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Abstract

The development of robust autonomous launch and recovery (L&R) capa-

bilities for autonomous underwater vehicles (AUVs) would allow a massive

broadening of AUV mission scope in all fields. As proposed by Defence Re-

search and Development Canada (DRDC) Atlantic, this project is concerned

with the creation of an active third-body autonomous docking system for

recovery of AUVs to submerged submarines.

This thesis defines the concept of a hydrodynamically actuated wing dock

as one solution, and presents the research objectives and methods surround-

ing its analysis. The wing dock will employ active pitch control to produce

lift for motion of the docking system. The recursive Newton-Euler equations

of motion typical of manipulator kinematics are used to describe the wing

dock. The procedure is modified to account for hydrodynamic forces and

a passive rotational joint. A new model for hydrodynamic force distribu-

tion is developed to account for asymmetric lift distributions present during

docking operations. A model predictive controller (MPC) is also proposed to

handle the non-linear, state dependant responses of the end effector to pitch
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input. Instrumentation of an existing small-scale, partial fidelity prototype

was improved and calibrated for testing conducted at DRDC’s Dartmouth

facilities. Collected data supports the developed hydrodynamic force models,

and confirms a wing is capable of the required end effector trajectories while

under motion control by an MPC. Further data is available for validation

of the developed forward dynamic simulations once they are complete. The

current state of these simulations, recommendations for future work, and

some performance observations conclude this thesis.
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Chapter 1

Introduction

The use of Autonomous Underwater Vehicles (AUVs) is providing an ever

expanding range of applications that enhance human capabilities and miti-

gate human risk. The main limitation of these vehicles is their low endurance

coupled with the manually intensive process of recharging them in the field.

Oceanographers and scientists envision continuous automated surveying of

geology and marine life [7, 28, 33]. Navies and governments desire contin-

ual surveillance of territory, and autonomous front line capabilities delivered

covertly by submarines and ships [29]. The bottleneck in the adoption of

these capabilities is a viable autonomous Launch and Recovery (L&R) sys-

tem [31].
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1.1 Motivation for Active Autonomous L&R

Deployment and recovery of AUVs worldwide is currently labour intensive,

costly, and often the most difficult and potentially dangerous part of any

mission. The majority of AUVs have endurance periods on the order of a

few hours to a few days. This often means they must be taken to the site of

interest and then tended by humans on a regular basis for each L&R between

battery charges. In remote environments, this quickly becomes expensive and

reduces the gains of employing AUVs in the first place.

Exploration by AUVs in the Canadian Arctic is a glaring example of this.

Research crews must wait for the ice to become thick enough to establish a

full (but temporary) outpost. Supplies and equipment are flown in at great

expense. The AUVs are manually deployed and recovered through a hole cut

in the ice. A team of Canadian researchers (with the help of International

Submarine Engineering Ltd. (ISE) and Defence Research and Development

Canada (DRDC)) was recently able to extend the very limited range of AUVs

in Arctic exploration by setting up a secondary camp with a small recharging

hole in the ice [21]. The AUV was charged and synchronised without removal

from the water. This achieves the desired range increase, but fails to improve

actual AUV mission scope because it is still an extremely costly, manually

intensive, and seasonally-limited solution. Nevertheless, it is an important

demonstration in the benefits of remote charging and shows that autonomous

L&R has the potential to expand the capabilities of AUVs in all fields.
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Furthermore, the addition of an active control element in the docking

process seems to be the missing link between success rates of passive anchored

docks and mobile docking platforms [38]. Overall, the concept of an active

and autonomous docking system allows for a more complete leveraging of

AUV capabilities. The active dock response relieves AUVs from providing

lateral manoeuvrability that many simply weren’t designed for. In addition,

because computers can interpret vast quantities of sensor data from multiple

sources at high speed, using computer control systems provides the possibility

of AUV recovery in environmental disturbances (i.e., littoral conditions or

high sea state) beyond the capabilities of human operators.

1.2 DRDC’s Autonomous L&R Project

DRDC has proposed a program to develop an active and autonomous third

body docking device capable of sensing and accurately accounting for AUV

trajectory and orientation errors during recovery to a submerged submarine.

Hardware complexity required for AUV capture will be located on the active

dock, thus enabling off-the-shelf use of a wide variety of available and future

AUVs. The goal of the project is to provide a reliable, actively controlled,

autonomous L&R solution, capable of supporting a wide range of commercial

AUVs in a large range of recovery scenarios and sea states.

A range of project collaborators will examine the dynamics of the physical

mechanism, methods for tracking and sensing of the AUV, capture mecha-
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nisms, device storage, accurate modelling of the submarine and wave distur-

bances, and many other important factors. Contributions from all teams will

be integrated into a multi-body computer simulation carried out by Dynamic

Systems Analysis Ltd. (DSA).

1.3 Specific Problem

Conventional submarine body-fixed coordinates xS, yS, and zS are shown in

Figure 1.1. The body axis velocities are uS, vS, and wS, while pS, qS, and

rS represent the angular velocities. Docking is intended to occur with the

submarine submerged and maintaining straight and level flight against the

dominant wave direction at 1 m/s in littoral waters at least 30 m deep. The

worst case AUV motion is assumed to be equal to that of a wave fluid particle

in sea state 6.

The project commenced in September 2010 through collaboration with

the University of New Brunswick (UNB). Two groups of senior Mechanical

Engineering students conducted concept selection and prototype evaluation

projects [3, 8]. Figure 1.2 is helpful in understanding some of the docking

conditions, and Figures 1.3 and 1.4 show the target docking envelope in

relation to the manipulator and submarine. The wave motion estimates in

these figures correspond to docking at 15 m depth, in 30 m of water with 5 m

waves (i.e. sea state 6). The following is a summary of the design criteria

developed by DRDC for their overall project [39].
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rS qS
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zS, wS

yS, vS

xS, uS

Figure 1.1: Conventional body-fixed coordinate system xS, yS, and zS of a
submarine. The axis-fixed linear velocities are uS, vS, and wS, while pS, qS,
and rS are the rotational velocities.

Figure 1.2: Depiction of parameters in linear wave theory. Figure is to scale
for worst case docking scenario.
Image credit: Watt et al. [38] (nomenclature edited to fit this thesis)

5



1. Precise contact between AUV and active dock must occur with the

submarine travelling at 2 to 3 kts (1 to 1.5 m/s).

2. Docking must occur 4 to 8 m away from the submarine hull to avoid

collisions.

3. The dock must contact the target on the AUV to within ±0.005 m.

4. Docking should be achievable in conditions of:

(a) wave height (H) ≤ 6 m,

(b) sea depth (d) ≥ 30 m,

(c) submarine submerged depth between 15 m and 200 m,

(d) adjust wave height as necessary in order to maintain maximum

AUV disturbance of ±2 m.

5. Model AUV disturbance as water particles governed by linearised wave

theory.

6. The roll period of a deeply submerged submarine is 10 to 15 s with

amplitude ≤ 1◦. It can be significantly larger at shallow depths.

7. Docking is assumed to be a two-stage process:

(a) long range (x ≥ 10 m), AUV homes in on transponder from dock

with about ±0.5 m accuracy,
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Figure 1.3: General target capture area viewed from behind the submarine
(e.g., positive xS into the page).

(b) short range (≤ 10 m), AUV activates LEDs strategically located

on its body to allow dock to optically track its location and ori-

entation to ±0.005 m.

8. The dock must be capable of responding rapidly and with enough reach

to compensate for the relative movement of the AUV.

9. The dock must have a “fail-safe” design ensuring that nothing can be

swept or knocked into the tailplanes or propeller of the submarine. Any

cables must remain under constant tension.

10. Consider using the hydrodynamic power available in the flow moving

past the submarine at relative velocities ≥ 1 m/s.

In addition, the following requirements (collected from [3, 8, 38]) must
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Figure 1.4: General target capture area viewed from beside the submarine
(e.g., positive y out of the page).

also be considered during the prototyping stage to ensure success of the final

device.

1. The dock must survive being dragged through the water at speeds up

to 6 kts (3 m/s) during emergency situations.

2. The dock must withstand impact with AUV when they meet (purpose-

fully or accidentally).

3. The dock must generate little to no noise at all times during operation.

4. The dock must be immune to corrosion and marine growth.

5. The dock must be powered electrically and/or hydraulically using what

is already available from the submarine.

6. The dock must be designed for storage inside the submarine’s casing

(not pressure hull), deck, or a hull-mounted blister fairing when not in

8



use.

7. The submarine will be exposed to pressures of approximately 2 MPa at

depths of 200 m – the dock must be able to operate in these conditions.

8. Absolutely no maintenance can be required for the dock during mis-

sions.

9. The dock should have a service life as long as that of the submarine.

10. The dock end effector must have at minimum 2 translational degrees

of freedom (DOF). However, it will also likely require 2 or 3 limited

degrees of rotational freedom during docking to account for AUV mis-

alignments. There are also many foreseeable circumstances (such as

a damaged or dead AUV) where having a full 6 degrees of freedom

available would be very useful.

11. Docking success rate of 100% is desired.

12. The design must allow for a flexible choice of AUV size and shape to

maximize endurance and functionality.

13. Minimal docking infrastructure is to be placed on the AUV to simplify

use of commercial off-the-shelf vehicles.
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1.4 The Role of UNB

The University of New Brunswick (UNB) is assisting in this multi-year project

with the development of a proof-of-concept design of the physical mechanism,

along with its dynamic model and a motion controller for the multi-body

simulations. UNB also conceived of and fabricated small scale physical pro-

totypes designed to aid in the investigation of particular assumptions and

models within this process. Making precise contact with the AUV under en-

vironmental disturbances is considered to be the most challenging task of the

docking mechanism. For this reason, the focus of UNB’s efforts has been on

the motion characteristics and control of the mechanism, while other impor-

tant issues (such as physical retrieval of the AUV, and storage of the dock)

remain outside of the scope of this research. Furthermore, it is assumed other

collaborators in DRDC’s overall project will provide the desired end effector

trajectories in real time. The multi-body simulations by DSA will be used

to develop the overall control strategies required to accomplish this.

Being the lead party in control of motion characteristics for the dock,

UNB also conducted the mechanism concept generation and selection pro-

cess beyond the initiation of the project itself. A large number of actuation

concepts were analysed, with initial investigations carried out by two UNB

Senior Design teams in 2011 [3, 8]. The first stage of this thesis was a sec-

ond round of concept generation and re-assessment of all concepts. The

concepts are classified as either hydrodynamically actuated or mechanically
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actuated. Hydrodynamically actuated designs included directed water-jets,

ducted fans, and actively controlled hydrofoils on links of arms or towed

bodies. Mechanically actuated designs contained more traditional power

transformers such as scissor arm linkages, and motor actuated links. Less

conventional concepts such as tensioned spring and cable articulated bodies,

and adjustable arrestor cables were also investigated [3, 8].

Concept winnowing was a large task accounting for input from a wide

variety of sources. Fail-safe design considerations, consultations with sub-

mariners, and proof-of-concept analysis were the main drivers of the process.

These inputs lead to the avoidance of mechanisms using cables or towed

bodies due to the increased risk of fouling the propeller. Of the remain-

ing concepts, one mechanically actuated design with traditional manipulator

joints, and one hydrodynamically actuated design using an active hydrofoil

for a link body were considered the most promising and feasible for further

development. The hydrodynamically actuated design, and several variants

of interest, are described in detail later in Chapter 3.

A parallel UNB thesis by Gillis conducted the detailed study of the me-

chanically actuated design [16]. This thesis discusses the design and selection

of the hydrodynamically actuated docking mechanism; the formulation of

its dynamic model; performance intuitions developed from initial simplified

simulations; the instrumentation and calibration of a physical prototype; test

conditions the prototype was subjected to, and comparative results of several

of these to the developed models; the creation of a suitable motion controller
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which was applied to the physical prototype; the current state of the com-

plete forward dynamic simulation code; as well as future work required to

finish the simulations, recommendations on further areas of investigation, and

conclusions about the potential effectiveness of a hydrodynamically actuated

wing dock employed as an AUV docking mechanism.
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Chapter 2

Literature Review

A review of the literature involving AUV docking was conducted. General

classifications of current methods and their publicly reported success rates are

explored. No instances of both active and autonomous recovery systems seem

to have been reported. Control theories applied in AUVs and, where possi-

ble, docking systems were then reviewed. Research of various lift-producing

mechanisms operating in constrained motions were also reviewed.

2.1 Current AUV Docking Methods

L&R can be classified by the operational principle of the devices employed.

Watt et al. [38] classified them as:

• Stationary Subsurface Docks: autonomous by nature, but all concepts

reviewed at this time are passive (leaving manoeuvring entirely to the
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AUV).

• Surface Platforms: the AUV is launched or recovered from a surface

vessel, typically within one of two sub-categories:

– Towed-Body: capture devices are towed behind surface ships to

achieve capture in relatively smooth flow.

– Direct Surface Capture: ramps, slings, and/or cranes are deployed

over the side or stern of the vessel, and capture of the AUV takes

place in visual range of the surface.

• Mobile Subsurface Platforms: so far limited to military submarines em-

ploying man-in-the-loop recovery systems in various stages of testing.

One system is potentially operational at this time.

During surface recoveries, wave forces can be quite large and unpre-

dictable [28, 25]. In moderate to high sea states (which are the norm in

the North Atlantic), the risk of damage to the AUV, recovery vessel, and

even human lives can be quite large. Towed-body recovery methods miti-

gate most of these risks by greatly increasing separation between vehicles,

and reducing the effect of surface waves. The capture device and AUV must

still eventually be drawn back to the ship through the surface waves (un-

less charging and data synchronising capabilities can be provided through

the towed-body). Stationary subsurface docks have no ability to compen-

sate for the limited lateral dexterity of streamlined AUVs. Docking success
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rates are therefore typically low when this form of docking is used outside of

quiescent conditions [38]. Mobile subsurface recovery is a very complex pro-

cedure. Re-purposed remotely operated vehicles (ROVs) and a telescoping

arm mounted in torpedo tubes of military submarines are the only platforms

that have been tested and reported [2, 4, 32]. These active third-body el-

ements greatly improve the docking success rates over stationary methods.

However, the human limits placed on data processing speed and number of

useful input sources presumably restricts these systems to benign conditions

in mostly clear water.

2.2 AUV Docking Technology

The Eurodocker was intended to be a universal autonomous dock capable

of servicing the needs of the world’s AUV fleets [7]. Its conceptual design

phase was published in 1998. At the time, no other AUV docking systems

were in use or under development in Europe. Lengthy investigations of con-

flicting market desires and technical requirements led the team to restrict

the Eurodocker’s scope to servicing the European AUV market (4 – 7 m,

900 – 1600 kg dry weight, mostly symmetric torpedo-type vehicles) in only

the shipboard docking role. Interest and capabilities for autonomous docking

near shore, in open ocean, and under ice were accurately predicted to be at

least 10 years further out.

Stationary subsurface docks are now of large interest to the natural sci-
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ences and resource exploration communities, so their research is well dis-

cussed. Resource and surveying companies also make use of surface platforms

due to the mobile, and often deep water nature of their work. Being mainly

commercial entities, they mostly adopt AUV technology as it evolves, rather

than create their own. Research into new surface and mobile subsurface

platforms is therefore predominantly left to military and private contracts,

so it is not openly discussed in the literature. There may well be further

developments in these areas than discussed in this thesis. However, to the

author’s knowledge there are no fully autonomous launch and recovery sys-

tems deployed in surface or mobile subsurface platforms.

AUVs have been successfully recovered to autonomous (but passive) un-

derwater docks in a number of experiments (e.g., [12, 19]). The vast major-

ity of these attempts have been made in laboratory conditions, or otherwise

sheltered waterways. A few have been made in cross currents as large as

0.3 m/s [12]. But the trend found by Watt et al. [38] appears to be contin-

uing: success rates are either not reported or are no higher than 62% per

trial.

The only exception so far was presented by McEwen et al. [28] in 2008.

They believe it to be the first time a 54 cm (21 inch) AUV has success-

fully docked with a stationary funnel dock in an ocean environment. After

filtering was added to the controller inputs, a Dorado/Bluefin AUV success-

fully docked in 100% of 4 further attempts. The dock used a 2 m diameter

fixed-direction funnel located in the 12 m deep littoral zone of Monterey
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Bay, California. Cross currents were in the order of 0.25 m/s and kelp beds

affected sensor visibility.

Underwater docking has been accomplished to submarines with varying

success. All three known cases employed “man-in-the-loop” recovery meth-

ods and have limited AUV use to those which can fit into a standard 54 cm

torpedo tube. SAAB and NAVSEA Warfare Centers both use an ROV to

lasso the AUV and have successfully docked with mock torpedo tubes [4, 32].

A US Navy contract employed a manually controlled manipulator arm ex-

tending from a second torpedo tube to capture the AUV [2]. At-sea docking

trials occurred with an actual submarine in 2006, but the project (and its suc-

cessor) have since been cancelled citing technical engineering challenges [1, 2].

Newer projects are expanding to larger capabilities via wet/dry docks and a

“Universal Launch and Recovery Module” (ULRM) fitted into missile tubes

on Virginia class submarines [4, 29, 31]. It is unclear, however, whether there

is any intent to make these devices autonomous.

Fedor [11] discusses optimal AUV docking locations along a submarine.

To maximize docking feasibility, he suggests that docking occurs in areas with

minimal disturbances, e.g., avoiding local turbulence from obstructions such

as the submarine sail. To the same ends, Bashour et al. [4] have examined the

possibility of having the submarine follow the AUV and perform a tail-grab

capture using an ROV.
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2.3 Control Theory

Since no active docking systems have been found in the literature, the focus

of controls research was to examine docking strategies and determine possi-

ble candidate control laws for active pitch control of a wing dock. A wide

variety of control laws have been successfully implemented or simulated for

the control and docking of AUVs. The main strategy for vehicle control is

decoupling of the horizontal and vertical control planes. Several advanced

control architectures, including Sliding Mode and Model Predictive Control

(MPC), have been applied to decoupled and even unstable models of various

underwater vehicles with promising results [15, 20, 26]. These are only sim-

ulations however, but the very successful physical AUV control by McEwen

et al. employed two decoupled PID loops [28].

The main problem with applying many of the current docking trajec-

tory controllers to a mobile docking system is their reliance on sensor fusion

between multiple vessels, GPS, and a priori knowledge of the fixed dock

location (eg., [19, 20, 26, 34]). Several aspects are still potentially benefi-

cial though. For example, Lee et al. [26] derive the flow model, equations

of motion, and control law to successfully dock a simulated AUV via visual

servoing. Since the dock is stationary and the CCD camera is mounted on

the AUV nose, this is essentially the reverse docking scenario proposed by

DRDC.

The lack of wave prediction capabilities embedded in control systems has
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been stated by Schuette [31] as a limiting factor in autonomous recovery

of unmanned vessels. Lebans et al. [25] recognised this in 1997 when they

added a high frequency compensator (a second stage parallel manipulator) for

relative motion compensation to their AUV recovery crane. Overall system

control was not autonomous however.

From et al. [14] devised a simple yet effective wave motion predictive con-

trol element for manipulators operating in non-inertial environments. With

no external sensors, an Auto-Regressive analysis of previous environmental

forces produces a wave motion prediction horizon at each time step. These

predictions were used to reduce the required actuation torque in a 4-DOF

ship mounted manipulator by 60%.

2.4 Hydrodynamics

General hydrodynamic principles are the same for bodies in water as they are

in air. These principles have been well established for airfoils and cylinders.

Therefore, discussion on lift and drag models is left for the theory section

of this thesis. A major factor that does become relevant when transitioning

between air and the much denser fluid of water is added mass. Imlay [18]

provides a clear and thorough explanation of added mass calculations – the

additional “mass” of an object resulting from unsteady changes in fluid ki-

netic energy as it is displaced by a particular motion. It is acceleration

dependant, and adds linearly with the mass of an object to contribute to
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a new total inertial force. Watt then presents procedures for estimation of

added mass of multi-component deeply submerged bodies [36] and Feldman

presents the six dimensional equations of motion for such bodies [13]. This

approach examines dynamics of single bodies.

To describe manipulators with links or components moving relative to

other components (e.g., a single body changing in volume) in this manner

requires Feldman’s equations to be re-derived accounting for the time rate of

change of the moment of inertia and volume of the overall body. This deriva-

tion was undertaken early in this thesis. But the equation set was decidedly

more cumbersome than the recursive equations of motion used in robotics, so

the robotics method was employed. Hydrodynamic forces along with added

mass were still developed in a hydrodynamics frame for convenience, but then

transformed into an appropriate framework as described later in the Theory

section of this thesis.

Given the dynamic operating conditions desired for the dock, it was im-

perative to investigate unsteady fluid affects as well. Kinsey and Dumas

simulated a pitching and plunging airfoil in the power extraction regime [23].

They found a quasi-steady state assumption of lift to be invalid and that

unsteady flow affects significantly contributed to airfoil performance. In a

sensitivity analysis, motion parameters were found to play a more dominant

role than both geometric and viscous ones.
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Chapter 3

Project Objectives

Few diesel submarines are able to hover. A minimum velocity of 2 – 3 kts

(≈ 1.5 m/s) is required to maintain steering and depth control. Continuous

hydrodynamic power is therefore available during the docking procedure in

the form of surrounding fluid flow. This thesis examines a family of active

autonomous manipulators designed to take advantage of this fact by devel-

oping a portion of their motive forces through controlling the pitch of a wing

which is integrated into one of the links.

There are three such concepts of interest, all shown in Figure 3.1. The

first two concepts employ different methods of radial actuation, and the third

presents a more robust method of deployment and retraction of the manip-

ulator. Anticipated benefits of the wing docks over traditional manipulators

are lower actuation power and noise, inherent streamlining for reduced drag,

and passive compliance to compensate for submarine roll and contact forces
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with larger AUVs.

(a) Prismatic Actuator (b) Spanwise Traveller

(c) Sweepback

Figure 3.1: The three main wing dock concepts.
Image credit: Watt et al. [38]

This thesis presents an initial investigation into hydrodynamically actu-

ated dock dynamics and control. It does so through:

• analysis and hydrodynamic modelling of Concept (a),

• comparison of performance simulations and prototype tests to validate

portions of these models, and
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• development of a motion controller capable of driving a prototype in

simulated sea state 6 conditions.

This thesis focuses on the motion and control characteristics of the dock and

will allow DRDC to assess the wing dock alongside other active docking op-

tions. It also feeds into work being carried out by other project collaborators

who are evaluating other system components such as trajectory planning,

AUV retrieval beyond point-of-contact, and simulating the entire docking

process.
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Chapter 4

Theory and Model

Development

Local velocities encountered by portions of the wing dock come from the sub-

marine motion, wave motion, and dock motion. First, wave kinematics as

defined by unimodal linear wave theory are presented. Then the kinematics

of the wing dock and how they are tracked are explained. Models describ-

ing the actuator and hydrodynamic forces which cause these motions, and

the inertial ones created as a consequence of them, are then reviewed. Con-

trol schemes are then explored as a means of exploiting these hydrodynamic

forces. Finally, the principles and importance of identifying accurate mod-

els for control of a physical plant is discussed in relation to final controller

performance.
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4.1 Unimodal Wave Theory

Unimodal linear wave theory approximates real waves by assuming they occur

in one direction and frequency at a time (unimodal), and that the resulting

kinematics can be described under conditions of linear motion. Figure 4.1

shows the general analysis parameters for unimodal linear wave theory. The

free surface, η, is defined along xw within time as

η(xw, t) = Aw cos(Kxw − ωwt+ ε) ; K =
2π

Λ
; ωw =

2π

Tw

(4.1)

where Aw is the amplitude of the wave, ωw is the frequency of free surface

oscillation, t is time, Λ is the wave length, Tw is the period, and ε is the phase

shift. The wave length is fixed to a given period because of the free surface

boundary condition. The variable K is determined by the intersection of

tanh(Khw) =
ω2

w

gK
(4.2)

with known frequency, ωw, gravitational acceleration, g, and water depth, hw,

measured from a flat bottom to the average of the undisturbed free surface,

η.

