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ABSTRACT 

A high-precision study of the hydrogen molecular ion (HMI) H2 + is presented using the 

variational method in Hylleraas coordinates. Hylleraas coordinates with three non-linear 

parameters are adopted so that distance scales of the wave function may be described 

independently for all three radial coordinates r1 , r 2 and r12 . To achieve high precision, 

multi-precision arithmetic software QD (quad-double) is included in the code. To obtain 

high efficiency, the Message-Passing Interface (MPI) is used in computation. The 

ground state energy eigenvalue is calculated to a precision of 2 parts in 1034
, which 

represents a more than 3 orders of magnitude improvement over the best published 

values. High-precision variational calculations are also carried out for the first excited 

states of S and P symmetries, with the corresponding achieved precision of about 2 parts 

in 1031 and 3 parts in 1029
, respectively. Our results lay a sound foundation for 

studying high-order relativistic and quantum electrodynamic (QED) effects in this 

system and set a benchmark for developing other theoretical methods. 
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Chapter One: Introduction 

1.1 Background and Significance 

High precision studies of simple atomic and molecular systems provide us with a 

powerful instrument to look into the most basic problems of physics [1] [2] and studies of 

fundamental physical constants is one of them [3]. The importance of fundamental 

physical constants is obvious for they are ubiquitous in scientific research. Sometimes, 

they can be used as landmarks for different domains of science. However, even if we are 

equipped with advanced precise techniques like optical, radio and NMR spectroscopy, 

etc., in general truly fundamental effects, which can be expressed in terms of basic 

physical laws and fundamental physical constants, can seldom be studied directly, unless 

we can find an appropriate system to study. 

Over the years, people have found that few-body systems, including simple atoms and 

molecules, can be used as the best candidates for they have both experimental and 

theoretical advantages. Their simple structures enable them to be manipulated and 

measured in a relatively easier manner. For the same reason, they can be clearly 

described by quantum mechanics and quantum electrodynamics (QED) and calculated 

results can be interpreted in terms of fundamental physical constants. A concrete example 

is the measurement of the electron-proton mass ratio through rotational Vro and 

vibrational Vvib frequencies of the hydrogen molecular ion H2 + (HMI) by using the 

following dependencies [ 4]: 

r; 
Vvib "'~µRex,, 
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where me is the mass of electron, µ is the reduced mass of the two nuclei and, R00 is the 

Rydberg constant. This also provides us with the opportunity to determine other mass 

ratios such as ffie/md, mJmt, mp/md, mp/mt by measuring relevant rovibrational transition 

frequencies in D/, HD\ HT+ combined with high-precision calculations, where, mp, md 

and mt are the masses of the proton, deuterium and tritium nuclei, respectively. 

Besides the above, high precision calculation will help us to better understand simple 

atomic and molecular systems. The HMI itself is a good example. In the past four 

decades, calculations on the non-relativistic ground state of the HMI have improved 

remarkably from an early value of -0.597 139 062 5 from [5] to the present value of 

-0.597 139 063 123 405 074 834 134 096 026 189 9(1) obtained in this work (atomic 

units are used from here to the end of the thesis). This high precision energy 

determination implies a high precision wave function. Equipped with such a wave 

function, various higher order effects, such as relativistic and QED effects can be 

evaluated precisely. Meanwhile, the object of current study, the HMI, belongs to a large 

family named three-body Coulomb systems. This family contains not only traditional 

atomic systems like helium, which has been investigated from the beginning of quantum 

theory, but also some other exotic atomic system like ff and Ps-. Although different 

family members may have their unique features, such as different masses, charges, spins 

etc., from the perspective of computation, if all these factors have been taken into 

account, it one can readily to generalize calculation from one system to another. 

Furthermore, we note that the study of some exotic atomic systems is intriguing. For 

example, high precision energy levels for some few-body systems may help us discern 

the difference between matter and antimatter [6]. 

2 



1.2 Survey of History 

l.2.1 Brief History of High Precision Calculation 

Schrodinger' s equation can be regarded as one of the most important cornerstones of 

modem physics. In atomic physics, except for hydrogen, it is impossible for us to find an 

analytical solution for an atom with more than one electron. Even helium, with only one 

more electron than hydrogen, cannot be described analytically due to the existence of 

correlation between the two electrons. Therefore, it is necessary to develop a series of 

theoretical methods to pursue numerical solutions as precisely as possible. These methods 

include configuration interaction methods, perturbation methods, variational methods, 

self-consistent field and statistical methods (such as the Thomas-Fermi method) etc. In 

the practical computation, according to different situations and requirements, one of the 

method or another may be adopted to find an approximate solution to the Schrodinger's 

equation. 

Among all those different methods, variational methods are unique due to their simplicity 

in principle and versatility in usage. From 1928 to 1929, Hylleraas introduced a new 

coordinate system which was later called "Hylleraas coordinates" [7]. He invented the 

"Hylleraas variational method" by combining his coordinates with the variational 

principle. This method has turned out to be a powerful one in dealing with atomic 

systems containing a few electrons, such as helium. For example, for the ground state of 

helium, in 1929, by using only 6 terms in his basis set, Hylleraas achieved the energy 

level of -2.903 24, which has 4 significant digits with the error of only 0.06%. This 

result was improved to -2.903 722 5 by Kinoshita [8] in 1957, by using 39 terms. With 
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the development of computer technology since the 1960s, the Hylleraas variational 

method has been applied successfully to several few body systems. The accuracy for the 

ground state energy of helium has now been calculated to 44 significant figures [9]. Such 

a high level of precision is sufficient for any practical applications. 

Though it is called an approximate method, we can still obtain results of higher precision 

out of it, provided the method can be performed sufficiently effectively to overcome 

possible numerical problems that may occur. From this respect, to some extent, its 

solution can be regarded as an "exact" one. The underlying reason of its effectiveness is 

that Hylleraas coordinates include the distance of two electrons explicitly, and this 

inclusion means the consideration of correlation between the two electrons. If we were to 

expand rI'z = lr1 - r2 In in terms of r1 and r2 , we can see that a calculation using 

Hylleraas coordinates has essentially taken into account in an effective way of all 

possible angular momentum couplings between two single-electron states in the picture 

of configuration interaction. 

1.2.2 History of Study on the HMI 

The HMI was discovered by J. J. Thomson [IO]in 1907. Since then, this object has been 

studied both theoretically and experimentally for more than one century, and people have 

made great progress. on both sides. Fig. 1 presents the history of computational precision 

for the ground state energy level from 1975 to 2014. Using the result of the present work 

as a reference, we have determined the relative error for each calculation, which serves as 

the ordinate. From this figure we can see that the computational precision has been 

improved from a few parts in 105 to a few parts in I 034
• 
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Figure 1 Advances of theoretical calculations of the ground state of the HMI over the years 

For the theoretical side, in early years, the study of this simplest molecule demonstrated 

the power of quantum mechanics by explaining the existence of a stable ground state that 

was in agreement with experimental observation while classical theory failed to do so. At 

that time, the molecular orbital method, in the form of a linear combination of atomic 

orbital (LCAO-MO method), was proposed. This method has been summarized in some 

review articles such as the Carrington' s work [ 11] and the references therein. In this 

review, they categorize the theoretical effort into two groups: those with the Born

Oppenheimer (BO) approximation and those without such an approximation. The BO 

approximation itself is a useful approach, especially when nuclei are heavy. In 

chemistry, the BO approximation, as well as the adiabatic approach, enables the 
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definition of potential energy surfaces on which the constituent nuclei undergo chemical 

reactions and molecular vibrations. Under the BO approximation, the HMI is the only 

molecular system that can be solved analytically [12] [13]. However, quantum effects 

due to nuclear motion are significant for light elements, which must be considered in 

dealing with many processes and properties, in order to reproduce experimental results to 

high accuracy. These include proton transfer and proton exchange processes in chemical 

and biological reactions, proton tunneling phenomena, and detailed analysis of the 

coupling among vibrational, rotational, and electronic motions. Therefore a desire for 

higher accurate wave functions beyond the BO approximation gave rise to the 

establishment of various non-adiabatic methods, including variational methods, the 

coupled-states method, the transformed Hamiltonian method, variation-perturbation 

method and free iterative complement interaction (ICI) method. For the purpose of 

comparison, we are going to briefly introduce some of them here, especially those 

developed in recent years. 

In 2000, Korobov [14] performed a variational calculation for the ground state of the 

HMI, using basis functions with complex exponents 

00 

lVo = L {Ui9\[exp(-air1 - /lir2 - YiT12)] 
i=1 

In the above expression, ai, /Ji and Yi are chosen in a quasi-random manner according to 
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where lxJ designates the fractional part of x, Lis the imaginary unit, Pa and qa are some 

prime numbers and the real variational parameters Ai, A2 and A~, A; are the end points of 

real intervals and need to be optimized. His variational calculation for the ground state 

energy, including 2200 terms in the wave function and using multiple precision package 

MPFUN [15], resulted in the value of-0.597 139 063 123 405 074 0. 

By using perimetric coordinates, also in 2000, another variational calculation was 

performed by Hilico et al [ 16] using the wave functions 

J 

q,JM = L Dl\(tfJ,8,cp)cJ>t(R,p,0, 

T=-J 

where the angular functions are related to the matrix elements of the rotation operators 

Rt,T [17]: 

Their variational basis set is expressed in perimetric coordinates which takes full 

advantage of dynamical symmetries. Here cJ> is taken as products of Laguerre 

polynomials in the perimetric coordinates. Energies were calculated for all J = 0 and 1 

rovibrational states. 

In the following year, Korobov [18], once again, used a variational method with a wave 

function taken in the form 

00 

'l10 = L[ci cos(viR12 ) + Di sin(viR12 )]e-air1-Pir2-YiR12 + (r1 H r2), 

i=1 
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with the parameters vi, ai, Pi and Yi being generated in a pseudo-random manner as 

mentioned above. r1 H r2 means exchanging the position of the two protons. Truncating 

this expansion after 800 tenns yielded an energy of-0.597 139 063 123 40 (1). 

