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1. INTRODUCTION

In Europe, North America and elsewhere, there is a strong debate on the alternative
ways of financing activities that have public good features and involve positive
externalities. Public financing via taxation is a common practice, i.e. governments
provide a uniform level of health care, social security and education. Education is the
focus of this paper, since human capital accumulation plays an important role in
economy-wide growth and income distribution (see e.g. Lucas 1988, Barro- Sala-i-Martin
1995).
In this paper, we examine a model where human capital is the engine of long-run
(endogenous) growth. In particular, following Lucas (1988), the economy-wide human
capital stock generates positive externalities for each individual, i.e. the return to
individual education increases with aggregate human capital. Furthermore, there is active
social education policy, i.e. the economy-wide human capital is not simply the sum of
individual human capital stocks, but it can also be augmented by government policy in
the form of public spending on education (e.g. subsidies). Public spending is financed by
distortionary income taxes. We assume progressive taxes. A benevolent fiscal authority
chooses tax policy and the associated public spending on education, by maximizing the
sum of individual utilities.'
The main focus of our work is on the difference between proportional and
progressive taxation (proportional taxes will be modeled as a special case of progressive
taxes). Regarding progressive taxation, A. Smith was the first to argue that tax payment
should reflect the ability to pay and the benefits received by the citizens. In both respects,
the rich should pay more than the poor. Progressive taxes are also justified by the fact
that markets do not guarantee fair outcomes and the main goal of the progressive tax
system is to redress income inequality (Musgrave, 1985). Furthermore, modern
Keynesian theories of the business cycle postulate that progressive taxes reduce nominal
price rigidities, arising from coordination failure between monopolistically competitive

We examine public education, because public funding of education is widespread, at least in the primary
and secondary levels, in both developed and less developed countries (see papers by Gradstein 2000,
Gradstein-Justman 2000 and ThunUbelmesser 2001).
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firms and such taxes can be used to combat economic fluctuations (Agell-Dillen, 1994)
(see also Corneo, 2000).
Concerning progressive taxes in a political equilibrium, Snyder-Kramer (1988)
argue that they are not the outcome of desire for a more equal income distribution, but a
result of the success of the middle-income groups to reduce their tax burden at the
expense of the lower and upper- income groups. Marhuenda et al. (1995) conclude in the
context of a two-party voting model that for every positively skewed pre-tax income
distributions, any concave tax scheme enjoys less popular support than any convex
scheme if the convex scheme treats the poorest segment of the voters at least as well as
the concave scheme. (see also Mitra et al., 1998). Finally, Roemer (1999) shows that
Nash equilibria exist where both parties propose progressive income taxes if most voters
have income lower than the mean.
In our model, progressive taxes are used to finance public education. Our work is
based on the model of Glomm-Ravikumar 1992 (GR from now on), which is one of the
most popular models in this literature. It is an overlapping generations economy, where
agents are different ex ante with respect to initial human capital, preferences over leisure
and preferences over total human capital. However, for simplicity, we focus on
symmetric equilibria, where agents are alike ex post. We characterize human capital
decisions, optimal economic policy and compare proportional and progressive taxes on
the grounds of growth and welfare. The results are in general ambiguous depending on
parameter values. Therefore, we derive analytical results where possible, and conduct
numerical simulations based on widely-used parameter values (borrowed from the
empirical literature) to obtain a ranking of the various tax systems.
The basic result of the paper is that multiple equilibrium tax vectors may exist
under progressive taxation, while this not the case under proportional taxation. Therefore,
a combination of a rather mild total human capital externality, and progressive taxation is
sufficient for multiplicity. Regarding the comparison between the various equilibrium tax
vectors under progressive taxation, the simulations show that a system characterized by
high progressive and low proportional taxes is welfare superior to a regime of high
proportional and low progressive taxation. This result can be explained by the fact that
the distortions caused by the somewhat high progressive tax are outweighed by the
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minimal distortions caused by the low proportional tax in the former economy. On the
contrary, the latter economy is characterized by such a high proportional tax that the very
low progressivity of the tax system does not compensate for that. Finally, it appears that
governments set taxes lower than their optimal level and do not internalize fully the
externalities associated with economy-wide human capital.
The implication of multiplicity for growth models like ours is that two countries
with identical initial preferences and technologies may consume and accumulate human
capital at completely different rates and only in the long-run they will converge to the
same growth rate, but different levels of output and human capital. Cultural and other
non-ecommic factors may be viewed as selection devices for equilibria, which involve
different transition paths.
The paper is related to four strands of literature. First, it complements the work on
endogenous growth and human capital accumulation (see e.g. Romer 1986, Lucas 1988).
Second, it is related to the recent literature, which offers explanations for the widespread
public provision and financing of education, in addition to standard explanations focusing
on positive externalities, credit constraints, redistributive concerns etc. (Gradstein 2000,
Gradstein-Justman 2000, Thum-Ubelmesser 2001). Third, this paper is related to research
seeking to explain the prevalence of progressive income taxes in most developed
countries (see e.g. Snyder-Kramer 1988, Marhuenda 1995, Mitra 1998, Roemer 1999,
Corneo 2000). Fourth, the present work relates to the literature on multiple equilibria in
the context of endogenous growth (Benhabib-Perli 1994, Benhabib-Gali, 1995, Durlauf
1995).
The rest of the paper proceeds as follows. Section 2 studies public education trying
to obtain closed-form solutions for the endogenous variables of the model. Section 3
computes optimal tax rates numerically under progressive and proportional taxation and
conducts a sensitivity analysis with regard to the most important parameters of the model.
Section 4 examines the case of exogenous taxes based on fiscal data. Section 5 compares
public education with endogenous and exogenous taxes computed in the previous two
sections in terms of human capital and welfare. Section 6 concludes the paper. Proofs are
contained in appendices.

