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Abstract

Oncolytic viral therapy is a targeted therapy in which natural or genetically modified

viruses are used specifically to target cancer cells and not harm healthy cells. De-

spite some promising results in in vitro and in vivo studies of oncolytic viruses, many

questions about treatment regimens and outcomes remain unanswered. Mathemat-

ical modelling can be helpful to shed light on understanding cancer cell dynamics

and treatment outcomes.

Firstly, we propose a set of ordinary differential equations that describes the inter-

actions between cancer cells and free virus during oncolytic viral therapy. Then,

using stability and sensitivity analyses, we seek to understand possible treatment

outcomes. Then, by identifying thresholds for infection-related parameters such as

the virulence level of the virus, the viral time scale and the infection transmission

rate, we identify the type of virus that can lead to optimal treatment outcome.

Some research suggests that a virus-specific immune response, such as one that be-

comes activated to prevent infection spread, may burden the success of oncolytic

viral therapy. Extending our model, we propose models which include interactions

between cancer cells, viruses, and antibody molecules/cytotoxic T cells during on-

colytic viral therapy. We identify conditions under which each of the mentioned

immune responses can be established by focusing on infection-related parameters.

Our result shows virus-specific immune responses are not always detrimental: they
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can also be neutral or beneficial. Then by focusing on the virulence level of the free

virus, we identify the extent to which the effect of a virus-specific immune response

is detrimental and beneficial and show how the negative effect can be reduced or

how beneficial results can be enhanced.

Due to properties such as self-renewal and long-lasting quiescence, cancer stem cells

are responsible for tumour recurrence and the failure of many conventional therapies.

Here, we assess the efficacy of targeting cancer stem cells with oncolytic viruses.

We show that targeting cancer stem cells does not always enhance the treatment

efficacy, and optimal stem cell specificity depends on the rate of mitosis of infected

cells. When infected cells are mitotic, the optimal result is obtained by perfect stem

cell targeting.
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Preface

All the chapters of this thesis except for chapter 1, which is a general motivation,

and chapter 5, which is a summary of the results will be submitted for publication

in peer-reviewed journals with the scope of mathematical modelling.

Chapter 2 is available on biorxiv through https://doi.org/10.1101/2021.07.19.452846.

Fighting cancer with oncolytic viral therapy: Finding threshold parameters for suc-

cess. S. Jahedi, L. Wang, J. Watmough.

Contributions of authors:

SJ developed and analyzed the mathematical model; contributed to writing

LW and JW advised the project and contributed to writing.

Chapter 3 will be submitted to a peer-review journal with the scope of mathematical
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Effect of antiviral immune response on oncolytic viral therapy: burden or enhancer?
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LW and JW advised the project and contributed to writing.
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Chapter 4 will be submitted for publication.

Targeting cancer stem cells with oncolytic viral therapy: a mathematical approach.

Sana Jahedi, Kamran Kaveh, James. Watmough,

Contributions of authors:

SJ developed and analyzed mathematical models; contributed to writing.

KK developed the model, advised and contributed to writing.

JW advised and contributed to writing.

vi



Acknowledgements

I want to take this opportunity to thank all the people who have had a major role

in completing this thesis, without whom definitely, I would not be able to complete

this chapter of my life, specifically my supervisors, Professor James Watmough and

Professor Lin Wang.

James, you are a wonderful scientist, very intelligent and down to earth. I was very

fortunate that you accepted to be my supervisor. You have a great personality. You

are always positive and a source of motivation. You encouraged me to choose the

subject that I like to work, then shed light on my path by introducing me the key

resources and teaching me the key concepts. You allowed me to collaborate with

other researchers and be involved in the projects that were not related to my thesis.

I appreciate all your recommendations about modelling and coding, without them

none of the projects could be done. I deeply appreciate your patience and support.

Lin, you are an amazing teacher, very respectful, patient, supportive and motiva-

tional. I have learned a lot from you during the last three years and I learned coding

from you. I wish I could have taken more courses with you, the dynamical system

course that I had with you, was one of the most beneficial courses that I have ever

had during my entire studies and I deeply appreciate that. About the projects, you

had an amazing role as an advisor and always tackle the key points, without you,

neither of them would be as good as they are now.

vii



I want to express my sincere appreciation to Dr. Kamran Kaveh, who has also advised

me on all my projects related to my thesis. Thank you for all the long lectures and

discussions on the biological and modelling aspects of the projects. Kamran, you are

a wonderful professor. I got interested in the oncolytic viral therapy subject after I

met you in the 2018 CMS meeting, which was a key incident in my life.

Finally, in the chaos of my life, there was a small decision that made a huge difference

in my life. The decision to go to Aarms summer school in 2019 made me meet

Professor James Yorke. Jim, you completely changed my life. You made me follow

my instinct and go after all the questions that sounded crazy to others. You are not

only a great scientist and coach, but you are also an amazing friend who believes

in supporting his students. I am so proud to be your student, and hopefully, I will

treat my students in future the same way that you treat me. Thank you for all the

long discussions and meetings we have had. You are a day booster that brings a lot

of joy into my life.

I would like to thank the examining committee Dr. Morgan Criage, Dr. Branimir
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Chapter 1

Introduction

Cancer was the leading cause of death in Canada from 2015 to 2019 [34] and currently

is the leading cause of death worldwide: according to World Health Organization

(WHO), nearly 10 million people died of cancer in 2020 [111]. Hence, research on can-

cer causes, prevention, and treatment is vital. In 2000, Hanahan and Weinberg [38]

classified the six core hallmarks of cancer as (1) self-sufficiency in growth signals,

(2) evading apoptosis, (3) limitless replicative capability, (4) insensitivity to growth

suppressor signals, (5) sustained angiogenesis, and (6) metastasis and invading the

tissue. Genetic mutations can occur in a cell that cause it to mimic a response to

growth signals, start to proliferate, overcome programmed cell death, divide indefi-

nitely, and form a tumour. Cancer cells may also detach from the tumour and mi-

grate to other sites of the host body through blood vessels and cause metastasis. The

hallmarks of cancer are recently being updated, and eight more characteristics were

added to the previous list, including reprogramming cellular metabolism, avoiding

immune destruction, genomic instability, tumour promoting inflammation, unlock-

ing phenotypic plasticity, senescent cells, nonmutational epigenetic reprogramming,

and polymorphic microbiomes [37,39].
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Currently, there are different therapies used for treating cancer patients, ranging

from conventional therapies to targeted therapies. Conventional therapies used for

cancer treatment are surgery, chemotherapy, and radiation therapy. Cancer treat-

ment may completely eradicate the tumour and cure cancer, shrink the tumour, or

slow tumour growth and prevent cancer progress. Most cancer treatments affect the

process that cancer cells go through to divide and proliferate. In conventional ther-

apy, the drug used is not specific to cancerous cells. Hence, conventional therapy is

cytotoxic to all the cells, meaning that while killing cancer cells, it can also damage

some of the normal cells. Hence, a patient during conventional therapy may suffer

from severe side effects [14,17]. Targeted therapy, in contrast, is a type of treatment

in which drugs are used to identify and specifically target and kill cancer cells and

leave healthy cells unharmed. In this thesis, the therapy that we will study and

analyze is oncolytic viral therapy. Oncolytic viral therapy is a targeted therapy in

which a natural or genetically modified virus is used to selectively target and kill

cancer cells without harming healthy cells. The idea of using viruses as a cancer

treatment was formed when doctors noticed that some cancer patients experienced

a short period of remission after a viral infection [55]. Some oncolytic viruses only

enter cancer cells because of an antigen expression only found on the surface of can-

cer cells [87]. Others only target cells with specific signalling pathways which are

only active in cancer cells. For example, a reovirus is a natural oncolytic virus that

targets cells with overexpressed protein epidermal growth factor receptor (EGFR);

this protein activates the Ras signalling pathway [16]. Oncorine, a genetically mod-

ified adenovirus (H101), is the world’s first oncolytic virus that was approved to be

used clinically in cancer treatment: it was approved in 2005 by China’s Food and

Drug Administration for treatment of head and neck cancer [80]. Many more po-

tential oncolytic viruses are currently undergoing clinical trials: such as stomatitis

virus [30], type 1 herpes simplex virus [32], Zika virus [101].
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Oncolytic viruses have four different functions [35]: oncolysis, carrying transgene

expression, blocking angiogenesis, and antitumor immunity. Oncolysis is the process

in which an oncolytic virus infects cancer cells, replicates in them, and eventually

kills them. A transgene is a type of gene that can be transformed with engineering

techniques. Oncolytic viruses can be equipped with certain genes, such as tumour

suppressor genes, to enhance their oncolytic effects [41]. Oncolytic viruses can be

armed with angiogenesis inhibitors to block angiogenesis [104]. Oncolytic viruses can

also be armed with some cytokines or chemokines to activate antitumor (tumour-

specific) immune responses [12,21,35,47,92]. This thesis only focuses on the oncolysis

functionality of oncolytic viruses and the barriers to the success of oncolytic viral

therapy.

To date, clinical trials conducted using various oncolytic viruses have shown that

these agents are less toxic to patients than conventional therapies [9, 70], which

makes this therapy popular. However, the therapeutic success of oncolytic viruses is

limited [24,124], and the complete eradication of a tumour has rarely been achieved

when an oncolytic virus has been used as a single agent [31, 40]. These clinical

reports motivate us to investigate the possible outcomes of oncolytic viral therapy.

Which factors play a crucial role in deriving a particular treatment outcome? What

is the optimal treatment outcome, and when is it obtained? This thesis applies

computational and analytical mathematical approaches to understand the dynamics

of tumour cells during oncolytic viral therapy and determine treatment outcomes.

The reproduction of new viruses during the infection process in a host cell follows

the viral replication cycle (see Figure 1.1 for a schematic representation of the viral

replication cycle). The viral replication cycle may vary between different species,

but generally includes six stages: attachment, penetration, disassembly (uncoating),

replication, assembly, and release [2, 23, 71, 94]. First, a virus attaches itself to the

receptor on the host cell’s membrane. Second, the virus penetrates the host cell
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membrane. Third, the virus capsid is disassembled, and the viral genome is released

in the intracellular area of the host cell. Fourth, the viral genome manipulates the

host cell machinery and causes it to produce the viral genome. Fifth, the viral

proteins and the newly replicated genome assemble into new virions. Finally, new

virions are released from the host cell either by lysing the host cell (bursting the

host cell membrane) or by apoptosis (meaning, they wait till infected cells die). If

a virus lyses the host cell, then its replication cycle is referred to as a lytic cycle.

Oncolytic viruses are viruses that follow a lytic cycle. For the success of oncolytic

viral therapy, each part of this cycle must be completed successfully.

When a virus enters a host body, the immune system activates various cells, molecules

and proteins to prevent infection of host cells. This type of immune response is called

a virus-specific immune response since it is specific to the pathogen presented. Stud-

ies related to oncolytic viruses mention two different types of immune responses:

virus-specific and tumour-specific. As we mentioned before, virus-specific immune

responses get activated to inhibit infection, and tumour-specific responses are the

body’s response to the presence of a tumour. Various immune cells are activated to

kill tumour cells and interrupt the tumour growth progress. Some oncolytic viruses

can trigger exhausted tumour-specific immune responses to become activated again.

Here, we only focus on virus-specific immune responses and their role in inhibiting in-

fection. Different types of virus-specific immune responses can block different stages

of the viral replication cycle. For example, specific antibody molecules (Ab) can pre-

vent attachment, and they can remove a virus from the body before it encounters the

target cell [81]. Interferons (IFNs) are a large group of proteins produced by a host

cell to interfere with virus replication. Iversen et al. [43] showed that Natural Killer

(NK) cells could activate IFN-β expression in infected cells, which interferes with

the production of virions. A Cytotoxic T lymphocyte (CTL) is a type of white blood

cell that can kill infected cells. Hence, per the preceding discussion, a virus-specific
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immune response can be a barrier to the success of oncolytic viral therapy. Here,

using mathematical approaches, we establish when a virus-specific immune response

could hinder treatment success. In addition, we also discuss how to overcome this

barrier.

(a) attachment of the virus
to the receptor on the
host cell membrane

(b)virus penetration
into the host cell

(c) the virus uncoating

(d) virus replication (e) assembly (e) release of new virions

Figure 1.1: A schematic representation of viral replication cycle.

Intratumoral heterogeneity is known to be a major cause of tumour recurrence and

the failure of many conventional therapies [76,78,102]. The phenotypic heterogeneity

inside a tumour is both morphological and functional. One of the most important fea-

tures of epigenetic heterogeneity inside a tumour is that only a small subpopulation of

cells, known as cancer-initiating cells, can initiate a tumour clone. Cancer-initiating

cells are also known as cancer stem cells. Cancer initiating cells can self-renew and
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differentiate via symmetric and asymmetric proliferation events. The process of stem

cell division into two identical daughter stem cells, or into one stem cell and one dif-

ferentiated cell, is called self-renewal. Whereas stem cell differentiation is the process

of division into two identical differentiated cells. A stem cell hierarchy starts from a

stem cell which gives birth via self-renewal to progenitor cells with stem-like prop-

erties. Progenitor cells then self-renew or differentiate. Division of progenitor cells

finally terminates when they divide into fully differentiated cells which are mature

cells that cannot divide [15]. Most conventional therapies kill the differentiated cells

and fail in targeting cancer stem cells. The phenotypic heterogeneity of tumours has

a significant impact on the effectiveness of treatment strategies. Tumour initiating

cells have some common properties, such as long-lasting quiescence, high levels of

multi-drug resistance expression, and high DNA repair capability [89,90,106], which

cause conventional therapies like chemotherapy [123] and radiotherapy [97] to fail in

eradicating cancer stem cells. It seems therapies that are not affected by the common

properties of cancer-initiating cells lead to more effective results. Oncolytic viruses

enter tumour cells through infection, and hence target proliferating and quiescent

stem cells [18]. On the other hand, most of these properties are common to both

cancer-initiating cells and intact normal stem cells. Using tumour specific promot-

ers, oncolytic viruses can be engineered to only target cancer cells and not replicate

in healthy normal cells. The complete eradication of cancer stem cells is observed

in some in vitro studies of targeting cancer stem cells with oncolytic viruses [8, 29].

However, the complete eradication of cancer stem cells is not reported in most in

vivo models of targeting cancer stem cells with oncolytic viruses [6,8]. In this thesis,

we use mathematical modelling to analyze the efficiency of targeting cancer stem

cells with oncolytic viruses.

In this thesis we develop and analyze a mathematical model for the population dy-

namics of cancer cells and their interactions with free virus and immune system
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during oncolytic viral therapy. We thus use mathematical analyses and numerical

simulations to explain tumour cell dynamics and identify treatment outcomes. In

addition, we use bifurcation and sensitivity analyses, which in their simplest form

involve keeping some parameters constant while changing the rest to determine how

sensitive the predicted outcomes are to changes in parameters. All the models intro-

duced in this thesis consist of ordinary differential equations. Hence our work seeks

to explore the temporal aspects of oncolytic viral therapy. We use dynamical system

theory combined with numerical simulations as tools to describe our results.

Now, we review some of the mathematical models in the literature that our main

models are based upon. The interaction between cancer cells, an oncolytic virus and

the immune system is quite complex. For example intratumoral heterogeneity, the

type of immune response that will be established and the stage of the viral replica-

tion cycle that it will interfere with are some of complexities that are involved in the

modelling of interactions between cancer cells, the free virus, and the immune system

during oncolytic viral therapy. To understand how virus-specific immune responses

affect the outcomes of oncolytic viral therapy, and to understand general outcomes of

oncolytic viral therapy, first we disregard any interaction with the immune response

including both virus-specific and tumour-specific immune responses. We also assume

the oncolytic virus administrated targets all cancer cells equally and does not have

a preference in targeting cancer stem cells over differentiated cells. So firstly we re-

view some classic mathematical models that describe interaction between uninfected

cancer cells, X, infected cancer cells, Y , and the free virus, V , during oncolytic viral

therapy.

Wodarz and Komarova [118] proposed Model (1.1) to study the interaction between

uninfected cancer cells and infected cancer cells during oncolytic viral therapy. In

Model (1.1) r̄ and s̄ are the per capita mitosis rates of uninfected and infected cancer

cells at zero density, respectively. K is the maximal tumour size due to nutrient
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limitations. The death rates of uninfected and infected cancer cells are denoted by

d̄ and d̄′, respectively. Lastly, β is the horizontal transmission rate. The authors

showed that there is an optimal value for the death rate of infected cells at which

the tumour reaches a minimum size. Hence, this work shows the importance of death

rate of infected cancer cells on the treatment outcome.

Ẋ = r̄X(1− X + Y

K
)− d̄X − βXY, (1.1a)

Ẏ = s̄Y (1− X + Y

K
)− d̄′Y + βXY. (1.1b)

Later on, Komarova and Wodarz [60] introduced a more general set of ordinary dif-

ferential equations, Model (1.2) for describing cancer cell dynamics during oncolytic

viral therapy. They used different types of infection spread term and as a proof of

concept showed that viruses with higher horizontal transmission rate result in lower

tumour size. Hence, this work shows the importance of the horizontal infection

transmission rate in the treatment outcome. In addition, they also claim that if the

viral spread rate is high enough, in the case of fast spread, then tumour eradication

is possible.

Ẋ = xF (x, y)− βG(x, y)y, (1.2a)

Ẏ = βG(x, y)y − d̄′y. (1.2b)

In both Models (1.1) and (1.2) authors assume that the turnover of free virus is fast

enough to maintain a quasi-steady state. Therefore, the density of the free virus

is proportional to the density of the infected cells. Hence, no equation for the free

virus is indicated. One of the downsides of this is that the interaction of the free

virus with the immune system cannot be captured explicitly by a model in which no

equation representing virus dynamics is considered. For example, this model cannot
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describe the effect of an antibody response that kills the free virus, nor discuss the

impact of interferons that block virion production.

Dingli et al. [25] proposed Model (1.3) to describe interactions between cancer cells

and free virus during oncolytic viral therapy. They showed that the production rate

of free virus, q, has a crucial role in the efficacy of treatment outcomes. As the

production rate of free virus increases, more tumour shrinkage is observed under the

therapy. In the following model m̄ denotes the clearance rate of the virus.

Ẋ = r̄X(1− (X + Y )ε

Kε
)− βXV, (1.3a)

Ẏ = βXV − d̄′Y, (1.3b)

V̇ = qY − m̄V. (1.3c)

In both Models (1.2) and (1.3) it is assumed that viral transmission is only horizontal,

but in Model (1.1) it is assumed that viral transmission is both horizontal and

vertical. Horizontal transmission occurs explicitly when a free virus penetrates an

uninfected cell and makes it infected as shown in Model (1.3), or implicitly when

an infected cell encounters an uninfected cell as shown in Models (1.1) and (1.2).

Vertical transmission occurs when an infected cell divides and produces infected

daughter cells, which is only considered in Model (1.1). The virus can fully invade the

tumour only when transmission occurs both horizontally and vertically. We propose

Model (2.1) in Chapter 2 to assess oncolytic viral therapy and its outcomes. Similar

to Wodarz and Komarova [118] in Model (2.1) we assume infection transmission is

both horizontal and vertical. In addition, similar to Dingli et al. [25] in Model (2.1)

quasi-steady state assumption is relaxed and an equation representing virus dynamics

is considered.

Chapter 2 is devoted to analysis of Model (2.1). In Chapter 2 the following questions
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are answered:

1. What is the optimal tumour size under therapy?

2. When is the optimal tumour size obtained?

3. What is the control threshold of therapy?

4. What is the optimal threshold of therapy?

5. How does the virulence level of free virus affect treatment outcomes?

6. What is the optimal virulence level?

7. How does relaxation of the quasi-steady state affect the treatment outcomes?

In other words, how does the viral timescale affect the treatments’ results?

After understanding the gist of the dynamics of cancer cells, including both infected

and uninfected cancer cells, and the dynamics of the free virus during oncolytic

viral therapy by using Model (2.1), we extend Model (2.1), to incorporate the effect

of a virus-specific immune response on the treatment outcomes. To do this, first,

we review some classic models that show the interaction between uninfected cells,

infected cells, the virus and a virus-specific immune response.

One of the first models that is introduced to study the effect of a CTL immune

response on the viral load is the following Model that was proposed by Nowak and

Bangham [85]. They showed that CTL responsiveness is not correlated with viral

load in the case of HIV (Human Immunodeficiency Virus). In the following model c

denotes the production rate of CTLs per infected cell, p denotes the rate at which a

CTL kills infected cells, and mz is the death rate of CTLs. In the following model λ
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denotes the production rate of uninfected target cells.

Ẋ = λ− d̄X − βXV, (1.4a)

Ẏ = βXV − d̄′y − pY Z, (1.4b)

V̇ = qY − m̄V, (1.4c)

Ż = cY Z −mzZ. (1.4d)

Komarova and Wodarz [61, chapter 12] proposed the following model to study the

effect of a CTL immune response on oncolytic viral therapy. They showed that if

in the absence of a CTL immune response a tumour is partially infected, then the

establishment of a CTL immune response is only detrimental because tumour size is

bigger in the presence of a CTL immune response; however, they do not discuss the

extent to which a CTL immune response is harmful.

Ẋ = r̄X(1− X + Y

K
)− d̄X − βXY, (1.5a)

Ẏ = s̄Y (1− X + Y

K
)− d̄′Y + βXY − pY Z, (1.5b)

Ż = cY Z −mzZ. (1.5c)

According to De Boer and Perelson [20], T-cells compete for infected cells. The

proliferation rate of T-cells saturates due to competition between T-cells for infected

cells. Hence, Eq. (1.5c) can be rewritten as the following, where CTLs are produced

at the rate (cY Z)/(1 + εZ). When the population of CTLs reaches its abundance,
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CTLs proliferation rate converges to cY/ε.

Ż = cY
Z

1 + εZ
−mzZ. (1.6)

Using Models (1.4) and (1.5) and Equation (1.6), we extend Model (2.1) and propose

Model (3.4) to study the effect of a CTL immune response on the outcomes of

oncolytic viral therapy.

As we mentioned before, another way that an immune response can reduce effective-

ness of oncolytic viral therapy is by blocking attachment. Proteins on the surface

of a virus trigger B-cells to secrete antibodies. Antibodies can attack and neutralize

viruses [1]. Wodarz and Nowak [119] proposed the following system of equations to

model the effect of antibody immune response on the viral load.

Ẋ = λ− d̄X − βXV, (1.7a)

Ẏ = βXV − d̄′y, (1.7b)

V̇ = qY − m̄V − pV Z, (1.7c)

Ż = cV
Z

1 + εZ
−mzZ. (1.7d)

Note that since the secretion of antibodies is stimulated by the viruses, the rate of

stimulation of antibodies (cV Z)/(1 + εZ) is proportional to the abundance of the

free virus.

In Chapter 3 we use numerical and analytical approaches to address the following

questions about the effect of establishment of CTLs and antibodies on oncolytic viral

therapy:

1. When is a CTL (or an antibody) immune response established during an on-
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colytic viral therapy?

2. Is a CTL (or antibody) immune response a barrier to the success of oncolytic

viral therapy?

3. If the answer to the above question is no, when is the establishment of a CTL

(or antibody) immune response detrimental and when is it beneficial?

4. To what extent is the establishment of a CTL (or antibody) immune response

hostile? Can a negative effect be controlled?

5. How does the virulence level of the free virus affect the establishment of a CTL

(or antibody) immune response?

6. How does the establishment of a CTL (or antibody) immune response affect

the optimal tumour size or the optimal threshold of the therapy?

7. Does the establishment of a CTL (or antibody) immune response affect the

minimum viral transmission rate at which treatment starts to work?

Next, we focus on one of the applications of oncolytic vial therapy which is targeting

cancer stem cells with oncolytic viruses. Many studies have investigated the efficacy

of targeting cancer stem cells with oncolytic viruses in recent years. As a proof of

concept, Eriksson et al. [29] showed that targeting cancer stem cells with oncolytic

viruses is promising both in vitro and in vivo: they showed that the infected stem cells

could not form a tumour. In vitro studies show that targeting cancer stem cells with

oncolytic viruses can lead to tumour eradication [8,29]. However, tumour eradication

does not often occur in in vivo studies of targeting cancer stem cells with oncolytic

viruses [6,8]. In Chapter 4 we use analytical and computational tools to investigate

when targeting cancer stem cell leads to a better result than random targeting or

only targeting differentiated cells. In order to do this, we propose a model that takes

phenotypic heterogeneity of cancer cells into account during oncolytic viral therapy,
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meaning that cancer stem cells and differentiated cells become infected at different

rates through incidence with an infected cell.

Many mathematical models, both stochastic and deterministic, have been proposed

in the literature to describe population dynamics with a stem cell hierarchy [49, 52,

64, 99, 103]. The following set of ordinary differential equations which was proposed

by Johnston [49], is one of the early models that describes the stem cell division

process; in this model, X0, X1, and X2 denote the population density of stem cells,

the population density of semi differentiated cells, and the population density of

fully differentiated cells, respectively. Semi-differentiated cells similar to stem cells

can self-renew and differentiate, but fully differentiated cells cannot divide. The

self-renewal rate of stem cells (semi-differentiated cells) is denoted by α3 (β3) and

the differentiation rate of stem cells (semi-differentiated cells) is denoted by α2 (β2).

The death rates of stem cells, semi-differentiated cells, and differentiated cells are

denoted by α1, β1, and γ, respectively.

Ẋ0 = (α3 − α2 − α1)X0, (1.8a)

Ẋ1 = (β3 − β2 − β1)X1 + α2X0, (1.8b)

Ẋ2 = β2X1 − γX2. (1.8c)

A stem cell niche is a microenvironment in which only stem-like cells can be found [96].

For example, stem cells of the colonic crypt are believed to be at the bottom of the

crypt. Stem cell niches regulate stem cell self-renewal, differentiation and matura-

tion. By considering these feedback control signals, the population of stem cells grows

logistically [51]. To our knowledge, there is no mathematical model describing the

dynamics of cancer cells during oncolytic viral therapy and taking phenotypic het-

erogeneity of the tumour into account. By considering Models (1.8) and Model (1.1),
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we propose Model (4.2) in Chapter 4 to assess efficacy of targeting cancer stem cells

with oncolytic viruses.

In Chapter 4, by analyzing Model (4.2), we address the following questions:

1. Does the administration of an oncolytic virus that selectively targets both stem

cells and their progenitors lead to tumour eradication?

2. Which phenotype should preferentially be targeted to optimize the therapy? In

other words, does a higher specificity in targeting stem-like cancer cells increase

the overall efficacy of oncolytic viral therapy?

3. What is the optimal stem cell specificity?

4. What factors affect the optimal stem cell specificity?

5. How does the infected cells’ mitotic (self-renewal and differentiation) rate affect

the therapeutic outcome?

6. Does the stem cell fraction increase or decrease following an oncolytic therapy

in which stem cells are targeted?

Finally, Chapter 5 summarizes the results of this thesis and discusses the future

directions.
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Chapter 2

Identifying threshold parameters

for success in oncolytic viral

therapy

We model interactions between cancer cells and a virus during oncolytic viral therapy.

One of our primary goals is to identify parameter regions that yield treatment failure

or success. We show that tumour size is reduced under therapy. Our analysis shows

there are two thresholds for the horizontal transmission rate: a “control threshold”

above which treatment is efficient, and an “optimal threshold” beyond which infec-

tion prevalence reaches 100% and the tumour shrinks to its smallest size. Moreover,

we show that these thresholds depend on the virulence of a virus. We identify a

threshold for the virulence of the virus and show how this threshold depends on the

timescale of virus dynamics. Our results suggest that when the timescale of virus

dynamics is fast, the administration of a more virulent virus leads to greater tumour

size reduction. Conversely, when the viral timescale is slow, a higher virulence can

lead to high amplitude oscillations. Furthermore, our numerical observations depict
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fast and slow dynamics and suggest the existence of a two-dimensional globally at-

tracting surface that includes the unstable manifold of the interior steady state and

a stable limit cycle. All solutions with positive initial conditions rapidly approach

this two-dimensional attracting surface, and the trajectories on the attracting sur-

face slowly tend to the limit cycle. Our analysis shows that the optimal virulence of

an oncolytic virus depends on the timescale of virus dynamics.

2.1 Introduction

The idea of using viruses as a cancer treatment was formed when doctors noticed

that some cancer patients experienced a short period of remission after a viral infec-

tion [55]. Oncolytic viruses are natural or modified viruses that specifically target

cancerous cells, replicate in them and eventually kill the infected cancer cells via lysis.

Oncolytic viruses can also be armed with genes encoding cytokines and chemokines

that activate antitumour immune cells [12, 21, 35, 47, 92], but here we only focus on

their use as oncolytic agents.