In 2002, Frolov [19] performed an exponential variational calculation in perimetric 

coordinates. The basis functions he used were written as 

where Yi~ 2 (r31 , r32 ) are bipolar harmonics, and ui = ; (rik + rij - 71k) are ~erimetric 

coordinates. Using 72-116 decimal digit accuracy (using the MPFUN [15] package 

mentioned above) and 2600 terms, he calculated the ground state energy of the HMI and 

obtained-0.597 139 063 123 405 074 74. In the same year, Bailey and Frolov [20], using 

the same approach, extended the number of terms to 3500 and obtained the lower energy 

value -0.597 139 063 123 405 074 83. 

In 2003, Yan, Zhang, and Li [21] carried out a variational calculation for the HMI. They 

used a basis set in Hylleraas coordinates in the form. 

Instead of choosing the electron as the origin, they picked one of the protons as the 

origin. The reason for this is that they could then present the internuclear vibrational 

motion in an effectively way through the r~e-f3rz portion of the wave function, with 

j ~ imin = 3 5 . The internuclear vibrational motion can be well described by using 

Gaussian-like function under the BO approximation. It was first discussed by Bhatia [22] 

and Bhatia and Drachman [23] on the possibility of using Hylleraas type basis to simulate 
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such a behavior without using the BO approximation. The basis is generated by including 

all the terms such that 

i+j+k~il 

where .0. is an integer not smaller than j min. Furthermore, they split the generated basis 

into 8 blocks, each having its own nonlinear parameters a and /3. The n-th block contains 

all the terms satisfying 

9n < jn ~ 9n+1, n = 2, ... , 8 

with 

. [· n- jmin l 9n = mt Jmin + 
8 

(n - 1) , 

where int[x] means the integer part of x. A complete optimization over those eight sets 

of nonlinear parameters was performed. For the ground state energy, using 1330 terms in 

their basis set, they obtained a value of -0.597 139 063 123 405 074 5(4). They also 

calculated the energy eigenvalues for the lowest P states of hydrogen molecular ions. 

In 2009, Hijikata suggested a method named the free iterative complement interaction 

(ICI) [24]. This approach is based on the idea that the exact function would be expressed 

by a function of the Hamiltonian f (H) applied to some function l/Jo as 

VJ exact = f (H)l/Jo, 

In the Schrodinger's equation, the exact wave function, together with the corresponding 

energy eigenvalue, can be regarded as an output while the Hamiltonian is an input. 

Therefore, they thought the simplest ICI wave function can be chosen in an iterative way 

as 

9 



where g function was introduced to prevent the singularity difficulty intrinsic to the 

Coulombic systems. As iteration proceeds, this ICI is supposed to converge to the exact 

wave function. To accelerate convergence, they also collected all the linearly independent 

functions { ¢il, i = 1,2, ... , Mn from the right-hand side of the above formula and 

designated each an independent coefficient to form 

Mn 

l/Jn+1 = L cicf>i, 
j=l 

where all the coefficients { c;n)} are variationally determined. Here, n (the iteration cycle) 

is the "order", and Mn (the number of independent functions) is the "dimension" of 

order n . For the ground state of the HMI, they stopped the calculation at n = 21 

with Mn = 19286, and claimed a benchmark result -0.597 139 063 123 405 074 834 134 

096 025 974 142. In 2012, the Schrodinger's equation for the HMI system was also 

solved in perimetric coordinates using the Lagrange-mesh method by Olivares Pilon and 

Daniel Baye [25]. Although, for the moment, this method doesn't provide the most 

accurate result ( 13 digits), it can give us a larger spectrum of energy eigenvalues than any 

other methods can. Meanwhile the wave functions generated by this method have great 

simplicity, which is convenient to be used to further study oscillator strength, transition 

probability, and dipole as well as quadrupole operators. 

10 



Table 1: Detailed Collection and Comparison of the Non-relativistic Energies for the Ground State of 

the HMI. The Proton to Electron Mass Ratio mplme=1836.152 701 is Used. 

Author Year Ref. Energy 

Bishop and 1977 [5] -0.597 138 460 

Cheung 

Kleindienst and 1986 [26] -0.597 139 06(3) 

Hoppe 

Frolov et al. 1995 [27] -0.597 139 053 69 

Rebane and 1997 [28] -0.597 139 063 123 40 

Filinsky 

Saavedra et al. 1998 [29] -0.597 139 063 123 

Gremaud et al. 1998 [30] -0.597 139 063 123(1) 

Taylor et al. 1999 [31] -0.597 138 063 123 9 (5) 

Moss 1999 [32] -0.597 138 063 123 4 

Korobov 2000 [14] -0.597 138 063 123 405 704 

Hilico et al. 2000 [16] -0.597 138 063 123 40(1) 

Bailey and Frolov 2002 [20] -0.597 138 063 123 405 074 83 

Yan et al. 2003 [21] -0.597 138 063 123 405 074 5(4) 

Cassar and Drake 2004 [33] -0.597 138. 063 123 405 074 834 337 7(21) 

Li et al. 2007 [34] -0.597 139 063 123 405 074 834 134 096 026 (5) 

Hijikata et al. 2009 [24] -0.597 139 063 123 405 074 834 134 096 025 974 142 

Pi16n et al. 2012 [25] -0.597 139 063 123 3 

This work -0.597 139 063 123 405 074 834 134 096 026 189 9 (1) 

As for the experimental side, the invention of magneto-optical trap (MOT) [35] has given 

rise to many seminal measurements of atomic and molecular systems. By using this 

technique, combined with other techniques such as magnetically tunable Feshbach 

resonances or with photoassociation, people can produce translationally cooled molecules 

at a temperature as low as 10 mK. Such a cold object enables us to observe rotational and 
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vibrational as well as other properties of a molecule to a high degree of precision. 

However, since the chief concern of this thesis is the theoretical work, only the most 

accurate and up-to-date experimental apparatus [36] [37] will be briefly introduced 

below. 

Roughly speaking, the whole experimental setup can be divided into three relatively 

independent parts. The first one is the source of ions. To produce ionized molecules, the 

most straightforward way is perhaps to leak the neutral molecular gas into a vacuum 

chamber and ionize them through an electron beam. There are also many other ways to 

achieve this goal, such as electro-spray ionization (ESI) [38] or chemical reaction. 

Different methods may be applied to different molecules according to molecular 

properties. After that, a charge-to-mass ratio quadrupole mass filter is employed to select 

the ions we need. 

The second part, the ion trap, is the most vital one, because we have a special 

requirement for the trap-the cold temperature. As we know, for atomic or molecular 

systems, low temperature means less translational kinetic energy which will cause less 

collision broadening and Doppler Effect on the spectrum. In particular, such an extreme 

physical condition can ensure longer lifetime for molecular vibrational and rotational 

levels, which is advantageous to spectroscopic observation. Up to now, the lowest 

temperature around a few mK for the HMI has been reached by Schiller's group [39] 

using a method called sympathetic cooling. Their work enables an improvement of 

spectroscopic measurements by 4 orders of magnitude or more. In this method, a certain 

kind of atomic ions, such as Be+ in their experiment, are cooled in advance by using laser 

cooling technique so that they can serve as a coolant. When the ensemble of atomic ions 

12 



is well "crystallized", molecular ions can be loaded in. The term "crystallized" refers to a 

cold ion ensemble with developed shell structure, with temperatures below 200 mK. 

After that, the loaded ions can be cooled via its Coulomb interaction with coolant ions. 

The rest part of the apparatus is composed of the laser system, which is used to excite 

molecular ions, and an optical detection system, which is used to collect spectral 

information. This part is common in all the spectroscopic experiments. 
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Chapter 2 Theory 

2.1. Transformation of Schrodinger Equation 

As is well known, Schrodinger equation, which is suitable to describe a non-relativistic 

system, can be written in the form 

H1{1 = £1{1, (1) 

where H is the non-relativistic Hamiltonian operator, E is an eigenvalue and q, is the 

corresponding eigenfunction. 

Figure 2 Fixed-origin coordinate system. Big dots are for the protons and small dot is for the 

electron. 

If we choose an arbitrary point in space a~ the fixed origin of the coordinate system as 

shown in Fig.2, the Hamiltonian of a three-body system can be expressed as 

14 



where 

1 2 1 2 1 2 
H=--'v --V --'v 

2m1 
1 2m2 

2 2m3 
3 

+ q1q2 + q1q3 + qzq3, 
r12 r13 Tz3 

(2) 

is the distance between particle i and j. In Cartesian coordinates ri = (xi, Yi, zD and 

a2 a2 a2 
vf=-

8 
2+-

8 
2+-

8 
2· 

xi Yi zi 
(3) 

y 

X 

Figure 3 Internal and centre-of-mass coordinate system. Big dots are for the protons and small dot is 

for the electron. 
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On making the standard transformation to the center-of-mass as shown in Fig.3, and 

relative coordinates defined by 

(4) 

1 1 1 
-=-+-, i = 1, 2 
µi mi m3 

the Hamiltonian can be rewritten as 

(5) 

+ q1q3 + qzq3 + q1qz. 
P1 P2 P12 

Noticing that the potential energy terms in the Hamiltonian contain no R, the coordinates 

of center-of-mass, we can conclude that R can be treated as an ignorable coordinate [40], 

and the whole Hamiltonian can be further simplified into 

(6) 

+ qzq3 + q1q2 
P2 P12 

For the convenience of calculation, the next step is to remove the multiplicative constants 

by making a scale change which will put H in Z-scaled, reduced mass atomic units, that 

is, 

(7) 

where 
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(8) 

and a0 is the Bohr radius. More specifically, for the HMI, there are two identical protons 

which can be labeled as I and 2 while the only electron can be labeled by 3. So we have 

the relationships Z1 = Z2 = Z = 1 and Z3 = -z = -1, which allows us to simplify the 

Hamiltonian further into 

(9) 
1 1 

--+-, 
r2 r12 

where mp is the mass of proton. Therefore, the dimensionless Hamiltonian for the HMI is 

where 

1 
+-, 

r12 

_m_P_'iJ . 'iJ _ 2_ _ 2_ 
1 + m r1 r2 r r p 1 2 

11H = z2 ~/ = H(l +2-), 
e a1 mp 

and µ1 = µ 2 has been used. 

