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ABSTRACT 

Lower-limb stroke rehabilitation is physically demanding on therapists and requires the 

concerted effort of multiple staff members. Researchers have accordingly begun 

investigating the use of lower-limb exoskeletons for rehabilitation. Unfortunately, if the 

exoskeleton ensures the correct trajectory regardless of whether or not the user contributes 

effort, rehabilitation can be ineffective as the patient can begin to slack. Recent research 

suggests using assistance-as-needed control to facilitate functional motor recovery by only 

applying torques if the patient deviates too far from the desired trajectory. Assistance-as-

needed control has been difficult to employ in lower-limb exoskeletons, however, due to 

the need to ensure stability. This work demonstrates how virtual constraint control—a 

method used in prostheses and assistive exoskeleton control with robust stability 

properties—can be combined with a velocity-modulated deadzone to ensure stability. The 

simulations suggest the method can accommodate a large deadzone while remaining stable 

across a range of gait pathologies.  
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1 INTRODUCTION 

1.1 Motivation 

Each year in Canada, approximately 62,000 people have a stroke or a transient 

ischemic attack (Hebert et al., 2016). Including the loss of productivity and the hospital 

expenses this costs the Canadian healthcare system roughly $3.6 billion (Hebert et al., 

2016). Current stroke rehabilitation practices are physically demanding and require the 

effort of multiple physiotherapists. Researchers are accordingly investigating the use of 

lower limb electromechanical exoskeletons as a means to facilitate gait rehabilitation.  

Many exoskeleton devices simply perform the desired gait trajectory for the 

individual in order to ensure safety and stability (Talaty, Esquenazi, & Briceno, 

2013),(Farris et al., 2014),(Agrawal et al., 2017). Unfortunately, if the exoskeleton ensures 

the correct trajectory regardless of whether or not the user contributes effort, it can result 

in an unsuccessful rehabilitation process as the patient can become reliant on the device 

and begin to slack in their rehabilitation training program (Marchal-Crespo & 

Reinkensmeyer, 2009). More recent rehabilitative exoskeleton control strategies are 

designed to eliminate the ability to slack throughout the gait training program by ensuring 

that the patients retained strength is actively considered. The current control laws that 

eliminate slacking, however, use time dependent control policies, meaning that stability 

cannot be guaranteed and the exoskeletons must therefore be used at slow speeds, in 

regulated environments, and with the assistance of external stability aids. 
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1.2 Increasing Functional Motor Recovery 

The central aim of this work is to design a lower-limb exoskeleton control strategy 

that promotes functional rehabilitation following a stroke by preventing the user from 

slacking. In order to properly rehabilitate someone who has had a stroke, one must promote 

brain plasticity and functional motor recovery. Brain plasticity is the functional 

reorganization or creation of neural connections in the brain that allow for the learning of 

a task following a brain injury (Burns, 2008). There are many facets of neurological 

rehabilitation that can be studied and incorporated into an exoskeleton control strategy that 

best promotes brain plasticity and functional motor recovery.  

One of the main methods used to promote brain plasticity following a neurological 

injury is performing high repetition training (Burns, 2008)(Hebert et al., 2016). High 

repetition training is inherently done through the use of a lower limb exoskeleton as the 

patient is able to perform a larger number of steps in a given time frame when compared 

to conventional rehabilitation techniques. The ability to perform more steps stems from the 

fact that the exoskeleton replaces the physically demanding intervention and no breaks are 

required by the therapist. To further increase the promotion of brain plasticity through the 

use of a lower limb exoskeleton, high intensity training must be performed (Burns, 2008) 

(Hebert et al., 2016). High intensity training is achieved by taking into account the patient’s 

retained strength and only assisting in the areas in which the patient has weakness. This 

type of control is known as assistance-as-needed control as the magnitude of the control 

torques are such that they aid in the completion of gait but allow the patient’s retained 

strength to be considered. This type of intervention ensures the patient puts forth maximum 

effort and does not have the ability to slack in their rehabilitation program.  
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Another way in which functional motor recovery is achieved is through adaptable 

training (Burns, 2008). Adaptability of the training program is achieved by changing the 

speed at which the patient is ambulating their limbs and has been shown to increase the 

complexity of the task throughout the rehabilitation program (Burns, 2008). This variable 

speed ambulation can be achieved through the use of an autonomous control strategy as 

there is no longer a temporal constraint on the completion of the gait trajectory. Therefore, 

the speed in which the patient completes their gait trajectory can be actively changed in 

real-time. 

1.3 Autonomous Virtual Constraint Control 

A downfall associated with many of the preliminary exoskeleton devices is that 

stability is difficult to guarantee using classical control theory, meaning that the devices 

must be used at slow speed, in regulated environments, and with the use of external stability 

aids. One of the reasons why it is difficult to guarantee stability using existing stability 

analysis techniques is because non-autonomous control strategies are being used. 

Furthermore, through the use of non-autonomous reference trajectories the system may 

present large jerk forces when handling the effects of an unforeseen disturbance. These 

large jerk forces are present as the system will attempt to return to the state in time before 

the disturbance had occurred. 

In recent years, advances in non-linear control theory have led to the development of 

a more sophisticated control technique that creates an autonomous control policy. This 

control technique is known as virtual constraint control and uses a phase variable to enforce 

virtual constraints, ensuring stability via a set of hybrid zero dynamics (Christine 
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Chevallereau, Gabriel Abba, Yannick Aoustin, Franck Plestan, E.R. Westervelt, Carlos 

Canudas-de-Wit, 2003), (Westervelt, Grizzle, Chevallereau, Choi, & Morris, 2007). 

Virtual constraint control has been previously implemented on lower limb prosthetics 

(Gregg, Lenzi, Hargrove, & Sensinger, 2014) as well as assistive lower limb exoskeletons 

(Agrawal et al., 2017) with demonstrated robust stability properties (Gregg, Rouse, 

Hargrove, & Sensinger, 2014).  

These robust stability properties stem from the fact that the system does not need to 

return to a particular state in time following a perturbation, which occurs with time-

dependent reference trajectories. Instead, the system can react to the perturbation, which 

would result in a change in the phase variable. From this change in the phase variable, the 

resultant reference trajectories would change accordingly, and the biped could continue 

tracking. This time-invariant phase variable provides disturbance handling that is similar 

to how humans handle perturbations related to gait (Gregg, Rouse, et al., 2014). 

Furthermore, through the implementation of virtual constraint control as a means to 

create an autonomous control strategy, variable speed ambulation can be achieved. This 

ability to actively change walking speeds stems from the fact that no knowledge of time is 

present in the control policy. Therefore, the patient has the ability to progress the phase 

variable at their desired rate, which will accordingly change the rate of progression of the 

joint trajectories. 

1.4 Dynamic Modelling of Gait 

As a means to assess the performance and robustness of the proposed control law, a 

dynamic model is needed to be created that accurately represents human walking. 
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Modelling of biped gait is a concept that has been explored for decades. Early models used 

the principles of inverted pendulums to model motion over the foot in single stance 

(Buczek et al., 2006; Cavagna, Thys, & Zamboni, 1976; H. Hemami & Golliday, 1977; 

Hooshang Hemami, Weimer, & Koozekanani, 1973; Kajita & Tani, 1991; Kuo, 2007; Kuo, 

Donelan, & Ruina, 2005). These models produced reasonable accuracy in gait kinetics and 

the principles were extended to model passive walking of a simple straight leg walker on a 

slope (Garcia, Chatterjee, Ruina, & Coleman, 1998; McGeer, 1990, 1993). By adding 

external actuation, these models can approximate gait motion during single stance. They 

fail to adequately recreate the ground reaction forces, however, at the foot. By increasing 

the degrees of freedom, through increasing the number of links in the kinematic chain, 

improved results have been found.  

Five-link biped models are commonly accepted for their balance of simplicity and 

reasonable accuracy in representing typical legged-locomotion (Ching-Long Shih, 1997.; 

Hardt, Kreutz-Delgado, & Helton, 1999; H. Hemami & Farnsworth, 1977; Lum, Zribi, & 

Soh, 1999; Tzafestas, Raibert, & Tzafestas, 1996; Westervelt et al., 2007; Wu & Chan, 

2001). Two common approaches to modelling the 5-link biped are through inverse or 

forward dynamics using the Newton-Euler or Lagrangian approach. Lagrangian dynamics 

allows for the use of generalized coordinates to define the mathematical model and 

eliminate the need for input of ground reaction forces.  

The work done by Mu (Mu, 2005) demonstrates the inherent simplicity gained 

through the Lagrangian approach in his five-link biped mathematical model, encompassing 

single and double stance, by representing the stance foot as a point torque at the ankle joint. 

McGrath (Mcgrath, 2014) further simplifies the Lagrangian modelling approach by 



 

6 

 

eliminating the need for branch chain modelling of the torso. This elimination of branch 

chain modelling was done by representing the center of mass (CoM) of the torso as a point 

mass with a known eccentric distance from the hip joint.  

Increased accuracy can be gained when the degrees of freedom in the model are 

increased to incorporate feet through a seven link model (Bae, Kong, & Tomizuka, 2009; 

Huang, Wang, Chen, Xie, & Wang, 2012; Onyshko & Winter, 1980; Pandy & Berme, 

1988a, 1988b; Saidouni & Bessonnet, 2003; van der Kooij, Jacobs, Koopman, & van der 

Helm, 2003). The addition of links representing the feet of the biped contributes greatly to 

the modelling of double stance during gait. Commonly, this phase of gait is treated as 

instantaneous (Chevallereau, Formal’Sky, & Perrin, 1998; Furusho & Masubuchi, 1986; 

Garcia et al., 1998; H. Hemami & Farnsworth, 1977; Westervelt et al., 2007), which means 

that motion during this phase is not represented, only the resulting impact.  

A common approach, to allow for non-instantaneous double support, is to treat the 

mathematical model of the biped during double stance as a closed kinematic chain (Huang 

et al., 2012; Koopman, Grootenboer, & de Jongh, 1995; Onyshko & Winter, 1980; Pandy 

& Berme, 1988a, 1988b; Saidouni & Bessonnet, 2003). The use of Lagrangian dynamics 

in this approach allows for the definition of constraints that restrain both feet to the ground 

during forward motion of the model, thus allowing analysis of the dynamics through the 

double support phase. A simple, yet effective representation of this approach was 

demonstrated by McGrath (Mcgrath, 2014) who further divided double stance into three 

sub-phases. By building the model through incremental increases in complexity, McGrath 

(Mcgrath, 2014) obtained an effective model of bipedal gait that gives adequate 

consideration to motion during double stance without unnecessary complexity. 
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1.5 Specific Aims 

The central aim of this work is to design a lower-limb exoskeleton control strategy, 

in a manner that guarantees stability, while still promoting functional rehabilitation 

following a stroke by preventing the user from slacking throughout their gait training. This 

central aim is achieved by accomplishing the following specific aims: 

1.5.1 Specific Aim 1 

To design an autonomous assistance-as-needed control strategy that further promotes 

functional motor recovery following a stroke through the promotion of brain plasticity, 

with the use of a lower limb exoskeleton. 

 Increased functional motor recover can now be achieved by ensuring the simulated 

patient puts forth effort in the completion of their gait cycle. This increase in 

training intensity is achieved by providing assistance-as-needed control through 

the implementation of a dynamic deadzone around the desired trajectory of each 

joint. 