The velocity potential, Φ, is defined within the entire two dimensional

xw, zw space as

Φ =
gAw

ωw

cosh[K(zw + hw)]

cosh(Khw)
sin(Kxw − ωwt+ ε) (4.3)
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Figure 4.1: Unimodal linear wave parameters.

leading to the two dimensional velocity breakdown of

uw =
δΦ

δxw

=
gAwK

ωw

cosh[K(zw + hw)]

cosh(Khw)
cos(Kxw − ωwt+ ε) (4.4)

vw =
δΦ

δzw

=
gAwK

ωw

sinh[K(zw + hw)]

cosh(Khw)
sin(Kxw − ωwt+ ε) (4.5)

which is assumed to be entirely uniform into the third dimension.

4.2 Robotics

Kinematics is the geometrical study of motion. It is used to ensure the re-

quired end effector motions and ranges can be met, but gives no consideration

to masses or forces causing these motions. Relative motion between links cre-

ates additional velocities, accelerations and moments compared to examining

any individual link. Dynamics is the examination of the forces causing the

motions which kinematics describes. The two are used in conjunction to cal-
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culate manipulator reactions to external and internal forces [9, 35]. These

models can be used to aid in the design of a controller, and also to calculate

the manipulator state at each time step of a simulation.

In notation for standard vector mechanics, vectors and matrices are pre-

sented in bold typeface, while scalar values are not. Vectors have leading

superscripts and trailing subscripts, whereas matrices have leading super

and subscripts. Arbitrary points in space have leading superscripts and no

subscripts, and individual joint variables have trailing subscripts and no su-

perscripts. In all cases, subscripts denote the frame or body to which the

value belongs, and superscripts denote the frame in which the value is being

described with respect to.

Figure 4.2 shows the two joint types comprising the wing dock, Revolute

(R) and Prismatic (P). Revolute joints revolve two links relative to each other

about a single axis of rotation, Ẑ. Prismatic joints translate one link rela-

tive to another along a line of action, also Ẑ. All three wing dock concepts

are R⊥R̃⊥P serial manipulators, where the joints are listed from the base

outwards, and ⊥ denotes the axes of rotation of the joints are perpendicular

as opposed to parallel. Geometrically they are the same as R⊥R⊥P manip-

ulators, but in this thesis the R̃ denotes a joint indirectly driven by forces

external to the manipulator.

The two main conventions to label and describe manipulators are the

Denavit-Hartenberg (DH) notation (re-presented by Tsai [35]), and Craig’s

modified DH notation [9]. Standardised joint description conventions allow
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Figure 4.2: Revolute and prismatic joints – the two most common joints in
manipulators, and the only ones in the wing dock.

for the use of standardised mathematical constructs to describe manipulator

kinematics (motions), dynamics, and forces. This allows a methodical, com-

puter friendly, approach to propagate calculations of everything from motions

to forces to accelerations along the manipulator. These relations otherwise

become very complex beyond even 2 or 3-DOF. The derivation of the recur-

sive model of the EOM for a manipulator follows the established derivation

of these equations from Craig [9] with only a few departures to account for

added mass and hydrodynamic forces. Pitch control of the wing is viewed

as a non-linear motor to develop the driving force to achieve motion of the

passive joint.

Craig’s version of the DH convention labels joints from 1 to n working

from the base to the end effector. Links are labelled 0 to n starting at the

base (in this case the submarine) with i used as the frame indexer. Table 4.1

summarises the method employed to attach body-fixed frames to each link.

The Ẑi axis always aligns with the ith joint axis (where i is the frame number).

The X̂i axis is located along the line that is mutually perpendicular to, and
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Table 4.1: Craig’s version of the DH notation [9]

Parameter Representation

ai link length distance from Ẑi to Ẑi+1 measured along X̂i

%i link twist angle from Ẑi to Ẑi+1 measured about the X̂i axis

di joint offset distance from X̂i−1 to X̂i measured along Ẑi

θi joint angle angle from X̂i−1 to X̂i measured about the Ẑi axis

Figure 4.3: Description of manipulator architecture (for concept (a)).

intersects, two consecutive joint axes, Ẑi and Ẑi+1 (any convenient mutual

perpendicular between these two axes can be chosen if the joint axes are

parallel). Or, if the joint axes intersect, then the X̂i axis may be the positive

or negative of the cross product of the vectors pointing along the two joint

axes. Occasionally these rules results in the origin of a frame not being

located on the link itself. The Ŷi axis is then implied by the right hand rule.

Figure 4.3 shows the body-fixed frames assigned to each link following
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Craig’s version of the DH convention [9]. Specifically the architecture of

concept (a) is shown, but the description applies equally well to all three

concepts. Links 2 and 3 will form a laterally oriented wing with one end

pinned to the side of the submarine to create a passive degree of rotational

freedom about Ẑ2, parallel to the submarine’s longitudinal axis (xS). Link

3 will radially actuate the capture device along Ẑ3. It will be either a pris-

matic joint extending from the wing tip, or a spanwise traveller (Figures 3.1a

and 3.1b). A combination of rotation and radial extension is used to achieve

the desired horizontal and vertical motion of the end effector. Kinematically,

joint 1 in the wing dock is used for deployment only, it is fixed during the

docking procedure. In regards to the specified task of tracking the AUV

path error in the transverse plane, the wing dock is a 2-DOF manipulator.

Rotation about the shoulder (θ2), and radial extension of the end effector

(d3) fully define the position of the end effector in the transverse plane. The

third concept locks joint 1 in a different location to angle the leading edge

of the wing rearward by approximately 60◦ from the plane transverse to the

submarine longitudinal axis, resulting in a swept wing. Sweepback minimises

the drag and vortex shedding present in unfaired members. This is not nec-

essarily something that could be done on command by the first two concepts

since it requires additional length of the dock in order to maintain the desired

lateral separation between the AUV and submarine during docking.

The wing is fitted like a sleeve around the −Ŷ2 axis of link 2, and addi-

tionally serves to streamline the link. The wing, in all cases, will be actively
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pitched about this axis to produce an angle of attack with the oncoming

fluid. The resulting lift forces will rotate the wing about its passive shoulder

joint to obtain vertical motion of the end effector.

Two additional frames are shown in Figure 4.3. The origins are coinci-

dent with each other and located at midspan of the wing along the pitch axis

(co-linear with Ŷ2). The first is a body-fixed hydrodynamics frame, xyz.

Because it follows standard hydrodynamic conventions it is convenient for

measuring wing pitch and calculating lift and drag distributions. The second

frame is statically rotated from the first and referred to as the DH aligned

pitch frame, or frame θ. Its orientation is such that it obeys the DH con-

vention and it could fit within the kinematic chain using the variable θ. But

since actuation of the wing pitch is not directly linked to the end effector

kinematics it is considered not to contribute to the kinematics. However, it

is a major contributor to the dynamics of the manipulator. Therefore frame

θ is convenient for capturing rotational inertias, added mass reactions, and

other pitching dynamics.

No matter what state the wing dock is in, the Ŷ2, y, Ẑ3, and Ẑθ axes

are always co-linear and in the wing pitching axis. This allows pitch to be

directly measured in whichever of these frames is most convenient at the

time.

Once the manipulator was labelled following the convention, a DH param-

eter table was created which lists all the important variables and constants

of each frame relationship for the specific manipulator. Table 4.2 presents
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Table 4.2: DH variables for the wing dock

i ai−1 %i−1 di θi

1 0 0 0 θ1

2 0 π
2

0 θ2

3 0 π
2

d3 0

the DH variables for the wing dock concept (a) as shown in Figure 4.3. For

revolute joints, θi is a variable, while for prismatic joints, di is a variable. All

other parameters are static descriptions of the manipulator frame.

Homogeneous transformation matrices were then easily constructed by

placing the DH table variables into a standard transformation matrix,

i−1
i T =



cos(θi) − sin(θi) 0 ai−1

sin(θi) cos(%i−1) cos(θi) cos(%i−1) − sin(%i−1) − sin(%i−1)di

sin(θi) sin(%i−1) cos(θi) sin(%i−1) cos(%i−1) cos(%i−1)di

0 0 0 1


(4.6)

This describes both the rotation and translation of the origin of frame i as

seen by frame i− 1. Only values measured directly by joint sensors and

known static constants are required. More explicitly:

i−1
i R = i−1

i T [1 : 3, 1 : 3] (4.7)

i−1Pi = i−1
i T [1 : 3, 4] (4.8)
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where [1 : 3, 1 : 3] signifies the indices of rows 1 to 3, and columns 1 to 3.

4.3 Equations of Motion

The development of the equations of motion (EOM) was completed with

the recursive Newton-Euler formulation, typical in the robotics field, as op-

posed to the single body approach common to hydrodynamic analysis. The

recursive method develops separate equations for the force and moments de-

veloped about the centre of gravity (CG) of each individual body, and then

iteratively propagates the unbalanced forces and moments to the next body.

The recursive technique maintains the advantage of having constant moment

of inertia tensors for each link. It also provides flexibility for the project

to add further DOF to the end effector without re-completing the dynamic

analysis of the entire manipulator. Extra DOF could be required to account

for orientation between the AUV and end effector.

For this thesis, the mechanism links were assumed to be rigid bodies.

This is common practice in robotics since the DH parameters are considered

constant with respect to links, as robotic links tend to be quite stiff. Future

work on the wing dock may need to consider a more complicated flexible link

analysis.

Convection-based hydrodynamic forces (incidence lift and induced drag)

were considered to be quasi-steady state and therefore not dependant on θ̇.

However, other dynamics of wing pitch (such as streamline curvature lift and
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centrifugal force) were included in the simulation and model development.

Inertial forces were supplemented with hydrodynamic added mass based on

potential flow modelling, which neglects the impact of viscous and of un-

steady forces. Each of the aforementioned force categories are explained in

greater detail in Section 4.4.

4.3.1 Recursive EOM

Close inspection over the years has shown that kinematic and dynamic inter-

actions happen in a very specific manner for serial manipulators: velocities

of a link created by its actuating joint only affect velocities of links further

out in the kinematic chain (towards the end effector), and forces sustained at

any given link must also be sustained by any links closer to the base of the

kinematic chain. These facts allow for the implementation of a two-part iter-

ation process in developing the equations of motion. The first is an outward

iteration from the base to the end effector analysing instantaneous positions,

velocities, and accelerations of each link (i.e., kinematics). The second part

is an inward iteration starting from the end effector to determine the forces

and moments sustained by each link (i.e., dynamics), where environmental

forces, joint forces, and moments are calculated along with the various in-

ertial forces by employing the now known kinematics. This is advantageous

because the inertial velocity and acceleration of the submarine is simply en-

tered in the base of the model and all of its effects are carried through. The

basic prescribed velocities and accelerations used in this report can be simply
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replaced by a detailed model input with no change to the dynamic model of

the dock.

Once the kinematics were determined, a generalised free body diagram

was used to determine the forces required to be in the recursive equations (see

Figure 4.4). In this case, the moment exerted by joint 2 will be zero as it is

a passive joint (which is a departure from conventional serial manipulators).

This does not mean however that all forces will be zero at the base of the

manipulator – only the rotational moment exerted by the joint around the

joint axis. Instead, the required moment for joint 2 to sustain a particular

end effector motion will be provided through the wing dynamics.

4.3.1.1 Outward Kinematic Iterations

For the purpose of this thesis, all velocities and accelerations will be dif-

ferentiated with respect to the inertial frame. Often, the final frames of

expression will be denoted with a single superscript. Any further changes in

reference frame will be explicitly denoted by use of rotation matrices. De-

tailed derivations and the implications of this can be found in robotics texts

such as [9, 35].

The linear velocity of the origin of frame i+1 has three main components:

the linear velocity of frame i, the tangential velocity caused by any rotation

of joint i crossed with the distance between frames, and finally any linear
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component added by link i+ 1. Written as viewed by frame i results in,

ivi+1 = ivi + iωi × iPi+1 + i
i+1R

i+1vi+1 (4.9)

where iPi+1 is the instantaneous location of the origin of frame i+ 1 as seen

from frame i, i+1vi+1 is the linear velocity of the origin of frame i+ 1 taken

with respect to the inertial frame and described in frame i + 1, and iωi is

the angular velocity of link i taken with respect to the inertial frame and

described in frame i. iPi+1 and i
i+1R are taken directly from equation (4.7)

by shifting the indices.

The angular velocity of link i + 1 is the same as the angular velocity of

link i as well as any additional angular velocity of link i+ 1,

iωi+1 = iωi + i
i+1R

i+1ωi+1. (4.10)

For the purpose of velocity propagation and iterative computations, the left

hand side of equations (4.9) and (4.10) are desired to be written with respect

to frame i+1. This change in description is accomplished by pre-multiplying

both sides by the rotation matrix i+1
i R.1 Since the wing dock only contains

single DOF joints that are either revolute or prismatic, the last two equa-

tions can also be made specific for each of these two joint types using their

distinctive variables of motion θ for a revolute joint and d for a prismatic

1the inverse or transpose of i
i+1R (the two are equivalent since R is a proper orthonor-

mal matrix).
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joint. The results of these two operations is shown in the following equations

for revolute joints

i+1ωi+1 = i+1
i R iωi + θ̇i+1

i+1Ẑi+1 (4.11)

i+1vi+1 = i+1
i R

(
ivi + iωi × iPi+1

)
(4.12)

where θ̇i+1
i+1Ẑi+1 =

[
0 0 θ̇i+1

]T

(4.13)

(where [ ]T represents the vector transpose), and then for prismatic joints

i+1ωi+1 = i+1
i R iωi (4.14)

i+1vi+1 = i+1
i R

(
ivi + iωi × iPi+1

)
+ ḋi+1

i+1Ẑi+1 (4.15)

where ḋi+1
i+1Ẑi+1 =

[
0 0 ḋi+1

]T

(4.16)

Equations (4.13) and (4.16) show that the Ẑ axis of frame i + 1 described

in its own frame will always be a unit vector in the Ẑ direction. Therefore,

the angular rotation of a revolute joint or the linear extension of a prismatic

joint can be described by these equations using their scalar joint variables

(since the frames assigned using the DH notation force each Ẑ axis to align

with the joint axis of actuation).

Using these iterations, the velocities from 1v1 and 1ω1 all the way to nvn

and nωn can be calculated. The known linear and angular velocities of the

submarine at the base of the manipulator, i.e., 0v0 and 0ω0, are factored into

the manipulator’s velocities when calculating the velocities of frame i + 1
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when i = 0. Describing the capture mechanism velocities with respect to

the base frame (attached to the submarine) or the inertial frame (E) is then

completed simply by pre-multiplying these results by the appropriate rotation

matrix (0
nR or E

nR respectively).

Differentiating the angular velocity of a joint results in the angular ac-

celeration of the same joint. The easiest way to arrive at an appropriate

recursive formulation of angular acceleration is to revert the velocity propa-

gation equation (4.11) to be described in frame i (similar to equation (4.10))

before taking the time derivative,

iω̇i+1 =
d

dt

(
iωi + i

i+1R θ̇i+1
i+1Ẑi+1

)
= iω̇i + iωi × i

i+1R θ̇i+1
i+1Ẑi+1 + i

i+1R θ̈i+1
i+1Ẑi+1 (4.17)

and then pre-multiplying the results by i+1
i R

i+1ω̇i+1 = i+1
i R iω̇i + i+1

i R iωi × θ̇i+1
i+1Ẑi+1 + θ̈i+1

i+1Ẑi+1 (4.18)

to arrive at the complete angular acceleration of a revolute joint and attached

link in the desired iterative format. It should be noted that i+1Ẑi+1 is a

time invariant parameter due explicitly to the frame of description. The

differentiation of a rotation matrix

d

dt

(
i
i+1R

)
= iωi × i

i+1R (4.19)
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results in the angular velocity vector corresponding to the time derivative of

the angle of rotation crossed with the original rotation matrix. A complete

description of the physical meaning and derivation of this result can be found

on pages 158 through 163 in Craig [9].

To find the complete angular acceleration of frame i+ 1 when joint i+ 1

is prismatic, equation (4.18) is reduced to

i+1ω̇i+1 = i+1
i R iω̇i (4.20)

because θ̇i+1 = θ̈i+1 = 0.

Differentiating equation (4.15) (the most general linear velocity) and sim-

plifying for each joint type gives revolute joint acceleration as,

i+1v̇i+1 = i+1
i R

[
iω̇i × iPi+1 + iωi ×

(
iωi × iPi+1

)
+ iv̇i

]
(4.21)

and for prismatic joints

i+1v̇i+1 = i+1
i R

[
iω̇i × iPi+1 + iωi ×

(
iωi × iPi+1

)
+ iv̇i

]
+ 2 i+1ωi+1 × ḋi+1

i+1Ẑi+1 + d̈i+1
i+1Ẑi+1. (4.22)

The linear acceleration of the CG of each link is also required. This is ac-

complished by differentiating equation (4.15) and evaluating for the location
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of the CG for the current link,

iv̇Ci = iω̇i × iPCi + iωi ×
(
iωi × iPCi

)
+ iv̇i. (4.23)

Frame Ci is located at the CG with the same orientation as frame i. Special

notice should be taken that in this case the body and reference frame of

interest are of the same index. This ensures that for both revolute and

prismatic joints the CG is not moving relative to the frame of expression

(but they certainly still are moving because all of the derivatives are taken

with respect to the inertial frame).

Equations (4.18) to (4.23) are applied iteratively (as appropriately se-

lected for each joint type) from link 1 to link n (i.e., i = 0 to i = n− 1 = 2

for the wing dock).

4.3.1.2 Inward Dynamic Iterations

For the inward iteration determining the forces, all links including the wing

will be examined. Now that the kinematics of each link are known, the

inertial force and moment about each link can be calculated using the Newton

and Euler equations

Fi = mv̇Ci (4.24)

Ni = CiIiω̇i + ωi × CiIiωi. (4.25)
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The inertia tensors Ii of the links,

CiIi =


Ix −Ixy −Ixz

−Iyx Iy −Iyz

−Izx −Izy Iz

 (4.26)

will be calculated at the CG for each link as denoted by Ci. The orientation

of Ci is the same as frame i. The parallel axis theorem will be employed for

the wing since its body fixed frame (along the pitch axis) will likely not pass

through its CG. The tensor form of the theorem is presented as

AiIi = CiIi +mi [(PCi ·PCi)I3 −PCi ⊗PCi ] (4.27)

where Ai denotes the desired frame location for the new inertia description,

PCi is the location of the CG of link i as seen by the new frame Ai, I3 is the

identity matrix, and ⊗ represents the outer product.

Now that the inertial forces and moments are known, the iterations de-

termining joint forces and hydrodynamic forces can be developed. For this

purpose the forces and torques that are exerted by neighbouring links are

defined as

fi = force exerted on link i by link i− 1

ni = torque exerted on link i by link i− 1
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as well as the hydrodynamic force and moment acting on a link

fhi = equivalent hydrodynamic force exerted on link i at the centre

of gravity

nhi = equivalent torque exerted on the CG of link i by

the hydrodynamic forces

The hydrodynamic force fhi is a place-holder for the actual force calculations

which will be covered later in this chapter. Together, fhi and nhi create the

equivalent force and moment couple acting at the CG of link i caused by the

summation of all hydrodynamic forces. Environmental forces and moments

at the end effector (i.e., fn and nn) are considered to be zero until contact

with the AUV is made.

Motion in a dense fluid like water significantly alters the inertial forces.

The driving forces must accelerate the surrounding fluid in addition to the

link. Whereas mass is the proportionality constant between the kinetic en-

ergy of a link and the square of its velocity, added mass is the proportionality

constant between the kinetic energy of the fluid surrounding a link and the

square of that link’s velocity [36]. For a general shape, each possible acceler-

ation has the potential to produce forces in any direction, resulting in a 6x6

matrix of added mass coefficients multiplied by a 6x1 vector of linear and an-

gular body-fixed frame accelerations. Therefore, forces and moments due to

added mass will be calculated as three forces along the body-fixed axes (Xi,
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Figure 4.4: Free body diagram for the updated equations of motion.

Yi, Zi), and three moments about the body-fixed axes (Ki, Mi, Ni) for each

link. These resultant body-fixed forces and moments are magnitudes along

specific unit vectors (which in this case will align with the DH frames) so

they can be vectorally summed and easily inserted into the recursive EOM.

The development of added mass coefficients and resulting inertial forces and

moments are covered in more detail later in this chapter. For link i, the total

inertial force and moment become

Fi = miv̇Ci + [Xi, Yi, Zi]
T (4.28)

Ni = CiIiω̇i + ωi ×
(
CiIiωi

)
+ [Ki,Mi, Ni]

T . (4.29)

Examining a free-body diagram (Figure 4.4) of an arbitrary link, the force

balance of

iFi = ifi + ifhi − i
i+1R

i+1fi+1 (4.30)
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for the link i is produced. The moment balance for the same arbitrary link

iNi = ini + inhi − ini+1 + (−iPCi)× ifi − (iPi+1 − iPCi)× ifi+1

= ini + inhi − i
i+1R

i+1ni+1 − iPC1 × iFi

+ iPC1 × ifhi − iPi+1 × i
i+1R

i+1fi+1 (4.31)

is achieved by summing the torques about the CG. The vector iPi+1 − iPCi

represents the distance from the CG to the next link frame i + 1 as viewed

by frame i. The final result is achieved by solving equation (4.30) for ifi and

substituting the result back into equation (4.31). The cancelling terms is due

to the fact that i
i+1R

i+1fi+1 = ifi+1.

Recalling that the desired direction of iteration is inwards, re-arranging

equations (4.30) and (4.31) leads to

ifi = i
i+1R

i+1fi+1 + iFi − ifhi (4.32)

ini = iNi − inhi + i
i+1R

i+1ni+1 + iPCi × iFi

− iPC1 × ifhi + iPi+1 × i
i+1R

i+1fi+1 (4.33)

the force and moment required to support link i and all links further out the

serial chain. At this point, the hydrodynamic force and moment couple would

be solved for using the known local fluid velocities. The velocities would be

known for a given value of pitch by use of equations (4.11) and (4.12), since

the known state of the link 2 strut must be equal to that of the pitching
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axis of the wing. The only unknowns then being the left hand side of equa-

tions (4.32) and (4.33). To be clear, equations (4.28) and (4.29) are only

applied in equations (4.32) and (4.33) to portions of links which are exposed

to fluid. This follows directly from the physical meaning of added mass de-

scribed earlier as the equivalent mass due to accelerating fluid around an

accelerating body. Therefore, portions of the prismatic links which are re-

tracted within the wing will not be accelerating fluid (the wing will though)

and will therefore not experience additional inertial forces resulting from hy-

drodynamic effects2. This means that the recursive EOM cannot remove the

problem of time-variant added inertial forces, as the added mass coefficients

for link 3 must be re-calculated each time step about the centroid of the

exposed volume.

From here, the joint torques required to cause the desired motions are

easily extracted from the full force and moment vectors as

τi = ini · iẐi for revolute joints (4.34)

τi = ifi · iẐi for prismatic joints (4.35)

by recalling that revolute joints can only provide torque about the axis of

revolution and prismatic joints only provide linear force along the axis of

2Furthermore, if added mass were calculated for the non-exposed portions of the pris-
matic link, not only would it be double accounting of added inertial effects when combined
with those of the wing, but it would be an incorrect accounting of the fluid accelerations
in those regions since the geometry of the prismatic joint will be different from that of the
wing.
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actuation.

In general, equations (4.24) and (4.25), the determination of ifhi and inhi ,

and equations (4.32) and (4.33) are carried out on each link in iteration from

i = n to i = 1. The effect of the wing dock on the submarine is captured

by continuing one more iteration to i = 0. Equations (4.34) and (4.35) are

applied as appropriate to each joint (including the wing pitch) to determine

the required force for each actuator to provide – remembering that torque

required for joint 2 is provided by the wing dynamics as opposed to directly

from a motor in joint 2.

4.3.2 Iterative vs. Closed-Form Solutions

The series of equations in the recursive method can be transformed into

closed form solutions for each manipulator. By substituting values for the

DH parameters and carrying results through the two directions of propaga-

tion, the final result would be a closed form solution containing only the

relevant variables. The closed form equations are almost always faster than

the iterative version. However, they are also specific to a given manipulator

configuration.

4.3.3 Forward Dynamics Simulation

In order to make a simulation of predicted wing dock response, the forward

dynamics problem must be solved. Forward dynamics calculate the joint ac-
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celerations based on the input forces and torques. The symbolic closed-form

dynamics solution is calculated based on iteratively applying equations (4.32)

and (4.33). The joint torques are accessed via equations (4.34) and (4.35).