Thus, Eq. (I) can be transformed into a reduced form 

JHI\JI = JE\JI, 

where IE is related to the original energy eigenvalue of E by 

IE = Z2 ~ / = E (1 + 2..). 
e a1 mp 
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2.2. Variational Calculation 

In most cases, Schrodinger's equation cannot be solved analytically. As mentioned 

before, one often turns to the Rayleigh-Ritz variational method, which is a powerful 

method for finding out eigenvalues and eigenfunctions of a quantum system. 

The basic idea of the Rayleigh-Ritz variational method is based on the following 

variational principle: an eigenvector of a Hamiltonian is a vector in Hilbert space that 

minimizes the expectation value 

(WIHlll1) 
(H) = Eq, = (ll11ll1) , (12) 

and Eq, thus becomes the corresponding eigenvalue. Using variational language, the 

variational principle can be expressed as 

oEq, = 0. (13) 

To achieve this purpose, we assume a trial wave function in the form 

N 

IWt) = I cd<l>i), 
i=1 

(14) 

where <l>is are the basis functions and are not necessarily orthogonal to each other, and cis 

are the linear coefficients, which can serve as variational parameters. Substituting IWt) 

into Eq. (12) yields 

~ .. ctc-H·· E _ L..i1 i 1 i1 
'Pt - ~ * 0 I 

L..ij Ci Cj ij 
(15) 

where Hij = (<l>dHl<l>j) and Oij = (<l>d<l>j). Performing partial differentiation of Eq. (15) 

with respect to those variational parameters, we have 
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8Eqit Li c;(Hik - EqitOik) 

ack Lij c;cjoij 

and 

8Eqit = Lj ciHkj - EqitOkJ 

ack 

From Eqs. (13), (16) and (17), we can see 

Since ock and ock are arbitrary, the preceding equation implies 

which leads to 

8Eqit aEqit 
-a-=-a * =O,(k=l,2,3, .. ·,N), 

ck ck 

L ciHkj - EqitOkj) = 0, (k = 1;2, 3, ···, N). 
j 

(16) 

(17) 

(18) 

(19) 

(20) 

Considering the Hamiltonian operator is Hermitian, we neglect the conjugate form of the 

above equation. And we simplify it further into the following matrix form 

HC = EOC, (21) 

where '}{ is the Hamiltonian matrix, 0 the overlap matrix, and C a column matrix formed 

by the expansion coefficients ci. Explicitly, the above equation can also be written as 
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c1 H12 H1N)C) H21 H22 H2N c2 . . . . . . 
HN1 HN2 HNN CN 

(22) 

(°11 012 

01N)C) = E 021 022 02N C2 

\Jlt : 
. . . . . . 

ON1 ON2 ONN CN 

Diagonalization of Jf will yield N eigenvalues E't U = 1,2,3, ... , N). The variational 

method is still powerful even if the trial wave function is NOT an exact eigenfunction of 

the Hamiltonian, for it can give us an upper bound to the corresponding exact energy 

eigenvalue. To clarify this point briefly, we need to expand the trial wave functions in 

terms of the exact normalized eigenfunctions of the Hamiltonian as the basis functions 

N 

1wt) = I cd<p), 
i=l 

with (<pd<tJi) = 1. Thus the energy Eq,t can be expressed into 

Eq,t = L cf Ei. 
i 

(23) 

(24) 

Due to the facts that Ei ~ E0 and L Cf = 1, Eq,t is always greater than the ground state 

energy E0 (Eq,t ~ E0 ). Consequently, Eq,t is always an upper bound to the true state 

energy [ 41]. 
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E ~ ' 
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1 2 3 4 5 

N 

Figure 4 Illustration of the Hylleraas-Undheim-MacDonald Theorem 

According to the matrix interleaving theorem, the higher variational eigenvalues are also 

upper bounds to the corresponding true eigenvalues, When an extra column and row are 

added to the formal N x N matrix, the N old eigenvalues lie between the N + 1 new 

ones. The new highest eigenvalue becomes higher thari. the previous highest one and the 

lowest becomes lower than the previous lowest one. Since the system is bounded from 

below, the variational eigenvalues become the exact eigenvalues in the limit N -+ oo. As a 

result, the N variational eigenvalues move progressively toward the exact values as N 

increases as shown in Fig. 4. This also implies that we can not only get an energy level 

for the ground state but also for other excited states of the system. 
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2.3. Solving the Matrix Equation 

2.3.l. Power Method 

From the preceding discussion, one can see we are now facing the problem of solving the 

matrix equation (21 ). There are many different ways of solving the so-called generalized 

eigenvalue problem [42] [43] [44]. However, if we are only interested in one specific 

energy eigenvalue and its corresponding eigenfunction, the power method [ 45] may be 

the best choice in terms of speed and robustness. This method is described below. 

The basic idea of the power method is straightforward. Suppose Ai, Az, ···,An are the 

eigenvalues of JC with the corresponding eigenfunctions \Jli, \J12, ... , \Jin which are linearly 

independent with each other. If IAnl is the largest among these l;tds, then l;tnl is called 

the dominant eigenvalue of JC and its corresponding eigenvector \Jin the dominant 

eigenvector. Choosing an arbitrary vector Xo such as 

(25) 

we may find a sequence 

(26) 

Ask becomes large, Xk approaches the eigenvector of J{ with the largest eigenvalue: 
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Considering Uni is dominant, and ask ~ oo, we are sure to get 

(28) 

which fulfills HXk = AnXk· 

To find the i-th eigenvalue Ai<n, we can first give a pre-guessed value Ag and transform 

the above procedures as follows: 

(29) 

By choosing Ag close to any one of the eigenvalues Ai will make 1/ (Ai -Ag ) much 

bigger than any others. We thus have the sequence 

(30) 

[ 
-1 ]m = (H - AgO) 0 Xo, (m = 1,2, ··· ). 

As m increases, Xm becomes the dominant eigenvector of the operator (H - AgOf
1
0 

with the corresponding eigenvalue A~ 

(31) 

Multiplying the above equation by the transposed vector Xm+1, we can obtain 

X = Xm+1Xm+1 
t - I 

Xm+1Xm 
(32) 
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Finally, we achieve 

A·= A +A~= A +Xm+1Xm+1 
l g l g - . 

Xm+1Xm 
(33) 

2.3.2. Square Root Method 

In order to solve Eq. (31), we need to use the square-root method [45]. For this purpose, 

we rewrite Eq. (31) in the form 

Axn = F, (34) 

where A= (Jf-A9 0) andF = Oxn-l· SinceA is symmetric, it can be converted into a 

multiplication of two triangular matrices 

A =SS, (35) 

where S is the upper triangular matrix 

(

S11, S12 
0 Szz 

0.. 0 

... S1n) 
··· Szn . . . . 
··· Snn 

(36) 

and Sis its transpose. From Eq. (35), we can get these nonzero elements of S 

i-1 

sii = aii - L s;i, (i > 1) 
.f=1 

Li-1 a .. - S ·S · 
.. _ l] .f=1 .ft .f J (j' > ') s~ - , i, 

Sii 

where aijs are the elements of A. 
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Eq. (35), combined with Eq. (34), is equivalent to the following two equations 

SK=F; 

Sxn = K. 

(37) 

(38) 

Matrix elements ki of K can be determined in terms of sij and matrix elements of{;_ by 

the following recurrence formulas: 

k
_h_ 

1 - , 
S11 

Eventually, the solution for Xn is given by 

ki - r;=i+l suk-e 
Xi<N = -----

Sii 

(39) 

(40) 

(41) 

where N is the dimension of the original matrix Jf whose dominant eigenvector has 

components Xj. 

2.4. Construction of Basis 

As discussed in the preceding sections, the Rayleigh-Ritz variational method requires the 

trial wave function to be expanded in terms of a series of basis functions as shown in Eq. 

(23). The Hylleraas basis is used in this work, so the general term of l<fJ) in Eq. (23) takes 

the fonn of 
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where Yf;i
2

L is used to denote angular part of the basis, and a, p and y contained in the 

exponential term are the non-linear parameters. Inclusion of y term makes our calculation 

more involved and time-consuming than the basis functions used by Li et al. [34], 

although both of us use Hylleraas coordinates. But the advantage of our choice is that we 

can achieve much higher rate of convergence with fewer terms. 

However, Eq. (42) is only a primitive form of the basis functions. In the real calculation, 

to achieve better convergence as well as higher numerical stability, we need to construct 

a more sophisticated form of basis. For S-states, a modified double basis set [3 3] [ 46] is 

employed. Its basic form is 

2 i+ js.n~P) nhigh 

= I I I a~2r1rf r1\ exp(-aCP)r1 (43) 
p=l i,j=O k=-il10 w 

where the range of k is defined by 

n _ N nCP) (' ') 
Uhigh - p + U1 - L + j I 

and .flip) is used to control the range of i andj, with the integer Np > .nt) being an 

adjustable parameter. By the word 'exchange' we niean the interchanging oflabels 1 H 

2. To simulate the vibrational modes of this molecular system [23], we make Np ~ 2yCP) 

with yCP) being between 14 and 20. In Cassar's work [33], he optimized this value for 

different energy levels. In our calculation, we. simply pick a fixed value for N1 = N2 = 
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37 for all the energy levels. The sign '+' is for nuclear singlet states with the total spin of 

the two protons being zero while '-' is for triplet states with total spin being one. The 

way we used to construct a basis set makes each combination of powers i, j, k to be 

included twice with different nonlinear parameters. One may think that this may lead to a 

problem of linear dependency, but a complete optimization of the energy with respect to 

all those nonlinear parameters will end up with a well-defined and numerically stable 

energy value. 

