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ABSTRACT 

Power systems are evolving and are trying to use loads and communication infrastructure 

as a way to compensate the system generation for peak load shaving and ancillary services. 

Thermostatically controlled loads (TCLs) have electric operational flexibility that makes 

them suitable for the compensation via direct load control. Aggregated load forecast and 

control are critical to transform “TCLs with uncertain demand” into “manageable power 

system resources”. The forecast provides predictive information about baseline loads 

showing normal energy demand of consumers. The control makes TCL aggregations fully 

responsive to its upper-level requests, which are the focus of this dissertation. 

This dissertation investigates two multi-horizon forecast engines for aggregated TCLs: (I) 

wavelet decomposition-based neural networks with K-means clustering (WNN), and (II) a 

convolutional neural network-based method (CNN). WNN demonstrates a way to achieve 

accurate aggregated TCL forecasting by using traditional NNs with proper structure design 

and predictor selection. CNN provides TCL aggregations a generic forecaster without the 

need to extract specific predictors. The two forecast engines were studied with different 

types of TCLs and different aggregation sizes, resulting in an enhanced performance when 

compared with benchmark algorithms. The dissertation also theoretically derives and 

analyzes aggregation effects showing the dependence between forecast accuracy and 

aggregation sizes.  

Additionally, a scalable forecast mechanism is proposed to aggregate forecasts from 

individual forecast engines, enabling fast forecast deployments with improved accuracy. 

The proposed mechanism relies on a bottom-up approach with a new Markov-based error 
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reduction algorithm, leading to 20-80% performance improvement when the method is 

tested with different forecast horizons.  

Aggregated TCLs can be controlled to join electricity markets through a central hub, virtual 

power plant. However, there are two main concerns for aggregated load control. The first 

is associated with the dispatchability of virtual power plant against normal energy demand 

of individual TCLs in uncertain time-variant environments. The second refers to the 

tremendous increase of communication and computational requirements needed to perform 

direct load control on a large population of TCLs. This dissertation introduces aggregators 

between the direct load controller and TCLs with a novel robust control mechanism to 

reconcile these concerns. The control is implemented with two layers: the upper layer 

suppresses the control payback effect with a quadratic optimization model, and the lower 

layer addresses the power trajectory tracking with a novel payback tracking error model. 

The control method needs minimum sensing infrastructure since it requires power data only 

at the aggregation level. Simulations showed a robust reference power tracking 

characteristic of the aggregator with a percentage root mean squared error between 3.33% 

- 5.69% under uncertain time-variant environments. The continuous responsiveness 

indicates that the aggregators manage to convert the aggregated TCLs into “manageable 

resources” that ensure the dispatchability of virtual power plant. This approach could allow 

modern power systems to implement new trends such as “load following generation” which 

could save resources and reduce the environmental impact of power generation and 

distribution.  
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1   Introduction 

1.1 Motivation 

Electrical grids must maintain the balance of generation and load to ensure the quality and 

safety of the electricity supply. Failure to do so may result in system frequency deviation 

and increases in operational cost. Severe imbalance may even cause system breakdown 

especially for small-inertia grids [1].  

Modern electrical grids have increasingly high renewable penetrations. Wind and solar 

energy supplied more than 20% of global electricity production in 2018, reaching an annual 

capacity growth rate for renewables of 7.9% [2]. These renewable sources not only reduce 

system inertia but also cause uncertain generation variations challenging the system 

balancing and stability  [3]–[6].  

Volatile generation and load variations may contain very fast frequency components in the 

order of seconds, or slower components in the order of minutes or hours [7]. Dispatchable 

energy resources in power systems should balance variations of different time scales 

through participation in corresponding electricity markets [8]. Conventional dispatchable 

resources are fossil fuel-based generators; however, these generators are subject to physical 

operation constraints, high operating expenses, and environmental concerns [9]. Power 

converter-based renewables may also be controlled to deliver balancing capacity [10]–[12], 

whereas their balancing capacity is far from enough for the power systems.  Battery storage 

systems (BSS) or other specialized energy storage systems are useful for system balancing 
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although the safety concerns and high installation costs restrain their deployment, limiting 

their installed capacity [13].   

Some types of loads are promising alternatives to deliver balancing capacity without the 

preceding limitations of generation and BSSs.  A typical example is the thermostatically 

controlled load (TCL) type that has an inherent electric operation flexibility. Such 

flexibility results from TCLs’ thermal energy storage capacity [14] which can help 

“decouple” their electricity consumption and thermal energy demand. TCLs include many 

widely used appliances, such as domestic electric water heaters (DEWHs), electric thermal 

storage units (ETSs), air conditioners (ACs) and heat pumps, among others. DEWHs for 

instance, have load profiles representing approximately 25% of the average residential load 

in Eastern Canada, following similar consumption patterns and peak times [7]. Air 

conditioning accounts for 12% of US home energy expenditures, accounting also for 27% 

of the total home energy expenditures in hot-humid areas as described in the 2015 

Residential Energy Consumption Survey [15]. Such wide use of TCLs means large 

amounts of “deliverable” capacity that far exceed existing energy storage systems [11], 

suggesting the great potential of TCLs as alternative energy resources through proper load 

aggregation and control [9], [16]–[19], [14]. 

Load control can be implemented indirectly or directly. Indirect Load Control (ILC) seeks 

to influence power consumption patterns of end users through price incentive policies [16], 

[20]. Therefore, ILC does not immediately respond to requests for power demand changes. 

Direct Load Control (DLC) directly regulates demand profiles of load aggregations via 
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direct manipulation of individual loads. DLC is more straightforward and precise than ILC 

and it can be more suitable to allow load demand to follow power generation in real time. 

DLC includes ON/OFF control [21] and temperature setpoint control [9]. TCLs 

automatically turn ON and OFF by their intrinsic hysteresis temperature bands. Overriding 

the hysteresis control or changing the temperature setpoint may alter the end use of 

appliances and disrupt the user’s comfort or safety. 

A population of TCLs can use a hierarchical infrastructure for large-scale aggregation and 

control. Such hierarchical architecture provides a scalable framework that is potentially 

compatible with existing power system operation paradigms. Figure 1.1 shows a four-level 

 

Figure 1.1: Diagram of DLC hierarchy. 
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hierarchy integrated by loads, aggregators, virtual power plant (VPP) and system operator 

(SO) from bottom to top [20], [22]. TCLs are grouped into aggregators for coordination 

and control. The aggregators are grouped and managed by the VPP, while the VPP operates 

as a “power plant” synergistically with other physical power generation resources 

according to decisions from SO. The aggregators are where the “TCLs with the uncertain 

demand” are converted into “energy resources” that are fully responsive to upper-level 

requests.  

The aggregator relies on accurate forecast and effective control to achieve “full 

responsiveness” to the system. Accurate forecasts are achievable at the SO level, with 

MAPE (Mean Absolute Percentage Error) values below 5% [23], [24]. However, obtaining 

such accurate forecast performances is a more challenging task at the aggregator level 

where lower aggregation sizes lead to higher uncertainty in future load demand. The 

uncertainty is mostly associated with the stochastic nature of the end-use devices increasing 

as the aggregation size decreases. Aggregators can address the uncertainty by: (1) using 

informative and generic forecasting techniques; (2) using robust control techniques to 

bound the uncertainty. 

This dissertation pursues aggregator operation mechanisms based on aggregated load 

forecast and control to achieve “full responsiveness” with bounded uncertainties. The 

relationship between the forecaster and the controller is depicted in Figure 1.1. The load 

forecaster is responsible for the generation of aggregated load forecasts, and the controller 

is responsible for the aggregated load control. Specifically: 
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 The forecaster aims at providing estimations of future aggregated load profiles. The 

forecasted profiles can show normal energy demand of end users and can serve as 

baselines for the controller and the VPP. The forecasting should be aligned with the 

interests of the electric utility companies and be compatible with requirements set 

by system operators. These qualities should be evaluated with accuracy metrics 

commonly used for load forecasting to be meaningful to researchers and SO. 

 The controller aims at commanding aggregated TCLs to continuously comply with 

VPP service requests, turning the group of loads with demand uncertainties into a 

reliable and manageable energy resource of the system.  

The challenges associated with forecasting and controlling aggregated loads are stated 

next.  

 

1.2 Problem Statement  

1.2.1 Aggregated Load Forecast  

As above-mentioned, the forecaster should provide accurate load prediction. However, the 

forecasting is challenged by the following problems: 

 Small aggregation size. Forecast accuracy is challenged by small TCL aggregations 

and long forecast horizons. Both usually mean large prediction uncertainty. Accurate 

multi-horizon forecasters are needed to address the uncertainty. 

 Heterogeneous TCL aggregators. The types and the numbers of TCLs determine the 
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nature of the aggregator and the forecasting predictors. One of the most challenging 

tasks is the selection of best predictors for the composition of the aggregator. Good 

predictors provide good optimum use of the storage energy, if accompanied by generic 

and scalable forecasting mechanisms according to the TCL types, aggregation sizes and 

forecast horizons. There is a need to select the best predictors for the specific 

composition of the aggregator. 

 Validation with limited types of TCLs and forecast metrics. Forecasting for 

aggregated TCLs are assessed in the literature with limited TCL types and absolute 

metrics (i.e. absolute error). There is a need for further evaluation of forecasting results 

and metrics of relative errors that are generalizable to different TCL aggregations. 

 Joint operation with controller. DLC directly changes the load profile. Such changes 

should not affect end-user thermal energy demand. However, the ON/OFF changes by 

control may conflict with local hysteresis bands, resulting in unexpected flashback on 

load profiles that “disturb” the original control. A dynamic real-time forecaster is 

needed to help controllers mitigate such disturbances. 

1.2.2 Aggregated Load Control 

As mentioned in Section 1.1, the controllers shown in Figure 1.1 aim to control aggregated 

TCLs to comply with the upper-level management. This means that the controller should 

make TCL aggregators: (I) continuously follow the upper-level requests, and (II) retain 

responsiveness to future requests. However, such accurate and sustainable response is 

challenged by the following considerations: 
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 Conflict between global aggregated control and local control. The global aggregated 

control sets the temperature thresholds to minimize the energy use; however, the local 

control may be forced to override those thresholds to satisfy the customer safety and 

comfort limiting the benefits of DLC. There is a need to reconcile this conflict so the 

energy use is minimized without affecting user safety and comfort.  

 Constraints of sensing infrastructure. Data of individual loads, including the 

knowledge of device configuration and state sensing, are useful for DLC [25]. However, 

more information implies more complex communication requirements, investment and 

privacy concerns [26], [27]. Often, limited sensing infrastructure is favorable to 

overcome such limitations. This motivates the focus of this work on a less “intrusive” 

control by reducing the information gathered from the TCLs while preserving the 

privacy and comfort of users.  

 Impact of uncertain time-variant environments. TCL aggregators have a conflict 

between complying with system-level management and meeting the load-level normal 

demands. Such conflict is aggravated by the uncertainty added by time-variant 

environments. Such environments are created by many factors, such as heterogeneous 

parameters of TCLs, time-varying ambient temperature, random end-user behaviors and 

uncertainty caused by the limited sensing infrastructure. These factors challenge the 

aggregated load modeling and the corresponding model-based control, and therefore 

escalate the conflict. A “robust” control strategy is therefore required to reconcile the 

impact of such environments. 
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1.3 Objectives 

The preceding problems motivate us to design and evaluate new load forecast and control 

mechanisms for TCL aggregators. Specifically, this work addresses three sub-objectives: 

 Accurate, generic, and scalable forecast. Design and evaluate multi-horizon load 

forecast methods for aggregated TCLs, aiming at accurate, generic, and scalable load 

demand prediction for different types of TCLs with different aggregation sizes.  

 Robust load control. Propose and validate a robust ON/OFF switching control strategy 

that requires minimum information from individual loads. The control should enable a 

full response of the aggregator to the upper-level management without affecting normal 

end use. 

 Joint operation of forecast and control. Provide a framework where the load 

forecasters and controllers can jointly work for full responsiveness to the upper-level 

management. 

 

1.4 Thesis Contributions 

The main contributions of this dissertation are the proposed operation mechanisms, 

including the forecast and control for TCL aggregators. Such mechanisms make the 

aggregators successfully provide predictive load demand information and robust response 

to the upper level in an uncertain time-variant environment. More specific contributions 

regarding the forecasting and control are presented in Section 1.4.1 and Section 1.4.2, 

respectively. 
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1.4.1 Contributions on Aggregated Load Forecast  

The contributions on aggregated load forecast are: 

 Two proposed forecast engines: (I) WNN, wavelet decomposition-based neural 

networks with K-means clustering; (II) CNN, convolutional neural network-based 

method. WNN shows a way to achieve accurate aggregated TCL forecasting by using 

traditional NNs with proper structure design and predictor selection. CNN provides a 

more generic and easier-to-use algorithm that can avoid the predictor selection stage 

without sacrificing forecast accuracy.  

 Derived and analyzed theoretical aggregation effects on forecast accuracy. The 

aggregation effects indicate the forecast dependence on aggregation sizes and the best 

potential forecast accuracies that may be achieved.  

 Proposed a scalable bottom-up forecast mechanism, whereby the accuracy of 

aggregated load demand forecast is further improved.  

1.4.2 Contributions on Aggregated Load Control  

The contributions on aggregated load control are:  

 A proposed quadratic optimization model that helps sustain the responsiveness of TCL 

aggregators. An aggregated load model was also proposed that decomposes power 

consumption of a TCL aggregator into “normal operation power” and payback tracking 

error, whereby the close-loop control can be applied. 

 Robust control in uncertain time-variant environments was achieved with minimum 

sensing infrastructure. 
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 The continuous responsiveness of TCL aggregators was demonstrated through 

ON/OFF switching control without violating the normal operating condition of 

thermostats in individual TCLs. 

 A control mechanism was provided that incorporates a real-time load forecaster, which 

can help adjust the energy storage level of TCLs to retain the responsiveness of an 

aggregator.  

 A modular interface design was adopted that is scalable for integrating more TCLs. 

 

1.5 Outline of the Thesis 

The dissertation is organized as follows: Chapter 2 is the background and literature review 

for existing load forecasting and control methods. Chapter 3 illustrates our load forecasting 

methods, including the details of the two forecast engines and the aggregation effect 

analyses. Chapter 4 proposes the bottom-up mechanism with a Markov-based error 

reduction method, rendering a scalable option and further boosting the forecast accuracy. 

Chapter 5 illustrates the robust hierarchical control method proposed. Chapter 6 

summarizes our conclusions and outlines the future work. 
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2   Literature Review 

2.1 Aggregated Load Forecast — Background and Existing Methods 

The literature on electric load forecasting is extensive [28]–[30], [23], [31], mainly because 

of the positive impact of accurate power demand prediction on operating costs of electric 

utility companies. With the advent of the smart grid, and the use of demand side 

management for load participation in electricity markets, the need to predict the demand of 

aggregation of flexible loads has also arisen [20], [32]. M. Shaad et al. [20], for instance, 

participated in a pilot project geared to provide more than 12 MW ancillary services. They 

applied a Kalman-filtered Neural Network to forecast the aggregated power demand of 95 

residential water heaters and reported a mean absolute error (MAE) in the range of 6.5kW 

to 7.8kW. The reported MAE represents 15%-18% of the average load demand according 

to our observation. M. Vlachopoulou et al. [32] demonstrated the effectiveness of Dynamic 

Bayesian Networks to forecast aggregated water heater power from 1000 simulated houses. 

They reported that the average forecasting error was in the order of 50kW (around 7% of 

the average load demand according to our observation). Although these two examples did 

not conduct comprehensive evaluations and validations of their forecasting results, they 

represented the effort of borrowing “load forecast techniques for general loads” to the load 

demand forecasting of aggregated TCLs. The two examples also indicated that increasing 

the aggregation size may reduce forecast error. 

Forecasting models for large aggregation of residential, commercial and/or industrial loads 

can be classified into two broad categories: traditional time series models, and machine 

learning based models [28]–[30], [23], [31]. Traditional time series models are less 
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computationally expensive and require less training data. ARMA, ARIMA, Periodic AR 

Model and Exponential Smoothing are among the most commonly used models [28]–[30]. 

Machine learning [23], [24], [33] can establish more powerful nonlinear fitting models for 

selected inputs and outputs. These algorithms have been able to achieve high accuracy [23], 

[24], [33] for short term load forecasting at the power system level. Neural Networks (NNs) 

are among the most common machine learning algorithms used in load forecasting with 

examples including Multi-Layer Perceptron [20], Probabilistic Neural Networks [34], 

Radial Basis Function Networks [35], Cascade Neural Networks [36], Elman Neural 

Networks [37], and Fuzzy Neural Networks [38]. The training process for these algorithms 

is usually time-consuming due to their relatively demanding computation cost. Some of 

them, like Echo State Network (ESN) [39], are powerful time series forecasters that do not 

require extensive training or parameter tuning (ESN only needs to tune its readout weights 

by simple linear [40] or nonlinear regression [41]). More recent architectures like deep 

neural networks (DNN) [42], [43] have more powerful feature extraction capability than 

traditional NNs, and can therefore enhance the forecasting accuracy. Examples are Long 

Short Term Memory [31], Convolutional Neural Network [44], [45], Deep Belief Network 

[46] and Pooling Deep Recurrent Neural Network [47].  

Current advanced metering infrastructures (AMIs) allow access to metered data at the 

household level, which provides more opportunities for DNNs to improve forecast 

accuracy [31], [47], [48]. However, the use of DNNs at the household level means massive 

data collection, high computational demands, and concerns about end-user privacy 

disruption. More resources (CPUs, GPUs [44], memory), and big data techniques could 
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mitigate the computational burden of the deep learning whereas it implies more costly 

investment on the computers running the algorithms.  

Predictors are the inputs of forecasting models and are important for forecast accuracy. 

Most traditional NNs need careful selection of predictors to reduce input dimensionality, 

because directly using long historical time series data as inputs make their training 

problematic when computation resources are limited. Predictor selection may rely on the 

effectiveness of the feature extraction processes that create multiple predictor candidates 

through mathematical transformations [49]. Some of these transformations may generate 

features without explicit physical interpretations or that are highly correlated with one 

another. Final selection of predictors can be conducted based on pre-supposed relevance 

analyses or the experience of developers [50]. Nonetheless, achieving optimal predictors 

is still difficult and dataset-specific. In the case of aggregated TCLs, forecasting accuracy 

relies on the selected predictors for various scenarios (e.g., different types of TCLs, 

different aggregation sizes). The selection may take significant effort and the effectiveness 

cannot be guaranteed. Deep Learning (DL) algorithms [42] open up a new opportunity for 

predictor/feature selection as they enable automatic feature extraction [51]. Convolutional 

Neural Networks (CNNs), for instance, are DL-based NNs that have been widely used in 

image classification and recognition [52], [53]; they can sample raw images directly 

without manual input selection. Some load forecasting studies use CNN and others 

combine it with other methods. Xishuang Dong  [54] combined CNN with K-means to 

predict load data at the power system level; however, the predictors were still manually 

selected using Pearson’s product-moment correlation method and personal experience. 
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Liangzhi Li et al [44] used CNNs to transform time series prediction of load power 

consumption into a graphical representation to help in categorizing load profiles; though, 

the work still needed manual predictor selection and multi-stage prediction procedures 

which complicated the whole analysis and validation of results.  

Predictors can be used for Grouping and Decomposition [55]–[62] to improve learning. 

 Grouping (Figure 2.1): Data samples can be grouped to separately model different 

scenarios. Grouping provides the possibility for additional improvement compared 

to using only one forecasting model for all scenarios, because each scenario may 

lead to specific features. An example is grouping data based on “similar day 

selection”. Such a selection assumes that power consumption has similar behavior 

in days with similar characteristics” and thus can be modeled together [59], [63].  

 Decomposition (Figure 2.2): Some researchers decompose time series into different 

components with time-frequency decomposition techniques (e.g., Wavelet 

Decomposition [55]–[57], [64], Empirical Mode Decomposition (EMD) [60], 

[61]). The decomposition can also be conducted according to the patterns of 

individual loads based on metering and clustering [62], [65], [66]. Each component 

may capture different features which are then forecasted separately and finally 

combined to provide additional improvement. 

The deployment of AMI allows the use of a bottom-up forecasting architecture to further 

enhance forecast accuracy and scalability. For example, a population of TCLs can be 
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divided into small aggregations, whose power consumption is forecasted by independent 

forecasting models tailored to their characteristics. Then the sum of the forecasts leads to 

the prediction of all aggregated TCLs. However, the addition of multiple forecasts from 

the small aggregations can accumulate errors that can affect the total forecast accuracy. 