Then the results are separated into state-space configuration as

τ = M(Θ)Θ̈ + V (Θ, Θ̇) + Fh(Θ, Θ̇) +G(Θ) (4.36)

where τ is the vector of joint torques, M is a mass matrix inclusive of added

mass, and G is a vector of all gravitational forces. Fh is the position and

velocity dependant hydrodynamic forces such as lift, drag, and buoyancy.

This force vector could also hold any friction or damping forces present in

the system as it normally does (but none were modelled). Finally, V is the

vector of Coriolis and centrifugal forces.

Forces are subtracted and moved to the left side of the equation, and the

mass matrix is inverted to solve for joint accelerations at time t,

Θ̈(t) = M−1(Θ(t))
[
τ (t)− V (Θ(t), Θ̇(t))− Fh(Θ(t), Θ̇(t))−G(Θ(t))

]
.

(4.37)

For the wing dock τ2 was 0 for each time step. Torque for joint one was

calculated by equation (4.36) with Θ̈1 = Θ̇1 = 0 to achieve the required

torque to hold the joint steady.
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The accelerations were then integrated twice,

Θ̇(t+ ∆t) = Θ̇(t) + Θ̈(t)∆t (4.38)

Θ(t+ ∆t) = Θ(t) + Θ̇(t)∆t+
1

2
Θ̈(t)∆t2 (4.39)

to find the joint velocities and positions of the following time step. The

process iterates for the desired length of simulated time.

4.4 Hydrodynamics

Hydrodynamics is the analysis of forces exerted on solid bodies due to dy-

namic interactions with fluids. Because the non-linear partial differential

equations governing fluid dynamics generally do not have a closed form so-

lution, analytical solutions to hydrodynamics are required to make many

simplifying assumptions. Most of which lead to the absence of drag predic-

tions by ignoring viscous effects inside the boundary layer. The alternatives

are more complex numerical solutions. Arguably the most popular numeri-

cal tool is Computational Fluid Dynamics (CFD). CFD solves the complete

Navier Stokes equations across a mesh covering the body and surrounding

fluid. This process includes viscous interactions, but is computationally de-

manding and can be highly dependant on the established mesh. A series of

precursor two and three dimensional methods to CFD called panel methods

established singularities on the body’s surface and solved the much simpler
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velocity potential using appropriate boundary conditions and the Kutta con-

dition to determine hydrodynamic forces [22]. Panel methods ignore viscous

effects but can still achieve accurate results of inertial force distributions over

typical body surfaces. Extending panel methods into a three dimensional,

unsteady simulation, accounting for free surface waves in the time domain

is still an enormously complex task. The few commercial solutions available

are financially and computationally too expensive to be of good use for this

project.

Use of analytical (but approximate) solutions to linear lift theory were

therefore the avenue of choice for this project. Linear lift theory is fairly

accurate when applied to thin wings with small perturbations. The effects of

viscous drag are included through use of empirically-based coefficients. Non-

viscous forces acting on submerged bodies are based on pressure differentials

across the body. Therefore, it is important to account for local relative

velocity vectors as opposed to inertial vectors when determining forces.

Lift and drag (fL and fD) are the components of hydrodynamic force

shown in Figure 4.5a acting respectively perpendicular and parallel to the

local relative fluid flow, U. In general, bodies which are symmetric about

their longitudinal axis can only produce lift under special circumstances.

This means that under expected operating conditions any cylindrical links

used as support struts (shown in Figure 3.1c) will produce drag, but never

lift. Wings, however, do produce fL dependant on the angle of attack (α),

which is the orientation of U relative to the chord (a body-fixed line, c,
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U

0

(a) Airfoil terminology, fluid velocities,
and forces

(b) Wing body-fixed frame and velocities

Figure 4.5: The reference frames and terminology for a wing and cross-section
(or 2D airfoil).
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between leading and trailing edge shown in Figure 4.5a). The magnitude of

fL varies nearly linearly with α to the point of stall – at which point fluid can

no longer remain attached to the wing and fL drops rapidly with increasing

angle of attack while fD increases rapidly. It is important to note that the

point of stall is not predicted by linear lift theory due to the omission of

viscous forces. Control of α within variable flow vector U is achieved by

pitching (rotating) the wing about the y axis (Figure 4.5b), and is tracked

by the angle θ between the X̂0 and c.

Strip theory is a common 2D analysis technique for bodies under motion

in fluid. Strip theory’s 2D flow approximation is only valid for a body if its

span (b) is significantly longer than the chord length c (i.e., it has a high

aspect ratio,A). This allows for the assumption of infinite span for most of

the cross sections along the body. Otherwise, with low A, the disturbances

from the 3D flow pattern surrounding the geometric boundaries have an effect

on a large portion of the flow over the body. More sophisticated models

such as Lifting Line Theory (LLT) [24] can account well for end effects and

geometry variations. But it makes the assumption of rectilinear wing motion

and cannot account for a spanwise distribution in free stream velocity.

To this end, two separate models for lift and drag of a finite wing were

used during this thesis. The first is a standard model based on coefficients

and the assumption of uniform rectilinear wing motion. This model was used

only for an initial feasibility study in Section 5.2. The second is a modified

version of the more advanced LLT model. The alterations were necessary to
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address the finite geometry and unique wing motion circumstances found in

this thesis. Both of these models are described in detail below.

4.4.1 Wing Coefficient Model

The lift and drag forces,

fL =
1

2
ρU2SCL (4.40)

fD =
1

2
ρU2SCD (4.41)

are dependant on the planform area (S), the fluid density (ρ), and a lift or

drag coefficient for the particular wing geometry and angle of attack (CL

or CD) which are dependent on wing geometry, angle of attack, streamline

curvature, and the Reynolds number of the flow. Equation (4.40) will be

referred to as the angle of attack (AOA) lift for this thesis. The vector

U represents the net velocity and orientation between the fluid and link of

interest as seen from a link-fixed frame. However, magnitudes are denoted in

these equations as standard practice in hydrodynamic analysis. The angle is

maintained within the coefficients of lift and drag by α. Furthermore, these

magnitudes are actually the components of free stream velocity within the

x, z plane of the wing (or individual airfoil). Equations (4.40) and (4.41) are

calculated within the wing body fixed frame for convenience of convention,

then described as vectors within the appropriate DH frames for analysis in

the recursive EOM.
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For a finite wing, the coefficient of lift is

CL =
2π(α− αL0)

1 + 2
A

(1 + δ2)
(4.42)

where αL0 is the angle of attack at which the airfoil produces zero lift, A is

the aspect ratio ( b
2

S
, with b as the wing span). The factor δ2 is zero for wings

with an elliptic planform. The coefficient of total drag,

CD = cd + CDi (4.43)

is a little more complicated. Pressure and form drag, are combined into one

‘parasitic drag’ term, cd, equal to that of an airfoil (owing to identical cross

sections). The second term, CDi ,

CDi =
C2
L

πA
(1 + δ1) = CDielliptic (1 + δ1) (4.44)

is known as induced drag, resulting from the 3D flow over the wing, and

is seen to be proportional to C2
L. The geometry factor δ1 (0 for elliptic

wings) describes the amount of added drag for any wing deviating from the

maximum efficiency of an elliptic planform.

In certain cases of prescribed motion a second form of lifting force can

be induced. This second form of lift, known as streamline curvature (SLC)

lift, occurs when a symmetric airfoil moves through a stationary fluid with a

radius (R) about a central point (readers should make careful note that R is
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Figure 4.6: Rotating symmetric airfoil and equivalent cambered airfoil.
Image credit: Watt [37]

not the same as a rotation matrix, R). The airfoil will see curved streamlines

and variable flow incidence along its chord. Figure 4.6 shows how linearised

airfoil theory obtains an equivalent description by replacing the symmetric

airfoil with a cambered one flying through a steady flow. The camber line

is equal and opposite to the streamline of the original rotation, and the

new steady flow is calculated as the equivalent flow seen by the rotating

symmetric airfoil (in this case U = Rω). Watt shows in [37] that linearised

airfoil theory predicts lift toward the centre of rotation for the symmetric

airfoil, and underpredicts lift compared to Navier-Stokes solutions by only

10% in airfoil sections up to 20% thick.

Figure 4.7 demonstrates that when the wing dock’s pitching and plunging

motion is viewed in the inertial frame it becomes clear that the wing rotates

about a time varying distant point as the submarine continues to cruise

forward. Unlike the standard static solution employed by Watt [37], the

radius of rotation becomes a function of the local forward wing velocity (u),
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Figure 4.7: Pitching and plunging wing with time varying rotation point.

and the pitch rate (q = θ̇):

R =
u

q
(4.45)

Equation (4.42) for the coefficient of lift already contains the term αL0 to

account for the affects of camber on lift production. In a standard analysis,

αL0 is calculated as

αL0 = − arctan

(
2
hc
c

)
≈ −2

hc
c

(4.46)

where hc is the maximum perpendicular distance from the chord line to the

mean camber line, and is much smaller than c. A geometric relationship was

developed to describe hc as a function of R,

hc = R
[
1− cos

(
arcsin

( c

2R

))]
≈ c2

4R
(4.47)

based on the assumption that the chord length of the cambered and symmetric
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Figure 4.8: Sectional angle of attack properties for a finite wing.

airfoils are the same. The value of hc(R) is then substituted into equation (4.46)

to determine αL0, which is substituted back into equation (4.42) to determine

CL.

4.4.2 Lifting Line Theory

The second model is a modified version of LLT. This more advanced model

was used because it solves for a lift and drag coefficient distribution across the

wing instead of single bulk values. It therefore accounts for end effects (like

the simple coefficient model), but also solves forces at each location along the

wing (similar to strip theory). This last part is key, because it allowed the

model to be modified to remove the standard assumptions of symmetric flow

and rectilinear kinematics. The resulting lift and drag coefficient distributions

are calculated each time step since they are now a function of changing fluid

and kinematic conditions rather than physical construction.
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LLT is an attempt to solve the fundamental equation,

αa = α0 − αi = α− αL0 (4.48)

while accounting for geometric effects of a physical wing span [24]. Figure 4.8

shows the meaning of the different α variables. The angle of attack, α, and

angle of zero lift, αL0, are known as the geometric angles of attack. They are

measures of the free stream velocity (U) and zero lift line respectively, relative

to the chord line of the airfoil. When the fluid is not in motion the U is

equivalent to the flight path of the airfoil. The effective angle of attack, α0, and

the induced angle of attack, αi, are known as the aerodynamic angles. They are

measurements of the Zero Lift Line (ZLL) and U , relative to the actual local

flow vector (U0). Absolute angle of attack, αa, is the sum of either the geometric

or aerodynamic angles. Geometric twist is the physical rotation of the chord

line along the wing span in order to vary α. Aerodynamic twist is the variation

of airfoils along the span which affects the cambre and varies αa and αL0. The

hydrodynamic model of the wing dock treats spanwise flow variation during roll

(θ̇2) as instantaneous geometric twist, and the instantaneous rotation motions

(u/q) inducing SLC lift as aerodynamic twist.

LLT is based on the assumption that the circulation can be collapsed into

a single bound vortex line along the span (shown in Figure 4.9). Changes

in circulation measured at discrete locations along the span are marked by

additional vortices running along the same lifting line. The vortices bend 90◦
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Figure 4.9: Horse shoe vortex flow pattern around a finite wing.

at each discrete circulation change and follow the exact path travelled by the

wing in time, eventually closing at the point the wing started motion within the

fluid. The closing leg is stationary in space, and parallel to the initial location

of the vortex line bound on the wing span, but with rotation in the opposite

direction to satisfy conservation equations [22]. For all intents and purposes,

by the time the wing has reached steady state conditions the stationary vortex

line is far enough away to have no effect on the wing, and the bound vortex

becomes a series of open “horse shoe” shapes trailing into infinity. LLT only

applies to wing spans with sufficiently highA that the circulation distribution

can be approximated by bound vortices along a single lifting line at the quarter

chord mark. ShorterA wings and delta wings must be modelled with multiple

bound vortex sheets at different locations along the chord (or with entirely

different models).
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0

Figure 4.10: Sectional lift slope properties for a finite wing.

Figure 4.10 demonstrates the effects that the horse shoe circulation vortex

has on the lift slope of a theoretical airofoil. The vortices induce additional

downwash velocity near the wing tips, thus reducing the effective angle of attack

from α to α0, by the amount of induced angle, αi. Examining this true angle

of attack, each location on the wing still produces its theoretical lift slope, m0,

typically approximated as 2π. However, when examining αa (equal to α for

symmetric foils), measured from the flight path, the local lift slope has been

reduced to mr. Each local slope mr

mr =
m0

1−m0
αi
cl

=
m0

1− αi
α0

(4.49)

is dependant on the local induced angle of attack, αi.

It follows then from general linear lift theory that the lift and drag per unit
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span, f ′L and f ′D, are

f ′L = ρU0Γ cos(αi) = ρUΓ =
1

2
ρcU2m0α0 =

1

2
ρcU2cl (4.50)

f ′D = ρU0Γ sin(αi) =
1

2
ρcU2cdi (4.51)

where Γ is the circulation value, cl is the local coefficient of lift, and cdi is the

local coefficient of induced drag. As explained above, hydrodynamic force is

still developed perpendicular to the local fluid flow as per airfoil theory. But

since downwash has altered the local flow, this force is broken into components

f ′L and f ′D perpendicular and parallel to the flight path. Thus, induced drag is

actually an inseparable by-product of lift in any finite span wing.

SLC is added to the solution as local instantaneous camber, leading to

aerodynamic twist. Local camber changes the local value of the zero lift angle

as in the coefficient model. This in turn affects αa, which is solved based

on geometry and flow conditions (i.e., the second half of equation (4.48)).

Equations (4.45) and (4.46) remain the same. However, once wing roll, wave

velocity, and submarine velocity are taken into account equation 4.47 breaks

down. Instead, cambre is solved for as

hc = R−

√
R2 −

(
1

2
c

)2

(4.52)

based on the assumption that the chord length of the cambered and symmetric

airfoils are the same. As noted by the sign convention, and as observed during

initial pitching and plunging wing simulations, the contributions of instanta-
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neous camber by SLC lift will often oppose the lift contributions by α.

Following figure 4.9 and equation (4.50), the effective angle of attack can

be determined as

α0 =
2Γ

m0Uc
. (4.53)

The induced angle of attack is a vector sum of the flight path and the downwash

caused by the bound vortex,

αi(y) = arctan

(
wd(y)

U

)
(4.54)

where wd(y) is the local value of downwash velocity and αi(y) is also a local

value. The Biot-Savart law is used to express the incremental strength of the

downwash induced by each increment of the vortex. These contributions are

integrated over the entire vortex for the total affect on each location along the

span and then divided by U to achieve

αi(y0) =
wdy0
U

= − 1

4πU

∫ b
2

− b
2

(
dΓ
dy

)
wing

y0 − y
dy (4.55)

the local value of induced angle of attack. Equation (4.55) makes use of the

small angle assumption to reduce equation (4.54). The variable y is integrated

over the full span, while y0 indicates the specific location of interest for the

equation.
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Equation (4.53) and (4.55) are now substituted into equation (4.48)

αa(y0) =

(
2Γ

m0Uc

)
y0

+
1

4πU

∫ b
2

− b
2

(
dΓ
dy

)
wing

y0 − y
dy. (4.56)

leaving Γ as the only unknown for a given wing and fluid conditions. An

arbitrary solution is usually selected,

Γ = Γs sin(ϑ) (4.57)

and then expanded using a Fourier expansion,

Γ =
1

2
m0csU

∞∑
n=1

An sin(nϑ) (4.58)

where the subscript {}s is used to denote a value at the point of symmetry

in the wing, and ϑ is a trigonometric substitution relating position along the

wing span to a range between 0 and π as shown in Figure 4.11. For the wing

dock the assumption is made that all {}s value variables are taken as the half

span values during level flight.

Substituting y = 1
2
b cos(ϑ) into equation (4.58), and then equation (4.58)
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Figure 4.11: The trigonometric relation of ϑ to position along the wing span.

into equation (4.56) and simplifying results in,

αa(ϑ0) =
(m0c)s
(m0c)ϑ0

∞∑
n=1

An sin(nϑ0) +
m0scs
4πb

∫ π

0

d
dϑ

(
∑∞

n=1An sin(nϑ))

cos(ϑ)− cos(ϑ0)
dϑ

=
m0scs
m0c

∞∑
n=1

An sin(nϑ0)︸ ︷︷ ︸
α0

+
m0scs

4b

∞∑
n=1

nAn
sin(nϑ)

sin(ϑ)︸ ︷︷ ︸
−αi

(4.59)

Coefficient distributions for twisted wings are solved numerically with k span-

wise locations of interest for the variables ϑ(k), c(k), and m0(k). As a result,

each angle in equation (4.48) is solved for all k stations. Equation (4.59) for

the jth station becomes,

αaj =
m0scs
m0jcj

k∑
n=1

An sin(nϑ0j)︸ ︷︷ ︸
α0j

+
m0scs

4b

k∑
n=1

nAn
sin(nϑj)

sin(ϑj)︸ ︷︷ ︸
−αij

(4.60)

which leads to k equations for k unknown values of A (m0j and cj are known for

any given location ϑj). Solving for A1 . . . Ak results in the solutions for α0j, αij,
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and therefore αaj. LLT normally assumes a symmetric distribution as airplane

wings are physically symmetric and therefore assumed to have symmetric αa

distributions. This means equation (4.60) is typically only solved over a half

span and that the even values of the Fourier expansion disappear. To solve

the potentially asymmetric distributions of the wing dock, equation (4.60) is

solved over the entire span, and all values of the Fourier expansion are solved

for.

Using equation (4.49) for each of the k locations

mrj =
m0j

1− αij
α0j

(4.61)

allows the cl and cdi distributions to be solved as

clj = mrjαaj ; cdij = −cljαij (4.62)

respectively for each jth point of interest. The resulting force distributions of

f ′L and f ′D are calculated by equations (4.50) and (4.51), and then integrated

about the centre span to produce fhw and nhw . Changes in local flow variations

are evaluated each time step in order to provide an accurate measure of the

moments produced at joint two by fhw and nhw .
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4.4.3 Sweepback

Findings from parallel UNB research on a fully mechanically actuated RRR

manipulator have demonstrated that the swept wing is not worth pursuing

in this scenario of UUV recovery. Sweepback can reduce drag acting on a

given link by approximately 50%. However, because the desired separation

between the submarine and AUV does not change, a swept dock must have its

length effectively doubled to reach the docking zone. This cancels all benefits

of reduced drag, and also increases the mass and added mass of the structure.

The only remaining benefit of sweepback is a reduction in vibration due to

vortex shedding.

4.4.4 Added Mass

The historical development of added mass coefficients progressed largely through

physical experimentation. By and large, the focus has been on describing gen-

eral submarine and ship hull geometries. There are analytical equations for

a few simple geometries, or strip theory approximations of bodies with high

aspect ratios relative to one axis (e.g. [13], [18], [36]). Added mass coefficients

are based purely on geometry, so can be calculated outside of the main code

loop. And most coefficients disappear with axes of symmetry in shapes. Iner-

tial forces and moments resulting from added mass act through the centre of

buoyancy of the body, an important distinction from the body’s own mass and

inertia.
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4.4.4.1 Coefficient Development

The coefficient symbols are generally described in literature as the apparent

mass corresponding with a linear variation in force (or moment) in the axis

noted by the main part of the symbol, given the particular acceleration noted in

the subscript. For example, Xu̇ is the coefficient corresponding to the variation

in force along the X̂i body-fixed axis resulting from an acceleration along the

X̂i axis, u̇i. Whereas Xq̇ is the coefficient corresponding to the variation in

force along the X̂i axis by an acceleration about the Ŷi axis, q̇i. For moment

coefficients, K, M , and N correspond to moments about the X̂i, Ŷi, and

Ẑi axes respectively and pi, qi, ri are the respective angular velocities about

these axes. Values ui through ri are the body-axis components of the already

calculated inertial velocities ivBi and iωi (where the B subscript is for the

centre of buoyancy instead of C for centre of gravity). The dotted acceleration

terms follow the same pattern.

Not all of the 36 possible added mass coefficients will be present for most

shapes, in particular shapes with symmetry. Shapes with high aspect ratios

– long cylinders or wings for example – can have added mass coefficients cal-

culated using strip theory at discrete locations along the major axis (e.g. [27],

and [36]). This works well for all components of the general wing dock ma-

nipulator. According to Watt, the dimension of a shape perpendicular to a

prevailing motion is of primary importance in determining added mass coeffi-

cients [36]. This allows for an ellipsoid (a three dimensional ellipse) to stand

in as an approximation for a wing. This provides the benefit of using known
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analytical calculations for the cross section at each strip while maintaining rel-

atively small errors in coefficient calculations. The ellipsoid is sized so that its

principle axes align with the DH frame axes, and the corresponding magnitudes

are equal to those of the actual wing.

Due to three symmetry axes in an ellipsoid most of the coefficients disap-

pear. For the wing with DH frame Ẑθ aligned with the span, X̂θ perpendicular

to the chord, and Ŷθ parallel to the chord, only two coefficients corresponding

to linear force

Xu̇ = −
∫ b

2

− b
2

ρ
π

4
c2 dẐθ (4.63)

Yv̇ = −
∫ b

2

− b
2

ρ
π

4
t2c dẐθ (4.64)

are present. Zẇ is ignored partially due to the strip theory approach centred

along the wing span, but more importantly due to the facts that the wing is

incapable of motion along this axis independent of the submarine, and that

the minimal additional resistance provided would be taken up directly in the

manipulator frame, not any of the joints. The end effector however, is capable

of motion along the Ẑ3 axis independently of the submarine, and this will have

to be accounted for if its shape lends any significant resistance along this axis.

While attached to a submarine capable of general motion the wing may

experience angular acceleration about any axis, but once again due to its sym-

metry it will only experience resistance to such acceleration about each of the

corresponding principle axes. In other words, only the angular added mass
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coefficients

Kṗ = −
∫ b

2

− b
2

Ẑ2
θρ
π

4
t2c dẐθ (4.65)

Mq̇ = −
∫ b

2

− b
2

Ẑ2
θρ
π

4
c2 dẐθ (4.66)

Nṙ = −
∫ b

2

− b
2

ρ
2π

15

(
c2 − t2c

)2
dẐθ (4.67)

from the main diagonal of the full added mass matrix are required.

Cylinders have an additional symmetry since their cross sections are cir-

cular. This means that c = tc, therefore Xu̇ = Yv̇ and Kṗ = Mq̇ while Nṙ

disappears completely. The reader is cautioned though that the actual labels

of these coefficients are different depending on the orientation of the frame in

which they were created.

4.4.4.2 Force and Moment Development

Equation (25) of [36] shows the full set of resultant forces and moments from

added mass for an object with two axes of symmetry undergoing general mo-

tion. The wing of the wing dock has three axes of symmetry so this equation
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set reduces even further,

Xθ = Xu̇u̇θ − Yv̇vθrθ (4.68)

Yθ = Yv̇v̇θ +Xu̇uθrθ (4.69)

Zθ = −Xu̇uθqθ + Yv̇vθpθ (4.70)

Kθ = Kṗṗθ − (Mq̇ −Nṙ)qθrθ (4.71)

Mθ = Mq̇ q̇θ + (Kṗ −Nṙ)pθrθ (4.72)

Nθ = Nṙṙθ − (Xu̇ − Yv̇)uθvθ − (Kṗ −Mq̇)pθqθ, (4.73)

mostly as a result of more coefficients dropping to zero, but also because

Zẇ ≈ wθ = 0 as previously noted (though ẇθ 6= 0 given pθ or qθ 6= 0). One par-

ticularly interesting term that remains is −(Xu̇−Yv̇)uθvθ from equation (4.73).

The velocity combination uθvθ is also examined in the linear lift model as

uθvθ = v2
θ

(
uθ
vθ

)
= v2

θα, (4.74)

under the context of ideal flow circulation with no inertial effects. The added

mass model is based on potential flow theory to examine inertial effects while

considering circulation to be zero. It is unclear whether the two resulting forces

combine linearly, but without specific physical experimentation it remains the

best option. It would be beneficial to spend time conducting these experiments

(and many others surrounding viscous effects and added mass) on a final as-

built wing dock, but not for each successive prototype.
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The equation set (4.68)–(4.73) is valid to account for the constrained motion

of the wing dock combined with the general motion of a submarine or wave

train when examining the wing. Since the prismatic joint by definition can have

w3 6= 0 and ẇ3 6= 0 independent of flow or submarine motion, equation (25)

of [36] will have to be re-consulted along with the nature of the end effector

added mass coefficients to properly calculate X3 through N3. It should also

be noted that during transitions between the stored and deployed states where

θ1 6= −π/2 there will be additional contributions to Kθ and Mθ since wθ will

not be zero.