It is easy to conclude from Eq. ( 4 3) that as the flip) increases, the size of the basis will 

become larger, leading to a more and more converged result. However, numerical 

problems of near-linear dependency in the basis set become progressively severe as .at) 

increases. To avoid this, for S-states, all terms with i > j are omitted. In addition to that, 

a truncation over index k is used by avoiding tenns with i + j + I Np - k I - I l1 - l2 I + 

lj - ii > flip) [33]. Using these strategies, and by incorporating QD [47] (a package that 

supports both a double-double data type with about 32 decimal digits and a quad-double 

data type with about 64 decimal digits) into our code, we do not meet numerical problems 

until the basis is larger than 4000 terms. 

The basis sets are more complicated for the case of higher total angular momentum L > 0 

because of the multiplicity of possible one-particle angular momenta l1 and l 2 for a 

given L. It can be expressed in the fonn 

where the notation 

q,L>0 (r1 , r 2) = L lJJ5 (ri, r2)(li, l 2; LM), 

l1.lz 
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(li, 12 ; LM) 

= r;1 r;2 L (l1l2m1m2ILM)Yi~1 (i\)Yi:2 c r2) 
(45) 

m1,m2 

is used to describe the total angular momentum eigenstates made from vector coupled 

products of spherical hannonics. In our code, the configurations which are needed for 

completeness are 

S states (L = 0): (O,O; 00) 

P states (L = 1): (0,1; 1M) (1,0; 1M) 

D states (L = 2): (0,2; 2M) (1,1; 2M) (2,0; 2M) 

Here, the 'doubling' of the basis set for states with L > 0 is accomplished by including 

twice the dominant (O, L; LM) angular term with different nonlinear parameters. That is 

to say, we need 3 sectors for P states, 4 for D states, etc. 

2.5. Evaluation of Matrix Elements 

2.5.1 Transformation of Operators 

In order to solve the general eigenvalue equation presented by Eq. (22), we need to 

evaluate the matrix elements. 

To evaluate the angular part, it is convenient for us to choose spherical coordinates. 

Accordingly, Vf can be written into 
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2 { 1 . . k(k + 1) ~7i = -di(l + 1) - l1Cl1 + 1)] + 2 

~ ~2 

[
a(i + 1) y(k + 1)] 

-2 +---
T1 T12 

(46) 

(-y A) } 2 V1 · r2 r2 
- 2 (k - rr12) + a2 + y2 , 

T1T12 

where vf acts only on angular part. From this equation, V~ can be easily obtained by 

interchanging 1 H 2, i H j and a H f3. 

Unlike the case of helium, where the mass polarization term can be treated as a 

perturbation due to the small electron-nuclear mass ratio, for the HMI, 

(47) 

must be calculated in an exact manner. As shown in appendix, this operator can be 

eventually expanded into 
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+ 2_ [-P(i cos 8 + f2 · vf)] + 2_ [-a(j cos 8 + r1 · vf)] + ~ [y(i + j + 2k + 2)] 
r1 r2 r12 

1 ~ . ~ 
- 2 [k(k + 1) + jk + ik] +-[y(p cos8 - a)] +-[y(acos8 - P)] 

~2 ~2 ~2 

+ r~ [pk - ak cos 8] + __2__ [-y(j cos()+ f2. vf)] + ~ [-y(i cos()+ f2. vf)] 
r12 r2r12 r1 r12 

(48) 

Now that we know the action of all the operators in the Hamiltonian onto various terms in 

the wave function, we need to evaluate the resulting integrals in order to construct the 

actual Hamiltonian and overlap matrices. For this purpose, we now focus on the required 

integrals. 

2.5.2 General Integral 

In 1978, Drake [ 48] obtained general expressions for the reduction of a wide class of two 

electron matrix elements involving Hylleraas coordinates to finite sums of radial 

integrals. In addition to presenting the main idea of his work, we will show more details 

on the deduction and more discussion on relations for radial integrals in the following 

section. 
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Figure 5 Hylleraas coordinates 

Consider the basic form of integral 

(49) 

where YJ:~L'' Yz~z2 i, and O = ~~kzK are vector-coupled products of spherical harmonics 

given by 

Yt:.12,l(ri, r2) = I (l1l2m1m2ILM)Yz:1 (1\)Yz:2 cr2), 
m1m2 

~~.k2,K(i\,r2) = L (k1k2q1q2IKQ)Yk~(f1)Yk~2(r2). (50) 

q1,q2 

The function RP = RP (ri, r 2, r12) is the correlated radial part of the integral defined by 

(51) 

The volume element is 
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where all the angles and coordinates are labeled in Fig. 5. 

Using the formula 

we can expand Eq. (50) into 

(52) 

(53) 

I * 
Using [L] to denote (2L + 1), and noticing YJt~L' (i\, r2) is the complex conjugate 

ofY{';,l
2

,L (i\, r2), by substituting (54) into ( 49), we can get 

X I (-l)l~+k1+l1-l~-k2-l2+M'+Q+M 

allm 
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In (55), 'all m' means summation over all possible values of those magnetic quantum 

numbers labeled by lower-case letters, and such an abbreviation will be used throughout 

the following sections. Thus the basic integral can be decomposed into an integral over 

the radial part times an integral over the angular part. To simplify the angular part, we use 

(56) 

1 (57) 
= ~ [l, l',L]z '(l l' L

0
) (ml ml', L ) L ~ -M Yt(r), 

LM 41T O 0 

to find out 

(58) 

'* 
We can also find a similar expansion about Ylr;i2 (r2) Yt (r2)Yt2 (r2 ) by setting up 

2 2 2 

mapping relationships like l1 ~ l2 , l~ ~ l~, etc. 

Up to now, the angular part contained in ( 54) can be expressed as 

( 
4
:) 2 L L ( -1 )phase factor [ L', L, Li, L2, K, Iv 12, I~, 12, kv k2Jh~v A2] 

..il.1 ..il.2 L1 Lz all m 

33 



X (k1 Z1 A1 ) ( 1~, A1 L1 ) (k2 l2 ;t2 ) ( z; Az L2) 
ql m1 -ti -mi t1 -Mi qz m2 -t2 -m; t2 -M2 

(1' z; L' w1 k2 K) ( 11 l2 _LM) X 1 
mi m; -M' q1 qz -Q m1 m2 

X Yi:1 (i\)YL~2 (r2), (59) 

where the 'phase factor'=li + k + 11 - z; - k 2 - l 2 + M' + Q + M - t 1 + m~ - M1 -

t2 + m; - M2. This can be further simplified by using the identities such as q1 + m 1 -

t1 = 0 and k1 + l1 + A1 = "even number" from the property of 3j-coefficients. 

However, as shown in ( 51 ), the integral over the angular part is not dependent upon solid 

angle i\ and r2, so we need more transformation by virtue of 

(60) 

where 'Dis the matrix elements of the well-known Wigner D function which serves as a 

representation of S03 group [49]. All these angular variables are labeled in Fig 5. We 

further take into account the relationship between harmonic functions and D functions 

[50]: 

(61) 

1 f 21l'f 1l'f 21l' . . 
-
8 2 

'Dli,* (a,p, y)'Dh, (a,p, y)da sinp dpdy 
TC o O o m1m1 m2,m2 

(62) 

After integration over the Euler angles, the angular part becomes 
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L L (-l)M1 1 
Brr [L', L, K, l1, l2, l~, z;, kv k2]2 [,11, ,12] 

.rl1 ;t2L1 all m 

X (~1 
l1 

~1) (~ 
A1 

~1) (~2 
l2 ~)(~ A2 

~2) 0 0 0 0 

X (k1 l1 A, ) ( I~' A1 L1 ) (k2 l2 A2 ) ( z; A2 L1) 
q1 m1 -t1 -m1 t1 -M1 q2 m2 -t2 -m; t2 -M1 

c· z; L' ) (k1 k2 K )(11 l2 
-~) PL1 (cos 8), X 1 (63) 

m~ m; -M' q1 q2 -Q m1 m2 

where PL
1 
(cos 8) is the Legendre polynomial and 8 is the angle between vectors f1 

and f2 . If we use the orthogonality property of 3j-coefficients, or use the graphic method 

[51], the following expression 

L (-1)M1 (:~ 
l1 A, ) ( l~' A1 L1 ) (k2 l2 A2 ) ( z; A2 

m1 -ti -mi t1 -M1 q2 m2 -t2 -m; t2 
allm 

( l' z; 
L' W' k2 K )Cl l2 _LM) X 1 

m~ m; -M' q1 q2 -Q m1 m2 

can be further simplified into 

(-1)L'-M' (_t, K L ){L' z; l~f l2 tJ. Q M L1 A1 A k1 k2 (64) 
2 A1 A2 L' 

Finally, the basic integral ( 48) can be transformed into a more manageable form: 

[ = (-1)L'-M' (_~, ~ t) 

X L X;i,1,A.2,AD;t1,A.2,A/A (R' R), 
Ai,A.2,A 

(65) 

L1) 
-M1 

where we have replaced L1 by A in order to obtain exactly the same result as Drake's 

[ 48]. Similarly, we also employ the same definition contained in (65): 
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(66) 

(-l)l~ +l~+L
1 
+A l 

= Brr [..li, ..l2 , A] [L', L, K, lv l2 , l~, z;, kv k2]z (67) 

L2) 
0 I 

and 

(68) 

2.5.3 Radial Integral 

Now, we will evaluate the integral defined by Eq. (66). Let us start with the easiest case 

when A= 0, where we can define a basic radial integral: 

l0 (i,j, k) 

(69) 

For the special case of i = j = k = -1, the integral reduces to 

/ 0 (-1, -1, -1) 

(70) 

which can be split into two parts: 
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/ 0 (-1, -1, -1) 

This one can be easily evaluated to get the result 

2 
/ 0 (-1, -1, -1) =(a+ P)(a + y)(P + y)" 

It is obvious from (69) that the following expressions hold 

(- :J 10 (i - 1,j, k) = l(i,j, k), 

(- :/3) 10 (i,j - 1, k) = I (i,j, k), 

(- :y) 10 (i,j, k - 1) = I(i,j, k) 

(71) 

(72) 

We can use (71) as the starting point to obtain higher-power integrals by repeated 

differentiation: 

l0 (i,j, k) 

. . ai+1 aj+1 ak+l z ] 
= -1 i+J+k+3 __ ----

( ) aai+1 api+1 ayk+l lea+ /3)(a + y)(/3 + y) . 