2. PUBLIC EDUCATION

The analysis will be conducted in the context of an overlapping generations
economy, where there is a continuum of 2-period lived agents and population is set to
unity. Every parent has one child and population growth is zero. Agents can differ in the
initial human capital provided by their parents and their preferences over leisure/time
devoted to investment in human capital when young as well as the human capital passed
on to the next generation when old.2
Agents derive utility from leisure when young, and consumption and total human
capital passed on to the next generation when old. This formulation is standard in the
literature (e.g. GR 1992, Cardak 1999, Zhang 1996, Kaganovich-Zilcha 1999). One unit
of time is available for each agent every period. During the first period, time is allocated
to leisure and human capital accumulation, while in the next period all time is supplied to
the hbour market. Parents have a bequest motive, as they obtain utility from the total
human capital of their children.3

2.1 Economic Equilibrium
2.1 .1 Household behaviour
We assume that aggregate human capital provides both production and utility
externalities to private agents. Specifically, the predetermined aggregate human capital
stock (H1 ) increases the productivity of individual education, and the end-of-period
aggregate human capital stock (H11 ) provides direct utility since parents care about the
human capital their children are going to inherit.4
2

The incorporation of heterogeneity in preferences over leisure and total human capital is an attempt to
model the variety of educational choices observed in reality. It is thus implied that the equilibrium human
capital would differ if agents were assumed heterogeneous ex post not only due to differences in their
budget constraint but also because they do not assign the same weight to human capital and leisure. In other
words, parents in reality send their children to schools that differ in terms of quality, cost, location,
reputation etc. due to the different value they attach to human capital except differences in income.
Reasons for bequests, as mentioned in Azariadis (1993), are altruism on behalf of the parents, provision of
incentives such that the heirs behave according to what parents believe is appropriate and accidental death
of retired individuals who are unable to buy actuarially fair annuities. Also, in the absence of a bequest
motive it would be difficult to explain why individuals, even very wealthy ones, maintain large asset
balances at death.
The externality arising from education can be rationalized in several ways. For example, it has been
argued that education contributes to a stable and democratic society, inculcates acceptable social values and

6

We assume there are N agents in the economy. Total human capital is financed
jointly by a tax on initial individual human capital and private agents' income. A
benevolent fiscal authority chooses the tax rate. Proportional taxes (PP) and progressive
taxes (PG) (distortionary in both cases) are considered. The proportional income tax will
be analyzed as a special case of the progressive income tax.
The events take place as follows. First, a centralized fiscal authority chooses the tax
rate (and the associated level of government expenditures) taking the equilibrium values
of consumption and leisure chosen by households as given (see also Alesina-Rodrik,
1994). Second, agents choose consumption and leisure given economic policy.
Solving the problem backwards, in the second stage, the agent i chooses c,, 1 and
n1 , taking the total human capital as given to maximize the utility function:
a. in(n1 )+in(c, +1 )+b lnH,+1

(1)

subject to
= h11

(2)

= A(1 - )P H,"