Some authors have included analysis of previous forecast errors to further reduce error of 

future forecasts [20], [67], [68]. Typical examples of methods that employ historical values 
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of forecast errors are: Neural networks, Kalman filters [20], Markov models [67], and Auto 

Regressive Conditional Heteroscedasticity (ARCH) models [68].  

This dissertation studies the above-mentioned neural networks, grouping, and 

decomposition techniques to help design load forecasters for TCL aggregations. The main 

objective is to provide accurate, generic, and scalable forecasting for aggregated TCLs.  

 

2.2 Aggregated Load Control — Background and Existing Methods 

As Figure 1.1 has shown, DLC can work on a hierarchical architecture for system-level 

applications. From bottom to top the hierarchy includes: individual loads, load aggregators, 

virtual power plants (VPPs) and system operators (SO) [20], [22]. Aggregators can operate 

as resources that VPPs can control to respond to a system need. A VPP then manages these 

resources and serves as a dispatchable unit that participates in energy markets for a 

designated system objective, such as day-ahead dispatch [69] or peak load reduction [70]. 

The VPP may also join fast energy markets (capacity markets) for real-time ancillary 

services, including automatic generation control (AGC) [71],  one-minute frequency 

control [14], and load following [21], [72].  

SO electricity markets usually incorporate large load aggregations due to their balancing 

capabilities [21], [73]. The VPP-aggregator based architecture [73] simplifies the large-

scale aggregation and expansion of distributed TCLs, without the need to reconsider 

specific electricity market rules and impacts of various loads. Such an architecture can also 

distribute computational burdens to aggregators [74] by “decomposing” the operation 
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objectives: the VPP only focuses on dispatch optimization based on electricity market rules, 

while the aggregators need to secure “full responsiveness”. The “full responsiveness” 

means that the aggregators can fully respond to a capacity provision request from VPP. 

Note that the “capacity provision” refers to the power that is provided from an aggregator’s 

reserved power capacity. Suppose that: Baseline Power + Capacity Provision Request = 

Reference Power. Hence, the responsiveness is equivalent to the capability of tracking the 

corresponding reference power trajectory.  

The full responsiveness is the keystone to convert aggregated TCLs to a manageable 

resource, which is the focus of load control in this dissertation. However, a TCL aggregator 

cannot fully respond to a capacity provision request that violates the normal end use of 

individual TCLs due to a phenomenon called payback effect [20]. The payback effect refers 

to the reaction to a control action that not only changes current load demand, but also 

modifies the load profile after the control action is no longer in effect due to insufficient 

thermal energy storage [20]. Such payback effect is difficult to manage if the ON/OFF time 

of individual TCLs is uncertain or unknown during control. In addition, capacity provision 

requests for long periods of time tend to over- “charge” or “discharge” the TCL aggregators, 

often resulting in severe payback effect. However, the update request from the upper level 

should consider SO market requirements, communication latencies, and computational 

costs of optimization. The time span of the update request should consider these aspects 

often being ten minutes or more, even as slow as one hour, as reported in [25], [69]. Such 

slow update requests may exhaust the deliverable capacity and thus pose challenges to the 

response of TCLs.  
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The control actions, therefore, should consider their impact on the sustained response due 

to the upper-level request. Existing control methods comprise model-free control (MFC) 

and model-based control (MBC) approaches. MFC [75]–[77] requires no physical models, 

and the control depends on local approximation only, implying the lack of need for “global” 

modeling. MBC [78] requires a physical model of the process and is more commonly used 

in aggregated TCL control [21], [79]–[86]. The process model can be a state-space model 

[21], [79]–[82], with the state defined by a fraction of the loads in each state bin. The 

control methods require the identification of the model parameters such as the state bin 

transition matrix [21], or state matrix based on average diffusion rate in a bilinear state-

space model [81]. The identifications can be achieved by measuring the full state 

information or using estimation techniques (e.g., Extended Kalman Filter) [21], [79], [80]. 

There are other reported control algorithms often used in this application such as priority-

based [83]–[85] and reinforcement learning-based methods [19], [86]. Such cases need to 

establish the priority and cost-to-go evaluation that still require measurements or state 

estimations of individual loads.  

Measuring full information requires additional investment associated with infrastructure 

and installation of sensors on individual loads. Algorithms that rely on information 

measured at individual loads also face challenges for large-scale deployments. First, the 

increased amount of data sent over communication links may affect network performance. 

Second, measuring data at end-user premises raises privacy concerns. Estimating 

parameters and states is an alternative, but it might be problematic if the control system is 

not observable. An uncertain time-variant environment can also affect the modeling 
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accuracy and state estimation [21], [72], [87], including the types of TCLs, heterogeneous 

parameters, time-varying uncertainty from ambient temperature and stochastic end usage. 

These factors could introduce control errors that affect the response of the aggregated 

TCLs.  

Research Gaps: Although many papers have significantly contributed to the topic of 

aggregated TCL control from various angles [9], [79]–[84], [86], none of them focus on 

sustainable responsiveness in uncertain time-variant environments. Most of the relevant 

research studies need the temperature or ON/OFF state measurement of individual loads 

[9], [79]–[84], [86], and constant ambient temperature [21], [79]–[82], [84]. Many of them 

use homogenous TCLs [79]–[82], and a few use deterministic state transition without 

stochastic processes in their studies [79]–[81]. Some other studies  [72], [79], [88], [89] 

belong to temperature setpoint control which may cause impact to end-user comfort. The 

aggregated load control in this dissertation will focus on a generic, scalable, and robust 

ON/OFF switching mechanism suitable for different TCL aggregators with minimum 

sensing infrastructure. 
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3   Aggregated Load Forecast 

This chapter focuses on multi-horizon power demand forecasting of aggregated TCLs. 

Section 3.1 presents two forecast engines: (I) WNN, representing the wavelet 

decomposition-based neural networks with K-means clustering, and (II) CNN, 

representing the convolutional neural network-based method. Section 3.2 theoretically 

analyzes the aggregation effect to indicate the forecast dependence trend on aggregation 

sizes. The trend is validated with DEWH datasets and one of the forecast engines. Section 

3.3 draws conclusions of this chapter.   

The research on WNN and CNN was published in two IEEE conference proceedings [90], 

[91]. The aggregation effects on forecast accuracy presented in Section 3.2 were included 

in the journal paper [92] disseminated by the IEEE Transactions on Industry Applications. 

 

3.1 Forecast Engines  

3.1.1 Multi-horizon Load Forecast with WNN 

This section presents the first forecast engine, WNN. It generates aggregated load forecasts 

from five minutes to six hours ahead, every five minutes. The forecast engine uses the 

following predictors: historical load-demand data samples (e.g., last 12 load-demand data 

samples representing the power demand during the most recent hour), a holiday indicator, 

difference between current load and last load (nearest first order difference), Time of the 

Day (TOD), and the load one week ago at the same TOD. The TOD is calculated as follows 

to reflect the intra-hour information; given the hour and minute, the TOD can be calculated 
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by: 

𝑇𝑂𝐷 =
(60 ∙ ℎℎ + 𝑚𝑚)

24 ∙ 60
                                                    (3.1) 

where hh corresponds to hours 0-23, and mm corresponds to minutes 0-59. The holiday 

indicator is defined as a binary index which indicates the presence of weekends/holidays 

(1 is present). All the predictors are empirically selected and normalized between 0 and 1 

using a min-max normalization technique. Let 𝑥  represent a predictor of interest in a 

general sense. The normalization for the predictor is described as: 

𝑥 , =  
𝑥 −   𝑥 ,    

𝑥 , − 𝑥 ,
                                                (3.2) 

where 𝑥 ,  represents the predictor after normalization, and 𝑥 ,  and 𝑥 ,  

represent the maximum and minimum original values of the predictor. 

Figure 3.1 shows the structure of WNN, which involves two stages: K-means clustering 

and wavelet decomposition-based NNs. The WNN processes a historical dataset 
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Figure 3.1： Overall structure of the proposed forecasting method — WNN. 
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correspondingly in the two stages. First, it separates the historical dataset into different 

subsets that correspond to different scenarios by applying K-means clustering. Second, 

train a set of neural networks with a corresponding data subset in each scenario. The trained 

neural networks then can be deployed for multi-horizon load forecast. More details of the 

method are as follows.  

3.1.1.1 K-means Clustering 

As mentioned in Section 2.1, grouping data observations into different scenarios, and 

applying scenario-specific forecast models, may provide opportunities to improve 

prediction. You can identify a load profile scenario that is closer, in some mathematical 

sense, to an incoming vector of power demand observations. The scenario-based grouping 

focused on different representative load profiles may provide distinct features that can be 

better learned by algorithms using separated training sets. It can also accelerate the training 

process due to the parallel processing structure used in the implementation, as well as the 

feature dimensionality reduction led by the clustering of input features to each network.  

K-means is used here to cluster load demand profiles and establish the aforementioned 

grouping framework (Figure 2.1) for potential forecasting accuracy enhancement. The K-

means clustering is a method of vector quantization that can quantize a population of data 

observation vectors into K representative scenarios. The clustering processes overlap 

observation vectors of past consecutive load-demand samples. For example, the ith 

observation vector of the last 12 load-demand samples is: 

𝒑 = [𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 , 𝑃 ]               (3.3) 
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where 𝑃  represents the last mth power demand (m=0,1, …,11) at the ith time step. The 

term “observations” is used to allude to “observation vectors” in the following illustration.  

Given a data set of N observations, the K-means clustering method partitions the 

observations  𝒑 ,  𝒑 , … ,  𝒑  into K (K<N) clusters according to similarities of load 

profiles estimated with the Euclidean distance (with equal considerations for each element 

of 𝒑 ). Specifically, the centroid of each cluster  𝒄 ∈ 𝑹𝒏 (𝑘 = 1, … , 𝐾) is the average of 

all observations belonging to the cluster. The K-means method aims to cluster the most 

similar observations together by minimizing the inner distance of clusters as presented in 

(3.4):  

 𝐽 = ||𝒑
( )

−  𝒄𝒌||                                                    (3.4) 

where 𝐽 denotes the inner distance of clusters. The operator ||.|| represents the Euclidean 

distance providing the measure of similarity, while 𝒑( ) denotes the jth data observations 

in cluster k, and 𝑁  represents the number of observations in cluster k. The entire sum of 

the number of observations in each cluster equals the total number of observations in the 

data set: ∑ 𝑁 = 𝑁. The K-means clustering includes four steps as follows [62]: 

1) Randomly choose K cluster centers 𝒄 , where k=1, 2, … K. 

2) Assign each sample vector 𝒑  to the closest cluster 𝑚  as 𝒑
( )

 , where  

𝑚  =   𝑎𝑟𝑔   𝑚𝑖𝑛      {||𝒑
( )

−  𝒄 || }  

     𝑘 ∈ {1, … , 𝐾}                      

 
                                   (3.5) 

3) Given 𝒑( ) that denotes the jth data observations (j=1, …,𝑁 ) in cluster k (k =1,2, …, 
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K), recompute the cluster centers using the current cluster membership when 𝑁 ≠

0: 

𝒄 =
∑ 𝒑

( )

𝑁
                                                            (3.6) 

          If 𝑁 = 0, keep 𝒄  unchanged. 

4) Go to step 2, if a predefined convergence criterion for the inner distance J is not met.  

The number of clusters K is selected based on empirical tests [54] in the dissertation. The 

K value can also be heuristically determined using the Elbow Method according to within-

cluster variances [93], [94], or the Silhouette method according to the silhouette 

coefficients [94]. After the clustering process, online forecasting requires a scenario 

selector to determine the sample’s association. Given  𝒑𝒇 denoting the data observations to 

be used for forecast, its associated scenario H can be obtained according to the following 

vector quantization encoding: 

𝐻 = arg
          𝑘 ∈

min
𝐴

 ||𝒑
(𝒌)

−  𝒄 ||
 

  ,
             

 
𝑤ℎ𝑒𝑟𝑒 𝐴 = {1, … , K}                            (3.7)

 
  

Clustered data observations are then used as part of the inputs of forecasting models for 

different scenarios 𝐻 ∈ {1, … , 𝐾} (Figure 3.2). These scenario-specific forecasting models 

are wavelet decomposition-based neural networks as depicted in the following section. 

3.1.1.2 Wavelet Decomposition-Based Neural Networks 

Wavelet decomposition-based neural networks are used to create the forecasting model 

used for each scenario. Figure 3.2 shows the overall structure where NN-1, NN-2 and NN-
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3 are three MIMO (Multi-Input and Multi-Output) neural networks. The objective of 

training the NNs is to achieve minimum mean squared error between the predicted and true 

outputs.  

The wavelet techniques learn the information in the features and enhance the forecasting 

accuracy in short term load forecasting at the system operator level [36], [56], [59]. The 

forecasting models use a discrete wavelet decomposition to structure the last-hour power 

data and feed the resulting wavelet coefficients to the NNs. The number of decomposition 

levels is set to two according to the load forecasting method presented in [56]. More 

decomposition levels are not necessary because, usually, there is no frequency component 
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of interest to be further extracted [56] while the increasing of wavelet coefficient sets and 

NN model number leads to higher training computational costs. The adopted wavelet is 

Daubechies 4 (Db4) which belongs to a family of orthogonal wavelets [95]. The Db4 

wavelet has been demonstrated to be a reasonable choice for load forecasting [56].  

An efficient way to implement the discrete wavelet decomposition is a pyramidal algorithm 

based on convolutions with quadrature mirror filters [96]. The step-by-step procedure of 

the pyramidal algorithm for discrete wavelet decomposition has been elaborated in [95]–

[97].  

There are three sets of wavelet coefficients after implementing the two-level wavelet 

decomposition. They are Approximation Coefficients, Detail Coefficients 2, and Detail 

Coefficients 1 (corresponding to APP, D2 and D1 in Figure 3.3). The three sets correspond 

to three frequency bands: the low, medium, and high. Figure 3.4 shows the power spectral 

density of a load profile from aggregated DEWHs. It was found that more power lies in the 

low frequency band, while there might be some minor features in the medium and high.  

Load series

A1

D1APP D2

 

Figure 3.3: Wavelet coefficients (APP, D2, D1 represent approximation coefficients, 

2nd layer’s detail coefficients and 1st layer’s detail coefficients, respectively). 
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As Figure 3.2 shows, three NNs (NN-1, NN-2, and NN-3) predict the three sets of wavelet 

coefficients correspondingly. The wavelet reconstruction module restores time series load 

forecasts with the predicted coefficient sets. The detailed procedure for wavelet 

reconstruction has been provided in [95]–[97],  too.  

 

3.1.2 Generic Load Forecast Based on CNNs 

Different TCL datasets involve different TCL types, energy demand, or aggregation sizes 

that may impact the forecast engine design and the forecasting accuracy. The accuracy of 

the preceding WNN, however, relies on the quality of predictor selection which is dataset-

specific. This section proposes a generic selection option: CNN-based method. The 

method aims to provide an accurate forecast of various TCL datasets without the need to 

design and extract specific predictors.  

 

Figure 3.4: Power spectral density for load profile with time span of 5 minutes. 
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The CNN-based forecast engine includes a data quantization (DQ), data dequantization 

(DD) and CNN modules interconnected as seen in Figure 3.5. The DQ module maps the 

original time series into new input series that are used by the CNNs to generate the 

preliminary forecasts Y = [Y(1), Y(2),…, Y(H)], where H signifies the longest forecast 

horizon. The DD module recovers and outputs the forecasts LF= [LF(1), LF(2),…, 

LF(H)].  

 

3.1.2.1 Data Processing Sequence 

The DQ module maps the original time series into a new set of inputs, aiming at inferring 

features relevant to forecasting. This facilitates the CNN’s learning of the data and 

generates accurate forecasts with less data dimensionality. The quantization procedure is: 
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Figure 3.5: Structure of the proposed forecasting method. 
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first, the range of historical load data is equally divided into M segments; next, the load 

data is mapped into the corresponding segments. That means that given the load data 𝑃  

denoting the last ith power demand, the maximum historical load 𝑃  and the minimum 

historical load 𝑃  , the new input 𝑂  is：  

𝑂 =
𝑀(𝑃

 
− 𝑃  )

(𝑃 − 𝑃  )
                                                             (3.8) 

where ⌊∙⌋ is the floor operator that returns the nearest integer below.𝑂  is scaled into a 

new value 𝐿  next using the coefficient 𝑟： 

𝐿 =
1

𝑟
𝑂                                                                     (3.9)  

Such scaling can help avoid gradient overflow and unstable training that may be caused 

by the large input size. The hyperparameters M and r can be empirically selected with TCL 

datasets of interest. The historical data set 𝑃 = [𝑃 , 𝑃 , … , 𝑃 , 𝑃 ] is then transformed 

with equations (3.8) and (3.9) into the vector L： 

𝑳 = [𝐿 , 𝐿 , … , 𝐿 , 𝐿 ]                                                     (3.10) 

CNN modules use this vector L as inputs to generate the preliminary forecasts Y. The 

DD module recovers the final forecasts from Y after. For instance, using Y(j) as an 

example, we have: 

𝐿𝐹(𝑗) = 𝑃 +
𝑟𝑌(𝑗) + 0.5 

𝑀
(𝑃 − 𝑃 )                                 (3.11) 
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where 𝐿𝐹(𝑗) denotes the jth output of the DD module, representing the final forecasted load 

for the jth forecast horizon.  

3.1.2.2 Design of the CNN’s Structure 

Figure 3.6 shows the structure and layers of the CNNs used in this work. The convolution 

layer extracts the features from the inputs. It is then linked to a fully connected layer that 

feeds into a regression layer for further learning and regression. To understand this process, 

consider a 1 × 𝑛 time series data L as the input volume, and a set of 1 × 𝑣 filter vectors 

𝑊 = [𝑤 , 𝑤 , … , 𝑤 ], where i=1, 2,…, Q, and Q is the number of filters. Let the time 

series data L be a vector with the size 1 × 𝑛. Then the Q feature maps (FMs) can be 

obtained through the convolution of the filters with the input L. The volume dimension of 

each FM will be 1 × 𝑚, with 𝑚 = (𝑛 − 𝑣 + 𝑍)/𝑆 + 1, given the stride S and the zero 

padding at the end of the time series making the term (𝑛 − 𝑣 + 𝑍)/𝑆 an integer number. 

The ReLU function as expressed in (3.12) is the nonlinear activation function after 

convolution. ReLU is commonly used due to the advantage of sparsity and a reduced 

likelihood of vanishing gradient compared with some other traditional activation functions 

such as sigmoid. 

𝑓(𝑥) =
0    𝑖𝑓 𝑥 < 0
𝑥    𝑖𝑓 𝑥 ≥ 0

                                                               (3.12) 

A fully connected layer is then stacked after the convolution and ReLU to supply the 

regression layer at the end of the network. The regression layer generates the forecasts Y(j), 

where j=1, 2, …, H. The activation functions at the fully connected layer and the regression 

layer are 𝑓(𝑥) = 𝑥. 
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Note that a single convolution layer-based structure is used rather than stacking multiple 

convolution layers, as shown in Figure 3.6. This is so the convolution of local load data at 

the single convolution layer can provide opportunities to learn the features of aggregated 

TCLs, in the sense that the “thermal-to-electrical” characteristics of the aggregated TCLs 

are contained in every piece of the local load series. Additionally, more convolution layers 

mean zooming out and capturing higher-level features. Although the effectiveness of 

multiple convolution layers has been proven in image classification and abstraction, they 

may not fit the load forecasting of TCLs due to their long delay between samples. Such 

delay generally leads to low correlation between samples in a time series because of the 
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Figure 3.6: CNN structure for aggregated load forecasting. 
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uncertainties accumulated over time. Therefore, using multiple layers could exacerbate this 

uncertainty leading to weaker features for the time series prediction.  

There are two phases for applying the CNN: training and prediction. In the training phase, 

the dataset is organized as examples, and the examples are used for training the networks 

via parametric optimization. The prediction phase is then used for forecasting once the 

CNNs are well-trained.  

Figure 3.7 shows the detailed structure of the CNN and the structure of the perceptron. The 

inputs [u1, …, un] from Figure 3.7 correspond to Data 1 to Data n in Figure 3.6, and y 

corresponds to Y(j). The feature vector [s1, …, sM] is obtained by the concatenation of the 

Q feature maps. It proceeds to all NHL perceptrons at the fully connected layer.  