(73) 

Eventually, by defining p = i + 1, m = j + 1 and n = k + 1, we will have 
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I0 (i,j, k) = I0 (p - 1, m - 1, n - 1) 

P m n 
,,, 2p!m!n! 

- L, L, L, a! b ! c! (p - a)! (m - b) ! (n - c) ! 
a=O b=O c=O 

(74) 

(a+ b)! (c + p - q)! (n + m - b - c)! 
X (a+ p)a+b+l(a + y)C+p-a+1(f3 + y)n+m-b-c+1· 

However, as will be shown below, in order to calculate higher rank of radial integral and 

also to generate vectors for optimization, we may meet the case when p = -1 with 

positive m and n. In this case, the preceding discussion is not enough. This can be solved 

by virtue of Harris's work [52]. The basic radial integral we need in this case can be 

expressed as: 

where 

!0 (-p, m,n) = (p: y) [ml0(-p, m -1, n) 

+ n/0 ( -p, m, n - 1) 

+ G(-p, m, n)], 

2m! n! (m + n - p + 1) ! 
G(-p, m, n) = (m + n + 1)! (a+ f3)n+m-

X 2 F1 (n + 1, m + n - p + 2; m + n 

+ l;r). 

(75) 

(76) 

Eq. (76) will be numerically stable provided the hypergeometric function 2 F1 , with r = 

(/3 - y) / ( a + {3) , is evaluated in a suitable fashion. It is worthwhile to mention here that 

other singular cases can only appear in higher rank corrections to the energy, such as 

relativistic and QED effects, not in the calculation of non-relativistic energy. 
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To evaluate (66) with A* 0, recurrence relations must be studied. For this purpose, 

Drake generalized ( 66) into 

(77) 

where f (rv r2) and g(r) are any functions for which the integral exists. If g(r) = rc+z 

with c * -2, by using the recurrence relation of Legendre polynomial 

PA (x) = [P~+ 1 (x) - P~_1 (x)]/(2l + 1), (78) 

Drake found that 

The values needed to start the recurrence relation are 

(80) 

However, this idea cannot be applied here directly, because in our case g(r) = rc+ze-Yr. 

Differentiation of this g(r) will lead to two terms, which will bring us a more 

complicated situation. Therefore, instead of using (78), we use 

(l + 1)Pl+1 Cx) - (2l + 1)xPl(x) + lPz_1 (x) = 0, (81) 

so that from which the recurrence relation we will use is 
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2l + 1 -1 -1 
l1+1CB) = Z(l + l) [h(r1r2 g) + ft(r1 Tzg) 

(82) 

l 
- l + 1 I 1-1 (g). 

3. Optimization 

To achieve a better efficiency, it is necessary to have a complete optimization of the 

energy E with respect to all nonlinear parameters for each basis set size. For this purpose, 

the Newton-Raphson method is used in our code [53]. If the wave function lJJ has been 

normalized, the first-order derivatives we need can be calculated according to 

8E 
aaCP) = -2(ll11Hlr11J,(rv r2 ; aCP)) ± r21J,(r2, r1; aCP))), 

8E 
apCP) = -2(ll11Hlr11/J(rvr2;PCP)) ± r21/J(r2,r1;pCP))), 

8E (83) 
ayCP) = -2(ll11Hlr11J,(rvr2;yCP)) ± r21J,(r2,r1 ;yCP))), 

where 1/J( ri, r2 ; aCP)) denotes a tem1 in lJJ that depends explicitly on aCP), and parameter 

p may have different ranges according to which configuration has been used as described 

in Section 4. These derivatives contain no contributi9n from an implicit dependence of 

the energy on the nonlinear parameters through the wave function coefficients a~2 as 

implied in Eq. (19). This indicates that the energy is stable with respect to first-order 

variations of the wave function coefficients. 
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The second-order derivatives with respect to these nonlinear parameters can be calculated 

approximately using finite differencing of these known first-order derivatives. The code 

will quit the iteration as long as a specified criterion is fulfilled. 
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Chapter 3 Details in Programming 

3.1 Structure and New Feature of this Code 

CD Input 0 1, together with non

linear parameters and 

information about angular 

momenta to generate basis 

D 
Cv Calculate radial integral and evaluate the angular part to get matrix elements 

described by Equation (49). 

G) Solve matrix equation (22) to get (ci., c0 ... cN) as well as Etr which will be saved 

as Enew while the eigenvalue from previous iteration will be stored as Eoid· 

No 
@calculate first derivative 

shown in (83) to predict new 

set of nonlinear parameters, 

and then go to step CD. 

Figure 6 Basic structure of the code 
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Fig. 6 presents a skeleton of the computer program which is written in FORTRAN 90. 

The whole computational process is composed of four parts. The first step is to generate a 

basis according to the scheme described in Section 2.4. The second step is to calculate the 

necessary matrix elements described by ( 49). In this step, to avoid the vast repetition of 

the basic radial integral presented by Eq. (69), a strategy must be employed here. For this 

purpose, we declared a four-dimensional real array accompanied by a logical array of the 

same shape, and the logical array shall be initialized as 'false'. In these two types of 

arrays, the first three dimensions are used to hold the information of power indices and 

the fourth dimension is used to tell the different combination of nonlinear parameters. 

Once a certain basic radial integral is required, we retrieve information in the logical 

array first. If it is 'false', this integral is evaluated and the result is stored in the array 

while the logical value will be updated to be 'true'. Otherwise, the value needed can be 

retrieved directly from the real array used for storage. We refer to this strategy as 'store 

and retrieve', and it helps to improve the computational efficiency dramatically. The 

third step is to solve the generalized eigenvalue problem to obtain the eigenvalues as well 

as the eigenvectors. The last step is to calculate the first-order derivative of energy with 

respect to those nonlinear parameters and perform the Newton-Raphson algorithm if it is 

necessary. 

Some new features of this free-formed FORTRAN program, such as Allocatable Array, 

Derived Data Type and Module are widely used throughout the code [54] [55]. These 

techniques make the code more efficient, more readable and better organized. For 

example, in our code, we defined a new data type named BASE, which is: 
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type:: base 

integer:: indexl 

integer : : index2 

integer : : index3 

integer:: Ll 

integer : : L2 

real*16 :: alpha 

real*16 :: beta 

real*16 :: gamma 

end type 

Figure 7 Illustration of derived data type 

From this figure, we can see all the information of a basis described by ( 41) has been 

included in this new type of data. The three integers index 1, index2 and index3 are used 

to denote those power indices i, j and k, respectively; those three real numbers correspond 

to the non-linear parameters in the base; L 1 and L2 are used to represent angular 

momenta of the two particles. By doing so, any procedure that needs this information can 

use a dummy variable of type (BASE) without writing a lengthy list of variables. 

Furthermore, an allocatable array can be set up with respect to this derived-type. 

Truncation criteria together with other schemes described in Section 4 can be used to 

figure out how long this derived-array will be, and then allocate an array of such length to 

hold all the information of the basis. This array should be released after usage to save 

memory. As also can be seen from the figure, the setup of user-defined data is bulky, so it 

is customary to combine this technique with another one -Module. All new data types 

and parameters can be claimed and sealed in one module, and the module should be given 

a name, say, SHARE. Therefore, other procedures can get access to these definitions and 
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parameters by writing a sentence 'USE SHARE' at the beginning. This technique gives 

rise to a possibility of abolishing the traditional usage of 'COMMON BLOCK' and thus 

provides a safer way of delivering data and convenience of future maintenance. Besides 

this, since 'COMMON BLOCK' is not compatible with the 'Allocatable Array', data 

stored in an allocatable array cannot be shared between different routines by virtue of 

'COMMON BLOCK'. It is worthwhile to end up this paragraph by quoting the comments 

on 'MEMORY ALLOCATION FOR DERIVED DATA TYPES' from [55]: 

"When a FORTRAN compiler allocates memory for a variable of a 

derived data type, the compiler is NOT required to allocate the elements 

of the derived data type in successive memory locations. Instead, it is 

free to place them anywhere it wants, as long as the proper element 

order is preserved during 1/0 operations. This freedom was deliberately 

built into the FORTRAN 95 and FORTRAN 2003 standards to allow 

compilers on massively parallel computers to optimize memory 

allocations for thefastest possible performance." 