To date, clinical trials conducted using various oncolytic viruses have shown that

these agents are less toxic than conventional therapies [9, 70], which makes this

therapy popular. However, the therapeutic success of an oncolytic virus is lim-

ited [24, 124], and the complete eradication of a tumour has rarely been achieved

when an oncolytic virus has been used as a single agent [31, 40]. This motivates us

to study interactions between virus and cancer cells during oncolytic viral therapy

to identify barriers and find ways to overcome them. Here, we use mathematical

modelling to address the following questions. What are the outcomes of oncolytic

viral therapy? Under which condition is a specific outcome possible? Can oncolytic

viruses be used as a cure or only as a containment method? And how does the

virulence of the virus affect the treatment outcomes? Moreover, we examine how to
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optimize the efficiency of viral therapy by identifying which parameter regions will

lead to the best outcome under treatment.

Several mathematical models of oncolytic virus dynamics have been developed [7,46,

60, 114, 115]. Komarova and Wodarz [61] studied the interactions between infected

and uninfected cancer cells under the assumption that the turnover of the virus is fast

enough to maintain a quasi-steady state. They showed there is an optimal value for

the death rate of infected cells at which the tumour reaches a minimum size. Long-

term oscillatory behaviour has not been observed in their model, but in vivo studies

of oncolytic viruses have suggested oscillatory behaviour [24]. This encourages us

to relax the quasi steady state assumption and consider a three-variable model that

can capture important dynamics of oncolytic viral therapy not found in the simpler

models.

Similar to many viruses, oncolytic viruses come in two types: enveloped and naked.

Some examples of naked oncolytic viruses are adenovirus [120] and reovirus [10]. For

examples of enveloped oncolytic viruses we can refer to vesicular stomatitis virus [30],

type 1 herpes simplex virus [32], and Zika virus [101]. Enveloped oncolytic viruses

can be easier for the host immune cells to remove than naked oncolytic viruses [125].

New virions of enveloped viruses can leave the host cells without lysis, but naked

viruses only leave the host cells via lysis. Hence, enveloped oncolytic viruses seem

to be less efficient than naked oncolytic viruses. Our model describes the interaction

of a naked oncolytic virus with infected and uninfected cancer cells during oncolytic

viral therapy.

A virus can affect cell death mechanisms in various ways. One type of death that an

infection can induce in a cell is lysis. When a cell becomes infected, the virus makes

copies of itself until the infected cell’s membrane bursts and new virions are released

into the extracellular area. The other type is an active death - known as apoptosis,
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during which cells activate programmed cell death mechanisms to induce the death of

infected cells. Most viruses are equipped with anti-apoptosis proteins that allow them

to complete the viral reproduction cycle before an infected cell dies [53]. However,

sometimes an infected cell dies quickly in response to an infection to prevent infection

spread: the virions released in this way have not completed the viral reproduction

cycle and are not infectious. Our model describes the dynamics of oncolytic viral

therapy when viruses can complete the viral reproduction cycle before an infected

cell dies.

Here, we are interested in understanding how treatment outcome is influenced by

an oncolytic virus capable of both horizontal and vertical infection. Similar to Ko-

marova and Wodarz [61], we consider using a mitotic virus. In other words, there

are two pathways for infection transmission: horizontal and vertical transmission.

Infection is transmitted horizontally when an uninfected cell encounters free virus

and becomes infected. Infection transmission is vertical when an infected cell pro-

duces infected daughter cells through mitosis. An infected cell may give birth to two

infected daughter cells or one infected cell and one uninfected daughter cell. Here,

for simplicity we only discuss the scenario where vertical transmission is perfect,

meaning an infected cell only gives birth to infected daughter cells.

For some cancers, larger tumours have an increased risk of metastasis: Koscielny

et al. [62] showed that the incidence of metastasis increases as the size of a breast

tumour increases; in a study on the survival experience of 1894 patients with invasive

breast tumours, Narod [82] showed that an increase in tumour size decreases the 15-

year survival rate of patients. Hence, the size to which the tumour shrinks is a

crucial factor in identifying how successful a cancer treatment is. A therapy that

causes considerable tumour shrinkage may be used as a tumour control method and,

in combination with other therapies, may lead to tumour eradication. This inspires

us to investigate how a virus should be engineered to shrink the steady-state tumour
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size compared to the case that no treatment occurs. Understanding the regions

of parameter space in which tumour size is minimized is an essential step towards

engineering such an oncolytic virus. As we will show, there exists a threshold for the

horizontal transmission rate beyond which the tumour size reaches its minimum.

The negative effect caused by a viral infection on the functionality of host cells,

such as a lower cell division rate or a higher mortality rate after infection is called

virulence [84]. Here, we consider using an virulent virus. Our goal is to assess how

the virulence of a virus affects the final tumour size. Recent studies suggest that

extreme levels of viral virulence are not recommended [61]. Here, we show that

when the virus becomes more aggressive, the system shows oscillatory behaviour.

We derive a threshold for virulence above which a limit cycle exists. Our numerical

observations suggest this limit cycle is almost every where globally stable: that is to

say, it attracts every solution that starts from a positive point which is not on the

stable manifold of the positive steady state.

Capturing fast and slow dynamics is very beneficial to understanding treatment

outcomes over the longer term, especially when the fast behaviour is followed imme-

diately by a slow behaviour. For example, when dynamics are fast, and the treatment

outcome is followed only for a short time, it may appear as if the treatment is suc-

cessful in the sense that huge tumour shrinkage is observed on a short timescale,

but tumours may appear again over a longer timescale. On the other hand, when

the dynamics are too slow, tumour growth may not be noticeable when solutions

are only observed for a short time, but in practice, a tumour may get big enough to

be a concern again within some years. We show for which parameter region and for

which state spaces fast and slow dynamics occur.
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2.2 Model

We make the following assumptions to achieve a tractable model that helps us focus

on our research questions mentioned in the previous section.

(A1): To model nutrient limitations, we assume the mitosis rates are density depen-

dent, dropping linearly to zero at a maximal tumour size K. We denote the per

capita mitosis rates of uninfected and infected cancer cells at zero density by r̄ and

s̄, respectively.

(A2): As we mentioned before, we assume there are two pathways for transmission

of infection: β is the horizontal rate of infectivity per virus and s̄, the mitosis rate

of infected cancer cells, is the vertical transmission rate, see Figure 2.1.

(A3): Furthermore, we assume that vertical transmission is perfect: infected cells

never produce uninfected daughter cells.

(A4): Uninfected and infected cancer cells die at rates d̄ and d̄+ā respectively. These

rates are assumed to be lower than the per capita mitosis rates r̄ and s̄, respectively.

(A5): The virus is virulent:

• infection reduces the cell mitosis rate, s̄ < r̄;

• infection elevates the death rate of cancer cells, ā > 0.

(A6): As we mentioned in the introduction, we assume our model reflects the dy-

namics of a virus that can complete the viral reproduction cycle before the host

infected cell dies. We further assume that no virion can leave the membrane of an

infected cell before the infected cell dies. As Figure 2.1 illustrates, the virus makes

q̄ copies of itself in each infected cell, and the infected cell dies at the rate d̄ + ā.

Therefore, (d̄+ ā)q̄ new virions are produced per each dead infected cell.

(A7): Here, in the interest of keeping consistent with earlier models [61,72,117] that
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our model is based on, we neglect removal of the viruses with infection. The clearance

rate of the virus is denoted by m̄.

Under the above assumptions we have the following model:

Ẋ = r̄X

(
1− X + Y

K

)
− d̄X − βXV, (2.1a)

Ẏ = s̄Y

(
1− X + Y

K

)
−
(
d̄+ ā

)
Y + βXV, (2.1b)

V̇ =
(
d̄+ ā

)
q̄Y − m̄V, (2.1c)

where X, Y , and V denote the population density of uninfected cancer cells, infected

cancer cells, and viruses, respectively. The total tumour size is X + Y . Figure 2.1

illustrates the viral cycle. First, viral incidence occurs between an uninfected cancer

cell X and the free virus V at rate β. Once the free virus penetrates the target cell,

the target cells become infected. Then the virus replicates itself till the membrane of

the infected cell is disrupted and the new virions are released in to the extracellular

space.

As we mentioned in assumption (A6), Model (2.1) demonstrates the dynamics of a

naked oncolytic virus. We assume that new virions are released to the extracellular

area only after the infected cell dies. Therefore, the rate at which new virions are

produced is (d̄+ ā)q̄. However, when using an enveloped virus, new virions can leave

an infected cell without lysis. For Model (2.1) to describe dynamics of an enveloped

oncolytic virus, one should replace equation (2.1c) with V̇ = q̄Y − m̄V , where q̄

now denotes the rate at which new virions are produced by each infected cell. This

change does not lead to any mathematical difference in the results: since we report

the results for the rescaled model, with different rescalings, the same dimensionless

model can be obtained for both scenarios. However, if we extend Model (2.1) to
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consider interactions with virus-specific immune responses, treatment outcome will

depend on the type of administrated oncolytic virus (naked vs. enveloped).

X

r̄
uninfected
cancer cell
mitosis rate

Y

s̄ infected cancer
cell mitosis rate

d̄
cancer cell

apoptosis rate
horizontal trans-
mission rate

m̄

V

fr
ee

vi
ru
s

cl
ea
ra
nc
e
ra
te

β

burst sizeq̄

d̄+ ā
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Figure 2.1: A schematic description of oncolytic viral therapy under
Model (2.1). X, Y , and V denote population densities of uninfected cancer cells,
infected cancer cells, and viruses, respectively.

To simplify our analysis, we rescale the parameters and variables of Model (2.1) as

follows:

x =
X

K
, y =

Y

K
, v =

V m̄

Kq̄(d̄+ ā)
, t = r̄τ,

s =
s̄

r̄
, m =

m̄

r̄
, b =

βKq̄(d̄+ ā)

r̄m̄
, (2.2)

XU = 1− d̄

r̄
, YI = 1− d̄+ ā

s̄
.

After applying these rescalings, Model (2.1) turns to the following dimensionless
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model. The algebraic calculations are provided in Appendix (section 2.6.1).

ẋ = x(XU − (x+ y))− bvx, (2.3a)

ẏ = sy(YI − (x+ y)) + bvx, (2.3b)

v̇ = m(y − v). (2.3c)

Assumptions (A4) and (A5) can be restated in terms of dimensionless parameters as

follows.

(H1): s < 1 follows from Assumption (A5).

(H2): XU > YI > 0 follows from Assumptions (A4) and (A5).

2.3 Analytical results

2.3.1 Invariant sets and steady states

Lemma 2.1. The set

W = {(x, y, v) : 0 ≤ x+ y ≤ XU , 0 ≤ x, y, v ≤ XU} (2.4)

is a positively invariant and globally attracting set for Model (2.3).

The shaded wedge shape area in Figure 2.2(a) represents W . In the proof of the

above lemma we show that each solution of Model (2.3) starting from a nonnegative

initial point always remains nonnegative.

Proof. First we show that W is positively invariant. A solution (x(t), y(t), v(t)) of

Model (2.3) that starts from an initial point (0, 0, v(0)) on the v axis can be written
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as

(0, 0, v(0)e−mt).

Hence, 0 ≤ v(t) < v(0) ≤ XU for all t > 0. Therefore, (x(t), y(t), v(t)) ∈ ∂W for all

t > 0 if x(0) = y(0) = 0 and 0 ≤ v(0) ≤ XU .

A solution (x(t), y(t), v(t)) of Model (2.3) that starts from an initial point (x(0), 0, 0)

in W on the x axis is of the form

(
XUx(0)

x(0) + (XU − x(0))e−XU t
, 0, 0

)
.

Since 0 < x(0) < XU , 0 ≤ x(t) ≤ XU for all t > 0. Hence, (x(t), y(t), v(t)) ∈ ∂W for

all t > 0 if v(0) = y(0) = 0 and 0 ≤ x(0) ≤ XU .

A solution (x(t), y(t), v(t)) of Model (2.3) that starts from an initial point (0, y(0), v(0))

in W can be written as

(
0,

YIy(0)

y(0) +
(
YI − y(0)

)
e−sYI t

,me−mt
∫
0

t

y(z)emzdz + v(0)e−mt

)
.

Hence, (x(t), y(t), v(t)) ∈ ∂W for all t > 0 if x(0) = 0 and 0 ≤ y(0), v(0) ≤ XU .

Consider a solution (x(t), y(t), v(t)) of Model (2.3) that starts from an initial point

(x(0), 0, v(0)) ∈ W . At t = 0, ẏ = bx(0)v(0) > 0. Hence, (x(t), y(t), v(t)) ∈ W \ ∂W

for 0 < t < t0 where t0 > 0. The solution (x(t), y(t), v(t)) to leave W first should

cross the boundary of W . If the solution (x(t), y(t), v(t)) tends to a point on the

x axis or on the y-v plane, then it will remain on the x axis or on the y-v plane,

respectively; however, if it tends to a point on any other boundary surfaces of W , it

will only be tangent to that boundary and it will turn back into W again.

Consider a solution (x(t), y(t), v(t)) that starts from an initial point (x(0), y(0), 0)
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in W . At t = 0, v̇ = my(0) > 0. Hence, v is increasing for small values of t. Each

solution that starts from a point (x0, y0, 0) ∈ W where y0 > 0, points inward W for

small t > 0 and it will remain in W ; it may remain in W \ ∂W for all t > 0, or it

will eventually tend to a point on the intersection of boundary of W with y-v plane.

Every point on the intersection of W with the surface v − XU = 0 is above of

the surface y − v = 0, except (0, XU , XU). Hence, v̇ < 0 every where on this

boundary except on (0, XU , XU). Therefore, v is decreasing along this surface.

Consider a solution (x(t), y(t), v(t)) starting from an initial point (x(t), y(t), XU),

(x(t), y(t), v(t)) ∈ W \ ∂W for small values of t > 0; this solution either remains in

W \ ∂W for all t > 0, or eventually tends to a point on the boundary of W on the

y-v plane but it will never leave W . The solution starting from (0, XU , XU) remains

in the boundary of W on the y-v plane for all t > 0.

WhereW meets the surface x+y−XU = 0, ẋ+ ẏ = sy(YI−XU). By inequality (H2),

x+y is decreasing when y 6= 0. Hence, each solution that starts from an initial point

on the intersection of W with the surface x + y − XU = 0, points inward W and

remains in W .

Next we show that W is an attracting set and it attracts all the solutions start-

ing in the positive octant (see Figure 2.2). When x + y ≥ XU and x, y > 0, by

Eqs. (2.3a) and (2.3b) the following inequality holds.

ẋ+ ẏ = x(XU − (x+ y)) + sy(YI − (x+ y)) ≤ −sy(XU − YI). (2.5)

The above inequality shows that if x + y ≥ XU and x, y > 0, then ẋ + ẏ < 0.

In other words, the trajectory of each solution (x(t), y(t), v(t)) that starts from an

initial point (x0, y0, v0) with x0 + y0 ≥ XU and x0, y0 > 0, moves in the direction of

decreasing x+y, and thus tends inwardW and will remain inW for all the following

times. In other words, there exists t∗ > 0 such that (x(t), y(t), v(t)) ∈ W for all
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t > t∗.

When v > y, v̇ < 0. Hence v decreases along any trajectory that is above surface

y−v = 0. Therefore each solution starting from an initial point (x0, y0, v0), for which

x0 + y0 < XU and v0 > XU , tends to a point in W and will remain in W for all the

following times.

Therefore, for each solution (x(t), y(t), v(t)) with an initial point (x0, y0, v0) such that

x0, y0, v0 ≥ 0 and (x0, y0, v0) /∈ W , there exists t1 > 0 such that (x(t), y(t), v(t)) ∈ W

for all t > t1.

Herein we only study the dynamics of solutions that start from an initial point in

W . The shaded plane in the Figure 2.2(b) is the intersection of the surface y−v = 0

with W . All steady states of Model (2.3) are on this plane.

(a) (b)

Figure 2.2: W is positively invariant and globally attracting. (a) This panel
demonstrates that the trajectory of each solution that starts from a point in the first
octant eventually gets attracted to W . (b) This panel is the same as panel (a) but
includes the intersection of the surface y − v = 0 with W . When a solution starts
above the surface y − v = 0, it moves in the direction of decreasing v. When a
solution starts below the surface y− v = 0, it moves in the direction of increasing v.

The tumour size, x+ y, determines whether the therapy is successful. The following

theorem intuitively says that oncolytic viral therapy always reduces the tumour size.

In the following theorem x(t) + y(t) is the tumour size at time t under the therapy

and x̄(t) is the tumour size without therapy.
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Theorem 2.2. Assume inequalities (H1) and (H2) hold, and under Model (2.3), the

virus is introduced at time t = 0, either directly into cells or into the extracellular

environment. Let (x̄(t), 0, 0) be the solution of Model (2.3) with initial condition(
x̄0, 0, 0

)
, where x̄0 > 0, and let (x(t), y(t), v(t)) be the solution to Model (2.3) with

initial condition
(
x0, y0, v0

)
, where x0 > 0, v0 > 0, and y0 ≥ 0. If x0 + y0 = x̄0, then

x(t) + y(t) < x̄(t) for all t > 0.

Proof. According to Eq. (2.3b), for each solution of Model (2.3) that starts with

x0 > 0, v0 > 0, and y0 = 0, y is initially increasing (ẏ(0) > 0). Hence, we conclude

that y(t) > 0 for all t > 0. Now suppose the converse, that there exists a time t∗ > 0

such that x(t∗) + y(t∗) ≥ x̄(t∗), i.e.
x(t∗) + y(t∗)

x̄(t∗)
≥ 1.

Define ρ(t) =
x(t) + y(t)

x̄(t)
, t ≥ 0. Notice that ρ(t) is continuous and differentiable.

Now we will show ρ(t) is strictly decreasing on the set of times t for which ρ(t) ≥ 1.

Eqs. (2.3a) and (2.3b) yield

ẋ+ ẏ = x
(
XU − (x+ y)

)
+ sy

(
YI − (x+ y)

)
.

According to inequality (H2), YI < XU . Since y > 0 for all t > 0,

ẋ+ ẏ < x
(
XU − (x+ y)

)
+ sy

(
XU − (x+ y)

)
= (x+ sy)

(
XU − (x+ y)

)
.

By inequality (H1), s < 1, so x+ sy < x+ y. Hence,

ẋ+ ẏ < (x+ y)
(
XU − (x+ y)

)
.

Since x+ y 6= 0,

ẋ+ ẏ

x+ y
< XU − (x+ y).
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For all t > 0 such that ρ(t) ≥ 1 (i.e. x(t) + y(t) ≥ x̄(t)),

ẋ+ ẏ

x+ y
< XU − (x+ y)(t) ≤ XU − x̄(t) =

˙̄x

x̄
.

Hence, for all t > 0 such that ρ(t) ≥ 1 (i.e. x(t) + y(t) ≥ x̄(t))

ρ̇(t)

ρ(t)
=
ẋ+ ẏ

x+ y
−

˙̄x

x̄
< 0.

Therefore, ρ(t) is strictly decreasing on the set of all t > 0 for which ρ(t) ≥ 1. But

ρ(t) is a continuous function and ρ(0) = 1. Therefore, ρ is strictly decreasing on the

set of all t ≥ 0 for which ρ(t) ≥ 1. Therefore ρ(0) > ρ(t∗) ≥ 1, contradicting our

assumption.

In the proof of the following theorem, we use a comparison theorem [67], for conve-

nience of the readers, the version of the comparison theorem that we use is provided

here.

Theorem 2.3 (Second Comparison Theorem [67]). Let x(t) and y(t) be continuously

differentiable functions from [0,+∞) to R, satisfying

dx

dt
≤ dy

dt
for all t ≥ 0, (2.6)

and x(0) ≤ y(0), then x(t) ≤ y(t) for all t ≥ 0.

Theorem 2.4. Assume inequalities (H1) and (H2) hold. Under Model (2.3)

(I) the tumour size under the therapy x(t) + y(t) remains between YI and XU if

the initial tumour size is between YI and XU , i.e.,

YI ≤ x(t) + y(t) ≤ XU for all t > 0, (2.7)
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if YI ≤ x0 + y0 ≤ XU .

(II) For each solution (x(t), y(t), v(t)) with an initial condition
(
x0, y0, v0

)
, where

x0 > 0, y0 > 0 either there exists t∗ > 0 such that YI ≤ x(t∗) + y(t∗) ≤ XU , or

(x(t), y(t), v(t))→ (0, YI , YI) as t→∞.

Proof. Part(I): Eqs. (2.3a) and (2.3b) yield the following equation.

ẋ+ ẏ = x
(
XU − (x+ y)

)
+ sy

(
YI − (x+ y)

)
. (2.8)

Since x, y ≥ 0, YI < XU and s < 1, sy
(
YI − (x+ y)

)
≤ y
(
XU − (x+ y)

)
. Therefore,

by the above equation

ẋ+ ẏ ≤ (x+ y)(XU − (x+ y)).

It now follows from the comparison theorem, if x0 + y0 ≤ XU , then x(t) + y(t) ≤ XU

for all t ≥ 0.

Similarly, using s(x+ y) ≤ x+ sy from Eq. (2.8)

ẋ+ ẏ ≥ sx
(
YI − (x+ y)

)
+ sy

(
YI − (x+ y)

)
= s(x+ y)

(
YI − (x+ y)

)
.

It now follows from the comparison theorem, if x0 + y0 ≥ YI , then x(t) + y(t) ≥ YI

for all t ≥ 0.

Part(II): Now assume (x(t), y(t), v(t)) is a solution starting from initial point
(
x0, y0, v0

)
,

where x0, y0 > 0.

As we showed in the proof of Lemma 2.1, {(x, y, v)|0 ≤ x+ y ≤ XU , x, y, v ≥ 0} is a

globally attracting set, so a solution starting from a point (x0, y0, v0) with x0 + y0 >

XU tends to a point in W . Hence, we only need to show that for each solution

(x(t), y(t), v(t)) with initial condition
(
x0, y0, v0

)
where 0 < x0 + y0 < YI , x0, y0 > 0
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either there exists t∗ such that x(t∗)+y(t∗) ≥ YI or lim
t→∞

(x(t), y(t), v(t)) = (0, YI , YI).

Assume (x̂(t), ŷ(t), v̂(t)) is a solution starting from (x0, y0, v0) such that x0, y0 > 0,

x̂(t) + ŷ(t) < YI for all t ≥ 0. We will show lim
t→∞

(x̂(t), ŷ(t), v̂(t)) = (0, YI , YI). If

x+ y < YI and x, y > 0 according to Eq. (2.8), ẋ+ ẏ > 0, therefore, x+ y increases

along the solution x̂(t) + ŷ(t) and it is bounded above by YI . Hence, (x̂(t), ŷ(t))

approaches to a point on the plane x+ y = YI as t→∞. Let us assume (x̂(t), ŷ(t))

approaches to (x∗, y∗) such that x∗ > 0 and x∗ + y∗ = YI . By Eq. (2.8), ẋ + ẏ > 0

when x > 0. Since x∗ > 0, x̂ + ŷ has to leave x + y = YI plane in the direction of

increasing x + y. That is a contradiction, since it means there exists a t > 0 such

that x̂(t) + ŷ(t) > YI . Hence, x∗ = 0. Since x∗ + y∗ = YI , y
∗ = YI . By Eq.(2.3c),

when y = YI , v tends to YI . Hence, (x̂(t), ŷ(t), v̂(t))→ (0, YI , YI) as t→∞.

Model (2.3), when inequalities (H1) and (H2) hold, can have four steady states inW ,

which we will refer to as follows: the tumour eradication steady state, E0 = (0, 0, 0),

the treatment failure steady state, EU = (XU , 0, 0), the 100% infection prevalence

steady state, EI = (0, YI , YI) and the positive steady state, Ep = (xp, yp, vp), where

xp =
s(−YIb+XU − YI)

b(b+ 1− s)
, (2.9a)

yp =
XUb− s(XU − YI)

b(b+ 1− s)
, (2.9b)

vp =yp. (2.9c)

We will also refer to Ep as the positive steady state. The following lemma establishes

conditions under which each of the above steady states exists. Here, existence of a

steady state means its nonzero components are positive.

Lemma 2.5. Assume inequalities (H1) and (H2) hold. Then EU and EI always
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exist, and Ep is positive if and only if

s(XU − YI)
XU

< b <
XU − YI

YI
. (2.10)

Proof. According to inequality (H2), XU > 0 and YI > 0, thus EU and EI always

exist.

If xp = 0, then a simple calculation shows Ep = EI . Similarly, if yp = 0, then

Ep = EU . However, we are interested in the case where both xp and yp are positive.

According to inequality (H1), s < 1. Thus, b + 1 − s > 0. Hence, Ep is positive if

and only if both followings are satisfied:

1. −YIb+XU − YI > 0,

2. XUb− s(XU − YI) > 0.

Equivalently, Ep is positive if and only if
s(XU − YI)

XU

< b <
XU − YI

YI
.

The following lemma summarizes the conditions under which each boundary steady

state is locally asymptotically stable.

Lemma 2.6. Assume inequalities (H1) and (H2) hold. Under Model (2.3),

1. E0 is always unstable,

2. EU = (XU , 0, 0) is locally stable if and only if b <
s(XU − YI)

XU

,

3. EI = (0, YI , YI) is locally stable if and only if
XU − YI

YI
< b.

Proof. Part (1): The eigenvalues of the Jacobian of Model (2.3) at E0 are −m, XU ,

and sYI . Since inequality (H2) holds, XU and YI are both positive. Hence, E0 has

two positive eigenvalues. Therefore, it is always unstable.

Part (2): The Jacobian of Model (2.3) at EU always has a negative eigenvalue, −XU

which is associated with stability to perturbations along the x-axis. The other two
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eigenvalues are eigenvalues of the following matrix:

A =

s(YI −XU) bXU

m −m



trA = −m + s(YI − XU) and detA = −mXU

(
b− s(XU − YI)

XU

)
. According to

inequality (H2), we have YI < XU . Hence, trA is always negative. Therefore,

the local stability of EU is determined by the sign of detA. Specifically, EU is

locally stable if and only if detA > 0. Thus, EU is locally stable if and only if

b <
s(XU − YI)

XU

.

Part (3): Jacobian of Model (2.3) at steady state EI has eigenvalues λI1 = −m,

λI2 = −sYI , and λI3 = XU − YI − bYI . The first two eigenvalues are negative, so EI

is locally stable if and only if λI3 is negative. In other words, EI is locally stable if

and only if b >
XU − YI

YI
.

Our numerical simulations suggest that when a steady state of Model (2.1) is locally

stable, it is almost everywhere globally stable, i.e., each solution starting from a

positive initial point will tend to that stable steady state. Hence, Theorem 2.4

and Lemma 2.6 together suggest that when b >
s(XU − YI)

XU

treatment can shrink

the tumour and when b <
s(XU − YI)

XU

treatment fails. According to Lemma 2.6

when b <
s(XU − YI)

XU

, the treatment failure steady state, EU , is stable. Therefore,

when b <
s(XU − YI)

XU

, regardless of initial tumour size, administrating oncolytic

virus has no effect, and the tumour grows to the maximum possible tumour size XU

(see Figure 2.3). when b >
s(XU − YI)

XU

tumour size is eventually smaller than XU .

Therefore, the therapy is effective when b >
s(XU − YI)

XU

. Hence, we define

bc :=
s(XU − YI)

XU

, (2.11)
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as the treatment control threshold for b.

By Lemma 2.6 when b >
XU − YI

YI
, the steady state EI is stable. In this case, our

numerical simulations conjecture that tumour size is eventually YI . Additionally,

by Theorem 2.4, YI is the minimal tumour size for a specific virus (fixed set of

parameters). Therefore, we define

bo :=
XU − YI

YI
, (2.12)

treatment optimal threshold for b.

Note that by (H1) and (H2), s < 1 and YI < XU , hence bc < bo (see Figure 2.3).

When bc < b < bo, either Ep is stable or a stable limit cycle exists. For the conditions

under which Ep is locally stable see Theorem 2.8 in Section 2.3.2. When Ep is

locally stable, our numerical simulation shows it is globally stable for positive initial

conditions, meaning it attracts any solution starting from a positive initial point.

Hence, When Ep is stable and therapy is started from any positive tumour size,

the tumour size under therapy will be eventually the tumour size at Ep, which, by

equation (2.9), is

Tp =
XU − sYI
b+ 1− s

(2.13)

Hence, Tp decreases when all the parameters except b are fixed and the rescaled

infectivity rate b increases (see Figure 2.3). Note that Tp does not depend upon m,

in other words Tp does not change as m changes.
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(a) Fast viral timescale (b) Slow viral timescale

Figure 2.3: The steady state tumour size decreases as horizontal transmis-
sion rate increases. In this plot, a dashed (solid) curve means that the corre-
sponding steady state is unstable (stable) for the given parameter values. When b is
smaller than the control threshold bc, treatment fails, and the steady state tumour
size is XU . When bc < b < bo, as b increases Tp decreases. Tp is the steady state
tumour size at Ep. When b reaches the optimal threshold, bo, the minimum tumour
size under therapy, YI , is obtained. Panel (a) represent a case when viral timescale is
fast. In this case Ep is always stable. Panel (b) represents a case when viral timescale
is slow. Here, Ep can also be unstable. In this case, when Ep is unstable, a stable
limit cycle exists. Tper refers to tumour size corresponding to stable limit cycle. This
plot shows regardless of viral timescale tumour size under therapy eventually tends
to a point between YI and XU . This simulation is conducted under the set of param-
eters XU = 0.9, YI = 0.08, s = 0.5, and m = 1. For the range of parameters chosen
here the steady state Ep is stable, see Theorem 2.8.