     

Perceptrons 
with Filter 1

P

P si

s1

P

sM

P

P

P

...

...

un

...

un-1

u3

u5

u1
u2

u4

...

Fe
at

ur
e 

M
ap

 Q
F

ea
tu

re
 M

ap
 2

Fe
at

ur
e 

M
ap

 1
 

...

P

Perceptrons 
with Filter 2

Perceptrons 
with Filter Q

...

...

y

P : Perceptron

Input Convolution
Fully 

Connected Regression

Concatenation

...
......

M=mQ

NHL Perceptrons

m Perceptrons

   

x1

x2

+

xl

...

z a
f(.)

xl-1

w1
w2

wl-1

wl

w0

Perceptron

Activation
Function

x0=1

 

Figure 3.7: Detailed structure presented with perceptrons. 
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The CNN training, including forward and back propagation [98], [99], is conducted on the 

perceptrons. The training is implemented using Stochastic Gradient Descent with 

Momentum (SGDM) [100] to update weights in order to minimize the mean square error 

(MSE). SDGM is a variant of the Stochastic Gradient Descent (SGD). It introduces the 

momentum to help reduce oscillations along path to the minimum error and overcome 

getting trapped in local minima [100]. Generally, the weights of CNNs are trained as: 

𝑾 = 𝑾 − 𝛼∇𝑪(𝑾 ) + 𝛽(𝑾 − 𝑾 )                                  (3.13)  

where W represents the weight vector, t is the iteration number,  𝛼 denotes the learning rate 

(𝛼 > 0),  𝛽  denotes the coefficient of the term associated with the momentum, and C 

represents the loss function at the current iteration defined by: 

𝑪(𝑾 ) =   
1

𝑁
(𝑦 − 𝑦 (𝑾 ))                                      (3.14) 

where 𝑦 (𝑾 ) represents the calculated output of the CNN for the ith input example when 

𝑾 = 𝑾  and 𝑁  is the number of examples in the training batch. The training batch can 

be (a) epoch-wise (𝑁 =𝑁 , 𝑁  is the number of examples in the whole training set), (b) 

example-wise (𝑁 =1), or (c) batch-wise (𝑁  examples divided into batches with size 

𝑁 , 𝑁 > 1).  

In addition, ∇C in (3.13) denotes the gradient vector of the loss function, whose elements 

are the evaluated gradient of each weight. The gradient evaluation uses the entire training 

set by applying the chain rule [100]. For example, given weight 𝑤  asscociated with the 
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perceptron of interest, the gradient of the loss function C with respect to the weight can be 

expressed in a general form, as:  

𝜕𝐶

𝜕𝑤
=

𝜕𝑧

𝜕𝑤

𝜕𝑎

𝜕𝑧

𝜕𝐶

𝜕𝑎
                                                         (3.15) 

with 

𝜕𝐶

𝜕𝑎
=

⎩
⎪
⎨

⎪
⎧

𝜕𝐶

𝜕𝑦
,          for the perceptron at the last layer 

𝜕𝑧

𝜕𝑎

𝜕𝑎

𝜕𝑧

𝜕𝐶

𝜕𝑎
= 𝑤

𝜕𝑎

𝜕𝑧

𝜕𝐶

𝜕𝑎
  

 

,

 

 𝑂. 𝑊.   
                       (3.16) 

where 𝑧  denotes z of the 𝜃 th target perceptron from the perceptrons of interest, while 𝑎  

signifies the output a of the 𝜃th target perceptron from the perceptron of interest, and 𝑤  is 

the weight between a and 𝑧 . The values of ,  and  are iteratively calculated in 

different scenarios according to the location of the perceptron: (I) at the convolution layer; 

(II) at the fully connected layer; or (III) at the regression layer. 

The factor  is as follows for a given perceptron in all scenarios: 

𝜕𝑧

𝜕𝑤
= 𝑥                                                                       (3.17) 

where 𝑥  is the kth input of the perceptron calculated forward from the convolution to the 

regression layer. The perceptron has v inputs at the convolution layer, M=mQ inputs at the 

fully connected layer, and NHL inputs at the regression layer. 
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The factor  is evaluated with the derivative of the activation function , while the factor 

 is evaluated through the back propagation of errors. Specifically: 

(I) 
𝝏𝒂

𝝏𝒛
 and  

𝝏𝑪

𝝏𝒂
 of a perceptron at the convolution layer 

The activation function is ReLU. Therefore: 

𝜕𝑎

𝜕𝑧
=

1,                                        if 𝑧 > 0
0,                                        if 𝑧 < 0

 ≝ value~𝑼(0,1),           if 𝑧 = 0 
                                    (3.18) 

𝑁𝑜𝑡𝑒:  𝑖𝑠 𝑛𝑜𝑛𝑒𝑥𝑖𝑠𝑡𝑖𝑛𝑔 𝑎𝑡 𝑧 = 0. 𝑊𝑒 𝑑𝑒𝑓𝑖𝑛𝑒  𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑎 𝑟𝑎𝑛𝑑𝑜𝑚 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒 𝑡ℎ𝑎𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 

𝑢𝑛𝑖𝑓𝑜𝑟𝑚 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑖𝑛 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 [0, 1]. 

Since the derivative of the ReLU function in (3.12) is undefined at x=0, let define =0 if 

z=0. In addition, = 1 [calculated with  in scenario (II)]. 

𝜕𝐶

𝜕𝑎
=

𝜕𝑎

𝜕𝑧
 

𝜕𝐶

𝜕𝑎
=

 

𝑤
𝜕𝐶

𝜕𝑎
                                        (3.19)

 

 

where  can be obtained in the backward direction with the calculation of   presented 

in (II). Note that 𝜃 = 1, 2, …, NHL because the perceptron from the convolution layer is 

connected to all perceptrons at the fully connected layer. 

(II) 
𝝏𝒂

𝝏𝒛
 and  

𝝏𝑪

𝝏𝒂
 for a perceptron at the fully connected layer 

The activation function is f(x) = x. Therefore: 
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𝜕𝑎

𝜕𝑧
= 1                                                                    (3.20) 

As Figure 3.7 shows, there is only one perceptron at the next layer (the regression layer). 

Thus, 𝜃 = 1, 𝑎 = 𝑦 in (3.16). In addition, = = 1 (calculated with  in scenario 

(III)). According to (3.15) and (3.16), we have: 

𝜕𝐶

𝜕𝑎
= 𝑤

𝜕𝑦

𝜕𝑧

𝜕𝐶

𝜕𝑦
= 𝑤

𝜕𝐶

𝜕𝑦
                                                     (3.21) 

where  can be obtained in the backward pass, with the calculation of    presented in 

(III). 

(III) 
𝝏𝒂

𝝏𝒛
 and  

𝝏𝑪

𝝏𝒂
 for a perceptron at the regression layer 

Regression and fully connected layers have the same type of activation function, therefore 

= 1, too. In addition, there is only one perceptron at the regression layer, and the output 

of the perceptron is the output of the CNN. Thus, according to (3.14): 

𝜕𝐶

𝜕𝑎
=

𝜕𝐶

𝜕𝑦
=

2

𝑁
𝑒 (𝑾 ) =

2

𝑁
(𝑦 − 𝑦 (𝑾 ))                           (3.22) 

where 𝑒 (𝑾 ) represents the error for the ith examples in a training batch which is equal to 

the difference between the desired output of the ith example 𝑦  and the output of the CNN 

𝑦 (𝑾 ) when 𝑾 = 𝑾 . Like the calculation of  𝑥 , the value of 𝑦 (𝑾 ) can be obtained 

in the forward pass.  
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After sufficient iterations of the forward and backward passes till the convergence of the 

training errors, the weights converge to a set of optimized values. Then, use the CNN with 

optimized weights for prediction. More explanations about the methodology of gradient 

evaluation for a CNN in general, involving detailed procedures of the forward and 

backward propagation, can also be found in [99].  

 

3.1.3 Results and Analyses 

3.1.3.1 Metrics for Load Forecast Evaluation 

Forecast results should be evaluated quantitively according to different forecast metrics. 

There are several global performance metrics that have been systematically used for point 

forecast evaluation. Among the most used metrics in the context for load forecasting are 

the mean absolute error (MAE) and the mean absolute percentage error (MAPE) [20], [23], 

[36], [101]. Another common metric is the root mean square error (RMSE) or its 

normalized form (NRMSE) [102], [103]. Some authors have questioned the validity of 

RMSE as an indicator of average performance [104] while others [103], [105] argue that 

in some cases RMSE could be more beneficial. In general, using multiple metrics to 

describe forecast performance can be a better approach [102], [103], [105]. Equations 

(3.23) - (3.26) show the expressions of the error metrics:   

𝑀𝐴𝐸 =
1

𝑁
|𝑦 − 𝑦 |                                                        (3.23)  
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𝑀𝐴𝑃𝐸 =
100

𝑁

𝑦 𝑦

𝑦
                                                          (3.24) 

𝑅𝑀𝑆𝐸 = ∑ (𝑦 𝑦 )                                                           (3.25)  

𝑁𝑅𝑀𝑆𝐸 = 100
∑ ‖𝑦 𝑦 ‖

∑ ‖𝑦 𝑦 ‖                                                        (3.26) 

where 𝑁 represents the number of samples used for evaluation. 𝑦  and 𝑦 denote actual and 

forecast load at time t, while 𝑦  represents the average of 𝑦 . The operator ‖∙‖ represents 

the Euclidean norm. 

MAPE (3.24) has a singularity at 𝑦 = 0 and very small values of 𝑦  also lead to confusing 

high values of MAPE. Alternative MAPE (AMAPE) can be employed in scenarios when 

𝑦  can take values close or equal to zero. AMAPE is defined as: 

𝐴𝑀𝐴𝑃𝐸 =
100

𝑁

𝑦 𝑦

𝑦
= 

100

|𝑦 |
  𝑀𝐴𝐸                                     (3.27) 

Uncertainty may need to be evaluated for small aggregation sizes resulting in big 

uncertainty values. The uncertainty can be presented via prediction intervals, and here 

PICP (Prediction Interval Coverage Probability) and PINAW (Prediction Interval 

Normalized Averaged Width) were used to assess, respectively, the correctness and 

effectiveness of the constructed prediction intervals. The two metrics, PICP and PINAW, 

are defined as: 
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𝑃𝐼𝐶𝑃 = ∑ 𝑐 , 𝑤ℎ𝑒𝑟𝑒 𝑐 =
1    𝑌 ∈  [𝐿 , 𝑈 ]

         
  0    𝑌 ∉  [𝐿 , 𝑈 ]

                                (3.28) 

𝑃𝐼𝑁𝐴𝑊 =
∙( )

∑ (𝑈 − 𝐿 )                                         (3.29) 

where 𝐿  and 𝑈  denote the lower and upper bounds of prediction interval within which 

the forecast lies with certain probability 1-2𝑎 for sample i. The parameters 𝑌  and 𝑌  

denote the maximum and minimum of measured data, respectively. 𝑁 represents the 

number of samples evaluated. PICP should be approximately no less than 1-2𝑎 if the 

confidence level of the constructed prediction interval is 1-2𝑎 . In addition, a smaller 

PINAW means a narrower prediction interval that indicates a more effective prediction 

interval.  

3.1.3.2 Forecast Results and Analyses 

The forecast methods were tested in MATLAB 2017a with Intel Core i5 CPU and NVIDIA 

GeForce GTX 1050Ti GPU. In WNN, the number of clusters used by K-means was 

determined experimentally, using a dataset of load demands from DEWHs, as shown in 

Table 3.1. Results showed that 𝐾 = 2~5 led to similar forecast accuracy, which were 

noticeably smaller than when no clustering was applied ( 𝐾 = 1) . This indicates the 

effectiveness of the grouping framework. Although the value of K can be optimized for 

different datasets, 𝐾 = 2 is generally favorable for small datasets to avoid small training 

sets for each cluster. 
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In CNN, the parameters used for Data Quantization/Dequantization were: M = 50 and r = 

10; the structure parameters were Q = 6, v = 3, S = 2, and NHL=25. The training parameters 

were: learning rate α = 0.01  and momentum coefficient 𝛽 =0.9 (default settings in 

MATLAB 2017a). 

Two other benchmark algorithms were used to compare with the proposed forecast 

methods, presented as follows: 

(a) MLP: multi-layer perceptron neural networks with adaptive predictors for different 

horizons. Table 3.1 summarized the predictors for different forecast horizons. These 

predictors are determined based on reported correlation with features linked to load 

forecast to achieve the most accurate forecast possible. 

Table 3.1: Selection of K 

K 1 2 3 4 5 

 

 

 

 

MAPE 

1 hour ahead 5.94% 4.37% 4.26% 4.41% 4.35% 

2 hour ahead 6.06% 4.49% 4.33% 4.57% 4.64% 

3 hour ahead 4.65% 4.23% 4.00% 4.24% 4.24% 

4 hour ahead 4.42% 4.06% 3.85% 3.79% 3.85% 

5 hour ahead 4.77% 3.96% 3.96% 3.90% 3.90% 

6 hour ahead 4.90% 4.18% 3.98% 4.00% 3.96% 

Average MAPE (over 72 
forecast horizons, 5min 

to 6h-ahead) 
5.14% 4.24% 4.13% 4.16% 4.18% 

Memory for deployment 
(forecasting phase):  

O(𝐾𝜌) 

O(𝜌) O(2𝜌) O(3𝜌) O(4𝜌) O(5𝜌) 

𝜌: number of parameters for the wavelet decomposition-based neural netowrks. 
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(b) Persistence (with detrending): use the last sampled data as the forecasts,  

This chapter concentrates on the comparisons among neural network-based forecasting 

methods (WNN, CNN and MLP), and uses Persistence with detrending as a naïve 

benchmark. Neural networks are the primarily used models for short-term load forecasting 

[106]. They are also the interests of local industrial partners including NB Power, Saint 

John Energy and Siemens.  

Table 3.2: Predictors of MLP 

Horizon Predictors 

0-2 hours ahead P-7, P-6, P-5, P-4, P-3, P-2, P-1, P-0, Average Power Over Last Hour, 

Average Power Over Last 2 Hours, Average Power Over Last 4 Hours, 

Hours of the Day, Day of the Week. 

2-4 hours ahead P-7, P-6, P-5, P-4, P-3, P-2, P-1, P-0, Average Power Over Last Hour, 

Average Power Over Last 2 Hours, Average Power Over Last 6 Hours, 

Average Power Over Last 12 Hours, Hours of the Day, Day of the 

Week. 

4-6 hours ahead P-7, P-6, P-5, P-4, P-3, P-2, P-1, P-0, Average Power Over Last Hour, 

Average Power Over Last 6 Hours, Average Power Over Last 6 Hours, 

Average Power Over Last 18 Hours, Hours of the Day, Day of the 

Week. 

Note: P-k represents the last kth load of aggreated TCLs. 
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 (I)  Multi-Horizon Forecast Results for Aggregated DEWHs and ETSs 

The forecast engines were validated using three TCL datasets generated by simulation that 

relies on usage and thermodynamic load models to provide realistic data [107]–[111]. Each 

dataset included 60-day aggregated power data of simulated TCLs and contained 17280 

samples. These data samples were split into training and test sets. There is no optimal data 

split percentage in a general sense [112], due to the complex tradeoffs between training 

and test sets concerning data representativeness and computational costs. As one of the 

most common choices suggested in [112], data from the first 40 days (67%) were used as 

the training set and the rest of the data from the last 20 days (33%) were used as the test 

set. The TCLs of the three datasets were 1500 DEWHs, 1500 ETSs and 20,000 ETSs, 

respectively. 

Figure 3.8 and Figure 3.9 show MAPEs and RMSEs respectively for the multi-horizon 

power demand forecasting results of 1500 DEWHs, from five minutes to six hours ahead. 

Since the forecast errors of Persistence are much larger than others, zoom-in versions are 

provided to visualize the performance details of CNN, WNN and MLP. The two figures 

indicate that CNN, WNN and MLP can achieve accurate forecasting with MAPE less than 

5%. CNN slightly outperforms WNN and is much better than Persistence for the DEWH 

dataset according to MAPE and RMSE values. Figure 3.10 shows the examples of the 

actual and the forecasted load obtained when applying WNN and CNN. It was found that 

the forecasted load profiles can follow the trends of the actual load profiles. 
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Figure 3.8: MAPE for the forecasting of 1500 DEWHs. 
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Figure 3.9: RMSE for the forecasting of 1500 DEWHs. 
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Figure 3.11 and Figure 3.12 present the MAPE and RMSE values for multi-horizon power 

demand forecasting of 1500 ETSs. CNN and WNN outperform MLP and Persistence 

according to MAPE and RMSE values for the dataset. Figure 3.13 shows the examples of 

the actual and the forecasted load obtained when applying WNN and CNN. The forecasted 

 

(a) WNN 

 

(b) CNN 

Figure 3.10: Aggregated power forecasting of 1500 DEWHs. 
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load profiles generally correspond with the actual profiles, but deviated from the actual for 

long forecast horizons. 

 

Figure 3.11: MAPE for the forecasting of 1500 ETSs. 

 

 

Figure 3.12: RMSE for the forecasting of 1500 ETSs. 
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Figure 3.14 and Figure 3.15 present the MAPE and RMSE values for multi-horizon power 

demand forecasting of 20,000 ETSs, showing that the proposed CNN and WNN 

outperform MLP and Persistence for the ETS dataset. The MAPE and RMSE values of 

CNN are also slightly less than WNN at the longest forecast horizons for the dataset. Figure 

  

(a) WNN   

 

(b) CNN 

Figure 3.13: Aggregated power forecasting of 1500 ETSs. 
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3.16 shows the examples of the actual and forecasted load obtained when applying WNN 

and CNN. The forecasted load profiles can follow the trends of the actual load profiles. 

 

Figure 3.15: RMSE for the forecasting of 20,000 ETSs. 

     

Figure 3.14: MAPE for the forecasting of 20,000 ETSs. 
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In summary, forecasting results indicate the effectiveness of WNN and CNN. The WNN 

shows the feasibility of using “forecasting method for general loads” for aggregated TCLs; 

the CNN-based method, in a sense, is more generic and convenient-to-use regarding 

different TCL types, different aggregation sizes and different forecast horizons. Our CNN-

  

(a) WNN 

 

(b) CNN 

Figure 3.16: Aggregated power forecasting of 20,000 ETSs. 
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based method uses the same predictors and parameters for different TCL datasets 

(“predictor-less”), without sacrificing forecasting accuracy.  

The forecasting residuals of WNN and CNN may still have predictable components. 

Incorporating other information, such as end-user energy use behaviors, can help improve 

forecast accuracy. However, such information may not be available in the real world due 

to privacy concerns. In addition, the stochasticity of end-user behaviors poses challenges 

to the power demand forecast. TCL aggregation is essentially an unknown, stochastic, and 

non-linear dynamical system. Black-box models like neural networks are powerful data-

driven fitting tools but can be limited by insufficient data and predictor designs without 

explicit physical interpretations. Hence, they cannot fully capture the system dynamics. 

Nonetheless, one can further study historical forecasting errors to enhance forecast 

accuracy, as presented in Chapter 4. 

(II) Experiment with A Real Conference Building 

The forecast engines were also validated with historical power measurement data from a 

conference building, whose electricity is mainly consumed by its HVAC systems in winter. 

The winter dataset was collected from January 1 to March 31, 2018, with a sampling period 

of 15 minutes, containing 8640 samples. Considering the relatively small data volume, the 

experiment used a larger portion of data for training: the first 85% of samples were the 

training set, and the rest of the data was the test set. 

Figure 3.17 and Figure 3.18 present the performance comparison according to MAPE and 

RMSE values for all studied methods (CNN, WNN, MLP, and Persistence). The CNN-
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based method shows a MAPE between 12%-18% and an RMSE between 15 to 20 kW, 

outperforming WNN, MLP and Persistence for the dataset.  

As Figure 3.17 and Figure 3.18 shows, MAPE and RMSE for around 3 to 4 hours-ahead 

forecasting of MLP increased abruptly, and the RMSE of WNN, from 5 minutes to 2 hours-

ahead, was abnormally bigger than that for longer forecast horizons. It indicates that the 

predictor selection of MLP and WNN for these forecast horizons is not ideal. However, 

one cannot use too many predictors without selection since MLP and WNN are fully 

connected neural networks and the dimension of its inputs are size-restricted to avoid huge 

increments of the computational costs. The selection of predictors for MLP and WNN 

crucial to performance relies on designer experience and properties of the loads adding 

 

Figure 3.17: MAPE for load forecasting of the conference building. 
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uncertainty to the performance. In this sense, the CNN-based method is more flexible and 

generic for aggregated TCLs with different types, end-user behaviors, aggregation sizes 

and forecast horizons.  