'To pull a bigger wagon, it is easier to add more oxen than to grow a gigantic ox', that is 

one of the basic factors of stimulating the development of parallel computation. There 

are mainly two parallel computational models, one is OpenMP (Open Multi-Processing), 

and the other is MPI (Message-Passing Interface) [56]. A brief comparison of those two 

models is displayed in the following table [ 57]: 
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Table 2: Comparison between MPI and OpenMP 

OpenMp 

1.easier to program and debug than MPI; 

2.directives can be added incrementally-

gradual parallelization; 

MPI 

1. runs on either shared or distributed 

memory architectures; 

3. can still run the program as a serial 

Pros code; 

2. can be used on a wider range of 

problems than OpenMP; 

3. each process has its own local 

Cons 

4. serial code statements usually don't variables; 

need modification; 4. distributed memory computers are less 

5. code is easier to understand and expensive than large shared memory 

maybe more easily maintained. computers. 

1. can only be run in shared memory 1. requires more programming changes 

computers; 

2. requires a compiler that supports 

OpenMP; 

3. mostly used for loop parallelization. 

to go from serial to parallel version; 

2. can be harder to debug; 

3. performance is limited by the 

communication network between the 

nodes. 

Since OpenMP can only be used on shared memory computers, we adopt the MPI mode 

in our code for more flexibility. Two parts in our code need to be parallelized, one is the 

calculation of those matrix elements and the other is for solving the generalized 

eigenvalue problem. A straightforward idea for the first part is to divide the whole matrix 

into several parts of almost the same size, and distribute them by a 'master' CPU to 

'slave' CPUs. Once the calculation is done, the results shall be collected by the 'master' 

to form a complete matrix. However, in practice, in order to take full advantage of 'store 

and retrieve' strategy, each CPU should evaluate matrix elements with unique 

combination of nonlinear parameters since the memory is not shared in MPI mode. 

Another parallelism scheme, which is a little more complicated than the former one, has 
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also been performed upon this part. We noticed that the values of those basic radial 

integrals will be used twice, one is for the evaluation of matrix elements in Step 2, and 

the other is for the evaluation of the first-order derivatives in Step 4. According to the 

traditional way of programming, values obtained in Step 2 will be forgotten and cannot . 

be used in Step 4, thus causing a waste of time and resources. Therefore we began to 

think about the possibility of calculating and storing those values in advance and 

parallelizing this calculation. However, the difficulty we noticed is that not all the 

possible combinations of (i, j, k) satisfying i+j+k~.Q or other criteria would be needed. 

This problem can be solved by generalizing the spirit of 'store and retrieve'. We can 

develop a new set of code that runs without real calculation to determine which basic 

integrals will be needed, and this information can be stored in a logical array for future 

judgment. Such a logical array for determination needs to be formed for only one time 

and can be used in the rest of the iterations. Armed with such a logical array, we need not 

worry about the waste of calculation any more. 

3.2 More Details in Parallelization of the Power Method 

Now, let's turn to the parallelization of the eigenvalue-equation-solving part. As 

described in Sections 3.1 and 3.2, the power method incorporating the Cholesky 

decomposition is employed here. It has been pointed out [58] that the CPU time for this 

part will be proportional to n 3 , where n is the dimension of the matrix. When n reaches 

around 5000, the CPU time in this part is .considerable. For this reason, parallel 

programming is necessary. At first glance, one might think it is impossible to parallelize 

this part since there is causality between the steps in the Cholesky decomposition. 
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However, a close investigation will show us a possibility of designing such a parallel 

algorithm. Let's do it on a simple case. Suppose we are going to use 4 CPUs, which will 

be labeled by A, IIB, CC and JD) individually, to decompose a 4x4 symmetric real matrix 

like: 

cl U12 a13 a14) U12 Uzz Uz3 Uz4 
A= 

Uz3 U33 U34 . a13 
U14 Uz4 U34 U44 

Without losing the generality, each CPU can take charge of a decomposition of one 

column. For simplicity, we presume that the infonnation on matrix A can be shared by 

all the CPUs from the beginning. 

According to the rules s11 = -{a;;_ and s1j = aij, we can see once s11 is obtained by A 
S11 

and shared by the others in the form of message passing, s1j with 2 ~ j ~ 4 can be 

calculated by the others in a parallel manner, resulting in the decomposition of the first 

row. For the second step, by using s22 = J a22 - sf 2, IIB can get s22 and then sends it to CC 

d fi 
. Uz3-S12S13 d 

an JD). Ater that, CC and JD) can get s23 and s24 by usmg s23 = an s24 = 
Szz 

a
24

-
512514

, respectively. At this step, A is not involved. Similar things happen in the third 
Szz 

step, where (C is to calculate principal element and JD) to calculate s34 while A and JIB are 

absent. For the last step, only JD) is used to calculate the last element. From the analysis of 

this hemistic example, we can confinn the possibility of parallelization as well as some 

features for future algorithm. Firstly, this decomposition will be performed progressively 

from the first row to the last row, and each new element depends only on the principal 

\ 48 



element of its row and the results from previous steps. Secondly, those CPUs will quit the 

job one by one, so that the total CPU time is decided by the last one. 

Based on the same principle outlined above, different versions have been developed 

according to different ways of allocating jobs and sharing information [59]. In our code, 

an MPI version [55] has been adopted. As is well-known, the Cholesky decomposition 

can only deal with a positive-defined matrix unless some modification is included [ 45]. 

For this reason, the introduction of this MPI algorithm should start with a modified serial 

edition. 

Unlike the previous example, the following decomposition will be performed and stored 

on a lower-triangle matrix. In practice, in order to save the memory, we would like to 

update the matrix A step by step with the results of decomposition rather than declaring 

another individual matrix. 

001 do j = 1, n 

002 A(j,j) = A(j,j) - SDOT(j,Aj,Aj) 

003 if A(j,j) ~ O,Sign(j) = +1 

004 elseA(j,j) < O,Sign(j) = -1 

005 A(j,j) = SQRT (ABS(A(j,j))) 

006 do i = j + 1, n 

007 A(i,j) = ( A(i,j) - SDOT(j, Aj, Ai))/ A(j,j) 

008 end do 

009 end do 

Figure 8 Serial algorithm of Cholesky decomposition 

In the above figure, SDOT(k,Ai,Aj) denotes Lfa:"l A(i, l) * AU, l), SQRT(x) means the 

square root of x and ABS ( x) is the absolute value of x. Modification of the traditional 
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Cholesky decomposition is embodied by the introduction of an integer array named 

Sign(j) in the line 003 and 004. The element of the array will be set to -1 in case the 

principal element A(j,j) < 0; otherwise it will be + L Information contained in this 

integer array is indispensable in the stage of back substitution; after that, it can be 

discarded. 

Before we begin to discuss the parallel edition, we need to describe how the matrix is 

stored on the CPUs as well as some other conventions. Suppose the super-computer and 

its networks have a ring-shaped architecture with Pi (i = 0, ... , p - 1) to denote the ith 

CPU, as shown in Figure 9. 

Figure 9 Data stored in the CPUs in a wrap manner 

Data will be distributed upon these CPUs in a manner called WRAP; that is to say, Ai, 

which is the i th row in matrix A, will be stored in CPU Pi mod P, where "mod" is an 

operation used in computing to find the remainder of division of one number by another. 

001 do i = 0, m - 1 

002 k = i * p + myid; l ·= k - p + 1 

003 isgm(k + 1) = 1 

004 if myid :f:. master, then 

005 Receive G and isgg from P(myid - 1) 

006 end if 

007 do j = 0, p - 2 
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008 A(i + 1,j + l + 1) = (A(i + 1,j + l + 1) -

009 - SDOT(j + l + 1,Ai+v Gj+1)) 

010 Fj+1 = G(j + 2) 

011 isgm(j + l + 1) = isgg(j + 1) 

012 isgf(j + 1) = isgg(j + 2) 

013 end do 

014 sum= SDOT(k,Ai,Ai, isgm) 

015 if sum> O,Ai+1 = SQRT(sum) 

016 if sum< O,Ai+1 = SQRT(-sum), isgm(k + 1) = -1 

017 Fp-1 = Ai+1 

018 isgf(p - 1) = isgm(k + 1) 

019 send F to Pmyid+1 

020 do t = i + 1, m - 1 

021 do j = O,p - 2 

022 A(t + 1,j + l + 1) = (A(t + 1,j + l + 1) -

023 SDOT(J + l, At+v Gj+v isgm )/G(j,j + l + 1) 

024 A(t + 1, k + 1) = (A(t + 1, k + 1) -

025 SDOT(k,At+1,Ai+i, isgm)/A(i + 1, k + 1) 

026 end do 

027 end do 

Figure 10 The MPI parallel algorithm for Cholesky decomposition 

In Fig. 10, on the basis of the previous serial algorithm, a parallel algorithm is developed .. 

This one will be performed identically on the entire set of slave CPUs since master-slave 

mode is used. Here, SDOT(j + l,At+v Gj+1, isgm) denotes L{:1-1 A(t + 1, i) * 

G(j + 1, i) * isgm(i), using isgm(i) as the counterpart of Sign(i) in the serial edition to 

hold the information of sign in the course of decomposition. However, isgm(i) is 

introduced symbolically for the convenience of expression and discussion. In practice, 
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the functionality of isgm(i) is carried out by isgg(i) and isgf (i), where isgg(i) holds 

the information sent from other CPUs while isgf (i) contains the infonnation to be sent 

to others. More details on the problem of sign can be seen in the code in Appendix B. 