  Brain plasticity can also be further promoted by allowing for variable speed 

ambulation which has been shown to add another dimension of complexity to the 

training program. This variable speed walking is achieved through the use of an 

autonomous control technique known as virtual constraint control.  

 The results show that the controller is able to provide biomimetic walking 

assistance at various walking speeds while ensuring the patient puts forth 

maximum effort in the completion of their gait cycle. 
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1.5.2 Specific Aim 2 

To assess the performance and robustness of the control law when it comes to 

producing stable biomimetic walking.  

 An autonomous control strategy was achieved through the implementation of 

virtual constraint control and therefore stability can now be guaranteed. 

 The performance and robustness of the control law was analyzed through the 

simulation of a variety of different gait pathologies on a dynamic model of human 

walking. 

 The results show that the control law was robust enough to handle uncertainties in 

the user’s pathology while still guaranteeing stable biomimetic walking was 

achieved. 

1.6 Innovation and Significance of the Work 

1.6.1 Significance 

To date, rehabilitative exoskeletons that use an assistance-as-needed control policy 

must be used at slow speeds, in regulated environments, and with the aid of external 

supports. This dependence on external stability aids is due to the fact that stability cannot 

be guaranteed using classical control techniques because of the hard nonlinearity present 

in an assistance-as-needed framework. Through the implementation of virtual constraint 

control, however, stability can be guaranteed even in the presence of the deadzone non-

linearity caused by enforcing an assistance-as-needed control policy. 

Currently, most exoskeletons are effective at giving individuals the ability to walk, 

but do so without actively considering the patient’s retained strength when attempting to 
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facilitate gait rehabilitation, thus causing them to become reliant on the device as a 

permanent means of assistance. Furthermore, current exoskeleton models simply allow the 

user to ambulate at a set speed while following a “desired” trajectory, thus decreasing the 

complexity of the task and reducing the rehabilitation benefits. By coupling the idea of 

assistance-as-needed with a control law that allows for variable speed ambulation, and 

takes into account human variability in gait, it will increase the speed and quality of the 

rehabilitation program. 

1.6.2 Innovation 

There are two key innovations presented in this work; one relating to the manner in 

which the assistance-as-needed control policy is achieved, and the other stemming from 

the way in which the stability of the system is assessed. With regards to the assistance-as-

needed control policy, the key innovation is the incorporation of a velocity constraint, 

which modulates the size of the deadzone around the desired joint angle trajectories. This 

velocity dependent constraint ensures momentum conservation and stability throughout 

steady state walking. This modulation of the deadzone size ensures no assistance is applied 

when the patient is on track in their gait cycle and can maintain a required minimum 

velocity, but enforces a collapse in the deadzone size when required to ensure stability is 

maintained. 

The second innovation presented in this work is the stability analysis technique used 

to assess the stability of the system, given the deadzone around the desired trajectory and 

the autonomous control framework. In particular, stability is analyzed using Lorenz 

mappings rather than Poincare mappings as this allows for the analysis of aperiodic 
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systems. The autonomous assistance-as-needed control policy is aperiodic given the lack 

of a dependence on time or strictly enforced joint angle trajectories, thus allowing for 

variations in positional and velocity state information on a step to step basis. The method 

of Lorenz mapping can handle these aperiodicities while still bringing order to an otherwise 

chaotic system thus allowing for the system’s overall stability to be observed. 
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2 JUSTIFICATION AND FEASIBILITY 

2.1 Current Lower Limb Assistance-as-Needed Control Policies 

With lower limb exoskeletons becoming more popular for rehabilitation purposes 

following a stroke, the field has begun to converge on the idea of assistance-as-needed 

control as a means to promote high intensity training and facilitate functional motor 

recovery. The concept of assistance-as-needed control ensures that the patient’s retained 

strength is actively considered and removes the possibility of slacking throughout the 

rehabilitation program. Slacking in a rehabilitation program can result in the patient 

becoming weaker as they contribute no effort in the completion of their gait and therefore 

must be avoided at all costs. Those who have adopted the assistance-as-needed control 

framework currently use control strategies that allow for the patient’s retained strength to 

be considered but require active therapist tuning to best accommodate the patient’s 

changing level of ability and lack formally demonstrated stability. 

It should be noted that not only has assistance-as-needed control been used in lower 

limb robotics, but it has also been adopted in upper limb robotics to achieve similar 

rehabilitative results (Marchal-Crespo & Reinkensmeyer, 2009). Upper limb tasks can be 

difficult for patients to complete following a neurological injury, and with assistance-as-

needed control these patients can have their arms guided, as much as is required, through 

a particular motion of interest to help facilitate functional motor recovery by not allowing 

for slacking to occur. This field of upper limb assistance-as-needed control will not be 

addressed in detail in this work, however, it is worth mentioning. 
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2.1.1 Lokomat Exoskeleton 

In the work done by Reiner et al., a patient cooperative mode was presented in which 

an impedance controller allowed for tracking of a single desired trajectory at each of the 

actuated joints of the Lokomat exoskeleton. The level of weight compensation could then 

be manually adjusted by a physiotherapist depending on the patient’s level of weakness 

(Riener et al., 2005). The Lokomat has a few downfalls, however, as the patient is still 

performing body weight supported treadmill training, except the exoskeleton is replacing 

the therapist when it comes to ambulating the patient’s lower limbs. Supporting the patient 

using a harness helps ensure stability but unfortunately does not provide the patient with 

the sensation that they are ambulating around a room. Furthermore, the Lokomat 

exoskeleton does not have actuated ankle joints and therefore rehabilitation of this joint is 

reduced. 

2.1.2 Ekso Exoskeleton 

The Ekso is a commercially available exoskeleton, which was developed at the 

University of California, Berkeley. This lower limb electromechanical device has four 

actuated degrees of freedom, which are the bilateral hip and knee joints, whereas the ankle 

joints are kept to be passive but do include springs which provide some assistance 

(Strausser & Kazerooni, 2011). When patients are using this device, it is required that they 

use crutches to provide external support and stability throughout their gait cycle. These 

crutches are also important in the finite state machine because the leg is moved through the 

swing cycle when the opposite crutch is placed on the ground (Strausser & Kazerooni, 

2011). Figure 2.1 shows how the stable tripod gait cycle results in opposite leg motion. 
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Figure 2.1: Respective leg motion, given crutch placements (Strausser & Kazerooni, 2011) 

The control system used on this device has three levels working together to produce 

accurate bipedal walking. The top control level is a finite state machine that determines the 

phase of gait that the patient is in, given the measured states of the device (Strausser, Zoss, 

Swift, & Bennett, 2015). The middle level of the controller is where the trajectory 

generation occurs, and where the joint angles are determined for the specified phase of the 

gait cycle (Strausser et al., 2015). Finally, the low-level controller is what determines the 

torques that must be applied in order to move the patient’s leg through the desired trajectory 

(Strausser et al., 2015). The low-level controller that they used to track the desired 

trajectory is a PID controller with varying gains based on the phase of gait the patient is in 

(Strausser et al., 2015). 

When analyzing the control of this particular exoskeleton, it is important to note that 

they attempt to track a single desired trajectory, which does not take into account the human 

variability in gait. Also, in order to provide assistance-as-needed control, the therapist must 

manually reduce the level of assistance provided by the exoskeleton meaning that patient 

specific tuning is required. Finally, the reliance on the crutches for stability is something 

that is considered as undesirable, as the exoskeleton should be able to walk without the use 

of external stability aids.  
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2.1.3 H2 Exoskeleton 

In the work done by Bortole et al., they present a control algorithm that was 

implemented on the H2 robotic exoskeleton, developed at the University of Houston. This 

exoskeleton has six actuated degrees of freedom which means that the ankle joints are no 

longer kept passive and can thus be considered in the rehabilitation of gait (Bortole et al., 

2015).  The control algorithm used on this exoskeleton device allows the reference 

trajectory to be recalculated in real time given the measured interaction forces between the 

user and the H2 exoskeleton. This allowable trajectory deviation from the initial reference 

trajectory can then be adjusted by the physiotherapist based on the patient’s level of 

weakness (Bortole et al., 2015). Modifying the allowable deviation from the initial 

reference trajectories allows the patient to have more control over their own gait profile as 

they begin to regain strength. Unfortunately, because assistance levels must still be 

manually reduced by the physiotherapist, this means that patient specific tuning is still 

required. 

2.1.4 Indego (Vanderbilt) Exoskeleton 

In the work done by Murray et al., a control strategy was designed to facilitate more 

appropriate lower limb rehabilitation using the Indego exoskeleton. In order to facilitate 

this motor recovery, the controller consists of three main actions: gravity compensation, 

feedforward movement assistance, and knee stability reinforcement in the stance phase 

(Murray, Ha, Hartigan, & Goldfarb, 2015). First off, the gravity compensation feature can 

be broken into two parts. One of which is used to compensate for the mass of the 

exoskeleton, and the other part which partially compensates for the patient’s leg weight, in 
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key phases of gait, based on a user-specific gain factor related to their level of muscle 

weakness (Murray et al., 2015).  

The second feature included in the control of the Indego exoskeleton is the feed-

forward movement assistance. This control action provides torque pulses at the initiation 

of the swing phase as well as at the mid-point of the swing phase when the knee movement 

changes from flexion to extension (Murray et al., 2015). The amplitude and duration of 

these torque pulses at each actuated joint are user dependent and are adjusted as needed to 

ensure safe assisted gait, while not enforcing a desired reference trajectory (Murray et al., 

2015). The final control action incorporated into the Indego exoskeleton is the knee joint 

stability reinforcement while in the stance phase of gait. Knee joint stability reinforcement 

is done by simulating a spring and damper system at the knee joint in order to provide soft 

stops in flexion and hyperextension (Murray et al., 2015). This simulated spring and 

damper system helps ensure that the proper assistive forces are provided to the knee joint 

to eliminate the possibility of buckling while in single stance. 

The Indego exoskeleton does provide assistance-as-needed control without providing 

spatiotemporal constraints on the foot path. One thing to note, however, is that this device 

still requires manual patient specific tuning to be performed by the physiotherapist in order 

to determine the amount of assistance the device should provide. This inability to 

automatically detect the amount of assistance that is required based on the patient’s 

disability level limits the usefulness of the device. 
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2.1.5 ALEX (Active Leg EXoskeleton) 

More complex assistance-as-needed control strategies do no work as long as the 

patient is on track in their gait cycle but if they deviate too far from the desired trajectory 

then the controller will provide the required torque to compensate for the patient’s 

weakness. This compensatory torque will ensure the patient puts forth maximum effort 

while still ensuring a stable walking pattern is completed. The work done in Banala et al. 

presents an adaptive assistance-as-needed policy using an end effector tunnel around the 

desired trajectory as a means to actively provide the proper assistance throughout the gait 

cycle. This control policy was implemented on the Active Leg Exoskeleton (ALEX) which 

is a single leg exoskeleton which actuates the hip and knee joint in order to facilitate gait 

rehabilitation. The assistance is provided by applying tangential and normal forces on the 

boundary of the end effector when too much deviation is detected, as depicted in Figure 

2.2. These compensatory normal and tangential forces determined at the end effector 

position are then converted to torques that are applied to the hip and knee joints to assist a 

patient in completing the proper gait cycle (Banala, Agrawal, & Scholz, 2007). Damping 

forces are also applied by the controller to limit the velocities that the patient can achieve 

while completing the gait cycle (Banala et al., 2007). It should be noted that the control 

strategy implemented on ALEX also has feedforward gravity and friction estimates to 

ensure that the weight of the device is compensated for, as well as the internal friction from 

the motors (Banala et al., 2007). 
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Figure 2.2: Virtual tunnel around the end effector trajectory (Banala et al., 2007) 

The normal force on the boundary layer helps push the patient back towards the 

desired trajectory and the tangential force helps the patient continue forward progression 

in their gait cycle. This end effector assistance-as-needed control policy aims to replicate 

the current rehabilitative program performed by therapists by guiding the patient’s foot 

through space only aiding in the areas where they are affected by weakness. This 

assistance-as-needed control policy builds on the previously described methods as there is 

no patient specific assistance tuning that is required by the therapist. Unfortunately, the 

actuation of a single leg means that only patients with a unilateral gait pathology can 

receive rehabilitation. Furthermore, the requirement for the device to be used on a treadmill 

means that it can only be used in a regulated environment and at slow speeds. 