(3)5

where n,, E [0,1] is leisure in period t, c1 ,+ , h +1 and H,+1 are consumption, individual
human capital and total human capital respectively in period t +1. Also, H, is
predetermined and stands for total human capital in period t.
Moreover, a and b1 are agent-specific preference parameters for leisure and total
human capital respectively. We assume that a1 > 0, b1 > 0 and a1 c La,a], b, c: Lb,b] are
randomly and independently drawn in period t from some continuous density function

behavioural norms, lowers crime, thus law enforcement costs and promotes social cohesion. Empirical
support for these arguments has been found in the classroom and district levels (Glomm and Lagunoff
1999).
Regarding the process of human capital accumulation, empirical studies show that the quality of
education, measured e.g. by the student/teacher ratio, term length or relative pay of teachers, influences
positively the rate of return of individuals to education, therefore their future income (see Card and
Krueger, 1992). Also, the empirical work shows a positive correlation between parental knowledge and
child performance in school (see Coleman, 1966). Furthermore, time spent on human capital investment is
expected to have a positive impact on school performance.
As a result, one may argue that human capital investment depends on the time devoted to it and individual
and total human capital endowments. This resembles also the technology of Lucas (1988).
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with well-defined first and second moments. These parameters are constant over time, i.e.
all generations of each family give the same weight in n
with GR and Cardak (1999) are that a1

=

and H,1. The differences

b. = 1 in the former paper and a1

=

1 in the

latter.
Furthermore, A is a technological parameter that indicates the productivity of all
factors in human capital accumulation and /3, y, 3 exhibit the elasticities of the
accumulation process with regard to time devoted to education, initial total human capital
and net income. Furthermore, given the assumption that agents supply one unit of labour
inelastically in the second period, h,, 1 stands for income and the wage rate. Eqtion (2)
states that consumption equals the net (after-tax) human capital. In the GR paper the tax
is levied on consumption and not human capital and is proportional and not progressive.
Equation (3) represents a Cobb-Douglas production function for human capital, where
A> 0 and /3,7, 6€ (0,1). It shows that human capital accumulation depends positively
on time devoted to schooling, 1 n., initial total human capital, H1 , and net income
-

So, the more educated parents are, the more help they are likely to give to their
offspring and the more educated the latter will be.
Besides these, we will model progressive taxation by assuming that the average tax
rate increases with income (see p.29 in Atkinson-Stiglitz, 1980). In particular, I assume
that tax revenues are a quadratic function of initial income, i.e. equal to
T

=

'r011 H1 + r1

H (4). The case of proportional taxes corresponds to 'r 11

tax system can be summarized by the vector (;+,
net income, then by (4) we have y1,1

,

-

=

0. This

If y +1 represents after-tax or
-

> 0 (5). Also, to be

consistent with the literature on progressive taxes (see Roemer 1999, Corneo 2000), net
income is an increasing concave function of pre-tax income under progressive taxation.
So, we get that:
yi,t+I

ahi

-

1

2r1,
1h 1 >0=

-

<1

-

2-r111h11

(6)

-

=

—2t 1~ <0 = -r 11 > 0

(7)
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(8)

O<; <l-2t,1 h,

Equation (8) is simply a consequence of the fact that a negative tax rate (subsidy) is
outside the scope of our model and it takes into account condition (6).
)P
Conditions (2)-(3) and (5) imply that c 1 = A(1 n
NT (h11
-

-

-

r1 ,+1h12,

)8

(9)

The first-order conditions give:
c1

= --n 1 (i
a1

-

n, )' NT (i

t,1h

)ô

-

h1

(10)

from which we get after some algebra and using (9) we get:

p

h111 = c1 ~1 = A _

]

H (i

-

h5 6

(12)

Equation (11) implies that leisure is constant in equilibrium and is a positive
function of the preference over leisife and a negative function of the elasticity of future
human capital with respect to time devoted to human capital accumulation.
Regarding individual human capital and consumption, by partial differentiation of
(12) with respect to a, /3, y, 5, A we have:
Result 1
Individual human capital and consumption:
a)

Depend positively on the elasticity offuture human capital with respect to

time devoted to education (/3) and the initial total human capital externality (y), the
elasticity offuture human capital with regard to initial individual human capital (5),
and the productivity with regard to all inputs (A).
b)

Depend negatively on the preference over leisure (a1 ).