Figure 3.19 shows the actual load profile of the conference building and the one hour-ahead 

power demand forecasting by applying the proposed CNN-based method. The load profile 

is “noisy” while the forecasted load can follow the trend of the actual load.  

The small aggregation level of the conference building leads to the relatively high MAPEs, 

high RMSEs, and big uncertain variations when compared to previous DEWH and ETS 

datasets. Prediction intervals can be constructed to evaluate the uncertainty with the point 

   

Figure 3.18: RMSE for load forecasting of the conference building. 
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forecasting results in a nonparametric bootstrap method (Appendix A). The grey area in 

Figure 3.20 is the prediction interval with a 90% confidence level from 5 minutes to 6 hours 

ahead.  

 

Figure 3.19: Aggregated power of the conference building and the one hour-ahead 

forecasting with CNN. 

Figure 3.20: Example of load forecast results for the conference building. 
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The 90% prediction interval may also be estimated parametrically with an assumption of 

normal distribution according to the past forecast residuals (see Appendix A). Figure 3.21 

compares the global correctness and effectiveness of the prediction intervals constructed 

in the nonparametric bootstrap and parametric normal methods. The PICPs of the two 

methods are generally around 90% which is equal to the confidence level of the prediction 

interval. Therefore, both prediction intervals are considered correct. The two prediction 

intervals also have very similar PINAW as shown in Figure 3.21. Therefore, the two 

prediction interval construction methods are equally effective for the dataset of the 

conference building.  

 

 

Figure 3.21: PICP and PINAW for 90% prediction intervals. 
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(III) About Structure of the CNN-based Method 

Case I: With and Without Data Quantization/Dequantization Modules 

The data quantization (DQ) module in our CNN-based method can help enhance features 

by quantization and avoid gradient overflow by scaling, thus important for CNN training. 

I tested such importance by implementing the method with and without the DQ module 

using 1500 ETSs. Figure 3.22 presents the forecast and the MAPE for both alternatives 

considering all forecast horizons. It shows that the CNNs’ forecasting performance 

deteriorates substantially without the DQ module.  

Case II: About Number of Convolution Layers 

The number of convolution layers could impact the forecast of the proposed, and a single 

convolution layer was suggested in the previous Section 3.1.2. The proposed method was 

  

Figure 3.22: MAPE with/without data quantization. 
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tested with different numbers of convolution layers in this experiment using 1500 ETSs as 

in the last experiment. Figure 3.23 shows that stacking more convolution layers fails to 

generate accurate forecast results. The failure results from gradient vanishing, and possibly 

the fact that some important features are filtered (weakened) in the process of “zooming 

out” triggered automatically by stacking more convolution layers. 

 

3.2 Aggregation Effects on Forecast Accuracy 

The aggregation size of aggregated TCLs may have a notable impact on forecasting results. 

This section analyzes the effects of aggregation size on forecast accuracy; specifically, on 

MAE and AMAPE. 

Let 𝑒  be the random variable of the forecast error at a certain time horizon for q 

aggregated electric water heaters, and let 𝑒  be the ideal forecast residual error (meaning 

 

Figure 3.23: MAPE for single and two convolution layers.  
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that only randomness is left in residuals) for the ith sample for q electric water heaters. 

Assume that the forecast error at certain time horizon follows certain distribution V, let’s 

say 𝑒  ~𝐕 0, 𝜎 , where 𝜎  is the variance of the distribution. Then |𝑒 | ~𝐯 𝜇 , 𝜎 , 

where v represents another certain distribution, while 𝜇  represents its mean, and 𝜎  is the 

variance of random variable 𝑒 . Note that 𝑒  for all i are assumed independent and 

follow an identical distribution (the distribution V). Then, a total of n loads can be 

randomly separated into G groups with each group having 𝑞 = 𝑛/𝐺  loads (suppose n is 

divisible by G). For clarity, use 𝑒 ,  to represent the forecast residuals for group 𝑔. Based 

on Levy Lindeberg Central Limit Theorem, if the number of samples N is sufficiently large 

or n>>q, we have: 

∑ ∑ | , | ∑ ∑ | , |

(∑ ∑ | , |)

     =
∑ ∑ | , |

∙ ∙  
~𝐍(0,1)         (3.30) 

where 𝐍(𝑥 , 𝑥 )  represents a normal distribution with mean 𝑥  and variance  𝑥 . 

Furthermore, MAE for n loads is: 

𝑀𝐴𝐸 =  ∑ 𝑀𝐴𝐸  =   ∑ ∑ 𝑒 ,  
/

=
∙

 ∑ ∑ 𝑒 ,  
/

    (3.31) 

where  𝑀𝐴𝐸  represents MAE for group 𝑔.  According to (3.30), we know 

∑ ∑ 𝑒 ,  
/

~𝐍( 𝜇, 𝑁 𝜎  ). Therefore, MAE and AMAPE also follow normal 

distributions. Assuming 𝑦  is proportional to the aggregation size , 𝑠𝑎𝑦,  𝑦 = 𝑧 ⋅ 𝑛 (where 

z is a parameter related to loads and can be seen as a positive constant for aggregated loads 
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of interest), then:  

𝑀𝐴𝐸~𝐍 𝜇,
𝑞𝜎  

𝑛𝑁

 

                                                        (3.32) 

𝐴𝑀𝐴𝑃𝐸~𝐍
100𝜇

𝑦
,
10 𝑞𝜎  

𝑛𝑁𝑦

 

= 𝐍
100𝜇

𝑧 ⋅ 𝑛
,
𝑞(100𝜎  )

𝑁 ⋅ 𝑧 ⋅ 𝑛

 

                         (3.33) 

According to the variance of MAE and AMAPE in (3.32) and (3.33), smaller aggregation 

size needs more samples for evaluation. If the number of samples is sufficiently large, then 

the two performance measures (MAE and AMAPE) can be regarded as their expectations. 

In short, the expectations and standard deviations of MAE and AMAPE are shown in (3.34) 

and (3.35). Note that as the aggregation number n increases, the expectation of AMAPE 

approaches 0, and the variance or standard deviation of AMAPE approaches 0 at a faster 

rate.  

𝑬(𝑀𝐴𝐸) = 𝜇 , 𝑺𝑫(𝑀𝐴𝐸) ∝
1

√𝑛
                                                  (3.34) 

𝑬(𝐴𝑀𝐴𝑃𝐸) ∝
1

𝑛
 , 𝑺𝑫(𝐴𝑀𝐴𝑃𝐸) ∝

1

√𝑛
                                          (3.35) 

where E(.) and SD(.) denote the expectation operator and standard deviation operator, 

respectively. Knowing that forecasters are not perfect (they cannot model/capture all 

information due to system complexity, random fluctuations, training optimization errors, 

or measurement errors, etc.), one can analyze residuals in two modes according to the 

nature of the error source: deterministic and random. Then the errors are analyzed as:  
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|𝐴𝑀𝐴𝑃𝐸 − 𝐴𝑀𝐴𝑃𝐸 | ≤ 𝐴𝑀𝐴𝑃𝐸 ≤ 𝐴𝑀𝐴𝑃𝐸 +  𝐴𝑀𝐴𝑃𝐸                 (3.36) 

where 𝐴𝑀𝐴𝑃𝐸  denotes AMAPE for the deterministic component in residuals and 

𝐴𝑀𝐴𝑃𝐸  denotes the ideal AMAPE for the randomness. According to (3.36), 

let 𝑬(𝐴𝑀𝐴𝑃𝐸 ) = , then: 

C

𝑛
− 𝐶 (𝑛) ≤ 𝐴𝑀𝐴𝑃𝐸 ≤

C

𝑛
+ 𝐶 (𝑛)                                        (3.37) 

where C  is a constant related to the aggregated loads, and C  is a specific parameter related 

to the goodness of the forecaster used for the aggregated loads.  The value of C  may also 

be related to the aggregation size since forecasters could perform differently when the 

aggregation size is increased. This indicates the difficulty of evaluating the value of C . 

Now use aggregated DEWHs as an example. Figure 3.24 shows the relationship between 

forecasting performance and aggregation size of DEWHs. The actual AMAPEs, MAEs and 

MAPEs were obtained by calling the forecast engine WNN to forecast DEWHs with 12 

different aggregation sizes (100, and 200 to 2200 in increments of 200). The ideal AMAPEs 

and MAEs in Figure 3.24 refer to the calculated AMAPEs and MAEs, with (3.34) - (3.35) 

and the actual AMAPEs and MAEs of 100 DEWHs: 

𝐴𝑀𝐴𝑃𝐸 _ = 100 ∙ 𝐴𝑀𝐴𝑃𝐸 /𝑥                                  (3.38) 

𝑀𝐴𝐸 _ = 𝑀𝐴𝐸                                               (3.39) 
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where 𝐴𝑀𝐴𝑃𝐸 _  denotes the ideal AMAPE for aggregated DEWHs with aggregation 

size x, and 𝑀𝐴𝐸 _  denotes the ideal MAE for aggregated DEWHs with aggregation 

size x. 𝐴𝑀𝐴𝑃𝐸  and 𝑀𝐴𝐸  denote the actual AMAPE and MAE for 100 DEWHs 

respectively. Although the actual forecasting of 100 DEWHs was not ideal, let us name the 

calculated AMAPE and MAE based on (3.38) - (3.39) ideal AMAPE and MAE for 

comparisons with actual ones to visualize possible room for further improvement. Take the 

AMAPEs and MAEs of one-hour ahead forecasts for different aggregation sizes as 

examples (Figure 3.24), it was found that the actual AMAPE had a descending trend like 

its ideal counterpart.  

However, the actual AMAPE curves deviated from their ideal curves as the aggregation 

size increased. Correspondingly, the actual MAE also kept increasing in Figure 3.24(b). Let 

     
 

(a)AMAPE, MAPE and Ideal AMAPE                     (b) MAE and Ideal MAE 

Figure 3.24: Forecasting performance vs aggregation size. 
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assume that a total of m DEWH groups and the forecasting errors for a DEWH group (e.g., 

Group i) includes some predictable information that is represented by a random variable 𝜑 . 

Let us also assume that all 𝜑  are independent and follow an identical distribution with 

mean value 𝜇 . Then, aggregating m DEWH groups, would lead to a predictable error term 

𝛹 with an expected value 𝑬(Ψ) = 𝑬(∑ 𝜑 ) = 𝑚𝑬(𝜑) = 𝑚 𝜇 . The actual MAE can be 

expressed as:  

𝑀𝐴𝐸 =
1

𝑁
|𝑒 |

=
1

𝑁
|𝑅 + Ψ |  ≤

1

𝑁
|𝑅 | + 

 1

𝑁
| Ψ |

= MAE +
1

𝑁
| Ψ | 

(3.40) 

where 𝑒  represents the forecasting error, and 𝑅  represents the random part of the 

forecasting error, while 𝛹  represents the predictable parts, and N represents the number of 

samples used for evaluating MAE. Now, use a special case (Ψ ≥ 0) which means the 

forecaster always generates a result with one-side systematic bias (excluding the random 

part). Then |𝛹 |= 𝛹  and the second term of the equation (3.40) is the estimated expectation 

of  𝛹, which is approximately equal to 𝑚 𝜇 . Therefore:  

𝑀𝐴𝐸 ≈  𝐶 +  𝑚 𝜇                                                 (3.41) 



 

62 

 

where C is a constant that represents 𝑀𝐴𝐸 . According to the equation (3.41), the trend 

of MAE could continue to increase with increments of the aggregation size due to the 

predictable part that has yet to be learned by forecasters.  

In summary, the gaps between the actual and ideal metrics indicate that there is predictable 

information in the forecasting residuals. This motivated the work included in Chapter 4 to 

further extract relevant information from the residuals.  

 

3.3 Chapter Conclusions 

This chapter introduced two forecast engines for multi-horizon power demand forecasting 

of aggregated TCLs: 

 WNN: wavelet decomposition-based neural networks with K-means. 

 CNN: convolutional neural network-based method.  

They are validated with TCL datasets according to MAPE and RMSE. WNN indicates the 

opportunity to achieve effective results by using “forecasting techniques for general loads” 

with properly selected predictors. The proposed CNN-based method provides a more 

generic option for aggregated TCLs with different types, aggregation sizes and forecast 

horizons. Such generalized capacity can avoid extra effort in the predictor selection stage, 

making the CNN-based method “predictor-less” and therefore easier-to-use. 

In addition, this chapter derived and analyzed the aggregation effects on forecasting 

performance. They can provide a good indication of the forecast dependence on the 

aggregation size: ideally, given aggregation number n, expectation of AMAPE is inversely 
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proportional to 𝑛, and standard deviation of AMAPE is inversely proportional to  √𝑛 ; 

expectation of MAE is not related to aggregation size, and standard deviation of MAE is 

inversely proportional to √𝑛. Forecasting results on simulated DEWHs in our real-time 

simulation platform with different aggregation sizes (from 100 to 2200) showed a similar 

trend and provided opportunities to compare the actual and ideal aggregation effects, which 

indicates room for further improvement. Such indications also motivated the study of past 

forecasting results to further improve forecast accuracy in the next chapter. 
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4 Forecast Accuracy Improvement — Scalable Bottom-Up Mechanism 

with Markov-Based Error Reduction Method 

Chapter 3 presented and validated two forecast methods for predicting the power demand 

of aggregated TCLs. The forecast methods and current advanced metering infrastructures 

(AMI) provide flexibility to aggregated load forecasting with a scalable bottom-up 

architecture, whereby one can achieve forecast accuracy improvements and fast 

deployments. 

This chapter proposes a bottom-up forecasting mechanism with a Markov-based error 

reduction method to predict power demand of aggregated TCLs. It uses WNN as the 

forecast engines and datasets of aggregated DEWHs to illustrate and validate the proposed 

approach. Section 4.1 describes the proposed method. Section 4.2 shows the forecasting 

results and analyses, and Section 4.3 summarizes conclusions. 

The content of this chapter has been published in paper [92] disseminated by the journal 

IEEE Transactions on Industry Applications.  

 

4.1 Methodology  

This section details the bottom-up forecasting with the Markov-based error reduction 

method. Figure 4.1 shows the bottom-up architecture for forecasting of DEWHs. The 

DEWHs are randomly divided into small aggregations, whose power demand is forecasted 

by independent forecast engines. A new Markov-based error reduction method is 
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introduced after summing up all forecasts of small aggregations. The method can extract 

residual-based features and mitigate the forecasting error accumulation introduced in the 

summation process, providing opportunities to further improve the accuracy of the total 

DEWH load forecasting. Differing from traditional Markov-based error reduction, two new 

compensation parameters (Compensation Coefficient, and Compensation Threshold) are 

proposed. They are determined using Particle Swarm Optimization (PSO) algorithm. 

 

Markov-Based Error Reduction Method 

As mentioned in Section 2.1, the forecasting errors contain hidden information that 

constitutes an opportunity to further improve accuracy by introducing an error 

DEWHs

Forecast 
Engine 1 

Small Aggregation of 
DEWHs 1

Small Aggregation of 
DEWHs 2

Small Aggregation of 
DEWHs X

Forecast 
Engine 2 

Forecast 
Engine X 

Aggregation

Error Reduction

Forecasting Results 

Power Consumption of All DEWHs

 

Figure 4.1: Overall structure of the proposed bottom-up forecasting with an error 

reduction method. 
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compensation mechanism through a careful analysis of historical errors. The error 

reduction method is proposed as shown in Figure 4.2. The first step is to calculate the 

historical forecasting errors by subtracting the power demand forecasts from the actual 

power demand. The forecasting errors are separated next into different states that are used 

to predict the errors in the following day at the same time. Finally, the forecasts of residuals 

are obtained after the error states are processed by the Markov Model and Compensation 

Module. The implementation of this algorithm is detailed as follows.  

First, the forecasting error is defined as the difference between the power demand forecast 

and actual power demand: 

 𝑒 = 𝑝 − 𝑝                                                  (4.1) 

where 𝑒  denotes the forecasting error, 𝑝  is the power demand forecast and 𝑝  

represents the corresponding actual power demand. First order Markov models [67] are 

applied to correct these errors. The forecasting error 𝑒  can be mapped to an error state in 

the Markov models. Let  𝑒  denote a random variable of residual error states for time t, and 

𝑒  be the random variable of residual error states for the time that is 𝑚 days before time 

t (𝑚 =1, 2, 3….), It is assumed that:  

𝑃(𝑒 |𝑒 , 𝑒 , … , 𝑒 , … ) = 𝑃(𝑒 |𝑒 )                                     (4.2)  

where the probability operator P(x|y) represents the conditional probability of x given y. 

First order Markov models can be used then to predict residuals with the assumption made 

in (4.2). The error states are defined as the centroids of the scalar quantization of historic 

forecast errors mapped into 𝑁  quantization levels. The range of historical forecast errors 
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is equally divided, and each center of the segment is defined as a state that is used in the 

Markov models. The error states are obtained after the error state creation as shown in 

Figure 4.2. Let the state vector be 𝒆𝒔𝒕: 

𝒆𝒔𝒕 = 𝑒 , 𝑒  , … , 𝑒  ,                     

                       with 𝑒  = 𝑒 +
∙(  )

, 𝑛 = 1,2, … , 𝑁                  (4.3) 

where 𝑒  and 𝑒  denote the maximum and minimum of residual errors for the training 

set, while 𝑁  denotes the number of error states and 𝑛 denotes the state number. The state 

number is determined through data-driven explorations within the integer set {𝑁 = 𝑥 | 𝑥 ∈

2, 𝑁 ,  ∩ 𝑥 ∈ ℤ}, where 𝑁 ,  is the maximum integer explored. Let the Transition 

Probability Matrix (TPM) be P, whose element  𝑝  represents the state transition 

probability from the ith to the jth state. Let the transpose of corresponding row vectors in P 

be 𝑷𝟏, … , 𝑷 , then:  

𝐏 = 𝑷𝟏, … , 𝑷
𝑻

=

⎣
⎢
⎢
⎢
⎢
⎡

𝑝 𝑝  …
𝑝 𝑝  …   

𝑝 …    𝑝
𝑝 …    𝑝

⋮ ⋮     ⋱
𝑝 𝑝  …

     
⋮ ⋱   ⋮

𝑝   …   𝑝

⋮ ⋮     ⋱
𝑝 𝑝  …   

⋮ ⋱ ⋮
𝑝 … 𝑝 ⎦

⎥
⎥
⎥
⎥
⎤

                      (4.4)    

where 𝑷𝒏 = [𝑝 , 𝑝 , ⋯ 𝑝 , ⋯ 𝑝 ]  with 𝑛 = 1,2, … 𝑁 .  Let us consider  𝑓  as the 

number of error samples transferring from the ith state to the jth state with 𝑓  representing 

the number of error samples transferring from the ith states. Then the element 𝑝  can be 

estimated as: 𝑝 = . If 𝑺 is considered a row vector that indicates the previous error state 

and is defined as: 
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Figure 4.2: Overall structure of the new Markov-based error reduction method. 
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𝑺 = 𝑠 , 𝑠 , … , 𝑠 , … , 𝑠                                                                (4.5) 

𝑠 =
1            𝑖𝑓 previous day s error state No. is 𝑛

0    𝑖𝑓 previous day s error state No. is not 𝑛
                                     (4.6) 

where 𝑛 = 1,2, … , 𝑁 . Then the forecasts of residual error can be derived as: 

�̂� = 𝑺 ∙ 𝑬(𝑒 ) = 𝑺 ∙ 𝐏 ∙ 𝒆𝒔𝒕                                                    (4.7) 

where 𝑬(. ) is expectation operator. Specifically, if the residual error state number in the 

last day is i, then forecasts of residual error �̂�  can be calculated as: 

�̂� = 𝑷𝒊
𝑻𝒆𝒔𝒕 = ∑  𝑃 𝑒 +

∙(  )                         (4.8) 

Thereby, the forecast error after using Markov models will be: 

   𝑒 = 𝑒 − �̂�                                                        (4.9) 

where �̂�  denotes the forecast of residual error for each sample after using Markov 

models. The established Markov models along with the expectation resemble a filter that 

statistically minimizes the irrelevant randomness. The filtering operation is often 

challenged by the inability to accurately forecast the TPM due to the non-stationarity and 

unavailability of sufficient data. The compensation module was introduced in this research 

to correct the error. It includes two parameters: Compensation Coefficient (CC) and 

Compensation Threshold (CT), as shown in (4.10): 

𝑒 = 𝑒 − 𝐶𝐶 ∙ �̂� ,    with CC =
𝑄  𝑖𝑓  |�̂� | < 𝐶𝑇

    1  𝑖𝑓  |�̂� | ≥ 𝐶𝑇   
                    (4.10) 
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The values of parameters CC (or Q) and CT can be determined according to their impact 

on performance during the training phase using either existing optimization/searching 

algorithms or heuristic approaches. The parameters are chosen using Particle Swarm 

Optimization (PSO) [113], which is a derivative-free method that can fit optimization 

problems with discontinuous objective functions and constraints. The objective problem of 

interest is to minimize the MAPE metric [23], [36], [55], [56] by heuristically searching 

the best possible Q and CT: 

min
,

100

𝑁

 𝑝 , − 𝑒 , (𝑄, 𝐶𝑇) − 𝑝 ,

𝑝 ,
 

𝑠. 𝑡.      0 ≤ 𝑄 ≤ 10 

    0 ≤ 𝐶𝑇 ≤ 10 ∙ max
∈{ ,… , }

|𝑝 , − 𝑝 , |                         (4.11) 

where 𝑁 denotes the number of samples for the optimization, 𝑝 ,  denotes the power 

demand forecast of sample t without error reduction techniques, and 𝑝 ,  denotes the 

corresponding actual power demand of sample t. In addition, 𝑒 ,  denotes the forecast error 

of the sample t after using the proposed error reduction method as it relies on the two 

decision variables (Q and CT) according to (4.10). The upper boundary of Q is set initially 

to 10, with the assumption that it makes the initial search area large. Similarly, the upper 

boundary of CT is set to 10 times the maximum value of the past forecasting errors 

assuming it leads to a sufficient search area to find the best CT threshold. 

