context of 

the research objectives that have been achieved in this dissertation. In the second part of 

this chapter, recommendations are made for future research as well as for continuing 

research in this field. 

9.1 Conclusions of the Research 

The main objective in the research carried out in this dissertation was the design of GPS 

dual-frequency data processing techniques capable of producing high-accuracy point 

positioning results with WADGPS corrections. To achieve this goal, a comprehensive 

study, analysis and development of Precise Point Positioning (PPP) with the CDGPS and 

the WAAS orbit and clock corrections have been performed. 

    

A methodology has been developed to characterize and assess the quality of the CDGPS 

and the WAAS orbit and clock corrections with respect to the IGS final orbit and clock 

products in the signal in space user range error (SISRE) domain. By analyzing the results 

with a continuous seven days data set, the key findings could be summarized as: 

• CDGPS orbit and clock corrections showed a better agreement to IGS final orbit and 

clock products than that of WAAS orbit and clock corrections. 
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• Typically, WAAS orbit and clock corrections are highly correlated and it is not valid 

to separately use them for a correction or for a validation. 

• A short-term drift for each satellite and a long-term variation during a day have been 

identified as common characteristics for both SBAS corrections. 

• Quality of SBAS orbit and clock corrections are not equal for each monitored satellite 

and not consistent in time. 

 

By considering the ways to handle the identified major issues, i.e., the satellite clock 

referencing issue, the resolution of the WAAS fast clock correction issue and the residual 

orbit and clock issue, in a PPP process are different for different position estimators and 

different basis observables, a SBAS PPP with a weighted least-squares approach using a 

carefully designed sequential forward carrier-phase smoothing filter which utilizes the 

fully combined uncertainty for both systematic and random errors in the smoothing 

process and a SBAS PPP with sequential least-squares approach using un-differenced 

dual-frequency code and carrier-phase measurements have been developed. Based on the 

research and analysis carried out in this dissertation, the following conclusions can be 

drawn as: 

• CDGPS and WAAS orbit and clock corrections could (in the past)/can be used for 

PPP processing with the carrier-phase smoothed pseudorange measurements and the 

carrier-phase observable. However, it will be limited by slower parameter 

convergence compared to using IGS precise products when the SBAS PPP with 

sequential least-squares method is used. 
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• A few decimeter level of positioning accuracy can be attainable in epoch-by-epoch 

solutions using both developed algorithms.  

• The algorithm which can obtain the most accurate positioning solutions is the SBAS 

PPP with a recursive sequential least-squares method. Since this approach can take an 

advantage of utilizing the ambiguity parameter with the varying carrier-phase 

ambiguity concept and also can estimate tropospheric delays in the developed 

observation model, a system is less sensitive to the satellite clock reference issue and 

the residual satellite orbit and clock errors than that of the SBAS PPP with sequential 

forward smoothing method. 

 

To account for the low resolution of WAAS fast clock corrections, a weighted moving 

average filter has been adopted and a proper weight or smoothing factor has been 

carefully determined. By comparing the PPP results with and without considering the 

correction domain smoothing effects for WAAS fast clock corrections, the conclusions 

can be made as: 

• The correction domain smoothing filter for WAAS fast clock corrections is effective 

and can make more reliable and better point positioning solutions than the results 

using the original WAAS fast clock corrections. 

• WAAS correction domain smoothing is not significant for single-frequency 

pseudorange users. 
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To take into account the satellite clock reference issue (P1-C1 bias issue), the P2' 

observables which can directly be generated in the combination of C1, P1 and P2 

observables as P2' = C1 + (P2-P1) have been used if a receiver provides all three 

observables. If receiver did not provide P1 observable, a monthly P1-C1 table published 

from the Center for Orbit Determination in Europe (CODE) was used as corrections. By 

comparing the compiled PPP results with and without considering the P1-C1 bias issue, 

the conclusions can be made: 

• Satellite clock reference issue is the most significant factor to obtain the accurate 

point positioning results using a SBAS PPP with the sequential forward smoothing 

method. Since the standard point positioning model with the weighted least-squares 

approach has been adopted to estimate the epoch-by-epoch solutions in this algorithm, 

none of the parameters is set to handle a satellite-related bias and variations over time, 

the improvements at the 20 cm to 30 cm level in the horizontal component and about 

a maximum 60 cm level in the height component have been observed when the 

instrumental biases were taken into account. 