2.2 Existing Bipedal Walking Stability Analysis Techniques 

2.2.1 Poincare Mapping  

One method that has proved to be effective in analyzing the stability of bipedal 

walking is an analysis technique known as Poincare Mapping. This stability analysis 

technique assesses the system’s ability to converge on a periodic orbit, or determine if 

periodic orbits are present in the motion of the system (Hurmuzlu & Tx, 1994). This 
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analysis technique has proven effective in bipedal walking given the periodic gait that is 

typically produced in steady state human walking. In order to determine if periodic orbits 

are present, a particular instance in phase space is chosen as the point of interest. Typically 

this has been the point in state space in which heel contact occurs following the swing 

phase of gait. The state space values are then assessed to determine if they begin to repeat 

themselves in successive steps. If the state space values repeat themselves at that instance 

in time, then it can be said that a limit cycle is present.  

One can easily show the presence of a limit cycle by creating a Poincare Mapping. 

A Poincare Mapping is created by plotting the current state value, at the point of interest, 

versus the state space value from the previous step, at that same point of interest, over a 

period of steady state walking. If over the period of steady state walking, the Poincare 

Mapping converges on the line y=x then it is known that the state values repeat themselves 

and a limit cycle is presence. Figure 2.3 gives a visual representation of the concept of 

Poincare Mapping (Hurmuzlu & Tx, 1994). 

 

Figure 2.3: Poincare Map Created For Human Walking (Hurmuzlu & Tx, 1994) 

 

Accumulation Point 
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The issue with using Poincare mapping in this work is that the concept breaks down 

when assessing the stability of aperiodic systems. Aperiodic gait is created in this work 

because of the state and time variation on a step-to-step basis, given the allowable 

deviations from the desired joint angle trajectories. 

2.2.2 Feedback Linearization 

Another stability analysis method that has proven effective in the analysis of bipedal 

robotics is that of Feedback Linearization. Feedback linearization is a method used to 

develop a control law which cancels out the non-linearities present in the system dynamics. 

By cancelling out the non-linearities one can then implement a linear control law, such as 

PD control, to control the system and guarantee the system stability (Slotine & Li, 1991). 

In the work done by Agrawal et. al they use a feedback linearization control law along with 

autonomous virtual constraint control to create a stable assistive exoskeleton control 

strategy (Agrawal et al., 2017). The stability of the system can be guaranteed given that the 

system non-linearities are cancelled from the feedback linearization control law and 

because an autonomous control strategy was used, asymptotic stability could be proved.  

This control law development technique, which guarantees stability, could not be 

used in this work due to the deadzone around the desired trajectories, caused by the 

assistance-as-needed control law. With a deadzone around each of the joint angle 

trajectories, a hard nonlinearity is introduced into the dynamics of the system. This hard 

non-linearity cannot be cancelled out using feedback linearization as one could only 

approximate an equation to represent the effect of this type of non-linearity. If the non-

linearities do not perfectly cancel out when using feedback linearization then stability 

cannot be guaranteed nor can it be formally proved. 
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2.3 Existing Uses of Virtual Constraint Control 

2.3.1 Bipedal Robotics 

The use of virtual constraint control originated in the field of bipedal robotics. 

Specifically, virtual constraints were first employed in the control of the multi degree of 

freedom bipedal robot RABBIT (Christine Chevallereau, Gabriel Abba, Yannick Aoustin, 

Franck Plestan, E.R. Westervelt, Carlos Canudas-de-Wit, 2003). In this work, they used 

virtual constraints to control a bipedal robot with point feet by using the angle created 

between the contact point on the floor and the stance hip as their phase variable. This phase 

variable was shown to increase monotonically throughout gait and could therefore be used 

to replace the concept of time in the control law. These virtual constraints were imposed at 

each actuated degree of freedom on the bipedal robot via feedback control (Christine 

Chevallereau, Gabriel Abba, Yannick Aoustin, Franck Plestan, E.R. Westervelt, Carlos 

Canudas-de-Wit, 2003). The results of their work showed that the system was able to 

handle external unforeseen disturbances, such as changes in elevation, with ease while still 

maintaining a stable steady state walking pattern. 

In this group’s most recent work, Agrawal et. al created an autonomous virtual 

constraint control strategy to be implemented on a multi degree of freedom actuated lower 

limb assistive exoskeleton model (Agrawal et al., 2017). The phase variable that was used 

in this work was the same one used to control RABBIT, which was the angle created 

between the point of contact of the stance foot and the stance hip. The group’s results 

showed that the model was able to create stable gait patterns at a variety of different 

walking speeds and was even able to walk up a sloped surface (Agrawal et al., 2017). This 

ability to walk up a sloped surface as well as flat terrain further reinforces the idea that the 
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implementation of autonomous virtual constraint control leads to more robust disturbance 

handling as there was no knowledge that the sloped surface was there. 

2.3.2 Lower Limb Prosthetics 

Although virtual constraints are used in this work to provide desired joint angle 

trajectories for a lower limb exoskeleton, the concept of virtual constraints have also been 

previously implemented in the control of lower limb prostheses by Gregg et al. (Gregg, 

Lenzi, et al., 2014). In the work by Gregg et. al, the concept of virtual constraints was used 

to enforce a desired knee and ankle trajectory during the stance phase of gait that more 

closely resembles that of healthy human walking. This desired knee and ankle trajectory 

was achieved by enforcing the invariant property of effective shape (Gregg, Lenzi, et al., 

2014). Effective shape as a phase variable maps the center of pressure location on the stance 

foot to determine the desired joint angle outputs throughout the stance phase. The center 

of pressure location on the stance foot could be used as a phase variable because it increases 

monotonically throughout the stance phase of gait, and can therefore be used to replace 

time in the control law.  

This use of virtual constraint control to enforce desired joint angle trajectories that 

more closely resemble that of healthy human walking was also shown to have more robust 

stability properties then classical time dependant reference trajectories (Gregg, Rouse, et 

al., 2014). The control policy handles disturbances in a manner similar to that of humans 

as there is no concept of time forcing the system to return to a specific joint angle following 

the disturbance. Therefore, the system can focus on maintaining stability before finishing 

the progression of the desired trajectory. 
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3 METHODS 

3.1  Simulation Framework 

In order to assess the proposed control law, a simulation framework was created 

using MATLAB and Simulink. The simulation environment allowed for a feedback control 

loop to be created and coupled with the designed dynamic model. The simulation block 

diagram used for the analysis can be seen in Figure 3.1. Proportional Derivative (PD) 

controllers were placed on each actuated joint and were used to determine the proper 

control torques that must be applied to the exoskeleton in order to achieve adequate 

tracking within the specified deadzone. Different control gains were required at each 

actuated joint for the three phases of gait, shown in Table 3.1. 

Table 3.1: Different PD Gains associated with each phase of gait 

Double Support Phase 

𝑃 = [50 100 150 100 50 50] 

𝐷 = [175 50 75 50 25 15] 

Fully Actuated Swing/Stance Phase 

𝑃 = [400 500 390 325 290 105] 

𝐷 = [250 200 190 50 50 5] 

Underactuated Phase 

𝑃 = [25 330 10 175 50 2.5] 

𝐷 = [380 70 10 125 145 0.5] 

 

 

Figure 3.1: Block diagram of the designed Autonomous Assistance-as-Needed controller 
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Each variable shown in the block diagram is a 6x1 vector given the 6 actuated joints 

in the model framework. The only scalar value is θP.V as this is a single phase variable value 

determined based on the joint angles of the bipedal model. Control torques are applied to 

each joint if any of the joint tracking errors deviate outside of their respective deadzone. 

Control torques are saturated at 160Nm as this is the maximum torque output of the motors 

used on the exoskeleton being built at the University of New Brunswick’s Institute of 

Biomedical Engineering, named PAULLO (Powered Autonomous UNB Lower Limb 

Orthosis). These control torques are summed with the estimated gait pathology joint 

torques and are applied to each actuated joint of the dynamic model. The dynamic model 

outputs the respective joint angular accelerations which are then converted to specific joint 

angles. These joint angles are sent to the phase variable calculation block which informs 

the reference trajectories and pathology torque predictions for each joint, thus closing the 

feedback loop. Pathology torque predictions are developed by modifying typical healthy 

human joint torque profiles, from Winter (Winter, 1979), in an attempt to simulate a variety 

of gait weaknesses. 

The masses of each of the links associated with the human gait model are shown in 

Table 3.2 and accurately depict the mass breakdown of a typical human body. This accurate 

representation of segment weights further increases the quality of the dynamic model in 

replicating human gait. The more closely the dynamic model is to that of actual human 

dynamics, the more transferable the results will be when taken from a simulation 

framework and applied to a physical rehabilitation device. 
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Table 3.2: Link masses associated with the dynamic model of human gait 

Links (Swing and Stance Leg) Mass (kg) 

Foot Link 1.12kg 

Knee Link 3.72kg 

Hip Link 8.23kg 

Torso Link 43.20kg 

Total Mass 78.4kg 

 

With the creation of the dynamic model completed, the assistance-as-needed control 

policy could then be developed along with the autonomous control framework, through the 

implementation of virtual constraint control. The development of the control policy is 

discussed in detail in the following sections. 

3.2 Assistance-as-Needed Control 

3.2.1 Deadzone Implementation 

Assistance-as-needed control was achieved in this work by placing a deadzone 

around the desired reference trajectory of each of the actuated joints on the exoskeleton. 

By placing a deadzone around each of the joint angle trajectories it can be ensured that no 

work is done if the patient is on track in their gait cycle. This deadzone was chosen to be 

1.25 times the standard deviation in typical human walking, as depicted in Figure 3.2. 