2.3.2 Emergence of sustained oscillations

Consider the following three-dimensional system of ordinary differential equations

U̇ = f(U, µ), (2.14)

where U ∈ R3 and µ ∈ R. A Hopf bifurcation occurs at (U∗, µ∗) if there exists

a curve of steady states (Ueq(µ), µ) ∈ R3+1 such that (Ueq(µ
∗), µ∗) = (U∗, µ∗) and

Df
(
Ueq(µ), µ

)
has a pair of complex eigenvalues λ(µ) = R(µ)± iI(µ), such that
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HB(1) R(µ∗) = 0 and I(µ∗) 6= 0,

HB(2)
dR

dµ
(µ∗) 6= 0,

and the real eigenvalue of Df
(
Ueq(µ

∗), µ∗
)

is negative [63].

To verify the occurrence of a Hopf bifurcation, one should show that the conditions

HB(1) and HB(2) are satisfied and this process involves the algebraic calculation of

eigenvalues. In 1998, Liu [69] proposed a criterion for the occurrence of Hopf bifur-

cation without calculation of eigenvalues for a general system of ordinary differential

equation of order n. Here, we use this criterion in the proof of Theorem 2.8. Hence,

below we restate the criterion “Liu’s criterion” for a three-dimensional system of

ordinary differential equations and provide a simpler proof for this special case.

Assume (Ueq(µ), µ) ∈ R3+1 is a curve of steady states for the system (2.14). Let

Df(Ueq(µ), µ) denote the Jacobian of f with respect to U at (Ueq(µ), µ). Denote the

characteristic polynomial of Df(Ueq(µ), µ) by Pµ. P is a degree three polynomial in

λ therefore, it can be written as P (λ, µ) = λ3 + P2(µ)λ2 + P1(µ)λ+ P0(µ).

Define the Routh function for the equilibrium (Ueq(µ), µ) as H(µ) := P2(µ)P1(µ) −

P0(µ) [93].

Lemma 2.7 (Liu’s Criterion). A Hopf bifurcation occurs at µ = µ∗ for the system

(2.14) if and only if P0(µ
∗), P1(µ

∗) > 0, and the two following conditions are satisfied.

(i) H(µ∗) = 0,

(ii)
dH

dµ
(µ∗) 6= 0.

Proof. Assume P0(µ
∗), P1(µ

∗) > 0 and conditions (i) and (ii) hold, we show that

a Hopf bifurcation occurs at µ = µ∗ for the system (2.14). Since H(µ∗) = 0,

P2(µ
∗)P1(µ

∗) = P0(µ
∗). Hence, P (λ, µ∗) = (λ + P2(µ

∗))(λ2 + P1(µ
∗)). Since P

has a real simple zero at µ = µ∗, hence by implicit function theorem P has a real
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simple zero c(µ) in a neighbourhood of µ∗. Since, P1(µ
∗) > 0, P (µ∗) has a pair of

complex zeros in a neighbourhood of µ = µ∗. Hence, P = 0 has a pair of com-

plex root λ1 = a(µ) + b(µ)i, λ2 = a(µ) − b(µ)i and a real simple root c(µ) in a

neighbourhood of µ = µ∗. Hence, P can be written as

P (λ, µ) =
(
λ− a+ bi

)(
λ− a− bi

)(
λ− c

)
. (2.15)

After simplification we have

P (λ, µ) = λ3 −
(
2a+ c

)
λ2 +

(
a2 + 2ca+ b2

)
λ−

(
a2 + b2

)
c. (2.16)

From Eq. (2.16), the Routh function can be written as,

H = −2a(a2 + 2ac+ b2 + c2). Therefore,

H = −2a
(
(a+ c)2 + b2

)
. (2.17)

Since P0 6= 0, H is zero if and only if a = 0. Also, Since P0 6= 0, a and b cannot

both be zero simultaneously. Hence, when condition (i) holds, condition HB(1) is

satisfied.

Assume that a(µ∗) = 0. We will show
da

dµ
(µ∗) 6= 0 if and only if

dH

dµ
(µ∗) 6= 0.

As we showed above H = −2a
(
(a+ c)2 + b2

)
, therefore

dH

dµ
(µ∗) = −2

da

dµ
(µ∗)

(
(a(µ∗) + c(µ∗))2 + b(µ∗)2

)
− 2a(µ∗)

d

dµ

(
(a+ c)2 + b2

)
(µ∗).

Since a(µ∗) = 0, therefore

dH

dµ
(µ∗) = −2

da

dµ
(µ∗)

(
(a+ c)2 + b2

)
.

37



Since P0 6= 0, then (a+ c)2 + b2 6= 0, therefore

dH

dµ
(µ∗) = 0 if and only if

da

dµ
(µ∗) = 0. (2.18)

Hence, when condition (ii) holds, condition HB(2) of occurrence of the Hopf bifur-

cation is also satisfied. We have now shown (i) and (ii) imply the Conditions HB(1)

and HB(2) of the occurrence of a Hopf bifurcation, so by Hopf bifurcation theorem,

a Hopf bifurcation occurs when (i) and (ii) hold.

Now assume a Hopf bifurcation occurs at µ = µ∗ for the system (2.14). We will show

that P0(µ
∗), P1(µ

∗) > 0, and (i) and (ii) hold. Since a Hopf bifurcation occurs at

µ = µ∗, the curve of equilibrium has a pair of complex eigenvalues a(µ)± b(µ)i and

a real negative eigenvalue c(µ). Hence the characteristic polynomial of the Jacobian

matrix at the corresponding equilibrium can be written as Eq. (2.15). Since a Hopf

bifurcation occurs at µ = µ∗, a(µ∗) = 0, b(µ∗) 6= 0 and c(µ∗) < 0. Therefore,

P0(µ
∗) = −c(µ∗)b2(µ∗) > 0 and P1(µ

∗) = b2(µ∗) > 0. The rest of the proof is similar

to the proof of the reverse.

Notice that Liu’s Criterion shows that the real parts of the complex eigenvalues of

the steady state Ueq change sign when the Routh function H changes sign. Therefore,

any Hopf bifurcation curve bifurcating from that the steady state Ueq should also

cross the surface H = 0. Of course H is a function of all the parameters and Hopf

bifurcation is a codimension one bifurcation, so one may choose any parameter of

interest to check whether a Hopf bifurcation occurs as they pass through the surface

H = 0.

In the next theorem we investigate the appearance of a limit cycle bifurcating from

steady state Ep by calculating the Routh function H and applying Liu’s Criterion.

In this work, we are interested in all the parameters of Model (2.3) such as b, YI ,

s and m to see what the possible outcomes of the treatment are as each of these
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parameters change. Here as we will see in the proof of the next theorem, the Routh

function is a function of all those parameters. However, m is of particular interest

here since it is a parameter that is neglected (or assumed large) in many models.

We are interested in the effect of the timescale of virus dynamics on the outcome of

therapy. One may choose a different bifurcation parameter.

Theorem 2.8. Let
s(XU − YI)

XU

< b <
XU − YI

YI
. Define,

∆ := −
(

(xp+syp+bxp)
2−xp(xp+yp)b2

)
−2
√(

xp + syp + bxp
)
(xp + syp)(xp + yp)xpb,

(2.19)

where xp and yp are same as Eq. (2.9). Then we have the following results.

(i) If ∆ < 0, then Ep is a stable steady state.

(ii) If ∆ > 0, then two Hopf bifurcations occur as the parameter m changes. We

denote these Hopf bifurcation points by m1 and m2, where m1 < m2.

(iii) If ∆ > 0, then Ep is a stable steady state if and only if m ∈ (0,m1) ∪ (m2,∞).

Proof. The Jacobian of Model (2.3) at Ep = (xp, yp, vp) is

Jp =


−xp −xp −bxp

(b− s)yp −bxp − syp bxp

0 m −m


The characteristic equation for Jp is

P = det(λI − Jp)

= λ3 + (bxp + syp +m+ xp)︸ ︷︷ ︸
P2

λ2 + (bxp
2 + bxpyp +msyp +mxp)︸ ︷︷ ︸

P1

λ+mxpypb(b+ 1− s)︸ ︷︷ ︸
P0

.

(2.20)

By inequality (H1), s < 1. Therefore, P1, P2 and P0 are always positive. The Routh
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function H for the above characteristic polynomial is as follows

H = P2P1 − P0 = (xp + syp)︸ ︷︷ ︸
A

m2 +
(

(xp + syp + bxp)
2 − xp(xp + yp)b

2
)

︸ ︷︷ ︸
B

m (2.21)

+ b
(
xp + syp + bxp

)
(xp + yp)xp︸ ︷︷ ︸

C

.

Since A,C > 0, H = 0 has positive solutions for m if and only if B < 0 and

B2 − 4AC ≥ 0. In other words, H has positive solutions for m if and only if

−B ≥ 2
√
AC. Notice that ∆ = −B − 2

√
AC. Hence, H = 0 has solutions if and

only if ∆ ≥ 0.

When ∆ < 0, H is always positive. As we mentioned above P2, P1 and P0 are also

positive. Thus, according to the Routh-Hurwitz stability criterion [93], the steady

state Ep is locally asymptotically stable. This proves part (i) of the theorem.

When ∆ > 0, the quadratic H has two distinct positive roots m1 and m2, where

m1 < m2. Of course,
dH

dm
(m) 6= 0 for m = m1,m2. Therefore according to Liu’s

Criterion, Hopf bifurcations occur as m changes through m1 and m2. This proves

part (ii) of the theorem.

When ∆ > 0, and m ∈ (0,m1) ∪ (m2,∞), then the Routh function is positive

and therefore according to the Routh-Hurwitz criterion, Ep is locally asymptotically

stable. This proves part (iii).

Note that when ∆ = 0, then the Routh function has a repeated root. Hence, there

exists an m∗ such that H(m∗) = 0, but
∂H

∂m
(m∗) = 0. Thus, the conditions for

the occurrence of Hopf bifurcation with respect to parameter m are not satisfied at

m = m∗. Therefore, when ∆ = 0, for any m 6= m∗, Ep is an stable steady state

and it is a non-hyperbolic steady state at m = m∗. In our numerical simulations,

we observed that for m = m∗, the steady state Ep is globally stable, and every
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solution starting from a positive initial point tends to Ep very slowly, in the way

that oscillating solutions are decaying very slowly and tending eventually to Ep.

The above theorem shows for each set of parameters YI , b, and s, there are possibly

two points m1 and m2 at which a Hopf bifurcation occurs. A limit cycle sources

from m1 and sinks in m2. Based on our numerical simulations (see next section), we

conjecture that there is a unique limit cycle for every m ∈ (m1,m2). Our aim is to

study the limit cycle through numerical simulations and determine its stability. We

will do this by choosing a surface perpendicular to the limit cycles and following the

solution as it repeatedly crosses the surface. The following proposition shows that

we have a suitable surface y − v = 0 to use as the Poincaré section and allows us to

set up the return map numerically. This proposition tells that each positive point is

either on the stable manifold of Ep or its trajectory crosses y−v = 0 surface infinitely

many times. There are situations where Ep appears to be globally stable, attracting

all the trajectories with positive initial values. Then, trajectories can spiral to Ep,

crossing the surface y − v = 0 infinitely many times.

Proposition 2.9 (Global dynamics). When
s(XU − YI)

XU

< b <
XU − YI

YI
, each

trajectory starting from a positive point either crosses the surface y−v = 0 infinitely

many times or its positive limit set is Ep.

Proof. Let q(t) = (xq(t), yq(t), vq(t)) be a solution of Model (2) starting from initial

point (xq0, y
q
0, v

q
0) such that xq0, y

q
0, v

q
0 > 0 and let ωq denote the omega limit set of

q [112]:

ωq =

{
X ∈ W

∣∣∣∣∃tn ≥ 0; lim
n→+∞

tn = +∞ and lim
n→+∞

q(tn) = X

}
.

Suppose the trajectory q(t) does not cross the surface y−v = 0 in a finite time. Then

it remains on one side of the plane y = v for all t ≥ 0. Here we assume yq(t) ≥ vq(t)

for all t ≥ 0 (the proof for the case yq(t) ≤ vq(t) for all t ≥ 0 is similar).
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Let J := {(x, y, v) ∈ W ; y ≥ v}. J is a compact set. Define L : R3 → R such

that L(x, y, v) = v. L is a continuous function, and the image of a compact set

under a continuous function is compact. Hence, L(J ) is a compact, and therefore

bounded subset of R; since {q(t) : t ≥ 0} ⊂ J , L(q(t)) is a bounded subset of R.

Since, L̇ = v̇ = m(y − v), L(q(t)) is a monotonic (non-decreasing) subset of R for

all t ≥ 0. Since, L(q(t)) is monotonic and bounded, lim
t→∞

L(q(t)) exists. Assume

L0 = lim
t→∞

L(q(t)), hence lim
t→∞

vq(t) = L0.

Assume X(t) is a solution of Model (2.3) starting from X0 such that X0 is in ωq.

Since an omega limit set is a positively invariant set [112], ωq is positively invariant.

Hence, X(t) ∈ ωq for all t ≥ 0. For a fixed t∗ > 0, there exists a sequence tn ≥ 0

such that lim
n→∞

tn = ∞ and lim
n→∞

q(tn) = X(t∗). Since L is a continuous function

lim
n→∞

L(q(tn)) = L(X(t∗)), L(X(t∗)) = L0. Therefore, L(X(t)) = L0 for all t ≥ 0.

Hence, v̇ = 0 on X(t). So, y = v on X(t) so ẏ = 0. Since v = y = L0 are fixed

on X(t), by solving Eq. (2.3b) for x(t), there are two possibilities; either L0 = YI ,

in this case x = 0, or L0 6= YI , in this case x =
s(YI − L0)

b− s
. Hence, ẋ = 0 on X.

So X(t) is a steady state. Since b <
XU − YI

YI
, EI cannot attract solutions with a

positive initial condition, we have L0 6= YI . Thus, ωq = {EP} and q(t) goes to ωq

which equals Ep.

We have proved that if a trajectory starting from a positive point does not cross

surface y− v in a finite time, it will eventually tend to Ep. If that trajectory crosses

the surface y − v = 0 in a finite time, there are two options: either it crosses the

surface y − v = 0 in a finite time or eventually tends to Ep. Following the same

pattern, we conclude that if a trajectory starting from a positive point does not tend

to Ep, it crosses the surface y − v = 0 infinitely many times.
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2.4 Results from Numerical Simulations

2.4.1 Global attracting surface

As it is mentioned above in Theorem 2.8, when ∆ > 0 and m1 < m < m2 the steady

state Ep is unstable. Our numerical simulations suggest that for each m ∈ (m1,m2),

there exists a stable limit cycle (see Figure 2.4). Furthermore, our numerical simula-

tions suggest that when a limit cycle exists, it is almost everywhere globally stable,

i.e., each solution starting from a positive initial point that is not located on the

stable manifold of the steady state Ep tends to the limit cycle. As an example, in

Figure 2.4, the black closed curve is the limit cycle, the point marked by black circle

is Ep, and the dotted curve passing through Ep is its stable manifold. Each solution

starting from a point on the stable manifold of Ep (the dotted curve in Figure 2.4)

tends to Ep. Each solution starting from a positive initial point which is not on the

stable manifold of Ep, tends to the limit cycle. The red curves start from a solution

outside of the red disk near the stable manifold of Ep. They jump into the interior

area of the red disk enclosed by the limit cycle and spiral out from the nearby steady

state Ep, and tend to the limit cycle. The green curve oscillations’ amplitude gets

smaller and spirals in towards the limit cycle. As the figure illustrates, the disk which

is traced by the red curve, starting very nearby Ep and bounds to the limit cycle, is

the unstable manifold of the steady state Ep. The red disk, together with the steady

state Ep and its boundary, the limit cycle, forms a global attracting surface which

we denote by G. Each solution with a positive initial condition tends to G.

In Theorem 2.8 we showed that two Hopf bifurcation may occur when parameter

m passes through m1 and m2. Our simulations suggest that when m < m1 or

m > m2 the steady state Ep = (xp, yp, yp) is almost everywhere globally stable,

strictly speaking it attracts all the solutions starting from a positive initial point.

Therefore, when m < m1 or m > m2, the steady state tumour size is Tp = xp + yp.

43



(a)
(b)

Figure 2.4: The global attracting surface (a) The black curve represents a stable
limit cycle, and the point marked by a black circle is Ep. Each solution starting
from a positive point (except for the steady state Ep and its one dimensional stable
manifold) approaches this limit cycle. The red disk (traced out by the red curves)
is the unstable manifold of Ep, and the limit cycle is its boundary. Panel (b) is
the same figure as panel (a), which has been rotated to show the stable manifold
of steady state Ep. The dotted curve shows one dimensional stable manifold of Ep.
Every solution starting from a point on the dotted curve is attracted to Ep. The
disk centred at steady state Ep with its boundary, the limit cycle, is (numerically)
a global attracting surface [112]. This simulation is conducted for r̄ = 1, s = 0.5,
XU = 0.9, YI = 0.08, m = 0.1, and b ∼ 5.35. This b is the mid point of the interval(
s(XU−YI)

XU
, XU−YI

YI

)
, on which Ep exists.
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Figure 2.5: Bifurcation with respect to m: This plot demonstrates how the
oscillation in tumour size changes when variable m changes. As figure describes
when m passes through m1, steady state, Ep = (xp, yp, yp) becomes unstable and a
stable limit cycle appears. Tp = xp + yp, shows the tumour size when Ep is stable,
and max(Tper) and min(Tper) shows the maximum and minimum of tumour size when
the limit cycle exists. When m passes through m2 the stable limit cycle disappears
and again Ep becomes stable. This simulation is done for the set of parameters
s=0.5, XU=0.9, YI=0.08, and b ∼ 5.35. This b is the mid point of the interval(
s(XU−YI)

XU
, XU−YI

YI

)
, on which Ep is positive.

When m1 < m < m2, each solution starting from a positive point which is not on

the stable manifold of Ep tends to the limit cycle, so in this case the tumour size

is oscillating, so it has a maximum, denoted by the upper curve max(Tper) and a

minimum, denoted by the lower curve min(Tper). The Hopf- bifurcation in tumour

size with respect to changes in parameter m is illustrated in Figure 2.5. As this

figure illustrates, the Hopf bifurcation is global in the sense that as m changes, a

continuous path of limit cycles sources from m1 and sinks in m2 [74].

2.4.2 Fast-slow dynamics of tumour size

Another interesting result that is observed numerically is that Model (2.1) shows

fast and slow behaviour. As we mentioned above, there is a range of parameters for

which there is a unique stable limit cycle to which every trajectory starting from a
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positive point, except for a single curve (the stable manifold of the steady-state), is

attracted. However, not every region of state spaces gets attracted with the same

speed. Since the speed of remission is a crucial factor in the therapy, it motivates us

to investigate in which regions of state spaces fast and slow behaviour occur.

An example of slow dynamics is shown in Figure 2.6, where two solutions are shown

approaching a limit cycle very slowly. Trajectories oscillate with a period of about

57 days. It takes years to get close to the limit cycle. One (green) approaches with

decreasing amplitude, and the other (red) approaches with increasing amplitude.

The black curve denotes the steady state Ep. This is the steady state that loses

its stability at the Hopf bifurcation point when the stable limit cycle is created.

The red curve starts with an initial condition near Ep and slowly spirals out to

the stable limit cycle. The two yellow circles denote the time interval in which the

red trajectory’s amplitude grows from 10% of the limit cycle’s amplitude to 90%, a

period of 8.2 years. In Figure 2.6 we use the parameter values r̄ = 1, XU = 0.9,

s = 0.5, YI = 0.08, m = 0.1 and b ∼ 5.35. This b is the midpoint of the interval

( s(XU−YI)
XU

, XU−YI
YI

), on which Ep exists.
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Figure 2.6: Slow dynamics. The black curve is the steady state of Model (2.1) that
loses its stability and bifurcates in a stable limit cycle when the Hopf bifurcation
occurs. As the figure suggests, the red and green curves tend very slowly to the
attracting limit cycle. The time between peaks is approximately 57 days. The red
curve takes 8.2 years to grow from 10% of the amplitude of the limit cycle to 90%,
a very long time for a cancer patient; see the text for the parameter values.

An example of fast dynamics is illustrated in Figure 2.7. Under the set of parameters

that this simulation is conducted steady state Ep, which is marked with black circle,

has three eigenvalues e1 = −0.212 and e2, e3 = 0.001 ± 0.11I. Therefore, in a

neighbourhood of Ep solutions oscillate with the period 2π
Im(e2)

∼ 57. A thousand

random points, marked by yellow circles, are chosen to show fast attraction to the

global attracting surface. Each solution that starts from a point marked yellow

terminates in a purple point after 57 days. In Figure 2.7 same plot has been provided

from two different views to provide a better observation that all the purple points

are located on the slow manifold. The slow manifold includes the global attracting

surface and extends outside the limit cycle, including the solid green area. Therefore,

the slow manifold is the region on the state space that tends very slowly to the limit

cycle, as we discussed in Figure 2.6.

In Figure 2.8 we use the Poincaré map defined on the Poincaré surface y − v = 0

to observe where the slow manifold is located. The black curve is the limit cycle
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Figure 2.7: Fast attraction and collapse to the global attracting surface
over one period. The two plots are the same simulation shown in different views.
The black closed curve bounding the red disk is an attracting limit cycle, and the
black circle near the centre of the red disk is the steady state Ep. In this figure,
one thousand random points (yellow dots) are chosen, and the positions of their
trajectories after 57 days are shown with purple dots. All the purple dots appear
to lie on a 2-dimensional surface that contains the limit cycle, Ep and the unstable
manifold of Ep(The global attracting surface is the disk centred at steady state Ep
and includes the disk boundary, which is the limit cycle). This shows each trajectory
tends quickly to the global attracting surface.

and the black triangle is the steady state Ep. The yellow circle on the limit cycle

represents the fixed point FP of the Poincaré map, which in this case it takes 57

days for the Poincaré map starting from fixed point to return back to it. The rest of

the curves are obtained by capturing the orbit of a given point under the Poincaré

map. The red curve and the green curves in this figure show slow dynamics. For

example for the red curve it takes at least 80 iterations of the Poincaré map for the

initial point chosen near to the steady state to tend to FP and it takes up to 55-57

days between two consecutive points in the orbit, meaning it takes at least 4480 days

to approach towards the limit cycle. Starting from any initial condition not located

on the green or red curve, second or third point in the orbit under Poincaré map

is located either on the red or green curve. The Jacobian of the Poincaré map at

FP has two eigenvalues e1 = 7.3295 · 10(−6) and e2 = 0.8962. Since e2/e1 = 122280

means that the fast attraction happens 122280 times faster than the slow dynamics.
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Figure 2.8: Capturing fast-slow dynamics using Poincaré map. (a) This panel
illustrates slow attraction to the limit cycle and fast attraction to the slow manifold.
Except the black curve which shows the stable limit cycle, every other curve is the
positive orbit of a given point under the Poincaré map. Every blue curve starts from
an initial point which is not located on the red or the green curves. The second or
third point in the positive orbit of each given point which is not located on the red
or green curve, is located on the red or green curve. This assures fast attraction to
the green and red curve. Each solution starting from an initial point on the green or
red curve takes a lot of iterations to reach to the point marked yellow. The yellow
point is on the Poincaré section and it returns to itself after one iteration, therefore
it is the fixed point of the Poincaré map. The set of all the points on the green and
red curve except the fixed point of the Poincaré map, is called the slow manifold
for the Poincaré map. Panel (b) demonstrates how orbit of a given point under the
Poincaré map behaves. To do this, two orbits qj starting from q0 and pj starting from
p0 are shown. Both orbits tend to the fixed point of Poincaré map labelled by FP .
The first iteration from p0 to p1 takes 55 days. It takes between 56-57 days between
every two consecutive points in the orbit of Pj. The time difference between every
consecutive point in the sequence qj changes from 57-60 days and eventually remains
57 days. This simulation is conducted for r̄ = 1, s = 0.5, XU = 0.9, m = 0.1 and

b ∼ 5.35. This b is the mid point of the interval
(
s(XU−YI)

XU
, XU−YI

YI

)
, on which EP

exists.
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2.4.3 Dependency of virulence threshold on viral timescale

and horizontal transmission rate

Recall parameter YI = 1 − ā+ d̄

s̄
. Changes in parameters ā and s̄ lead to changes

in YI . A more aggressive virus causes a larger increase in the death rate and more

decrease in the growth rate of cancer cells after infection, i.e., higher ā and lower s̄.

Notice that when ā increases or s̄ decreases, YI decreases. Hence, lower values of YI

mean a more aggressive virus is administrated. Thus, we can use YI as an indication

of the level of cytotoxicity of the virus. It is important to know how virulent a

virus should be engineered to obtain more tumour shrinkage under therapy. Our

simulations below suggest that identifying the optimal range for virulence of virus

depends on both the viral timescale and infection horizontal transmission rate.

Figure 2.9 is a heat map of the maximum tumour size with respect to parameters b

and YI in two scenarios: (a) fast viral timescale, m = 1, and (b) slow viral timescale,

m = 0.1. As we mentioned before, regardless of viral timescale when parameters

b and YI are chosen such that b < bc, treatment fails. Recall that bc = s(XU−YI)
XU

is

the treatment control threshold. Additionally, our numerical simulations recommend

that when parameters b and YI are chosen such that b > bo, where bo = XU−YI
YI

is

the treatment optimal threshold, the steady state EI is globally stable, attracting

all the solutions starting from a positive initial point; in this case tumour size is

eventually YI . Hence, as it is illustrated in Figure 2.9, when parameters b and YI are

chosen such that b > bo, for a fixed b value, by decreasing YI , tumour size decreases,

regardless of viral timescale.

Theorem 2.8 shows that the viral timescale affects the outcome of therapy when

parameters YI and b are chosen such that s(XU−YI)
XU

< b < XU−YI
YI

, this area is the area

between the solid and dotted curves in Figure 2.9. As Figure 2.9a illustrates, when

the viral timescale is fast, the best range for parameters b and YI is the area between
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(a) fast viral timescale (b) slow viral timescale

Figure 2.9: Changes in the maximum tumour size with respect to b and YI .
This figure represents how tumour size changes when parameters b and YI change.
Parameter values are s = 0.5, XU = 0.9, and m = 1 in plot (a), and m = 0.1
in plot (b). Panel (a) demonstrates when virus dynamics are fast, the maximum
tumour shrinkage under therapy is possible for lower YI and higher b values. Panel
(b) represents that lower YI values will not guarantee the best outcome when virus
dynamics are slow. In this case, the smallest tumour size is achieved when parameters
b and YI are chosen such that H = 0.

the solid curve and the dotted curve. However, when the viral timescale is slow,

the greatest tumour shrinkage is obtained when the parameters YI and b are chosen

along the surface H = 0, see Figure 2.9b for an illustration. As Figure 2.9b suggests

when viral timescale is slow, a high level of virulence has drawbacks on the outcome

of viral therapy. When the viral timescale is slow, the best range for parameters YI

and b is the area between the three curves.

In Figure 2.10, five different values of YI are chosen to find out the effective level

of virus cytotoxicity for a fixed b value. The value of YI for which the red curve

is simulated is YI =
XU

1 + b
. The value of YI for which black curve is plotted, when

m = 0.1, is the value of YI for which H = 0. In the case of a fast viral timescale, in

other words when m is high enough that it is not in the interval (m1,m2), no limit

cycle exists. In this case as Figure 2.9a and Figure 2.10a suggest for YI ≤
XU

b+ 1
,

changes in YI does not affect the tumour size much. The blue, black and green
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curves in Figure 2.10a are all corresponding to the cases where YI <
XU

b+ 1
. As

Figure illustrates there is very little difference in the eventual tumour sizes of blue,

black and green curves with the case when YI =
XU

b+ 1
, meaning the red curve.

However, the tumour size is eventually smaller when YI =
XU

b+ 1
. Therefore, for

higher values of m, and fixed b value, the best range for YI is (0,
XU

1 + b
] and the most

tumour shrinkage is achievable at YI =
XU

1 + b
.

Figure 2.10b illustrates the tumour size overtime when the viral timescale is slow

and parameter b is fixed. When YI <
XU

1 + b
, the system shows oscillatory behaviour:

both green and black curves are decaying oscillations. The value of YI for which the

black curve is simulated is when H = 0, therefore a Hopf bifurcation occurs at this

point, YI = 0.088. Therefore, the amplitude of the oscillations takes a very long time

to tend to zero. Hence, in practice, if solutions are only observed for a short time, the

black curve seems like a stable limit cycle. When YI = 0.01 < 0.088 (the blue curve),

the tumour size is periodic with a very high amplitude. As the small box in the right

corner of Figure 2.10b suggests, there is not much difference in the eventual tumour

size for the black, green and red curves. If the solution is observed for a very long

period of time, eventually the red curve would be lower, but in practice, observing

the cases for such long period of time is not possible. Therefore, when the viral

timescale is slow, for a fixed b value, the best range for YI is the region bounded by

H and the surface YI =
XU

1 + b
. In this case, the most tumour shrinkage is observed

at the value of YI for which H = 0.