4.5 Control

Commonly controlled elements are motors, chemical processes, and current el-

ements. Though a controlled element can be nearly anything, and can be in

the form of a large and integrated system, they are generically referred to as a

“plant.” Controllers are designed to improve the reaction times, stability, and

disturbance rejection capabilities of a plant and remove steady state error. Of

course there are limits on how much the behaviour of a plant can be modi-

fied. Control signals must be actuated through amplifiers capable of producing

enough power. Commanding near instantaneous motion of a physical object

will saturate the amplifiers and result in non-linear behaviour and time lag

with respect to desired trajectory performance.

Traditional gain-driven controllers such as the Proportional-Integral-Derivative
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(PID) controller have been in use since about 1918 [5]. By amplifying the

three name-sake aspects of the error signal, they can achieve very good per-

formance in linear plants. Thus, a PID controller has three control values to

be solved for, and tuning it precisely can become difficult since the effects of

all three gains are coupled. Coupling between tuning variables in more ad-

vanced schemes is typically much lighter, and often there is only one variable

in the first place. Gain-driven controllers are purely reactive, and have diffi-

culty handling non-linear plant characteristics. However, the wing dock (and

many other manipulators) exhibits several non-linear characteristics including

non-linear dynamics due to rotation of revolute joints, hydrodynamics, dead-

time between command signals and plant response, and response dependency

on the operational region.

Gain scheduling is a popular tactic to overcome certain non-linear charac-

teristics using gain-driven controllers. Different operating zones can be des-

ignated and a new set of controller gains used for each zone. This requires

an accurate plant model, all gains to be predefined, and some over-arching

intelligence to make the changes. More advanced control schemes can use ei-

ther fuzzy logic or neural networks to provide controllers with a more open

ability to chose new controller gains on the fly. Goulet et al. [17] found that

even despite reduced inertia coupling compared to RR manipulators, motion

control of an RP manipulator (a similar configuration to the wing dock) us-

ing only PID control was unacceptable for typical pick-and-place trajectories.

Automatic performance evaluation and retuning of the PID gains was required
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M

Figure 4.12: Dynamic Matrix controller schematic.

during trajectory execution. This was conducted with an overlaid Fuzzy logic

controller.

Most of the controllers employed in AUV docking and control literature

are relatively advanced schemes (such as the improved one used by Goulet

et al. [17]). Sliding mode, MPC, and variations of these schemes mixed with

neural networks and/or fuzzy logic are quite popular (see e.g. [15, 20, 26,

30]). These advanced control schemes can overcome a greater amount of non-

linearities in plant behaviour without the system destabilising.

4.5.1 Model Predictive Control

MPC – specifically Dynamic Matrix Control (DMC) – was chosen for the wing

dock due to its stability and success in similar literature as already noted. The

basic schematic for this thesis is shown in Figure 4.12. DMC uses actual plant

responses from known inputs to calculate and optimise the command signal
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sent to the plant based on minimising future errors [10]. Modelling errors

are somewhat compensated for by the inclusion of a factor φ which measures

the difference between the current plant status and the expected plant status.

DMC can handle any stable plant since it can deal with dead time, dead zone,

higher order systems, and a reasonable amount of plant non-linearity. It is also

computationally efficient by using matrix math almost exclusively.

DMC uses an optimization scheme to determine the control values which

will drive the future error vector to a minimum value. The controller used in

this thesis was simply taking a partial derivative of a least squared fit of future

errors with respect to control value. Any suitable optimisation routine could

be substituted into the code. However, this particular method fits very well

with the concept of using scalable matrix algebra for computational efficiency.

MPC schemes in general have the advantages of being able to monitor mul-

tiple inputs, and state variables, while maintaining desired parameters within

prescribed ranges. They are very robust controllers and difficult to destabilise.

However, there is no algorithmic way to arrive at the best tuning of a MPC and

closed loop performance specifications are often not possible to imply because

of the less direct nature of control. Another form of MPC, namely simplified

predictive controller (SPC), examines one future error value instead of a range

in order to optimise control outputs. This makes it simpler to setup and tune

than DMC.

To establish the Dynamic Matrix, A, an open loop step response is ob-

tained (either from the real plant or its model) and the steady state value is
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determined. The value P is calculated as the number of time steps required for

the response to reach within 95% of the steady state value. P clearly depends

on the amount of dead time is present in a plant, as well as the sampling time

used to collect the response. The matrix A then consists of column vectors

composed of measured response values, a1 to aP in the first column. The sec-

ond column is shifted ‘down’ by a value so that element A(1,2) is 0, and the last

element in column two is aP−1. Matrix A continues to be filled this way for nM

columns, such that the bottom right element, A(P,nM ), is aP−nM+1. The value of

nM represents the Control Horizon, and is the number of time steps (including

the current one) for which a controller output is calculated. A generic version

of the Dynamic Matrix,

Generic Dynamic Matrix = A(P,nM ) =



a1 0 0 · · · 0

a2 a1 0 · · · 0

a3 a2 a1 · · · ...

...
...

... · · · aP−nM

aP aP−1 aP−2 · · · aP−nM+1


Diagonal dots are not used because the matrix should not be square since

nM << P is held for stability. Two more very important matrices are then

calculated, ATA and (ATA)−1.

A condition number is an indication of how close a matrix is to a singularity.

More precisely, for a square matrix (such as ATA) the condition number is the
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ratio of the maximum singular value to the minimum singular value, σmax
σmin

. A

higher condition number in ATA means the output control action will have a

large relative change for a relative change in the controller input e. Reaching

a singular configuration of ATA is a genuine issue since its inverse is required

to compute the controller outputs.

DMC has only one tuning variable, λ. It is used for a process called ‘Move

Suppression’ that slightly alters the diagonal entries of the ATA used in the

gain matrix A = (ATA)−1AT. This in fact slightly changes the poles of the

modelled plant by altering some of the open loop response data. λ can be time

varying with limits placed on it to ensure the condition number of the ATA

stays within reasonable bounds.

The schematics in Figures 4.12 and 4.13a depict single-input-single-output

(SISO) systems. Multiple variables may be taken into account, but a single

input device affects one desired output. In a multi-input-multi-output (MIMO)

architecture (Figure 4.13b), multiple actuators are employed to affect multiple

desired outputs. MIMO schemes are used instead of multiple SISO controllers

when adjusting one of the input actuators will inadvertently affect the other

outputs (as denoted by the influence plants, G12 and G21, in Figure 4.13b).

For rapid and stable control, these influence plants must be accounted for in

the adjustments of each actuator.
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(a) The SISO process architecture of a pitching and
plunging wing.

(b) The MIMO process architecture of the wing dock.

Figure 4.13: SISO and MIMO control process architectures.
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4.5.2 General DMC Algorithm

It should be noted that although these steps should be performed in the order

presented, many of the steps are modular (i.e., they could be swapped for other

algorithms that perform the same duty in a different manner).

1. Obtain the step response coefficients to form the dynamic matrix A

(use OL test, analytical model, etc).

P should be > 0.95OLSS
∆t

where OLSS is the Open Loop steady state

value, and ∆t is the sampling time used to collect the data.

Select control horizon nM << P .

2. Obtain Ysp (desired setpoint vector) for length of time P (recalcu-

late each time step if set point is variable. The setpoint can also be

smoothed or altered for smoother control performance – one method of

this is explained later in the report)

3. Initialise Ŷ , ∆M , M (predicted future response of plant (size [P x 1]),

change in manipulated value (size [nM x 1]), total manipulated value

(size [nM x 1]).

Define values of Mmax and Mmin.

4. Enter the Control Loop

Measure the process and store to value Ym

5. Calculate the model adjustment parameter, φ = Ŷ |t−1 − Ym|t
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This is where feedback of environmental disturbances and model dis-

crepancies enters the controller.

6. Correct the predicted future response of the plant by using φ as a

constant offset

Ŷ = Ŷ + φ

7. Evaluate the vector of future errors, e = Ysp− Ŷ , where e is size [P x 1]

8. Evaluate the change in manipulated variable, ∆M ,

∆M =
(
ATA

)−1
AT
(
Ysp − Ŷ

)
9. Determine the manipulated variable (or control move vector), M :

M = M(t−1)+∆M , where M(t−1) is the vector M from one previous

time step

10. Constrain M :

if M > Mmax →M = Mmax

if M < Mmin →M = Mmin

11. Re-evaluate ∆M (for use in another equation to make the next predic-

tion of control output Ŷ )

12. Send M0 (the first value of the vector M) – Only the M0 is sent. But

all values of M are re-evaluated each time step in order to catch dis-

turbances and other uncertainties.
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13. Evaluate Ŷ = Ŷ + A(1 : P, 1)∆M(1)

where A(1 : P, 1) is the first column only of the dynamic matrix, and

∆M(1) is the first value only of ∆M . This is to match vector dimen-

sions, and is also physically representative because the first column in

A represents the unit response of the plant to the change in step input

represented by the first value of ∆t at time t.

14. Advance the prediction horizon to setup for the next time step:

first “extend” the prediction by one time step:

Ŷ (t+ P + 1) = Ŷ (t+ P ) (this is fine because at t = t+ P the output

should be at least 0.95OLSS). Then loop through the vector shuffling

each value forward one time step:

for ( j = 0, 1, . . . P )

Ŷ (t+ j) = Ŷ (t+ j + 1)

15. Advance the setpoint profile: same method as the prediction vector

Ysp(t+ P + 1) = Ysp(t+ P )

for ( j = 1, . . . , P ) Ysp(t+ j) = Ysp(t+ j + 1)

16. Update control actions: M(t− 1) = M

17. Go back to sampling Ym at Step 2.

Each column of A is the normalised response to a unit step in the plant.

Column 1 represents a step at time t, and each column after that, represents

the additional response of the plant to the corresponding change in input in
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the ∆M vector occurring that many time steps in the future (hence why each

following column of A is filled by one more leading 0 before starting the same

unit step response). This allows a convolution approach to making the predic-

tion of the future plant response to nM future changes in control input, ∆M .

At each future time step in this prediction, the error vector, e, between the

prediction and setpoint vector, Ysp, is calculated as

e1 = Ysp − (Ŷ1 + a1∆M0 + a0∆M1) (4.75)

and carried on through to ep.

A performance index, I,

I =
P∑
i=1

e2
i (4.76)

is then defined as the sum of the square of the errors. The minimum of I is then

found by taking the partial differential with respect ∆M0,∆M1, . . . ,∆MnM and

setting to zero to solve for the vector ∆M .

{
δI

δ∆M0

;
δI

δ∆M1

; . . .

}
= 0 (4.77)

The solution of which works out to step 8 of the algorithm,

∆M =
(
ATA

)−1
AT︸ ︷︷ ︸

Gain vector

(
Ysp − Ŷ

)
︸ ︷︷ ︸

e

(4.78)
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which is a scalar if nM = 1. In effect, the gain matrix times an error vector

makes DMC a proportional controller of sorts. The gain vector can be solved

for outside of the control loop when it stays constant in simple plants. In

more complex and fluid plants like the wing dock, a multi-matrix DMC can

change its dynamic matrix to better suit the plant behaviour as it traverses

operating regions. A good method of deciding when to initiate a recalculation

of A is to monitor the average value of φ. There are of course many other

possible triggers that could be used depending on the final behaviour of a

plant. Excessive condition number can be another good signal of when to

re-evaluate A.

Two other parameters within DMC are adjustable. The control horizon,

nM , and the setpoint profile smoothing factor, ℵ. The setpoint profile smooth-

ing factor is used each time step to reshape Ysp as a scaled first order step

response between the current plant output and the actual target value. It

is bounded between 0 and 1, where 0 corresponds to a step response and 1

corresponds to a horizontal line as shown in equations below

Ysp(t) = Ym(t) (4.79)

Ysp(t+ j) = ℵYsp(t+ j − 1) + (1− ℵ)Yspf (4.80)

for j = 1,2,. . . ,P and where Ym is the current plant state, and Yspf is the actual

setpoint target at this time step t. Larger ℵ increases overshoot and slightly

increases the response time by making the control actions softer
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The control horizon is the number of future time steps for which the con-

troller makes predictions. For stability it must be much less than P . Generally,

increases in control horizon increase controller aggressiveness. But a clean re-

sponse of the plant is harder to maintain. So the controller must be smoothed

out by higher values of λ and ℵ which slow it down again. Eventually a con-

trol horizon becomes too large and the amount of latency introduced by move

suppression and set point smoothing (λ and ℵ) makes the final result slower

than that produced with a shorter, technically less aggressive nM . The affect

of λ and ℵ on results for controllers with nM = 1 are insignificant. Typically

nM resides between 2 and 4.

4.6 Plant Identification

In order to develop an effective controller, an accurate and continuous plant

model is required. This model can be developed either analytically, or numer-

ically by establishing trends in response characteristics that cover the entire

expected range of operation. A complete model is important because it is im-

practical to predict the control actions chosen by the controller ahead of time.

Therefore, the simulated plant must be able to properly respond to any pro-

vided control action. Accuracy of the model is also important. Tuning of the

control parameters to achieve accurate control of the simulated plant is use-

less (and potentially dangerous) if the simulation does not actually accurately

reflect the physical device.
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Before a controller can be developed and tuned, an accurate system model

must be developed. A system model allows for the controller tuning to occur in

simulation, reducing cost, time, and danger to the physical equipment. Even

though DMC itself is often run from discrete response data collected from the

physical plant, a full plant model must be developed for controller tuning.

The model can be empirically or analytically based, but it must be capable of

producing a reasonably accurate plant response for any input. This is because

it is virtually impossible to know a-priori what all manipulated variables will

be in time – especially when tuning and debugging the controller. Only a

model allows the proper coupling between the manipulated variable and plant

feedback.
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Chapter 5

Simulation Development and

Targets

This chapter explains how the design criteria and wave models were translated

into a benchmark trajectory specific to the wing dock joints. It then estab-

lishes some conventions used to describe two simplified simulation scenarios.

These simplified simulations were created for initial examination of pitching

dynamics, assessing the plausibility of a finite wing meeting the benchmark

trajectory, and establishing a plausible linear lift model for force distributions

under non-rectilinear motions.

Results of these simulations are discussed, and foundations are layed for the

development of a complete forward dynamic simulation following the concepts

established in Chapter 4. The goal of the complete simulation is to be able to

accept time varying inputs from the submarine motion, three dimensional flow
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field, and AUV contact forces, then combine these with the joint commands

and complete internal dynamics of the wing dock to be able to output and

couple the resulting forces and motions back into the flow field, submarine

motion, and (as appropriate) AUV.

5.1 Establishing the End Effector Design Tra-

jectory

Unimodal linear wave theory approximates the kinematics of a fluid particle

as an ocean surface wave moves past that particle (see Section 4.1 for relevant

equations). The worst case AUV kinematics are assumed to match those of

a fluid particle at docking depth within a sea state 6 wave in littoral waters.

Conservatively assuming the submarine to be unaffected by the waves, results

in the benchmark end effector trajectory. Figure 5.1 shows that this relative

motion between the submarine and the AUV can be significant. Three such

trajectories are created – one for the minimum expected wave period during

sea state 6 in the open Atlantic, one for the longest expected period, and a

third for the average period. Maximum displacements can exceed ± 4 m within

a 17 s wave period, while both the velocity and acceleration also have large

amplitudes.

Testing with a physical prototype provides greater assurance in the rele-

vancy of the performance limitations, developed models, and the chosen pre-

dictive control architecture. Small scale prototype testing is the most feasible
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Figure 5.1: Relative horizontal (xw axis) and vertical (zw axis) wave par-
ticle displacements as a function of time for sea state 6, given a minimum
wave period (Twmin

) of 10.5 s (top), an average wave period (Twavg) of 13.8 s
(middle), and a maximum wave period (Twmax) of 17.5 s (bottom).
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option initially. However, due to the dependence of many hydrodynamic mea-

surements on physical size, testing conditions must be altered from full scale

conditions to maintain representative dynamics. Buckingham Π Theory was

used to accomplish this (see for example [40]). Pertinent variables from the

wing dynamics are arranged into groups (called Π groups) such that they pro-

duce dimensionless numbers. Two independent test cases are equivalent when

all corresponding Π groups are of equal value. The non-dimensional Π groups

for the wing on its own are,

Π1 =A =
b

c
; Π2 =

Ut

b
; Π3 ≡ Re =

ρUc

µ
, (5.1)

meaning that a the prototype will exhibit comparable behaviour to a full scale

wing as long as the three Π constants are equal. For Π1, a full scale wing with

an assumed span of 4 m will have a chord length of 0.83 m to maintain the

same A = 4.8 of the prototype. While Π2 refers to U , in reality it is very

difficult to measure the actual free stream velocity seen by the wing during

manoeuvres. Therefore, the velocity of the dock base will be used instead (UT

for the prototype – explained in Chapter 6 – and the velocity of the submarine,

uS, for the full scale dock). It should be noted that the chord-based Reynolds

numbers of the prototype (≈75000 at UT = 0.6 m/s) and full scale device (≈1.2

million at uS = 1.5 m/s) are significantly different. Performance predictions

should be taken as approximations only. But this is a common situation when

developing large devices, and not much can be done about it at this stage.
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Figure 5.2: The worst case roll requirements in sea state 6 at a depth of 15 m
in 30 m deep water correspond to 2.84 m of vertical end effector motion for
a wave period of 17.5 s, and 2.48 m for a wave period of 10.5 s.

Therefore, Π3 will be ignored for the purposes of test scaling.

Figure 5.2 demonstrates the largest required value of θ2 occurs when the

AUV is located at the inner edge of the docking envelope and experiencing the

worst case wave motions for sea state six. Evaluating Π2 with the full scale

values,

Π2 =
2(10.5)

4
= 5.25 and Π2 =

2(17.5)

4
= 8.75, (5.2)

sets the bench mark for each wave period. Keeping the same Π2 values, ad-

justing U and b to prototype values, then solving for t leads to,

t =
5.25(0.6)

0.6
= 5.25 and t =

8.75(0.6)

0.6
= 8.75, (5.3)
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the equivalent values of time required for the prototype to complete one period

of each sine wave. In both cases, roll amplitude is equal to that of the full scale

case (17◦ and 19◦ respectively) since the angle travelled can be expressed in

dimensionless radians.

5.2 Initial Simulations

Two sets of partial model simulations were used to initially assess portions

of the dock dynamics. These were built for two purposes: investigate key

unknown aspects of the dynamics early in the project, and also for use as

building blocks in a complete dynamic simulation in the future.

5.2.1 Vertical Pitching and Plunging of a Finite Wing

The first partial simulation constrains a finite wing to the forward motion

of the submarine, but allows it to freely translate along the vertical axis of

the submarine in response to prescribed pitch inputs. The analysis removes

spanwise variability in U, but accounts for added mass and inertial forces

due to pitching. The coefficient model is used to evaluate both forms of lift

and the affects of finite geometry. This analysis was developed before the

augmented recursive EOM, and instead used the non-vectorised, single body

Newton-Euler approach common to hydrodynamic analysis. Because of the
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Figure 5.3: Resultant vertical displacement for a wing in water subjected to
sinusoidal pitch inputs, resulting from different pitch amplitudes, θ0 in rad,
given a frequency ω = 1 rad/s.

motion constraints already described, only the vertical EOM,

mass and added mass︷ ︸︸ ︷
b
[
ζ2π sin2(θ) + π cos2(θ) + 4νζ

] dWw

dt
=

lift and drag forces︷ ︸︸ ︷
4 (fLUw − fDWw)

ρc2U

+
(
1− ζ2

)
q [Ww sin(2θ) + Uw cos(2θ)] πb︸ ︷︷ ︸

centrifugal pitching force

(5.4)

was developed to solve for the vertical displacements in time. Here, ν is a

shape factor for the cross sectional area of the wing, ζ is the thickness to chord

ratio, Uw and Ww are the total inertial velocities of the wing described in

the submarine’s xS and zS axes respectively. Other variables are the same as

described previously. Plots from this model are time variant due to the use of

zero initial conditions.
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Figure 5.4: Angle of attack for a wing in water resulting from different sinu-
soidal pitch amplitudes, θ0 in rad, given a frequency ω = 1 rad/s.

Figure 5.3 shows the vertical displacement resulting from a sinusoidal pitch

input of,

θ(t) = θ0 sin(ωt) (5.5)

q(t) = θ̇(t) = θ0ω cos(ωt) (5.6)

where pitch frequency ω = 2π
Tw

, and the maximum amplitude of pitch oscillation

θ0 was varied between 0.25 and 1 radian (or 15◦ to 60◦). The non-rotational

wing achieves more than the required displacement of 1.2 m in 2.5 s for the

fastest expected wave period of 10 s. Chord was also varied between 0.1m and

1m. A distinct lack of dependence on chord length can be noted from these

results.

The corresponding angle of attack in Figure 5.4 predicts the wing will re-
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(a) (b)

Figure 5.5: The vertical components of non-dimensional forces for high fre-
quency operation, ω = 1 rad/s, of a wing with c = 1 m. (a) θ0 = 1 rad, and
(b) θ0 = 0.25 rad.

main below stall which can occur at α as low as 10◦ or 12◦. Interestingly,

lift produced from angle of attack opposes motion for nearly three quarters of

each period. A non-dimensional break down of forces presented in Figure 5.5

provides an explanation. Centripetal force and SLC lift assist motion due to

wing pitch. The summed total force causes the resulting wing motions. The

difference between Figure 5.5a and 5.5b demonstrates that pitch velocity (via

amplitude change) plays a definitive role in the shape of α by controlling the

amount of plunging the leading edge sees.

Operation in slower waves causes significantly different wing behaviour. It

was important to determine wing behaviour in more benign environments since

they are more likely operating scenarios. Figure 5.6a shows the vertical motion
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(a) (b)

Figure 5.6: (a) Vertical displacement, and (b) angle of attack under long
period waves of ω = 0.4 rad/s for a range of chord lengths and pitch ampli-
tudes.
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(a) (b)

Figure 5.7: The vertical components of non-dimensional forces for a wing
with c = 1 m under long period waves of ω = 0.4 rad/s (a) θ0 = 0.25 rad,
and (b) θ0 = 0.09 rad.

resulting from ω = 0.4 rad/s corresponding to Tw = 15.7 s. Pitch amplitudes

of 0.09, 0.17, and 0.25 rad (or 5◦, 10◦, and 15◦) were analysed. It can be seen

that displacements for given pitch are much larger over the length of the wave

period. However, when analysing displacement for a given time, θ0 = 0.25 rad

results in about 0.4 m of displacement in 3 seconds.

Figure 5.6b shows similar resistance to motion of lift from α, but only for

one half the period. Figure 5.7 shows all forces were reduced as expected

with the lower frequency. But SLC lift was further reduced relative to AOA

lift, causing a reduction in the total lift force. Drag is still an insignificant

contributor to vertical force, and centripetal force is still directly in synch

with pitching motion. As with the high frequency operation, pitch amplitude
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effects the absolute magnitude of force. However, it has no effect on relative

magnitudes of force this time.

The results show that a wing with small chord should have a faster response

(once the assumption of non-quasi steady state lift development is removed)

while maintaining the same motion capabilities of a wing with larger chord.

The limitation in how small the chord can be made will be found in future

structural analysis. Higher A wings are also more flexible by nature, which

will lead to much more challenging control problems. Since accuracy of the

dock is of high priority this fact must not be forgotten in the design phase! The

affects of forward submarine velocity were not examined though. It’s possible

that higher submarine velocities could improve the performance of wings with

larger chord. Care must still be taken to balance the negative affects of low

A.

5.2.2 Finite Wing in Prescribed Rotation

The second initial analysis accounts for rotation, but ignores dynamics and

evaluates the fL and fD distribution model described in Section 4.4.2. A coded

example and results for a tapered wing in flight using the original LLT model

is found on page 196 of Foundations of Aerodynamics [24]. The modified LLT

code developed in this thesis produced identical results to the example when

using the same geometry and fluid characteristics.