Control torques are only applied if any of the joint angle trajectories are outside their 

associated deadzone, as defined by the upper and lower thresholds, 

𝜽𝒅,𝟔𝒙𝟏 = {𝜽𝒓,𝟔𝒙𝟏(θP.V) ± 𝟏. 𝟐𝟓𝒙σ𝟔𝒙𝟏(θP.V),           
                                       𝜽𝒓,𝟔𝒙𝟏(θP.V) ± 𝟏. 𝟐𝟓𝒙σ𝟔𝒙𝟏(θP.V)}                  (3.1) 
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where  𝜽𝒅,𝟔𝒙𝟏 is a 6x1 vector defining the bounds of the desired (d) deadzone trajectory of 

each joint, σ𝟔𝒙𝟏(θP.V) is a 6x1 vector representing the standard deviation associated with 

each joint determined from the value of the phase variable, θP.V, and 𝜽𝒓,𝟔𝒙𝟏(θP.V) is a 6x1 

vector representing the mean joint angle reference (r) trajectory of each joint determined 

from the phase variable. Choosing this deadzone size for each of the joints allowed for 

adequate freedom around the desired trajectory without having the ability to deviate to the 

point that premature contact could be made with the ground, potentially resulting in a fall. 

Typical human walking is known to be within two standard deviations of the desired 

trajectory and therefore the chosen deadzone size constrains the trajectories so that they are 

always in the biomimetic range. The chosen deadzone size, therefore, envelops trajectories 

that are always in the biomimetic range. Individual deadzones where placed around the 

actuated joints of the exoskeleton instead of around the end effector trajectory to ensure 

biomimetic trajectories are enforced at each joint and not simply on the foot path. 

 

 

Figure 3.2: Reference trajectories with a deadzone related to the standard deviation in human 

walking (1.25 x St.Dev) 
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3.2.2 Horizontal Velocity Modulated Deadzone Constraint 

Virtual constraints can be chosen to ensure stability when trajectories are explicitly 

enforced via feedback loops at the joint level (Gregg, Lenzi, et al., 2014). However, when 

virtual constraints only activate outside of a deadzone, it becomes much harder to ensure 

stability. For deadzones large enough to be clinically relevant, it is possible for sufficient 

momentum to be lost within the deadzone that the exoskeleton stops walking. Remember 

that virtual constraint control uses an autonomous control strategy, and thus has no explicit 

concept of time. Momentum loss must accordingly be constrained within the deadzone to 

ensure walking stability. 

The key innovation of this work was to introduce a velocity-dependent restriction on 

the size of the deadzone, which ensures adequate momentum and thus gait stability. This 

deadzone restriction begins when the horizontal velocity of the biped drops below 1.1m/s. 

The deadzone size is reduced to zero when the horizontal linear velocity of the biped drops 

below 1m/s, at which point stability could no longer be guaranteed. The restriction occurs 

over a small change in horizontal walking speed to ensure the deadzone remains as large 

as possible while stability can be guaranteed. The deadzone size is restricted using a 

sigmoid function scaling factor, 

S.F = -49492.4
s5

m5
* (|VCoMx|-1

m

s
)

5

 - 951.777
s4

m4
* (|VCoMx|-1

m

s
)

4

 

    + 1840.1
s3

m3
* (|VCoMx|-1

m

s
)

3

 (3.2) 

where VCoMx is the velocity of the CoM of the biped in the horizontal direction, and S.F is 

the scaling factor multiplied by the standard deviation of each joint angle trajectory 

(0≤S.F≤1.25). The sigmoid function ensures that a smooth restriction occurs, rather than 
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an on/off type modulation of the deadzone size. We use a minimum-jerk sigmoid function 

scaling, but any sigmoid function should be sufficient. 

This deadzone modulation forces the controller to take a more active role following 

movements within the deadzone that cause a loss in walking speed below the specified 

threshold so that continued progression can be achieved throughout the gait cycle. Upon 

restoring momentum above the threshold, the controller then restores the deadzone around 

the desired trajectory so that the AAN policy can be achieved. 

3.3 Virtual Constraint Implementation 

A common limitation of current rehabilitation exoskeleton controllers is that, 

although they are able to replicate biomimetic gait, stability is very difficult to guarantee. 

The difficulty in guaranteeing stability stems from the fact that time-dependent joint angle 

trajectories are used as references for the controller. Not guaranteeing stability means that 

the exoskeleton can only be used at slow speeds, in regulated environments, and with the 

use of external stability aids such as crutches or a walker. 

Current advances in non-linear control now allow for these reference trajectories to 

become autonomous using a technique known as virtual holonomic constraints (Christine 

Chevallereau, Gabriel Abba, Yannick Aoustin, Franck Plestan, E.R. Westervelt, Carlos 

Canudas-de-Wit, 2003), (Mohammadi, Maggiore, & Consolini, 2018). This reference 

trajectory generation technique replaces time with another monotonically increasing 

variable known as a phase variable, as shown in Figure 3.3. In this work, the phase variable 

was chosen to be the angle created between the stance ankle of the biped and the stance 

hip, 
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                                            θP.V= tan-1 (
-(l1sin(θ1)+l2sin(θ2))

(l1cos(θ1)+l2cos(θ2))
)                                   (4.1) 

 

where 𝑙1 is the length of the shank link, 𝑙2 is the length of the femur link, θ1 is the angle of 

the shank link with respect to vertical, θ2 is the angle of the femur link with respect to 

vertical. This phase variable is similar to work done in (Christine Chevallereau, Gabriel 

Abba, Yannick Aoustin, Franck Plestan, E.R. Westervelt, Carlos Canudas-de-Wit, 2003) 

as the variable was shown to increase monotonically throughout gait. 

 

 

 

 

Figure 3.3: Phase variable formulation used in virtual constraint control 
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3.4 Stability Analysis Technique 

With the implementation of the autonomous control strategy as a means to facilitate 

gait assistance, the stability of the system can now be formally demonstrated. Typically, 

Poincare mappings are used to determine the existence and assess the stability of periodic 

orbits in bipedal walking (Hurmuzlu & Tx, 1994),(Morris & Grizzle, 2005). In this work, 

however, the bipedal walking is aperiodic given the allowance for state and time variations 

throughout gait. These allowable state and time variations are due to the autonomous 

control framework as well as the deadzone around the joint angle trajectories. In order to 

demonstrate the stability of this bipedal system, the technique of Lorenz mapping was used. 

Lorenz mappings can bring order to an otherwise chaotic systems by looking at the 

maximum or minimum value of a particular state dependant metric at any point in the gait 

cycle, rather than at a specific instance in the state flow like Poincare mappings (Lorenz, 

1963). Through the use of Lorenz mappings not only can it be shown that state boundedness 

is achieved but it can also be shown that the deadzone size directly relates to the bounds of 

the chaotic behaviour around the unity line y=x on the Lorenz maps, representing a limit 

cycle. 

In the analysis of this bipedal system, two different metrics were used in order to 

draw conclusions about the systems overall stability. The maximum step length was chosen 

as the first metric because it provides great insight into the positional state information of 

the overall system. Maintaining consistent step lengths throughout steady-state walking 

means that proper progression of the phase variable is achieved. Therefore, proper tracking 

of each actuated joint is also achieved given the adequate PD gains of the control law.  
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The second metric used for the stability analysis is the horizontal velocity of the CoM 

of the bipedal system. This horizontal velocity metric provides great insight into the 

velocity state information of the entire bipedal system as each joint must work in a 

synchronized fashion to ensure adequate walking speed is maintained. If the analysis shows 

that the walking speed is maintained, then this means that the phase variable is progressing 

at a consistent rate as well. Through the use of these two measures of stability we now have 

full state information for the bipedal system. Having information regarding the positional 

and velocity states means one can draw conclusions regarding the systems overall stability. 

3.5 Dynamic Model Validation 

In order to test the previously described control algorithm, a dynamic model was 

created that represents human walking. Before the control algorithm could be tested, 

however, the model must be validated in terms of its accuracy when it comes to 

representing human walking. The goal of the dynamic model formulation is to create the 

simplest dynamic model of bipedal walking that still considers a non-instantaneous double 

support phase. This simplified model is created by coupling the previously described 

modelling techniques outlined in Mu (Mu, 2005), and McGrath (Mcgrath, 2014). Through 

the implementation of these ideas, the complexity of the dynamic model can be reduced 

without the loss of performance regarding kinematic and dynamic outputs. 

3.5.1 Lagrange Formulation 

In order to capture all the dynamics associated with human walking, a model was 

created with three sub-phases. These sub-phases include the fully actuated swing and 

stance phase, as well as the double support phase and the underactuated phase of gait for 
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steady state walking. Through the coupling of these three gait phase models, a simulation 

was created that captures all of the kinematics and dynamics associated with human 

walking, as depicted in Figure 3.4.  

 

Figure 3.4: Phases of gait included in the dynamic model formulation. The black set represents the 

start of the phase and the orange set represents the end of the phase. 

With each phase of the gait cycle modelled, the double support dynamics can be 

analyzed, as this phase is no longer instantaneous. Furthermore, through the 

implementation of an underactuated phase on a model with feet, a more accurate 

representation of human walking in the sagittal plane is achieved. This accurate, yet 

simplified model of human walking can be used as a testbed to simulate different control 

frameworks as well as other design projects that relate to human walking. 

3.5.2 Fully Actuated Phases 

In the fully actuated phases of gait, the dynamic model was simplified by reducing 

the number of links that must be included in the Lagrangian formulation from 7 links to 6 

links. This reduction in modelling complexity is done using the technique outlined in (Mu, 

2005), which models the stance foot as a point torque at the heel joint, shown in Figure 3.5, 

thus eliminating the need to model the stance foot link in the fully actuated phases of gait. 

The fully actuated phases of gait include the majority of the swing/stance phase as well as 

Double Support      Swing/Stance       Underactuated 
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the double support phase. Modelling the stance foot as a point torque reduces the dimension 

of the dynamics from a 7 degree of freedom (DoF) bipedal walker to a 6 DoF bipedal 

walker, without a loss in modelling accuracy: 

B(6x6)�̈� = C(6x1) + Mi+1 - Mi,                                          (5.1) 

with 1≤i≤6 representing each of the actuated degrees of freedom, �̈� being a 6x1 vector of 

actuated joint angle accelerations, M being a 6x1 vector of the moments applied to each 

end of the biped link by the control law, B(6x6) being the inertial matrix, and  C(6x1) being 

a combination of Coriolis and gravitational terms, developed through the Lagrangian 

formulation. By representing the stance foot dynamics as a point torque, this not only 

reduces the number of links that must be modelled but it also avoids encountering 

singularities when attempting to determine the magnitude and location of the ground 

reaction force on the stance foot. 

 

Figure 3.5: Kinematic model and joint angle references used to formulate the bipedal model 

The second technique used to reduce the complexity of the dynamic model was 

presented in (Mcgrath, 2014) by modifying the Lagrangian formulation, thus eliminating 
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the need for branch chain modelling of the torso. This modified Lagrangian formulation is 

achieved by representing the center of mass of each link with an additional eccentric 

component, shown in Figure 3.6. Although the eccentric component of the center of mass 

is irrelevant for most of the joints, it becomes crucial in the formulation of the torso 

dynamics. The torso dynamics are included by modelling the link connecting the stance 

hip joint to the swing hip joint as having a length of zero with an eccentric center of mass, 

in the sagittal plane. This non-zero eccentricity allows the torso to be included in the 

dynamics without directly modelling it. 

 

Figure 3.6: Center of mass representation of each link in the kinematic chain 

3.5.3 Non-Instantaneous Double Support 

The double support phase is often treated as instantaneous. As a result, roughly 20% 

of healthy human walking goes unmodelled and cannot be considered in the design of 

different control policies. The non-instantaneous double support phase of gait is achieved 

by constraining the motion of the trailing foot link of the fully actuated model, such that 

the toe remains on the ground until the biped moves into the swing phase (Mcgrath, 2014). 