2.5 Discussion

This chapter offers a very simple mathematical model, Model (2.1), to analyze the

interactions between cancer cells and viruses during an oncolytic viral therapy. Even

though Model (2.1) is simple, it captures some important features about oncolytic

52



51 93 111 150 200 250 300 365
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

(a)

151 266 322 400 500 600 
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

47000 48000

0.1

0.15

0.2

0.25

0.3

0.35

(b)

Figure 2.10: Effect of cytotoxicity YI on the tumour size. Plot (a) m = 1
and Plot (b) m = 0.1. As Plot (a) shows for higher values of m, when YI ≤ XU

b+1
,

eventually the tumour size is smaller. Therefore, the best range for parameter YI ,
0 < YI <

XU

1+b
. For m = 0.1, as plot (b) suggest when values of YI decrease, dynamics

becomes oscillatory and the amplitude of oscillation increase by decreasing YI . For
YI = 0.01 stable oscillation occurs with a very high amplitude. As the small panel
at the right top corner of plot (b) shows, both green and black curve or decaying
oscillation but it takes very long time for the amplitude of the black curve to tends
to zero. When m = 0.1, the best range for 0.088 < YI ≤ XU

b+1
. This simulation is

conducted under the set of parameters r̄ = 1, XU = 0.9, s̄ = 0.5, and b = 5.5.
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viral therapy: features that help to set expectations about the outcome of the treat-

ment and how to engineer the virus in order to get better results. For example,

Lemma 2.6, which shows the tumour eradication steady state, E0, is always unsta-

ble, implying that tumour eradication is not possible. This suggests an oncolytic

virus that only has an oncolysis effect cannot be used as a cure for cancer. How-

ever, Theorem 2.2 implies that the tumour size under therapy over time is always

smaller than it would have been without therapy. Therefore, oncolytic viral ther-

apy can be used to control the speed of growth of a tumour. Theorem 2.4 and

Lemma 2.6 together show that oncolytic viral therapy can be used to reduce tumour

size considerably. The proposition suggests oncolytic viral therapy may be used as an

intervention method to control the size of the tumour before a conventional therapy

can be followed up.

One of our goals in this study was to optimize the therapy by recommending the

parameter regions in which the therapy has the best outcome. To do this, we focused

our analysis on some parameter combinations: an indication of virulence, YI , a

rescaled horizontal transmission rate, b, and the viral clearance rate relative to the

mitotic rate of uninfected cancer cells, m.

To ease the communication with the reader throughout this chapter, we denoted the

stable, steady state tumour size when therapy fails, or if no treatment occurs, by XU

and the minimal steady state tumour size under the therapy by YI . In Theorem 2.4,

we showed that the interval [YI , XU ] is a global attracting set for the tumour size.

Specifically, for a specific virus, i.e., for a fixed set of parameters, the tumour size

under therapy is eventually at least YI . Therefore, YI is the minimum possible

tumour size under the therapy.

Lemma 2.6 and Theorem 2.8 specify two possible outcomes for the treatment: (1)

failure, and (2) partial success or tumour control. Partial success means a consider-
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able reduction in tumour size. Partial success includes two scenarios: (2a), partial

tumour infection, and (2b) 100% infection prevalence.

(1) Failure: Treatment fails when the horizontal rate of infection transmission is

smaller than the control threshold. In this case, therapy has no impact, and the

tumour grows to the maximum size XU , the same as when no therapy would take

place. Long-term tumour reduction will be possible when the horizontal rate of

infection transmission is above of control threshold.

2-Partial success:

2(a). partial infection: This scenario occurs when the horizontal transmission rate

is between the control threshold and optimal threshold. In this case, there are two

possible scenarios: if the viral timescale is slow, the positive steady state is unstable,

and every solution starting from a positive point that is not on the stable manifold

of the positive steady state tends to the stable limit cycle. When the viral timescale

is fast, the positive steady state is globally stable, and no limit cycle exists. See

Figures 2.4 and 2.5. In this case, as Theorems 2.2 and 2.4, and Lemma 2.5 suggest

since horizontal infection transmission is above the control threshold, therapy reduces

the tumour size, in comparison with the case that no therapy occurs, but it is not

the minimum possible tumour size under the therapy.

2(b). 100% infection prevalence: The maximum tumour shrinkage by therapy is

obtained in this scenario which happens if infection horizontal transmission is equal

to the optimal threshold.

In Model (2.1), we assumed (Assumptions (A2) and (A4)) that cancer cells are

mitotic and the growth rate of infected cancer cells is lower than their apoptosis rate.

If we relax these assumptions, meaning either the infected cells do not self-renew

or the self-renewal rate of infected cancer cells be lower than their apoptosis rate,

then 100% infection prevalence will not be possible. Therefore, only two scenarios
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would be possible: failure or partial infection. Furthermore, the tumour shrinkage by

therapy will be less than our model predicts, since the model considers two pathways

to infection transmission.

In this study, interactions with immune cells and spatial heterogeneity (neither mor-

phological nor phenotypical) are not discussed. Model (2.1) can be extended to

consider the effect of virus specific immune response that seems to be one of the

main barriers in the success of oncolytic viral therapy. In our work in progress, by

extending the model to also consider interactions of virus specific immune responses

with cancer cells and the virus, in most cases, no longer oscillatory behaviour is

observable. In the presence of virus specific immune responses, the reduction in

tumour size will be lower in comparison with the case no interaction with immune

cells is taken into account. However, oncolytic therapy seems yet promising as a

considerable reduction in tumour size is still observable.

One of the assumptions under which we started the study was Assumption (A5). One

might question how virulent the virus should be? As we discussed before, parameter

YI , the minimum tumour size, can also be used as an indication of the level of

cytotoxicity of the virus. Lower values of YI mean the virus is more virulent. As

Figures 2.9 and 2.10 illustrate, selecting the best range for virulence also depends on

the parameter m. Parameter m is the relative clearance rate of the virus and gives

the timescale of the virus dynamics. When parameter m is large, meaning m̄ >> r̄,

as earlier studies by Komarova and Wodarz [61] suggested the system is in quasi-

steady state. Meaning, v rapidly approaches y, therefore Model (2.1) can be reduced

to the “slow” x-y subsystem, with v = y. The maximum level for cytotoxicity

recommended by Komarova and Wodarz [61] in terms of parameters of Model (2.3)

is equivalent to YI =
XU

b+ 1
(notice that maximum level of cytotoxicity means lowest

value recommended for YI). However, our results show that if the parameter m is

high enough and does not belong to the interval (m1,m2) (see Theorem 2.8 for m1,
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and m2), then 0 < YI ≤
XU

b+ 1
. We recommend the highest value for YI is XU/(b+1)

based on our simulations in Figures 2.9 and 2.10. Although, there is not a huge

difference in the amount of tumour shrinkage corresponding to YI values within the

interval (0, XU/(b + 1)). If m ∈ (m1,m2), then YI should be chosen between the

values of YI for which the Routh function, H, is zero (see Eq. (2.21)), and
XU

b+ 1
.

This suggest when virus dynamics is slow, in other terms, m is lower, a very high

level of virulence is not recommended.

As we mentioned above, oncolytic viral therapy can be used as a method for con-

trolling tumour size. What we suggested above about parameter regions is mainly

considered when the viral therapy is going to be used alone. Therefore, we recom-

mend that parameters are chosen in a way that sustained oscillations do not occur.

Specifically, parameters should be chosen so that H ≥ 0. In contrast, if oncolytic vi-

ral therapy is going to be followed by another therapy, one may reconsider the lower

values of YI for which sustained oscillations occur. As we observed in Figure 2.10b,

when the virus is highly virulent and the proper initial dosage of the virus is applied,

early tumour shrinkage occurs to less than 11% of the initial tumour size, and the

tumour remains in this size for almost a year before starting to relapse. For example,

when YI = 0.088 (the black curve), tumour size reaches 9.8% of the initial tumour

size at t = 266 or the most aggressive case when YI = 0.01 tumour size reaches

2% of the initial tumour size at t = 150. This raises multiple questions, such as,

what happens if the treatment switches to another therapy before tumour relapse?

Which treatment would be best as the followed-up treatment? We suggest that a

virulent virus can be used, but before the tumour relapses, the second therapy must

be followed up.
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2.6 Appendix

2.6.1 Derivation of dimensionless Model (2.3)

Here we derive the dimensionless Model (2.3). First we recall Model (2.1).

dX

dτ
= r̄X(1− X + Y

K
)− d̄X − βXV

dY

dτ
= s̄Y (1− X + Y

K
)− d̄Y − āY + βXV

dV

dτ
= (d̄+ ā)q̄Y − m̄V

Now let x =
X

K
, y =

Y

K
, v =

m̄

Kq̄(d̄+ ā)
V and t = r̄τ , then

d(Kx)

dt
= Kx(1− x− y)− d̄

r̄
Kx− β

r̄
(Kx)

(
Kq̄(d̄+ ā)

m̄
v

)
,

d(Ky)

dt
=
s̄

r̄
Ky(1− x− y)− d̄

r̄
Ky − ā

r̄
Ky +

β

r̄
(Kx)

(
Kq̄(d̄+ ā)

m̄
v

)
,

d

(
Kq̄(d̄+ ā)

m̄
v

)
dt

=
(d̄+ ā)q̄

r̄
Ky − m̄

r̄

(
Kq̄(d̄+ ā)

m̄
v

)
.

After some algebraic simplifications the above system of equations turns to

dx

dt
= x(1− x− y)− d̄

r̄
x− β

r̄

(
Kq̄(d̄+ ā)

m̄

)
xv,

dy

dt
=
s̄

r̄
y(1− x− y)− d̄

r̄
y − ā

r̄
y +

β

r̄

(
Kq̄(d̄+ ā)

m̄

)
xv,

dv

dt
=
m̄

r̄
y − m̄

r̄
v.

Now we will call dimensionless parameters as follows:

XU = 1− d̄

r̄
, s =

s̄

r̄
, YI = 1− d̄+ ā

s̄
, m =

m̄

r̄
, b =

β

r̄

(
Kq̄(d̄+ ā)

m̄

)
.
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Using the new dimensionless parameters Model (2.1) gets the following dimensionless

form.
dx

dt
= x

(
XU − (x+ y)

)
− bxv,

dy

dt
= sy

(
YI − (x+ y)

)
+ bxv,

dv

dt
= m(y − v).
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Chapter 3

Effect of virus-specific immune

response on outcome of oncolytic

viral therapy

Virus-specific immune responses that block viral infection are suspected to render

oncolytic viral therapy relatively ineffective. Here, we consider two different types of

virus-specific immune responses: (1) antibody (Ab) immune responses that block the

attachment of a free virus to a cell; and (2) cytotoxic T cell (CTL) responses that kill

infected cancer cells. We use mathematical modelling to assess the impact of each of

these virus-specific immune responses on the treatment outcomes. Our results show

that activation of an immune response either renders the therapy relatively ineffec-

tive, has no effect on the treatment outcome, or enhances the result of the therapy.

The latter only occurs with activation of CTL responses. We formulate parameter

constraints within which each of the mentioned scenarios is observable. We show

that activation of virus-specific immune responses does not affect the treatment’s

control threshold. We identify when the establishment of a CTL immune response
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reduces the tumour size: the establishment of antibodies does not affect the opti-

mal tumour size, but the establishment of a CTL immune response may reduce the

optimal tumour size, enhancing the therapy. Our results show that the effect of a

virus-specific immune response on the optimal threshold depends on the virulence

level of the virus. We show that when a less aggressive virus is used, activation of a

virus-specific immune response increases the optimal threshold. However, when an

aggressive virus is administrated, activation of the immune response does not affect

the treatment’s optimal threshold and optimal tumour size.

3.1 Introduction

Oncolytic viral therapy was introduced as a treatment for cancer in the late nine-

teenth century [55]. Oncolytic viruses are natural or engineered viruses that specifi-

cally target cancer cells and do not harm healthy cells. Unfortunately, despite some

promising clinical trials, oncolytic viral therapy has still not reached its expected level

of success [24, 124, 125]. The primary goal of this chapter is to investigate whether

the failure of oncolytic viral therapy could be due to the activation of an immune

response (IR). Here we establish when a virus-specific immune response could be

a barrier to treatment success. In addition, we also discuss how to overcome this

barrier.

The viral replication cycle may vary between different species, but generally includes

six stages: attachment, penetration, disassembly (uncoating), replication, assembly,

and release [2,23,71,94]. First, a virus attaches itself to a host cell and penetrates the

host cell membrane. Then, the virus capsid is disassembled, and the viral genome is

released in the intracellular area of the host cell. Then the viral genome manipulates

the host cell machinery and imposes it to produce the viral genome. Then, the viral

proteins, together with the newly replicated genome, assemble into new virions.
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Finally, new virions are released from the host cell either by lysing the host cell

(bursting the host cell membrane) or by apoptosis (meaning, they wait till infected

cells die). If a virus is released by lysing the host cell, then the replication cycle of

such a virus is also called the lytic cycle of the virus. Oncolytic viruses are viruses

that follow a lytic cycle. For the success of oncolytic viral therapy, each part of this

cycle must be completed successfully.

When a virus enters a host body, the immune system activates various cells, cy-

tokines, and proteins to prevent infection of the host cells. This type of immune

response is called a virus-specific immune response. Different types of virus-specific

immune responses can block different stages of the viral replication cycle. For ex-

ample, antibodies (Abs) can prevent attachment. They can remove a virus from the

body before it encounters the target cell [81].

Cytotoxic T lymphocytes (CTL) are a type of white blood cell that can kill cancer

cells or infected cells. Here, we only focus on their virus-specific ability, i.e., killing

infected cancer cells. An infected cell should live long enough to spread the infection

through cancer cells. If the lifespan of an infected cell is too short, then the infected

cell dies before enough copies of the virus are produced. Therefore, CTLs, by killing

infected cells, can prevent the success of oncolytic viral therapy.

As per the preceding discussion, a virus-specific immune response can be a barrier to

the success of oncolytic viral treatment. Our goal in this chapter is to investigate the

effect of the virus-specific immune response on the efficacy of oncolytic viral therapy.

Here we use mathematical approaches to respond to the following questions. Activa-

tion of which kind of virus-specific immune response renders the therapy ineffective?

Activation of which type of immune response enhances the result of the therapy?

Activation of which type of immune response has no impact on the optimal tumour

size under the therapy? Do the treatment optimal threshold (the threshold above
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which tumour size post-therapy is optimal) and control threshold (the threshold

above which treatment starts to work) change in the presence of a virus-specific im-

mune response? Furthermore, we determine how virulent an oncolytic virus should

be engineered to overcome this barrier. We assign a parameter that measures the

virulence level of the oncolytic virus, and we discuss how changes in this parameter

impact the activation of an immune response and the treatment outcome.

Many mathematical models have been introduced to study the immune system’s

interactions with cancer cells during oncolytic viral therapy. Some of them [57,61,88]

only focus on the virus-specific effect of CTL immune response on the cancer cell, and

some [42, 48, 72] additionally discuss how an oncolytic virus can trigger a tumour-

specific immune response. Here, we consider two different types of virus-specific

immune responses: antibodies that block attachment by clearing free virus, and

a CTL response that kills the infected cells. None of the previous models in the

literature that discuss the effect of an immune response on oncolytic viral therapy

consider two pathways for infection, except Komarova and Wodarz [61]. However,

they assume that the turnover of viruses is rapid enough that viral concentration

remains in a quasi-steady state. Hence, no equation showing virus dynamics is

provided. Here we are interested in showing the effect of blocking attachment by

antibodies that directly clear free virus. Hence, we include the dynamics of the virus

in our model in order to understand the effect of attachment blocking antibodies.

3.2 Modelling

In chapter 2 we introduce a basic model, Model (2.1) to study the interaction between

uninfected cancer cells, X, infected cancer cells, Y , and the virus, V , during oncolytic

viral therapy. Wodarz and Nowak [119] introduced several models to assess how

virus-specific immune responses affect viral load. Using similar ideas, we extend
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Model (2.1) to study the impact of two different virus-specific immune responses on

oncolytic viral therapy: Model (3.1) considers an antibody response; and Model (3.4)

includes mediated cytotoxicity.

Since models that we study in this chapter are extensions of Model (2.1), to be able

to compare predictions of Models (3.1) and (3.4) with the results of Model (2.1), we

make the same assumptions as assumptions (A1)-(A7) that we assess Model (2.1)

under, in this chapter. Furthermore, for simplicity, we also make the following extra

assumption in this chapter:

(B1): We showed that whenmv/r̄ in Model (2.1) is within a certain interval, Model (2.1)

predicts sustained oscillations (see Theorem 2.8), where mv is the clearance rate of

the virus and r̄ is the mitosis rate of uninfected cancer cells. Here we assume, mv/r̄

is chosen outside that interval, hence, Model (2.1) shows no sustained oscillations.

3.2.1 Antibody response

Assume Z denotes the density of antibody response. Antibodies are produced at

the rate c̄ per virus; secretion of antibodies saturates at the rate c̄/ε per virus, and

antibodies are removed at the rate mz. Furthermore, antibodies clear free virus at a

rate p̄. Therefore, we can model the effect of an antibody response on the oncolytic

viral therapy by the following model:

Ẋ = r̄X(1− X + Y

K
)− d̄X − βXV (3.1a)

Ẏ = s̄Y (1− X + Y

K
)− d̄Y − āY + βXV (3.1b)

V̇ = q̄Y −mvV − p̄V Z (3.1c)

Ż =
c̄V Z

1 + εZ
−mzZ, (3.1d)
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where X, Y , V and Z denote the densities of uninfected cancers, infected cancer

cells, the virus and antibodies, respectively. q̄ is the rate of replication of new virions

per infected cell. Note that in the absence of an antibody response Model (3.1) is

the same as Model (2.1). Hence, the interpretation of the rest of parameters are the

same as mentioned in Chapter 2

We rescale variables and parameters as follows:

x =
X

K
, y =

Y

K
, v =

mv

Kq̄
V, t = r̄τ, (3.2a)

XU = 1− d̄

r̄
, YI = 1− ā+ d̄

s̄
, s =

s̄

r̄
, m =

mv

r̄
, b =

Kq̄β

r̄mv

, (3.2b)

z = εZ, p =
p̄

mvε
, c =

Kq̄c̄

r̄mv

, n =
mvmz

Kq̄c̄
. (3.2c)

After imposing these changes Model (3.1) turns to

ẋ = x
(
XU − (x+ y)

)
− bvx, (3.3a)

ẏ = sy
(
YI − (x+ y)

)
+ bvx, (3.3b)

v̇ = m
(
y − v − pvz

)
, (3.3c)

ż = cz
( v

1 + z
− n

)
. (3.3d)

For details on derivation of Model (3.3) see Section 3.6.1. To assess the effect of

the antibody immune response on the treatment efficacy, we study the dynamics of

Model (3.3).

3.2.2 Cytotoxic T cells

Cytotoxic T cells are lytic, meaning that they prevent the spread of infection by

killing the infected cells. Assume Z represents the density of CTL immune cells.
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CTLs are produced at the rate c̄ per infected cell. CTLs production saturates at the

rate c̄/µ per infected cell. CTL immune cells die at the rate mz and kill the infected

cells at rate L̄. Hence, we use the following model to assess the effect of the CTL

immune cell on the therapy.

Ẋ = r̄X(1− X + Y

K
)− d̄X − βXV, (3.4a)

Ẏ = s̄Y (1− X + Y

K
)− d̄Y − āY + βXV − L̄Y Z, (3.4b)

V̇ = q̄Y − m̄vV , (3.4c)

Ż =
c̄Y Z

1 + µZ
−mzZ. (3.4d)

In the absence of a CTL immune response, the above model simplifies to Model (2.1).

Hence, the interpretations of the rest of the parameters are the same as before.

Note that in the rescalling (3.2), the first two rows are the rescaling of the parameters

of Model (2.1). Both Models (3.1) and (3.4) in the absence of an immune response

simplify to Model (2.1). Hence, we adopt the same rescaling as (3.2) for the param-

eters of Model (3.4) which are shared with Model (2.1) and rescale the rest of the

parameters as follows.

z = µZ, n =
mz

c̄K
, c =

c̄K

r̄
, L =

L̄

r̄µ
. (3.5)

After implying the rescalling, Model (3.4) turns to the following dimensionless form.
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ẋ = x(XU − (x+ y))− bvx, (3.6a)

ẏ = sy(YI − (x+ y)) + bvx− Lyz, (3.6b)

v̇ = m(y − v), (3.6c)

ż = cz(
y

1 + z
− n). (3.6d)

For details on derivation of Model (3.6) see Section 3.6.2. To investigate the impact of

the CTL immune response with the functionality of killing infected cells on treatment

efficacy, we study the dynamics of Model (3.6).

As we showed in Chapter 2 Assumptions (A4) and (A5) in the terms of dimen-

sionless parameter can be interpreted as inequalities (H1) and (H2). Since assump-

tions (A4) and (A5) are valid here as well, inequalities (H1) and (H2) also hold in

this chapter.

The control threshold of the therapy is a threshold for horizontal infection rate above

which treatment starts to work. In other words, when the b value is smaller than the

treatment’s control threshold, some early tumour shrinkage may be observable, but

the tumour follows the same dynamics as in the absence of therapy. The optimal

threshold of the therapy is a threshold on horizontal infection rate above which all

the tumour cells are infected, and tumour size under the therapy is minimum. In

this work, to discuss the effect of the virus-specific immune response, we show how

activation of a virus-specific immune response affects the therapy’s control threshold

and optimal threshold.

The more virulent virus causes more damage to cell viability. Hence, a more aggres-

sive virus causes an increased reduction in the mitosis rate of a cell and a higher

death rate. Therefore, a more aggressive virus means a lower s and a higher a value.

67



Recall parameter YI = 1 − a+d
s

. Increase in a and decrease in s yields a smaller YI

value. Therefore, a smaller YI value corresponds to a more aggressive virus. Hence,

we use YI as a measure of the virulence level of the virus. We will discuss how changes

in YI values impact the activation of immune response and treatment outcome.

One may think that if the decay rate of immune response is much faster than their

production rate, then immune response will be short, and hence, it cannot be strong.

Hence, it cannot be a barrier for oncolytic viral therapy. Here, we discuss how changes

in n can affect the outcome of the treatment.

As mentioned above, to respond to our questions, in our analysis, we mainly focus

on three parameters b, YI , and n. We identify constraints and boundaries on these

parameters for specific treatment outcomes.

3.3 Steady States

3.3.1 Common steady states of Model (3.3) and Model (3.6)

The dynamics of Models (3.3) and (3.6) in the absence of immune response (z(0) = 0)

are given by Model (2.3) which is the rescaled form of Model (2.1). Hence, the steady

states of Model (2.3) are also steady states of Models (3.3) and (3.6). Hence, the

followings are possible steady states of the treatment suggested by Model (3.3) and

Model (3.6) when no immune response is active.

• Complete tumour eradication steady state: E0 = (0, 0, 0, 0).

• Treatment failure steady state: EU = (XU , 0, 0, 0).

• 100% infection prevalence with no active immune response : EI = (0, YI , YI , 0).

• Partially infected tumour with no active immune response : Ep = (xp, yp, vp, 0),
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where

xp =
s(−YIb+XU − YI)

b(b+ 1− s)
, (3.7a)

yp =
XUb− s(XU − YI)

b(b+ 1− s)
, (3.7b)

vp =yp. (3.7c)

Since the z = 0 boundary of Models (3.3) and (3.6) share the dynamics of Model (2.3),

the condition for existence of EU , EI , Ep in both models are identical and are given

by Lemma 2.5.

3.3.2 Steady states of Model (3.3) with an established anti-

body response

Model (3.3) has a unique steady state in which all the tumour cells are infected, and

an antibody immune response is established; we denote this steady state by EAb
I .

EAb
I =

(
0, YI , n(1 + zAbI ), zAbI

)
where zAbI =

1

2

(√
(1− 1

p
)2 +

4YI
np
− (1 +

1

p
)

)
.

Model (3.3) has a unique steady state in which tumour cells are partially infected

and also an antibody immune response is established; we denote this steady-state by

EAb
p . EAb

p = (xAbp , y
Ab
p , v

Ab
p , z

Ab
p ) can be formulated as

xAbp = XU − n(1 + zAbp )(1 + b+ pzAbp ), (3.8a)

yAbp = n(1 + zAbp )(1 + pzAbp ), (3.8b)

vAbp = n(1 + zAbp ), (3.8c)
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where zAbp is a positive solution to the next equation.

G(z) := (1− s)pbz2 +
(
b2 + (p+ 1)(1− s)b+

ps

n
(XU − YI)

)
z

+b2 + (1− s− XU

n
)b+ (XU − YI)

s

n
= 0.

(3.9)

Existence of a steady state in the next theorem means all the nonzero components

of that steady state are positive.

Define

δ := (
XU

n
+ s− 1)2 − 4s

n
(XU − YI). (3.10)

We use the notation δ herein for simplifying some of the algebraic expressions that

are represented in this chapter.

Theorem 3.1. Assume inequalities (H1) and (H2) hold. The following statements

are true.

(1) Steady state Ep exists if and only if

s(XU − YI)
XU

< b <
XU − YI

YI
. (3.11)

(2) Steady state EAb
I exists if and only if YI > n.

(3) When YI > n, the following interval for b is nonempty and steady state EAb
p

exists if and only if

1

2

(
XU

n
+ s− 1−

√
δ

)
< b <

2(XU − YI)

n

√(1− 1

p

)2

+
4YI
np

+ 1− 1

p

 . (3.12)

(4) When YI < n, steady state EAb
p exists if and only if all the following conditions
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are satisfied.

(I) n <
XU

1− s
,

(II) XU −
n

4s

(
XU

n
+ s− 1

)2

< YI ,

(III)

∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ.
Proof. (2). EAb

I = (0, yAbI , v
Ab
I , z

Ab
I ) is a solution to the following set of equations

YI − y = 0,

y − v − pvz = 0,

v

1 + z
− n = 0.

Hence,

yAbI = YI , (3.13a)

vAbI = n(1 + z), (3.13b)

YI − n(1 + zAbI )(1 + pzAbI ) = 0. (3.13c)

Therefore, zAbI is a positive solution to

F (z) := z2 + (1 +
1

p
)z +

1

np
(n− YI) = 0. (3.14)

By the set of Equations (3.13) when zAbI > 0, both yAbI and vAbI are positive. To find

conditions for existence of EAb
I it suffices to find the condition under which zAbI > 0.

Since quadratic F is increasing in z, it has a positive root for z if and only if n−YI
np

< 0.

Hence, zAbI is positive if and only if YI > n.

Before we continue proving part (3) and part (4) of the theorem, note that EAb
p =
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(xAbp , y
Ab
p , v

Ab
p , z

Ab
p ) is a solution to the following set of equations

XU − y − bv = x, (3.15a)

sy(YI − y − x) + bvx = 0, (3.15b)

y − v − pvz = 0, (3.15c)

v

1 + z
− n = 0. (3.15d)

Hence,

xAbp = XU − n(1 + zAbp )(1 + pzAbp )− n(1 + zAbp )b, (3.16a)

yAbp = n(1 + zAbp )(1 + pzAbp ), (3.16b)

vAbp = n(1 + zAbp ), (3.16c)

Where zAbp is a positive root of

G(z) := (1− s)pbz2 +
(
b2 + (p+ 1)(1− s)b+

ps

n
(XU − YI)

)
z

+b2 +

(
1− s− XU

n

)
b+ (XU − YI)

s

n
= 0.

Since 1− s > 0 and XU − YI > 0, G(z) is increasing in z, so G has a positive root if

and only if G(0) < 0.

G(0) := Q(b) = b2 +

(
1− s− XU

n

)
b+ (XU − YI)

s

n
.

When YI ≥ n, by Lemma 3.7, z component of EAb
p is positive if and only if parameter
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b satisfies the following inequality.

∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ, (3.17)

When z component of steady state EAb
p is positive, as equations (3.16b) and (3.16c)

show y and v components of EAb
p are also positive. x component of a solution to the

set of equations (3.15) is zero if and only if its y value equals to YI . From Eq. (3.16a),

x = XU − YI + YI − n(1 + z)(1 + pz)− n(1 + z)b. Hence, x is positive if and only if

YI > n and

b <
2(XU − YI)

n

(√
(1− 1

p
)2 +

4YI
np

+ 1− 1

p

) . (3.18)

Hence, when YI ≥ n, a positive steady state exists if parameter b satisfy both

inequalities (3.17) and (3.18). On the other hand when YI ≥ n,
YI
n
≥ 1. Hence,

4YI
np
≥ 4

p
. Hence,

√
(1− 1

p
)2 +

4YI
np

+ 1− 1

p
≥
√

(1− 1

p
)2 +

4

p
+ 1− 1

p
,√

(1− 1

p
)2 +

4YI
np

+ 1− 1

p
≥
√

(1 +
1

p
)2 + 1− 1

p
,√

(1− 1

p
)2 +

4YI
np

+ 1− 1

p
≥2.