The PSO-based search for the parameter Q and CT is described as follows. Given a 

collection of particles  𝒒 = (𝒒𝟏, 𝒒𝟐, … , 𝒒 ) , each particle represents a two-dimensional 
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solution vector dependent on the compensation parameters Q and CT. Specifically, the 

particle qi is a function of cqi and cti, which correspond with the choice of Q and CT, 

respectively. Each particle adjusts its position in the two-dimensional search space to find 

the best solution through an iterative process, according to its own experience and that of 

its neighbors [114]. The process converges to the optimal values of Q and CT leading to 

the best solution to all particles. The implementation of the optimization procedure follows 

the next steps: 

1. Define 𝑛  particles (e.g., define 100 particles). Specify the lower/upper boundaries 

of 𝒒 (𝒒𝑳 and 𝒒𝑼) according to the constraints presented in (4.11): 

 𝒒𝑳𝑩 =

𝒒𝟏,𝑳𝑩

⋮
𝒒 ,𝑳𝑩

=

𝑞 , , 𝑞 , ,

⋮ ⋮
𝑞 , , 𝑞 , ,

×

=
0 0
⋮ ⋮
0 0 ×

   (4.12) 

     𝒒𝑼𝑩 =

𝒒𝟏,𝑼𝑩

⋮
𝒒 ,𝑼𝑩

 =

𝑞 , , 𝑞 , ,

⋮ ⋮
𝑞 , , 𝑞 , ,

×

 

 =

10 10 ∙ max
∈{ ,… , }

|𝑝 , − 𝑝 , |    

⋮ ⋮
10 10 ∙ max

∈{ ,… , }
|𝑝 , − 𝑝 , |    

×

          (4.13) 

2. Initialize 𝒒  (the positions of the particles) uniformly and randomly within the 

specified boundaries. 

3. Define the velocity of particles 𝒗 = (𝒗𝟏, 𝒗𝟐, ⋯ , 𝒗𝒏) ×  where 𝒗𝒊 is a column 

vector (𝑣 , , 𝑣 , ) , whose two elements represent the velocity of the two decision 
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variables Q and CT. Meanwhile, define the global best solution 𝑮𝒃𝒆𝒔𝒕 and the local 

best solutions  𝒒𝒃𝒆𝒔𝒕  = (𝒒𝟏,𝒃𝒆𝒔𝒕, 𝒒𝟐,𝒃𝒆𝒔𝒕, ⋯ , 𝒒𝒏𝒑,𝒃𝒆𝒔𝒕) × , where 𝒒𝒊.𝒃𝒆𝒔𝒕  is a 

column vector (𝑞 , , , 𝑣 , , ) , corresponding to the two decision variables Q 

and CT. Other parameters are initialized here as: 𝒗 =
0 ⋯ 0
0 ⋯ 0 ×

,  

𝒒𝒃𝒆𝒔𝒕=0 ∙ 𝒒 as the local best solution and  𝑮𝒃𝒆𝒔𝒕= (0, 0) as the global best solution. 

4. Specify the search parameters as suggested in [115] such as: the maximum iteration 

number 𝑁 = 100, the inertia weight w=1, the personal learning coefficient 

𝑐 =1.5 and the global learning coefficient 𝑐 =2. 

5. Specify the velocity limits for the movement of particles. The following velocity 

limits are used based on recommended values in [115]: 

𝒗𝒎𝒂𝒙 = 0.1 ∙ (𝒒𝑼𝑩 − 𝒒𝑳𝑩)                                       (4.14) 

    𝒗𝒎𝒊𝒏 = −𝒗𝒎𝒂𝒙                                               (4.15) 

6. Define and calculate the cost function for each particle as in (4.16). The cost 

function for the 𝑖  particle would be: 

𝑓 , ( 𝒒𝒊) =
100

𝑁

 𝑝 , − 𝑒 , ( 𝒒𝒊) − 𝑝 ,

𝑝 ,
                      (4.16) 

7. Start the iterative process. At the (𝑘 + 1)  iteration:  

7a. Update the velocity of particles: 
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𝒗( ) = 𝑤 ⋅ 𝒗( )  + 𝑐 ⋅ 𝑟𝑛𝑑 ⋅ 𝒒𝒃𝒆𝒔𝒕
( )

− 𝒒( ) + 𝑐 ⋅ 𝑟𝑛𝑑 ⋅ 𝑼 ⋅ 𝑮𝒃𝒆𝒔𝒕
(𝒌)

− 𝒒( )  

(4.17) 

where  𝑼 = (1 ⋯ 1) ×
 
, and rnd represents the uniformly and randomly 

generated value in the interval of (0,1). Then consider the boundaries of velocity. 

For  ∀𝑖 , if  𝒗𝒊,
( )

< 𝑣 , , , set 𝒗𝒊,
( )

 to 𝑣 , , . Similarly, if  𝒗𝒊,
( )

>

𝑣 , , , set 𝒗𝒊,
( )

 to 𝑣 , , . The same to 𝒗𝒊,
( ). 

7b. Update positions of particles: 

𝒒( ) = 𝒒( )  + 𝒗( )                                      (4.18) 

7c. Update velocity by applying velocity mirror effect:  

Define the region of the ith particle as Θ = { 𝒒𝒊|𝑞 , , ≤ 𝑐𝑞 ≤ 𝑞 , , , 𝑞 , , ≤

𝑐𝑡 ≤ 𝑞 , , } . Modify 𝒗𝒊
( )

 to the value of −𝒗𝒊
( )

 if  𝒒𝒊
( )

∉ Θ . Then, 

consider the boundaries of position. For  ∀𝑖 , if  𝑐𝑞
( )

< 𝑞 , , , set 𝑐𝑞
( ) 

to  𝑞 , , . Similarly, if  𝑐𝑞
( )

> 𝑞 , , , set  𝑐𝑞
( )  to 𝑞 , , . The same 

to  𝑐𝑡
( ). 

7d. Calculate the cost function 𝑓 ,
( )

 for the ith particles (i = 1, 2, … , 𝑛 ). Then   

update the local best solutions and global best solution: 

𝒒𝒊,𝒃𝒆𝒔𝒕
(𝒌 𝟏)

=
𝒒𝒊

( )
               𝑖𝑓 𝑓 ,

 ( 𝒒𝒊
( )

) ≥ 𝑓 ,
 ( 𝒒𝒊

( )
)

𝒒𝒊
( )

          𝑖𝑓 𝑓 ,
 ( 𝒒𝒊

( )
) < 𝑓 ,

 ( 𝒒𝒊
( )

)
                        (4.19) 
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Then: 

𝑮𝒃𝒆𝒔𝒕
(𝒌 𝟏)

= arg   min
𝒒

𝒊,𝒃𝒆𝒔𝒕
(𝒌 𝟏)

,   ∈{ ,… , }

{𝑓 , (𝒒𝒊,𝒃𝒆𝒔𝒕
(𝒌 𝟏)

)}                    (4.20) 

8. Go to step 7 to start the next iteration if 𝑘 + 1 < 𝑁 .  

9. Use 𝑮𝒃𝒆𝒔𝒕
(𝒌 𝟏)as the final solution of Q and CT once the maximum iteration number 

𝑁  is reached. 

 

4.2 Results and Analyses  

The proposed bottom-up forecasting with error reduction method was tested and compared 

against benchmark algorithms, using data of 1000 simulated DEWHs. The number of 

Markov Models states, 𝑁 , was explored in the range of 𝑁 ∈ [2,30]  ∩ 𝑁 ∈ ℤ. Figure 

4.3(a) shows values of MAPE for one hour-ahead forecasts with respect to different 𝑁 , 

and compares the proposed method with three other forecasting methods:  

(A) Benchmark A: WNN [90]. 

(B) Benchmark B: Bottom-Up without Error Reduction. 

(C) Benchmark C: Bottom-Up with Markov Models [67]. 

The example of Figure 4.3(a) shows that our proposed method achieves the minimum 

MAPE (1.77%) when the number of error states of Markov models was set to 28. The 

corresponding MAPE values for methods A, B and C are 6.27%; 5.88% and 4.93% 

respectively. The proposed method achieves the smallest MAPE outperforming all other 
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methods. Figure 4.3(b) shows the compensation parameters Q and CT used by the proposed 

algorithm selected using PSO as described earlier.  

 Figure 4.4 shows the capability of the proposed error reduction method to extract 

 
(a) MAPE comparisons for one hour-ahead forecasting 

      
(b)  Compensation parameters obtained by using PSO 

Figure 4.3: MAPE comparisons and compensation parameters for different number 

of error states. 
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additional information in the forecast residuals. Figure 4.4(a) presents the one-hour ahead 

forecast errors before and after using the proposed method. Using the proposed method 

exhibits a smaller dynamic range. Our method also reduces the autocorrelation coefficient 

of the error as presented in Figure 4.4(b), with the largest reduction occurring at time lags 

close to 1 hour, 11-13 hours and 23-25 hours, implying that some information was learned 

and compensated for. 

 
(a) Forecast error 

 
(b) Autocorrelation 

Figure 4.4: Visualization and autocorrelation of forecast errors. 
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Figure 4.5 presents an example of the actual and predicted load profiles of 1000 DEWHs. 

Table 4.1 summarizes six hours-ahead forecasting results of benchmarks (A, B, C) and the 

proposed method according to MAE, MAPE, RMSE and NRMSE metrics (also shown in 

Figure 4.6). The maximum forecast horizon of interest is six hours as it can provide a long 

enough look-ahead time frame for direct load control [20]. Hour 1 to Hour 6 columns in 

Table 4.1 correspond to one hour to six hours-ahead forecast performances. The results 

shown in Table 4.1 and Figure 4.6 lead to the conclusion that the forecasting accuracy is 

improved by using the proposed method.   

 

Figure 4.5: Example of actual load and load forecasting using three benchmarks and the 

proposed method. 

 



 

78 

 

 

Table 4.1: Comparison between benchmarks and proposed method 

Method Metric Hour 1 Hour 2 Hour 3 Hour 4 Hour 5 Hour 6 

Benchmark 

A 

MAE (kW) 66.08 69.10 58.15 56.63 55.36 58.12 

MAPE (%) 6.27 6.51 5.58 5.58 5.41 5.81 

RMSE (kW) 87.14 89.89 74.30 71.13 69.43 73.50 

NRMSE (%) 22.34 22.52 18.67 18.42 18.01 18.96 

Benchmark 

B 

MAE (kW) 54.83 54.37 50.89 51.54 51.15 53.48 

MAPE (%) 5.88 5.91 5.36 5.41 5.45 5.59 

RMSE (kW) 71.37 69.44 64.50 65.22 64.73 67.81 

NRMSE (%) 17.83 17.34 16.12 16.30 16.18 16.95 

Benchmark 

C 

MAE (kW) 46.27 47.64 44.13 40.04 39.96 41.83 

MAPE (%) 4.93 5.17 4.64 4.22 4.28 4.38 

RMSE (kW) 59.41 60.59 56.12 54.83 54.37 56.65 

NRMSE (%) 14.84 15.13 14.02 13.70 13.59 14.15 

Proposed  

D 

MAE (kW) 15.13 17.99 15.27 22.60 31.57 32.89 

MAPE (%) 1.77 2.09 1.60 2.37 3.35 3.48 

RMSE (kW) 29.95 36.84 24.10 27.86 42.09 44.37 

NRMSE (%) 7.48 9.21 6.02 6.96 10.52 11.09 
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The skill score (SS) index, as in (4.21), was used to quantitatively assess performance 

improvement of our method over the selected benchmarks:  

        

(a) MAE                                                               (b) MAPE 

      

                     (c) RMSE                                      (d) NRMSE 

Figure 4.6: Comparisons of MAE, MAPE, RMSE and NRMSE. 
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𝑆𝑆 = 1 −
γ(𝑘)

γ (𝑘)
                                                                 (4.21) 

where γ(𝑘) is the value of the performance metric at horizon k of a forecasting model, and  

γ (𝑘) is the corresponding metric of the reference forecast. Higher values of the SS index 

indicate better performance of the proposed method over the benchmark algorithms.  

The SS index was calculated for the performance metrics MAE, MAPE, RMSE and 

NRMSE. The improvements for all 72 forecast horizons (from 5 minutes to 6 hours ahead), 

are depicted in Figure 4.7, where all the SS values used Method A as the benchmark. The 

proposed method leads to relatively high SS values (about 50% to 80%) for forecast 

horizons between 5 minutes and 4 hours ahead. They approximately dropped to 40% from 

4 hours ahead to 4.25 hours ahead and remained around 40% for forecast horizons greater 

than 4.25 hours. Focusing on one-hour ahead forecasting, for example, the proposed 

method leads to 77.11% improvement for MAE, 71.87% for MAPE, 65.63% for RMSE 

and 66.50% for NRMSE. In the case of five hours ahead forecasting, the method achieved 

42.96% improvement for MAE, 38.18% for MAPE, 39.37% for RMSE and 41.61% for 

NRMSE. Generally, the improvement for the longest forecast horizons is lower than that 

for shorter forecast horizons. This is because longer forecast horizons are usually more 

difficult to predict due to the higher uncertainty propagated in time.  

 Similarly, the SS values for all 72 forecast horizons over Benchmark B and C are 

summarized in Figure 4.8 and Figure 4.9, validating the effectiveness of the proposed 

method. 
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Figure 4.7: Improvement for all 72 forecast horizons over benchmark A. 

Figure 4.8: Improvement for all 72 forecast horizons over benchmark B. 
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4.3 Chapter Conclusions 

This chapter proposed a bottom-up forecasting structure with a new Markov-based error 

reduction method to predict multi-horizon power demand of aggregated DEWHs. Two 

compensation parameters (Compensation Coefficient and Compensation Threshold) are 

introduced in the new Markov-based error reduction method. The two parameters are 

determined with the Particle Swarm Optimization algorithm using a model that minimizes 

historical MAPE values. The optimal parameters are used to improve the prediction by 

compensating for forecasting errors.  

Simulations were conducted to verify the proposed method. Forecasting results on 1000 

simulated DEWHs with the proposed bottom-up forecasting displayed huge performance 

           

Figure 4.9: Improvement for all 72 forecast horizons over benchmark C. 
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improvements over three different benchmark algorithms. The forecasting accuracy 

improvement according to MAE and MAPE metrics were higher for shorter time horizons 

(in the range of 60-80% for up to 4 hours ahead) and more modest for longer time horizons 

(about 20-50% between 4 and 6 hours). The proposed method improved the forecasting 

accuracy by 30%-80% for forecast horizons less than 4 hours ahead according to RMSE 

and NRMSE metrics, and about 20%-50% for the forecast horizons from 4 to 6 hours ahead.  

All the improvements validated the effective selection of the compensation parameters Q 

and CT, and the effectiveness of the proposed Markov-based error reduction method. 

Although the case studies in this chapter are only based on the data from DEWHs, the 

proposed bottom-up mechanism and error reduction methodologies are generic. They can 

be used for power demand forecasting of other aggregated loads while the extent of 

accuracy improvement is dataset specific. 
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5   Aggregated Load Control 

Thermostatically controlled loads (TCLs) can join the electricity market through a 

centralized control performed by a market entity such as a virtual power plant (VPP). 

However, there are two main concerns that arise when TCLs are aggregated and controlled. 

The first concern is that a centralized control may conflict with the normal operation of 

individual TCLs and disrupt user comfort. The second concern is that centralized control 

requires more communication and faster computation to perform DLC as the TCL 

population increases or the control strategies require faster response. 

This chapter introduces aggregators between VPP and TCLs with a novel robust control 

mechanism to reconcile these concerns. The control mechanism is implemented with two 

layers: an upper layer connected to VPP and a lower layer connected to individual TCLs. 

The upper layer digests VPP requests and suppresses control payback effect with a 

quadratic optimization model. The lower layer addresses the power trajectory tracking with 

a novel payback tracking error model (PTEM), and broadcasts control signals to individual 

TCLs. The two-layer control transforms the “TCLs with uncertain demand” to a 

“manageable resource” that can ensure the dispatchability of the aggregator and therefore 

that of the VPP. 

The work in this chapter was published in paper [116] disseminated by the journal IEEE 

Transactions on Smart Grid. 
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5.1 Methodology  

5.1.1 Layers of Aggregation and Information Flow for Control 

Figure 5.1 shows the hierarchy of the proposed control method.  TCLs lie at the bottom 

and a two-layer aggregator lies at the top. The lower layer of the aggregator comprises a 

smaller number of intermediate nodes that act as terminal sub-aggregators (TSAs) with the 

function to control the individual TCLs underneath. The principal sub-aggregator (PSA) 

sits at the upper layer looking after the control of multiple TSAs and secures the capacity 

that is needed by VPPs or other upper-level managers. 

When the PSA receives reference power from the VPP, it calculates the amount of desired 

capacity provision and assigns a new reference power that is optimal for each TSA. The 

optimization algorithm for this assignment is detailed in Section 5.1.2. The information 

that a TSA provides to the PSA includes the up/down “shiftable” capacity limits, the 

aggregated power and the one step-ahead load forecast. In a similar way, the PSA informs 

the VPP of the available up/down “shiftable” capacity limits. Figure 5.2 shows the 

information flow among VPP, PSA and TSAs associated with the control on a TCL 

aggregator. 

TCL 
i+1

TCL 
i+2

TCL 
j

TCL 
1

TCL 
2

TCL 
i

TCL 
j+1

TCL 
j+1

TCL 
N

Principal Sub-Aggregator

Terminal Sub-
Aggregator #1

Terminal Sub-
Aggregator #2

Terminal Sub-
Aggregator #M

VPP

Aggregator

Group 1 Group 2 Group M  
Figure 5.1: A TCL aggregator with two-layer sub-aggregators. 
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Figure 5.2: Structure of the proposed control method for TCL aggregator.  
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5.1.2 PSA-Layer: Optimization of Aggregator’s Responsiveness 

 The best way to describe the “Aggregator’s responsiveness” is as the speed and magnitude 

of the response of the aggregator to a capacity provision request from the VPP. An 

aggregator should fully deliver electric power capacity within its controllable capacity 

range to respond to upper-level requests (as shown in Figure 5.3 [117]). An optimizer, 

located at the PSA layer, aims to minimize the power tracking error of the TCL aggregator, 

and retain enough “shiftable” capacity to guarantee responsiveness. The finite energy 

storage of individual TCLs constrains the TSA’s “shiftable” capacity, which means that an 

excessive capacity provision from an individual TSA may lead to the loss of its “shiftable” 

capacity for the next request. One solution is to keep the TSA’s electric energy excess over 

its baseline below a prescribed value by constraining the integral of the capacity provision 

request to be lower than a TSA-defined energy threshold. The power tracking problem at 

time t can be modeled as an optimization model (P1):  

(𝐏𝟏)           min
( )

  ( 𝑃 (𝑡) − ∑ [𝑥 (𝑡) + 𝐿 , (𝑡)] )                             (5.1)  

 

Upper Limit
(BU,i) 

Lower Limit
(BL,i)

Present 
Value
(Respond to Received Requests)

Controllable 
Capacity Range

Power Consumption of 
Aggregated TCLs

 

Figure 5.3: Aggregator’s responsiveness. 