2.1.2 Government budget constraint
The government is assumed to run a balanced budget. It uses revenues raised
through progressive taxation on households' initial income to fmance expenditure on
6

The second-order conditions are also satisfied.
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education. So, total human capital is the sum of households' human capital stocks and
human capital financed by the government.
Considering the fact that there are N agents in the economy and using (4), the
budget constraint of the government is given by the relation:
N

I

[r0+1h1,, + tj +1 h1

G=

(13)

where G stands for the government expenditures on education and N for the number of
agents.

2.1.3 Competitive decentralized equilibrium
Given the tax vector (r0+1 ,

'1

), the competitive decentralized equilibrium

(CDE) is defined as a set of allocations (ni , , c1

, h,1+19 H11 , G) such that (i) households

maximize utility given economic policy, (ii) markets clear, (iii) the government budget
constraint is satisfied. By using (13) and the fact that economy-wide human capital is the
sum of the agents' human capital and the government subsidy we get that:
(14)

h 11 + ~
j ['r0
1h1 , + z~1 h]

jj+j + G

H1+1 =

=

Now, we assume that agents e.g. i, j, can differ ex ante but in equilibrium, i.e. ex
post, they are alike.7 As a result, we can not examine inequality effects in equilibrium,
but we can still capture incentive effects induced by positive spillovers and noncooperative behaviour (e.g. free-riding). So, we impose the symmetricity conditions, i.e.
a =a1

a,

h,+ = h1 ,

_c1+1, h1
=h1
b =b1 = b, n =n1 , n, c +1 =c11 =

h1,

y,1~1

h,,
(15)

=

Then, using (1 1)-(14) the CDE is given by the following equations:
a
a+/3
= c1+1 = ANY[

(16)

a+/3
P f

(i

-

,+1 h, h/

(17)
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G = Nh(; +r1 h)

(18)

H11 =ANI+T(_13 ),(,--Co,,+,—T,,,+I hl )6 hy+"+Nh,(TO +Th,)
a +13

(19)

As a result, total human capital depends in the same way as individual human
capital on a, /3, y, 6, A, h1 and is a positive function of the number of agents in the
economy ( N).
The above results are similar to those in GR and Cardak (1999) allowing for
progressive taxation of human capital income, the government subsidy on human capital
and the initial total human capital externality.

2.2 Optimal Policy
To find the equilibrium policy vector (r0 , r1+1 ), we consider a centralized fiscal
authority, which acts as a Stackelberg leader vis- a- vis the private sector by taking into
account the decentralized competitive equilibrium.
The problem consists of the choice of a tax vector (r0+1 , t, +1 ), which maximizes
the utility function
a1n(n)+1n(c1+1 )+b1n(H +1 )

20)

(

subject to
n=

a
a+/3

= c+1

(16)

= ANT

I_

a+/3

f (i-

H, 1 =AN1 /3 1 (i — ;+, —
a+J3)

_

-

h ) h7 8

+1 h1 )5 hT +Nh(; +h1

(17)

)

(

19)

Conditions (16)-(17) and (19) hold in the CDE. (Note: in what follows we suppress
t + 1 from the elements of the tax vector for notational simplicity).
The first-order conditions with respect to ; and 'r imply:

This is different from representative agent models, where agents are alike both ex ante and ex post.
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(1_To_tihf)8hT~+h,(;+iht)]+
AN1_
a+sJ
-8E

(21)

di—; — 1 h)5 'h7 5 +ht ](l_; —h)=O
b[_ANT( •13
a+13 )
_&I [ANv( $/3 ] (i —; — h)hT +h1 (;
(22)8

I
— bAN(_

a+/3)

I

Since both elements of the tax vector (;,t) play the same role, i.e. they tax the
initial human capital, these relations are simplified to the following condition:
8(1+b)ANI_$

+h1[6(;+h)—b(1—;—h)1=O

(23)

So, the optimal tax vector (t t) is a function of the predetermined individual
,

human capital stock (he ), and the number of agents in the economy (N). Finally, it
depends on the parameters of the model, i.e. the sensitivity of future human capital with
respect to the time devoted to education (/3), with regard to total human capital (y) and
net human capital

(8).

Finally, equilibrium tax policy depends on the productivity of

human capital accumulation (A) as well as the preference parameters for leisure and total
human capital, a and b respectively.
By looking at (23), we can not find a closed- form solution for the policy vector
). So, we are not able to derive conclusions about whether an equilibrium ('r0, T1 )
exists and if it is unique or there are multiple equilibria.