Hence,

2

n

XU − YI√
(1− 1

p
)2 +

4YI
np

+ 1− 1

p

≤ XU − YI
n

(3.19)
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Hence, when YI ≥ n, from inequality (3.35) and (3.19),

XU − YI
YI

≤ 2

n

XU − YI√
4YI
np

+

(
1

p
− 1

)2

+ 1− 1

p

≤ XU − YI
n

(3.20)

Since,

Q

(
XU − YI

YI

)
=
XU − sYI

n
·
(
XU − YI
Y 2
I

)
· (n− YI),

Q

(
XU − YI

n

)
=

(XU − YI)(n− YI)
n

.

When YI ≥ n, Q is negative over the interval

[
XU − YI

YI
,
XU − YI

n

]
. Since quadratic

Q is only negative between its two positive roots

[
XU − YI

YI
,
XU − YI

n

]
⊆
{
b > 0 :

∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ}.
Hence, by inequality (3.20) and the above statement, when YI ≥ n, the value

b =
2(XU − YI)

n

√(1− 1

p

)2

+
4YI
np

+ 1− 1

p


is between two positive zeros of quadratic Q. Hence, when YI ≥ n there is a unique

positive steady state if and only if

1

2

(
XU

n
+ s− 1−

√
δ

)
< b <

2(XU − YI)

n

√(1− 1

p

)2

+
4YI
np

+ 1− 1

p

 . (3.21)

As we mentioned above the z component of the positive steady state is positive when

quadratic G(0) = Q(b) < 0. When YI < n as we showed in the proof of Theorem 3.3,
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Q < 0 if and only if

(I) n <
XU

1− s
,

(II) XU −
n

4s

(
XU

n
+ s− 1

)2

< YI .

(III)

∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ
When YI < n, x, y, v components are always positive when conditions (I), (II) and

(III) are satisfied. Hence, there exists a unique quadratic if and only if the conditions

(I), (II) and (III) are satisfied.

3.3.3 Steady states of Model (3.6) with an established CTL

response

ECTL
I is the steady state in which all the tumour cells are infected and a CTL immune

response is established. ECTL
I can be formulated as

ECTL
I =

(
0,
n(sYI + L)

ns+ L
,
n(sYI + L)

ns+ L
,
s(YI − n)

ns+ L

)
. (3.22)

ECTL
p is the steady states that tumour cells are partially infected and a CTL immune

response is established. ECTL
p can be formulated as ECTL

p =
(
xCTL
p , yCTL

p , vCTL
p , zCTL

p

)
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where

xCTL
p =

−b(sYI + L) + L(
XU

n
− 1) + s(XU − YI)

L

n
+ b(b+ 1− s)

, (3.23a)

yCTL
p = vCTL

p =
XUb+ L− s(XU − YI)

L

n
+ b(b+ 1− s)

, (3.23b)

zCTL
p =

−b2 + b

(
XU

n
+ s− 1

)
− s

n
(XU − YI)

L

n
+ b(b+ 1− s)

. (3.23c)

Existence of a steady state in the next theorem means all its nonzero components

are positive.

Theorem 3.2. Assume inequalities (H1) and (H2) hold. Then, the following state-

ments are true.

1. ECTL
I exists if and only if YI > n.

2. When YI > n, then ECTL
p exists if and only if

1

2

(
XU

n
+ s− 1−

√
δ

)
< b <

s(XU − YI) + L(
XU

n
− 1)

sYI + L
. (3.24)

3. When YI < n, then ECTL
p exists if and only if all the following conditions are

satisfied.

(I) n <
XU

1− s
.

(II) YI > XU −
n

4s
(
XU

n
+ s− 1)2.

(III)

∣∣∣∣2b− (
XU

n
+ s− 1)

∣∣∣∣ < √δ.
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Proof. 1. By Eq. (3.22) all the nonzero components of ECTL
I are always positive

except its z components. The zCTLI is positive if and only if YI > n.

2. By Eq. (3.23b) when zCTLp is positive, yCTLp and vCTLp are both positive. Hence,

to find the condition under which ECTL
p exists it suffices to find the condition under

which both zCTLp and xCTLp are positive.

By inequality (H1) L
n

+ b(b+ 1− s) is always positive. Hence zCTLp is positive if and

only if Q(b) < 0, and xCTLp is positive if and only if

b <
s(XU − YI) + L(

XU

n
− 1)

sYI + L
(3.25)

By Lemma 3.7 when YI > n, zCTLp is positive if and only if

∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ (3.26)

On the other hand xCTLp is positive if and only if b satisfies inequality (3.25). Note

that

Q

(
s(XU − YI) + L(XU

n
− 1)

sYI + L

)
=s2(n− YI)

XU(1− s)(XU − YI)
(sYI + L)2

+ s(n− YI)
(
sXU − sYI − L

sYI + L

)2

(3.27)

+ s(n− YI)
LXU(XU − n+ ns)

n(sYI + L)2

When YI > n, by inequality (H2), XU − n + ns > 0. Hence, when YI > n, by

inequalities (H1) and (H2)

Q
(s(XU − YI) + L(

XU

n
− 1)

sYI + L

)
< 0.
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Therefore,

1

2

(
XU

n
+ s− 1−

√
δ

)
<
s(XU − YI) + L(

XU

n
− 1)

sYI + L
<

1

2

(
XU

n
+ s− 1 +

√
δ

)

Hence, b satisfies both inequalities (3.25) and (3.26) if and only if

1

2

(
XU

n
+ s− 1−

√
δ

)
< b <

s(XU − YI) + L(
XU

n
− 1)

sYI + L

Thus, when YI > n, the steady state ECTL
p exists if and only if b satisfies inequal-

ity (3.24).

3. When YI < n, by Lemma 3.7 Q is negative if and only if all the conditions (I), (II)

and (III) are satisfied. In addition, When YI is greater than n, Q(
s(XU−YI)+L(

XU

n
−1)

sYI+L
) <

0. When YI equals n, b =
s(XU−YI)+L(

XU

n
−1)

sYI+L
is the bigger zero of Q and since Q is

a continuous function, and when YI < n, Q(
s(XU−YI)+L(

XU

n
−1)

sYI+L
) is positive. Thus,

when YI is smaller than n,
s(XU−YI)+L(

XU

n
−1)

sYI+L
is bigger than the bigger zero of Q.

Hence, when YI < n, if b satisfies inequality (3.26), it also satisfies inequality (3.25).

Therefore, when YI < n, zCTLp exists if and only if all the following conditions are

satisfied.

n <
XU

1− s
,

XU −
n

4s
(
XU

n
+ s− 1)2 < YI ,∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ.
3.3.4 The possible treatment outcome when an immune re-

sponse is considered

The size of the tumour post-therapy is a crucial factor in identifying how successful a

treatment is. When a steady state is globally stable, all the solutions will eventually
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tend to it, and the tumour size post-therapy is the same as the x + y value corre-

sponding to the stable steady state. Therefore, it is vital to identify the parameter

space for which a specific steady state is stable.

The following theorem indicates the parameter spaces under which the steady states

with no active immune response are locally stable.

Theorem 3.3. Assume inequalities (H1) and (H2) hold. Then, the following state-

ments are true.

1. E0 is always unstable.

2. EU is locally asymptotically stable if and only if b <
s(XU − YI)

XU

.

3. EI is locally asymptotically stable if and only if
XU

b+ 1
< YI < n.

4. When YI > n, Ep is locally asymptotically stable if and only if

s(XU − YI)
XU

< b <
1

2

(
XU

n
+ s− 1−

√
δ

)
. (3.28)

5. When YI < n and
s(XU − YI)

XU

< b <
XU − YI

YI
, Ep is locally asymptotically

stable if and only if any of the following conditions fail.

(I) n <
XU

1− s
.

(II) YI > XU −
n

4s

(
XU

n
+ s− 1

)2

.

(III)

∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ.
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Proof. 1. The Jacobian of Model (3.3)( Model (3.6)) at E0 is



XU 0 0 0

0 sYI 0 0

0 m −m 0

0 0 0 −cn


.

The eigenvalues of the above at E0 are sYI , XU ,−m, and −cn. Since YI , XU > 0,

this Jacobian always has two positive eigenvalues, E0 is always unstable.

2. The Jacobian of Model (3.3) at EU is the same as the Jacobian of Model (3.6) at

EU. This Jacobian is



−XU −XU −bXU 0

0 −s(XU − YI) bXU 0

0 m −m 0

0 0 0 −cn


.

The above matrix always has two negative eigenvalues, −XU and −cn and the other

two eigenvalues are eigenvalues of the following matrix.

AU =

 −s(XU − YI) bXU

m −m

 .
By Assumption (H2), XU − YI > 0. So, trace of matrix AU is always negative. If

det(AU) > 0, then both eigenvalues of AU have negative real parts and in this case

EU is stable. When det(AU) < 0, then AU has one eigenvalue with positive real part.

Hence, in this case EU is unstable. In other words, EU is a locally asymptotically

stable steady state for Model (3.3) and Model (3.6) if and only if b < s(XU−YI)
XU

.

Part (3). The Jacobians of Model (3.3) and Model (3.6) at EI have the following
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eigenvalues: −m, −sYI , c(YI−n), and −YI(b+1)+XU . Hence, EI is a stable steady

state for Model (3.3) and Model (3.6) if and only if YI−n < 0 and−YI(b+1)+XU < 0,

or equivalently, EI is a stable steady state for Model (3.3) and Model (3.6) if and

only if XU

b+1
< YI < n.

Part 4. One of the eigenvalues of the Jacobians of Model (3.3) and Model (3.6) at

Ep is c(vp − n) and the other eigenvalues are eigenvalues of the following matrix.

Jp =


−xp −xp −bxp

(b− s)yp −bxp − syp bxp

0 m −m

 .

This is the same as the Jacobian of Model (2.3) at the projection of Ep on xyv

space. By Assumption (B1), m > m2. Hence, by Theorem 2.8 the real part of all

the eigenvalues of Jp is negative. Hence, Ep is a stable steady state for Model (3.3)

and Model (3.6) if and only if vp − n < 0.

vp − n =
−nc

b(b+ 1− s)

(
b2 + b

(
1− s− XU

n

)
+
s

n
(XU − YI)

)
.

Let Q(b) = b2 + b(1− s− XU

n
) +

s

n
(XU −YI). vp−n < 0 if and only if Q(b) > 0. On

the other hand, Ep exists if and only if s(XU−YI)
XU

< b < XU−YI
YI

. Hence, by Lemma 3.7

when YI ≥ n, quadratic Q is positive if and only if

s(XU − YI)
XU

< b <
1

2

(
XU

n
+ s− 1−

√
δ

)
.

Hence, when YI ≥ n, Ep is locally asymptotically stable if and only if the above

inequality holds.

Part (5). When YI < n, by Lemma 3.7 Ep is unstable if and only if all the conditions
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(I), (II) and (III) are satisfied.

The following theorem constrains rescaled infectivity rate b, when this constraint is

met the tumour becomes fully infected.

Theorem 3.4. Assume inequalities (H1) and (H2) hold, and YI > n, then

1. EAb
I is locally asymptotically stable if and only if

b >
2(XU − YI)

n

(√
(1− 1

p
)2 +

4YI
np

+ 1− 1

p

) . (3.29)

2. ECTL
I is locally asymptotically stable if and only if

b >
s(XU − YI) + L(

XU

n
− 1)

sYI + L
. (3.30)

Proof.

1. Jacobian of Model (3.3) at EAb
I has four eigenvalues, two are determined explicitly;

XU − YI − bn2
(

1− 1
p

+
√

(1− 1
p
)2 + 4YI

np

)
and −sYI . The other two are eigenvalues

of the following matrix

AAbI =

 −m(1 + pzAbI ) −mpvAbI
czAbI

1 + zAbI

−cnzAbI
1 + zAbI

 .

Since tr(AAbI ) < 0 and det
(
AAbI

)
> 0, AAbI has two eigenvalues with negative real

parts. Therefore, EAb
I is stable if and only if

XU − YI −
bn

2

1− 1

p
+

√(
1− 1

p

)2

+
4YI
np

 < 0
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In other words, EAb
I is stable if and only if

b >
2(XU − YI)

n

1− 1

p
+

√(
1− 1

p

)2

+
4YI
np

 .

2. Jacobian of Model (3.6) at ECTL
I has four eigenvalues, two of them are determined

explicitly; XU − (1 + b)
n(sYI + L)

ns+ L
, and −m < 0. The other two are eigenvalues of

the following matrix.

ACTLI =

 −syCTLI −LyCTLI

czCTLI

1 + zCTLI

−cnzCTLI

1 + zCTLI

 .

tr(ACTLI ) < 0 and det
(
ACTLI

)
> 0. Hence, ACTLI has two eigenvalues with negative

real part. Hence, ECTL
I is stable if and only if

b >
s(XU − YI) + L(

XU

n
− 1)

sYI + L
.

Our numerical simulations suggest that when a steady state is locally stable, it is

almost every where globally stable, i.e. it attracts all the solutions starting from a

positive initial point, i.e., an initial point that all its four components are positive.

Results of Theorems 3.1, 3.2, 3.3, and 3.4 help identify the possible outcomes of the

treatment, based on the parameters b, YI and n. When an steady state with no

active immune response such as EU, EI, or Ep is stable, the immune response has

no effect on the treatment outcome. An immune response is only established when

steady states EAb
p or EAb

I , or steady states ECTL
p or ECTL

I are stable. See Figure 3.1a

for illustration: the horizontal axis is YI and the vertical axis is b, and the vertical
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black curve is where YI equals n; an immune response is only established in the

shaded blue areas labelled by IV and V, and no immune response is established in

the areas labelled by I, II, and III.

By part 2 of Theorem 3.3 when b < s(XU−YI)
XU

, treatment failure steady state is

stable. As we mentioned before, our numerical simulations show that when a steady

state is locally stable, it is almost everywhere globally stable, i.e. every solution

starting from a positive initial condition tends to it. Hence, when b < s(XU−YI)
XU

,

EU is almost everywhere globally stable and treatment fails. Hence, for treatment

to start working b > s(XU−YI)
XU

. Hence, b = s(XU−YI)
XU

is the control threshold. The

value for the control threshold when no immune response is taken into account is

the same (see Lemma 2.6). Hence, an immune response does not affect the control

threshold of the treatment. Note that by part 2 of Theorem 3.3, stability of EU does

not depend on the value of n. The green curve in Figure 3.1a is b = s(XU − YI)/XU

and the area labelled by I is corresponding to treatment failure in YI–b parameter

space. Note that the area labelled by I does not depend on the sign(YI −n). We use

bc to denote treatment control threshold. Hence,

bc =
s(XU − YI)

XU

(3.31)

By part 2 of Theorem 3.1 and the part 1 of Theorem 3.2, the steady state in which

all the tumour cells are infected and also an immune response is established, is only

observable when YI > n. When b and YI satisfy the inequality (3.29) (inequal-

ity (3.30)) EAb
I (ECTL

I ) is stable (respectively). See Figure 3.1a for an illustration: in

the area labelled V, starting the therapy from almost any tumour size, eventually all

the tumour cells become infected and also an immune response is established. When

an antibody (CTL) immune response is established, area labelled by V corresponds

to the case when steady state EAb
I (ECTL

I ) is stable. Hence, the blue line in the
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Figure 3.1a, in the case of an antibody response is corresponding to

b =
2(XU − YI)

n

(√
(1− 1

p
)2 +

4YI
np

+ 1− 1

p

) ,

and in the case of a CTL immune response is corresponding to

b =
s(XU − YI) + L(

XU

n
− 1)

sYI + L
.

Our numerical simulations suggest that the positive steady state EAb
p (ECTL

p ) when

exists, attracts all the solutions starting from a positive initial point. The condition

for the existence of the positive steady state is stated in Theorem 3.1 parts 3 and

4 for an antibody immune response, and in Theorem 3.2 parts 2 and 3 for a CTL

immune response (see Figure 3.1a).

3.4 Effect of virus-specific immune response on

the optimal tumour size under therapy.

3.4.1 Effect of activation of an antibody immune response

on the tumour size

Model (3.3) in the absence of an antibody immune response is the same as Model (2.3).

The rate of change of tumour size under therapy by Model (3.3) is give by

d(x+ y)

dt
= x(XU − (x+ y)) + sy(YI − (x+ y)). (3.32)

By Theorem 2.4, when the rate of change of tumour size is given by Eq. (3.32), the

tumour size under the therapy ranges from the minimum value YI to the maximum
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(a) An immune response is considered

0.1 0.2 0.3 0.4 0.5 0.6
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(b) No immune response is considered

0.1 0.2 0.3 0.4 0.5 0.6
0
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Figure 3.1: The effect of the virus-specific immune response on treatment
outcome depends on the virulence level of the virus. (a) An immune re-
sponse is taken into account. In the shaded area, an immune response is established.
The black line is where (dimensionless) removal rate n of an immune response is
equal to the virulence level YI of the virus. When YI < n, an immune response is
only established in the area labelled IV and has no effect on the optimal threshold.
The purple curve shows the optimal threshold when YI < n. When YI > n, an
immune response is established in the areas labelled by IV and V. In this scenario,
establishment of an immune response changes the optimal threshold to the blue line,
which is higher than the optimal threshold when no immune response is active for
the same values of b and YI . In the area labelled by I (III) the steady state EU (EI is
stable, respectively), and in the area labelled by II, Ep is stable. In the area labelled
IV, tumour is partially infected and an immune response is established; meaning,
the steady state EAb

p (ECTL
p ) in the case of an antibody (a CTL) response is stable.

In the area labelled by V, tumour is completely infected and also an immune re-
sponse is established, i.e. the steady state EAb

I (ECTL
I ) in the case of an antibody (a

CTL) response is stable. See Theorem 3.3 (Theorem 3.4) for an antibody response
(CTL response, respectively) to see the equations of the boundaries of each labelled
area. This simulation is conducted under the set of parameters s = 0.5, d = 0.01,
XU = 0.99, m = 1. In plot (a) n = 0.3, p = 1 (L = 1), and c = 1.
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value XU . Therefore, establishment of an antibody immune response by functionality

of clearing the virus does not affect the optimal tumour size by the therapy. Hence,

the optimal tumour size under the therapy in the presence of an antibody immune

response is YI (see Figure 3.2 for an illustration).

The tumour size in the presence of an antibody immune response becomes YI when

either EI or EAb
I is stable. By Theorem 3.4 part 1, when YI ≥ n, this occurs at

b = 2(XU − YI)/n(
√

(1− 1
p
)2 + 4YI

np
+ 1− 1

p
) and when YI < n, at b = XU−YI

YI
. Hence,

when an antibody is taken into account, the optimal threshold of therapy bAbo can be

defined as:

bAbo =



2(XU − YI)

n

(√
(1− 1

p
)2 +

4YI
np

+ 1− 1

p

) , YI ≥ n,

XU − YI
YI

, YI < n.

(3.33)

Let bo denote the optimal threshold of the therapy when no immune response is

involved. According to [44], bo = XU−YI
YI

. Hence, by Eq. (2.12) when YI < n,

bAbo = bo, see Figure 3.2a and Figure 3.2b for clarification; bo is shown by yellow

marker and bAbo is shown by red marker on the b axis.

Theorem 3.5. When YI > n, an antibody immune response adversely affects the

treatment by increasing the treatment’s optimal threshold. Mathematically, this is

equivalent to

bAbo > bo, if YI > n. (3.34)

Proof. To prove the theorem it suffices to show that when YI > n, the following
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(b)
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Figure 3.2: Establishment of an antibody response affects optimal tumour
size and optimal threshold of the treatment. This Figure provides a compar-
ison on the change in steady state tumour size as rescaled infectivity rate b varies,
when an antibody immune response is considered (plots (a) and (c)) versus when no
immune response is considered (plots (b) and (d)). In fact in plot (a) an antibody
immune response is considered and (b) is plotted for the same set of parameters
but no immune response is considered. Same is true for plots (c) and (d). In plot
(a) n > YI and in plot (c) n < YI . A comparison between plots (a) and (b) shows
when YI < n, an antibody immune response does not affect the optimal threshold
of therapy which is marked by the green circle in these two plots. Comparing plots
(c) and (d), we learn that the treatment’s optimal threshold when an antibody im-
mune response is considered is higher than the case with no immune response. The
minimum tumour size in all the plots is YI , meaning that activation of an antibody
immune response does not change the optimal tumour size. TAbp denotes the tumour
size in steady state EAb

p and Tp denotes the tumour size in steady state Ep. This
figure suggests regardless of sign(YI − n), when both steady states of Ep and EAb

p

exist, TAbp > Tp. In plots (a) and (b) parameter YI = 0.1, and in plots (c) and
(d) parameter YI = 0.3. The rest of parameters are as follows: n = 0.15, s = 0.5,
XU = 0.9, m = 1 and c = 1, p = 1.
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inequality holds.

2(XU − YI)

n

(√
(1− 1

p
)2 +

4YI
np

+ 1− 1

p

) >
XU − YI

YI
. (3.35)

The above inequality holds because all the following inequalities are equivalent.

YI > n,

−YI
n
< −1,

1

p
− YI

n
<

1

p
− 1,

4YI
n

(
1

p
− YI

n

)
<

4YI
n

(
1

p
− 1

)
,

4YI
np

<

(
2YI
n

)2

+
4YI
n

(
1

p
− 1

)
,

4YI
np

+

(
1

p
− 1

)2

<

(
2YI
n

)2

+
4YI
n

(
1

p
− 1

)
+

(
1

p
− 1

)2

,

4YI
np

+

(
1

p
− 1

)2

<

(
2YI
n

+

(
1

p
− 1

))2

,√
4YI
np

+

(
1

p
− 1

)2

<
2YI
n

+

(
1

p
− 1

)
,√

4YI
np

+

(
1

p
− 1

)2

+ 1− 1

p
≤ 2YI

n
,

2

n

XU − YI√
4YI
np

+

(
1

p
− 1

)2

+ 1− 1

p

<
XU − YI

YI
.

As we mentioned before, there are two steady states in which tumour is partially

infected: one with an active antibody response EAb
p and one with no active IR, Ep.

Our numerical simulations suggest that when the tumour is partially infected, the

steady-state tumour size with an active antibody immune response is higher than
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(a) YI > n (b) YI < n

Figure 3.3: The degree of negativity of the establishment of an antibody
response on treatment outcome depends on magnitude of |YI − n|. Differ-
ence between the tumour size x(t) + y(t) of the two solutions is plotted; one starting
from a point (XU , 0, v0, z0) with nonzero antibody, i.e. z0 6= 0 and the other starting
from (XU , 0, v0, 0). The parameters are chosen in the way that both Ep and EAb

p ex-
ist. The solution starting from (XU , 0, v0, 0) eventually tends to Ep and the solution
starting from (XU , 0, v0, z0) eventually tends to EAb

p . Therefore, each plotted curve
eventually tends to TAbp − Tp. As illustrated in panel (a) when YI > n by increase
in magnitude of |YI − n|, TAbp − Tp becomes larger. In other words, when YI > n, if
|YI −n| increases, the activation of an antibody immune response has more negative
effect on the treatment outcome. In contrast panel (b) highlights that when YI < n
and the magnitude of |YI − n| increases, the detrimental effect of activation of an
antibody reduces. The parameters are XU = 0.9, s = 0.5, m = 1, c = 1, p = 1.
YI = 0.3 in plot (a) and YI = 0.08 in plot (b). Parameter b is chosen the midpoint
of the interval on which EAb

p exist(see Theorem 3.1).

the steady-state tumour size with no active immune response. In other words if

TAbp denotes the tumour size corresponding to EAb
p and Tp denotes the tumour size

corresponding to Ep, then Tp < TAbp (see Figure 3.2 for an illustration). Hence,

when EAb
p exists, activation of an antibody immune response affects the treatment

negatively. However, our simulations recommend that the degree to which this effect

is negative strongly depends on the magnitude of the difference |YI − n|: if YI > n

and |YI − n| increases, TAbp − Tp increases (see Figure 3.3(a)); if YI < n and |YI − n|

increases, TAbp − Tp decreases (see Figure 3.3(b)).
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3.4.2 Effect of activation of a CTL immune response on tu-

mour size

First, we compare the possible steady state tumour sizes under Model (3.6). By

Theorem 3.2 when YI < n, only steady states Ep, ECTL
p , EI, EU could exist. Let

TCTLp , Tp, TI and TU denote the tumour size at the steady states ECTL
p , Ep, EI, and

EU, respectively. TI = YI and TU = XU , and by Theorem 2.4, YI < Tp < XU .

Assuming parameters YI and b are chosen in the way that both steady states Ep and

ECTL
p exist

TCTLp − Tp = zCTLp

(
1

b+ 1− s

)
> 0.

TU − TCTLp = b
n(sYI + L)

ns+ L
> 0.

Hence, when YI < n, in the areas of parameter space YI–b that both Ep and ECTL
p

exist,

YI ≤ Tp ≤ TCTLp < XU , if YI < n. (3.36)

Hence, when YI < n, the optimal tumour size by Model (3.6) is YI (see Figure 3.4a

for an illustration).

When YI > n, the steady state ECTL
I could also exist. Let TCTLI denote the steady

state tumour size corresponding to ECTL
I . Then,

TI − TCTLI =
p(YI − n)

ns+ L
> 0, if YI > n. (3.37)

Hence, when YI > n, and b and YI are chosen in the way that both Ep and ECTL
p
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exist, the following is true.

TCTLI ≤ YI ≤ Tp ≤ TCTLp < XU , if YI > n. (3.38)

Hence, when YI > n, the optimal tumour size under the therapy is TCTLI which

corresponds to the steady state ECTL
I (see Figure 3.4b). Let TCTL

o be the optimal

tumour size by therapy suggested by Model (3.6). As in the preceding discussion,

TCTL
o is defined as follows:

TCTL
o =


n(sYI + L)

ns+ L
, YI ≥ n,

YI , YI < n.

(3.39)

The steady state tumour size YI corresponds to the steady state EI . When YI < n,

by Theorem 3.3, EI is stable if and only if b > XU−YI
YI

. Hence, the optimal threshold

of the therapy in this case is b = XU−YI
YI

. By part 2 of Theorem 3.4, ECTL
I is stable

if and only if b satisfies the inequality (3.30). Hence, when YI > n, the optimal

threshold of the therapy is b =

(
s(XU − YI) + L(

XU

n
− 1)

)
/(sYI + L).

Let bCTLo denote the optimal threshold of the therapy under Model (3.6); per the

above discussion bCTLo is defined as follows:

bCTLo =


s(XU − YI) + L(

XU

n
− 1)

sYI + L
, YI ≥ n,

XU − YI
YI

, YI < n.

(3.40)

Lemma 3.6. When YI > n, in the presence of a CTL immune response the optimal

threshold is higher, i.e. bCTLo > bo.

Proof. To prove the lemma, it suffices to show that when YI > n, the following
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inequality holds.

s(XU − YI) + L(
XU

n
− 1)

sYI + L
>
XU − YI

YI
. (3.41)

The above inequality holds because all the following inequalities are equivalent.

YI > n,

YIXU

n
> XU ,

YIXU

n
− YI > XU − YI ,

L(
XU

n
− 1) >

L(XU − YI)
YI

,

s(XU − YI) + L(
XU

n
− 1) >

L(XU − YI)
YI

+ s(XU − YI),

s(XU − YI) + L(
XU

n
− 1) >

(sYI + L)(XU − YI)
YI

,

s(XU − YI) + L(
XU

n
− 1)

sYI + L
>
XU − YI

YI
.
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(a) (b)

Figure 3.4: The establishment of a CTL affects the optimal tumour size and
treatment optimal threshold. This figure illustrates that effect of CTL response
depends on virulence of virus, denoted by parameter YI , and rescaled removal rate
of the virus, denoted by n. When YI < n, as plot (a) suggests establishment of a
CTL response does not change the optimal threshold and the optimal tumour size
by therapy. The point marked by square shows bo = (XU − YI)/YI . When YI > n,
as plot (b) illustrates activation of a CTL immune response enhances the therapy
by reducing the optimal tumour size; however, there is also a drawback that the
optimal threshold is increased. The optimal threshold bCTLo is marked by triangle in
plot (b). In plots (a) YI = 0.1, and in plots (b) YI = 0.3. The rest of parameters are
as follows: n = 0.15, s = 0.5, XU = 0.9, m = 1, L = 1, and c = 1.

By the set of equations (3.23) TCTLp equals YI at

bCTLe =
n(L+ YI −XU) +

√
n2(L+ YI −XU)2 + 4nLYI(XU − YI)

2nYI
. (3.42)

If an oncolytic virus is administrated with (rescaled) transmissibility rate b such

that bo < b < bCTLe , when a CTL immune response is active the minimum tumour

size is YI , which is the same as optimal tumour size when no immune response is

considered. However, when an oncolytic virus with (rescaled) transmissibility rate

b such that b > bCTLe is administrated, when a CTL immune response is active

the tumour size is always lower than YI . Hence, in this case activation of a CTL
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immune response enhances the treatment’s outcome. This value of b, is the minimum

(rescaled) transmission rate that if any virus with higher transmission rate activates

a CTL immune response the result of therapy enhances.