To ensure the biped achieves rotation about the trailing toe, two constraint equations must 

be satisfied:  
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                                f
1
 = ( ∑(-li sin(θi))+

6

i=1

 S = 0              (horizontal)                               (5.1) 

                                     f
2
 = ( ∑(li cos(θi))

6

i=1

 = 0                    (vertical)                                  (5.2) 

where 1≤i≤6 is the specific link in the model, li is the link length, θi is the joint angle with 

respect to vertical, S is the step length, f
1
 is the constraint ensuring step length remains the 

same, 𝑓2 is the constraint ensuring the foot remains on the ground. The two constraints 

must be satisfied to ensure the biped achieves rotation about the trailing toe. Given the 

constraints in equations 5.1 and 5.2, the dependent joint angle trajectories can be computed 

to ensure the constraints are satisfied. In the case of this bipedal walker, the dependant 

angles were chosen to be the trailing leg’s knee and ankle joint. 

Differentiating the constraint equations twice allows for the constraint forces 

(λf1, λf2) on the trailing toe to be determined to ensure the toe remains in contact with the 

ground throughout the double support phase (Mcgrath, 2014). The constraint force 

equations are added to the formulation of the dynamics thus ensuring that they are actively 

considered and taken into account throughout double support: 

[

B(6x6) 𝒍icos(θi)6𝑥1
𝒍𝐢𝐬𝐢𝐧(𝛉𝐢)6𝑥1

𝒍icos(θi)1𝑥6
0 0

𝒍𝐢𝐬𝐢𝐧(𝛉𝐢)1𝑥6 0 0

] [
θ̈6𝑥1

λf1

λf2

] = [

C(6x1)

∑ liθ̇isin(θi)
6
i=1

∑ -liθ̇icos(θi)
6
i=1

]+[
Mi+1-Mi

0

0

] (5.3) 

where 1≤i≤6 represents the number of actuated joints in the model, and θ̇i represents the 

angular velocity associated with each link. All of the remaining terms have been previously 
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described. The double support phase now becomes an 8x8 system of equations due to the 

two added Lagrangian constraint force calculations representing estimates of the horizontal 

and vertical ground reaction forces on the trailing toe. During this constrained double 

support phase of gait, the dynamics associated with the model are still 6 DoF. No longer 

modelling the double support phase as instantaneous means the dynamics within this phase 

can now be analyzed, thus resulting in a more accurate representation of human gait. 

3.5.4 Underactuated Phase  

The underactuated phase of gait is triggered when the CoM of the bipedal model 

projected onto the ground passes over the stance toe thus causing rotation about this joint. 

This rotation about the stance foot means the stance foot must now be included in the 

formulation of the dynamics and cannot be modelled as simply a control torque at the heel. 

Adding the stance foot into the dynamic model formulation results in a 7 DOF system: 

              B(7x7)θ̈7x1 = C(7x1)+ Mi+1 - Mi                                (5.4) 

This phase of gait is considered to be underactuated as there is an inability to apply 

torque at the stance toe when the biped begins to rotate given the stiff foot joint of the 

exoskeleton, hence tracking of a desired trajectory at this joint cannot be achieved. Through 

the implementation of an underactuated phase on a model with feet a more accurate 

representation of human walking in the sagittal plane is achieved. This simplified model of 

human walking is used as the testbed to simulate the proposed control framework. 

3.5.5 Kinematic Outputs  

In order to validate the performance of the model, in creating biomimetic walking, 

the kinematic trajectory outputs were analyzed for each of the actuated joints. The joint 

trajectory outputs of the designed model were compared to the typical joint trajectories for 
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human gait, presented by Winter (Winter, 1979), in Figure 3.7. The simulation outputs are 

compared to typical human walking data because it allows conclusions to be drawn 

regarding the biomimicry of the gait produced by the dynamic model. The kinematic 

trajectory outputs for each of the joints show that the dynamic model was able to produce 

biomimetic gait by attempting to keep the trajectories within the natural standard deviation 

of human gait. The ankle joint trajectory does briefly deviate outside of the bounds of 

typical human gait, however, this only occurs in the underactuated phase of gait in which 

controlling the ankle joint becomes difficult due to the underactuated rotation about the 

stance toe before heel contact occurs. 

 

Figure 3.7: Kinematic trajectory outputs for each joint of the dynamic model as well as the standard 

deviation bounds of human walking 

3.5.6 Joint Torque Outputs  

The joint torque outputs, in Figure 3.8, were also analyzed to determine if the torque 

required to produce the biomimetic walking pattern is similar in shape and magnitude to 

that of normal human walking. Having torque profiles of similar shape and magnitude to 

those measured in normal human walking helps validate the dynamic models used to 

represent each of the gait phases. 



 

37 

 

The joint torque outputs from the simulation show that the torques required to 

ambulate the bipedal model in a biomimetic manner have features that are similar to normal 

human walking. These features include the increase in torque required at the ankle joint to 

achieve proper push off, as well as a reduction in required torque during the stance phase 

of gait, at each joint. There are some discrepancies in the torque profiles shape, however, 

when being compared to typical human walking. These discrepancies are due to the PD 

controllers that were placed on each joint in order to track the desired kinematic 

trajectories, which leads to competing control actions on the links of the model. These 

competing control actions lead to joint torque outputs that are larger than expected when 

the system is tracking the joint trajectories. Another discrepancy, when being compared to 

typical joint torque profiles, is the impulsive effects present when switching occurs 

between gait phases. In a real-world implementation, however, these impulsive effects 

would be reduced due to the natural, unmodelled, damping in the system. 

 

Figure 3.8: Joint torque outputs for each joint of the dynamic model as well as the standard deviation 

of typical human joint torques 
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3.5.7 Discussion 

Through the coupling of the two ideas presented by (Mu, 2005) and (Mcgrath, 2014), 

a simple yet effective model of human walking was created, with non-instantaneous double 

support. This dynamic model not only encompasses a constrained non-instantaneous 

double support phase, but it also accurately describes the underactuated phase of gait, 

allowing the full human gait cycle to be analyzed using a simulation framework. Although 

the addition of feet increases the complexity of the model, it also greatly increases the 

modelling accuracy, when being compared to healthy human walking (Bae et al., 2009; 

Huang et al., 2012; Onyshko & Winter, 1980; Pandy & Berme, 1988a, 1988b; Saidouni & 

Bessonnet, 2003; van der Kooij et al., 2003). Therefore, the addition of feet is essential to 

include in the complete bipedal model, if we want to represent the full gait cycle. The 

complexity of the model was then reduced without a loss in accuracy by modelling the 

stance foot as a control torque during the fully actuated phase of gait. Furthermore, the 

model complexity was further reduced by using a modified Lagrangian formulation and 

eliminating the need for branch chain modelling of the torso. The results show that the 

model was able to create biomimetic gait with acceptable joint torque profiles, given the 

simulation outputs, thus validating the dynamic model when it comes to a sufficiently 

accurate representation of human gait.  
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4 SIMULATION RESULTS AND DISCUSSION 

4.1 Pathology Simulation Results 

A variety of different pathologies were simulated for 15 seconds of steady state 

walking using the autonomous assistance-as-needed control law. A 15 second simulation 

time was chosen as this allowed for an adequate number of steps to be completed, and 

ensured that the system stability could be assessed. The tested pathologies include: 

 General weakness 

 Hemiparesis (Common after a stroke) 

 Drop Foot (Common after a Stroke) 

 Unilateral Progressive Weakness 

 Paretic Gait 

 Full Strength 

These gait pathologies will help assess the robustness and performance of the 

proposed control law when it comes to producing stable biomimetic gait while allowing 

for retained strength to be actively considered. Kinematic joint angle trajectory outputs are 

used to validate the controller’s ability to produce biomimetic gait while staying bounded 

by the proposed deadzone. The joint angle trajectory profiles for each simulation also show 

the typical timing associated with each of the modelled phases of gait. The double support 

phase occurs first at 0% of gait and immediately after switching occurs at 50% of gait. The 

fully actuated swing and stance phase then follows the double support phase of gait and 
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encompasses the majority of the stride time. Finally, the underactuated phase occurs at the 

end of each step immediately before switching occurs. 

The control torques associated with the pathology simulation are also presented as 

they provide insight into the controller’s ability to do no work if the patient has enough 

retained strength to complete a certain portion of their own gait.  Only results from one 

simulation for each pathology are discussed in detail. The joint angle profiles and control 

torques associated with the remaining simulations can be found in Appendix A. 

4.1.1  General Weakness 

The first pathology tested using the proposed control law was gait in which the 

patient has general weakness in each of their joints. Multiple different simulations were 

performed where different levels of weakness were tested. These different levels of general 

weakness span from 75% retained strength to 25% retained strength and help confirm the 

controller’s ability to handle a wide range of unforeseen weakness levels. 

The joint angle trajectories for the simulation in which the patient has 50% retained 

strength in all joints are presented. The results show, in Figure 4.1, that the controller was 

able to facilitate biomimetic gait by attempting to contain the trajectories within their 

associated deadzone. Given the general weakness in each of the joints, it can be seen that 

the simulated patient begins to fall outside of the bounds of the specified deadzones, 

however, the controller is then able to correct for this deviation and maintain biomimicry. 

Similar results are shown in Appendix A for the remaining general weakness simulations. 

The general joint weakness causes the simulated patient to deviate towards the bounds of 

the deadzones before being properly corrected by the proposed controller. 
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Figure 4.1: Joint angle trajectories for gait with 50% retained strength in each joint 

Analyzing the joint torques associated with the 50% general weakness simulation, in 

Figure 4.2, it can be seen that there are a few areas in which the controller provided zero 

control torque. This area of zero control torques corresponds to the area of gait in which 

the simulated patient was within the specified deadzones for each joint. The controller then 

applies torques to compensate for the patient’s weakness at roughly the 20% point of the 

gait cycle. This 20% point of gait correctly corresponds to the area on the joint angles 

trajectory profiles where the trajectories begin to deviate outside of the deadzones. A 

similar result is shown between roughly 60-70% of gait where the control torques are zero 

until the trajectories deviate to the bounds of the deadzones for the ankle joint as well as 

the hip joint. 
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Figure 4.2: Control torques for each joint for gait with 50% retained strength in each joint 

4.1.2 Hemiparesis 

Hemiparesis is a gait pathology in which the patient has retained strength in one limb, 

but they suffer from paresis in the other limb. This gait pathology is commonly developed 

following a stroke and therefore it is important to test the controller’s ability to handle this 

gait difficiency. Various simulations were performed by changing the level of retained 

strength in the non-paretic limb from 100% to 25% thus simulating the complete spectrum 

of the pathology. The results associated with the case in which the simulated patient has 

100% retained strength in their unimpaired limb shall be discussed in detail. The remaining 

results associated with the different tested hemiparetic gait pathologies can be seen in 

Appendix A. 

Analyzing the joint angle trajectory outputs associated with the hemiparetic gait 

simulation, in Figure 4.3, it can be seen that biomimetic gait trajectories are achieved 

through the implementation of the proposed control framework. It is worth noting that for 

this pathology simulation there is a far quicker deviation towards the bounds of the 

deadzones for each joint as the patient has zero retained strength in their stance leg. 
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Therefore, the controller must apply corrective torques at the boundary layer of the 

deadzones in order to maintain stable biomimetic walking. 