 

88 

 

          𝑠. 𝑡.       ∫ 𝑥 (𝑡)𝑑𝑡 ≤  𝐾                                                  (5.2) 

            −𝐵 , ≤ 𝑥 (𝑡) ≤  𝐵 ,                                                 (5.3) 

𝑅𝐷 ≤ ∑
( )

≤  𝑅𝑈 ,       𝑖 ∈ ℕ, ∀𝑖 ∈ [1, 𝑀]              (5.4) 

where M is the number of TSAs,  𝑃 (𝑡)  represents the reference power that the PSA 

receives from the VPP, variable 𝑥 (𝑡) denotes the capacity provision request and 𝐿 , (𝑡) is 

the actual load demand for the ith TSA at time t. 𝐵 ,  and  𝐵 ,  represent the lower and upper 

capacity provision limits, respectively (Figure 5.3). RD and RU indicate the limits of the 

ramp down and up rates.  

Measurement, forecast, and control are discrete time-domain signals in real applications. 

Let  𝐿 (𝑛) be the aggregated load  of the ith TSA at time step n (n ≥ 0), and 𝐿𝐹 (𝑛 + 1) be 

its one step-ahead forecast with zero capacity provision. Let us consider the discrete-time 

version of  𝐿 , (𝑡) with an approximation for the time step n to n-1, for convenience and 

without loss of generality, as: 

𝐿 , (𝑡) ≈ 𝐿 , (𝑛) = [𝐿 (𝑛) +  𝐿𝐹 (𝑛 + 1)], for 𝑛𝑇 < 𝑡 ≤ (𝑛 + 1)𝑇                 (5.5) 

where 𝑇  is the sampling period. The optimization model, from (5.1) to (5.4) in (P1), can 

be rewritten as a “discrete-time domain” optimization model (P2) for time step n, 

(𝐏𝟐)                            min
( )

𝑃 (𝑛) − ∑ [𝑥 (𝑛) + 𝐿 , (𝑛)]                                              (5.6) 

𝑠. 𝑡.        | 𝑇 ∙ 𝑥 (𝑛) + 𝑆 (𝑛)| ≤  𝐶  ,   𝑖 ∈ ℕ, ∀𝑖 ∈ [1, 𝑀]                       (5.7) 
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−𝐵 , ≤ 𝑥 (𝑛) ≤  𝐵 ,  ,   𝑖 ∈ ℕ, ∀𝑖 ∈ [1, 𝑀]                       (5.8) 

where 𝐶  is the electric energy threshold corresponding to 𝐾  in the constraint (5.2). The 

thresholds, 𝐶  and 𝐾 , may not be the same because the piecewise power trajectory of the 

discrete model (P2) could lead to slightly different dynamics of the thermal energy storage 

level in the aggregated TCLs when compared with (P1). Variable 𝑆 (𝑛)  denotes the 

cumulative electric energy of the ith TSA before time step n, which is equal to the product 

of the sum of all the requests by the sampling period for the ith TSA. According to forward 

Euler integration, 𝑆 (𝑛) is updated at time step n-1 as: 

𝑆 (𝑛) = 𝑆 (𝑛 − 1) +  𝑇 ∙ 𝑥 (𝑛 − 1)       𝑖 ∈ ℕ, ∀𝑖 ∈ [1, 𝑀]                    (5.9) 

 

Note that 𝑃 (𝑛) in (5.6) represents the PSA’s power setpoint. It is generated at time step n 

considering the ramp rate constraint given in (5.4), 

𝑃 (𝑛) =

∑ 𝐿 , (𝑛) + 𝑅𝑈 ∙ 𝑇 , 𝑖𝑓 𝑃 − ∑ 𝐿 , (𝑛) > 𝑅𝑈 ∙ 𝑇

∑ 𝐿 , (𝑛) + 𝑅𝐷 ∙ 𝑇 𝑖𝑓 𝑃 − ∑ 𝐿 , (𝑛) < 𝑅𝐷 ∙ 𝑇

𝑃 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                   (5.10) 

Let vector 𝒙 = [𝑥 (𝑛), 𝑥 (𝑛), … , 𝑥 (𝑛)] , whose elements are decision variables at time 

step n for the discrete-time model (P2), and represent the optimization model (P2) in a 

matrix form as: 

(𝐏𝟑)                                min
𝒙

𝒙 𝐻𝒙 + 𝑓 𝒙                                              (5.11) 

𝑠. 𝑡.       𝐴 ∙ 𝒙 ≤  𝐶                                                      (5.12) 
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−𝐵 ≤ 𝐱 ≤  𝐵                                                       (5.13) 

where 

𝐻 =
1 … 1
⋮ 1 ⋮
1 … 1 ×

                                        (5.14) 

 𝑓 = ∑ 𝐿 , (𝑛) − 𝑃 (𝑛) ∙ [1 1, … 1] ×
 
                (5.15) 

𝐴 =  

⎣
⎢
⎢
⎢
⎢
⎡
𝑇       
      ⋱      
     𝑇

  −𝑇
 ⋰  

−𝑇   
  ⎦

⎥
⎥
⎥
⎥
⎤

×

                                (5.16) 

𝐶 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝐶 − 𝑆 (𝑛)

𝐶 − 𝑆 (𝑛)
⋮

𝐶 − 𝑆 (𝑛)
𝐶 − 𝑆 (𝑛)

𝐶 + 𝑆 (𝑛)
𝐶 + 𝑆 (𝑛)

⋮
𝐶 + 𝑆 (𝑛)

𝐶 + 𝑆 (𝑛) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

×

                                      (5.17) 

 

                       𝐵 = −

⎣
⎢
⎢
⎢
⎡

𝐵 ,

𝐵 ,

⋮
𝐵 ,

𝐵 , ⎦
⎥
⎥
⎥
⎤

×

,     𝐵 =

⎣
⎢
⎢
⎢
⎡

𝐵 ,

𝐵 ,

⋮
𝐵 ,

𝐵 , ⎦
⎥
⎥
⎥
⎤

×

                 (5.18) 

Constraint (5.12) means that the cumulative electric energy corresponding to the historical 

requests is bounded within a prescribed threshold. Constraint (5.13) specifies the maximum 
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and minimum “shiftable” capacity of TSAs. The optimization problem (P3) can be solved 

with convex optimization techniques as presented in [118]. 

In addition, the PSA submits the approximate upper and lower limits of “shiftable” capacity 

to the VPP (Figure 5.3). They are: 

 𝑈𝐿 = ∑ 𝐵 ,                                    (5.19) 

 𝐷𝐿 = − ∑ 𝐵 ,                         (5.20) 

where 𝑈𝐿  denotes the upper bound, and 𝐷𝐿  denotes the lower bound. In other words, 

the load profile of the PSA is approximately adjustable within the range of [ ∑ 𝐿 , (𝑛) +

𝐷𝐿 ,  ∑ 𝐿 , (𝑛) + 𝑈𝐿  ] for time step n. This range could be used by the VPP 

management algorithm as a constraint to the TCL aggregator. 

 

5.1.3 Control of Individual Loads 

The TSAs group and control the subsets of individual loads. As Figure 5.2 shows, a TSA 

includes: a load forecaster, a reference generator, discrete PI (Proportional and Integral) 

with feedforward compensation modules, and a control signal generator. 

5.1.3.1 Load Forecaster and Reference Generator 

The load forecaster and the reference generator jointly provide the reference power with 

zero capacity provision request for the next time step, named here as “zero capacity 

provision power” (ZCPP) for simplicity. ZCPP is approximately equivalent to, but not 

exactly, one-step ahead load forecast without control and can be considered as the one-step 
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ahead forecast of the adjustable “base” during the next time interval. Real-time adjustment 

on the “base” can gradually compensate for the excess or shortage of the past TSA energy 

use. Such adjustment creates an extra “feedback loop” to reconcile the conflict between the 

desired energy use of the VPP and the actual energy demand of end users. The 

reconciliation can mitigate the payback effect.  

The ZCPP is adaptively calculated by the load forecaster during the control as: 

𝐿𝐹 (𝑘 + 1) = 𝐿𝑃 (𝑘 + 1) + 𝑊 ∑ 𝑒 (𝑙)∈ ≈ 𝐿 (𝑘) + 𝑊 ∑ 𝑒 (𝑙)∈               (5.21) 

where 𝐿𝑃 (𝑘 + 1) denotes the one-step ahead load forecast when there is no control for the 

next time step. W is calculated as 𝑊 =  , where 𝑇  represents the sampling period of 

the control mechanism. Herein let use the actual load 𝐿 (𝑘) at time step k as the forecast 

(𝐿𝑃 (𝑘 + 1) ≈ 𝐿 (𝑘)) and the term 𝑊 ∑ 𝑒𝑖(𝑙)𝑙∈𝐷𝑑
 as the average tracking error of the ith TSA 

over the last time period 𝐷  with duration 𝜏. In addition, 𝑒 (𝑙) is the power tracking error, 

𝑒 (𝑙) = 𝑃 , (𝑙|𝑙 − 1) − 𝐿 (𝑙)                                             (5.22) 

where 𝑃 ,  denotes the reference power of the ith TSA, generated at time step l-1 for next 

time step 𝑙. The reference power at any time step k is generated by the Reference Generator 

as: 

𝑃 , (𝑘 + 1|𝑘) = [𝐿 (𝑘) + 𝐿𝐹 (𝑘 + 1)] + 𝑥 (𝑘), 

for ∀𝑙 ∈ 𝐷  ∩  𝑙 ∈ ℤ              (5.23) 
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The idea behind (5.21) - (5.23) is to indirectly “calibrate” the energy storage level of 

aggregated TCLs by mildly regulating the reference power and calibrated request. The term 

associated with the cumulative error in (5.21) is used for long-term adjustment of the ZCPP 

and equivalently the energy stored in, or extracted from, the aggregated TCLs.  

5.1.3.2 Feedback Control and Control Signal Generator 

The controller module handles the sub-aggregation of loads to track the reference power 

provided by the reference generator. Figure 5.2 shows the feedback control. The controller 

decides how much power (𝑃 ) is changed to track the reference power. The control signal 

generator creates and broadcasts the ON/OFF signals to individual loads. 

a) Payback Tracking Error Model (PTEM) 

Improper control signals may lead to an inappropriate thermal energy storage level of the 

TSA and the consequent control payback. For simplicity, the error caused by the control 

payback is named the payback tracking error in the rest of this dissertation.  

Accordingly, define “normal operation” of the TSA as the immediate and accurate response 

to the control signal when the thermal energy storage level is appropriate. A TSA is 

working at near normal operation when the payback is suppressed. This suppression can 

be achieved by regulating TSAs’ reference power (𝑃 , ) and the ZCPP. Under the near 

normal operation conditions, we can decompose the error between reference power for the 

next time interval 𝑃 , (𝑘 + 1|𝑘) and the actual load 𝐿 (𝑘) into two components: (I) the 

difference between the reference and the actual load, and (II) the upcoming payback 

tracking error. For example, if 100kW more load is needed, but the actual load increases 
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by 90kW after applying the control actions, then 90 kW can be expressed as 100kW-10kW, 

with 100 kW being the “normal operation” change and 10 kW being the payback tracking 

error. 

The controller in Figure 5.2 is designed to compensate for both previously mentioned error 

components: Control Block I follows the reference power as “normal operation” 

(outputting Pcn ), and Control Block II compensates for payback tracking error (generating 

Px). Pc=Pcn+Px, where Pcn is calculated as the difference between the reference power and 

the forecasted load, while Px is estimated with a payback tracking error model (PTEM). 

PTEM Assumptions: Given a short time span for control, and a large population of TCLs 

with thermal dynamics that is much slower than the control, assume that the joint 

distribution of ON/OFF states and normalized internal temperature changes very little 

between adjacent time steps. Excluding the extra payback introduced by the control, the 

aggregated power payback caused by hysteresis bands is approximately unchanged for 

adjacent time steps (see Appendix for detailed explanations). The payback tracking error 

at time step k, then, can be calculated as in equation (5.24): 

𝑒(𝑘) = 𝑒(𝑘 − 1) − 𝑃 (𝑘) + ∆𝑒(𝑘|𝑘 − 1) + 𝑑                                 (5.24) 

where 𝑒(𝑘) represents the power tracking error at time step k. The term ∆𝑒(𝑘|𝑘 − 1) is the 

payback error excess at time step k caused by extra payback effect from the loads controlled 

at the previous time step. Additionally, the disturbance d is caused by random broadcasting, 

and it can be attenuated when the aggregation size increases (see Section 5.1.3.2, 

subsection c).  
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Consider a coefficient 𝐾  to evaluate the influence of the control on payback effect: 

𝐾 (𝑘) = ∆𝑒(𝑘|𝑘 − 1)/𝑃 (𝑘 − 1) =
𝐾 (𝑘),    if 𝑃 (𝑘 − 1) ≥ 0

𝐾 (𝑘),   if 𝑃 (𝑘 − 1) < 0
                       (5.25) 

where 𝐾  and 𝐾  are time-variant coefficients for two scenarios: (I) 𝑃 (𝑘 − 1) ≥ 0 

indicating that the controller turned additional loads ON at time step k-1; (II) 𝑃 (𝑘 − 1) <

0  indicating that the controller turned additional loads OFF. The controller separately 

calculates the coefficient 𝐾  in the two scenarios, because the control in the two scenarios 

will influence the payback from two different sets of TCLs. For instance, using cooling 

TCLs:  

 Scenario I: there is a tendency to have more TCLs in the ON state near the lower 

bounds when the controller randomly commands more loads ON following a 

uniform distribution. Such loads could be automatically turned OFF by their 

hysteresis bands at the next time steps.  

 Scenario II: there is a tendency to have more loads in the OFF state near the upper 

bounds when the controller commands additional loads OFF. Such loads could be 

automatically turned ON at the next time steps.  

The values of 𝐾 (𝑘) and 𝐾 (𝑘)  can be estimated at any time step k and updated by 

using past information as: 

𝐾 (𝑘) =

( ) ( ) ( )

( )
, if 𝑃 (𝑘 − 2) ≥ 0

𝐾 (𝑘 − 1),                  if 𝑃 (𝑘 − 2) < 0
                            (5.26) 
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𝐾 (𝑘) =

( ) ( ) ( )

( )
,   if 𝑃 (𝑘 − 2) < 0

𝐾 (𝑘 − 1),                  if 𝑃 (𝑘 − 2) ≥ 0
                         (5.27) 

b) Discrete PI with Feedforward Compensation Modules 

PI with feedforward modules is used for TSAs’ aggregated load control based on the 

proposed PTEM (Figure 5.4). The variable Px(k) is the combined output of the discrete PI 

module and the feedforward compensation module at time step k. The amplitude limiters 

constrain the maximum power magnitude that can be changed at each time step. They also 

limit the state transition rate on the joint distribution of ON/OFF states and the normalized 

internal temperature, thus making the PTEM’s assumption hold. The estimate of the 

coefficient 𝐾𝑣 at time step k is adaptively evaluated based on the sign of 𝑃𝑐 as: 

𝐾 (𝑘) =
𝐾 (𝑘)      𝑖𝑓 𝑃 (𝑘 − 1)  ≥ 0

𝐾 (𝑘)    𝑖𝑓 𝑃 (𝑘 − 1)  < 0
                  (5.28) 
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Figure 5.4: PTEM-based control diagram at time step k. 
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Then, use 𝐾 (𝑘) in the feedforward compensation module to compensate for the error 

excess ∆𝑒(𝑘|𝑘 − 1) as shown in Figure 5.4. 

𝐸𝑐(𝑘) = 𝐾 (𝑘) ∙ 𝑃 (𝑘 − 1)                                               (5.29) 

 

c) Control Signal Generator 

The control method only requires the aggregated power demand at the TSA layer. The 

control signal generator is used to randomly broadcast ON/OFF control signals to each 

TCL. This may reduce the cost by avoiding the installation of many sensors on individual 

loads and decrease the complexity of communication costs. The following explanation 

provides details about the mechanism, quantitative analyses, and verification methods. 

First, the control signal generator calculates the number of loads that should be controlled. 

Note that 𝑃  is the controller’s output. If 𝑃 > 0, more loads should be turned ON, else 

if 𝑃 < 0, more loads should be turned OFF. Consider the number of loads that should be 

commanded ON or OFF for the two scenarios are 𝑚 , 𝑚  respectively, then: 

𝑚 =
𝑃

𝑃
                                                                   (5.30) 

𝑚 = −
𝑃

𝑃
                                                                (5.31) 

where 𝑃 denotes the average rated power of TCLs. The squared bracket ⟦∙⟧ means the 

rounding operation. 
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Second, the control signal generator broadcasts ON/OFF control signals to the loads. 

Suppose that there are N loads in total. If n out of the N TCLs are ON at time step k and 

𝑚  more loads are commanded to be ON at time step k+1, the control signal generator 

should randomly send to 𝑥𝑜𝑛 TCLs the command ON with replacement, where 𝑥𝑜𝑛 can 

be calculated as: 

𝑥𝑜𝑛 =
𝑚

1 − 𝑝( )
=

𝑚

1 − 𝑛/𝑁
=

𝑚 ∙ 𝑁

𝑁 − 𝑛
                                           (5.32) 

𝑝( ) represents the probability that the chosen TCL is ON before receiving control signals. 

If needing 𝑚  more loads OFF, the control signal generator should randomly send to 𝑥𝑜𝑓𝑓 

TCLs the command OFF with replacement, where 𝑥𝑜𝑓𝑓 can be calculated as: 

𝑥𝑜𝑓𝑓 =
𝑚

𝑝( )
=

𝑚

𝑛/𝑁
=

𝑚 ∙ 𝑁

𝑛
                                                  (5.33) 

At each time step of control, 𝑥𝑜𝑛 and 𝑥𝑜𝑓𝑓 are limited to nonnegative integers that are no 

greater than 0.02𝑁. Let 𝑀  and 𝑀  be the number of loads that are ON/OFF at time step k 

and expected to be turned OFF/ON by the random control signals at time step k+1. 

Disregarding the limits, the expectation of random variables 𝑀  and 𝑀  are respectively 

equal to 𝑚  and 𝑚 .  

The relative uncertainty or variance of 𝑀 or 𝑀  decreases with increasing the aggregation 

size. 𝑀  and M2 approximately follow binominal distributions: 

𝑀  ~𝐵 𝑥𝑜𝑛, 𝑝( ) ,         with  𝑝( ) = 1 −  𝑝( ) =
𝑁 − 𝑛

𝑁
                     (5.34) 
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𝑀 ~𝐵 𝑥𝑜𝑓𝑓, 𝑝( )  , 𝑤𝑖𝑡ℎ  𝑝( ) = 𝑛/𝑁                                                  (5.35) 

Hence, their expectations (E) and standard deviations (SD) are: 

𝐸(𝑀 ) = 𝑚                                                                             (5.36) 

𝐸(𝑀 ) = 𝑚                                                                             (5.37) 

𝑆𝐷(𝑀 ) =                                                              (5.38) 

𝑆𝐷(𝑀 ) =
( )

                                      (5.39)                  

The randomness or uncertainty caused by the broadcasting could interrupt the control 

decisions. Relative standard deviation (RSD) is used to measure the relative uncertainty. 

RSD equals the standard deviation over the expectation of the random variables. 