Switching to the wing dock geometry, Figure 5.8a shows predictions of the

lift distribution produced at the point of maximum ω2 for the benchmark
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Strip Theory
Modified LLT
LLT

(a)

Strip Theory
Modified LLT
LLT

(b)

Figure 5.8: Results from the lift distribution model for a rectangular wing
with A = 4 in (a) pinned rotation, and (b) level flight conditions.

trajectory combined with a forward submarine velocity of 1 m/s. As expected,

strip theory does not account for the finite geometry effects. Whereas the

standard solution to LLT of finite wings cannot properly reflect the variations

in U under its assumption of rectilinear kinematics. The modified LLT model

developed in this thesis presents a blend of both factors. Figure 5.8b confirms

that modified LLT successfully collapses to the standard symmetric solution

during planar motions. At large A the modified LLT model also converges

with strip theory results for level flight.

5.3 Complete Forward Dynamic Simulation

The results of the two initial investigations showed enough promise that the

wing dock was pursued as a concept for further evaluation. They were pur-
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posefully designed as stepping stones to assist the development of the complete

forward dynamic simulations. The ultimate goal of the forward dynamic sim-

ulation is to behave as a black box within DSA’s high fidelity simulations;

specifically to be able to accept 6 DOF motion from the submarine as input to

the manipulator base, and any field of flow vectors as input along its length,

and then appropriately return the resulting motions and forces produced by

the wing dock. These forces must be provided and accessible to the main

simulation in such a way as to be used for inputs to the other models (the

submarine, flow field, and AUV).

The forward dynamic simulation will be built on the entirety of Chapter 4

with the exception of control theory. The recursive EOM will determine the

inertial forces (including those from added mass), and kinematics will be used

to determine appropriate directions for gravitational and buoyant forces. Kine-

matics of the dock and submarine combined with the unimodal wave model

will determine the vector flow field along the wing (and all other links). The

modified LLT function will then determine distributions of lift and drag.

Unlike the first two simulations, the forward dynamic simulation will have

no artificial motion restrictions and the only prescribed inputs will be the

submarine motion attached to the base frame and the three motorised dock

joints (rotation of joint 1, pitch, and prismatic extension). Wing roll about

joint 2 is freely developed as a result of the simulation dynamics.

The following is a brief summary of the intended flow of the forward dy-

namic simulation:

97



1. Establish the manipulator constants: geometric values for each link,

drag coefficients, added mass coefficients, inertia matrices, a cosine dis-

tribution of k strips of interest for hydrodynamic force calculations.

2. (Extract collected prototype test data for comparison if applicable.)

3. Start time loop.

4. Update all rotation matrices based on Θ(t).

5. Commence the forward velocity solution: i.e., iterate equations (4.11)

and (4.12) for each revolute joint, or equations (4.14) and (4.15) for

prismatic joints

(a) Input the 6x1 vector of submarine velocities (calculated exter-

nally) into the base frame for iteration 1 of equations (4.11) and (4.12),

(b) Input θ̇1 into the second iteration,

(c) Input the same for θ̇2, θ̇ for the next iterations,
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(d) Input ḋ3 to the final iteration using equations (4.11) and (4.12),

(e) Determine linear velocities at the centre of gravity for each link,

equation (4.23) altered to apply to velocity.

6. Calculate hydrodynamic forces:

(a) The forward displacement problem is solved using known joint

positions (inclusive of the submarine’s inertial position and orien-

tation) to determine the location of each link’s k strips of interest

within inertial space.

(b) The Wave model (equations (4.4) and (4.5)) is applied at the in-

ertial location of each strip of interest for each link to determine

the fluid velocity.

(c) The fluid velocity is summed with the link velocity at all k strips

of interest, e.g., 2Sv2(k) = −1
(

2v2(t) + 2ω2(t)× [0,−Y2(k), 0]T
)
.

(d) A magnitude and unit vector for the fluid flow perpendicular to

the link is developed at each strip of interest, ‖U∞i
‖ and Û∞i

re-

spectively.
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(e) For the wing, the unit vector is compared to the chord line to

determine α(k).

(f) Drag for each link is calculated,

e.g., 2fD2(k) = 1
2
ρ2r2‖U∞2(k)‖2cdcylinder

Û∞2dy2(k).

(g) Sum drag into a resulting moment about the CG of each link.

(h) For the wing, the modified LLT function is called with inputs of

velocity distribution, α distribution, and θ2(t) (the final parame-

ter being used as part of the instantaneous rotation point for SLC

lift within the rotating testing tank. This calculation will need

to become more generalised for the full dock simulations). The

function basically follows equations (4.52) through (4.62) in or-

der to solve equations (4.50) and (4.51), thus producing outputs

of the distribution of total lift (incidence and SLC), and distribu-

tion of induced drag (form drag is added through equation (4.43)).

(i) Align the lift and drag distribution forces using the established

unit vectors for the wing (perpendicular and parallel to relative

velocity).
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(j) Sum lift and drag into resulting moments about the CG of the

wing.

(k) Calculate resulting force and moments for added mass for each

link based on equations (4.68) through (4.73) using accelerations

and velocities from the previous time step.

(l) Calculate buoyancy forces for each link.

(m) Calculate any resulting moment about the link CG from the buoy-

ancy force acting at the CB.

(n) All hydrodynamic forces and moments are summed about the CG

into fhi and nhi for each link.

7. Use all the now known joint positions and velocities, frame velocities,

inertia matrices, hydrodynamic forces and moments, gravitational and

buoyancy forces to solve the M , V , Fh, and G matrices of the closed

form solution to the forward and inverse dynamics equations, equa-

tions (4.37) and (4.36) respectively.

8. Calculate the inverse dynamics to determine the required torque to
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hold joint 1 constant by using row 1 of equation (4.36) with θ1 = −90◦

and θ̇1 = θ̈1 = 0. This was mostly used for emulating the prototype. In

the general simulation the value of τ1 will be supplied by the controller

or a brake.

9. Invert the mass matrix and subtract all forces to calculate the joint

accelerations through the forward dynamics, equation (4.37).

10. Integrate the accelerations over one time step to obtain the joint veloc-

ities for the next time step, equation (4.38).

11. Integrate the joint velocities to obtain the joint positions for the next

time step, equation (4.39)

12. Insert the now known joint accelerations into the forward acceleration

equations (4.18) and (4.21) (or equations (4.20) and (4.22) for prismatic

joints). Iterate through each link and solve for the acceleration at each

CG (equation (4.23)) to be used in the added inertia force and moment

calculations for the next time step.

13. The position of the submarine, wave train, and other models are up-
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dated externally.

14. One time step is taken.

15. Continue iterations until the simulation is over. (Compare motion re-

sults to collected data if applicable.)

In essence, the simulation will become the plant with which to develop and

tune control laws. Control tuning by model is very beneficial and important

as described in Section 4.6. Use of an analytical model has immense benefits

over an empirical model for design development stages of a project. They

are easily updated to reflect design changes, cheaply investigate merits of new

ideas, or optimise established ones. Empirical data is generally best for control

tuning on the final as-built device when maximum performance is required.

In this case, the analytical model is built on several modified theories with

no previous validation. For this reason, a critical step will be to validate the

analytical model by matching its predictions to empirical data collected from

a physical prototype.
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Chapter 6

Actively Pitched Wing

Prototype

A physical prototype is a critical step in validating the dynamic models because

there are so many new modifications made to standard theory that have not

been validated in other work. Accurate modelling and development of active

pitch control and constrained roll of a wing were the largest unknowns in this

thesis. To simplify development and construction of the prototype, while still

maintaining fidelity in these areas, the prototype only incorporates active pitch

control of the wing, and passive wing roll about joint 2. It does not include

the prismatic actuator, end effector, or deployment joint 1.

The specific objectives of small scale prototype testing were to:

• collect empirical data for:

– validation of the modified LLT model,
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– validation of the complete forward dynamic simulation code under

steady state submarine motion,

– initial investigations of wing performance under unsteady subma-

rine velocity,

– initial investigations into extreme wing conditions such as stall,

– future validations of complex wing motion scenarios, such as si-

nusoidal and multi-step pitch testing,

• allow testing of a controller to be done in parallel with model develop-

ment and validation,

• validate the use of MPC as a viable control law for real-time motion

control of the wing dock.

6.1 Prototype and Apparatus Description

Testing took place on a rotating arm at DRDC’s facility in Halifax, NS. Fig-

ure 6.1 shows an image and schematic of the prototype testing apparatus de-

signed and constructed by several DRDC technicians and engineers. The ro-

tation of the testing apparatus adds direction biasing, dependence on initial

position for prototype response, and a relatively small but unknown degree

of onset fluid disturbance. This complicates the use of collected data in val-

idating the dynamic model. However, it allows for a direct validation of the
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(a) (b)

Figure 6.1: (a) A split view of the prototype testing apparatus as viewed
from outside the tank. The top view is prior to adding the camera pole and
table, the bottom view shows the table and equipment. (b) A model showing
the prototype connected to the testing apparatus (the table and drive motor
are neglected).
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model under a more complex set of input conditions, as well as continuous data

collection instead of the stop-and-go nature of straight line tow tanks.

The apparatus is mounted across the opening of the tank using a hollow

rectangular steel beam. Thrust bearings hold a shaft in the centre of the rect-

angular beam, and a timing belt sheave connects the shaft to a drive motor and

gear box mounted at one end of the beam as shown in the top of Figure 6.1a.

The bottom of the shaft is attached to the centre of a 4 m long square-section

beam. The beam sits just above the water level to rotate in air. At one end

of the beam, a vertical strut extends slightly less than 1 m into the water. A

bevelled front and tapered trailing edge help reduce the drag of the strut. The

prototype is bolted to a flat plate welded horizontally to the bottom of the

strut. All velocities in reference to the test rig are tangential velocities at this

location. Directly above the strut, on top of the square beam is a clamp to hold

a circular tube perpendicular to the beam. About 2 m behind the prototype

the tube makes a 90◦ bend into the water and a camera is mounted at the

bottom of the tube where it has a full view of the prototype.

The actual prototype of a pitching and rotating wing section was created

by a previous UNB Senior Design team [3]. Figure 6.2 shows many of the

functional components of the prototype including the updates made by DRDC

technicians for this thesis. Figure 6.3 shows nomenclature of a pitch step test,

and a force balance diagram which will be discussed in detail in Chapter 7.

The prototype has no radial actuation and is only representative of the passive

rotational joint, θ2, and active pitch, θ. The deployment motion of θ1 is locked
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Figure 6.3: A rear view of the prototype demonstrating a negative pitch step
leading to negative roll. A force diagram is included. The black version of
the prototype (7 O’clock) depicts the initial location (θ̊2), and the orange
version of the prototype (nearly 9 O’clock) depicts the final location (θ̄2).
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in place. Two “roll” bearings mounted to the base of the vertical strut allow the

wing to freely rotate in response to hydrodynamic forces (joint 2, corresponding

to θ2). Two “pitch” bearings are mounted on a plate perpendicular to the roll

shaft (θ). Everything attached to this plate is considered to be part of the

“free rolling frame” (FRF) since it moves with the wing. The wing shaft runs

through the pitch bearings and is mounted to the wing on one side and directly

driven by a small servo on the other. Midway between the pitch bearings, a

pulley and timing belt connect the wing shaft directly to the pitch shaft in a

1:1 ratio. This shaft is monitored by a magnet and sensor with a 180◦ range.

Pitch is actuated by the servo motor causing the wing and FRF to rotate freely

on the set of roll bearings. The rotation is measured by a magnetic sensor with

a 360◦ range mounted on the end of the roll shaft. A shaped block of water-

density foam was added to the front of the FRF to attempt to reduce the drag

seen on the test rig motor. The plastic, rectangular wing has a 60 cm span and

12.5 cm chord with a NACA0020 cross section. A combination of internal air

pockets and flooded chambers were intended to produce a neutrally buoyant

object. A small pitching moment is present in the final device when submerged,

but overall the wing is nearly neutrally buoyant. However, when counting the

steel shaft extending from the root of the wing and the FRF components, the

overall design is heavier than water and the wing is not balanced about the roll

shaft. Therefore, the wing always returns to 0◦ of roll (the vertical position)

under zero flow conditions.

Figure 6.4 shows the tensioning cables used for force testing. A small bar
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Figure 6.4: Tensioning cables for force testing of prototype.

with eyelets on each end was welded to the FRF of the prototype. Cables

attached through the eyelets were anchored at ratchets located on the test rig

rotating arm (circled in red). Tensioning each cable by differing amounts held

the wing at a desired angle and prevented it from rolling. The setup was only

able to hold the wing within ±30◦ of roll. Beyond this one of the two cables

would pass through a singularity and not be able to provide sufficient tension.

Strain gauges mounted on the wing shaft just below the pitch bearings mea-

sured the developed moments from hydrodynamic, inertial, and gravitational

forces produced by different pitch and roll combinations. The four gauges were

mounted in two half bridge circuits, one for each body axis of the wing. The

gauges had nominal resistance of 350Ω±0.3% and a gauge factor of 2.150±0.5%

at 24◦C.
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All instrumentation wiring was fed from the prototype through a hole in

the mounting plate, and along the hollow strut, square beam, and the main

shaft. The camera cable follows the bent tube until entering the square beam.

At the top of the main shaft, above the sheave, sits a table which rotates

with the shaft. This keeps the wiring in the main shaft stationary relative

to the measurement equipment stored on the table, and allows for continuous

rotation of the apparatus without twisting the wires. A slip ring is mounted to

the shaft to allow a stationary extension cord from the room to provide external

power to the instruments on the table, also without twisting during continuous

operation (a slip ring is a speciality bearing that can transmit electrical power

from its revolving ring to its stationary one).

Figure 6.5 shows a schematic of the equipment used. External power from

the slip ring was distributed to a laptop, power supply, DAQ, and hardware

amplifiers. The amplifiers provided excitation, balancing, and amplification

of the two half-bridge strain gauge circuits before sending the signals to the

DAQ. The NI USB-6341 DAQ directly excited and monitored the two magnetic

angle sensors measuring pitch and roll. The pitch servo was also controlled

through one of the DAQ’s PWM circuits, but powered by the bench-top power

supply since the current capabilities of the DAQ were too limiting for proper

function. The power supply also provided 12 VDC to the camera. The camera’s

decoding box and the DAQ were each attached to the laptop via USB. A

LabWindowsTM/CVI program and GUI were developed to control the DAQ

and carry out the tests. Software from Sensoray handled the video streaming
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Figure 6.6: Overhead view of table and inertial frames for the prototype.

and recording separately from the CVI GUI. A pair of LEDs controlled by the

DAQ were used to synchronise the data recording with the video recording.

A remote desktop connection over wireless LAN allowed continuous operator

control of the testing from a stationary computer outside the tank.

6.2 DH Description

Table 4.2 lists the DH parameters of the complete 3 DOF dock attached to

the submarine. All frames on the prototype remained the same as those on

the dock. However, θ1 remained locked at 90◦, and d3 remained fixed at the

value of the prototype wing span with zero mass and inertia for the end effector.

Figure 6.6 shows how the frames describing the submarine were altered to suite

the description of the testing rig. The submarine frame turned into the Table

frame (T ) and was positioned at the centre of the rotating test rig arm. The

X̂T axis was fixed to the rotating arm pointing towards the origin of frame 0.
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The inertial frame was fixed in space with its origin coincident with that of

frame T such that θT tracked the rotation of the test rig arm. The tangential

velocity seen by the wing base frame,

UT = 2θ̇T , (6.1)

is equal to the table rotation velocity times the radius of the arm. UT was

measured via motor rpm and gear ratios, then verified by timing several table

rotations.

This situation transformation demonstrates the advantage of using the DH

convention in dynamic analysis. Despite the frame changes and additions,

the dynamic model stayed the same and no additional processing time was

incurred. New DH values were measured, and everything else carried through

the recursive calculations.

6.3 Deviations from Ideal Performance

A number of deficiencies exist in the physical prototype which detract from its

theoretical performance. Small amounts of friction in the bearings and stiffness

of the multitude of cables strung between moving joints present resistance and

damping to roll. Surface roughness of the 3D printing process detracts from

theoretical lift predictions, and increases viscous drag force. There is also a

small bow in the wing along the span. As well as a small twist along the span.
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Instead of being neutrally buoyant the prototype is slightly negatively buoyant.

External to the prototype itself, there is also a complex flow field. Large

triangular blocks are irregularly stacked around the entire tank wall to act as

anechoic tiles for sonar testing. Unsteady vorticies are also shed by the wing

after each change in pitch. The fluid is also stirred into a steady state flow from

the wing continuously revolving around the tank. This reduces the U velocity

seen by the wing itself. Visual measurements of surface bubbles flowing past

the vertical strut after shutting the test rig down indicate that the fluid velocity

near the wing radius is somewhere slightly above 0.03 m/s. The prototype only

achieves consistent response behaviour after about 15 minutes of stirring the

tank at UT = 0.6 m/s. All of these flow effects are ignored for the purpose of

this thesis. The fluid is assumed stationary and the only velocity seen by the

wing is a result of its own motion.

6.4 Characterisation Tests

A variety of tests were conducted in the rotating tank to capture the static

and dynamic properties of the wing. These tests will be used as benchmarks

to ensure the forward dynamic simulation code captures all the pertinent be-

haviour of the wing dock under normal and extreme operating conditions. The

following chapters of this thesis examine a few of these tests in more detail.

The full list of all recorded test conditions can be found in Appendix A.
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6.4.1 Sine Wave Testing

Sinusoidal pitching inputs were tested, and the free roll response was recorded

in time. A variety of pitch amplitudes were tested ranging from 5◦ to 30◦, with

a range of periods corresponding to the expected wave periods in the open

North Atlantic up to sea state 6. Due to the centrifugal biasing, initial roll

locations were chosen by trial and error to achieve roll responses which were

reasonably centred in the tank over the duration of each test.

Free response sine wave data was collected in November of 2012 using a

less sophisticated data acquisition setup than described in Chapter 6. An 8

bit ADC was used so the plots are of poor quality. Most of the FRF was not

present in this early setup.

6.4.2 Pitch Step Testing

Steps in pitch value were input to the prototype and the free roll response was

recorded. Single and multi-step profiles were conducted for a variety of initial

conditions. Single step tests are analysed in great detail in Chapter 8 for the

development of a motion controller.

6.4.3 Force Testing

Cables held the wing in a constant roll position and allowed strains to develop

across the strain gauges described earlier. Voltage outputs for a variety of

static pitch values were collected for a given value of roll before locking the
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wing in a new position. Results of these tests are investigated in Chapter 7.

The objective was to validate the modified LLT model by removing as many

dynamic factors as possible. Isolating force contributions of the model had

limited success in the rotating tank with the current roll locking mechanism.

6.4.4 Velocity Testing

Step tests and sine wave testing were performed at a variety of velocities.

Most prominently 0.6 m/s and 0.3 m/s. But 0.4 m/s, 0.8 m/s, and even a

few tests at 1 m/s were conducted. There was little time for analysis of these

tests, but subjective observations show the wing to behave as expected under

velocity changes. Slower velocity prevents runaway tests, and elicits much

slower roll response. Fast velocities allow much greater forces to be developed

and therefore faster responses.

6.4.5 Stall Characterisation

Some step tests conducted in UT = 0.3 m/s produced behaviour that could

reasonably be labelled as something akin to a stall. For aggressive steps in

pitch from a given value of θ̊2, the wing seemed to have substantial momentum

to carry it to a large roll magnitude before “stalling” and rapidly dropping back

towards θ2 = 0◦. The wing would settle at some value of θ̄2 and stay there.

Less aggressive pitch steps from the same θ̊2 brought the wing to a smaller peak

roll before “stalling” and dropping back towards θ2 == 0◦. But this time only
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a small drop in roll would occur before the wing would slow down, and then

gradually climb again back to the same peak roll before once again “stalling.”

This loop repeated for as long as the test conditions were held (upwards of 20

minutes in one case). Analysis of the exact physics behind this behaviour were

not conducted due to time constraints, but the behaviour was quite repeatable

under given conditions.

6.4.6 Controller Testing

Chapter 8 also describes controller testing in detail. Several step tests of com-

manded roll were performed where the trajectory was compared to the re-

sulting roll with control of pitch entirely up to the MPC. Further testing was

conducted under a variety of tuning values to replicate the benchmark end

effector trajectory developed in Chapter 5.
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Chapter 7

Hydrodynamic Analysis of the

Prototype

Force testing was intended to help validate the model calculating hydrodynamic

forces – particularly the distribution of fL and fD as this is a unique model.

Only steady state forces were examined. This simplified the dynamics and

made direct case comparisons more accurate. It also removes any deadbands

in force development that could be present in a dynamic pitching analysis due

to elasticity in the roll-arresting cables.

Since the required modifications to the recursive EOM were not complete by

the time prototype testing was being prepared, a more traditional and geomet-

ric approach had to be taken to establishing force magnitudes and directions.
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7.1 Geometric Force Characterisation

Figure 6.3 shows the steady state forces acting on the prototype. Lift, drag

(induced and form), SLC lift, as well as centrifugal, inertial, gravitational,

buoyant forces, and a few forces relating to added mass are acting on the pro-

totype during steady state. In transient motion centripetal and more complex

added mass related forces also come into play. Naturally, there is also some

friction in the bearings and cables. Though given the repeatability of reaching

steady state roll from different directions for a given final pitch, the effects of

these resistances were considered negligible.

Only one location each is shown for the CG and Centre of Buoyancy (CB)

for the entire prototype because the analysis in this chapter was conducted

prior to the final establishment of the DH aligned frame (frame θ shown in

Figure 4.3). The establishment of this frame allowed partitioning of forces

between the wing and the FRF. Because the wing is neutrally buoyant its own

CG and CB are coincident. Also since the distance along the chord between

that location and the origin of frame θ is so small, it can be assumed zero

for analysis. These facts and assumptions immensely simplify inertia tensors,

added mass calculations, and hydrodynamic moment calculations nh. The more

complicated and less automated equations required in this Chapter without

frame θ were a major driver to making that improvement for the full forward

dynamic simulations.

Buoyant forces and added mass act through the CB. The prototype wing

121



contains several internal voids attempting to achieve neutral buoyancy. To

calculate the CG these voids were filled with water to determine final wing

weight. Other components such as the servo and bearings were weighed on

a scale. Locations of each object were measured relative to the pivot point.

A free body diagram places an unknown reaction load at the wing tip which

would be required to balance the wing in air at θ2 = 90◦. A moment summation

of all the components was then balanced against the reaction load at known

distance, resulting in the reaction load

FR =

∑
M |pivot

−0.805[m]
= −1.084[kg]. (7.1)

With a total link two mass of 5.928 kg, the CG (YCG) is located at

∑
M |pivot = YCG5.928[kg]− 0.805[m]FR = 0 (7.2)

YCG =
0.805[m]FR
5.928[kg]

= −0.155[m] (7.3)

from the origin of link two.

The CB is based on the centre of volume of link two. Each component’s

volume is calculated along with its geometric centroid. Complex components

such as bearings were submerged in beakers of water to determine volume.

The amalgamated centroid of link 2 is determined for each axis by a weighted

summation,

Y2 =

n∑
i=1

Y2i∀i

∀total

(7.4)
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where the axis of interest is Y2 and i represents each of the n individual geo-

metric components of link 2, and ∀i represents each component’s volume. The

total volume of link 2 was 2.2 × 10−3 m3. The location of the prototype CB

(YCB) was -0.286 m from the origin of frame 2.

Despite the moment arm of YCB being larger than YCG, the prototype always

returned to θ2 = 0 in no flow. Confirming that the moment balance,

∑
M |pivot = 5.928gYCG sin(θ2)− ρwater∀totalgYCB sin(θ2) (7.5)

correctly results in a restoring moment towards θ2 = 0◦ even when θ2 = ±90◦

is a good validity check.

Lift, SLC lift, form drag, and induced drag are calculated along the wing

span using the modified LLT model described in Section 4.4.2. The forces are

then summed vectorally into the contribution to fh2 acting at each location

of interest, k. The moment caused by each local fh2 was summed about the

location of the strain gauges. For these tests all forces acting on the shaft and

frame above the gauges were not accounted for because the cables locked out

roll.