 

Figure 4.3: Joint angle trajectories for hemiparetic gait with 100% retained strength in the 

unimpaired limb 

Analyzing the joint torques associated with the hemiparetic gait pathology, in Figure 

4.4, shows that there is an area of zero control torque that is applied early in the gait cycle 

until the deviation from the desired trajectories reaches the bounds of the deadzones. The 

controller then applies corrective torques to force the trajectories within the deadzones. A 

similar result is shown between roughly 65-80% of gait where the controller applies no 

torque to the patient’s joints as they are able to stay within the bounds of the deadzone 

themselves. The initiation of the control torques after this point directly corresponds to the 

point on the joint angle trajectories in which there is deviation towards the bounds of the 

deadzone at both the ankle and hip joint. 
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Figure 4.4: Control torques for each joint for hemiparetic gait with 100% retained strength in the 

unimpaired limb 

4.1.3 Unilateral Drop Foot 

Unilateral drop foot is a common pathology developed following a stroke in which 

the patient has strength in all joints but little to no remaining strength in one of their ankle 

joints. In order to test the controller’s ability to provide assistance-as-needed throughout 

gait, for a patient with unilateral drop foot, simulations were performed in which the 

patients retained strength varied from 100% to 25% in all joints while still having one 

paretic ankle joint. The results for the simulation in which the patient has 75% retained 

strength in all joints other than their paretic ankle joint are shown below. The other 

simulations associated with the unilateral drop foot pathologies can be found in Appendix 

A.  

Analyzing the joint angle trajectories associated with one stride of the simulated 

steady state walking, shown in Figure 4.5, it can be seen that the proposed control law was 

able to facilitate biomimetic walking profiles. Throughout steady state walking the 

simulated patient deviates towards the boundary layer of the deadzone for each joint at 
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roughly the 20% point of gait as they are unable to properly track the desired trajectories 

unassisted. This lack of retained ankle strength is especially evident in the simulation 

during toe off at roughly 60% of gait given the reduced amount of push-off present as 

compared to the other simulated pathologies. 

 

Figure 4.5: Joint angle trajectories gait with unilateral drop foot and 75% retained strength in the 

unimpaired limb 

When looking at the joint torques associated with the simulated unilateral drop foot 

pathology, shown in Figure 4.6, it can be seen that there are zero applied control torques 

between roughly 15-20% of gait before then applying corrective torques as the patient 

begins to deviate outside the deadzone bounds at each of the joints. Furthermore, there is a 

large area of zero control torques between 70-90% of gait as the simulated patient is 

bouncing off of the bounds of the deadzone but is able to complete this phase of gait 

themselves for the most part. The corrective control torques are then applied to the patient’s 

joints once the ankle joint deviates outside of its associated deadzone.  
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Figure 4.6: Control torques for each joint for gait with unilateral drop foot and 75% retained 

strength in the unimpaired limb 

4.1.4 Unilateral Progressive Weakness 

In this tested pathology the patient has strength in one leg but gets progressively 

weaker from the hip joint to the ankle joint in the opposite leg. The simulation of this 

pathology was performed while varying the retained strength from 100% to 25% in the 

unaffected leg while still retaining the progressive weakness in the other leg. Simulating 

the pathology over a wide range of retained joint strengths allows for increased testing of 

the controller’s robustness when it comes to producing stable gait. The results presented 

are associated with the simulation in which there is 75% retained strength in one limb and 

progressive weakness in the other limb. The remaining results for the various testes of this 

pathology can be found in Appendix A. 

The joint angle trajectories, in Figure 4.7, show a single stride of gait for the impaired 

progressively weak limb. The trajectories for the simulation show that biomimetic gait is 

achieved, and the controller accordingly corrects for deviations towards the boundary layer. 

This correcting at the boundary layer is especially evident at roughly 15% of the gait cycle 
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at which point the controller modifies the path of the joint angle trajectories to maintain 

biomimicry. 

 

Figure 4.7: Joint angle trajectories for gait with unilateral progressive weakness and 75% retained 

strength in the unimpaired limb 

The control torques associated with the single stride of gait, in Figure 4.8, show that 

there are areas of zero control torque up until 15% of gait at which point the controller 

applies torques to all joints. The 15% of gait correctly corresponds to the point in which 

the joint trajectories reach the boundary of their deadzones. Areas of zero control during 

the swing phase also correctly correspond to the areas in the joint angle trajectories where 

all joints are adequately tracking within the bounds of the deadzones. 
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Figure 4.8: Control torques for each joint for gait with unilateral progressive weakness and 75% 

retained strength in the unimpaired limb 

4.1.5 Paretic Gait 

Paretic gait simulations were performed using the proposed control law in order to 

test the controller’s ability to provide gait assistance if the patient has no retained strength 

in any of their joints. Although the simulated patient is not able to provide any effort in the 

completion of their gait, the deadzone around the desired trajectories was still applied in 

order to validate the ability of the controller to aid even the weakest of patients. Having 

this wide range of tested pathologies allows for more confident conclusions to be drawn 

regarding the robustness of the proposed assistance-as-needed control law. 

Looking at the joint angle trajectory outputs for the paretic simulation, shown in 

Figure 4.9, it can be seen that the controller is able to ensure a biomimetic gait pattern is 

completed. Furthermore, the proposed control strategy is clearly attempting to maintain the 

trajectories within their respective deadzones. Because the simulated patient has no 

retained strength in any of their joints, they quickly begin to approach the boundary layers 

of the deadzones as depicted at roughly 10% of gait and quickly after switching at roughly 
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55% of gait. For the most part the trajectories ride the bounds of the deadzones after contact 

as the patient is unable to provide any corrective torques themselves. 

 

Figure 4.9: Joint angle trajectories for full paretic gait 

It can also be seen by analyzing the control torques associated with the paretic gait 

simulation, in Figure 4.10, that there are areas of zero control torque at the start of both the 

stance and swing phases of gait. The controller was only able to briefly apply zero control 

torque as the simulated patient had zero retained strength and quickly began to fall outside 

of the deadzones at each joint. These areas of zero control torque correspond directly with 

the areas on the joint trajectories in which the patient was briefly within the deadzone of 

each joint. 
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Figure 4.10: Control torques for each joint for full paretic gait 

4.1.6 Full Strength Gait 

Full strength gait was also tested as this provides insight into the controller’s ability 

to handle large torque inputs from the user. Furthermore, by being able to facilitate steady 

state walking even with these large torque inputs from the user, it ensures that as the patient 

becomes stronger the controller will still be able to facilitate walking with no concerns of 

becoming unstable. The full-strength gait simulation allows for it to be determined if the 

control strategy can provide gait rehabilitation over the entire spectrum of weakened gait 

and up until the patient does not require the device any longer. 

The joint angle trajectories associated with the full-strength simulation, in Figure 

4.11, shows that biomimetic walking profiles are completed. Unfortunately, there are areas 

in which the joint angles are forced outside of the trajectory as the patient has enough 

retained strength to choose their own path. Because the simulated human torques are not 

perfectly accurate, the torques force the trajectories outside of the bounds of the deadzones 

more than the other simulations. Forcing the trajectories outside of the bounds of the 

deadzones is especially evident at the hip joint during the swing phase of gait. 
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Figure 4.11: Joint angle trajectories for full strength gait 

The control torques associated with the full-strength simulation, in Figure 4.12, show 

that there are only brief areas in which the controller applied zero control torques. These 

small areas of zero control torque are due to the fact that the patient has enough retained 

strength to fight the motion of the exoskeleton, causing deviations outside of the deadzones 

and large interactive forces. Because the human joint torque estimations are not perfectly 

accurate this leads to more interference between the user and the exoskeleton. 

 

Figure 4.12: Control torques for each joint for full strength gait 
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4.2 Discussion 

The purpose of the gait simulations was to test the ability of the proposed 

autonomous assistance-as-needed control law to facilitate biomimetic walking while 

ensuring the patients retained strength was actively considered. A variety of simulations 

were performed in order to test the robustness of the controller in facilitating gait 

rehabilitation for a wide range of unanticipated pathologies.  

The controller clearly allowed for the patient’s retained strength to be actively 

considered.  This is shown by the allowable deviations within the deadzones of each joint 

as well as the areas of zero control torque throughout the complete gait cycle. Following 

motions towards the boundary of the deadzones the controller was able to apply corrective 

torques to maintain biomimicry. There are a few areas in which the desired control policy 

was not able to maintain the trajectories within the specified deadzone. These areas are 

mainly in the underactuated phase between 40-50% and between 90-100% of the gait cycle.  

This lack of containment within the deadzone stems from the way in which the joint 

angles were referenced. The angles in this model were referenced with respect to vertical 

rather than using relative joint angle references. Therefore, when the model is in the 

underactuated phase of gait there is no way to acquire information about the relative joint 

angle between the stance shank and stance foot. Furthermore, because a desired trajectory 

cannot be tracked at the toe during underactuation this leads to tracking discrepancies when 

trying to stay within the deadzone, especially at the ankle joint.  Also, near the end of the 

joint angle trajectories at 100% of the gait cycle, contact is made with the ground thus 

forcing the swing foot flat, which leads to the ankle trajectory deviating outside of the 

deadzone as well. This deviation outside of the deadzone is considered to be acceptable, 
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however, given that the swing foot must go flat before switching to the next phase in the 

simulation. 

A limitation of these experimental simulations for various gait pathologies was the 

accuracy of the user predicted torques used to simulate the pathological gait. In order to 

simulate different gait pathologies, typical human walking joint torques were used and 

accordingly modified (Winter, 1979). These typical human joint torques, however, are not 

the exact torque profiles required to ambulate the simplified dynamic model of human 

walking. These inaccuracies in predicted torques are evident in the full-strength simulation 

as the controller is constantly attempting to force the patient back into the deadzones. These 

competing torques are present because the predicted typical human torques do not take into 

account the modified torque profiles required while in an exoskeleton restricted to the 

sagittal plane with reduced degrees of freedom. Because the joint torques are not the exact 

torque profiles expected from the various pathologies, the accuracy of the results could be 

improved. Increasing the accuracy of the controller validation could be done by testing the 

proposed control law on actual patients.  
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5 STABILITY ANALYSIS RESULTS AND DISCUSSION 

In order to assess the robustness of the proposed control policy when it comes to 

producing stable steady state walking, each gait pathology simulation was analyzed using 

the concept of Lorenz mapping. As previously mentioned, Lorenz maps allow for stability 

to be analyzed even in the presence of aperiodic motion (Lorenz, 1963). This stability 

analysis technique analyzes the maximum or minimum value of a chosen metric achieved 

each step, independent of time, thus allowing for it to be determined if any of the states 

tend towards zero or infinity (Lorenz, 1963). The bipedal step length and horizontal 

walking speed were chosen as the desired metrics to analyze in this work as they provide 

information regarding the positional and velocity state information. Having full state 

information allows for the overall stability of the entire system to be analyzed, given the 

autonomous control policy. It should be noted that only the simulation results for a single 

scenario of each pathology are discussed in detail. The Lorenz maps for the remainder of 

the pathology simulations can be found in Appendix B. 