• By utilizing the ambiguity parameter for each satellite in the SBAS PPP with 

sequential least-squares algorithm, the effects of the satellite clock reference issue 

(P1-C1 bias issue) was significantly reduced. The clock reference issues almost 

disappeared and only about a maximum of 6 cm level in the east component was 

observed in terms of a daily r.m.s. errors. However, this level of error is not 

negligibly small compared with the total amount of daily r.m.s. errors in the 
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positioning results. To achieve a best possible positioning accuracy, the clock 

reference issue should be taken into account. 

 

To take into account the residual orbit and clock errors, the varying ambiguity method 

has been applied and the proper process noise for ambiguity parameters has been 

determined. By analyzing the different performance in the PPP results compiled by using 

the fixed ambiguity method and the varying ambiguity method, the summary of the 

conclusions drawn as: 

• The varying ambiguity method can make more realistic estimates of the predefined 

parameters by absorbing the residual orbit and clock errors in the static mode. 

• The varying ambiguity method showed better performance than the fixed ambiguity 

method especially in the kinematic process. 

• This method could be considered as a possible approach for PPP processing when 

given satellite orbit and clock corrections are less precise than precise products. 

 

It was investigated the effect of different quality of satellite orbit and clock correction in 

PPP. Based on the precisely analyzed results in this research, the conclusion can be made 

as follows: 

• The positioning accuracy, its repeatability and the convergence time of PPP process 

are highly reliant on the quality of the satellite orbit and clock corrections used. 

• The positioning performance with IGS precise orbit and clock corrections is 

noticeably better than other results.  
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• Numerical results indicated that the positioning accuracy, its repeatability and the 

convergence time with the developed SBAS PPP with sequential least-squares 

method could be significantly improved when all three special issues have been taken 

into account. 

• The WAAS orbit and clock corrections in the PPP processing will be limited by a 

slower parameter convergence compared to the PPP results using IGS or CDGPS 

orbit and clock corrections.  

 

The performance of the developed SBAS PPP with sequential least-squares algorithm has 

been tested with a real kinematic land vehicle data set. By precisely analyzing the 

kinematic PPP results, the conclusions can be made as: 

• A few decimeter-level of positioning accuracy with the CDGPS and the WAAS orbit 

and clock corrections in kinematic mode could be achievable. 

• The accuracy of WAAS PPP is comparable with a conventional PPP using IGS 

precise orbit and 30 seconds clock data, within 10 cm level in terms of 3d r.m.s. error. 

However, the accuracy of CDGPS PPP was 25 cm level in term of 3d r.m.s. error and 

it was comparable to the IGS PPP results within 17 cm level. 

• Although a few decimeter-level of positioning accuracy with (real-time) WADGPS 

orbit and clock corrections in kinematic mode are slightly less accurate than that of 

using precise orbit and clock products, it will give more flexibility and chances to 

choose a proper positioning technique, which can meet the majority of user 

expectations and their application needs.  
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• Furthermore, the precisely analyzed results of using the developed algorithms could 

serve as a baseline for further developments in PPP with WADGPS corrections and 

the algorithms developed in this research can be used and could be further improved 

when a multi-constellation dual-frequency, L1 and L5, SBAS service and seamless 

navigation are available across much of the world in the 2020-2025 timeframe 

[Cameron, 2015]. 

• Finally, the research concludes that the developed SBAS PPP with WADGPS 

corrections is properly designed and to obtain highest possible accuracy, the 

identified all three special issues, i.e., the satellite clock referencing issue, the 

resolution of the WAAS fast clock correction issue and the residual orbit and clock 

issue should be taken into account with the developed methodologies described in this 

dissertation.  

9.2 Recommendations for Future Research 

Further to this research, several issues can be suggested as following: 

• Since the main advantage of using WADGPS corrections in PPP is to enable a real-

time process, further analysis to obtain optimal process noise values for real-time 

kinematic PPP would be valuable. 

• More kinematic data tests from different dynamic environments could give a better 

understanding of the possible performance of the developed WADGPS algorithms. 

• Implementation of instantaneous cycle-slip correction, similar to that performed by 

Banville and Langley [2010] is worth to be considered to improve a positioning 



191 

 

 

accuracy and precision by continuously use of a stabilized ambiguity estimate 

typically in real-time kinematic positioning process.  

• To reduce the convergence time especially for WADGPS PPP, it would be valuable 

to research whether a fixing ambiguity to integer is possible. 