Given 𝑚 = 𝑎 ∙ 𝑁, 𝑚 = 𝑏 ∙ 𝑁, 𝑎 ≤ 1 − 𝑝( ), 𝑏 ≤ 𝑝( ) and 0 < 𝑝( ) < 1, then:  

𝑅𝑆𝐷(𝑀 ) =
𝑆𝐷(𝑀 )

𝐸(𝑀 )
=

𝑛

𝑚 𝑁
=

𝑝( )

𝑎 ∙ 𝑁
                                         (5.40) 

𝑅𝑆𝐷(𝑀 ) =
𝑆𝐷(𝑀 )

𝐸(𝑀 )
=

(𝑁 − 𝑛)

𝑚 ∙ 𝑁
=

1 − 𝑝( )

𝑏 ∙ 𝑁
                               (5.41) 

Provided that 𝑝( ) is the same for aggregated TCLs with different aggregation sizes, RSDs 

for both ON and OFF control decrease with a coefficient of 
√

 when the aggregation size 

N grows. Therefore, the relative uncertainty caused by random broadcasting is very small 

when the aggregation size is sufficiently large, given the percentage of TCLs that are ON 

not close to 100% or 0%.  
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Now consider that the uncertainty of random broadcasting is acceptable if the RSD is less 

than 10%. According to (5.40) and (5.41), we have:    

𝑎 >
𝑝( ) 

0.01𝑁
        

b >
1 − 𝑝( ) 

0.01𝑁

                                                              (5.42) 

Figure 5.5 shows the effective area (RSD<10%) of the random broadcasting for different 

aggregation sizes. The expansion of the effective area indicates the quickly attenuated 

uncertainty of random broadcasting when the aggregation size increases.  

 

Figure 5.5: Effective area (RSD<10%) for random broadcasting. 



 

101 

 

5.2  Case Studies and Analyses  

This section presents two case studies to analyze the effectiveness of the proposed control 

method. The first case study used simulated air conditioners (ACs), and the second case 

studies used simulated DEWHs in UNB's simulation platform (MATLAB/SIMULINK -

based). 

5.2.1 Case I: Capacity Provision Using 10,000 Air Conditioners 

5.2.1.1 Simulated ACs and Parameters 

The 10,000 simulated ACs were divided into ten groups and each group corresponded to a 

TSA. Each TCL was simulated with the widely used first order dynamic model described 

by the differential equation [21], [119]: 

𝜃 (𝑘 + 1) = 𝑎 𝜃 (𝑘) + (1 − 𝑎 )(𝜃 , (𝑘) − 𝑚 (𝑘)𝜃 , ) + 𝜖 (𝑘)             (5.43) 

where 𝜃 (𝑘) and 𝜃 , (𝑘) are the internal and ambient temperature for the ith TCL at time 

step 𝑘 . The parameter 𝑎  = 𝑒 /   , with  ℎ being the time span of simulation, 𝐶   the 

thermal capacitance and 𝑅   the thermal resistance of the ith TCL. The parameter 𝜃 ,  is the 

temperature gain when the ith TCL is ON (𝜃 , = 𝑅 𝑃 , with 𝑃  being the energy 

transfer rate of the TCL). The term 𝜖  in (5.43) denotes the random noise that is added to 

the internal temperature at each time step of the simulation to introduce stochastic 

uncertainty. The local control variable 𝑚  equals 1 when the ith TCL is ON and 0 when it 

is OFF, expressed in (5.44) for the cooling TCLs, and (5.45) for heating TCLs.   
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𝑚 (𝑘 + 1) =

⎩
⎨

⎧ 0       𝜃 (𝑘 + 1) < 𝜃 , −  

1        𝜃 (𝑘 + 1) > 𝜃 , +  

𝑚 (𝑘)         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                   

for cooling loads          (5.44)  

𝑚 (𝑘 + 1) =

⎩
⎨

⎧ 1       𝜃 (𝑘 + 1) < 𝜃 , −  

0        𝜃 (𝑘 + 1) > 𝜃 , +  

𝑚 (𝑘)         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                   

for heating loads           (5.45)  

where 𝜃 ,  is the temperature setpoint and 𝛿  is the width of the temperature hysteresis 

band. Let COP denote the coefficient of performance (the ratio of useful heating or cooling 

Table 5.1: Parameters of simulated air conditioners 

Parameters Meaning Value 

𝜃  Temperature setpoint 15-25℃ 

δ Dead band width 0.25-1℃ 

𝜃  Ambient temperature 27-37℃ 

R Thermal resistance 1.5-2.5 ℃/kW 

C Thermal capacitance 2-10 kWh/℃ 

𝑃  Energy transfer rate 14-18kW 

COP Coefficient of performance 2.5 

h Time span of simulation 30s 
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provided to work provided). The power consumption of the ith TCL in the ON state is 𝑃 =

𝑃 /𝐶𝑂𝑃.  

The heterogeneous parameters of each AC were created with uniform distribution within 

the ranges provided in Table 5.1. The daily ambient temperature was gradually changed 

from 27 to 37℃ (Figure 5.6) with a 10℃-temperature gap during a day. 

5.2.1.2 Simulation Results and Analyses 

The simulated reference power of the VPP equaled its daily baseline power plus a capacity 

provision request that was randomly generated within the range of [-6%, 6%] of the total 

rated power of the 10,000 ACs. The aggregator randomly (with uniform distribution) 

grouped these ACs to 10 equally populated TSAs, and each TSA had 1000 ACs. The PSA 

 

Figure 5.6: Ambient temperature for two days. 
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ran its optimizer every minute ( 𝑇 = 1  min). The threshold value was set to  𝐶 = 

0.08∙ 𝑁 , ∙ 𝑃 ∙ 𝑇 , where T represents the time duration since control starts. Both bounds 

were: 𝐵 , = 𝐵 , = 0.06∙ 𝑁 , ∙ 𝑃 = 60𝑃 , where 𝑃  is the average rated power of loads 

and 𝑁 , = 1000 is the number of loads belonging to each TSA. The ramp rate limits 

(per minute) were:𝑅𝑈 = 0.04 ∙ 𝑁 ∙ 𝑃 = 400𝑃  and 𝑅𝐷 = −0.04 ∙ 𝑁 ∙ 𝑃 = −400𝑃 , 

where 𝑁 = 10,000 is the number of all loads and 𝑃  is the average rated power of all 

loads.   

 The TSAs tracked their reference power trajectories through the feedback control 

conducted every minute (𝑇 =1 min). The parameter of the ZCPP adjustment was 𝜏 = 120 

min. The PI controller parameters Kp = 0.01 and KI = 20. The amplitude limiter of the ith 

TSA was set to 0.02∙ 𝑁 , ∙ 𝑃 . In addition, the root mean square power tracking error 

metric (PRMS) [21] is used to estimate the power tracking performance: 

𝑃𝑅𝑀𝑆 =
∑ ( )

                                                   (5.46) 

The PSA’s and TSAs’ parameters were selected empirically to study the case example. 

Generally, control performance is not sensitive to the parameters based on empirical tests. 

Therefore, the used parameter values are suggested to initially establish an effective load 

control. These values can be further fine-tuned during control. Some emerging techniques 

like reinforcement learning could be a choice to explore optimal parameter values in the 

proposed control framework, if an aggregator has sufficient data. 
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where 𝑦  and 𝑅  denote the actual and reference power at time t respectively, while 𝑅  

denotes the average of 𝑅 . N represents the number of data samples evaluated.  

Figure 5.7(a) presents the PSA’s power setpoint and the actual load of the AC population 

under control. It shows effective power tracking with PRMS=5.32%. Figure 5.7(b) shows 

the VPP’s capacity provision request and the actual capacity provision. It shows that the 

aggregator can fully meet the VPP’s capacity provision requests, showing its 

 

(a) PSA’s power setpoint and actual load 

 

 

(b) Capacity provision (the requested and the actual) 
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manageability. In addition, the comparison between 𝐾  and 𝐾  in Figure 5.6(c) indicates 

that the estimation of 𝐾  based on (5.28) is close to its actual value. This reflects the 

PTEM’s effectiveness allowing a real-time baseline reconstruction of the power forecast 

during control. 

Table 5.2 summarizes the power tracking performance of each TSA group with disturbance 

𝜖  ~ 0.01∙N(0,1). The distribution N(0,1) means the standard normal distribution. Figure 5.8 

shows: (I) an accurate power tracking of the representative TSA according to the ambient 

temperature; (II) the internal temperature curves of three randomly selected ACs obtained 

with heterogeneous parameters and uncertainties. End-user comfort can be automatically 

guaranteed since neither changing temperature setpoints nor overriding individual 

hysteresis bands are allowed in the proposed method.  

 

 
(i) Actual and predicted value of 𝐾  for a representative TSA 

Figure 5.7: Capacity provision using 10,000 simulated air conditioners. 
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Figure 5.9 shows the power tracking performance with higher disturbance [ 𝜖  ~ 

0.05∙N(0,1)], where PRMS=5.63%. Figure 5.10 shows the internal temperature curves of 

three randomly selected ACs. Although the temperature curves in Figure 5.10 are noisier 

than in Figure 5.8, the power tracking performance is close to that in Figure 5.7. Thus, the 

proposed method shows the robustness to the internal temperature noise. 

 

Table 5.2: Power tracking performance of 10 TSAs (𝝐𝒊 ~ U[-0.05𝛅𝒊,0.05𝛅𝒊]) 

Sub-Aggregator PRMS (%) Sub-Aggregator PRMS (%) 

TSA 1 3.61 TSA 6 3.63 

TSA 2 3.67 TSA 7 3.64 

TSA 3 3.65 TSA 8 3.60 

TSA 4 3.64 TSA 9 3.58 

TSA 5 3.62 TSA 10 3.62 

PSA 5.32 - - 
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Figure 5.9: Power tracking when 𝝐𝒊 ~ 0.05∙N(0,1). PRMS=5.63%. 

 

(a) Power tracking of a representative TSA 

 
 

(b) Internal temperature of three randomly selected air conditioners 

Figure 5.8: Power tracking of a representative TSA and the internal temperatures of 

three randomly selected air conditioners. 
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Different time spans of control may lead to different power tracking performance.  Figure 

5.11 presents the capacity provision with different values of 𝑇  and 𝑇 , showing that 

shorter time spans result in more accurate power tracking, and faster oscillation on the 

   

(a) 𝑇 =𝑇 =30 seconds (PRMS=4.21%)     (b) 𝑇 =𝑇 =1 minute (PRMS=5.63%) 

Figure 5.11: Fifteen-minute piecewise capacity provision of the proposed method with 

different Ts and Tsc. 

 

Figure 5.10: Internal temperatures of three randomly selected air conditioners when 𝝐𝒊 

~ 0.05∙N(0,1). 



 

110 

 

actual capacity provision curves. In addition, the time span of control should be long 

enough to allow the execution of the PSA’s optimization algorithm. The simulations were 

run five times in MATLAB R2017a (Intel Core™ i7-6700 CPU@3.40GHz). The execution 

time and power tracking error are summarized in Table 5.3. The average execution time of 

the PSA’s optimization was 0.0204 seconds, much less than the time span (30 seconds or 

1 minute).  

The error and oscillation in Figure 5.11 result from the following factors:  

 The control was implemented in an uncertain time-variant environment. Uncertain 

energy demand, a time-variant ambient temperature and heterogeneous parameters pose 

great challenges to the control payback estimation and the power tracking due to 

uncertain dynamics of load aggregations.  

 The control adopts the minimum sensing infrastructure that can reduce the 

investment cost and solve the privacy concerns. However, such infrastructure makes the 

controller “blind” to the information of individual loads, forcing a random broadcast of 

control signals to each load that introduces noise deteriorating the power tracking 

capacity. 

 The time span of the control should be long enough when you consider the 

communication speed. However, longer time spans usually mean more uncertainty in 

the aggregated power between adjacent time steps which can deteriorate the power 

tracking capacity. 
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In addition, the proposed method was compared with a benchmark controller. The 

benchmark controller [21] directly shifts the load based on the difference between the 

reference power and the measured aggregated power at each time step: 

𝑃 = max min 𝐾 ∙ 𝑃 − 𝑃 _ , 0.02 ∙ 𝑁 ∙ 𝑃 , −0.02 ∙ 𝑁 ∙ 𝑃         (5.47) 

where 𝑃  is the power that should be shifted, while 𝑃  is the reference power, and 𝑃 _  

is the measured aggregated power. The parameter 𝐾  is the proportional gain, set to 1. 

The operators  min {∙}  and max {∙}  mean the selection of the minimum and maximum 

elements in the brace, respectively. 

Table 5.3: Performance comparison: the proposed and the benchmark method (30-min 

piecewise capacity provision request, 𝑇 =𝑇 =30s) 

Simulation 

 # 

Proposed 

PRMS (%) 

Execution Time  

of PSA (second) 

       Benchmark 

PRMS (%) 

#1 3.33 0.0203 18.15 

#2 5.69 0.0200 16.31 

#3 3.73 0.0198 17.11 

#4 4.62 0.0213 18.42 

#5 3.34 0.0205 17.82 

Average 4.14 0.0204 17.56 
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Table 5.3 summarizes a comparison of results. Figure 5.12 shows examples of power 

tracking with the proposed and the benchmark methods. The proposed method noticeably 

outperforms the benchmark method. The AC population cannot sustain the full 

responsiveness with the benchmark method. The average PRMS of the benchmark was 

17.56%, greater than that of the proposed control method (4.14%). The inaccuracy resulted 

from the improper control, which failed to manage the energy storage among the loads and 

led to the severe payback effect as shown in Figure 5.12(b).  

 

(a) Proposed method 

       

(b) Benchmark method 

Figure 5.12: Capacity provision examples of the proposed method and the benchmark 

method (30-min piecewise request). 
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In summary, results indicate that the proposed method secures enough “shiftable” capacity 

for continuous load shifting. The proposed method is robust to uncertainty, time-varying 

ambient temperature, as well as heterogeneous parameters of loads.  

5.2.2 Case II: Capacity Provision Using 10,000 DEWHs 

DEWH is a type of TCL that is different than space cooling/heating appliances due to the 

unique end usage patterns (uncertain and sudden water demand). Therefore, this section 

tested the generality of the proposed method by using the same number of simulated 

appliances. The test used two DEWH models (Table 5.4) assigning half of the DEWHs to 

each Model. The description of the DEWH and water demand models can be found in [107] 

and [108] respectively. The parameters of the PSA optimizer and the TSA controllers were 

kept the same as in Case I to support the generality of the study. The time spans for the 

PSA-layer and TSA-layer control were  𝑇 =𝑇 =1 min.  

Table 5.4: Parameters of simulated DEWHs 

Parameters Model I Model II 

Upper limit of water temperature 55℃ 50℃ 

Lower limit of water temperature 50℃ 45℃ 

Volume of water tank 300 L 150 L 

Rated power 6 kW 4.5 kW 

Default house temperature N(20, 9) ℃ N(20, 9) ℃ 

Inlet water temperature 5-15℃ 5-15℃ 

Note: N(20, 9): Normal distribution with the mean of 20 and the variance of 9. 
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The simulation considers the reference power equal to the 15-minute piecewise capacity 

provision request plus the baseline with the control starting at 7:00AM. Figure 5.13(a) 

shows the reference power, actual load, and baseline power. Figure 5.13(b) shows the 

capacity provision request at each time step and the actual capacity provision. The DEWHs 

can track the VPP’s power reference and provide appropriate response to requests.  

The simulation also used hourly capacity provision requests that were randomly generated 

for 10,000 DEWHs. Figure 5.14 shows the power tracking results. The aggregator with the 

10,000 DEWHs can follow the reference power (Figure 5.14(a)) and complies with the 

 

(a) Actual load, reference power and baseline 

                     

(b) Capacity provision 

Figure 5.13: Capacity provision using 10,000 simulated DEWHs (15-min piecewise 

request). 
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requests (Figure 5.14(b)) after 12:00 PM. They validated the effectiveness of the proposed 

method even for such slowly updated requests.  

Note that the 10,000 DEWHs cannot track the reference power from 8:00 AM to 12:00 

PM. The reason is that the DEWH population did not have a proper energy storage level to 

follow the given request which strongly conflicts with the big energy demand (morning 

peak can be clearly observed based on aggregated water demand as shown in Figure 5.15). 

Such demand peak drew much energy out from the aggregated DEWHs. Given the 

excessive capacity provision request from VPP as presented in Figure 5.14(b), the 

  

(a) Actual load, reference power and baseline 

 

(b) Capacity provision 

Figure 5.14: Hourly request and the control using 10,000 simulated DEWHs. 
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aggregator lost the proper energy reserve level for “full responsiveness”. Nonetheless, the 

proposed method can gradually adjust the energy storage level through the PSA’s 

optimization and the TSAs’ ZCPP calibration. Such adjustment helped the 10,000 DEWHs 

recover the full responsiveness after 12:00 PM.  

 

5.3  Chapter Conclusions  

This chapter proposes a simple and robust hierarchical control method for TCL aggregators 

with no information of individual loads. The two-layer architecture along with a PSA 

optimizer and the PTEM-based controller worked jointly to achieve accurate power 

tracking and mitigate control payback. Two case studies, based on 10,000 ACs and 10,000 

DEWHs, were conducted to validate the method. It is concluded that TCL aggregators with 

the proposed structure provide full responsiveness to VPP requests and can reconcile the 

tradeoffs between TCL end-use performance and VPP requirements. The aggregators can 

 

Figure 5.15: Aggregated water demand. 
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operate as agents between VPP and loads, showing potential to help VPP achieve full 

dispatchability for different electricity markets.  

In summary, the new method: (I) provides a new mechanism to integrate TCL aggregators 

in a DLC hierarchy, enabling their full responsiveness to the upper level; (II) mitigates the 

control payback with PSA-layer optimization and TSA-layer ZCPP calibration; (III) 

proposes PTEM whereby the PI and feedforward controllers can be designed for accurate 

power tracking; (IV) enables a robust ON/OFF switching control that is capable of 

managing the payback effect validated with random end use, time-varying ambient 

temperature, wide-range heterogeneous parameters, different types of TCLs, and different 

time spans of capacity provision requests; (V) potentially allows cost and complexity 

reduction of the communication infrastructure as a result of the limited requirements from 

individual loads and the modular interface design for TCL aggregators.  
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6   Conclusions and Future Work 

6.1 Summary 

This PhD dissertation proposes scalable and robust operation mechanisms for TCL 

aggregators to transform a population of TCLs with uncertain demand to a manageable 

power system resource. The proposed mechanisms include forecasting of aggregated load 

power demands (Chapters 3-4) and the control of the aggregated loads (Chapter 5): 

1. The mechanisms for aggregated load forecast enable and improve multi-horizon 

forecasting on the aggregated power demand. The forecast can provide predictive 

information about baseline load and normal energy demand, which is important for 

DLC. 

2. The mechanism for aggregated load control provides a robust and scalable method 

that can create a responsive energy resource with a population of TCLs. The control 

can handle uncertain end-user behaviors, time-variant ambient temperature and 

heterogenous thermal parameters of TCLs. 

Section 6.2 and Section 6.3 present concluding remarks on the aggregated load forecasting 

and aggregated load control methods developed in this research. 

 

6.2 Conclusions on Aggregated Load Forecasting 

The dissertation investigates new forecasting mechanisms for aggregated TCLs to predict 

multi-horizon aggregated power demand. Specifically, this dissertation investigates two 
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multi-horizon forecast engines, aggregation effects on forecasting performance, and a 

bottom-up mechanism to achieve scalable forecasting. The two forecast engines are: (I) 

wavelet decomposition based neural networks with K-means clustering (abbreviated as 

WNN); (II) convolutional neural network-based method (abbreviated as CNN). The main 

contributions and findings are summarized as follows: 

 WNN is validated for aggregated load forecasting. It outperforms benchmark 

algorithms according to MAPE and RMSE. The effectiveness of WNN indicates 

the feasibility of implementing load forecast for aggregated TCLs by adopting 

widely used techniques in traditional power systems load forecasting (time-

frequency transforms + clustering techniques + traditional neural networks). The 

work led to a conference proceeding publication [90] in 2018 IEEE ECCE 

(Energy Conversion Congress & Exposition), Portland, OR, US. 

 The proposed CNN-based method and the simulation/experimental results show 

success to provide a “predictor-less” load forecaster for aggregated TCLs: you 

can directly use time series load data of last week as the inputs of the forecaster 

(regardless of TCL types, aggregation sizes and forecast horizons). In this sense, 

the CNN-based method is generic. Using the long time series data can also 

naturally mitigate the disturbances/noises in datasets. The work led to a 

conference proceeding publication [91] in 2019 IEEE ECCE, Baltimore, MD, 

US. 
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 Prediction intervals provide more information than point forecasting as they 

estimate the uncertainty in the forecasted values. Prediction intervals are more 

relevant for load demand forecasting of small load aggregations. 