The second-order conditions are outlined in Appendix A.
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3. NUMERICAL RESULTS

3.1 Basic results
As we said above, we can not get a closed- form solution. In view of this, we resort
to numerical methods by using Mathematica Version 4. We set the following benchmark
values for the parameters: a = 0.15, b = 0.5, 13=0.6, 7=0.1 and 5= 0.3 (24). Recall
that a stands for the strength of preferences over leisure, b for the strength of
preferences over total human capital and /3, y, 3 denote the elasticities of human
capital accumulation with regard to time devoted to education, initial total human capital
and net (after-tax income) respectively. For the rest of the parameters, we set A = 1 for
normalization purposes and h, = N = 2 in order to be able to explore the effect of y on
the optimal tax vector, since 7 appears only as an exponent of N and h1 . Keep in mind
that h, N, A denote initial human capital, the number of agents and the productivity of
human capital accumulation with respect to all inputs respectively.9
Turning to the non-linear equation (23), we use exogenous values for ; and find
the respective values of t, which solve this equation. We present values for ('r0 , tj),
which constitute a sample from the population of solutions derived by using various
initial guesses for z. (These initial values are used for the approximation of the solutions
by an algorithm.) We present the elements of the optimal tax policy vector in table 1,
where each row corresponds to a different pair of solutions. The results are exactly the
same, as is expected, if we set the value of z exogenously in (23) and solve for ;, so
we have multiplicity in that case also.

Some of the parameter values mentioned above are obtained from a similar analysis in Benhabib and Peru
a, b were set so that

(1994) and the work by Psacharopoulos (1985) and Acemoglou-Angrist (1999),
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Table 1
Optimal tax policy (;,tj)

0.3

0.01

0.25

0.03

0.2

0.06

0.15

0.082

0.1

0.11

The results reported above imply that multiple equilibrium tax vectors (;,t)
exist. Thus, the presence of progressive income taxation combined with an externality in
the production of individual human capital, specifically the complementarity of
individual and aggregate human capital, can lead to multiplicity.
As a result, with progressive taxes we can have more than one pair of
expectations/outcomes consistent with individual optimization, market clearing and
rational expectations. The equilibrium in which the economy will end up may depend on
the agents' initial expectations for the future, which will be self-fulfilling, given perfect
foresight and identical fundamentals. For example, if the agents believe that high
proportional and low progressive taxes will prevail in the economy, they will act in such
a way that individual and economy-wide human capital will evolve accordingly. The
evolution of the economy will be different if agents have a different belief. The
aggregation of identical private decisions will lead to the realization of initial
expectations, i.e. expectations will be self-fulfilling. In this framework, if agents'
expectations change in a coordinated fashion, the path of the economy will change
accordingly.
The selection of equilibrium may also depend on initial conditions. Thus, in our
case, initial income h1 is a determinant of the equilibrium tax policy as is evident by
equation (23).

agents put more weight on consumption, education and leisure sequentially and
arbitrarily.

A, h

and

N

were set
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Generalizing these findings, countries with similar characteristics, i.e. resource
endowments, production elasticities and preference parameters, may end up with
different tax rates, rates of capital accumulation, consumption etc. From those mentioned
above, we conclude that countries similar in most respects may have differences in
performance as a result of self-fulfilling expectations coordinated on different
equilibrium paths or varying initial conditions.

3.2 Special cases
Now we will examine some special cases in order to check if multiplicity is robust
to changes in the specification of the tax revenue function.
First, we take the revenue function used up to now (T =
assume that

+ 'rH(4)) and

0. So (4) becomes T = ; H and we go back to the case of proportional

taxation. If we solve (23) for the same baseline values used above (see (24)), the
equilibrium tax rate is ; = 0.314333. Therefore, optimal tax policy with proportional
taxes is unique.
Now, we consider the case where ; 0,

SO

(4) changes to T = 'r H. In other

words, government taxes the square of total human capital and not total human capital
itself, i.e. the tax base is larger. Substituting again the berEhmark parameter values (24)
in (23), the optimal tax rate is 'v = 0.157166. This is around half the rate of the previous
case, which is intuitively expected, since the tax base is much larger now, therefore a
balanced budget can be maintained with a lower tax on initial human capital.
As a conclusion, we could say that a quadratic tax revenue function in the form of
(4) combined with the complementarity of individual and aggregate human capital are a
necessary and sufficient conditions for multiplicity. However, multiplicity is not robust to
a change in the tax regime.