• With the emergence of real-time precise orbit and clock corrections from several 

organizations such as IGS and NRcan, a comparison study in the performance of the 

developed WADGPS PPP with respect to that of PPP with IGS real-time precise orbit 

and clock corrections is valuable. It will give more flexibility and chances to choose a 

proper positioning technique which can meet user’s expectations. 

• With an increasing number of SBAS corrections worldwide, it is worth to explore the 

performance of the developed methodologies with other SBAS satellite orbit and 

clock corrections to extending the usefulness of SBAS corrections for more users and 

precise applications. 

• High resolution of SBAS satellite orbit and clock corrections could be a good option 

to be considered for a future SBAS system to extend the usefulness of their 

corrections to more precise applications with faster convergence time.  
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APPENDIX A: TRANSFORMATION BETWEEN NAD83 (CSRS) 

AND ITRF 

The transformation between NAD83(CSRS) and any realization of ITRF at any given 

epoch(t) can be obtained by combining the definitive ITRF96-NAD83 transformation 

previously described together with the incremental between ITRF transformations and the 

NNR-NUVEL-1A rotations defining the motion of the North American tectonic plate 

[Craymer, 2006]. The resulting 7 parameter Helmert transformation can be written: 

( ) 1 ( ) ( ) ( ) ( )

( ) ( ) 1 ( ) ( ) ( )

( ) ( ) ( ) 1 ( ) ( )

N X Z Y I

N Y Z X I

N Z Y X I

X T t DS t R t R t X t

Y T t R t DS t R t Y t

Z T t R t R t DS t Z t

+ −       
       

= + + −
       
       − +       

                                      (A.1) 

where 

, ,N N NX Y Z  are the geocentric Cartesian coordinates in NAD83(CSRS). 

( ), ( ), ( )I I IX t Y t Z t are the geocentric Cartesian coordinates in ITRF at epoch t. 

( ) ( 1997.0)

( ) ( 1997.0)

( ) ( 1997.0)

( ) [ ( 1997.0)]

( ) [ ( 1997.0)]

( ) [ ( 1997.0)]

( ) ( 1997.0)
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Y Y Y

Z Z Z
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= +  −  
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= +  −   

= +  −   

= +  −   

= +  −  

 

t = epoch of ITRF coordinates. 

k =4.84813681 x 10-9 rad/mas. 
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The Table A.1 summarizes the parameters for realizations of ITRF2000, ITRF2005 and 

ITRF2008. 

Table A.1 ITRF to NAD83 transformation parameters at an epoch of 1997.0 

and their rates of change (mas = milliarcsec, ppb=parts per billion). 

 
XT  m 

XdT  m/y 

YT  m 

YdT  m/y 

ZT  m 

ZdT  m/y 

XR mas 

XdR

mas/y 

YR mas 

YdR mas/y 

ZR mas 

ZdR mas/y 

DS ppb 

dDS
ppb/y 

ITRF 

2000 

0.9956 

0.0007 

-1.9013 

-0.0007 

-0.5214 

0.0005 

-25.915 

-0.067 

-9.426 

0.757 

-11.599 

0.051 

0.615 

-0.182 

ITRF 

2005 

0.9963 

0.0005 

-1.9024 

-0.0006 

-0.5219 

-0.0013 

-25.915 

-0.067 

-9.426 

0.757 

-11.599 

0.051 

0.775 

-0.102 

ITRF 

2008 

0.9934 

0.0008 

-1.9033 

-0.0006 

-0.5266 

-0.0013 

-25.915 

-0.067 

-9.426 

0.757 

-11.599 

0.051 

1.715 

-0.102 

 

Note that the transformation parameters for ITRF00 are from the reference of Cramer 

(2006) and those parameters for ITRF05 and ITRF08 are given by use of the TRNOBS 3-

D Coordinate Transformation Program [NRCan-TRNOBS, 2011]. 
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APPENDIX B:  GPS SATELLITE ANTENNA PHASE CENTER 

OFFSETS IN IGS AND NGA  

Table B.1 GPS satellite antenna phase center offsets in IGS and NGA as of January 1, 2011. 