Calculations for forces and moments from added mass were simplified due to

the ostensibly static nature of the force testing (fixed roll and pitch) excluding

angular accelerations. Only contributions from the coefficients of added mass

for linear accelerations (equations (4.63) and (4.64)) were included since these

are by far the largest remaining factors. And because the roll and pitch values
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used in the tests were relatively small, the velocity breakdown was calculated as

though θ2 = θ = 0◦ for further simplicity. Nθ was ignored entirely since it would

have very minimal effect on the strain gauges. This left only Xθ and Yθ which

were calculated in a strip theory fashion along each of the same k locations

of interest as fh2 . Their resulting moments applied to the strain gauges were

also summed. In the forward dynamic simulation, an accurate breakdown of

velocities and accelerations as θ2 and θ are altered is automatically completed,

making it easy to incorporate the full added mass model for greater accuracy.

7.2 Design and Calibration

Table 7.1 is a summary of the intended force measurement tests and their role

in validating portions of the hydrodynamic model. The strain gauge sealant

leaked before row one tests could be completed. Row three was a success, and

the results will be presented. Row two was attempted, but the elasticity in

the roll-arresting cables under load prevented the prototype from being fixed

at θ2 = 0◦. The cable setup was also limited to θ2 ≈ ±30◦ before running

into a singularity past which the cables could not provide tension. Future

apparatus should be redesigned with the ability to lock the wing rigidly and

with a range of ±90◦ of roll. Collecting data at ±90◦ would eliminate all

SLC lift, all added mass affecting the strain gauges (only Zθ and Nθ would

remain), and all moments on the strain gauges caused by centrifugal force.

Direct measurement of lift and drag forces are much easier since gravity and
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Table 7.1: Intended force testing scenarios

Test
Validation Purpose

θ2 θ UT

0 θL0 vary verify centrifugal force, added mass, and SLC lift
0 vary fixed verify fL and fD models under uniform velocity

vary vary fixed asymmetric distribution of forces

buoyancy are fairly easy to accurately account for. By extension, added mass

and SLC measurements at other roll angles become much more accurate.

Code was used to predict the stress on the shaft and strain measured by

the gauges for expected test conditions of UT , θ, and θ2. The objective was

to find an appropriate size to square the shaft to – striking a balance between

preventing shaft yield while still providing a readable signal for the gauges to

measure without too much amplification. The modified LLT model, centrifugal

force, and force due to added mass were accounted for. To be conservative,

SLC lift and all forces acting on the portion of the FRF above the pivot point

were neglected as these reduce the loading on the shaft. The shaft was milled

to a square cross section with 0.01 m sides aligned to the wing body-axes at

-0.135m (or 6.5cm above the wing root).

Figure 7.1 shows the bench calibration of the strain gauges to confirm these

values and assign associated voltages to the maximum allowable conditions.

The wing was locked vertically in a vice to remove gravitational moments.

String from a bolt in the wing tip was strung through a pulley and had masses

hung from it. The wing was pitched to provide different off-axis loading relative

125



Figure 7.1: Strain gauge calibration.
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to the stationary weight location. In each direction measurements were taken

for the loading and unloading of five separate masses in order to asses any

hysteresis (there was effectively none). Care was taken to ensure the pulley

friction did not prevent proper loading. The applied moment,

Mapplied = mjgYgauge (7.6)

was calculated using the applied mass, mj in kg, and gravitation acceleration

multiplied by the distance between the wing tip and strain gauges, Ygauge. The

pitch angle, θ, is used to describe this moment within the body-axes of the

gauges,

M̆G = Mapplied sin(θ) (7.7)

K̆G = −Mapplied cos(θ) (7.8)

where the superscript [ ˘ ] denotes a body-axes variable, with M̆G being a mo-

ment about the ŶG axis and K̆G being the moment about the X̂G axis. Here,

frame G is a frame with its origin located at the strain gauges, and the same

orientation as frame θ in Figure 4.3. The original calculations were completed

in the orientation of frame 2 (frame θ didn’t exist as explained earlier), but

for more convenient future comparisons and hopefully less confusion, the cal-

culations have been re-expressed here in the orientation of frame θ. The use of

sin and cos is dictated by the fact that the load is applied directly behind the
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wing when θ = 0◦. This lead to expected output voltages of

V̆OX =
GF

2

M̆Gz

2EsteelIX
GXVs (7.9)

V̆OY =
GF

2

K̆Gx

2EsteelIY
GY Vs (7.10)

for the body-axes of frame G. Here, GF is the gauge factor of 2.15, z and x

are the equal lengths of the 0.01 m square cross section at the gauges, meaning

that the moments of inertia for each axes IX = IY ≡ I = 8.3e−10 m4. Finally,

the Young’s Modulus of steel, Esteel, is 200 GPa, the channel amplifications

GX = GY = 500, and the excitation voltage, Vs is 10 V. The stress in each

body-axes can also be calculated from the moment as

σ̆X =
zM̆G

2I
(7.11)

with the equivalent equation for the ŶG body-axis. Strain at the gauges was

then calculated either by stress (for model predictions) or voltage (for data

collection)

ε̆X =
σ̆X
Esteel

= −2V̆OX
GF

(
1 +

Ωlead

Ωgauge

)
(7.12)

where Ω represents the resistance of the leads (0 ohms) and strain gauges

(350 ohms). These calculations confirmed that the expected and applied strains

were well below the strain limits of the gauges. So safety factors were calculated

based on a superposition of stress in the two body-axes compare to the yield

stress of steel, σmax = 250 MPa. Maintaining a minimum safety factor of 2 lead
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to a maximum allowable single axis load of 3.150 kg (at the wing tip) giving a

20.7 Nm moment, or roughly 3.379 V. Final calibration curves were quite close

to the theoretical slope of 0.1613 V/Nm. For the X̂G body-axis

V̆OX = 0.1560M̆G + VXoffset
(7.13)

with r squared value above 0.99, and

V̆OY = 0.1523K̆G + VYoffset
(7.14)

for the ŶG body-axis with equally as good of a fit. Offset voltage (VXoffset
) was

dependant on the amplifier circuit tuning. The circuits were observed to very

reliably drift by 0.0003 V/min on the X̂G body-axis, and -0.0003 V/min on

the ŶG body-axis. Datum measurements and times were marked periodically

during prototype testing as the circuits drifted away from zero offset.

7.3 Test Results

Collected force data was compared to the hydrodynamic models developed in

Section 4.4. Both forms of lift, drag, centrifugal force, and a simplified strip-

theory model of added mass were calculated based on UT , θ, and the average θ2

value over each test. Based off UT and average θ2, local free stream velocity was

deduced. Figure 7.2 shows the conversion between fluid-axes and body-axes of

the strain gauges required to make a comparison. Angle β is the arctangent
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Figure 7.2: Conversion between fluid-axes and body-axes (top view).

between drag and lift. Followed by

ψ = sign(fL)90◦ − α + β
180◦

π
(7.15)

where the sign of lift was calculated at the centre of the wing span. This was

valid for all cases tested since θ2 was small and θ̇2 = 0. Also, under these

conditions α ≡ θ was used for simplicity. Total fluid force magnitude,

fh =
√
f 2
D + f 2

L (7.16)

is then divided into body normal and body axial forces

X̆G = fh sin(ψ π
180◦

) (7.17)

Y̆G = fh cos(ψ π
180◦

) (7.18)

via ψ.
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Once all forces were converted (including centrifugal and force due to added

mass), moments applied to the strain gauge body-axes were summed as MGcalc

for lift and KGcalc
for drag. Predicted voltages could then be calculated through

equations (7.9) and (7.10) by substituting moments. Whereas the moment

directly measured by the gauges was calculated by rearranging equations (7.13)

and (7.14) and accounting for amplifier drift

M̆G =
1

0.1560

[
V̄OL − (VXoffset

+ 0.0003Dt)
]

(7.19)

K̆G =
1

0.1523

[
V̄OD − (VYoffset

− 0.0003Dt)
]

(7.20)

where V̄OL is the average of the recorded voltage for the lift body-axis over the

test, and Dt is the time since the previous datum voltage VXoffset
was taken. Fig-

ure 7.3 shows example results of tank testing at UT = 0.6 m/s and θ2 = −20◦.

Body-axes moments, M̆G and K̆G, are plotted against various values of θ. The

cyan lines denoting amplifier drift calculations are based off equations (7.19)

and (7.20), whereas the blue direct measurements do not account for amplifier

drift. Strip theory results included centrifugal forces and force due to added

mass in the assessment of body-axes moment. The body normal and body

axial readings from the sensors both seem to note some sort of stall or other

deviation from the model predictions between -10 and -15 degrees, and between

15 and 20 degrees. This is within reason for a NACA0020 airfoil. Particularly

in the body normal plot, the modified LLT model is noted to have a much

closer slope to the measured data (inside of stall) than strip theory. Strip the-
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(a) (b)

Figure 7.3: Measured and predicted body-axis moments vs pitch for UT = 0.6
m/s, θ2 = −20◦ and α = θ. (a) M̆G moments due to body normal forces, (b)
K̆G moments due to body axial forces.

ory is observed to produce zero moment in both axes at θ = 0◦ as expected.

Conversely, modified LLT predicts moment being produced at 0 degrees angle

of attack, which makes sense because it accounts for streamline curvature lift

as a cambre. Though it doesn’t predict the magnitude correctly. The LLT

results are also asymmetric similar to the measured data. This trend is more

obvious in the drag plot.

An experiment shown in Figure 7.4, sets α = θ−2◦ for both hydrodynamic

models. This results in body normal force predictions from the modified LLT

lining up exactly with the collected data. Body axial forces are still fairly far

off. Strip theory, as expected, now produces zero lift at the new zero point

of θ = 2◦. Analysing the results for average θ2 ≈ 0◦ (as close as could be
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(a) (b)

Figure 7.4: Measured and predicted body-axis moments vs pitch for UT = 0.6
m/s, θ2 = −20◦ and α = θ−2◦. (a) M̆G moments due to body normal forces,
(b) K̆G moments due to body axial forces.

obtained), and performing the same experiment as before leads to α = θ − 4◦

to align the modified LLT M̆G results with the measured ones (Figure 7.5).

Similar observations of the relative slopes for the two models in M̆G can be

made as for θ2 = −20◦. Body axial forces producing K̆G are much more

complex in this position, and the models are just as far off the measured values

as before. When θ 6= 0◦ an additional Xu̇ term appears in YG. With Xu̇ being

the dominant added mass coefficient by far, this would result in significant

forces not included in the two models for this analysis. At θ2 = 0◦ the full

affect of this appears in the results.

As mentioned in Chapter 6, the wing has a small twist and bend along

its span. This could easily account for a consistent sum difference of M̆G for
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(a) (b)

Figure 7.5: Measured and predicted body-axis moments vs pitch for UT = 0.6
m/s, θ2 = 0◦ and α = θ − 4◦. (a) M̆G moments due to body normal forces,
(b) K̆G moments due to body axial forces.

each given θ2. The fact that greater roll decreases this affect also makes sense.

More data exists, but has not been post-processed to a condition where the

Matlab scripts can analyse it. Examining a position of positive roll in the

future could be useful in confirming or denying this hypothesis. Improving

the velocity calculations for variation of θ would also produce a much more

accurate K̆G model. This ability is directly encoded in the forward dynamic

simulation code, and reproducing these results could be a good intermediate

validation point for the code. It is also likely that the viscous drag coefficients

for the 3D printed surface are not correct.

Overall, the results in this chapter seem to confirm the hydrodynamic force

model is of reasonable magnitude and (within stall) it follows the correct be-
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haviour trends, particularly in body normal forces. There are some offsets that

need to be addressed for better simulation, and a stall model could be use-

ful. In all, the modified LLT model shows promise for future work and should

contribute to good simulations.
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Chapter 8

Predictive Control of the

Prototype

8.1 Plant Identification

8.1.1 Testing Methods

This thesis used a common technique for identifying plant characteristics,

known as the step test. The input value, pitch in this case, is held constant

until the output, roll, is also in an initial constant steady state condition, θ̊2

(as shown in Figure 6.3). Then at time t = 0 the value of pitch is suddenly

changed (or stepped) to a new value. The new value of pitch is held constant

for the remainder of the test, and the resulting free response of roll is observed

and recorded until it reaches a new steady state, θ̄2. In both cases, “steady
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Table 8.1: Pitch step testing summary of tests used for controller develop-
ment. Tests denoted with ∗ were runaways, and not included in developing
trend lines.

q [◦/s] UT [m/s] θ̊2 [◦] ∆θ [◦]

60◦/s 0.6 m/s

−80◦ 6
−20◦ -1, 1
−10◦ -5, -4, -3, -2, -1, 1, 2, 3, 4∗

0◦ -8∗, -7∗, -6, -5, -4, -3, -2, -1, 1, 2, 3, 4∗, 5∗, 6∗

10◦ -6, -5, -4, -3, -2, -1, 1, 2, 3∗

20◦ -2, -1, 1, 2∗

40◦ -2∗

50◦ -4

state” is used to describe an average roll value with minor ±2◦ fluctuations

from fluid turbulence as the wing continues to pass through the same locations

in the tank.

A large number of step tests were performed to observe the effect of several

variables on the output roll response. Figure 8.1 shows a typical step response,

and Table 8.1 summarizes the range of pitch step magnitudes, starting roll

locations, forward velocities, and pitch velocities which were employed for con-

troller development. Appendix A contains a complete list and brief description

of all tests performed on the prototype. Results and data have been forwarded

to UNB (Fredericton) and DRDC (Halifax). Pitch velocity, q, is the rate at

which a pitch step is executed. For controller development, only q = 60◦/s and

UT = 0.6 m/s were analysed. More data was collected for a range of UT from

0.3 m/s, 0.4 m/s, and 1 m/s, which could allow for more sophisticated plant

models and controllers to be developed in the future.
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Figure 8.1: Typical prototype step response. Pitch is stepped at t = 0. The
average roll values used for θ̊2 and θ̄2 are shown as two dashed red lines.
UT = 0.6 m/s, θ̊2 ≈ 0◦, and ∆θ = −4.1◦.

Occasionally, the wing did not reach a steady state roll before the pitch was

manually overridden for safety. This phenomena occurred almost exclusively

during positive step tests (see Figure 6.3 for sign conventions). These runaway

tests are explained by several factors. At higher absolute values of θ2 the rolling

moment applied by centrifugal force diminishes. At the same time, the cor-

rective rolling moment applied by gravity is increasing. A given value of pitch

should produce a nearly constant rotational force. If it can provide enough mo-

ment to overcome the moment by gravity then the result is a runaway test in

either roll direction. The directional biasing comes from several other factors.

Centrifugal force diminishes as the wing rolls towards the centre of the tank,

resulting in a greater net rolling force for a given pitch the further the wing

138



Table 8.2: Specific pitch testing where target pitch values were reached after
performing random multi-step profiles, and the resulting steady state roll
was recorded. Each test was performed a minimum of three times.

Target θ [◦] -3 1 2 3 4 5 6

Average θ̄2 [◦] -86.67 -34.67 -24 -12 2.67 12.67 29
Standard Deviation [◦] 0.94 0.47 0 0 0.94 0.94 0.82

rolls up to θ2 = 90◦. Above θ2 = 90◦ centrifugal force begins increasing in the

direction assisting roll – further accelerating the runaway. Also, because pitch

is held constant during step testing, SLC lift always points towards the centre

of the tank. And as radius to the centre of rotation decreases, the magnitude

of SLC lift increases – though its roll moment decreases like that of centrifugal

force. But the initial bias in pitch has perhaps the largest biasing effect. To

hold θ̊2 = 0◦ initial pitch is 3.8◦. This means that a pitch step in the positive

direction will give the wing a higher angle of attack than the same step in the

negative direction. This provides more net rotational moment in the positive

direction as both the force and moment from centrifugal force are reduced.

This is why runaway roll in the negative direction requires a much larger pitch

step. For analysis purposes, runaway tests assumed θ̄2 was reached at ±90◦ as

appropriate. This mainly altered the analysis of time constants. For simplic-

ity, these tests were not included in the trend line analysis since unstable roll

regions would be avoided by the prototype.

In addition to simple step tests, two other sets of testing were used to

identify plant characteristics. The first tried to achieve a given steady state
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Table 8.3: Target roll testing where specific steady state roll values were
targeted and reached from different initial roll locations. The required final
value of pitch was recorded. Each test was performed a minimum of three
times.

Target θ̄2 [◦] -80 -70 -60 -50 -40 -30 -20 -10
Average Required θ [◦] -2.7 -2.17 -1.5 -0.5 0.5 1.4 2.28 3.18
Standard Deviation [◦] 0 0.05 0 0 0 0.07 0.07 0.04

Target θ̄2 [◦] 0 10 20 30 40 50
Average Required θ [◦] 3.83 4.65 5.33 5.97 6.55 6.73
Standard Deviation [◦] 0.05 0.05 0.04 0.05 0.05 0.04

roll from multiple starting roll locations. The same pitch value was always

required to reach a chosen steady state roll. The second test settled to a

chosen pitch value after performing a mixture of multi-step profiles. The same

steady state roll was always achieved for a given final pitch value, no matter

the number, size, or direction of steps to reach that pitch. Table 8.2 lists the

mean and standard deviation of θ̄2 for each target pitch value, and Table 8.3

lists the mean and standard deviation of required pitch to achieve each target

θ̄2. All tests were carried out a minimum of three times from separate starting

points; often significantly more in the process of setting up for other step tests.

The maximum standard deviation of all cases is 0.94◦. These results confirm

that steady state roll is a static force balance problem.

The range of recorded values in these two test sets was bounded by runaway

tests in both directions. The stable edges just before runaway are clearly
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Figure 8.2: Cubic fit to steady state roll plotted against pitch.

highlighted in Figure 8.2. The excellent fit of the cubic trend,

θ̄2 = 0.13θ3 − 0.51θ2 + 10.97θ − 43.91, (8.1)

allows accurate prediction of the stable limits of pitch. Extrapolations be-

yond recorded values give an effective enough simulation that a controller can

be well tuned. Figure 8.2 also shows a clearly linear region with a slope of

approximately 13◦ of roll for 1◦ of pitch.

8.1.2 Model Development

Autoregressive (AR) models were used to analyse the step test results. AR

models define the current relative output, ∆θ2(t) = θ2(t) − θ̊2, as a linear
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polynomial function of the current input, ∆θ(t), and a pole-dependant number

of input and output values from previous time steps,

∆θ2(t)+d1∆θ2(t− 1) + d2∆θ2(t− 2) + . . .+ dnd∆θ2(t− nd)

= b1∆θ(t− nj) + b2∆θ(t− nj − 1) + . . .+ bnb
∆θ(t− nb − nj + 1)

(8.2)

where d and b are the coefficients of the output and input respectively, nd and

nb are the number of poles (or order) of the output and input respectively, and

nj is the dead time in the response. Dead time is the delay between a change

in input and a perceptible change in output. Both ∆ values are measured

relative to their steady state values (roll or pitch) at time t = 0. A Matlab

script was written to automate the search for the AR model with the best fit

for each collected step response. Values of d, b, nd, nb, and nj were chosen

which produced the least error over the entire time vector of measured change

in roll (∆θ2) for each individual test.

All best fit models found the input pitch step to be first order. Since the

servos were operating at q = 60◦/s this makes sense. Many best fit output

models achieved best results through very high order roll responses with a

small amount of dead time. However, assuming the plant to be First Order

(FO) with no dead time consistently yielded results with sufficient accuracy

when compared to the best fit AR models. Because of this, it was decided that

a FO plant model capable of selecting the correct gain (K) and free response
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(a) (b)

Figure 8.3: Example non-linear trends of plant characteristics. (a) Time
constant plotted against initial roll locations for various pitch steps, and (b)
gain plotted against steady state roll for different initial roll locations.

time constant (τfr) values for a given scenario would be appropriate.

The best fit AR models were used to determine the plant gain, K, and

time constant, τfr, for every test performed. Because the predictor in DMC

is built on normalised unit step responses, the value of pitch step was used to

normalise the change in roll response, ∆θ2, resulting in ∆Θ2,

∆Θ2 =
θ2 − θ̊2

∆θ
=

∆θ2
∆θ

, (8.3)

the normalised roll response vector. The corresponding input ∆θ must of course

be normalised as well, resulting in

∆Θ =
∆θ

∆θ
≡ 1 (8.4)
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(a) (b)

Figure 8.4: Linear trends for first order plant identification. (a) Time con-
stant plotted against pitch step for various initial roll locations, and (b) gain
plotted against normalised steady state roll for different initial roll locations.

Figure 8.5: Model validation – the best response prediction by the model for
a test case that was not used in creating the trend lines: UT = 0.6, θ̊2 = 10◦,
∆θ = −2◦.
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(a) (b)

Figure 8.6: Normalised plant model predictions compared to the best fit
AR model specific to each test. (a) The best prediction of the plant model:
UT = 0.6, θ̊2 = 0◦, ∆θ = −6◦, and (b) the worst prediction of the plant
model: UT = 0.6, θ̊2 = −10◦, ∆θ = 1◦.

for all cases. This allows the controller to make predictions simply by scaling

the normalised roll responses by any value of pitch step it selects.

Data for each test case was plotted and the automatically selected θ̊2 and θ̄2

were overlaid as dashed red trend lines for visual confirmation that normalisa-

tion was completed correctly (an example is shown in Figure 8.1). The collected

model parameters were then plotted in various patterns with the objective to

extract useable trends to build a continuous plant model that encompassed the

entire range of operations. To be useful, the plant model would have to be based

on the variables which are known at the time of pitch input: current pitch, cur-

rent roll, and commanded pitch. Despite the simple per-test characteristics,

the data collected exhibited a wide degree of non-linear behaviour across the
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testing range. Comparison of dimensional results in Figure 8.3 demonstrates

some of the non-linearities in plant response across the operating region.

Two trends related to τfr and K were found to be reasonably linear and

universally applicable. Figure 8.4a shows the single linear approximation,

τfr = 1.16∆θ + 16.44, (8.5)

used to relate ∆θ to τfr (labelled “Validation Trend”). Tests denoted by ∗ in

Table 8.1 were runaways and not included in this trend line. In addition, valid

pitch steps of −3◦ ≤ ∆θ ≤ −1◦ for initial roll −10◦ ≤ θ̊2 ≤ 10◦ were ignored

for the purpose of later validating the trend against known data. Figure 8.4a

also contains “Total Trend”, which includes all data, and “Total Trend∗”, which

includes all data except runaway tests. “Total Trend∗” is so close to “Validation

Trend” that they can not be distinguished in this scale of plot.

Another linear trend of τfr plotted against Θ̄2 (the normalised value of θ̄2)

presented a much better fit for predicting τfr. However, the trend predicted

negative time constants for Θ̄2 ≤ 5◦ so the trend between τfr and ∆θ was

assumed sufficiently accurate for τfr. The results from testing later show this

to be true.

Figure 8.4b shows a very nearly perfect trend between K and normalised

steady state roll. This is to be expected of course, since by definition the input

of a normalised response is 1 and K is ∆θ̄2 over ∆θ (shown in equation (8.3)

and (8.4)). Slight variations emerge in data because the gain is calculated di-
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rectly from the first order AR model of each test, whereas the normalised roll

response is taken from the actual collected data. Taking both values consis-

tently from one set would lead to the expected perfect trend line. But this mix

of data is another simple validation of the accuracy of the AR model fits.

The value of K for a given ∆θ was determined as follows. Equation (8.1)

can predict θ̄2 given commanded pitch, θ(t),

θ(t) = θ̊(t) + ∆θ(t) (8.6)

which is based off the current pitch datum, θ̊(t), and total commanded step

∆θ(t) relative to the current datum (not necessarily the change that occurred

in the last single time step). The value of ∆Θ̄2 is then derived using the steady

state scalar form of equation (8.3),

∆Θ̄2 =
θ̄2 − θ̊2(t)

∆θ(t)
=

∆θ̄2

∆θ
, (8.7)

where θ̊2(t) is the current datum value of roll. Details of how and when this

value changes are discussed later. K then follows as equal to ∆Θ̄2. The time

constant τfr and plant gain K of the simulated plant response can now be

approximated for any value of pitch commanded by the controller.

Figure 8.5 shows how closely the model can predict the plant response of

a test which was not included in developing the trends lines. And Figure 8.6

shows the best and worst normalised response predictions produced by the

model. Solid black lines show the collected data, compared to the dashed black
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best fit AR model, the blue plant model prediction, and the red error between

the best fit AR and model prediction. Green shows the input pitch that created

this roll response. With a maximum normalised roll error of slightly less than

4◦ (and most less than 2◦) and good agreement in the transient stages, this

model is considered acceptable for tuning the controller.