3.3 Sensitivity analysis
After having found equilibrium tax rates for the baseline values of the model
parameters, we examine the comparative statics of the optimal taxes, i.e. we study how
optimal taxes change when we vary some parameter values. We choose to perturb the
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preference over total human capital b, the initial economy-wide human capital
externality y and the initial human capital h,. The first parameter is related to the
component of the utility function relevant for human capital, the second is related to the
same component of the production function and h represents the initial conditions of the
economy. The range of values is such that bE [0.1,0.9], E [0.001,0.35], h E [0.1,7].
These ranges are broad enough to include any empirically plausible values of the
parameters.
Given that condition (24), which gives the elements of the optimal tax vector, has
two unknowns, ; and t, we set one of them exogenously and solve for the other. So,
we set ; equal to 0.2, its median value in table 1, and solve for 'r1 , the only endogenous
variable, for varying values of b, y and h1 sequentially. The results of the experiment
are shown in Table 2.

Table 2
Sensitivity analysis of optimal (;,'r)
b

TO

T,

Y

TO

Ti

0.1

0.2

0.043

0.001

0.2

0.08

0.2

0.2

0

0.01

0.2

0.08

0.3

0.2

0

0.05

0.2

0.07

0.4

0.2

0.02

0.15

0.2

0.045

0.6

0.2

0.09

0.2

0.2

0.03

0.7

0.2

0.12

0.25

0.2

0.017

0.8

0.2

0.14

0.3

0.2

0

0.9

0.2

0.16

0.35

0.2

0

0.1

0.2

0

0.5

0.2

0

1.5

0.2

0.03

16

3

0.2

0.0625

4

0.2

0.06

5

0.2

0.05

6

0.2

0.0475

7

0.2

0.042

As can be seen in table 2, the beinvior of t in most cases is non- linear and nonmonotonic. This is to be expected given the non- linear structure of the underlying model.
Specifically, up to b = 0.3, t declines, while from then onwards, it increases. In
other words, for weak preferences over total human capital, the demand for education is
not high enough to justify a highly progressive tax. The distortions caused by such a tax
more than outweigh the benefits from the additional tax revenues generated by it. Only
when the preference over total human capital is strong enough, the demand for education
justifies a progressive tax rate. This tax rate is increasing in the preference over total
human capital, which is intuitively appealing, since the funds necessary to finance
education spending are increasing in the demand for education, which is directly
proportional to b.
With respect to changes in y, the optimal 'r decreases with y. This happens
because weak total human capital externalities imply a low income generating capacity of
initial total human capital, which makes necessary a relatively highly progressive tax rate
to collect the revenue necessary for education funding. But as the externalities become
stronger, the income generated by initial human capital increases and the progressive
component of the tax system declines in importance, since the funds essential for human
capital formation can be collected by a smaller progressive tax on a larger tax base.
Regarding variations in h1 , for low levels of initial human capital the optimal tax
rate increases, as the distortions caused by the progressivity of the tax system are
outweighed by the benefit in terms of higher tax revenues financing public education. But
for h, higher than or equal to 4, the increase in initial human capital makes it optimal to
levy less progressive taxes. The larger tax base makes worth to reduce the tax rate, as the
increased distortions resulting from the higher progressivity of the tax system are not
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outweighed by the additional benefits from the tax revenues collected by the higher tax
rate. So, for very high levels of initial human capital, we can have relatively low
progressive taxes without a need for higher proportional taxes, because taxable income is
high enough and generates sufficient revenues for financing human capital formation
keeping the budget balanced at the same time.

4. EQUILIBIUM TAX RATES WHEN GOVERNMENTS DO NOT OPTIMIZE

4.1 Main results
Having computed the elements of the tax vector (;,) optimally chosen by the
government, we now try to find empirically plausible values for this tax vector based on
actually observed data for tax rates. Next, we will compare the optimal values with the
actual values of (;,'r1 ).
For this purpose, we consulted the paper by Easterly-Rebello (1993) (called ER
from now onwards) and borrowed realistic values for the average and marginal tax rates,
such that the constraint in our paper is satisfied, i.e. the average tax rate is increasing in
income. So, the baseline values are set equal to 0.203, 0.285 (25) for the average and
marginal tax rates and the range is [0.059,0.468] (26), [0.064,0.7 i] (27) for the average
and marginal tax rates respectively.
The tax revenue function (4) implies an average tax rate equal to ; + 'r H (28)
and a marginal tax rate equal to ; +2'r1 H, (29). Having assumed symmetric equilibria
and h, = N = 2, substituting these parameter values and the benchmark values for the
marginal and average tax rates reported in (25), in (28)-(29), the latter constitute the
following system, from which we compute the actual (r,r):
; +4'r = 0.203