When YI > n and a CTL immune response is active, the optimal tumour size TCTLo

is smaller than the optimal tumour size when no immune response is active (see

Eq. (3.37) and Eq. (3.39)). Hence, when YI > n activation of a CTL immune

response could enhance the treatment’s outcome. However, by Eq. (3.37), YI−TCTLo

depends strongly on YI−n. When YI−n tends to zero, YI−TCTLo tends to zero (see

Figure 3.5 for an illustration). In other words, when the YI value is very close to the

n value, CTL immune response almost does not affect the optimal tumour size and

the optimal threshold.

Figure 3.5: When YI−n increases, the positive impact of CTL establishment
is stronger. In this figure difference between the value of x+ y of two solutions of
Model (3.6) is plotted, for different values of n: one solution starts from (XU , 0, v0, z0)
with nonzero CTL, z0 6= 0 and another solution starting from (XU , 0, v0, 0). The so-
lution starting from (XU , 0, v0, z0) eventually tends to ECTL

I and the solution starting
from (XU , 0, v0, 0) eventually tends to EI . Hence, the end point of each curve shows
TCTLI −YI . By increase in YI−n, |YI−TCTLI | increases, meaning TCTLI is much lower
than YI . Hence, when YI − n is maximum, activation of a CTL immune response
enhances the therapy the most.
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3.5 Discussion

A wide range of research suggests that virus-specific immune responses, specifically

neutralizing antibodies, are an obstacle to the success of oncolytic viral therapy;

some researchers suggest combining oncolytic viral therapy with immune checkpoint

inhibitors overcomes this barrier [45, 66, 83]. Instead of using combination therapy,

our main focus was to use mathematical modelling to formulate all the effects of

a virus-specific immune response such as an antibody or cytotoxic T lymphocyte

on oncolytic viral therapy. We studied models of two different immune responses:

Model (3.1) demonstrates the effect of the establishment of an antibody by the func-

tionality of clearing the virus; Model (3.4) represents the effect of the establishment

of a cytotoxic T lymphocyte by the functionality of killing the infected cells. We pro-

posed some hypotheses, assumptions (A1)-(A7) and (B1), concerning viral therapy.

Under these assumptions, the activation of a virus-specific immune response has three

types of effects on the treatment’s outcomes: detrimental, beneficial or neutral. It

is detrimental when the establishment of a virus-specific immune response increases

tumour size in comparison with the case where no immune response is active. Estab-

lishment of a virus-specific immune response may not affect the steady-state tumour

size and hence does not affect the treatment outcome. Lastly, the establishment of a

virus-specific immune response may enhance the result of the therapy by decreasing

the tumour size. The latter scenario is only observable by establishment of a CTL

immune response.

Note that in the previous paragraph, we mentioned that the establishment of a

virus-specific immune response has three general effects: sometimes, no virus-specific

immune response is established during an oncolytic viral therapy, it may be activated,

but it is a very short response and does not last for a long time. An important finding

of this chapter is that we found all the necessary and sufficient conditions under

96



which, during an oncolytic viral therapy, an antibody or a CTL immune response is

established. This crucial finding could be used to engineer an oncolytic virus that

does not trigger a virus-specific immune response. Alternatively, it could be used to

engineer a virus that only triggers a particular virus-specific immune response during

therapy, or to determine before administrating which oncolytic viruses if pretreating

a patient with an immunosuppressive medicine is beneficial. There are available

data that suggest combining oncolytic viruses with immunosuppressive medicines

could enhance the result of the therapy [59]. In a glioma model, pretreatment of

a rat with cyclophosphamide increased the burst size in the injected tumours by

suppressing immune activity [107]. For the constraint on the parameter space within

which during an oncolytic viral therapy, an antibody (a CTL) is established, see

Theorem 3.1 (see Theorem 3.2, respectively). One of the interesting facts is that

when YI < n, the constraint on the parameter space for the establishment of an

antibody response and a CTL immune response is the same, where YI is a marker

that we use to measure the virulence level of the virus, and n is a rescaled parameter

which is proportional to the ratio of removal to production rates of the immune

response (see Eq. (3.2c) and Eq. (3.5)). The mentioned similarity is because we

assume that both types of immune responses once reach their abundance saturate

(see Eq. (3.3d) and Eq. (3.6d)), and also the functional response of both types of

immune response is considered to be linear.

Another interesting observation is that the rate at which antibodies clear virus, or

the rate at which CTLs kill infected cells, does not affect the tumour size under the

therapy as much as changes in the ratio of removal rate over production rate of the

immune response affects the tumour size after the therapy. Our results suggest that

not only the ratio of removal to production rates of an immune response identifies

when that immune response can be established, but it also affects the tumour size

under therapy once an immune response is established: if the tumour is partially
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infected and an immune response is also established, increase in the ratio of removal

to production rates of that immune response decreases the tumour size under therapy,

if the tumour is fully infected and also an immune response is established (which

is only observable by the establishment of a CTL), then decrease in the ratio of

removal to production rates of an immune response decreases the tumour size (see

Figures 3.3 and 3.5). Note that smaller values of the ratio removal to production

rates of an immune response represent longer lasting response and bigger values of

ratio removal to the production rates represent shorter response. Our results are a

proof of concept in the terms that when tumour is partially infected and immune

response is established, a longer immune system by blocking spread of infection is a

burden, but if the tumour is completely infected and also a CTL immune response is

established, since infection has already invaded the tumour, a longer CTL response

causes more death of infected cells, hence tumour load becomes less, enhancing the

result of the therapy.

Our results show that activation of a virus-specific immune response does not affect

the treatment’s control threshold: the treatment’s control threshold when a virus-

specific immune response is activated is the same as when no immune response is

active (see Eq. (3.31)). We showed that when the effect of an immune response is

ignored, the optimal tumour size under therapy is obtained when the tumour under

therapy becomes fully infected [44]. It is essential to discuss how considering a virus-

specific immune response can affect this scenario. Our results show that even when

a virus-specific immune response becomes active during the therapy, the optimal

tumour size by therapy is obtained when the steady states in which 100% infection

prevalence is obtained are stable. The optimal threshold of therapy may or may

not change by activation of a virus-specific immune response. When YI ≤ n, then

activation of a virus-specific immune response does not affect the optimal tumour

size and the optimal threshold. However, when YI > n and an immune response is
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active, the treatment optimal threshold is always higher, meaning that a virus with

a higher transmission rate must be administrated for infection to fully invade the

tumour in comparison with the case that no immune response gets established (see

Theorem 3.5 and Lemma 3.6).

Komarova and Wodarz [61] studied the effect of a virus-specific CTL immune re-

sponse by the functionality of the killing infected cells. They showed that if in the

absence of a CTL immune response the tumour is partially infected, then the es-

tablishment of a CTL immune response is only detrimental because tumour size is

bigger in the presence of a CTL immune response; however, they do not discuss

to which extent it is harmful. Our result supports their findings. In our earlier

work we identify the constraint on the transmission rate and the virulence level of

the virus within which the treatment yields to partial infection [44] when no virus-

specific immune response is considered. Our result shows within that constraint if a

virus-specific immune response (Ab or CTL) becomes established, the tumour size is

always higher than the tumour size when tumour is partially infected but no immune

response is active (see Figure 3.2, and Figure 3.4). Hence, in this case, activation of

an immune response is detrimental. However, the extent to which it is detrimental

depends on the virulence level of the virus and the ratio removal rate over production

rate of the immune response. To be precise, the increase in the tumour size caused

by establishment of an immune response (antibody or CTL) decreases when YI < n

and |YI − n| increases. When YI < n and |YI − n| is maximum, the activation of

the immune response has the lowest effect, which can be ignored. In other words,

there are some boundaries on YI and n values for which an immune response can be

established; within those ranges when YI < n and |YI −n| is maximum, the immune

response has the lowest negative effect on the treatment that its effect can be ignored

(see Figure 3.3). In contrast when YI > n, the negative effect of establishment of a

virus specific immune response on the treatment becomes stronger as the magnitude
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of |YI − n| increases.

The models that we propose in this chapter do not include the dynamics of the

memory B cells that secrete antibody molecules. Our model can be extended similar

to those proposed in [28, 116] to include the dynamics of memory B cells, however,

including that equation in our model does not affect the results of this work and all

the results remain valid.

3.6 Appendix

Lemma 3.7. Assume
s(XU − YI)

XU

< b <
XU − YI

YI
. Define

Q(b) := b2 + b

(
1− s− XU

n

)
+
s

n
(XU − YI), (3.43)

and denote the discriminant of Q with δ i.e., δ =

(
XU

n
+ s− 1

)2

− 4s

n
(XU − YI).

(I) When YI ≥ n, Q is negative if and only if

1

2

(
XU

n
+ s− 1−

√
δ

)
< b <

XU − YI
YI

. (3.44)

(II) When YI < n, Q is negative if and only if all the followings are satisfied.

(a) n <
XU

1− s
,

(b) XU −
n

4s

(
XU

n
+ s− 1

)2

< YI ,

(c)

∣∣∣∣2b− (XU

n
+ s− 1

)∣∣∣∣ < √δ.
Proof. (I) When YI ≥ n, by inequalities (H1) and (H2), XU

1−s > YI . Since YI ≥ n,

XU

1−s > n. In other words, 1− s− XU

n
< 0.

In addition when YI ≥ n, discriminant of Q is always positive. Otherwise, δ ≤ 0.

100



Since YI ≥ n,

(
XU

n
+ s− 1

)2

≤ 4s

n
(XU − YI) ≤

4s

n
(XU − n).

After algebraic simplification, the above inequality can be rewritten as

(
1 + s− XU

n

)2

≤ 0,

which is a contradiction (note that in this case 1+s− XU

n
6= 0). Hence, when YI ≥ n,

discriminant of Q is always positive.

Hence, when YI ≥ n, quadratic Q always has two positive zeros. On the other hand,

Q(
s(XU − YI)

XU

) =(XU − sYI) ·
s(XU − YI)

X2
U

> 0. (3.45a)

Q(
XU − YI

YI
) =

XU − sYI
n

·
(
XU − YI
Y 2
I

)
· (n− YI). (3.45b)

Since Q(XU−YI
YI

) < 0 and Q( s(XU−YI)
XU

) > 0, only one of the zeros of Q is within the

interval s(XU−YI)
XU

< b < XU−YI
YI

. Hence, when YI ≥ n, quadratic Q is negative for all

the b values within the interval

1

2

(
XU

n
+ s− 1−

√
δ

)
< b <

XU − YI
YI

. (3.46)

(II) When YI > n, the right root of Q(b) is bigger than XU−YI
YI

, and when YI = n,

b = XU−YI
YI

is the right root of quadratic Q. Since Q is a continuous function, when

YI < n, both roots of Q if they exist are within the interval s(XU−YI)
XU

< b < XU−YI
YI

.

Since, Q is a concave up quadratic and Q(0) > 0, Q can have two positive zeros

within the interval s(XU−YI)
XU

< b < XU−YI
YI

if and only if
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(I) n <
XU

1− s
,

(II) XU −
n

4s

(
XU

n
+ s− 1

)2

< YI .

Condition (I) is equivalent to 1 − s − XU

n
< 0 and condition (II) holds if and only

if discriminant of quadratic Q is positive. Under the assumption (I) and (II) Q is

negative only between the two roots. Precisely, when YI < n and both (I) and (II)

are satisfied, Q is negative if and only if

∣∣∣∣2b− (
XU

n
+ s− 1)

∣∣∣∣ < √δ. (3.47)

3.6.1 Derivation of dimensionless Model (3.3)

Here we derive the dimensionless Model (3.3). First we recall Model (3.1).

dX

dτ
= r̄X(1− X + Y

K
)− d̄X − βXV,

dY

dτ
= s̄Y (1− X + Y

K
)− d̄Y − āY + βXV,

dV

dτ
= q̄Y −mvV − p̄V Z,

dZ

dτ
=

c̄V Z

1 + εZ
−mzZ.
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Now let x =
X

K
, y =

Y

K
, v =

mv

Kq̄
V , z = εZ and t = r̄τ , then

d(Kx)

dt
= Kx(1− x− y)− d̄

r̄
Kx− β

r̄
Kx

(
Kq̄

mv

v

)
,

d(Ky)

dt
=

s̄

r̄
Ky(1− x− y)− d̄

r̄
Ky − ā

r̄
Ky +

β

r̄
Kx

(
Kq̄

mv

v

)
,

d

(
Kq̄

mv

v

)
dt

=
q̄

r̄
Ky − mv

r̄

(
Kq̄

mv

v

)
− p̄

r̄

(
Kq̄

mv

v

)
z

ε
,

d
(z
ε

)
dt

=

c̄

r̄

(
Kq̄

mv

v

)(z
ε

)
1 + ε

(z
ε

) − mz

r̄

(z
ε

)
.

After some algebraic simplifications the above system of equations turns to

dx

dt
= x(1− x− y)− d̄

r̄
x−

(
Kq̄β

r̄mv

)
xv,

dy

dt
=

s̄

r̄
y(1− x− y)− d̄

r̄
y − ā

r̄
y +

(
Kq̄β

r̄mv

)
xv,

dv

dt
=

mv

r̄

(
y − v − p̄

mvε
vz

)
,

dz

dt
=

(
Kq̄c̄

r̄mv

)
z

(
v

1 + z
− mvmz

Kq̄c̄

)
.

(3.48)

Now we will call dimensionless parameters as follows:

XU = 1− d̄

r̄
, YI = 1− ā+ d̄

s̄
, s =

s̄

r̄
, m =

mv

r̄
, b =

Kq̄β

r̄mv

, (3.49a)

c =
Kq̄c̄

r̄mv

, n =
mvmz

Kq̄c̄
, p =

p̄

mvε
. (3.49b)
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Using the new dimensionless parameters Model (3.1) gets the following dimensionless

form.

ẋ = x
(
XU − (x+ y)

)
− bvx,

ẏ = sy
(
YI − (x+ y)

)
+ bvx,

v̇ = m
(
y − v − pvz

)
,

ż = cz
( v

1 + z
− n

)
.

3.6.2 Derivation of dimensionless Model (3.6)

First we recall Model (3.4).

dX

dτ
= r̄X(1− X + Y

K
)− d̄X − βXV,

dY

dτ
= s̄Y (1− X + Y

K
)− d̄Y − āY + βXV − L̄Y Z

dV

dτ
= q̄Y − m̄vV

dZ

dτ
=

c̄Y Z

1 + µZ
−mzZ,

Now let x =
X

K
, y =

Y

K
, v =

mv

Kq̄
V , z = µZ and t = r̄τ , then

d(Kx)

dt
= Kx(1− x− y)− d̄

r̄
Kx− β

r̄
Kx

(
Kq̄

mv

v

)
,

d(Ky)

dt
=

s̄

r̄
Ky(1− x− y)− d̄

r̄
Ky − ā

r̄
Ky +

β

r̄
Kx

(
Kq̄

mv

v

)
− L̄

r̄
(Ky)(

z

µ
),

d

(
Kq̄

mv

v

)
dt

=
q̄

r̄
Ky − mv

r̄

(
Kq̄

mv

v

)
,

d

(
z

µ

)
dt

=

c̄

r̄
(Ky)

(
z

µ

)
1 + µ

(
z

µ

) − mz

r̄

(
z

µ

)
.
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After some algebraic simplifications the above system of equations turns to

dx

dt
= x(1− x− y)− d̄

r̄
x−

(
Kq̄β

r̄mv

)
xv,

dy

dt
=

s̄

r̄
y(1− x− y)− d̄

r̄
y − ā

r̄
y +

(
Kq̄β

r̄mv

)
xv − L̄

r̄µ
yz,

dv

dt
=

mv

r̄
(y − v),

dz

dt
=

(
Kc̄

r̄

)
z

(
y

1 + z
− mz

Kc̄

)
.

(3.50)

Model (3.50) is the same as Model (3.48) is the absence of an immune response,

meaning when z is equal to zero. Hence, we use the same notation as (3.49) to

represent the dimensionless parameters. The rest of dimensionless parameters of

Model (3.50) are called as follows.

c =
Kc̄

r̄
, n =

mz

Kc̄
, L =

L̄

r̄µ
.

Using the new dimensionless parameters Model (3.4) gets the following dimensionless

form.

ẋ = x(XU − (x+ y))− bvx,

ẏ = sy(YI − (x+ y)) + bvx− Lyz,

v̇ = m(y − v),

ż = cz

(
y

1 + z
− n

)
.
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Chapter 4

Targeting cancer stem cells with

oncolytic viral therapy

Cancer stem cells have a predominant role in forming a tumour even though differen-

tiated cells are the prevalent cells in a tumour. Oncolytic viruses act as agents that

enter a tumour through infection and target both cancer stem cells and differentiated

cells. In this work, we extend previous mathematical models of viral and tumour

dynamics in order to analyze the effectiveness of targeting cancer stem cells with on-

colytic viruses. We model interactions between uninfected and infected cancer cells,

within stem cell-differentiated cell hierarchy, during an oncolytic viral therapy. We

calculate the basic reproduction number and use it to constrain the infectivity rates

of initiating and differentiated cancer cells. When this constraint is met, long-term

tumour shrinkage is observable; otherwise, treatment fails. Our results suggest that

stem cell specificity of oncolytic virus depends both on the average infectivity and

mitotic rates of infected cells. There is a positive correlation between the average

infectivity rate and stem cell specificity for nonmitotic infected cells. When average

infectivity is high, an oncolytic virus with higher stem cell specificity leads to smaller

tumours. In contrast, when average infectivity is low, the minimum tumour size is
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obtained when an oncolytic virus with higher potency targeting differentiated cells

is used. Perfect stem cell targeting obtains the minimum tumour size when infected

cells are mitotic, and the basic reproduction number is above one. When mitotic

rates of infected cells are greater than their apoptosis rates, we derive a value for

stem cell infectivity rate for minimizing tumour size.

4.1 Introduction

Tumour heterogeneity, which renders many conventional therapies ineffective, has

been an important subject of research for several decades [11,22,27,33,56,58,75–78,

102, 110]. The phenotypic heterogeneity inside a tumour is both morphological and

functional. One of the most important features of epigenetic heterogeneity inside a

tumour is that only a small subpopulation of cells, known as cancer-initiating cells,

or so-called cancer stem cells, can create a tumour clone. These tumour initiating

phenotypes have the potential to self-renew and differentiate via both symmetric

and asymmetric proliferation events. This pluripotential capacity leads to various

heterogeneities inside a tumour.

The phenotypic heterogeneity of tumours has a significant impact on the effective-

ness of treatment strategies. Tumour initiating cells have some common properties,

such as long-lasting quiescence, high levels of multi-drug resistance expression, and

high DNA repair capability [89, 90, 106], which cause conventional therapies like

chemotherapy [123] and radiotherapy [97] to fail in eradicating cancer stem cells.

Hence, cancer stem cells are causative for tumour recurrence. It seems therapies

that are not affected by the common properties of cancer-initiating cells lead to

more effective results. Oncolytic viruses enter tumour cells through infection; there-

fore, they target both proliferating and quiescent stem cells [18]. On the other hand,

most of these properties are common to both cancer-initiating cells and intact normal
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stem cells. Using tumour specific promoters, oncolytic viruses can be engineered to

only target cancer cells and do not replicate in the healthy normal cells. Therefore,

oncolytic viral therapy has fewer side effects in comparison to conventional therapies.

Despite some promising results from in vitro and in vivo clinical trials [6,8,19,29,95],

many questions remain unanswered about the overall promise of targeting tumour

initiating cells using an oncolytic virus. Moreover, the treatment strategy and goal of

such viral therapy could affect the design of the regimen. In principle, one can tune

such treatment to target pre-cancerous small tumours or use it in combination with

other anti-cancer therapies during a treatment course or just after/before remission

to assure the leftover tumour initiating cells are eradicated [91, 108]. To do this,

one needs a comprehensive yet simple model that incorporates a hierarchy of cells,

including tumour initiating cells and differentiated cells in the presence of a cytotoxic

oncolytic virus that targets different tumour cell types with different specificities and

killing rates. Our modelling effort aims to address the following questions.

• Is it possible to reach complete tumour eradication for a given oncolytic therapy

that targets both stem cells and their progenitors?

• Can we identify limits on infectivity of stem and differentiated cells that lead

to successful treatment?

• Which phenotype should preferentially be targeted to enhance the efficiency of

therapy? In other words, does a higher specificity in targeting stem-like cancer

cells increase the overall efficacy of the oncolytic viral therapy, or is a higher

specificity in targeting differentiated tumour cells necessary?

• If this is the case, what is the optimal stem cell specificity to obtain the lowest

tumour burden?

• What factors affect the optimal stem cell specificity?
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• How do the infected cells’ mitotic (self-renewal and differentiation) rates affect

the therapeutic outcome?

• Does the stem cell fraction increase or decrease after oncolytic therapy?

Cancer initiating cells were first defined in acute myeloid leukaemia (AML) in 1994 [65].

A subpopulation with marker CD34+/CD38−, which has been used to mark stem

cells, was observed in leukaemia in vivo in nude mice [65]. Later experiments identi-

fied a similar subpopulation with tumour initiating potential for solid tumours. For

breast cancer, Al Hajj et al. [5] showed a subpopulation with marker CD44+/CD24-

were operating as tumourigenic cells. For brain tumours, CD133+ cells are identified

as a stem-like subpopulation [54]. There are several different opinions on how such

subpopulations of cancer stem cells arise. One hypothesis is that they come from

epigenetic alterations in a normal stem cell, and thus we can expect the appearance

of tumour initiating cells inside stem cell niche areas. However, this hypothesis is

questioned since inside a tumour, cells are highly phenotypically plastic, and there

are de-differentiation events during which non-cancer stem cells transform into can-

cer stem cells [36]. In this work, we make the simplifying assumptions that the cancer

stem cell population remains in the stem cell niche area, and the size of this area

limits cancer stem cells’ growth.

By engineering a category of adenoviral vectors, Eriksson et al. [29] conducted a proof

of concept study to show the effectiveness of oncolytic viruses against cancer stem

cells. They prevented a sorted subpopulation of breast cancer tumour initiating cells

from forming a tumour in mouse mammary fat pads by infecting them with Ad5/3-

∆24 and Ad5.pK7-∆24. Their result was promising both in vitro and in vivo. In

vivo, they measured the tumour initiating capability of infected subpopulations of

cancer-initiating cells versus uninfected ones. The infected ones could not establish

a tumour in any of the cases, while the uninfected CD44+/CD24- subpopulation
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presented strong tumour initiating capability. Moreover, they showed that oncolytic

viruses with E1A-CR2 capsid-modified adenoviruses could kill both quiescent and

committed cancer stem cells [68]. Hence, a model that captures dynamics of cancer

stem cells during oncolytic virotherapy, captures dynamics of both quiescent and

committed cancer stem cells.

In recent years, many in vivo and in vitro experiments have been conducted for tar-

geting tumour initiating cells with oncolytic viruses in different types of cancers. For

example, Sagara et al. [95] showed that a Coxsackievirus B3 (CVB3) infection caused

effective oncolytic activity against lung cancer-initiating cells. For clone cancer, Yoo

et al. [122] developed cancer favouring oncolytic virus that could efficiently infect and

replicate in colon cancer-initiating cells because it was not affected by drug-resistance

pathways. They concluded that this oncolytic virus efficaciously suppresses cancer-

initiating cells, and by co-treatment with anti-cancer drug 5-Fu, therapy can be more

successful.

In the past two decades, some mathematical models have been introduced to describe

each phenotype dynamics in the hierarchical structure of a tumour [50,51,73,100]. In

addition, several mathematical models have been introduced to investigate oncolytic

viral therapy [3,61,86,114]. However, there has not been a mathematical model that

describes the regimen in which cells from different phenotypes are targeted with

different specificity. Here we build a mathematical model that describes interactions

between populations of infected and uninfected cancer cells, where each of these

populations is a hierarchical structure of stem cell-differentiated cell as illustrated in

Figure 4.2.

The outcomes of treatment depend extensively on the extent to which infection

invades the tumour. An important measure widely used in epidemiology to identify

transmissibility of infection is basic reproduction number [105]. Here, we use the
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basic reproduction number to find the constraint needed on the infectivity rates of

stem and differentiated cells for the therapy to work. When this constraint is not

satisfied, therapy fails.

To assess cancer stem cell selectivity by oncolytic viruses, Bauerschmitz et al. [8] used

oncolytic viruses equipped with tumour specific promoters such as Rb, a-lactalbumin

(ala), cyclo-oxygenase 2 (Cox-2), telomerase (hTERT), and multi-drug resistance

(MDR) promoters. They constructed respective capsid modified, promoter-controlled

adenoviruses and observed their oncolytic efficiency in vitro and in vivo experi-

ments. They found out the viruses Ad5/3-hTERT-∆gp, Ad5/ 3-Cox2L-∆24 and

Ad5/3-mdr-∆24 had higher potency and selectivity for CD44+/CD24- subpopu-

lations while Ad5/ 3ala-∆24 was less effective. In vitro, all of the above viruses

with various efficacy could kill 100% of the CD44+/CD24- populations. For in vivo

experiments, a subpopulation of FAC sorted CD44+/CD24- cells are injected into

(immunodeficient) mice and were left for a tumour to establish. The virus was in-

jected intratumourally every second day, starting at day 14. The treatment resulted

in smaller tumours and much slower growth (or complete stagnation). However, the

eradication of the tumour was never observed in vivo. On day 17 of treatment, the

tumour population was sorted for subpopulations of CD44 +/- and CD24 -/-. Inter-

estingly, the fraction of CD44+/CD24- is not significantly changed versus mock. The

best result is obtained by using Ad5/3-MDR-d24, in which CD44+/CD24- is 2.6% of

population fraction versus 3.4% in mock. Our numerical simulation illustrates that

tumour size under therapy decreases when infection partially or fully spreads in a

tumour. However, stem cell fraction increases once the tumour becomes infected.

The above in vivo and in vitro experiments make us confident that oncolytic viruses

can be engineered with different levels of sensitivity and specificity in targeting tu-

mour stem-like subpopulations, motivating us to analytically and numerically inves-

tigate optimal stem cells specificity and its dependence on the spread of infection.
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Specifically, we consider two different scenarios: mitotic and nonmitotic infected

cells. We refer to an infected cell that cannot self-renew and differentiate as a non-

mitotic infected cell. When infected cells are nonmitotic, virus transmission is only

horizontal, meaning infection only is transmitted when an uninfected cell encoun-

ters an infected cell and becomes infected. We will show that in this case, tumours

can only be partially infected. We refer to an infected cell that can self-renew and

differentiate as an infected mitotic cell. When infected cells are mitotic, infection

transmission occurs both horizontally and vertically. Vertical transmission occurs

during self-renewal or differentiation. During self-renewal, an infected stem cell di-

vides into two infected daughter stem cells, and during (symmetric) differentiation,

an infected stem cell gives birth to two infected differentiated cells. We will show

that infection can fully invade the tumour when the basic reproduction number is

above one, and the reproduction number of uninfected cancer cells is less than one.

As we will show, mitotic rates of infected cells significantly impact optimal stem cell

specificity.

4.2 Model: Oncolytic viruses targeting tumour

initiating cells

Cancer stem cells are pluripotent because they can produce phenotypically different

progenies from the original mother stem cell; this can be achieved through symmetric

and asymmetric divisions where the daughter cell is either a stem cell or an early

progenitor [26]. Progenitor or partially differentiated cells which divide through a

chain of proliferation events give rise to a larger population of fully-differentiated

cells [109]. In this work, we only consider symmetric cell divisions. During the

self-renewal process, a stem cell gives rise to two identical daughter stem cells, as

illustrated in Figure 4.1(a). During the symmetric differentiation process, a stem cell

112



divides into two differentiated cells, see Figure 4.1(b) for a schematic representation.

r(1− ω)

S S

S

(a)

rω

D D

S

(b)

D Differentiated CellsS Stem-like Cells

Figure 4.1: A simplified hierarchy of symmetric divisions of tumour initi-
ating cells. This figure is a schematic representation of symmetric cell divisions of
stem cells. Here we assume stem cell division rate is r and (1−ω) is the self-renewal
probability. Plot (a) represents self-renewal, meaning a stem cell divides into two
daughter stem cells with rate rS = r(1− ω). Plot (b) shows differentiation process
in which a stem cell divides symmetrically into two differentiated cells with rate
rD = 2rω.

For simplicity, we use a simplified two-compartment model where stem cells are

collected in one compartment and partially or fully differentiated cells are in another.

The following system of equations gives this simplified model.

dxS
dt

= LS(xS, xD)xS,

dxD
dt

= LD(xD)xS + L̂D(xD)xD,

(4.1)

where xS and xD are the population densities of stem cells and differentiated cells,

respectively. The function LS is the rate of turnover of stem cells and includes

self-renewal, death and differentiation events. Hence,

LS(xS, xD) = rS(1− bSxS)− d̄S − rω(1− bDxD),

where rS = r(1 − ω) is the rate at which stem cells self-renew. r denotes the stem

cell division rate and ω is the differentiation probability. bS is the inverse carrying

capacity in the stem cell niche/compartment, and d̄S is the apoptosis rate of stem
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cells.