5.1 Stability Analysis Results 

5.1.1 General Weakness 

The first simulated gait pathology to be analyzed is that of a patient with 50% retained 

strength in all joints. This general weakness simulation is important when it comes to 

determining the exoskeleton’s ability to provide assistance-as-needed for a variety of gait 

pathologies as this type of weakness is common as a person begins to age, exactly the 

demographic that can benefit the most from this type of exoskeleton rehabilitation program. 

Testing a wide range of different general weaknesses also gives great insight into the 
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controller’s ability to take more of a hands off control approach versus more of an assistive 

approach when completing proper gait. 

When analyzing the gait simulation relating to a patient with 50% retained strength 

in all of their joints, shown in Figure 5.1, it can be seen that stable steady state walking was 

achieved. The simulated gait can be deemed as stable given the ability for the biped to 

maintain a consistent walking speed while also being able to accurately replicate the same 

step lengths on a step to step basis. These conclusions regarding retaining consistent step 

lengths and walking speed can be drawn given the retained motion around the line y=x for 

both Lorenz mappings. The small deviations around the line y=x for both Lorenz mappings 

can be attributed to the allowable deviations within the deadzone of each actuated joint of 

the exoskeleton.  

Not only is stable walking achieved for a simulated general weakness of 50% but the 

remaining general weakness pathology simulations found in Appendix A (Figure 7.23 and 

Figure 7.24) also lead to stable walking. It can be concluded that stable walking was 

achieved for the remaining general weakness simulations as there are no deviations towards 

zero or infinity on the y-axis once steady state walking is achieved. 
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Figure 5.1: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for 50% general weakness in all joints 

5.1.2 Hemiparesis 

The second pathology that was analyzed using the concept of Lorenz mapping was 

the simulated hemiparetic gait pathology. This hemiparetic pathology relates to the patient 

having full strength in one of their limbs but having no retained strength in the other limb. 

Hemiparesis is common following a stroke and therefore must be tested using the proposed 

rehabilitative control law as stroke rehabilitation is the main focus of this work. 

Looking at the Lorenz maps associated with the hemiparetic gait simulation using 

the proposed control law, in Figure 5.2, it can be seen that an appropriate steady-state 

walking speed was achieved. Adequate steady-state walking was achieved given that there 

are no deviations towards infinity nor are there any indications that the bipedal model was 

losing momentum and slowing down towards zero. Also, by looking at the Lorenz map 

associated with the step length achieved by the biped it can be seen that appropriate step 

lengths were achieved throughout the steady-state walking simulation. Similar to the 
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paretic gait pathology simulation, the hemiparetic simulation led to small variations in the 

step length due to the allowable deviations of each joint within their respective deadzone.  

 

Figure 5.2: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for hemiparetic gait with 100% retained strength in the unimpaired limb 

Similar stability conclusions can be drawn from the remaining hemiparetic gait 

pathology simulations (Figure 7.25, Figure 7.26, and Figure 7.27) given the ability of the 

proposed control law to maintain a consistent walking speed as well as being able to 

replicate consistent step lengths. Testing a variety of different hemiparetic gait scenarios 

allows for conclusions to be drawn regarding the robustness of the control law. 

5.1.3 Drop Foot 

Another crucial pathology that was simulated using the proposed rehabilitative 

control framework was that of drop foot. Unilateral drop foot is a pathology that is also 

commonly developed following a stroke and relates to the patient having some or all 

strength in their lower limbs other than one of their ankle joints. Lorenz mappings were 

developed for this gait pathology, shown in Figure 5.3, where the patient has 75% retained 

strength in all remaining joints. It can be said that proposed control law led to stable gait 
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given the ability for the biped to retain a consistent walking speed while also being able to 

maintain consistent step lengths throughout the simulation. The motion on the Lorenz map 

seems fairly chaotic around the line y=x, but this aperiodic behavior can be attributed to 

the deadzone on each actuated joint of the exoskeleton where the controller applied no 

assistive torques when the patient was on track in their gait cycle. 

 

Figure 5.3: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for drop foot pathology with 75% retained strength in the unimpaired limb 

Looking at the remaining simulations for the drop foot gait pathology it can be seen 

that stable walking was achieved for each test (Figure 7.28, Figure 7.29, and Figure 7.30). 

The stability across a range of different drop foot pathologies means that the control law is 

able to handle a wide range of weakness levels relating to this particular class of weakness. 

The ability for the control law to accommodate a wide range of unforeseen weaknesses 

further demonstrates the robustness of the proposed control framework. 

 

0         0.2        0.4        0.6       0.8          1         1.2       1.4        1.6         1.8         2 0         0.1        0.2       0.3        0.4        0.5        0.6       0.7        0.8         0.9         1 

 

2 

1.8 

1.6 

1.4 

1.2 

1 

0.8 

0.6 

0.4 

0.2 

0 

1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 



 

59 

 

5.1.4 Progressive Weakness 

The stability of the unilateral progressive weakness pathology was also analyzed as 

this will provide insight into the controller ability to handle the full spectrum of unforeseen 

joint weaknesses. This progressive weakness pathology relates to the patient having a 

certain level of general weakness in one leg but progressively getting weaker from the hip 

joint towards to the ankle joint on the other leg. Looking at the Lorenz mappings for the 

simulation in which the patient has progressive weakness in one limb and 75% retained 

strength in the other limb, shown in Figure 5.4, it can be seen that the controller was able 

to produce stable walking. It can be concluded that stable walking was achieved given that 

neither the horizontal walking speed nor the step length begin to deviate towards zero or 

infinity on the y-axis.  

Throughout the simulation, however, it can be seen that there is motion around the 

line y=x, as previously mentioned this can be attributed to the control law not applying any 

assistive torques when the patient is on track in their gait cycle. Similar stability 

conclusions can be drawn for the remainder of the unilateral progressive weakness 

pathologies (Figure 7.31, Figure 7.32, and Figure 7.33) as none of the pathologies lead to 

unstable walking rather they simply lead to changes in the amount of deviation around the 

line y=x as the patients level of retained strength is changed. 
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Figure 5.4: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for gait with unilateral progressive weakness and 75% retained strength in the unimpaired limb 

5.1.5 Paretic Gait 

The paretic gait pathology was analyzed using the proposed Lorenz mappings 

stability analysis technique. Looking at the Lorenz maps associated with the velocity of the 

CoM and the step length before the deadzone modulation constraint, shown in Figure 5.5, 

it can be seen that unstable walking was produced as both maps collapse to zero on the y-

axis. This collapse to zero on the y-axis means that the control law was unable to maintain 

walking momentum and was also unable to complete the proceeding step following the 

loss in momentum. This loss in momentum can be attributed to the inability for the phase 

variable to continue progressing given the lack of patient strength and also the lack of a 

dependence on time in the control policy forcing the progression to be achieved. 
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Figure 5.5: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for paretic gait before the velocity modulation constraint was implemented 

After the velocity dependant deadzone modulation constraint was added it can be 

seen, in Figure 5.6, that the control law was able to correct for the decrease in walking 

speed. The Lorenz map still shows fairly chaotic behaviour around the line y=x as the 

controller is applying zero control torque if the patient is within the bounds of the specified 

deadzone. Due to the fact that they have no retained strength they are unable to ensure the 

proper progression of the phase variable is achieved and therefore the constraint must force 

a collapse in the deadzone and take control of the walking until the walking speed increases 

above the threshold. Looking at the Lorenz map of the step length achieved throughout 

steady-state walking after the constraint was implemented it is clear that the controller was 

able to produce consistent step lengths. The small amount of deviation around the line y=x 

is due to the allowable joint angle deviations within the deadzone thus producing slightly 

different step lengths throughout the simulation. 
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Figure 5.6: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for paretic gait after the velocity modulation constraint was implemented 

5.2 Presence of Higher Order Periodicities 

One interesting thing noted throughout this work is that higher order walking 

periodicities may be present for the unilateral gait pathologies. The Lorenz maps showing 

minimum horizontal walking speed for the unilateral gait pathologies seems fairly chaotic 

given the jumping across the line y=x on the Lorenz map. If instead the Lorenz map is split 

into two separate maps; one for the right leg as the stance leg and the other for the left leg 

as the stance leg an increase in the collapse around the line y=x is achieved. This reduction 

in chaotic behaviour is clearly shown in Figure 5.7. 
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Hemiparetic Gait (100% retained strength in unimpaired limb) 

                                      

Unilateral Progressive Weakness (75% retained strength in unimpaired limb) 

                       

Drop Foot (75% retained strength in unimpaired limb) 

                       

Figure 5.7: Lorenz maps of minimum horizontal velocity every second step for hemiparetic gait, gait 

with unilateral progressive weakness, and gait with drop foot 
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This decrease in chaotic behaviour around the unity line y=x, relating to a limit cycle, 

when looking at every second step shows that second-order periodicities are present. These 

second order periodicities mean that the controller was able to more closely replicate the 

gait pattern when the impaired leg was being used as the stance leg. Also, a different but 

still repeatable gait pattern was achieved when the unimpaired leg was being used as the 

stance leg. This difference in gait stems from the fact the controller is able to apply zero 

torque more when one leg is on the ground versus when the other leg is on the ground given 

the discrepancies in limb weaknesses when unilateral pathologies are tested. 

5.3 Effect of Smaller Deadzones 

Adding a deadzone around the desired trajectory of each joint on the lower limb 

exoskeleton inherently allows for step to step joint trajectory and speed deviations. This 

allowance for state variations causes chaotic behaviour around the line y=x of the Lorenz 

mappings, related to a limit cycle. To confirm that the deadzones are what causes the 

chaotic behaviours in the Lorenz mappings the allowable deviations around the joint angle 

trajectories were reduced. A test was performed on the paretic gait simulation by reducing 

the deadzones sizes by 25% at each joint. The chaotic behaviour around the unity line, y=x, 

was reduced meaning that the controller made more replicable steps.  It can be seen in 

Figure 5.8 that there is further reduction in the chaotic behaviour associated with the step 

length achieved throughout steady state walking, when being compared to the Lorenz 

mappings for the paretic gait pathology, shown in Figure 5.6, using a deadzone size of 1.25 

x St.Deviation at each joint.  
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To begin the simulation the bipedal walker was not producing a consistent walking 

speed shown by the deviation from the unity line on the Lorenz map. As the simulation 

progressed, however, the bipedal walker approached a more consistent steady state walking 

speed. A more consistent walking speed is shown by the reduced chaotic behaviour on the 

Lorenz map of the minimum horizontal walking speed metric once steady state walking 

was achieved.  

 

Figure 5.8: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for paretic gait with a 25% smaller deadzone around each joint ( 1 x St. Deviation ) 

This reduction in chaotic behaviour on both of the Lorenz maps is due to the tighter 

bounds on the deadzones, which does not allow for motions that cause large reductions in 

the momentum of the biped. There is a trade-off between deadzone size and gait 

replicability as the controller begins to take a more hands-off approach as the deadzone 

size is increased. A further reduction in chaotic behaviour does lead to more replicable gait, 

however, tightening the bounds on the deadzones does not allow for as much freedom to 

move in the range of biomimetic gait, thus further restricting the assistance-as-needed 

control policy. For this work, the deadzones for the assistance as needed control policy 
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were chosen to be as large as possible while ensuring no premature contact with the ground 

could be made. Premature contact was defined as contacting the ground with the swing 

foot, before transitioning to the underactuated phase of gait. This analysis of the effect of 

a smaller deadzone does confirm that the size of the deadzones around the desired 

trajectories are correlated to the chaotic behaviour of the bipedal walker shown by the 

Lorenz mappings. 