(30)

;+8t =0.285

(31)

Afterwards, we solve the same system for the minimum and maximum values of
the marginal and average tax rates mentioned in (26)-(27). The results are presented in
table 3.
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Table 3
Empirical values of (;,'r1 )
(Average tax rate, Marginal
tax rate)
(0.203,0.285)

0.121

0.0205

(0.059,0.064)

0.054

0.00125

(0.468, 0.71)

0.226

0.0605

Thus, the empirically plausible (;,x) are (0.121, 0.0205), (0.054, 0.00125) and
(0.226, 0.0605). These values are consistent with the baseline, the minimum and the
maximum values for the actually observed average and marginal tax rates respectively.
These values are somewhat lower than the optimal values for (;,tj) reported in
table 1. This indicates that the governments in actual policy making do not internalize
fully the externalities associated with economy-wide human capital, resulting in
underprovision of funding for education.

4.2 Sensitivity analysis
Now we perturb the same parameter we changed after the computation of the
optimal tax vector, i.e. h,, since b and y do not exist in (28)-(29), in order to highlight
the impact of a change in the initial conditions on the actual tax policy

(;,T1 ).

The tax

rates used in the calculations are the baseline actual average and marginal tax rates
reported in (25), i.e. 0.203 and 0.285 respectively. The system to be solved is (28)-(29)
and the results of the exercise are presented in table 4.
As far as ; is concerned, it remains constant throughout. Regarding t,it declines
as h increases. This is intuitive, since a higher initial income implies a larger tax base.
So, it becomes optimal for the fiscal authorities to reduce the progressivity of the tax
system while satisfying the need for government financing of education and maintaining
a balanced budget.
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Table 4
Sensitivity analysis of actual ('r0, 'ri )

0.1

0.121

0.41

0.5

0.121

0.082

1.5

0.121

0.0273

3

0.121

0.0136

4

0.121

0.01025

5

0.121

0.0082

6

0.121

0.00683

7

0.121

0.00585

5. ADDITIONAL RESULTS ON THE MAIN VARIABLES OF THE MODEL

In this section, first we compare two economies characterized by different rates of
tax progressivity in terms of the most important variables of the model, i.e. human capital
and welfare. This comparison is valid irrespective of the way the tax policy is chosen, i.e.
whether it is optimal or not.
Regarding individual human capital, the difference in human capital between
economies with different tax rates, ('r0, r1 ) and

(t, tç)

is given by the relation

\/3

h+1

-

h 1

=

AN7 I

+ /3

h [(1 —;

-

th )

-

(1—

'rh, )] (32)

-

J

From (32) it follows that individual human capital is higher when taxes are lower,
i.e. h +1

>

h'~, when

(;,t

) < (r , rç). Also, progressive taxation lowers individual human

capital accumulation compared to proportional taxaftin ( r1

'rç 0).

As far as total human capital and welfare are concerned, the difference of the
economies with the above tax vectors (r0 , r1 ) and

(t, tç)

in terms of these variables is
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given by the following relationships:
H,+1 —H~1

=

AN'+Y()hT+5 [(i—; —h1 ) 8

$

U —U'=

—'zh
l —r —h]

AN 1 ~n I
) (l_ro _ ht
______a+J3

P

—

)8

y+S
h, +Nh1(;

h)5 h[ +Nh(

The comparison of the two economies in terms of both total human capital and
welfare does not give definite results for all parameter values as is evident from (33)(34). So, the benchmark parameter values given in (24) are substituted in (33)-(34), along
with the following pairs of the optimal tax rates reported in table 1:
(median;, mediant), (max ;, mm 'ç), (mm ; ,max

Afterwards, we make all

possible comparisons of the economies in terms of total human capital and welfare based
on (33)-(34). So, in effect in compare the three economies characterized by the tax
vectors (median;, mediant) , (max ;, miii

tj),

(miii ; ,max tj) and identical values for

all parameters given in (24). The results of these pairwise comparisons are presented in
Table 5.
From Table 5, we conclude that in all three economies total human capital is
identical (see first colunm of the table). This happens because higher progressive tax rates
are compensated by lower proportional rates. The results are first that tax revenues,
therefore government expenditures on education, are the same in all economies and
second that private human capital net of taxes becomes the same across economies.