Similarly, we use G to denote the factors received from other CPUs and F to send factors 

to the others. 
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Chapter 4 Results and Discussion 

A set of parallel Fortran 90 codes has been developed independently to calculate non

relativistic energy of the HMI. A benchmark calculation of its ground state energy has 

been achieved. The energy levels of states H/ (1 15), H/ (2 15), H/ (2 3 P) were calculated 

and presented in Tables 3-5. In these tables, the "Ratio" is defined by 

E(n - 2) - E(n - 1) 
R(n) = E(n - 1) - E(n) ' 

(84) 

which serves as an indicator for the rate of convergence, as the size of basis set increases 

progressively. Ideally, if R(f!) were a constant, then the series would converge as a 

geometric series, to the value 

( ) 
_ ( ) E(f!max) - E(f!max - 1) 

E oo - E f!max + . 
R-1 

(85) 

In practice, we can still get an extrapolated energy in the limit fl ~ oo provided R varies 

smoothly enough with fl [60]. In these tables, n =Np+.01, and Np has been used as 

another parameter to optimize the base in Cassar's work [61]. However, in this work, 

since we have used QD with a bigger base than his, we did not try to optimize this 

parameter and merely used a fixed value Np=37 throughout the calculations for all the 

states. The extrapolated results were obtained via Eq. (85) and displayed in the last line at 

the tables. All figures converged are highlighted in bold face. We can see from these 

tables that the energy eigenvalue of the ground state I 1 S has been calculated to a 

precision of about 2 parts in 1034
• For the first excited state of 2 1 S, our result for the 

energy eigenvalue is accurate to about 2 parts in 1031
• Finally, for the state of 2 3 P, the 
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lowest state of P symmetry, the present value for the energy eigenvalue is accurate to 

about 3 parts in 1029
• 

In Table 6, we present a comparison of our values for the 1 1 S, 2 1 S and 2 3 P states with 

other published results. For the sake of consistency in comparison, we adopted the older 

value of the proton-electron mass ratio mp/me = 1836.152 701. It should be mentioned 

that Table 6 only lists the results published in the last two decades for comparison. 

For the 1 1 S state, we can see that the result of Cassar and Drake [33] seems to converge 

in a wrong direction, after the 21st digit, which may imply the existence of problem of 

numerical instability in their calculation. On the other hand, the results of Li et al. [34], 

Hijikata et al. [24], and the present work agree perfectly well with each other till the 29th 

decimal place. Although Hijikata et al. have claimed that their result for the ground state 

has 31 digits of precision (not including the digit "O" before decimal point), a comparison 

with the present calculation shows that their value is only accurate up to the 29th digit. 

Therefore, our result for the ground state energy has improved the value of Hijikata et al. 

by more than 3 orders of magnitude, which represents the most precise value for this state 

up to now. 

As for the first excited state 2 1 S, our calculation has improved the best previous value of 

Li et al [34], which is accurate to 6 parts in 1028
, by a factor of 3 x 103 

. The 

corresponding value of Hijikata et al. [24], which is accurate to about 1 part in 1026
, is 

absent from the table for a direct comparison because they used a different proton

electron mass ratio for this state. 
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Finally, for 2 3 P, the present calculation has improved over the best previous value of Li 

et al. [34] by a factor of 2.5 x 102 and over the second best previous value of Hijikata et 

al. [24] by a factor of 5 x 103 . 

Table 3: Convergence pattern for the 11 S state of the HMI. 

01 N Eigenvalues Ratio 

3 32 -0.5971389 

4 58 -0.5971390620 

5 94 -0.5971390630 81.45 

6 144 -0.597139063122 20.93 

7 208 -0.5971390631233 66.13 

8 290 -0.59713906312340 35.20 

9 390 -0.59713906312340506 36.00 

10 512 -0.5971390631234050745 56.33 

11 656 -0.59713906312340507482 34.94 

12 826 -0.597139063123405074833 29.68 

13 1022 -0.59713906312340507483412 31.52 

14 1248 -0.597139063123405074834133 73.58 

15 1504 -0.5971390631234050748341340 15.17 

16 1794 -0.59713906312340507483413409 81.46 

17 2118 -Q5971390631234050748341340960 66.59 

18 2480 -0.597139063123405074834134096025 76.81 
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19 

20 

21 

Extrap. 

01 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

2880 -0.59713906312340507483413409602617 

3322 -0.59713906312340507483413409602618 

3806 -0.5971390631234050748341340960261898 

oo -0 .59713906312340507 48341340960261899( 1) 

Table 4: Convergence pattern for the 21 S state of the HMI. 

N Eigenvalues 

16 -0.587111 

32 -0.58715515 

58 -0.58715558 

94 -0.5871556785 

144 -0. 58715567919 

208 -0.58715567921234 

290 -0.587155679212728 

390 -0.58715567921274649 

512 -0.587155679212746804 

656 -0.58715567921274681210 

826 -0.587155679212746812208 

1022 -0.58715567921274681221176 

1248 -0.587155679212746812211876 

1504 -0.58715567921274681221188104 
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1.95 

27.81 

12.64 

Ratio 

99.67 

4.86 

130.9 

41.85 

42.86 

21.39 

58.43 

40.84 

72.53 

36.04 

24.73 

24.94 



16 1794 -0.587155679212746812211881185 34.19 

17 2118 -0.58715567921274681221188119300 17.15 

18 2480 -0.587155679212746812211881193129 61.54 

19 2880 -0.587155679212746812211881193139 13.51 

20 3322 -0.5871556792127468122118811931402 11.28 

Extrap. 00 -0.5871556792127468122118811931403(1) 

Table 5: Convergence pattern for the 23 P state of the HMI. 

01 N Eigenvalues Ratio 

3 45 -0.5968705 

4 84 -0.596873730 

5 138 -0.596873738 377.2 

6 213 -0.59687373881 40.84 

7 309 -0.5968737388325 11.70 

8 432 -0.596873738832749 99.88 

9 582 -0.5968737388327644 l 11.59 

10 765 -0.596873738832764724 11.59 

11 981 -0.59687373883276473584 27.43 

12 1236 -0.596873738832764735918 150.8 

13 1530 -0.59687373883276473592063 41.82 

14 1869 -0.596873738832764735920735 17.67 
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15 2253 -0.5968737388327647359207437 12.42 

16 2688 -0.59687373883276473592074487 7.21 

17 3174 -0.596873738832764735920744969 12.06 

18 3717 -0.5968737388327647359207449839 6.45 

19 4317 -0.59687373883276473592074498504 15.08 

20 5706 -0.59687373883276473592074498509 19.22 

Extrap. 00 -0.59687373883276473592074498511(2) 

Table 6: Comparison of the non-relativistic energies of the HMI in the 1 1S, 2 1S and 2 3P states. 

Author (Year) 

1 S 

Taylor et al. (1999) 

Korobov (2000) 

Hilico et al. (2000) 

Bailey and Frolov (2002) 

Yan et al. (2003) 

Cassar and Drake (2004) 

Li et al. (2007) 

Hijikata et al. (2009) 

This work 

2 1s 

Taylor et al. (1999) 

Hilico et al. (2000) 

Cassar and Drake (2004) 

Ref. Energy 

[31] -0.597 139 063 123 9(5) 

[14] -0.597 139 063 123 405 074 

[ 16] -0.597 139 063 123 40(1) 

[20] -0.597 139 063 123 405 074 83 

[21] -0.597 139 063 123 405 074 5(4) 

[22] -0.597 139 063 123 405 074 834 338(3) 

[34] -0.597 139 063 123 405 074 834 134 096 026(5) 

[24] -0.597 139 063 123 405 074 834 134 096 025 974 142 

-0.597 139 063 123 405 074 834 134 096 026 189 9(1) 

[31] -0.587 155 679 213 6(5) 

[16] -0.587 155 679 212 75(1) 

[33] -0.587 155 679 212 746 812 212(2) 
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Li et al.(2007) [34] -0.587 155 679 212 746 812 2.11 881 193 5(6) 

This work -0.587 155 679 212 746 812 211 881 193 140 3(1) 

2 3P 

Taylor et al. ( 1999) [31] -0.596 873 738 832 8(5) 

Hilico et al. (2000) [16] -0.596 873 738 83(1) 

Yan et al. (2003) [21] -0.596 873 738 832 764 733 (1) 

Cassar and Drake (2004) [33] -0.596 873 738 832 764 734 96(5) 

Li et al. (2007) [34] -0.596 873 738 832 764 735 920 744 98(2) 

Hijikata et al. (2009) [24] -0.596 873 738 832 764 735 920 744 893 

This work -0.596 873 738 832 764 735 920 744 985 11 (2) 
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Chapter 5 Suggestions for Future Work 

In this thesis work, we have developed a set of well tested MPI Fortran codes 

incorporated with the multi-precision software QD to perform high-precision calculations 

of the non-relativistic energy eigenvalues of the hydrogen molecular ion H2 + in some 

low-lying states. The established results for 11 S, is and 23 P states can serve as a 

benchmark for other theoretical methods. The current method can in principle be applied 

to calculate other excited states with different rovibrational quantum numbers. 

Furthermore, the extension of the current work to other isotopomers of H2 + can readily be 

made, with some slight modifications of basis parameters. 

The present work has also laid a sound foundation for exploring relativistic and QED 

effects in Ht. Once we have high-precision wave functions, these effects can be 

evaluated using the perturbation method. Although some work in this direction has been 

done [62] [63], an independent check for previous calculations is always welcomed. At 

present, a complete study of higher-order relativistic and QED effects of O(a4
) and 

O(a5) is underway by Korobov and coworkers [64] using quantum field theory. Once the 

corresponding operators in non-relativistic fonn that represent these effects have been 

derived, we can apply our high quality wave functions to perform numerical evaluation. 

It is typical that these higher order operators are singular in nature; therefore, high quality 

wave functions are necessary to guarantee numerically stable results. 
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Appendix A: Reduction of Laplacian Operators Vf, V/ and V1 · V2 

To determine the explicit form of the operators 'vi and Vt we may notice that 

v?= v .. v. i = 1, 2. l l i, 
(A.1) 

For the purpose of simplicity, due to the symmetry between 'vi and 'v~, we may 

concentrate on 'vi for the time being. The form for 'v~ can easily be obtained by 

interchange of the indices 1 H 2. 