Unit: meter IGS NGA 

PRN Block # X Y Z X Y Z 

01 IIR-M 0.00000 0.00000 0.70000 0.01245 -0.00038 -0.02283 

02 IIR 0.00000 0.00000 0.61400 -0.00990 0.00610 0.08200 

03 IIA 0.27900 0.00000 2.61900 0.27940 0.00000 0.95190 

04 IIA 0.27900 0.00000 2.27900 0.27940 0.00000 0.95190 

05 IIR-M 0.00000 0.00000 0.70000 0.00292 -0.00005 -0.01671 

06 IIA 0.27900 0.00000 2.67600 0.27940 0.00000 0.95190 

07 IIR-M 0.00000 0.00000 0.70000 0.00127 0.00025 0.00056 

08 IIA 0.27900 0.00000 2.40500 0.27940 0.00000 0.95190 

09 IIA 0.27900 0.00000 2.34000 0.27940 0.00000 0.95190 

10 IIA 0.27900 0.00000 2.38900 0.27940 0.00000 0.95190 

11 IIR 0.00000 0.00000 0.97100 0.00190 0.00110 1.51410 

12 IIR-M 0.00000 0.00000 0.70000 -0.01016 0.00587 -0.09355 

13 IIR 0.00000 0.00000 1.20300 0.00240 0.00250 1.61400 

14 IIR 0.00000 0.00000 1.17800 0.00180 0.00020 1.61370 

15 IIR-M 0.00000 0.00000 0.70000 -0.00996 0.00579 -0.01227 

16 IIR 0.00000 0.00000 1.30700 -0.00980 0.00600 1.66300 

17 IIR-M 0.00000 0.00000 0.64500 -0.00996 0.00599 -0.10060 

18 IIR 0.00000 0.00000 1.13300 -0.00980 0.00600 1.59230 

19 IIR 0.00000 0.00000 0.66800 -0.00790 0.00460 -0.01800 

20 IIR 0.00000 0.00000 1.15400 0.00220 0.00140 1.61400 

21 IIR 0.00000 0.00000 1.30000 0.00230 -0.00060 1.58400 

22 IIR 0.00000 0.00000 0.79200 0.00180 -0.00090 0.05980 

23 IIR 0.00000 0.00000 0.60200 -0.00880 0.00350 0.00040 

24 IIA 0.27900 0.00000 2.45500 0.27940 0.00000 0.95190 

25 IIF 0.39400 0.00000 1.40700 0.39200 0.00200 1.09300 

26 IIA 0.27900 0.00000 2.30700 0.27940 0.00000 0.95190 

27 IIA 0.27900 0.00000 2.47200 0.27940 0.00000 0.95190 

28 IIR 0.00000 0.00000 0.91100 0.00190 0.00070 1.51310 

29 IIR-M 0.00000 0.00000 0.70000 -0.01012 0.00591 -0.01512 

30 IIA 0.27900 0.00000 2.46600 0.27940 0.00000 0.95190 

31 IIR-M 0.00000 0.00000 0.75000 0.00160 0.00033 -0.05750 

32 IIA 0.27900 0.00000 2.57500 0.27940 0.00000 0.95190 
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Please note that the above satellite antenna offsets in Table B.1 are referred to the 

“igs05_1617.atx” in the antenna exchange format of IGS and the table of satellite antenna 

offset in NGA (http://earth-info.nga.mil/GandG/sathtml/gpsdoc2015_04a.html) with the  

GPS satellite constellation of January 1, 2011.   

http://earth-info.nga.mil/GandG/sathtml/gpsdoc2015_04a.html
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APPENDIX C: EFFECT OF CORRECTION DOMAIN SMOOTHING 

OF WAAS FAST CLOCK CORRECTIONS IN POINT 

POSITIONIONG RESULTS  

 

Figure C.1 Effects of correction domain smoothing of WAAS fast clock corrections in point 

positioning results with sequential forward smoothing method at station ALGO on January 1, 2011. 

The NoSM means no smoothing, SM(0.n) represents a smoothing process was taken with a degree of 

filtering factor of 0.n. 

 

Table C.1 Statistics for effect of correction domain smoothing of WAAS fast clock corrections in 

point positioning results with sequential forward smoothing method at station ALGO on January 1, 

2011. 

Unit: m Average Error r.m.s. Error 3d r.m.s. 

 North East Height North East Height  

No SM -0.105 0.009 0.183 0.264 0.176 0.537 0.624 

SM (0.6) -0.105 0.010 0.182 0.244 0.165 0.501 0.581 

Differences 0.000 -0.001 0.001 0.020 0.011 0.036 0.043 
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