AI
Table 5
Comparisons of economies with different rates of progressivity
H,+ —H 1
F(median; , median'r1 )_

U—U'

Zero

Negative

Zero

Negative

Zero

Negative

F(max;,miriv1 )
F(median; , median

)-

F(min ;, max r1 )
F(max ; , min

r1)

-

F(min ;, max t)
Note: F = H, 1 ,H,'+1 ,U,U'

The same conclusion is not true for welfare, since the economy with a low
proportional tax rate and a high progressive tax, i.e. with (mm ; ,max 'rJ, is welfare
superior to the economy with high proportional and low progressive tax (max ;,mm t),
(see the third column of the table). Also, the economy characterized by the median level
of taxes (median; ,median r) performs worst. This apparently couterintuitive result can
be explained by the fact that the distortions caused by the somewhat high progressive tax
are outweighed by the minimal distortions caused by the low proportional tax in the first
economy. On the contrary, the second economy has such a high proportional tax that the
very low progressivity of the tax system does not compensate for that. The third
economy, where

(median;,mediant)

prevails is characterized by the worst

combination of rather high proportional taxes and relatively high progressive taxes
resulting in the lowest welfare level of all three economies. We should always keep in
mind that in all three economies government funding of education is the same, so that the
way the tax revenues are collected is crucial for the welfare comparison between them.
Next, we compute the average tax rate and the marginal tax rate in the economy,
which is welfare superior to the other two, i.e. the economy characterized by the tax
vector (mm ; , max

The average tax rate and the marginal tax rate are equal to

0.4832 and 0.8664 respectively. These are higher than all tax rates we borrowed from the
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ER paper from a broad sample of countries (see (25)-(27)). This is an indication, as our
model is quite abstract and simple in many respects, of suboptimal tax setting. In other
words, it seems that governments set taxes lower than they should do. A possible
explanation is that they do not internalize fully the externalities associated with economywide human capital thus providing inadequate funding for education.
Finally, we compare in terms of welfare the economy characterized by the tax
policy (median; ,median t) with the economy where taxes equal the average
('r,t)=(0.l21, 0.027), which was derived above from the average and marginal tax
rates, actually observed (see table 3). As expected, the former economy where taxes are
set optimally is welfare superior to the latter economy where taxes are exogenous.

6. CONCLUDING REMARKS AND EXTENSIONS

This paper has examined the implications of different systems of tax financing of
public education for growth and welfare. The objective is to study the existence and
multiplicity/uniqueness of the optimal tax policy under progressive and proportional
taxation and compare this with the actually observed tax policy implied by available
fiscal data.
We focus on public education, because government funding and administration of
education is common in most countries, both developed and developing, nowadays.
Furthermore, we consider progressive taxation, since it is the dominant system of income
taxation in the developed and part of the less developed world.
The basic result of the paper is that there can be multiple optimal tax vectors under
progressive taxation, while this is not true under proportional taxation. Therefore, a rather
mild total human capital externality combined with progressive taxation are sufficient
conditions for indeterminacy. Regarding the comparison between the different optimal
tax vectors, they imply identical levels of total human capital, while their ranking in
terms of welfare is ambiguous. Numerical simulations using parameter values borrowed
from the empirical literature show that a system characterized by high progressive taxes
and low proportional taxes is superior to those of high proportional- low progressive taxes
and modest proportional- modest progressive taxes.
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The implication of the possibililty of indeterminacy found above is that countries
-

with identical initial preferences and technologies may follow completely different paths
of consumption and human capital accumulation. Only in the long run they will converge
to the same growth rate, but different levels of output and human capital. Cultural and
other non-economic factors may be seen as selection devices for equilibria, which
involve varying transition paths.
We finish with some extensions. First, we can examine ways of publicly provided
education in more detail, e.g. provision of means-tested vouchers, uniform vouchers or
deduction of educational spending from taxable income. Means-tested vouchers are
transfers, which decline with the income of the recipient, while uniform vouchers imply
that these transfers are independent of income. Second, from an empirical point of view,
it would be useful if we could test the predictions of our model for a number of countries,
so that the effect of the various tax systems on human capital and growth is estimated.
Alternatively, the impact of different systems of education finance on growth and welfare
can be investigated. These extensions are left for future work.
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APPENDICES
APPENDIX A
The second-order sufficient conditions for the problem given by equations (16)(17) and (19)-(20) are the following:
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