5.4 Discussion 

The purpose of the stability analysis study was to assess the stability of the proposed 

control policy when it comes to providing autonomous assistance-as-needed control for a 

wide range of gait pathologies. The proposed control law led to stable biomimetic walking 

for each of the tested pathologies thus confirming that the controller is robust enough to 

handle a wide range of unforeseen weaknesses. Varying the weakness levels in each of the 

tested pathologies led to changes in the amount of deviation around the line y=x on the 

Lorenz mappings as the controller and the patient begin to interact differently while still 

maintaining stable steady state walking.  

Furthermore, throughout the study, it was determined that there may be the presence 

of higher order periodicities when the unilateral gait pathologies were tested. It was 

concluded that higher order periodicities may be present given the increase in collapse 

around the line y=x when looking at Lorenz mappings for every second step. The presence 

of higher order periodicities may mean that the gait is not in fact aperiodic but rather there 

are higher order limit cycles that are being produced given the patients retained strength 

and the autonomous assistance-as-needed control law used to facilitate the rehabilitation. 
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The interactions of these two competing intelligent systems can be studied in further detail 

in order to draw concrete conclusions regarding the periodicities of the gait being produced. 

Throughout this stability analysis study it was also confirmed that the amount of 

deviation around the unity line, y=x, is correlated to the size of the deadzone placed around 

each of the actuated joints of the exoskeleton. By decreasing the size of the controller 

deadzones it was shown that there is a clear reduction in the chaotic behavior in the Lorenz 

mappings. Relating the chaotic behavior around the limit cycle line to the deadzones placed 

around the exoskeleton joints is an important finding because it helps confirm that the 

chaos is in fact bounded by the control action provided by the rehabilitative control law. 

This bounded behavior means that the control law is facilitating the stable walking profiles 

for each of the tested pathologies. 
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6 CONCLUSION 

6.1 Research Outcomes 

This thesis details the implementation of an autonomous assistance-as-needed 

control law that provides walking assistance for a variety of gait pathologies, while 

ensuring the patients retained strength is actively considered. The simulation results of the 

proposed control law show that there is a consideration of the patient’s retained strength in 

real-time with no patient-specific tuning required, thus further promoting brain plasticity. 

This consideration of retained strength is shown by the allowable joint angle deviations 

within the deadzone as well as the periods of zero control torque throughout walking. Not 

only is the retained strength considered throughout gait, but the assistance-as-needed 

control policy does not require any patient specific tuning to be performed by the 

physiotherapist to account for the patient’s level of weakness. Without the need for 

physiotherapist tuning there is a significant improvement in the rehabilitative control 

strategy. This control strategy again provides improvements relative to previous 

rehabilitative exoskeletons as the autonomous control framework allows for a variety of 

walking speeds to be achieved in real-time. This ability to self-select a walking speed if the 

patient has sufficient retained strength further promotes brain plasticity by adding another 

dimension of complexity to the rehabilitation program. 

6.2 Innovation 

Assistance-as-needed control was achieved by placing a deadzone around each of 

the desired joint angle trajectories to ensure biomimetic walking profiles could be 
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performed without controller interference. Given the size of the deadzones around the 

desired trajectories, motions within the deadzone could result in a loss in momentum given 

that the controller has no explicit concept of time. A velocity dependant modulation 

constraint was created to ensure the controller enforced more strict tracking following 

motions that caused a loss in momentum, and to ensure steady-state walking was 

maintained. 

The stability of the proposed control law was demonstrated when the exoskeleton 

system maintained a bounded walking speed and a bounded step length, illustrated using 

Lorenz mappings. The use of Lorenz mappings allowed for state boundedness to be 

demonstrated given the contained motion around the line y=x. This analysis method differs 

from the classical bipedal walking analysis method of Poincare mapping as the walking 

produced using the proposed control policy is no longer periodic, due to the allowable joint 

angle deviations. The exoskeletons stability is guaranteed given the autonomous control 

framework and therefore, does not require the use of external stability aids and can be used 

at a variety of different walking speeds.  

6.3 Limitations 

Although this work does improve upon current assistance-as-needed rehabilitative 

control strategies by guaranteeing stability and not requiring patient specific tuning, there 

are still limitations. One limitation of the work is that the control strategy was only tested 

using a simulation framework and therefore it is difficult to draw conclusive results on the 

improved rehabilitative benefits, without implementing it on a physical exoskeleton and 

testing it on patients. Another limitation is that the simulation restricts the gait to the sagittal 
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plane meaning that the motions in the frontal plane could not be considered in the analysis 

of the produced gait. Finally, this work only considers steady state walking on a straight 

flat surface and therefore, does not consider the different control policies required to use 

an exoskeleton for a full gait rehabilitation program such as beginning to walk from a 

standstill, slowing down to a stop, or turning; just to name a few. 

6.4 Future Work 

In future work, the proposed control policy could be implemented on a rehabilitation 

exoskeleton and tested on patients who have had a stroke as this would further confirm the 

ability of the controller to facilitate gait rehabilitation. Also, the control law could be 

further refined to reduce control chattering at the boundary layer of the deadzone. 

Achieving this reduction in control chattering could be done by adding control 

interpolation at the boundary layer, similar to the implementation of reduced control 

chattering in a sliding mode controller. Finally, increased robustness testing could be 

performed with respect to measurement noise as well as modelling uncertainty. 
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7 APPENDIX A 

7.1 Remaining Pathology Simulation Results 

The following results show the joint angle trajectories and control torque profiles 

associated with the remaining tested pathologies. This detailed pathology testing was 

performed to test the robustness of the proposed controller when it comes to providing gait 

rehabilitation for a wide range of unanticipated pathologies. 

7.1.1 General Weakness (75% Retained Strength) 

 

Figure 7.1: Joint angle trajectories for general weakness gait (75% retained strength) 

 

Figure 7.2: Control torques for general weakness gait (75% retained strength) 
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7.1.2 General Weakness (25% Retained Strength) 

 

 

Figure 7.3: Joint angle trajectories for general weakness gait (25% retained strength) 

 

 

Figure 7.4: Control torques for general weakness gait (25% retained strength) 
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7.1.3 Hemiparetic Gait (75% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.5: Joint angle trajectories for hemiparetic gait (75% retained strength in unimpaired limb) 

 

 

Figure 7.6: Control torques for hemiparetic gait (75% retained strength in unimpaired limb) 
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7.1.4 Hemiparetic Gait (50% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.7: Joint angle trajectories for hemiparetic gait (50% retained strength in unimpaired limb) 

 

 

Figure 7.8: Control torques for hemiparetic gait (50% retained strength in unimpaired limb) 
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7.1.5 Hemiparetic Gait (25% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.9: Joint angle trajectories for hemiparetic gait (25% retained strength in unimpaired limb) 

 

 

Figure 7.10: Control torques for hemiparetic gait (25% retained strength in unimpaired limb) 
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7.1.6 Unilateral Drop Foot (100% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.11: Joint angle trajectories for unilateral drop foot (100% retained strength in unimpaired 

limb) 

 

 

Figure 7.12: Control torques for unilateral drop foot (100% retained strength in unimpaired limb) 
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7.1.7 Unilateral Drop Foot (50% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.13: Joint angle trajectories for unilateral drop foot (50% retained strength in unimpaired 

limb) 

 

 

Figure 7.14: Control torques for unilateral drop foot (50% retained strength in unimpaired limb) 
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7.1.8 Unilateral Drop Foot (25% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.15: Joint angle trajectories for unilateral drop foot (25% retained strength in unimpaired 

limb) 

 

 

 

 

Figure 7.16: Control torques for unilateral drop foot (25% retained strength in unimpaired limb) 
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7.1.9 Unilateral Progressive Weakness (100% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.17: Joint angle trajectories for unilateral progressive weakness (100% retained strength in 

unimpaired limb) 

 

 

Figure 7.18: Joint torques for unilateral progressive weakness (100% retained strength in 

unimpaired limb) 
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7.1.10 Unilateral Progressive Weakness (50% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.19: Joint angle trajectories for unilateral progressive weakness (50% retained strength in 

unimpaired limb) 

 

 

Figure 7.20: Joint torques for unilateral progressive weakness (50% retained strength in unimpaired 

limb) 

  



 

88 

 

7.1.11 Unilateral Progressive Weakness (25% Retained Strength in Unimpaired Limb) 

 

 

Figure 7.21: Joint angle trajectories for unilateral progressive weakness (25% retained strength in 

unimpaired limb) 

 

 

Figure 7.22: Joint torques for unilateral progressive weakness (25% retained strength in unimpaired 

limb) 
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7.2 Remaining Pathology Stability Analysis Results 

The following results show the Lorenz maps associated with the max step length and 

minimum horizontal velocity of the center of mass of the bipedal model for the remaining 

simulated pathologies. This detailed pathology testing was performed to test the robustness 

of the proposed controller when it comes to providing gait rehabilitation for a wide range 

of unanticipated gait pathologies, while still ensuring a stable walking pattern is completed. 

7.2.1 General Weakness (75% Retained Strength) 

 

Figure 7.23: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for general weakness gait (75% retained strength)  
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7.2.2 General Weakness (25% Retained Strength) 

 

Figure 7.24: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for general weakness gait (25% retained strength) 

 

7.2.3 Hemiparetic Gait (75% Retained Strength in Unimpaired Limb) 

 

Figure 7.25: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for hemiparetic gait (75% retained strength in unimpaired limb) 
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7.2.4 Hemiparetic Gait (50% Retained Strength in Unimpaired Limb) 

 

Figure 7.26: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for hemiparetic gait (50% retained strength in unimpaired limb) 

 

7.2.5 Hemiparetic Gait (25% Retained Strength in Unimpaired Limb) 

 

Figure 7.27: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for hemiparetic gait (25% retained strength in unimpaired limb) 
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7.2.6 Unilateral Drop Foot (100% Retained Strength in Unimpaired Limb) 

 

Figure 7.28: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for unilateral drop foot (100% retained strength in unimpaired limb) 

 

7.2.7 Unilateral Drop Foot (50% Retained Strength in Unimpaired Limb) 

 

Figure 7.29: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for unilateral drop foot (50% retained strength in unimpaired limb) 
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7.2.8 Unilateral Drop Foot (25% Retained Strength in Unimpaired Limb) 

 

Figure 7.30: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for unilateral drop foot (25% retained strength in unimpaired limb) 

 

7.2.9 Unilateral Progressive Weakness (100% Retained Strength in Unimpaired Limb) 

 

Figure 7.31: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for unilateral progressive weakness (100% retained strength in unimpaired limb) 
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7.2.10 Unilateral Progressive Weakness (50% Retained Strength in Unimpaired Limb) 

 

Figure 7.32: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for unilateral progressive weakness (50% retained strength in unimpaired limb) 

 

7.2.11 Unilateral Progressive Weakness (25% Retained Strength in Unimpaired Limb) 

 

Figure 7.33: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for unilateral progressive weakness (25% retained strength in unimpaired limb) 
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7.2.12 Full Strength Gait  

 

Figure 7.34: Lorenz maps of maximum step length and minimum horizontal velocity achieved each 

step for full strength gait
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