LD(XD) denotes reproduction of fully differentiated cells via symmetric differentia-

tion. Hence, LD(xD) = rD(1 − bDxD) where rD = αrω is the rate of differentiation

in which α ≥ 2 is a variable denoting the final number of fully differentiated cells

that are reproduced by a stem cell that is undergone a differentiation. The term

L̂D = dD denotes the apoptosis rate of fully-differentiated cells. bD is the inverse

carrying capacity of differentiated cells. Using two different carrying capacities for

stem cells and differentiated cells is because stem cells are assumed to be confined to

stem cell niches. In practice carrying capacity of stem cells is much lower than the

carrying capacity of differentiated cells; hence, bD � bS. Therefore, we can assume

bD = 0, this assumption yields

LS(xS, xD) = rS(1− bSxS)− d̄S − rω.

As of now for simplicity we show d̄S +rω by dS. Notice that when bD = 0, dS denotes

the removal rate of cancer stem cells.

This simple model encapsulates the main features of a hierarchical structure of stem

cell-differentiated cell proliferation inside a tumour. We use the above simple stem

cell-differentiated cell hierarchy to model the cancer cell dynamics during oncolytic

therapy. The primary function of oncolytic viruses is to infect and lyse tumour

cells. However, an oncolytic viral therapy in which both stem and differentiated cells

are targeted involves many complexities. For example, tumour initiating cells and

differentiated cells might become infected at different rates. The number of copies

that a virus makes in a host infected cell may vary depending on the phenotype of

the infected cell. The timescale of virus dynamics may be fast or slow. Here, our

goal is to introduce a very simple model that describes the dynamics of both cancer

stem cells and differentiated cells during an oncolytic viral therapy that targets both
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stem cells and differentiated cells. Therefore, we make some simple assumptions that

ignore some of these complexities.

We begin by writing a four-compartment model which includes target stem cells,

xS, target differentiated cells, xD, infected stem cells, yS, and infected differentiated

cells, yD, see Figure 4.2. The stem cells and differentiated cells in the absence of

treatment follow the dynamics discussed in the previous section. A stem cell when

encountering an infected cell, becomes infected with rate βS. A differentiated cell

when encountering an infected cell becomes infected with rate βD. The self-renewal

rates of infected stem cells are denoted by lS and the differentiation rate of infected

stem cells is denoted by lD, see Figure 4.2. aS denotes the sum of apoptosis rate and

differentiation rate of infected stem cells. The apoptosis rate of infected differentiated

cells is denoted by aD. A summary of all the parameters with their corresponding

biological interpretations is provided in Table 4.1.

The above dynamics are given by the following system of equations,

dxS
dt

= rSxS(1− bS(xS + yS))− dSxS − βSxS(yS + yD), (4.2a)

dxD
dt

= rDxS − dDxD − βDxD(yS + yD), (4.2b)

dyS
dt

= lSyS(1− bS(xS + yS))− aSyS + βSxS(yS + yD), (4.2c)

dyD
dt

= lDyS − aDyD + βDxD(yS + yD). (4.2d)

The followings are the assumptions under which we will study the dynamics of the

above Model:

C1: Here, we assume virus turnover is much faster than the turnover of infected cells,

so the virus is in a quasi-steady state; that is why there is no equation describing

the dynamics of the virus explicitly.

C2: For simplicity, we assume that the burst size of the virus is the same per both
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cancer stem cells and cancer differentiated cells.

C3: We assume the carrying capacity of differentiated cancer cells is much higher

than one’s for cancer stem cells. Therefore, bD � bS. Hence, we assume bD = 0.

C4: Here, we assume vertical infection transmission is perfect. In other words, an

infected cell during self-renewal or differentiation does not produce any uninfected

daughter cells.

C5: We assume per capita growth rates of target cancer cells are greater than their

removal rates. Therefore, rS > dS and rD > dD.

C6: Herein we assume virus is virulent, meaning it will make the host cells less

functional by inducing infection on them, in other words:

• infection reduces cell growth; lS < rS and lD < rD. In many cases, infected cells

are not replicating, lS,D = 0.

• infection elevates apoptosis; aS > dS and aD > dD.

Earlier research on oncolytic viral therapy that does not take phenotypic hetero-

geneity into account suggests that by an increase in transmission rate, therapy is

enhanced. To be precise, the tumour size under therapy decreases [44, 61]. Numer-

ical simulations of Model (4.2) in which cancer cells are being randomly targeted,

meaning βS = βD = β, supports the result of earlier papers. Figure 4.3 is a numerical

simulation of Model (4.2) where βS = βD = β. In plots (a) and (b) infected cells

are nonmitotic, i.e. lS = lD = 0, and in plots (c) and (d) infected cells are mitotic,

but mitotic rates are low, lS = 0.25, and lD = 0.5. In Figure 4.3 the tumour growth

parameters are r = 2, ω = 0.5 ,where rS = r(1 − ω), rD = 2rω. The treatment

is modelled by assuming βS,D as step-wise functions of time and at t = t0 = 30

they turn on to their non-zero value. For initial conditions a small value of initial

infected cells are assumed, however the results are not sensitive to the initial condi-
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Table 4.1: Biological interpretations of parameters of Model (4.2).

Symbol Biological interpretation Units

bS inverse maximum load of cancer stem cells
(due to the size of stem cell niche)

1

[cell]

bD inverse carrying capacity of tumour
(differentiated) cells

1

[cell]

βS infectivity rate per stem cell
1

[time] [cell]

βD infectivity rate per differentiated cell
1

[time] [cell]

rS self-renewal rate for target stem cells
1

[time]

lS self-renewal rate for infected stem cells
1

[time]

rD rate of symmetric differentiation for target
stem cells

1

[time]

lD rate of symmetric differentiation for infected
stem cells

1

[time]

dD apoptosis rate of target differentiated cells
1

[time]

aD apoptosis rate of infected differentiated cells
1

[time]

dS removal rate (i.e. sum of apoptosis rate and
differentiation rate) of target stem cells

1

[time]

aS removal rate (i.e. sum of apoptosis rate and
differentiation rate) of infected stem cells

1

[time]

r stem cell division rate
1

[time]

ω differentiation probability

α final number of fully differentiated cells
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Figure 4.2: Schematic representation of vertical and horizontal transmis-
sion of infection within a tumour. xS, xD, yS, yD, represent target stem cells,
target differentiated cells, infected stem cells and infected differentiated cells, re-
spectively.

tions. For the plots we assumed the tumour is in its virus-free steady state before the

start of treatment. The results are plotted for various values of average infectivity:

β = 0.2, 0.4, 0.6, 0.8, · · · , 1. Figures 4.3(a) and 4.3(c) illustrate that very small values

of β do not affect tumour size. By increasing β, tumour size post therapy decreases,

in both case of mitotic and nonmitotic infected cells (see Figure 4.3 caption for the

rest of model parameters).

Figures 4.3(b) and 4.3(d) suggest that stem cell fraction increases when average

infectivity increases.

In section 4.4 we show that in the case of mitotic infected cells an increase in av-

erage infectivity does not reduce the tumour size all the time. We show that virus

specificity in preferentially targeting a phenotype over the other strongly affects the

treatment outcome. In the case of mitotic infected cells, we will show there is a

threshold for the transmission rate of infection to stem cells; once that transmission
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Figure 4.3: (a,c) An increase in average infectivity decreases tumour size.
(b,d) An increase in average infectivity increases stem cell fraction. Plots
(a) and (c) illustrate that tumour size becomes smaller when average infectivity
increases. Plots (b) and (d) suggest that stem cell fraction increases by an increase
in average infectivity. In plots (a) and (b) infected cells are nonmitotic lS,D = 0 and
in plots (c) and (d) infected cells are mitotic lS = 0.25 and lD = 0.5. However, even
in the case of mitotic infected cells, mitotic rates of infected cells are still low. As we
will show in Section 4.4, an increase in average infectivity rate does not always reduce
the tumour size in the case of mitotic infected cells. These plots are conducted for
Model (4.2). Treatment is applied at t = 30 with an initial dose of virus injected
(yS = 0.01xS is used to represent this). βS = βD = β. β = 0.2, 0.4, · · · , 1.0. Other
model parameters are: r = 2, ω = 0.5, rS = rω = 1, rD = 2r(1 − ω) = 2, dS =
0.3, dD = 0.6, aS = dS + 0.01, aD = dD + 0.01, bS = 1, bD = 0.
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rate is obtained, tumour size becomes minimum.

The main question of this chapter is how hierarchical phenotypic variability affects

the mechanism of tumour infection by the virus. The engineered virus used in the

experiments targets some common tumour suppressor gene promoters. To engineer

viruses with the capability of targeting stem cells, an additional stem cell marker is

added to increase the specificity of the virus while the infectivity to the non-stem-

like tumour cells is not changed. Specificity and infectivity of the virus encountering

tumour initiating (tumour differentiated) cells are incorporated in βS (βD). In this

work, we will focus on how changes in βS and βD affect the outcome of the therapy.

In the next section, we identify all the steady states of the model and the conditions

under which each exists.

4.3 Steady states

Possible outcomes of Model (4.2) depends on the stability of its steady states. When

a steady state is globally stable, and almost all the solutions eventually tend to it.

Hence, the tumour size post-therapy will be the total population of both infected and

uninfected cancer cells from both kinds of fully differentiated and tumour initiating

cells corresponding to that steady state. Since the tumour size post-therapy is a

measure of the success of the therapy, it is important to identify the steady states of

the model. We denote the steady state with vector E = (xS, xD, yS, yD). In principle,

there are four distinct steady states. Each steady state corresponds to a different

outcome and is as follows:

• Complete tumour eradication steady state, E0 = (0, 0, 0, 0). When this steady

state is globally stable means, the therapy fully eradicates the tumour.

• Treatment failure steady state, ET = (xTS, xTD, 0, 0). This steady state is
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globally stable when infection fails to spread across the tumour and eventually

the infected tumour cells die out. The steady state population of target stem

cell and differentiated cells, xTS and xTD depend on the original stem cell

dynamics model and are independent of the infection parameters:

xTS = b−1S · (1−
dS
rS

),

xTD =
rD
dD
· xTS (4.3)

• 100% infection prevalence steady state, XI = (0, 0, yIS, yID). 100% infection

prevalence occurs when infection is successfully spread across the tumour and

all tumour cells have been infected with oncolytic virus. Populations of infected

stem and differentiated cells of this steady state are given by:

yIS = b−1S · (1−
aS
lS

),

yID =
lD
aD
· yIS (4.4)

• Partially infected steady state, EP = (x∗S, x
∗
D, y

∗
S, y
∗
D). When Ep is globally

stable, the virus has partially spread; this happens when the virus is weakly

transmissive and uninfected cells outgrow the infected ones. However, at the

steady state, the rate of new infections balances the uninfected cells higher
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fitness. The closed forms for x∗S, x∗D, y
∗
S and y∗D are as follows.

x∗S =
(rS − dS − βST )(aSrS − lSdS − lSβST )

bSrS
(
(rS − lS)βST + aSrS − lSdS

) , (4.5a)

x∗D =x∗S
rD

βDT + dD
, (4.5b)

y∗S =
βST (rS − dS − βST )

bS
(
(rS − lS)βST + aSrS − lSdS

) , (4.5c)

y∗D =T − y∗S, (4.5d)

where T has one of the following forms:

T =− B

2A
+

√(
B

2A

)2

− C

A
, if A > 0 and C < 0,

T =− B

2A
−

√(
B

2A

)2

− C

A
, if A < 0 and C < 0,

T =− C

B
, if A = 0 and C < 0,

where A, B and C are defined as,

A :=βSβD

(
βS
(
(lD + aD)rS − rDlS

)
+ bSaDrS(rS − lS)

)
,

B :=dDrS(lD + aD)β2
S + bSaDrSβD(rSaS − lSdS) + bSdDrSaD(rS − lS)βS

+
(

(rS − dS)
(
rDlS − (lD + aD)rS

)
+ rD(rSaS − lSdS)

)
βDβS.

C :=− (aD + lD)(rS − dS)rSdDβS + (aSrS − dSlS)
(
bSdDaDrS − βDrD(rS − dS)

)
.

Theorem 4.1 states the constraints on βS and βD values, under which the above

steady states exist.

Theorem 4.1.

(I): EU always exist under assumption (C5) .
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(II): EI exists if and only if infected cells are mitotic and the self-renewal rate of

infected cancer stem cells is greater than their removal rate, meaning lS 6= 0 and

lD 6= 0, i.e. lS > aS.

(III): When aS < lS and 1 <
rD

aD + lD
<
rS
lS

, there exists a unique interior steady

state if

(
aSrS − dSlS
aD + lD

)
bSdDaDrS − βDrD(rS − dS)

rSdD(rS − dS)
< βS <

bSaD(rSaS − lSdS)

(lS − aS)(aD + lD)
(4.6)

(IV): When lS = lD = 0, there exists a unique interior steady state if

(
aSrS − dSlS
aD + lD

)
bSdDaDrS − βDrD(rS − dS)

rSdD(rS − dS)
< βS (4.7)

See 4.7.5 for a proof of the above theorem.

Parts (III) and (IV) of the above theorem give some conditions under which we

can analytically prove a unique interior steady state exists. However, our numerical

simulations show that interior steady state depends only on the mitotic rate of in-

fected cells and the rate at which stem cells become infected. Part (IV) of the above

theorem gives a sufficient condition for the existence of the unique steady state on

the infectivity rate of stem cells when infected cells are not mitotic. Our numerical

observations suggest that when infected cells are not mitotic inequality (4.7) is the

necessary and sufficient condition on βS for the existence of a unique steady state.

In part (III) of the above theorem, we identify a part of parameter space, in which a

unique interior steady state exists when infected stem cells can survive in the absence

of horizontal infection (meaning that lS > aS). Our numerical observation illustrates

that when lS > aS, there exists a unique interior steady state if and only if βS satisfies
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inequality (4.6).

4.4 Reproduction number of cancer cells identifies

treatment outcomes

The Jacobian of Model (4.2) at E0 is



rS − dS 0 0 0

rD −dD 0 0

0 0 lS − aS 0

0 0 lD −aD


Eigenvalues of the above are rS − dS, lS − aS, −dD, and −aD. According to assump-

tion (C5) rS−dS > 0, therefore, the Jacobian of Model (4.2) at E0 always has at least

one positive eigenvalue. Therefore, under assumption (C5) E0 is always unstable.

Hence, our model suggests that even an oncolytic viral therapy in which cancer cells

from different phenotypes are targeted with different specificity cannot eradicate the

tumour. However, long term tumour shrinkage after therapy is observed when the

infection spreads through the tumour cells, and the tumour becomes partially or

fully infected. For the infection to invade the tumour, the basic reproduction num-

ber must be larger than one. The basic reproduction number, R0, is defined as the

expected number of newly infected cells produced by a typical infected cell when the

tumour is on EU steady state. That is the population of infected cells are rare, and

the population density of uninfected tumour stem cells is xTS = b−1S (1− dS/rS) and

the population density of uninfected fully differentiated cells is xTD = xTSrD/dD.

To calculate the basic reproduction number, we use the method given by Van den
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Driessche and Watmough in 2002 [105]. The basic reproduction number is

R0 =
tr(NI)

2
+

√(
tr(NI)

2

)2

− det(NI), (4.8)

where the next generation matrix NI of infected cells for Model (4.2) is

NI =


lSdS
aSrS

+
xTSβS
aS

xTSβS
aD

lD
aS

+
xTDβD
aS

xTDβD
aD

 (4.9)

See 4.7.1 for the algebraic calculations of NI and basic reproduction number.

In the special case when the virus transmission is only horizontal, meaning lS = lD =

0, R0 is

R0 =
1

bS

(
βS
aS

+
βD
aD

rD
dD

)(
1− dS

rS

)
(4.10)

The above formula shows basic reproduction number is proportional with number of

new exposures and new infections as expected. In fact, the life time of an infected

CSC is 1/aS and each cancer stem cell produces βS
1
bS

(1− dS
rS

) infected tumour stem

cells in its life time and the life time of an infected differentiated cell is 1/aD and

each infected differentiated cell produces βD
1
bS

(1− dS
rS

) rD
dD

infected differentiated cells

in its life time, so each infected cell in its life time produces R0 infected individuals.

As we mentioned above, we are interested in the case that R0 > 1. As per equa-

tion (4.8), it is tedious to calculate R0, but next lemma gives the constraint in the

parameter space under which R0 > 1.
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Lemma 4.2. R0 > 1 if and only if

βS >

(
bSaD
rS − dS

− βD
rD
rSdD

)
rSaS − lSdS
lD + aD

(4.11)

See 4.7.2 for a proof of the above Lemma 4.2.

It is essential to know that once most of the tumour cells become infected and the

population of uninfected cancer cells are rare, is it possible for the population of

uninfected cancer cells to regrow again and invade the tumour partially or fully. To

know this, we need to calculate the reproduction number of uninfected cancer cells.

The reproduction number of an uninfected cancer cell is the number of new uninfected

cancer cells that an uninfected cancer cell produces in its lifetime when Model (4.2)

is in EI steady state. Let RU denote the reproduction number of uninfected cancer

cells, so

RU =

(
rS

dS + βS(yIS + yID)

)
aS
lS
. (4.12)

RU is the maximum of absolute values of eigenvalues of next generation matrix NU

of uninfected cancer cells for Model (4.2). NU is given by

NU =


(

rS
dS + βS(yIS + yID)

)
aS
lS

0

rD
dS + βS(yIS + yID)

0

 (4.13)

See 4.7.3 for details of algebraic calculations of NU .

Note that RU is not defined when infected cells are not mitotic. RU only can be

defined when the steady state in which tumour cells are fully infected is possible.

As we explained before steady state EI only exists if infected cells are mitotic, i.e.

lS 6= 0 and lD 6= 0, and the net growth rate of infected cancer stem cells is positive

in the absence of horizontal infection, i.e. lS > aS.
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We are interested in the case that RU < 1, meaning that when all the tumour cells

are infected, and no longer uninfected cells can outgrow the infected ones. Eq. (4.12)

shows RU < 1 if and only if

βS >
bSaD(rSaS − lSdS)

(lS − aS)(aD + lD)
. (4.14)

Remark 4.3. Notice from Lemma 4.2 and equation (4.14) we can rewrite the condi-

tions for the existence of interior steady state in the terms of R0 and RU as follows:

1. when aS < lS and 1 <
rD

aD + lD
<
rS
lS

, there exists a unique interior steady state

if R0 > 1 and RU > 1;

2. when lS = lD = 0, there exists a unique interior steady state if R0 > 1.

Outcomes of the treatment are as follows.

(I) Treatment failure: Infection is weakly transmissible such that it cannot

invade the tumour, and treatment fails. This occurs when R0 < 1. Figure 4.4

is a heat map of tumour size post-therapy as a function of βS, βD. As this

figure indicates, the biggest tumour size post-therapy occurs when R0 < 1.

The figure suggests that if the rate at which stem cells become infected, βS

and the rate at which fully differentiated cells become infected βD belong to

the area labelled by R0 < 1, treatment fails. In this case, either there will

not be a tumour shrinkage, or there may be a small tumour shrinkage at the

beginning of the therapy. However, the tumour eventually follows the same

dynamics as in the absence of the therapy. In this case, post-therapy tumour

size will be same as tumour size in EU steady state, i.e.

xTS + xTD =
(rS − dS)(dD + rD)

rSbSdD
.
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(II) Partial success: Infection partially invades the tumour, some tumour cells

become infected, and the size of the tumour gets considerably smaller. When

either R0 > 1, RU > 1, and lS > aS or R0 > 1 and lS < aS, our numerical

simulations recommend that there exists a unique interior steady state that is

globally stable, i.e. post-therapy eventually tumour size will be x∗S+x∗D+y∗S+y∗D

and this result is not sensitive to initial size of tumour. The area corresponding

to R0 > 1 and RU > 1 in Figure 4.4 is the area between the two lines. If the

net growth rate (the self renewal rate minus removal rate) of infected cancer

stem cells is positive, then partial infection occurs when R0 > 1 and RU > 1.

This scenario in βD − βS parameter space is corresponding to area between

the two lines in Figure 4.4, the dashed line (lower line) is corresponding to

R0 = 1 and the solid line (upper line) is corresponding to RU = 1. Notice

that as we mentioned before, when infected cells are not mitotic lS = lD = 0

or when infected cells are mitotic but infected cancer stem cells’ net growth

rate is negative (i.e. lS < aS), RU cannot be defined. In this scenario, partial

infection occurs when R0 > 1. When lS−aS tends to zero, the probability that

the tumour becomes fully infected tends to zero. In Figure 4.4 as lS− aS tends

to zero, the line RU = 1 tends to infinity and remains there.

(III) Success: Infection completely invades the tumour. This is equivalent to the

case when RU ≤ 1. As we mentioned before, 100% infection prevalence is

only possible when net growth rate of infected cancer stem cell is positive, i.e.

lS > aS. When lS > aS and R0 > 1, as Figure 4.4 illustrates by increase in

βS value, tumour size is reduced and the lowest tumour size is obtained when

βS = aDbS(rSaS−lSdS)
(lS−aS)(aD+lD)

( which corresponds to RU = 1). Once βS reaches the value

aDbS(rSaS−lSdS)
(lS−aS)(aD+lD)

, increases in βS can no longer impact the tumour size. Since when

βS ≥ aDbS(rSaS−lSdS)
(lS−aS)(aD+lD)

the tumour size post therapy is the same as tumour size

at EI steady state, the tumour size post therapy is yIS + yID = (lS−aS)(aD+lD)
lSbSaD

,
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which is independent of values of βS and βD.

Figure 4.4: Heat map of tumour burden post therapy as a function of
βS, βD. Tumour steady state is plotted as a function of βD and βS. This is su-
perimposed with the regions in (βS, βD) plane that are separated by lines R0 = 1
and RU = 1 where R0 is the basic reproduction number of the virus Eq.(4.8) and
RU is the reproduction number of uninfected cancer cells Eq.(4.12). The dashed
line represents R0 = 1. The maximum tumour size under treatment occurs when
R0 < 1. The solid line represents RU = 1. Tumour size reduces as βS increases, and
it becomes minimum when RU = 1. In the area labelled as RU < 1, changes in βS
or βD does not affect the tumour size. This simulation corresponds to a positive net
growth rate (self-renewal rate - removal rate) of infected cancer stem cells. When the
net growth rate of infected cancer stem cells tends to zero, the line RU = 1 tends to
infinity. (Model parameters are: rS = 0.5, rD = 2rS, dS = 0.3, dD = 2rS, lS = 0.5, lD =
2lS, aS = dS + 0.1, aD = dD + 0.1, bS = 1, bD = 0.)

4.5 Optimal stem cell specificity

One of the main questions in engineering a virus is when stem cell targeting has

an advantage over random or differentiated cell targeting. When infected cells are

mitotic and the net growth rate of infected cancer stem cells is positive, as Fig-

ure 4.4 suggests, the minimum tumour size is obtained above the line RU ≤ 1, which

corresponds to βS ≥ bSaD(rSaS−lSdS)
(lS−aS)(aD+lD)

. This result is not sensitive to the value of βD
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which suggests that when the net growth rate of infected cancer stem cells is pos-

itive, the optimal result is obtained by perfect stem cell targeting, in other words,

by only targeting stem cells. As equation (4.12) indicates, when the net growth rate

of infected cancer stem cells is negative or zero, RU is not defined, and only partial

infection is possible. In this case, Figure 4.4 does not provide a clear answer about

the optimal stem cell specificity and how average infectivity may affect that. To

respond to these concerns here we re-parametrize βS = pβ, and βD = (1−p)β, where

0 ≤ p ≤ 1 is stem-like specificity and β is an average infectivity. If p 6= (1/2), pheno-

typic heterogeneity is taken into account and if p = (1/2), phenotypic heterogeneity

is not considered and cells are randomly targeted. If p > (1/2) then the engineered

oncolytic virus has a higher tendency to infect a stem cell over a differentiated cell.

When p < (1/2), the oncolytic virus preferably targets differentiated cells over stem

cells. When p = 1, only stem cells are targeted and when p = 0, only differentiated

cells are targeted.

In Figure 4.5 the total tumour size in steady state as a function of stem cell specificity

p for different values of β are plotted. In this figure, for a given β value, the minimum

steady state tumour size as p varies is denoted by a pink dot. We call this value of

p for which the steady state tumour size is minimum the optimal specificity for the

given infectivity rate, and we denote it by p?β. The optimal specificity depends both

on infectivity rate and the type of infected cells (mitotic or non-mitotic). Hence,

we consider two separate scenarios: 1) non-mitotic infected cells, i.e. lS,D = 0,

Figure 4.5(a) and 2) infected cells are mitotic, but the net growth rate of infected

stem cells are negative, i.e. lS,D 6= 0 and lS < aS, Figure 4.5(b). Notice that, in

both Figure 4.5(a) and (b) the net growth rate of infected stem cells are negative.

Figure 4.5 recommends that in both scenarios (mitotic and nonmitotic infected cells),

as the average infectivity rate β increases, the minimum steady state tumour size

decreases.
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Figure 4.5: Perfect stem cell targeting is optimal when infected cells are
mitotic; (a) non-mitotic infected cells (b) mitotic infected cells. The speci-
ficity, p, is defined by βS = pβ, βD = (1 − p)β. Where β/2 is overall infectivity
for uniform system (p = 1/2), βS = βD. Plots are done for different values of
β = 0.1, . . . , 2, with the step size of 0.19. for small infectivities, tumour control
(weakly) responds to variations in virus-stem cell specificity. Other model parameters
are, rS = 2, rD = 4, dS = 0.3, dD = 0.6, aS = dS + 0.01, aD = dD + 0.01, bS = 1, bD = 0.
For non-replicating virus lS = lD = 0 and for replicating virus lS = 0.25 and lD = 0.5.

When the infected cells are non-mitotic, as Figure 4.5(a) represents for lower β

values, lower p values are preferred. When β values are low and p values are high,

the treatment fails, and the steady state tumour burden is the same as the one in the

absence of therapy. As infectivity increases, the optimal p value crosses p = 1/2, and

for a regime of high infectivities, stem cell targeting is, in fact, a preferred method.

For higher values of β, the minimum steady state tumour size is not very sensitive

to changes in p and for a wide range of p values, treatment outcomes seem similar.

Interestingly for the range of β used here, 0.1 ≤ β ≤ 2, the optimal p, p?β, is less

than unity. This means that full stem cell targeting is not the optimal strategy (for

model parameters used in this simulation, see caption of Figure 4.5).

The above behaviour changes as we introduce non-zero values of lS,D. When infected

cells are mitotic the minimum steady state tumour size occurs for perfect stem cell
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targeting. As Figure 4.5(b) shows p ∼ 0 has almost no effect on tumour burden (no

shrinking) and tumour size is optimal at p ∼ 1. In this figure, the effect of increase

in specificity for large infectivity, say β = 2, is quite strong. In this figure lS = 0.25

and lD = αlS, dS = 0.3, and aS = dS + 0.01 (for the rest of parameters see the

caption), notice that lS < aS, therefore, the net growth rate of infected stem cells

are negative. Our numerical simulations suggest that the stem cell fraction increases

from the beginning of the therapy if the therapy starts when the tumour size is nearly

equal to the tumour size at EU steady state. The same is true under perfect stem cell

targeting. In the above paragraph we mentioned that when infected cells self-renewal

rate and differentiation rate are nonzero, the minimum tumour size is obtained by the

perfect stem cell targeting. Under perfect stem cell targeting, when βS is chosen in

the way that R0 > 1, if the therapy starts when tumour size is near EU steady state

always the tumour size, stem cell density and differentiated cell density are reduced.

However, the stem cell fraction increases, regardless of the mitotic rate of infected

cells and the increase amount in the stem cell fraction depends on the mitotic rate

of infected cells; when mitotic rate of infected cell increases, more tumour shrinkage

is obtained, but stem cell fraction will be more (see Figure 4.6 for an illustration).
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Figure 4.6: Stem cell fraction increases even under perfect stem cell tar-
geting; (a) Stem cell density (b) Stem cell fraction. It is assumed that an on-
colytic virus that only targets stem cells is administrated. Hence, stem cell specificity
p = 1. Three different scenarios are considered; 1- The dotted curve corresponds to
nonmitotic infected cells, lS = 0, lD = 0 . 2- The dashed curve corresponds to the
case where infected cells are mitotic, and the net growth rate of infected cancer stem
cells is negative (lS < aS + dS) lS = 0.1 and lD = 0.2. 3- The solid curve corresponds
to the case where infected cells are mitotic, and the net growth rate of infected can-
cer stem cells is positive (lS > aS + dS) lS = 0.25, lD = 0.5. Plot (a) demonstrates
that when the self-renewal rate and the differentiation rate of infected cancer cell
increases, the stem cell density under therapy is reduced. Plot (b) illustrates when
the self-renewal rate and the differentiation rate of infected cancer cell increases stem
cell fraction increases. Other model parameters are rS = 1, rD = 2, dS = 0.1, dD =
0.2, aS = dS + 0.01, aD = dD + 0.01, βS = pβ, βD = (1− p)β, bS = 1, bD = 0, β = 0.5.