 Aggregation effects are derived and demonstrated. Theoretically, the expectation 

of AMAPE is inversely proportional to aggregation size  𝑛 , and the standard 

deviation of AMAPE is inversely proportional to √𝑛 ; expectation of MAE is not 

related to aggregation size, and standard deviation of MAE is inversely 

proportional to √𝑛. The actual aggregation effect based on the simulated DEWH 

data in the simulation platform showed a similar trend. Such a trend provides a 

rough vision on the potential forecast accuracy achievable at different 

aggregation sizes. The decreasing trend on AMAPE also led to propose a bottom-

up mechanism that can provide additional opportunities for accuracy 

improvement. The work is published in the IEEE Transactions on Industry 

Applications [92]. 

 A bottom-up mechanism with a Markov-based error reduction method is 

proposed, enabling scalable forecasting. The mechanism was validated with 

WNN as the forecast engines and the datasets of simulated DEWHs.  20-80% 

improvement was reported according to four forecast metrics —MAE, MAPE, 

RMSE and NRMSE. The work led to a journal publication [92] in the IEEE 

Transactions on Industry Applications. 
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6.3 Conclusions on Aggregated Load Control 

This dissertation proposed an innovative load control method that can enable and sustain 

the TCL aggregators’ responsiveness to upper-level requests. The work led to a journal 

publication [116] in the IEEE Transactions on Smart Grid. The contributions are in two 

respects: framework-wise and algorithm-wise. 

1. Framework-wise. The new control framework enables an accurate, robust, compatible, 

and scalable control that is less intrusive for end users. Specifically: 

(1) The control framework enables robustness in uncertain time-variant 

environments. The environments include time-varying ambient 

temperature, random end usage types of TCLs, wide-range heterogeneous 

parameters and VPP requests with different time spans. The results for 

10,000 aggregated air conditioners and 10,000 aggregated DEWHs in 

Section 5.2 indicate the robustness and generality of the proposed control 

method. 

(2) The simulations show accurate power tracking based on the control 

framework. As shown in Table 5.2 for 10,000 air conditioners, the control 

method achieved 5.32% PRMS at the aggregator level, with 3.58% - 3.67% 

PRMS at the TSA level. 

(3) The control framework needs minimum sensing infrastructure since it 

requires only aggregation-level load information, thereby showing potential 

to resolve the privacy issues and to reduce communication requirements.  
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(4) The control framework adopts a modular interface design that makes the 

aggregators very scalable for large-scale DLC applications. 

(5) The control framework also indicates the potential to sustain continuous 

responsiveness to VPP through ON/OFF switching control, without 

violation of local control of hysteresis bands of TCLs.  

(6) The control framework successfully incorporates a real-time forecaster that 

can work jointly with control. The real-time load forecaster can calibrate the 

“zero capacity provision power (ZCPP)” to implicitly adjust “energy 

storage level” of TCLs, thus helping sustain full responsiveness of the TCL 

aggregator over control. 

(7) The control framework also provides room to enable joint baseline load 

forecasting during control. The framework enables baseline load 

reconstruction owing to the full responsiveness for power tracking.  

2. Algorithm-wise. Two-layer modeling and control algorithms are proposed:  

 The upper layer uses a quadratic optimization model to minimize the power 

tracking error and to suppress the payback effect. The suppression on payback 

effect can help sustain proper “energy storage level” for aggregated TCLs. 

 The lower layer introduces new aggregated load modeling that decomposes 

power consumption of a TCL aggregator into “normal operation power” and 

payback tracking error model (PTEM). A model-based control method is 
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proposed based on the new modeling, enabling effective and robust power 

tracking. 

 

6.4 Future Work 

The main directions of future work are: 

1. VPP-level operation. VPP aggregates and manages multiple aggregators in the DLC 

hierarchy. Such management on aggregators can be either control-oriented or market-

driven: 

 Control-oriented: VPP treats aggregators as its assets and can directly 

determine control strategies for each aggregator. The future work is 

coordination control of multiple aggregators to maximize the VPP’s benefits. 

The VPP should properly determine the reference power of each aggregator 

according to the VPP’s own preference (e.g., the VPP’s benefits in SO 

electricity markets). 

 Market-driven: VPP treats aggregators as independent agents whose 

behaviors are driven by certain market rules. The future work is about 

aggregator cost modeling and the VPP- and aggregator-level electricity market 

design. Techniques such as game theory [120] can be investigated since it 

provides the avenue to market-based organization and optimization. This can 

be achieved by modeling a Stackelberg game [121]–[123] between the VPP and 
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aggregators. The VPP would play the leader role and the aggregators would be 

the followers. 

2. Definition and evaluation on energy storage levels of TCL aggregators. This 

dissertation implicitly managed the energy storage levels of TCL aggregators by using 

the PSA’s optimizer and the TSAs’ ZCPP adjustment. Suppose that the ON/OFF 

information of each load is accessible, the future work could define and quantitatively 

evaluate the energy storage level of TCL aggregators, whereby we may further 

maximize the usable capacity of the aggregators. 
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Appendix A: Prediction Interval Constructions 

A1. Nonparametric Bootstrap [124], [125]  

The nonparametric bootstrap refers to the bootstrap with nonparametric resampling. Let 

𝑃   denote the actual load at the last 𝑗th time step be and let ℓ( ) denote the predicted load 

for the actual load 𝑃  with forecast horizon h (the look ahead time step of the prediction 

is h). I use the following steps to construct the prediction interval: 

 For each forecast horizon: 

(a) Define a linear function as the bootstrap function for forecast horizon h, the function 

that is used for resampling and computing the statistic: 

𝑦 
( ) = 𝛼 

( )𝑥 
( ) + 𝛽 

( )                                  (A.1) 

where 𝑦 
( ) represents the actual load, and 𝑥 

( ) is the load forecast corresponding 

to the actual load, and the forecast horizon is h.  

(b) Use linear regression to calculate 𝛼 
( ) and 𝛽 

( ) for the linear function (A.1) from 

last 𝑛  data [ ℓ
( )

, 𝑃 ] with 𝑗 ∈ [0,1, … , 𝑛 ].  

(c) Compute the regression error 𝑒
( ): 

𝑒
( )

= 𝑃 − 𝑦
( ), with  𝑦( )

= 𝛼 
( )ℓ

( )
+ 𝛽 

( ) 

       where 𝑗 ∈ [0,1, … , 𝑛 ]                                    (A.2) 



 

 

(d) Generate an L-length vector 𝝑 whose element equals a randomly and uniformly 

selected integer value between 1 and L. 

(e) Reorder the element of the 𝝑 and name the new vector 𝝑∗. Use the element of 𝝑∗ =

[𝜗∗
 ,
𝜗∗ , … 𝜗∗] to choose 𝜀( )∗

 from 𝑒   with k=𝜗∗, 𝑗 ∈ [0,1, … , 𝐿]. The obtained 

𝜀
( )∗

 are the bootstrap replications of the regression error. 

(f) Compute bootstrap replications using 𝜀( )∗ as: 

𝑦
( )∗

 

 
= 𝑦

( )+ 𝜀
( )∗,  with  𝑗 ∈ [0,1, … , 𝐿]                       (A.3) 

(g) Use linear regression to calculate  𝛼 
( )∗  and 𝛽 

( )∗  by using the bootstrap 

replications[ℓ
( )

 , 𝑦
( )∗

 

 
]. 

(h) Select a random sample 𝜖 
( )∗ from 𝑒( ) with probability of 1/𝐿. 

(i) A bootstrap replication of the forecast residual can be calculated as: 

𝛿
( )

= [𝛼 
( )∗ ∙  ℓ

( )
+ 𝛽 

( )∗] − [𝛼 
( ) ∙ ℓ

( )
+ 𝛽 

( ) +  𝜖 
( )∗]              (A.4) 

(j) Repeat steps (b) to (i) to obtain a set of bootstrap replications 𝛿( ) with b = 1,2,3…, 

B. 

(k) Sort the values of 𝛿( ) denoted by 𝛿( )∗
≤ 𝛿

( )∗
≤ ⋯ ≤ 𝛿

( )∗. Then the prediction 

interval for the forecast horizon h with the 1-2𝑎 confidence level can be calculated 

as follows: 



 

 

𝐿𝐵
( ) 

= 𝑦
( )

−  𝛿⟦ ( )⟧
( )∗                                          (A.5) 

𝑈𝐵
( ) 

= 𝑦
( )

+  𝛿⟦ ∙ ⟧
( )∗                                              (A.6) 

where 𝐿𝐵
( )  and 𝑈𝐵

( )  are respectively the lower and upper bounds of the prediction 

interval generated at the time step i for the forecast horizon h, while 𝑙( ) is the predicted 

load, and ⟦∙⟧ is the rounding operator. 

 

A2. Parametric Normal Distribution Method 

The second method of prediction interictal construction assumes that the forecast residual 

for each forecast horizon normal distribution. The steps for the parametric normal 

distraction method are described as follows: 

 For each forecast horizon: 

(a) Obtain the historical forecast residual for forecast horizon h: 𝜺 
( ) =

[𝜀
( )

, 𝜀
( )

, … , 𝜀
( )

], where K is the number of the obtained data samples. 

(b) Estimate the bias and standard deviation of the forecast residual respectively by 

using the elements of 𝜺 
( ): 

�̂�
( )

=
1

𝐾
𝜀

( )
                                                          (A. 7) 



 

 

𝜎
( )

=
1

𝐾 − 1
𝜀

( )
                                               (A. 8) 

(c) Calculate the prediction interval for the forecast horizon h with the 90% confidence 

level as follows: 

𝐿𝐵
( ) 

= 𝑙
( )

 
+ �̂�

( )
− 1.645𝜎

( )                                     (A.9) 

𝑈𝐵
( ) 

= 𝑙
( )

 
+ �̂�

( )
+ 1.645𝜎

( )                                   (A.10) 

  



 

 

Appendix B: PTEM Assumption and the Explanation 

As aforementioned, the PTEM assumption is: “excluding the extra payback introduced by 

the control, the aggregated power payback caused by hysteresis bands is approximately 

unchanged for adjacent time steps.”  

To explain the above statement, map each TCL’s temperature dead-band to the “State of 

Charge (SOC)” band. The SOC of a TCL is interpreted as follows: 

𝑆𝑂𝐶  =     

0                 𝑖𝑓 𝜃 ≤ 𝐿𝐵         

         𝑖𝑓 𝐿𝐵 < 𝜃 < 𝑈𝐵

   1                𝑖𝑓 𝜃  ≥ 𝑈𝐵           

                             (B.1) 

where 𝜃  is the internal temperature of TCL i, and 𝐿𝐵  and 𝑈𝐵  are the lower and upper 

bounds of the hysteresis temperature bands. The SOC band is divided into   SOC 

intervals (Figure B.1), and each SOC interval can be divided into two state bins that 

correspond to the TCL being ON and OFF [21]. Thus, there are 𝑁  state bins in total.  

 

Figure B.1: State transition bin model for aggregated TCLs. 



 

 

Then state space model of aggregated TCLs is expressed in a form as [21]: 

𝒙 = 𝑨𝒙 + 𝑩𝒖                                                     (B.2) 

𝒚 = 𝑪𝒙 + 𝒗                                                     (B.3) 

where A is the state transition matrix, while B is the control matrix, and C is the observation 

matrix. The state 𝒙 = [𝑥 ,
 , 𝑥 ,

 , … , 𝑥
,  

 ]  is a 𝑁 × 1 vector that contains the 

fraction of TCLs in each bin. 𝑁  is the number of state bins, and 𝒗 is the observation error 

term. The variable 𝒖 is the control input (the fraction of total population of TCLs to switch 

based on control signals), and the variable 𝒚 is the output (aggregated power).  

The “state transition flow” has small changes for adjacent time steps when using a large 

population of TCLs and a much smaller time step than the thermal dynamic period. 

Random end-user behaviors can disturb the state transition and increase the state variation 

over time. Fortunately, the variation can be attenuated by aggregating more loads. 

Hypothesis 1: the aggregation of TCLs can attenuate the variation on the “state 

transition flow”. 

Proof   Let 𝑠 ,  be the random variable that indicates the state bin association of load n: 

𝑠 , =
1,                  if the load 𝑛 locates in state bin 𝑖  
0,   if the load 𝑛 𝑑oes not locate in state bin 𝑖 

, 

 with   n = 1,2, …, 𝑁    and   i = 1,2, …, 𝑁                      (B.4) 

where 𝑁  is the number of TCLs. Consider a large value of 𝑁  and independent 𝑠 ,  

for all n. Because the variance 𝜎 , ≤ 1, we have: 



 

 

𝜎  = 𝐷 ∑ 𝑠 ,
 

=
∑ ,

 

=
∑ ,

 

 ≤  

 
⇒       𝜎   ≤  , for  ∀𝑖 ∈ {1,2, … , 𝑁 }                           (B.5) 

where 𝐷(∙) is the variance operator. Therefore, the standard deviation of the state 𝑥  is 

bounded by   . The bigger the aggregation size 𝑁  is, the smaller the upper bound 

of the standard deviation would be. Such state variation attenuation achieved by load 

aggregation can be interpreted as a “low-pass filter” that smooths “state transition flow”. 

The “low-pass filtering” attenuates disturbance and leads to a more “stable” state transition 

process. Therefore, Hypothesis 1 holds.  

 

Hypothesis 2: excluding the extra payback introduced by the control, the aggregated 

power payback caused by hysteresis bands is approximately unchanged for adjacent time 

steps. 

Proof. Random end-user behaviors and control actions can impact the state transition 

during control. However, the impact is not severe in our control, because: 

 Random end-user behaviors pose medium- or high-frequency disturbances on the 

“state transition flow”. The “low-pass filtering effect” can attenuate such 

disturbance (as shown in Hypothesis 1).   

 The control is mild at each time step. The proposed control method randomly 

broadcast control signals to a small portion of loads at each time step.  This 



 

 

generally means that the controlled loads are a very small fraction of the loads 

located in each bin. Hence, the disturbances that the control introduces on the states 

for adjacent time steps are small. 

Therefore, I consider that the state transition flow is still stable during control. Let 𝑥 ,  be 

the fraction of TCLs located in bin i at time step k, and Δ𝑥 ,  be the extra payback added 

on state i at time step k+1 due to the last control action. Let Δ𝑥 , ,  be the fraction of TCLs 

that are controlled by 𝒖 . Then, consider that Δ𝑥 , ≪ 𝑥 ,  and |Δ𝑥 , , | ≪ 𝑥 , . 

Let 𝒙  be the state vector at time step k before the upcoming control. Given the stable state 

transition for adjacent time steps, we can assume:  

𝒙 − 𝒙 ≈ 𝒙 − 𝒙 = 𝜷                                          (B.6) 

where 𝜷 = [𝛽 , . . . , 𝛽 ]𝑻 is the state transition rate vector. Its element 𝛽 ,  is the state 

transition rate (per time step) for state bin i. Then consider the control. We have: 

𝑥 , = 𝑥 , + Δ𝑥 , + Δ𝑥 , , = 𝛽 + 𝑥 , + Δ𝑥 , + Δ𝑥 , ,             (B.7) 

Then the state space model in (B.2) can be rewritten as: 

𝒙 = 𝑨𝒙 + 𝑩𝒖 = 𝑨 𝜷 + 𝒙 + Δ𝒙 + 𝚫𝒙 ,
 + 𝑩𝒖

= 𝑨𝜷 + 𝑨𝒙
 

+ 𝑨Δ𝒙
 

+ 𝑨𝚫𝒙 ,
 + 𝑩𝒖

 

 

 (B.8) 



 

 

where Δ𝒙 = Δ𝑥 , , … , Δ𝑥 , and  𝒙 , = Δ𝑥 , ,
 , … , Δ𝑥 , ,

 . 

Consider 𝒙
( )

= 𝒙  and 𝒙
( )

= Δ𝒙 . Excluding the control 𝑩𝒖  and the extra 

control payback 𝑨𝚫𝒙 ,
  introduced by control [System 3 in Equation (B.8)], the 

following system is obtained: 

𝒙 = 𝑨𝒙 + 𝑨𝜷                                (B.9) 

𝒚 = 𝑪𝒙                            (B.10) 

where 𝒙 = 𝒙
( )

+ 𝒙
( )

+ 𝑨𝜷 , with 𝒙
( )

= 𝑨𝒙
( )

= 𝑨𝒙  and 𝒙
( )

= 𝑨𝒙
( )

=

𝑨Δ𝒙 . We have: 

𝒚 = 𝑪𝒙 = 𝑪𝒙
( )

+ 𝑪𝒙
( )

+ 𝑪𝑨𝜷 = 𝒚  
( )

+  𝒚
( )

+ 𝑪𝑨𝜷      (B.11) 

where 𝒚  
( ) is the output of System 1, and 𝒚  

( ) is the output of System 2.  

Because|Δ𝑥 , , | ≪ 𝑥 , , we can assume 𝑥 , = 𝛽 + 𝑥 , + Δ𝑥 , + Δ𝑥 , , ≈ 𝛽 + 𝑥 , +

Δ𝑥 , , for all 𝑖 = 1, 2, … , 𝑁 . Then: 

𝒚 = 𝑪𝒙  = 𝑪 𝒙
( )

+ 𝒙
( )

+ 𝑨𝜷 = 𝑪𝑨(𝒙 + 𝚫𝒙 + 𝜷) ≈ 𝑪𝑨𝒙 = 𝑪𝒙
( )

= 𝒚
( ) 

 (B.12) 

According to (B.11) and (B.12), the aggregated power changed by hysteresis bands from 

time step k to k+1 is: 



 

 

𝒚 − 𝒚 = 𝒚 − 𝒚
( )

= 𝒚
( )

+ 𝑪𝑨𝜷                           (B.13) 

Let 𝑎  represent the (i,j)th element of the matrix A. The element 𝑎  represents the 

probability of the state transition from bin i to bin j. According to the meaning of  𝑎 , we 

know: 

0 ≤ 𝑎 ≤ 1                                                (B.14) 

∑ 𝑎  
{ ,..., } = 1                                       (B.15) 

Consider 𝑁  = 2 and 𝑪 = [0, 𝑃 ∙ 𝑁 ]. Apparently, Δ𝑥 , = −Δ𝑥 , . Then the output of 

System 2 is: 

𝒚
( )

= 𝑪𝑨Δ𝒙 = [0, 𝑃 ∙ 𝑁 ] ∙
𝑎 𝑎
𝑎 𝑎 ∙ Δ𝑥 , , Δ𝑥 ,

= 𝑃 ∙ 𝑁 ∙ [𝑎 , 𝑎 ] ∙ Δ𝑥 , , Δ𝑥 ,

= 𝑃 ∙ 𝑁 ∙ 𝑎 ∙ Δ𝑥 , + 𝑎 ∙ Δ𝑥 ,

= 𝑃 ∙ 𝑁 ∙ −𝑎 ∙ Δ𝑥 , + 𝑎 ∙ Δ𝑥 ,

= 𝑃 ∙ 𝑁 ∙ Δ𝑥 , ∙ [(𝑎 + 𝑎 ) − 2𝑎 ] = 𝑃 ∙ 𝑁 ∙ Δ𝑥 , ∙ (1 − 2𝑎 ) 

(B.16) 

According to (B.15) and (B.16), we obtain: 

𝒚
( )

𝒚
=

𝑃 ∙ 𝑁 ∙ |Δ𝑥 , | ∙ |1 − 2𝑎 | 

𝑃 ∙ 𝑁 ∙ 𝑥 ,
 =

|Δ𝑥 , |

𝑥 ,
 |1 − 2𝑎 | ≪ |1 − 2𝑎 | ≤ 1 

(B.17) 



 

 

 
⇒         𝒚

( )
≪ 𝒚                                                  (B.18) 

 According to (B.13) and (B.18): 

|(𝒚 − 𝒚 ) − (𝒚 − 𝒚 )| = 𝒚
( )

+ 𝑪𝑨𝜷 − 𝒚
( )

+ 𝑪𝑨𝜷 = 𝒚
( )

− 𝒚
( )

≤ 𝒚
( )

+ 𝒚
( )

≪ 𝒚 + 𝒚  

(B.19) 

The value of |(𝒚 − 𝒚 ) − (𝒚 − 𝒚 )| can be considered neglectable when compared 

with aggregated power according to (B.19). Therefore, I assume 𝒚 − 𝒚 ≈ 𝒚 − 𝒚 , 

which is Hypothesis 2. 
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