Suppose the wave function to be acted on can be expressed in spherical polar coordinates 

(A.2) 

by which we mean the function can be separated into a product of a radial part and an 

angular part. Accordingly, the operator can be decomposed in a similar way 

(A.3) 

+ ncvrm, 
where vr acts only on the angular part, and can be rewritten as 

(A.4) 

To proceed with the deduction, we need the formulae 

(A.S) 

It is convenient to verify these two relationships in Cartesian coordinates 
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1 ( " " ,...) r1 
= X1 Z + YiJ + Z1 k = -. 

-J xf + yf + zf r1 

Thus, the gradient operator V 1 can be cast into 

(A.6) 

Before we begin to expand Vi according to the idea of (A. I), some more relationships , 

need to be introduced here. They are 

(A.7) 

(A.8) 

(A.9) 

(A.10) 

(A.7) and (A.8) can be verified in Cartesian coordinates much the same way we derived 

(A.5). (A.9) is understandable if we know the orthogonality relationship between the unit 

vectors, er
1 

• e81 = er
1 

• e</>
1 

= 0. We can achieve (A. 10) by performing (A.4) on an 

object twice and by comparing with the square of the angular momentum vector in 

spherical polar coordinates: 

2 _ { 1 a ( . a ) 1 a
2 

} 
11 - - sin 81 881 Sill 81 B81 + sin2 81 Bcpf . (A.ll) 

Now, (A. I) can be expressed like 
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• 

Taking into account (A. 7)-(A.10) as well as the triangule relation ri22 = ri2 + rf -

2r1 r2 cos 8, a further simplification of the above expression will eventually lead to 
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(A.12) 

Reduction of the mass polarization operator 'v 1 · V 2 is similar: 

r1 ' r2 a r1 ' r12 a r1 ' VI a r2 ' r12 a2 a2 
r12 

= -r-1-r2--a-r1_a_r_2 - r1r12 ar1ar12 + ~ ar1 + r2r12 ar2ar12 - ar/2 - r12 

Then using the formula 

and 

together with the definition vr = ri vr' we can get 

(A.13) 
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Appendix B: Parallel Cholesky Decomposition Code 

The following code is written in FOR TRAN 90, for the purpose of decomposing a real 

symmetric matrix. For the convenience of programming, we control the dimension of the 

matrix, nr, by controlling the number of base or the number of CPUs so that nr can be 

divided into the number of CPUs. 

01 Program Cholesky-Decomposition 

02 implicit none 

03 Include 'mpif.h' 

04 Integer i, j, k, I, q,t 

05 Integer, parameter: : nr=l0000,pd=25, md=nr/pd 

06 Integer:: isg(nr), isgm(nr), isgg(pd-1), isgf(pd-1) 

07 Integer myid, master, ierr, numprocs, status(MPI_STATUS_SIZE) 

08 Real(kind=16): : sum, xp(nr), a(nr,nr) 

09 Real(kind=16):: am(md, nr), G(pd-1,nr), F(pd-1,nr) 

10 !nr is the dimension of the matrix, pd is the number of CPUs 

11 !Initialize MPI 

12 Call MPI_INIT(ierr) 

13 Call MPI_COMM_RANK(MPI_COMM_WORLD,myid,ierr) 

14 Call MPI_COMM_SIZE(MPI_COMM_WORLD,numprocs,ierr) 

15 Master=O 

16 !Input the matrix to be decomposed, only the lower-triangle part is needed 

17 lf(myid==master)then 

18 Open(unit=40, file='a.txt') 

19 Do i=l,nr 

20 Do j=i,nr 

21 Read(40, *) a(j,i) 

22 End do 
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23 End do 

24 Close(40) 

25 End if 

26 ! Allocate the matrix onto those CPUs in the manner of WRAP 

27 Do i=l,pd-1 

28 lf(myid==master) then 

29 Do j=l, md 

30 Am(j,1:nr)=a(l+i+pd*(j-1),1:nr) 

31 End do 

32 Call MPI_SEND(am(l,1),md*nr,mpi_real16,i,i,mpi_comm_world,ierr) 

33 Endif 

34 lf(myid==i) then 

35 Call MPI_RECV(am(l,1),md*nr,mpi_reall6,master,i, mpi_comm_world, & 

status,ierr) 

36 End if 

37 End do 

38 lf(myid==master)then 

39 Do i=l,md 

40 Am(i,1:nr)=a(l+pd*(i-1),1:nr) 

41 End do 

42 End if 

43 ! Allocation completed 

44 ! Start the Cholesky decomposition of each rank 

45 Do i=O,md-1 

46 K=i*pd+myid 

47 L=k-pd+l 

48 lsgm(k+l)=l 

49 lf(myid/=master) then 
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50 Call MPI_RECV(G(l,l),(pd-l}*nr,MPI_REAL16,myid-l, & 

i,MPI_COMM_WORLD,status, ierr) 

51 Call MPI_RECV(isgg(l),(pd-1),MPI_INTEGER2,myid-1, & 

md+i,MPI_COMM_WORLD, STATUS,ierr) 

52 Endif 

53 Do j=O,pd-2 

54 Sum=O.QO 

55 Do q=O,j+l-1 

56 lf(q<=l-l)then 

57 Sum=sum+am(i+ 1,q+ l}*G(j+ 1,q+ l}*isgm(q+ 1) 

58 Else 

59 Sum=sum+am(i+l,q+l)*G(j+l,q+l)*isgg(q-1+1) 

60 End if 

61 Enddo 

62 Am(i+l,j+l+l)=(am(i+l,j+l+l)-sum)/G(j+l,j+l+l) 

63 F(j+l, 1:nr)=G(j+2, 1:nr) 

64 lsgm(j+I+ l)=isgg(j+ 1) 

65 lsgf(j+ l)=isgg(j+ 2) 

66 Enddo 

67 Sum=O.QO 

68 Do q=O,k-1 

69 lf(q<=l-l)then 

70 Sum=sum+am(i+l,q+l)*am(i+l,q+l)*isgm(q+l) 

71 Else 

72 Sum=sum+am(i+l,q+l)*am(i+l,q+l)*isgg(q-1+1) 

73 End if 

74 End do 

75 Sum=am(i+l, k+l)-sum 
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76 lf(sum>O.QO) then 

77 lsgm(k+l)=-1 

78 Am(i+l,k+l)=sqrt(-sum) 

79 Else 

80 Am(i+l,k+l)=sqrt(sum) 

81 End if 

82 F(pd-1, 1:nr)=am(i+l,1:nr) 

83 lsgf(pd-l)=isgm(k+ 1) 

84 lf(myid/=pd-l)then 

85 Call MPI_SEND(F(l,l),(pd-l)*nr, & 

MPI_REAL16,master,i,MPI_COMM_WORLD, IERR) 

86 End if 

87 lf(myid==pd-l)then 

88 Call MPI_SEND(F(l,l),(pd-l)*nr, & 

MPI_REAL16,master,i,MPI_COMM_WORLD, IERR) 

89 Call MPI_SEND(isgf(l),(pd-1), & 

MP _INTEGER2,master,md+i,MPI_COMM_WORLD,IERR) 

90 End if 

91 Do t=i+l,md-1 

92 Do j=O,pd-2 

93 Sum=O.QO 

94 Do q=O,j+l-1 

95 lf(q<=l-l)then 

96 Sum=sum+am(t+ 1,q+ l)*G(j+ l,q+ 1)* isgm(q+ 1) 

97 Else 

98 Sum=sum+am(t+ 1,q+ l)*G(j+ l,q+l)*isgg(q-1+ 1) 

99 End if 

100 End do 
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101 Am(t+l,j+l+l)=(am(t+l,j+l+l)-sum)/G(j+l,j+l+l) 

102 End do 

103 Sum=O.QO 

104 Do q=O,k-1 

105 If( q<= 1-1 )then 

106 Sum=sum+am(t+l,q+l)*am(i+l,q+l)*isgm(q+l) 

107 Else 

108 Sum=sum+am(t+l,q+l)*am(i+l,q+l)*isgg(q-1+1) 

109 End if 

110 End do 

111 Am(t+ 1,k+ l)=(am(t+ 1,k+ 1)-sum)/am(i+ 1,k+ 1) 

112 End do 

113 lf(myid==master) then 

114 Call MPI_RECV(G(1,1),(pd-l)*nr,MPI_REAL16,pd-1,i, & 

MPI_COMM_WORLD,status,ierr) 

115 Call MPI_RECV(isgg(1),(pd-1),MPI_INTEGER2,pd-1, & 

md+i,MPI_COMM_WORLD,STATUS,IERR) 

116 End if 

117 End do 

118 ! End of decomposition 

119 ! Collecting data from each rank 

120 lf(myid==master) then 

121 Do i=l,md 

122 A(l +pd*(i-1), 1:nr)=am(i,1:nr) 

123 End do 

124 End if 

125 Do i=l,pd-1 

126 lf(myid==i) then 
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127 Call MP-_SEND(am(l,1}, & 

md*nr,mpi_real16,master,mpi_comm_world, ierr) 

128 End if 

129 If( myid==master)then 

130 Call MPI_RECV(am(1,1),md*nr,mpi_real16,i,i, & 

mpi_comm_world,status,ierr) 

131 Do j=l,md 

132 A(l +i+pd* (j-1),1:nr)=am(j,1:nr) 

133 End do 

134 End if 

135 End do 

136 lf(myid==master) then 

137 Call MPI_RECV(isgm(nr-pd+2),pd-1,mpi_integer,pd-1,1, & 

mpi_comm_world,status,ierr) 

138 Else if(myid==pd-l)then 

139 Call MPI_SEND(isgm(nr-pd+2),pd+ 1, & 

mpi_integer,master,1,mpi_comm_world,ierr) 

140 End if 

141 ! Complete collection 

142 ! Finish decomposition, quit parallel mode 

143 Call MPI_FINALIZE(IERR) 

144 Stop 

145 End 
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