4.6 Discussion

Intratumoural heterogeneity is known to be a major cause of tumour relapse, recur-

rence and failure of many conventional therapies [76, 78, 102]. In fact, most conven-

tional therapies kill the differentiated cells and fail in eliminating cancer stem cells.

Cancer stem cells, due to properties such as self-renewal ability and quiescence, are

resistant to chemotherapy and radiotherapy [89, 98]. Oncolytic viruses are capable

of targeting both quiescent and non-quiescent cancer stem cells and suppressing the

growth of cancer stem cells [4, 13, 121]. The complete eradication of cancer stem
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cells is observed in some in vitro studies of targeting cancer stem cells with oncolytic

viruses [8,29]. However, the complete eradication of cancer stem cells is not reported

in most in vivo models of targeting cancer stem cells with oncolytic viruses [6,8]. In

this chapter, our primary goal was to propose a simple mathematical model to ana-

lyze the efficiency of targeting cancer stem cells with oncolytic viruses. To do this,

we disregarded some complexities related to hierarchical tumour structure, and we

also considered some hypotheses related to oncolytic virotherapy, assumptions (C1)–

(C6). Our promising yet simple model agrees with the results of in-vitro and in-vivo

studies of targeting cancer stem cells with oncolytic viruses in that oncolytic viruses

can infect all the tumour cells regardless of their phenotypic heterogeneity, reducing

the density of both cancer stem cells and differentiated cells. In addition, it agrees

with most of the in-vivo studies in the observation that oncolytic viruses cannot

eradicate cancer stem cells (see section 4.4).

One of the most important results of this chapter is identifying when targeting stem

cells is advantageous over random targeting; our analysis shows that this depends

strongly on the mitotic capability of cancer stem cells (see section 4.5). If, after

becoming infected, cancer stem cells cannot self-renew or differentiate, then targeting

stem cells with oncolytic viruses does not improve the efficiency of the therapy (see

Figures 4.4 and 4.5). When cancer stem cells are nonmitotic, higher specificity

in targeting cancer stem cells does not enhance the treatment outcome. In fact,

in this scenario, average infectivity is more important. Our numerical simulations

illustrate that when average infectivity increases, more tumour shrinkage is obtained

under treatment (see Figures 4.3, 4.4 and 4.5). When cancer stem cells are mitotic,

meaning that they can self-renew and differentiate, targeting cancer stem cells is

preferred over random targeting or only targeting differentiated cells. In fact, when

cancer stem cells are mitotic, the optimal tumour size by therapy is obtained under

perfect stem cell targeting (see Figure 4.5 for an illustration). Moreover, when the
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net growth rate of infected cancer stem cells is positive, we obtain optimal infectivity

rate of cancer stem cells at which optimal tumour size under therapy is obtained (see

Theorem 4.1 and inequality (4.14)).

Our numerical simulations suggest that under Model (4.2), the stem cell fraction

always increases (see Figures 4.3 and 4.6) from the beginning of the therapy if the

therapy starts when the tumour size is nearly equal to the tumour size at EU steady

state (see Eq. (4.3) for the formulation of EU steady state).

The success of oncolytic viral therapy depends heavily on the extent to which infec-

tion can invade the tumour. Hence, the basic reproduction number R0 is a valuable

marker to know when virotherapy starts to work. We calculated R0, and treatment

starts to work when R0 is bigger than one: this also gives a linear constraint on

the infectivity rates of cancer stem cells and cancer differentiated cells, meaning it

formulates to which extent cancer stem cells and cancer differentiated cells must be

targeted to see long term tumour shrinkage (see lemma 4.2).

The tumour microenvironment and hierarchical structure within a tumour are very

complex. The hierarchical structure starts from a stem cell at the top of the hierar-

chy and ends in the last row of fully differentiated cells. Stem cells may self-renew

or differentiate symmetrically or asymmetrically. Here, for simplicity, we only con-

sidered self-renewal and symmetric differentiation. Our model can be extended to a

full hierarchical model such as the one discussed in Williams et al. [113] to consider

all types of differentiation.

Another assumption ((C2)) that we derived our model under is that the rate of

production of virus per infected stem cell and per infected differentiated cell is the

same. However, in practice, it may be different. The result of this chapter can also be

derived if this assumption is relaxed; just the formulation will be more complicated.
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4.7 Appendix

4.7.1 Basic Reproduction Number

Here we use the method given by van den Driessche and Watmough in [105] to

calculate basic reproduction number R0.

Recall basic reproduction number is the number of new infected cells that an infected

cell produces in its life time when almost all the cells are susceptible to infection.

Therefore, when calculating basic reproduction number we are only interested in

dynamics of cancer cells in infected compartments. From Model (4.2),

(ẏS, ẏD) = FI − VI ,

where FI refers to appearance of new infections and VI refers to removal of infected

cells . Therefore,

FI =
(
lSyS

(
1− bs(xS + yS)

)
+ βSxS

(
yS + yD

)
, lDyS + βDxD

(
yS + yD

))
,

VI =
(
aSyS, aDyD

)
.

To calculate the next generation matrix NI , we should calculate the Jacobians of FI

and VI , with respect to yS and yD at infection free steady state EU = (xTS, xTD, 0, 0)

(in other words the steady state in which almost all the cells are susceptible to

infection).

FI =
∂FI

∂(yS, yD)
=

lSdSrS + βSxTS βSxTS

lD + βDxTD βDxTD

 , VI =
∂VI

∂(yS, yD)
=

aS 0

0 aD

 .
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NI = FIV
−1
I , hence,

NI =

 lSaS dSrS +
βSxTS
aS

βSxTS
aD

lD
aS

+
βDxTD
aS

βDxTD
aD


The basic reproduction number is the spectral radius of NI . The spectral radius of

a square matrix is the maximum of absolute values of its eigenvalues. Since NI is a

matrix with positive entries according to Perron-Forbenius theorem [79], the spectral

radius of NI is one of its eigenvalues. The eigenvalues of NI are roots of quadratic

λ2 − tr(NI)λ + det(NI). Since tr(NI) > 0, the eigenvalue of NI with the biggest

magnitude is the following.

R0 =
tr(NI)

2
+

√
(
tr(NI)

2
)2 − det(NI). (4.15)

4.7.2 Proof of Lemma 4.2

From Eq. (4.15) R0 > 1 if and only if

√(
tr(NI)

2

)2

− det(NI) ≥ 1− tr(NI)

2
,

If 2 ≤ tr(NI), then the above inequality is always true, meaning that R0 ≥ 1. If

tr(NI) < 2, then

(
tr(NI)

2

)2

− det(NI) ≥ (1− tr(NI)

2
)2.

After simplification the above inequality is equivalent to

1 + det(NI)− tr(NI) ≤ 0.
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Since,

det(NI) =
(rS − dS)(βDlSdSrD − βSlDdDrS)

bSdDaDaSr2S
,

tr(NI) =
dSlS
aSrS

+
rS − dS
bSrS

(
βS
aS

+
βDrD
aDdD

)
,

after simplification the above inequality turns to

βS >
(aDbSdDrS − βDrD(rS − dS))(aSrS − dSlS)

dDrS(rS − dS)(lD + aD)

Let L1 : βS =
aDbS
rS − dS

(aSrS − dSlS)

(lD + aD)
− βD

rD
dDrS

(aSrS − dSlS)

(lD + aD)

Notice tr(NI) > 2 if and only if

βS >
bSdD(2aSrS − dSlS)aD − βD(rS − dS)rDaS

aDdD(rS − dS)

Let L2 : βS =
bS(2aSrS − dSlS)

(rS − dS)
− βD

rDaS
aDdD

.

Line l2 in βD-βS plane is always above of line l1, as shown below.

βp

βs

l1 : 1− tr(N
I ) + det(N

I ) = 0

l2 : tr(N
I )−

2 =
0

bSrSaDdD
rD(rS−dS)

bS(2aSrS−lSdS)aDdD
(rS−dSrDaS)

aD
(lD+aD)

bS(aSrS−dSlS)
rS−dS

bS(2aSrS−dSlS)
(rS−dS)

R0 > 1

R0 > 1

R0 < 1
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Because bS(2aSrS−dSlS)
rS−dS

> aDbS
rS−dS

(aSrS−dSlS)
lD+aD

and bSdDaDrS
rD(rS−dS)

< bS(2aSrS−lSdS)aDdD
rS−dSrDaS

, therefore,

line l2 is always above of line l1. Therefore, as shown in the above figure, R0−1 only

is zero along the line l1. As shown in the above figure R0 > 1 if and only if

βS >
(aSrS − dSlS)(aDbSdDrS − βDrD(rS − dS))

dDrS(rS − dS)(lD + aD)

4.7.3 Reproduction number of uninfected cancer cells

Similar to section 4.7.1 we use the method given by van den Driessche and Watmough

in [105] to calculate reproduction number RU of uninfected cancer cells.

Recall reproduction number of uninfected cancer cells are the number of new unin-

fected cancer cells that an uninfected cancer cell produces during its life time when

almost all the tumour cells are already infected. Hence, we only consider the dy-

namics on the target space, meaning xS−xD plane. We rewrite the model as follows

(ẋS, ẋD) = FU − VU ,

where FU refers to growth in population of uninfected cancer cells and VU refers to

removal of cells from uninfected cells’ compartments. Thus,

FU =
(
rSxS

(
1− bS(xS + yS)

)
, rDxS

)
,

VU = (dSxS + βSxS(yS + yD), dDxD + βDxD(yS + yD)).

Next Jacobians of FU and VU with respect to xS and xD are calculated at 100%
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infection prevalence steady state (0, 0, yIS, yID).

FU =
∂FU

∂(xS, xD)
=

rSaSlS 0

rD 0



VU =
∂VU

∂(xS, xD)
=

dS + βS(yIS + yID) 0

0 dD + βD(yIS + yID)

 .
The next generation matrix NU of uninfected cells is given by NU = FU(VU)−1, so

NU =


(

rS
dS + βS(yIS + yID)

)
aS
lS

0

rD
dS + βS(yIS + yID)

0


RU is the spectral radius of NU . It is trivial that eigenvalues of NU are 0 and( rS
dS + βS(yIS + yID)

)aS
lS

. Therefore,

RU =
( rS
dS + βS(yIS + yID)

)aS
lS
. (4.16)

4.7.4 Calculation of interior steady state

Let Ep = (x∗S, x
∗
D, y

∗
S, y
∗
D) be the interior steady state. Hence,

rS
(
1− bS(x∗S + y∗S)

)
− dS − βS(y∗S + y∗D) = 0

rDx
∗
S

(
1− bD(x∗D + y∗D)

)
− dDx∗D − βDx∗D(y∗S + y∗D) = 0,

lSy
∗
S

(
1− bS(x∗S + y∗S)

)
− aSy∗S + βSx

∗
S(y∗S + y∗D) = 0,

lDy
∗
S

(
1− bD(x∗D + y∗D)

)
− aDy∗D + βDx

∗
D(y∗S + y∗D) = 0.
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According to assumption (C3) bD = 0. Upon introducing T = y∗D + y∗S, the above set

of equations simplifies to

rS
(
1− bS(x∗S + y∗S)

)
− dS − βST = 0, (4.17a)

rDx
∗
S − dDx∗D − βDx∗DT = 0, (4.17b)

lSy
∗
S

(
1− bS(x∗S + y∗S)

)
− aSy∗S + βSx

∗
ST = 0, (4.17c)

lDy
∗
S − aD(T − y∗S) + βDx

∗
DT = 0. (4.17d)

Solving Eq. (4.17a) for x∗S results in x∗S =
rS − dS − TβS

bSrS
−y∗S. Substituting this value

for x∗S in Eq. (4.17b) and then solving Eq. (4.17b) for x∗D leads to x∗D = x∗S
rD

βDT + dD
.

Now substituting the values of x∗D and x∗S in Eq. (4.17c) and solving Eq. (4.17c) for

y∗S yields in y∗S =
βST (rS − dS − βST )

bS
(
(rS − lS)βST + aSrS − lSdS

) . Now by substituting the value of

y∗S in formula of x∗S, the above calculation can be summarised as

x∗S =
(rS − dS − βST )(aSrS − lSdS − lSβST )

bSrS
(
(rS − lS)βST + aSrS − lSdS

) , (4.18a)

x∗D =x∗S
rD

βDT + dD
, (4.18b)

y∗S =
βST (rS − dS − βST )

bS
(
(rS − lS)βST + aSrS − lSdS

) , (4.18c)

y∗D =T − y∗S =
T
(
TβS

(
βS + bS(rS − lS)

)
+ bS(aSrS − lSdS)− (rS − dS)βS

)
bS(T (rS − lS)βS + aSrS − lSdS)

,

(4.18d)

Now by substituting the values of x∗D, y∗S and y∗D in Eq. (4.17d) we have Q(T ) = 0,

where

Q(T ) = AT 2 +BT + C (4.19)

and

A := βSβD

(
βS
(
(lD + aD)rS − rDlS

)
+ bSaDrS(rS − lS)

)
,
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B := dDrS(lD + aD)β2
S +

((
(rS − dS)

(
rDlS − (lD + aD)rS

)
+ rD(rSaS − lSdS)

)
βD +

bSdDrSaD(rS − lS)

)
βS + bSaDrSβD(rSaS − lSdS),

C :=

(
− βS +

(aSrS − dSlS)

(aD + lD)

(
bSdDaDrS − βDrD(rS − dS)

)
rSdD(rS − dS)

)
(aD + lD)(rS − dS)rSdD.

According to assumptions (C6) lS < rS and dS < aS. Hence, rS − lS > 0 and

rSaS − lSdS > 0. Therefore, the denominator in the set of equations (4.18) is always

positive. Thus, Ep is a strictly positive steady state of Model (4.2) if and only if T

is a positive root of Q such that rS − dS − βST > 0, aSrS − lSdS − lSβST > 0 and

TβS
(
βS + bS(rS − lS)

)
+ bS(aSrS − lSdS)− (rS − dS)βS > 0.

4.7.5 Proof of Theorem 4.1

Proof of (I). Recall EU =

(
b−1S (1− dS

rS
),

rD
bSdD

(1− dS
rS

), 0, 0

)
. Based of assump-

tion (C5) dS < rS, therefore, EU always exists.

Proof of (II). EI =

(
0, 0, b−1S (1− aS

lS
),

lD
bSaD

(1− aS
lS

)

)
. When aS < lS, lS,D 6= 0

both nonzero components of EI are positive.

Proof of (III). Suppose aS < lS, 1 <
rD

aD + lD
<
rS
lS

, and

(
aSrS − dSlS
aD + lD

)
bSdDaDrS − βDrD(rS − dS)

rSdD(rS − dS)
< βS <

bSaD(rSaS − lSdS)

(lS − aS)(aD + lD)
.

We show Ep is unique and strictly positive under these assumptions, where Ep =

(x∗S, x
∗
D, y

∗
S, y
∗
D).

For the interior steady state Ep to be positive x∗S, x∗D, y∗S and y∗D, the set of equa-

tions (4.18) must be positive while T is a positive root of quadratic Q(T ).

In Eq. (4.18c) denominator is always positive, because according to assumption (C6)

lS < rS and dS < aS, therefore, aSrS − dSlS > 0 and rS − lS > 0. Since denominator
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in Eq. (4.18c) is always positive, for y∗S to be positive, it suffices that the numerator

be positive. Therefore, rS − dS − βST > 0.

Similarly in Eq. (4.18a) denominator is positive. Hence, for x∗S to be positive numer-

ator should be positive. Meaning (rS − dS − βST )(aSrS − lSdS − lSβST ) > 0. As we

mentioned above y∗S is positive if and only if rS− dS− βST > 0, therefore, x∗S and y∗S

are positive if and only if rS− dS− βST > 0 and aSrS− lSdS− lSβST > 0. Therefore,

x∗S and y∗S are positive if and only if

T < min{rS − dS
βS

,
rSaS − lSdS

lSβS
}

According to our assumption, aS < lS, therefore
aS
lS
< 1. Hence,

aS
lS
rS < rS.

Thus,
rS
aS
lS
− dS

βS
<
rS − dS
βS

. Therefore, min{rS − dS
βS

,
rSaS − lSdS

lSβS
} =

rSaS − lSdS
lSβS

.

From set of equations (4.18), if x∗S is positive, then x∗D is also positive.

For y∗D to be positive
(rS − dS)βS − bS(aSrS − lSdS)

βS + bS(rS − lS)
< T .

Therefore, x∗S, x∗D, y∗S, and y∗D are all positive if and only if quadratic Q has a positive

root T ∗ such that

(rS − dS)βS − bS(aSrS − lSdS)

βS + bS(rS − lS)
< T ∗ <

rSaS − lSdS
lSβS

. (4.20)

According to our assumption,
rD

aD + lD
<
rS
lS

, therefore the leading coefficient A of

quadratic Q is positive. In addition according to our assumptions

((aSrS−dSlS)
(
bSdDaDrS−βDrD(rS−dS)

)
/((aD + lD))(rSdD(rS − dS)) < βS, therefore

C = Q(0) < 0. Hence, quadratic Q has a unique positive root T ∗ =
−B
2A

+√
(
−B
2A

)2 − C

A
.
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Now we need to show T ∗ satisfies inequality (4.20).

Q

(
rSaS − lSdS

lSβS

)
=

r2S
βSl2S

(
bSaD(rSaS − lSdS)− (lS − aS)(lD + aD)βS

)
·
(
(rSaS − lSdS)βD + lSdDβS

)
Q

(
(rS − dS)βS − bS(aSrS − lSdS)

βS + bS(rS − lS)

)
=βD

(
rDβS(lS − aS)− bS(aSrS − lSdS)(rD − lD)

)
− lDβS

(
βD(rS − dS) + dD

(
bS(rS − lS) + βS

))

According to our assumption βS <
bSaD(rSaS−lSdS)
(lS−aS)(lD+aD)

. Therefore, Q
(
rSaS−lSdS

lSβS

)
> 0 .

Based of our assumption aD + lD < rD, hence bS(rSaS−lSdS)aD
(lS−aS)(aD+lD)

< bS(rSaS−lSdS)(rD−lD)
(lS−aS)rD

.

So when βS <
bS(rSaS−lSdS)aD
(lS−aS)(aD+lD)

, then βS <
bS(rSaS−lSdS)(rD−lD)

(lS−aS)rD
.

Therefore, Q( (rS−dS)βS−bS(aSrS−lSdS)
βS+bS(rS−lS)

) < 0.

Since Q( (rS−dS)βS−bS(aSrS−lSdS)
βS+bS(rS−lS)

)Q( rSaS−lSdS
lSβS

) < 0 and Q is a continuous function, Q

has a unique positive root that satisfies the inequality (4.20). Therefore, under the

theorem’s assumptions there exists a unique interior steady state.

Proof of (IV). Let Ep = (x∗S, x
∗
D, y

∗
S, y
∗
D) be the interior steady state. When lS =

lD = 0, set of equations (4.18) can be rewritten as

x∗S =
(rS − dS − βST )aS
bSrS(TβS + aS)

, (4.21a)

x∗D =
rD

βDT + dD
x∗S, (4.21b)

y∗S =
βST

aS
x∗S, (4.21c)

y∗D =
T
(
Tβ2

S + (TbSrS + dS − rS)βS + bSaSrS
)

bSrS(TβS + aS)
, (4.21d)

where T is a positive root of the following quadratic Q1(T ) = A1T
2 + B1T + C1

where
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A1 := aDβDβS(bSrS + βS),

B1 := aDdDβ
2
S +

((
bSrSdD − (rS − dS)βD

)
aD + aSrDβD

)
βS + aDaSbSrSβD,

C1 := aS
(
aDdDbSrS − βDrD(rS − dS)

)
− aDdD(rS − dS)βS.

When βS >
aS
(
aDdDbSrS − βDrD(rS − dS)

)
aDdD(rS − dS)

, C1 < 0. On the other hand A1 is always

positive, therefore the above quadratic always has a unique positive root T ∗1 =
−B1

2A1

+√
(
−B1

2A1

)2 − C1

A1

. For interior steady state to exist, we should show that for T = T ∗1 ,

x∗S, x∗D, y∗S, and y∗D are all positive.

From the set of equations (4.21), when x∗S is positive, x∗D, y∗S are positive. Therefore,

a positive steady state exists if and only if for T = T ∗1 , x∗S and y∗D are both positive.

x∗S > 0 if and only if T ∗1 <
rS − dS
βS

.

y∗D > 0 if and only if
(rS − dS)βS − aSbSrS

βS(bSrS + βS)
< T ∗1 .

Therefore, there exists an interior steady state if and only if there exists a positive

root of quadratic Q1(T ) such that
(rS − dS)βS − aSbSrS

βS(bSrS + βS)
< T ∗1 <

rS − dS
βS

.

Q1(
(rS − dS)βS − aSbSrS

βS(bSrS + βS)
) =
−aSrDβDbSrS(aS − dS + rS)

(bSrS + βS)
< 0

Q1(
rS − dS
βS

) =
br2S(aS + rS − dS)

(
βD(rS − dS) + βSdD

)
aD

βS
> 0.

Since Q1 is a continuous function and Q1

(
(rS − dS)βS − aSbSrS

βS(bSrS + βS)

)
Q1

(
rS − dS
βS

)
< 0,

Q1 has a positive root in interval

(
(rS − dS)βS − aSbSrS

βS(bSrS + βS)
,
rS − dS
βS

)
. Since C1 < 0

and A1 > 0, T ∗1 is the only positive root of Q1(T ). Therefore,

(rS − dS)βS − aSbSrS
βS(bSrS + βS)

< T ∗1 <
rS − dS
βS

.
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Chapter 5

Summary

Clinical trials show oncolytic viral therapy is less toxic than conventional therapies

and quite promising, but tumour eradication has rarely been reported. Our proposed

models, Model (2.1) in Chapter 2 and Model (4.2) in Chapter 4, suggest that tumour

eradication is not possible with oncolytic viral therapy. However, tumour size is

considerably reduced with oncolytic therapy. Not only this result is seen in therapy

with an oncolytic virus that is not modified to target a specific phenotype (see

Chapter 2), but tumour eradication is not also achieved when an oncolytic virus

that preferentially targets cancer stem cells is administrated (see Chapter 4). Our

results agrees with most in vitro and in vivo studies of oncolytic viral therapy in that

there are two possible outcomes for therapy: failure or partial success. Either the

tumour grows back after an initial shrinkage, or tumour size considerably is reduced

over the course of the experiment.

Our analysis in Chapter 2 concludes that higher transmission rate does not al-

ways lead to more tumour shrinkage and a more successful outcome. Komarova

and Wodarz [60] under quasi-steady state assumption showed that viruses with

fast spread result in a better outcome, meaning more tumour shrinkage. In Chap-
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ter 2 by relaxing quasi-steady state assumption we show that treatment outcomes

strongly depend on the viral timescale and virulence level of the free virus (see Fig-

ures 2.3 and 2.9). When the viral timescale is fast, our result is the same as the

result of Komarova and Wodarz [60] in that viruses with higher transmission rate

result in a better outcome, i.e., a smaller tumour size post therapy. However, when

viral timescale is slow, there are thresholds for virulence level of the virus and the

horizontal transmission rate such that if a virus with higher transmission rate or a

more virulent virus is administrated in the experiment, then that results in sustained

oscillations. In fact this threshold is a codimension-one manifold in the parameter

space along which tumour size is minimum. This one dimensional curve can be

obtained by solving H = 0 (see Eq. (2.21) for H).

Chapter 3 suggests that antibodies or CTLs do not affect the control threshold of

the therapy; however, they can affect the optimal threshold of the therapy. Effect of

a virus-specific immune response on the optimal threshold of the therapy depends on

virulence level of the free virus YI and the clearance rate of the immune response n. If

YI < n, then a virus-specific immune response does not affect the optimal threshold

of the therapy. However, when YI > n, the optimal threshold of the therapy when

a CTL immune response or an antibody immune response is active is higher than

when no immune response is active (see Theorem 3.5 and Lemma 3.6). In Chapter 4,

the control threshold (R0 = 1, see Eq. (4.10)) and the optimal threshold of therapy

(RU = 1, see Eq. (4.12)) is calculated by taking phenotypic heterogeneity of the

tumour into account, meaning under the assumption that the infection transmission

rate of stem cells βS per encounter with an infected cell is different with the infection

transmission rate of a fully differentiated cell βD. The control threshold of the

therapy is a linear relation between βS and βD. The interesting fact is that the

optimal threshold of the therapy depends only on the transmission rate of cancer

stem cells. Another significant common result between all the models of this thesis
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is that the optimal threshold of the therapy can only be obtained when infected cells

are mitotic, meaning that they divide into infected daughter cells. When infected

cells are nonmitotic and timescale of viral dynamics is fast enough, then increasing

the infection transmission rate leads to smaller tumour size and treatment optimal

threshold is at infinity, hence, in this case we say there is no optimal threshold.

Our simulations in Chapter 2 suggest that when the virus clearance rate is slow

relative to the growth rate of uninfected cancer cells, then sufficiently high level

of virulence causes oscillatory behaviour with large amplitudes (see Figure 2.10).

Another observation that could lead to further investigation is that when the virus is

sufficiently virulent, and the proper initial dosage is applied, early tumour shrinkage

occurs to less than 9% of the initial tumour size and the tumour remains in remission

for almost a year before relapsing. This raises multiple questions: 1- What happens

if the treatment switches to another therapy before tumour relapse? 2- What form

of new therapy can prevent relapse?

Chapter 3 suggests that a virus-specific immune response is not always a burden on

the success of oncolytic viral therapy: in fact, sometimes establishment of a virus-

specific immune response can enhance the result of the therapy. The most important

message of this chapter is that a virus-specific immune response may be activated

to interfere with the infection, but it can be a short response, and it does not re-

main active in the steady state. In Chapter 3 the conditions for establishment of

antibodies (see Theorem 3.1) and CTLs (see Theorem 3.2) are formulated. Our anal-

ysis suggests that establishment of antibodies are either detrimental or neutral (see

Figures 3.2 and Figures 3.3); however, establishment of CTLs is either detrimental

or beneficial (see Figures 3.4 and 3.5). When a post-therapy tumour is partially

infected and a virus-specific immune response is established, tumour size is always

larger than in the absence of a virus-specific immune response. If a tumour is fully

infected and an antibody immune response has been established, then the optimal
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tumour size is the same as the optimal tumour size when no virus-specific immune

response is established. When a tumour is fully infected and a CTL response has

been established, optimal tumour size is lower than when no virus-specific immune

response is active. Hence, the treatment outcome is enhanced. The extent to which

the establishment of an immune response is detrimental or beneficial strongly de-

pends on the virulence level of the free virus, YI , and a rescaled clearance rate of the

free virus, n. If a post-therapy tumour is partially infected and an immune response

has been established there are two possibilities; 1- if YI > n by an increase in the

difference |YI − n|, the impact of establishing a virus-specific immune response is

more significant. 2- if YI < n by an increase in |YI − n|, the detrimental effect of

establishment of an immune response decreases. If a post-therapy tumour is fully

infected and a CTL immune response is established, an increase in |YI −n| enhances

the positive effect of establishing a CTL immune response.

Our simulations in Chapter 4 recommend that stem cell fraction increases during an

oncolytic viral therapy in which a virus that is modified to selectively targets a spe-

cific phenotype (stem cell or differentiated cells) is administrated. We suggest, based

on our analysis detailed in Chapter 4 that when infected cancer cells are mitotic,

treatment outcome is optimal under perfect stem cell targeting, i.e. administrating

a virus that only targets cancer stem cells results in a better outcome than ran-

dom targeting. However, when infected cells are nonmitotic, random targeting gives

the same result as perfect stem cell targeting. In this scenario, the mean infection

transmission rate is more critical. As the mean infection transmission rate increases,

the treatment outcome enhances. In Chapter 4, for simplicity, only self-renewal and

symmetric differentiation are considered. Model (4.2) can be extended to a full hier-

archical model such as the one discussed in Williams et al. [113] to consider all types

of differentiation. Another assumption ((C2)) that Model (4.2) is derived under is

that the rate of the production of virus per infected stem cell and per infected dif-
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ferentiated cell is the same. However, in practice, it may be different. The result of

Chapter 4 can also be derived if this assumption is relaxed; just the formulation will

be more complicated.

Since the interaction between cancer cells, the free virus and the immune response

is quite complicated during oncolytic viral therapy, mathematical approaches, both

analytical and computational, could broaden our knowledge about oncolytic viral

therapy. The approach of my research is quite different in that it focuses on what to

expect from oncolytic viral therapy, cure or containment and then by focusing on viral

parameters and factors I try to realize how to enhance the treatment outcome. Of

course, no matter how complicated a mathematical model is written, still including

all the interactions from cellular to non-cellular level during oncolytic therapy is not

possible. The models proposed in my thesis are simple yet helpful in confirming

some results seen in clinical trials of oncolytic viral therapy.
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