It was decided to adjust the plant properties and measurement datums (K,

τfr, θ̊2(t), θ̊(t)) after each commanded step change in the multi-step setpoint

profile used for tuning the controller. To achieve more seamless transitions

would require far more detailed processing of the collected data, particularly

the effects of roll velocity (θ̇2) on the response. The final model allowed for an

accurate simulation of plant response to any manipulated variable presented

to the plant within the confines of UT = 0.6 m/s, q = 60◦/s, and target roll

−40◦ ≤ θ̄2 ≤ 20◦.

8.2 Controller Development

The controller received a setpoint input of roll, and produced an appropriate

value of pitch over time in order to achieve the roll setpoint as fast as possible

with little to no overshoot. A rule of thumb for sampling time in discrete

controllers is be between 1
5

th
and 1

10

th
of the open loop time constant. This

allows the controller to be well ahead of the physical system, but not reading

such small response changes as to be confused with signal noise. Due to the

large range of plant time constants (between 8 s and 25 s excluding runaway
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tests) this is impossible to meet without a variable sample rate. A sampling

time Tcs = 1 s was initially chosen for simplicity and because the target closed

loop responses were significantly faster than the open loop ones.

8.2.1 Simulation and Control Parameter Tuning

Simulation was conducted in a Matlab script. The only difference from the

DMC schematic shown in Figure 4.12 is that the real plant is replaced by a

coded version using the model that was just developed. A custom dynamic

matrix, A, was calculated at the beginning of each simulation using the same

model developed for the plant. This provided the controller with an ideal

predictor for single step tests, or a ballpark approximation for a multi-step

tests.

Some further differences arise due to the fact that the controlled variable,

θ2, is a position and not a velocity or other derivative; meaning its relative

starting and stopping points matter. This means that the standard controlled

variable, YC ≡ θ2, and the manipulated variable M ≡ θ are no longer calculated

directly. Instead, an intermediate manipulated variable, m ≡ ∆θ, is substituted

for what used to be the full variable. The least squares optimisation of future

error produces,

∆m ≡ ∆(∆θ) = (ATA)−1ATe = (ATA)−1AT(Ysp − Ŷ ) (8.8)

the change in delta pitch. From here, the manipulated variable is built up as
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normal,

m(t) ≡ ∆θ(t) = m(t− 1) + ∆m(t), (8.9)

and the final pitch, M , is,

M(t) ≡ θ(t) = m(t) + θ̊(t). (8.10)

Because of the stability relation between pitch and roll it made more sense to

restrict M(t) than m(t). For initial safety limits, M was restricted to within

the stable region of pitch values, −1.5◦ ≤ θ ≤ 6◦ (corresponding to −60◦ ≤

θ̄2 ≤ 30◦).

The full manipulated variable, M , is used when re-evaluating the model

plant parameters K and τfr. However, only m is used to calculate the change

in controlled variable, ∆YC , as

∆YC(t) =
Km(t)

Tcs + τfr
+
τfr∆YC(t− 1)

Tcs + τfr
(8.11)

from which the full value of roll is produced as

YC(t) = θ̊2(t) + ∆YC(t), (8.12)

where as before, θ̊2(t), is not necessarily a value calculated that time step.

Despite m being a change in pitch, the controller samples feedback, Ym(t), as

the full value of roll each time step instead of ∆YC(t). This ensures the setpoint
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Table 8.4: Testing ranges and final (bold) values of controller variables for
simulated plant.

Control Horizon, nM 2 3 4 5
Move Suppression, λ 0.9 0.99 0.999 1 1.001 1.01 1.1 1.2
Profile Smoothing
Factor, ℵ

0.0 0.1 0.2 0.4 0.6 0.8 0.9 0.99

value of θ̄2 is actually reached.

For tuning, a further wrapper was placed around the controller which al-

lowed an automated search through combinations of controller variables to

evaluate performance in single step tests. The values of control horizon (nM),

move suppression (λ), and setpoint profile smoothing factor (ℵ) were used as

variables in the tuning process. Once selected, these variables were treated

as controller constants even when the dynamic matrix was re-evaluated. The

best performing combinations were then tested on a multi-step profile since

exceptional accuracy in a given step test means sacrificing accuracy in other

step conditions. Table 8.4 covers the tested range of each variable and bolds

the final values employed to produce the results of Figure 8.7. Even though the

controller prediction and model reaction are built off the same step response

model the prediction is clearly not perfect. This is because λ 6= 1 slightly alters

the poles of the plant model when constructing the dynamic matrix.
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(a) Outputs (b) Errors

Figure 8.7: The controller response for a simulated multi-step roll profile.
The controller variables nM , λ, ℵ were constant through the test, but the
dynamic matrix was re-calculated each time the controller received a change
in setpoint.

8.2.2 Physical Controller Tuning

Code was transferred to LabWindowsTM/CVI in order to interface with the

DAQ in real time. A simplified plant simulation was created there with a static

value of K and τfr for all time. It was used purely for debugging purposes.

Other than language conversion, some additions to the code structure had to

be made to accommodate the physical device. M and not m had to be sent

to the physical servo, and a routine converted from degrees to micro-seconds

for the servo PWM signal. Physical servo offsets and centring convention were

also accounted for since the servo centres at a command equivalent to 90◦ not

0◦. Arbitrary initial conditions can’t be instantaneously achieved so a 20 s

initialisation period was added to all tests for the wing to track to θ̊2 before
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commencing the test trajectories. Controller measurements, Ym(t), were taken

on a 100 sample running average of DAQ measurements. This was noted to

clean up controller hunting due to noise. For sine wave testing the controller

established a static A matrix based off the starting roll (θ̊2) and treating the

wave amplitude as a target step magnitude. Positive or negative magnitude

specified in the GUI represented the initial direction of motion from θ̊2, and

therefore A was biased to that direction. Instead of a sine wave, Ysp was

created as a new step test for each time step. This prevented the controller

from reversing direction too early in its attempt to minimise future error.

Major external issues were the servo hysteresis and dead zone. The plant

model, and therefore A, is based off of the actual pitch outputs instead of the

commanded outputs. The obvious advantage is that updating the motor or

other hardware does not effect the model. But it does mean that hysteresis and

dead zone in the current servo motor are not factored into the model. The servo

had a dead band of 2.4◦, roughly corresponding to a 31◦ difference in θ̄2 (under

the linear range of operation). In initial tests the output roll was observed to

lag the predicted roll, and the controller was continuously too slow at increasing

pitch to catch up as it was not expecting the dead band. To overcome this

issue two measures were taken. First, a Dead Band Output (DBO) value was

established. This value was added to the commanded pitch value when ∆m

was positive, and subtracted when ∆m was negative. In cases when ∆m was

zero, a flag was checked to determine the last non-zero value of ∆m. The

second measure was to establish a Dead Band Command (DBC) value. This
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value was used as a threshold that ∆m must surpass before a command change

was sent to the physical servo. The purpose of this command suppression was

to prevent jitter in the physical servo. Tests which used DBO but not DBC

showed that the servo experienced jitter while attempting to maintain steady

state roll values since the DBO value heightened the constant small changes in

pitch command required by flow deflections or discrete mathematical deviations

from absolute zero ∆m. After experimenting, it was found that values of DBO

= 1.8◦ and DBC = 0.2◦ were the most effective trade-off between responsiveness

and suppressing jitter.

8.3 Controller Testing

Small step tests of ∆θ̄2 = 5◦ starting at θ̊2 = 0◦ were used initially for safety.

Once confident in the stability of the physical controller, larger steps and faster

sine waves were tested. Limits on M were reached which caused performance

limitations, but not safety concerns. Therefore, the limits were gradually ex-

panded to ±30◦ without incident. This demonstrates the stability of DMC,

given that free response beyond +6◦ and −2◦ was unstable.

It was observed that the controller predictions expected the wing to con-

tinue gliding as pitch angles were reduced when nearing a change in direction

or target steady state. However, the real wing stops almost immediately with

change in pitch. Single step tests never reverse the pitch angle so were unable

to capture this element of dynamic hysteresis. Analysis of collected multi-step
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test data could provide a more accurate model in the future. To compensate,

the controller was retuned as nM = 2, λ = 1.01, and ℵ = 0.2 to be more

aggressive.

As covered in Section 5.1, Buckingham Pi Theory was used to transform

the full scale kinematic requirements to equivalent objectives for the prototype

to demonstrate. Sampling the required sine waves at Tcs = 1 s produced ter-

rible results barely above the Nyquist cut-off frequency. Decreasing Tcs was

necessary. But all other things held constant, as Tcs decreases the condition

number of ATA increases. The closer to singularity it gets the worst the pre-

dicted dynamics scale; because the values of ∆θ used in open loop testing were

limited to small magnitudes, entries of A are closer together as Tcs is decreased.

This issue could be addressed in numerous ways. Using a different optimisa-

tion routine which doesn’t require the inversion of a matrix, such as Golden

Section. Or even reformulating the same least squared optimisation routine so

that it doesn’t require the inversion of a matrix (this original formulation of the

optimisation routine was developed to accommodate limited processing power

in the late 70’s and early 80’s – clearly no longer an issue). Using an analytic

model would also solve the issue of poor dynamics scaling, even if the current

optimisation routine is retained. An analytical model will result in an A that

reflects the actual conditions, and so ATA will still be invertible at smaller Tcs.

The lowest sampling time tested on the prototype was Tcs = 0.5 s, with

control variables nM = 2, λ = 1.0018, and ℵ = 0.2. It was unstable. Tcs = 0.6

s was found to be the minimum stable sampling time for the current model
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and method of A selection. If the controller created A based on larger than

required values of ∆θ then it should allow smaller Tcs by virtue of the fact

that individual entries of θ2 would be farther apart in magnitude compared to

responses from smaller less aggressive ∆θ.

To compensate for the poor dynamics scaling the controller was retuned.

Simulations were conducted with Tcs as low as 0.1 s. On the prototype, the

minimum stable Tcs was 0.6 s, with control values of nM = 2, λ = 1.0018, and

ℵ = 0.2. The results of this controller operating in sine waves equivalent to

sea state 6 with Tw = 17.5s is shown in Figure 8.8. The scaled wave period

is 8.75 s with an amplitude of ±19◦. The figure demonstrates the controller’s

excellent continuity of performance across a large range of non-linear operating

conditions. The roll output ∆θ2 is nearly the same for tests starting anywhere

between θ̊2 = −40◦ and 0◦.

But there are limits to the operating range as well as biasing based on the

construction of A. The effects of A biasing were increasingly noticeable as θ̊2

traversed from negative to positive values in separate tests. At θ̊2 = −40◦ there

is very little distinguishable difference. But Figure 8.9 compares positive and

negative biasing on A at θ̊2 = 20◦. The negatively biased A is far too aggressive

and overshoots excessively. Reaching the limits imposed on θ is likely the only

factor that kept the controller stable during this test. The positively biased

performance is noticeably better, though still unacceptable. It performs well

for about two wave periods, but was too damped and quickly fell out of phase

with the trajectory. The output roll was suppressed for another couple periods
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(a) Input and output for θ̊2 = 0◦ (b) Manipulated variables for θ̊2 = 0◦

(c) Input and output for θ̊2 = −40◦ (d) Manipulated variables for θ̊2 = −40◦

Figure 8.8: The large non-linear operating range of DMC demonstrated by
the same controller achieving nearly the same results while operating in a
sea state 6 amplitude sine wave with 17.5 s period and θ̊2 of (a)–(b) 0◦, and
(c)–(d) −40◦.
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prior to synching up again.

The same controller was then tested on a sine wave with ±17◦ amplitude

and T = 5.25 s equivalent to sea state 6 waves with Tw = 10.5 s. Figure 8.10

shows the best results. The controller was stable and succeeded in meeting

the amplitude requirements for several θ̊2 positions, but was never better than

about 90◦ out of phase. Figure 8.10b shows significantly more phase lag be-

tween the commanded and actual pitch output than in any of Figures 8.8 or 8.9.

This demonstrates that despite DBO and DBC the servo has reached its phys-

ical limits at these speeds. Simulations suggest the controller should achieve

the trajectory with perfect pitch response, but due to the poor scaling at lower

Tcs this is unconfirmed.

The same controller was also tested at UT = 1 m/s. Without knowledge

of the affect of UT on plant dynamics this is an unfair test for the controller.

The slope of θ̄2 given θ was greatly increased. But none-the-less it managed

to maintain stability in sine waves of ±10◦ amplitude and a minimum period

of 20 s. The same controller should experience better stability at UT = 0.3

m/s because roll response would be slower than expected. But only direct

measurement and inclusion of the effects of UT in the plant model would allow

for proper control at different speeds.

Despite the fact that trajectory tracking is not a strong point of DMC, it was

able to push the prototype well beyond the limits of free-response stability in

both modelled (θ) and unmodelled aspects (Tcs and UT ) to achieve some very

challenging wave trajectories. It did so across a wide range of θ̊2 locations,
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Figure 8.9: Dynamic matrix biasing at θ̊2 = 20◦ during wave motions of
Tw = 17.5 s with nM = 2, λ = 1.0018, and ℵ = 0.2. (a) is the roll setpoint
and response, and (b) the manipulated variables and φ for A created from
∆θ̄2 = −19◦. (c) is the roll setpoint and response, and (d) the manipulated
variables and φ for A created from ∆θ̄2 = 19◦.
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(a) (b)

Figure 8.10: The controller achieved the correct magnitude, but lagged in
time for the ±17◦ sine wave with T = 5.25 s. (a) The setpoint roll, controller
prediction, and actual output. (b) The manipulated variable, actual pitch,
and model adjustment factor.

representing a wide range of non-linear changes in plant characteristics. This

stability and adaptability makes DMC an excellent choice for control of the

wing dock under extreme operating conditions.
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Chapter 9

Conclusions and Future Work

9.1 Current State of the Forward Dynamic Sim-

ulation

The forward dynamic simulation code is still being constructed and validated.

The method chosen for validation is to match the physical dimensions and

constraints of the prototype within the simulation and have it replicate the

data collected on the prototype from a large variety of scenarios. From here

the geometries and kinematic chain can be altered as desired to examine the

performance of, and tune controllers for, many permutations of the full scale

wing dock.
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9.1.1 Replicating the Prototype

A relatively simplistic series of shapes were used to represent FRF components

to enable drag force calculations (and in the future, added mass coefficients).

Buoyancy of the FRF components had to be accounted for as well. Volumes,

masses, and locations of the major components were recorded and input to the

simulation code. Forces present on the camera pole, vertical strut holding the

prototype, and any other parts of the test rig were irrelevant since they only

contribute to the test rig motor torque.

In order to conveniently internalize the pitching dynamics of the prototype

into the recursive EOM, the DH aligned pitch frame (θ) was placed in the

kinematic chain after frame 2 while at the same time frame 3 was removed

from the chain. Mathematically, it is not possible to directly insert pitch in

the kinematic chain between frames 2 and 3 without altering the intended

behaviour of the end effector. θ was left out of the chain originally during the

development of the theory behind the EOM because as a joint variable it does

not contribute to the kinematics of the manipulator. However, pitch directly

and indirectly affects the dynamics, so it’s direct inclusion in the recursive EOM

offers huge convenience in calculations (rather than externally calculating and

patching its effects into the appropriate location). Several potential solutions

to include pitch without affecting the physical intent of joint 3 are suggested

later in Section 9.3.

As alluded to in Section 6.2, the test rig frame and inertial frames have

also been included in the recursive EOM. This means the full kinematic chain

162



is i = [E, T, 0, 1, 2, θ] allowing the recursive EOM to inherently capture the

inertial forces and relative fluid accelerations provided by the test rig motion

which were fed into the simulation as recorded values for each specific test.

The closed form EOM, equation (4.36), was symbolically coded in python via

the complete set of outward acceleration iterations and inward force iterations.

It was then solved for joint 1 and 2 accelerations as equation (4.37). Frame

0 is static, and table frame dynamics are taken as prescribed motion – which

as far as the dock model is concerned is no different than a free swimming

submarine. If a measure of required torque for a given pitch is also desired,

then the equations need to be altered to solve for τθ as well.

The EOM has been coded to accept θ̇ and θ̈. However, actual values

have not yet been calculated for the prototype tests (only θ itself was di-

rectly recorded). For purposes of initial examination, pitch has been treated as

quasi-steady state and only its contributions to lift and drag were examined.

As demonstrated in Section 5.2.1, pitching dynamics can have a significant

effect on inertial dynamics, so these values should be calculated and fed into

the existing variables.

The recursive EOM make insertion of initial conditions quite easy. Only

recorded joint positions and the velocity UT are inserted. All other joint veloci-

ties and accelerations are considered zero (which for joint 2 is an approximation

only, but a relatively good one). Gravitational forces are imposed through the

entire manipulator by setting v̇T = [0, 0,−g]T, and all body velocities and

accelerations are realised through the recursive EOM calculations themselves.
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Buoyancy forces, however, do not present the same acceleration for all links

since the force is volume dependant. It’s possible with some additional cre-

ativity (or an entirely neutrally buoyant manipulator) that buoyancy could

be accounted for in a similar manner to gravity. But for this thesis it was

accounted individually for each link by describing a unit vector continuously

pointing straight up (−ẐT ) in each required frame. For example, for link 2,

2ẐT (t) = 1
2R(t)′01R(t)′T0R(t)′[0, 0,−1]T (9.1)

could then be multiplied by the calculated magnitude of buoyancy force of the

FRF to obtain the proper force vector described within frame 2. Moments

could then be calculated knowing the relative locations of YCB and YCG. Both

force and moment could then be added to the values of fh2 and nh2 .

Currently, added mass coefficients have only been calculated for the wing

itself. Given dimensions discussed in Chapter 6 and neutral buoyancy, the

coefficients come to Xu̇ = −7.36 kg, Yv̇ = −0.29 kg, Kṗ = −0.0088 kg m2,

Mq̇ = −0.22 kg m2, and Nṙ = −0.05 kg m2. For the prototype (and full dock)

it will be the largest source of added mass by far. The full equation set (4.68)

to (4.73) have been coded into the simulation. At first glance it may seem

that given the constrained motion of the rotating test rig and lack of joint 1

that ẇθ = pθ = ṗθ = 0 and that any developed Kθ would be contained within

the frame itself (thus posing no measurable effect on the prototype motions).

However, ẇθ 6= 0 any time that either θ̇2 or θ2 6= 0 thanks to non-zero θT . Also
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due to θT , any time θ 6= 0 or ±π/2 then pθ and ṗθ 6= 0 and a portion of any

Kθ developed contributes to torque about Ẑ2. Due to possible combinations

of θ2 and θ in the presence of θT the full set of equations (4.68) through 4.73

are necessary even for the prototype.

The forces and moments from added mass were calculated using accelera-

tions from the previous time step since accelerations for the current time step

are unknown until Θ̈(t) is solved for with equation (4.37) at the end of the

EOM solution loop. For t = 0, added mass is ignored completely. These two

approximations should be fairly accurate given the fact the sampling time was

0.01 s while the time constant of the prototype roll is in the order of several

seconds. The hydrodynamic time constant is much smaller – 0.2 s when taken

under conditions of UT = 0.6 m/s, θ2 = θ = 0◦ – but should still be reasonably

accommodated with this sampling time.

These forces and moments were intended to be included in the symbolic

EOM and solved with inertial forces as noted in equations (4.28) and (4.29).

But by the time coefficients and calculations for added mass were actually es-

tablished, the symbolic EOM had been solved and arranged into equation (4.37)

without them. Further complications arise in symbolic integration due to the

fact that the accelerations and velocities Xθ through Nθ depend on are not

described in joint space. Instead of adjusting the accelerations or resolving the

EOM, Xθ through Nθ were negated and then numerically summed into fhθ and

nhθ since these terms are not multiplied by any further velocities or accelera-

tions throughout the EOM solution. They were negated since fhi and nhi are
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negative relative to inertial forces and moments in equations (4.32) and (4.33).

Since joint 1 doesn’t exist in the prototype θ̈1 must be zero for all time.

Even in the full dock, locking the wing in the transverse plane of the subma-

rine with θ̈1 = 0◦/s2 is currently thought to be the method of operation (but

doesn’t necessarily have to be). The value of τ1 to accomplish this in a given

time step is unknown and must be calculated. Normally this would be fine. A

nested inverse dynamics calculation using known joint accelerations would eas-

ily produce the required torques. But with joint 2 being passive, even though

the value of its torque is always known to be zero, it’s acceleration θ̈2 must

be calculated each time step. Determining θ̈2 requires knowledge of τ1. To

circumvent this unusual problem of not having the required information for

either the forward or inverse dynamics, θ̈2(t − 1) is used as an approximation

in a nested inverse dynamic calculation. The two known torque values are then

used in the forward dynamic calculation (i.e. equation (4.37)) to determine

θ̈2(t).

9.1.2 Discoveries from Initial Simulation Tests

An interesting two way coupling between rigid bodies and water occurs within

hydrodynamics that isn’t present in typical rigid body dynamics within air.

More accurately, the effects are negligible in industrial robotics due to relative

densities of the fluid and the rigid bodies. Standard industrial robots do not

experience any significant fluid velocity dependant forces, so accelerations can

be solved in a single closed form solution within a single time step. Values are
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then integrated to determine the velocity and position of joints in the following

time step, and these are used as inputs for the solution of acceleration in that

time step. The fact that this velocity produces significant hydrodynamic forces

and moments which, had they been accounted for would significantly alter the

joint accelerations, is not captured.

Bettle et al describe a predictor-corrector scheme designed to account for

this two way coupling in dynamic simulations of submarine motion [6]. It

describes in detail how iterations between forces dependent on velocity and

acceleration are conducted within each time step until convergence for each

is achieved. In this way, both the acceleration and velocity dependant forces

agree with the produced motions. Current test runs of the forward dynamic

simulations of the dock produce accelerations with extreme fluctuations – seem-

ingly as though the body were being jerked forward and backward each time

step (though joint positions are relatively smooth). These results are very sug-

gestive of the fact that the velocity and acceleration dependant forces are not

in agreeance, and some form of iterative correction within each time step is

required. This process could also allow the exact added mass contributions to

be calculated rather than employing the accelerations from the previous time

step. This would lead to the forward dynamic simulation outline given in Sec-

tion 5.3 being altered between steps 9 and 10 to host inter-time step iterations.

The majority of the forces calculated in all the previous steps would be part

of these iterations though.

The predictor-corrector scheme was not required by Gillis because all joints
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in the mechanical manipulator were directly driven by motors [16]. As such,

Gillis could employ the standard inverse dynamic calculations for the recur-

sive EOM and calculate the required torques to drive the end effector through

the required benchmark trajectory. With prescribed accelerations and veloci-

ties to follow there were fortuitously no coupled interactions between velocity

dependant forces and acceleration dependant forces within a single time step.

One noteable situation in which external velocity dependant forces can oc-

cur within industrial robotics is when the end effector applies a tool to generate

friction against a surface. The velocity based friction in most cases is unlikely

to overpower the joint actuators, and a velocity control loop will apply greater

torque as required. So it is questionable whether such factors are even simu-

lated or accounted for. But it is a potential avenue of investigation which could

yield a solution already optimised for the recursive EOM.

The simplifications made in drag, volume, and mass of several FRF compo-

nents may also have a measurable impact on performance predictions. These

are mitigated by their proximity to the roll pivot, reducing their moment. But

it may prove necessary to revise these to more accurate models. The modified

LLT validation conducted in Chapter 7 shows there is a steady state error in

the model’s force predictions. Because of the strain gauge location, FRF com-

ponents did not factor into the collected data. Adjustments to α in Section 7.2

would suggest that some of the unmodelled physical traits of the wing (such

as the surface finish, or twist and bend along its span) or the fluid state (such

as stirring, or vortices from the anechoic tiles or wing) are having measurable
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effect on the performance of the prototype. Moving forward, the affect of these

phenomena will have to be kept in mind in order to make a decision on when

the simulation is accurate enough.

9.1.3 Remaining Work for the Forward Dynamic Simu-

lation

As discussed throughout the previous section, there are a few remaining tasks

to complete the forward dynamic simulations:

• determine the extent unmodelled physical effects are desired to be

known,

• calculate and use θ̇ and θ̈ based off recorded θ values in time,

• implement a predictor-corrector or other inter-time step iteration to

handle coupling between the fluid and rigid body dynamics for joint 2.

Once these are fulfilled, there are several recommended test conditions to

use for validation of the forward dynamic simulation. The first condition is

θ2 = −90◦ with θ = 0◦ at any given UT . This will produce −vθ, pθ, −ẇθ,

and zero for all other velocities and accelerations of frame θ. Values should

be simple to work out geometrically. No lift or induced drag will be present.

Repeating at θ2 = 90◦ will negate the previous values of pθ and alter the

magnitudes of −vθ and now positive ẇθ. Holding non-zero pitch at either

of these roll locations will introduce all other velocities except rθ. Angular

169



accelerations will still be zero. But lift and induced drag forces along with

measurable added mass forces and moments will also now be present. Verifying

this by geometry is obviously a bit more complicated.

The next set of test conditions is to hold θ2 = 0◦ under various static pitch

values. This will produce rθ, −vθ, u̇θ, as well as ±uθ and ±v̇θ dependent on

the value of pitch. This produces fairly complex added mass, but the wing is

in rectilinear motion and results can be verified with standard LLT theory, and

also matched to the force test results from Chapter 7.

Both of the previous tests are under prescribed motion (static roll). The

next objective is to unleash the full dynamic capability of the simulation and

attempt to replicate collected step test data. The single pitch step tests are

the simplest dynamic responses available, and also have the most systemati-

cally varied test conditions (as shown in Appendix A). The wide variety of

systematic changes in variables can help isolate any conditions or properties of

the simulation for inspection.

Finally, the simulation should be used to replicate other more extreme test

conditions collected by the prototype. Replicating multi-step pitch tests would

determine whether hydrodynamic time constants are adequately addressed in

the simulation. Recreating drifting neutral points of sinusoidal testing could

validate that acceleration inputs to the base of the manipulator are properly

flowing through. Affects from changing UT is also of critical importance for

the simulation to replicate. And finally, reproducing stall situations would give

confidence the model can adequately alert future project engineers to undesir-
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able conditions for the dock to be in. Though, if copious effort is required to do

so, it would probably be better spent on doing so for higher fidelity prototypes

and models.

9.2 Conclusions of the Current Work

An active autonomous dock operating on a submarine will provide navies with

the full suite of AUV benefits in a platform which allows open selection of

AUVs without employing torpedo tubes or human operators. Autonomous

L&R capabilities will better leverage AUV potential in all other fields of use

as well.

An actuated wing dock has several additional hypothesized benefits over

a fully mechanised manipulator: a reduction in actuation power, structural

stress, and noise. Potential disadvantages of the wing are the affects of un-

steady flow on performance. This is a key question which remains to be ad-

dressed.

The standard set of recursive Newton-Euler EOM for serial manipulators

have been modified to accommodate hydrodynamic forces, but may require

the additional step of inter time step iterations of velocity and acceleration

force coupling to properly handle a passive joint. The recursive EOM will

also require a time dependant derivation of the added mass coefficients for

the extension and retraction of the prismatic link. However, the single body

EOM approach common to hydrodynamics will require the same time varying
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analysis of an equivalent ellipsoid for the prismatic link during every time

step. It will additionally require a time varying analysis of the moment of

inertia during each time step – something the recursive formulation avoids.

The recursive formulation also retains the benefit of readily accepting dynamic

effects of any additional DOF required for the capture mechanism. For these

two reasons it is still the recommended analysis tool for the project to employ

while moving forward.

A new hydrodynamic force distribution model was developed in this thesis

by modifying the standard Lifting Line Theory. It is capable of predicting

unsymmetric distributions which account for spanwise variability in U and

constrained motions of the wing. It has been shown to be functional and

representative of forces encountered by a physical prototype in a variety of

conditions. However, work needs to be done to determine the exact causes

of the magnitude offsets observed between the prototype and model. The

most likely contributors are unmodelled tank stirring velocity, and unmodelled

manufacturing artefacts of the prototype (such as a small bend and twist along

the span, and the surface roughness of the 3D print).

Physical testing shows that the wing dock has non-linear shifts in behaviour

dependant on its initial state. Much of this is attributed to the rotating tank.

However, since non-linearities from environmental factors and radial actuation

will be present in the real dock, it was considered advantageous to test the

prototype in non-linear conditions. Individual step responses of the prototype

can be approximated as first order. An adequate plant model was constructed
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using a linear relation between ∆θ and τfr, and another between Θ̄2 and K.

A cubic relation between θ and θ̄2 allowed Θ̄2 to be solved given the known

initial state of the wing. A DMC was able to control the physical prototype

across the majority of the desired operating range of −40◦ ≤ θ̊2 ≤ 20◦. The

controller was also able to successfully achieve equivalent motion to sea state

six conditions with a 17.5 second wave period. It did so despite 2.4◦ of dead

zone in the pitch servo, corresponding to a difference of 31◦ in θ̄2. Stability

was maintained despite requiring ±20◦ of pitch – well beyond the +6.7◦ and

−2.5◦ limits of plant stability in free response. Though the correct amplitude

was achieved, the controller was unable to achieve temporal accuracy of sea

state six motion with a 10.5 second wave period. It is likely that a DMC could

successfully achieve this more difficult target trajectory given any of: a better

motor, inner pitch control loop, smaller and still stable Tcs value, or a more

refined prediction model and tuning. Especially with such a simple prediction

model and limited time spent on tuning, the results achieved demonstrate that

DMC is an excellent controller candidate for the wing dock under extreme

operating conditions.

It should also be noted that the target docking velocity of 1 m/s is a worst

case scenario. That is, it is the minimum velocity the submarine can travel at

and maintain stability. Docking will likely occur at higher velocities, providing

a more rigid and rapid response from the wing dock to pitch commands. The

improved command authority should also make control easier.

An accurate forward dynamics simulation of the wing dock is key to further-
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ing the project. It can guide physical design decisions (e.g. wing dimensions,

or the location of wing relative to the submarine and end effector), strategic

planning for the docking process, and effective control law development for the

full manipulator. Chapters 4, 5, and 7 were all working directly towards the

goal of building an accurate dynamic model of the wing dock by developing

specific sub-portions of the complete model. Chapter 8 presented tangible ev-

idence that MPC is an effective avenue for control of the wing dock, but did

not in itself contribute to the development of a forward dynamics model. Since

the modelling in Chapter 8 was empirically based on prototype performance it

is not transferable. Whereas modelling based on a complete forward dynamics

model of the manipulator can adapt to design changes and simulate specific

environmental conditions to challenge a control law. The current simulation

code requires some additional modifications and validation. But a path for-

ward has been established. Existing work by Gillis and DSA gives confidence

that the theories developed in this thesis are sound, and it is only a matter of

time required to complete the simulation.

Overall, the concept of an active wing dock appears to be feasible. This

thesis should result in a solid foundation of knowledge from which to proceed

to more targeted prototyping, better performing designs, and more capable

controllers.
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9.3 Future Work and Recommendations

There are several recommendations for work extending beyond this thesis as

well. Most of them require higher fidelity prototypes. If more accuracy in

hydrodynamics is required than the results produced by this thesis, then fu-

ture prototypes should be instrumented so that it is possible to measure lift

produced at each point along span. A higher degree of accuracy will also be

obtained if the actual fluid flow velocity is known. Stirring in the tank was

unmeasured for this thesis. Instrumenting a basic fluid flow meter on the mast

holding the wing would provide a much more accurate picture of the real flow

velocities viewed by the wing. For example, parts 2100-A21 and 2100-A22 from

www.swoffer.com/ordering.htm can be powered and monitored by an appro-

priate DAQ and work well in the velocity ranges required. Implementing a stall

model is also highly recommended given the large angles of attack shown to be

possible under the current test conditions. With no ambient waves in the tank,

the current conditions could only be said to be indicative of deeply submerged

performance. A simulated assessment of at-sea relative velocities the dock will

encounter in shallow water operation should be conducted as well. This will

likely force the removal of quasi-steady state lift assumptions employed by this

thesis.

Analysis of response data at UT = 0.3 m/s provides interesting opportuni-

ties to explore the operational limits of the wing. Various reactions resembling

stalls, some with and others without hysteresis, were quite repeatable. These
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reactions could be helpful in establishing operating limits or test conditions

of future prototypes. They may also lend validation to simulated behaviours

under flow conditions encountered in waves.

Interference effects of the submarine hull on lift distribution will likely be

something similar to an aircraft fuselage, but can not be replicated with the

current prototype. The resulting lift distribution would behave much more

as if the wing root was the midspan. A much larger amount of total lift will

therefore be generated. However, the contribution to end effector motion may

not be significant due to the short moment arm this additional lift will be

acting on. A cowling could be used on the current prototype to come close to

the same effect.

A simple examination of performance parameter sensitivities to geometric

parameters should be conducted. Wing span, chord, airfoil, and the distance

between joint 2 and the wing root are suggested targets to be examined to

determine their effect on joint torques and end effector kinematics.

Another recommendation is to conduct a wrench workspace characterisa-

tion of the wing dock. A wrench is a six dimensional description of a combined

force and moment. A wrench workspace is developed through a systematic

step search of each pose the manipulator can achieve within the target docking

zone. At each pose, the maximum sustainable wrench is determined for all

directions. The minimum of these maximum wrenches is taken as the capa-

bility at each pose. If the manipulator capability meets a minimum threshold

then the location is said to be part of the force-moment workspace. This work
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would be useful to conduct on a final prototype or the as-built device to set

operational limits for each given AUV by mass and sea conditions.

Including the dynamic effects of pitching directly within the recursive EOM

instead of patching them in as described near the end of Section 4.3.1.2 is

hugely convenient from a coding and design adjustment perspective. For future

work, it would be best to examine a method of including the pitch frame while

retaining the prismatic joint and end effector (and any other active frames

required to accomplish the overall project).

One possible solution would be adding the pitch frame to the end of the

existing DH sequence (it’s unlikely this solution will be viable if any additional

active joints are required on the capture mechanism). An additional frame

4 with an uncontrolled dependant DH variable d4 would be inserted between

frame 3 and the pitch frame. The magnitude of d4 would be opposite and

appropriately offset from d3 to describe the fact that the pitch frame is located

at the wing CG (as opposed to the origin of frame 2 where d3 originates from).

Another concept would be to treat the pitch frame as the first link in a

“branch” off the main kinematic chain. Analysis would be similar to parallel

manipulators in which each individual limb of a parallel manipulator is its

own serial kinematic chain. A key difference though being that the branch is

not grounded at the same location as the main serial chain. But due to the

ability of the recursive EOM to accept input accelerations to frame 0 (and

input forces to frame n) as a modular black-box, there should be a relatively

straightforward way to integrate one serial kinematic chain part way through
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another. A detailed examination may produce more efficient solutions to this

general problem.

Another solution aims to retain the intended sleeve-like nature of the wing

about the prismatic joint. It would insert pitch after frame 2, and a new

frame 3 between pitch and the current frame 3 (which then becomes frame 4).

The new frame 3 would have a revolute variable θ3 dependant on, and exactly

opposite and equal to pitch. This dependant frame 3 keeps frame 4 in its same

orientation relative to frame 2 as the wing pitches. Frame 3 would have no

affect on physical dynamics since it doesn’t actually exist.

There is a significant amount of potential improvements that can be made to

the prediction model and performance of the DMC. Switching to an analytical

prediction model and including the effects of UT , q, and θ̇2 in the development

of A will make a significant improvement. Several of these factors have been

tested already, including the effects of pitch velocity and forward velocity, UT .

Free response data was collected for multi-step tests at values of UT ranging

from 0.3 m/s to 1 m/s, and for q = 1◦/s and 60◦/s. Due to time constraints

only single step tests with forward velocity of 0.6 m/s and pitch actuation

speeds of 60◦/s were examined. These were easily treated as step inputs in

the modelling, but they require more energy to produce the larger the device

becomes. Rapid pitch motions also produce vorticies of greater strength and

noise. Actuating the device with lower pitch speeds may be beneficial. How-

ever, the analytical model suggests that lower pitch speeds will produce less

centripetal force resulting in a lower net force for roll. Initial test data collected
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in November 2012 suggests that the analytical model is at least qualitatively

correct. Further analysis of the more accurate data from June 2013 is required

to determine its accuracy in an absolute sense in order to conduct the search

for ideal pitch speed via simulation only.

In addition to improving the accuracy of A, more sophisticated methods of

model switching should be investigated for the real wing dock controller. For

example, placing a threshold on φ to determine when A should be re-evaluated,

or implementing an optimisation routine that does not require matrix inver-

sion. Due to DSA’s initial success with PID control in mild waves it may

be beneficial to explore a hybrid controller. The simpler PID architecture is

better at complex trajectory following than DMC. But under extreme or vari-

able conditions, the stability and robustness of DMC will surpass that of PID

control.

The current controller will not be able to extend directly to the full wing

dock. Actuation of the prismatic link will significantly alter roll response of the

wing. A new set of open loop response data will need to be collected (albeit

by simulation from DSA’s models this time) to identify trends in effects that

pitch actuation and radial actuation have on each other. A MIMO controller

can then be developed to control the end effector with direct and immediate

compensation of the effect the two actuators have on each other. For the

spanwise traveller concept (Concept (b) from Chap 3), it is possible that radial

actuation could be controlled by a separate controller to the DMC working on

pitch. The smaller body and lack of significant lift production from the traveller
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mean that it is potentially feasible to achieve satisfactory control with the two

controllers treating cross-talk simply as disturbances. The DMC parameters

will at least need to be retuned to the full scale geometry though.

Currently, any components of generated force and moment not contributing

directly to the arm rotation are assumed to be absorbed by the structure of

the mechanism. With an accurate mechanical model, an MPC has the ability

to monitor these values for extremes and adjust its chosen pitch output to

maintain limits on the produced forces, moments, vibrations, and deflections

of the structure in order to more accurately control the capture mechanism.

Further controller sophistication could be achieved through use of fuzzy

logic or neural networks to drive intelligent, online updating of predictive model

parameters. This could expand the range of sea states and unusual scenarios

that the controller could handle. However, this work is not recommended until

simulations and testing have determined the best overall dock design, and a

very accurate characterisation of that design has taken place. Often the largest

improvements are achievable through better mechanical design, and the more

advanced a controller is, the more specific its performance improvements are.

They can help achieve the best possible performance from a given design, but

are not transferable to others.
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Appendix A

Prototype Test List

This appendix lists all tests conducted on the prototype. There are two sub-

sections for each type of test: November 2012, and June 2013. Tests conducted

in November 2012 were conducted on the original prototype. Data collection

was through an 8 bit ADC which did not have enough resolution to accurately

characterise roll response from pitch steps smaller than about 2◦. Pitch was

not recorded directly – it was assumed the servo accurately carried out all com-

mands. Therefore the mechanical deadband in the system was not discovered

or accounted for. The free rolling frame of the November 2012 prototype only

contained the coupling, servo, servo mount, and the 2 pitch bearings. Com-

mands were pre-loaded to a servo control board through Matlab serial. Data

was transmitted in HEX over the serial link for post processing. The code was

structured such that data collection did occur in real time, but at the sacrifice

of consistent time steps.
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The prototype and instrumentation were significantly upgraded for June

2013. As explained in Section 6.1, data collection and commands occurred

through a LabWindowsTM/CVI GUI and 16 bit NI USB-6341 DAQ. The free

rolling frame was heavily modified to measure actual pitch output.

It should be made clear that all figures, models, quantitative results, and

conclusions developed in this thesis are based off of data collected in June 2013.

November 2012 data is included in this appendix because it contained some

additional interesting (and still usable) results. It was also used to make some

qualitative assessments in this thesis. It should also be noted that November

2012 testing occurred before the inclusion of joint 1 in the kinematic analysis.

Therefore, sign conventions for roll and pitch step are backwards relative to

June 2013 data (i.e., rolling towards the outside of the tank requires a negative

pitch step and roll for 2013, but were both positive for 2012 data conventions)

The as-recorded conventions are used in both cases for easier matching to file

names.

A.1 Sine Wave Tests: November 2012

Pitch offsets were chosen to keep the prototype roughly centred in the tank dur-

ing each test so they are not recorded in this table for the sake of compactness.

They were all between −2◦ and −4.5◦.
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Table A.1: Free response roll to sinusoidal pitch inputs

Pitch Amplitude [◦] Period [s] θ̊2 [◦]
5 9 -1.2, -1.7, 1.8, -3.5
5 10 0.3, -5.3,
5 12 -5.3
5 14 1
5 17 1.2
8 4 -10
8 5 -5, -4
8 6 -8, -4, -2
8 7 -4.5
8 9 -2, -0.5, 1.8
8 10 2.6, -4.1
8 12 -3.5
8 14 -2.6
8 17 -2.6, 0
10 9 -3.5
10 10 1
10 12 0.5
10 14 -0.5
10 17 0
15 9 -4, 2
15 10 -3.5
15 12 -2
15 14 -9
20 8 -10, -27
20 9 -20
20 10 -25
25 7 -22, -35, -37
25 8 -25
25 9 -45
30 7 -35, -38
30 8 -38
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A.2 Step Tests

Step tests were conducted with steps to input θ, and measured free response θ2.

June testing has direct measurements of actual pitch values, while November

only has commanded pitch values.

A.2.1 November 2012

The biggest benefit of examining November step tests is the ability to compare

two different pitch velocities, q. All of June testing was conducted at q = 60◦/s.

Table A.2: November step testing: UT = 0.3 m/s, q = 60◦/s

θ̊2 [◦] ∆θ [◦]
-20 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5, 10
0 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
20 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5

Table A.3: November step testing: UT = 0.3 m/s, q = 1◦/s

θ̊2 [◦] ∆θ [◦]
-20 ±1, 2, ±4, 10
0 0.5, ±1, ±2, ±4
20 ±1, ±2, ±4
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Table A.4: November step testing: UT = 0.6 m/s, q = 60◦/s

θ̊2 [◦] ∆θ [◦]
-20 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
-10 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
0 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
10 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
20 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5

Table A.5: November step testing: UT = 0.6 m/s, q = 1◦/s

θ̊2 [◦] ∆θ [◦]
-20 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
-10 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5, 6
0 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
10 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
20 ±0.5, ±1, ±1.5, ±2, ±2.5, ±3, ±4, ±5
35 -5
60 -5

A.2.2 June 2013

Some of these are listed in folders called “SteadyState Testing” and “Speci-

ficPitch Testing”. They were separated for producing specific analysis, but the

full step data was recorded so they are still pertinent.

Table A.6: June step testing: UT = 0.4 m/s, q = 60◦/s

θ̊2 [◦] ∆θ [◦]
-20 ±2, ±4
-10 ±2, ±4, ±6, -8
0 ±2, ±4, ±6, ±8
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Table A.7: June step testing: UT = 0.6 m/s, q = 60◦/s

θ̊2 [◦] ∆θ [◦]
-80 1, 6
-60 1, 3
-50 4, 6
-40 3, 6
-30 ±3, 6, 7
-20 ±1, ±2, 4, 5
-10 ±1, ±2, ±3, ±4, -5, 6, 7
0 ±1, ±2, ±3, ±4, ±5, ±6, -7, -8
10 ±1, ±2, ±3, ±4, -5, -6
20 ±1, ±2, -3, 5
30 ±3
40 -1, ±2, ±3, 5, 7
50 -3, 4, 5, 6
60 5

Table A.8: June step testing: UT = 1 m/s, q = 60◦/s

θ̊2 [◦] ∆θ [◦]
-90 -1, 2, 4
0 -2, -4, -5

A.3 Multi-Step Tests: June 2013

There were 12 tests conducted with multi-step profiles. There is no table of

these tests since they were somewhat random in nature. The naming conven-

tion of the data files could not account for each change in pitch or the relative

timings between them. If the data is wished to be analysed then it must be

extracted and parsed to determine the actual step patterns used.
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A.4 Plunging: June 2013

There are two test files which record some time spent trying to record the

wing plunging while either accelerating or decelerating. As with the multi-step

testing, the naming convention is not suitable to describe these files. Nor were

they analysed numerically. But video analysis suggests there may have been

some success between 2 minutes 15 s and 2 minutes 30 seconds of test

DynamicTesting_NomRoll040_NomPitch007_NomRotVel060.*

(where .* represents the multitude of recorded video and data files for each

test).

A.5 Stall Hunting

Test cases which either did stall, or were in a batch of cases specifically at-

tempting to get the prototype to stall.

A.5.1 November 2012

Table A.9: November stall hunting. Mixed UT and q values.

UT [m/s] q [◦/s] θ̊2 [◦] ∆θ [◦]
0.3 60 -20 -6, -10
0.3 1 -20 -10
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Table A.10: June stall hunting. UT = 0.3 m/s, q = 60◦/s.

θ̊2 [◦] ∆θ [◦]
-30 10
20 4, 6, 10

A.5.2 June 2013

A.6 Force Testing: June 2013

Roll was locked with tension cables. The values listed for θ̄2 are nominal since

the cables were incapable of perfectly locking the wing in place. The drive

belt on the testing table periodically slipped at several of the higher value

combinations of UT and θ. This should have little affect on the results due to

the averaging of values over fairly long test durations.

A.7 Control Testing: June 2013

A.7.1 Roll Step Tests

The controller was given steps in roll setpoint to follow. Pitch rates and values

were decided on by the controller.

A.7.2 Simulated AUV recovery in Waves

The controller was given sine waves in roll to follow. Initial tests were con-

ducted under generously slow wave periods (Tw) to ensure controller robustness.
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Table A.11: Force testing with the arresting cables holding the wing relatively
steady at θ̄2. The values listed for θ̄2 are nominal.

UT [m/s] θ̄2 [◦] θ [◦]
0 0 0
0 0 5
40 -45 0, ±5, ±10, ±15, ±20, ±30, ±40, ±50
40 -20 0, ±5, ±10, ±15, ±20, ±30, ±40, ±50
40 0 0, ±5, ±10, ±15, ±20, ±30, ±40, ±50
60 -45 0, ±5, ±10, ±15, ±20, ±30, -40, ±50
60 -20 0, ±5, ±10, ±15, ±20, ±30, ±40, ±50
60 0 0, ±5, ±10, 12, ±15, 18, ±20, ±30, ±40, ±50
60 10 5
65 0 5, 10, 12
75 0 5, 10
80 0 5, 10, 20

Afterwards the prototype was given setpoints mimicking the scaled wave pe-

riods and amplitudes calculated in Section 5.1. Many test cases listed in this

table were conducted multiple times.
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Table A.12: Controlled roll step tests for UT = 0.6 [m/s].

nM λ ℵ θ̊2 [◦] ∆θ̄2 [◦]
2 1.2 0.8 20 -40, -30, 20
2 1.2 0.8 0 ±20, -40
2 1.2 0.8 -10 -30
2 1.2 0.8 -20 20
2 1.2 0.8 -40 20, 40
2 1.01 0.2 30 -60
2 1.01 0.2 20 -40
2 1.01 0.2 0 -20
2 1.01 0.2 -20 20, 40
2 1.01 0.2 -30 60
2 1.1 0.2 0 -20
2 1.1 0.8 20 ±20
2 1.1 0.8 -40 20
2 1.2 0.4 20 -20
2 1.2 0.4 0 -20
2 1.2 0.4 -20 -20
2 1.2 0.6 0 20
2 1.2 0.6 -40 40
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Table A.13: Controlled sine wave tests for UT = 0.6 [m/s].

nM λ ℵ Tw Roll Amplitude
(peak-peak) [◦]

θ̊2 [◦]

2 1.01 0.2 20 40 0
2 1.001 0.8 20 40 0
2 1.002 0.4 20 40 -10
2 1.002 0.2 20 40 -10, 0
2 1.002 0 20 40 0
2 1.002 0 10 40 0
2 1.001 0 10 40 0
2 1.001 0.2 10 40 0
2 1.001 0.4 10 40 0
2 1.001 0.2 8.75 38 0
2 1.0018 0.2 8.75 38 0, 10, ±20, -30, -40
2 1.0018 0 8.75 38 -40
2 1.003 0 5.25 34 -40
2 1.0025 0 5.25 34 -40
2 1.0025 0.2 5.25 34 -40
2 1.0028 0.2 5.25 34 -40
2 1.0027 0.05 5.25 34 -40
2 1.0029 0 5.25 34 0, -40
4 1.003 0 5.25 34 0, -40
2 1.003 0 5.25 34 0
2 1.0018 0 5.25 34 0
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