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Abstract

To date, General Relativity provides the best description of the gravitational

interaction. It can accurately describe the motion of the planets within the

solar system. However, on large scales general relativity is unable to explain

the accelerating expansion of the Universe. Furthermore, so far, no complete

self-consistent quantum theory of gravity based on General Relativity has

been constructed. This has motivated physicists to explore alternative theo-

ries of gravity. In this thesis, I explore three different problems confronting

gravitational physics.

First, I explore a gauge theory of gravity. In these models one has to

choose a gauge group and localize its global symmetries. In this thesis I

consider a Yang-Mills gauge gravity of the conformal group SO(4,2). This

work was done in collaboration with J. Gegenberg and S. Seahra. In the

thesis, I show the derivation of the equations of motion and investigate the

cosmological solutions in the case that the matter content of the Universe

is a mixture of dust and radiation. Our model predicts a big bounce in the

early Universe followed by a period of nearly exponential slow roll inflation
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that can last long enough to explain the large scale homogeneity of the cosmic

microwave background. Furthermore, our model incorporates a de Sitter-like

accelerating phase in the late Universe that agrees with observations.

Second, I explore a toy model of gravity. This work is in collaboration with

V. Husain and J. Ziprick. General relativity in four-dimensional spacetime

is a complicated theory to quantize. Therefore, it is useful to study simpler

models. Einstein gravity in three dimensions has been a subject of much

study, especially for the purpose of quantization. However, there are no local

propagating degrees of freedom in three dimensions. It is fruitful to study

three-dimensional gravitational theories with local field degrees of freedom. I

consider here a method for obtaining local degrees of freedom: three dimen-

sional general relativity coupled to a pressureless “dust”. The dust time gauge

is imposed with the upshot that the gravitational part of the Hamiltonian

constraint becomes the physical Hamiltonian. This yields an extra degree of

freedom in the metric field. In the thesis, I examine the action in canonical

form and derive the evolution equations for the spatial metric and its con-

jugate momentum. Linearizing the equations about the flat background and

imposing the transverse (or traceless) gauges indicates that the extra degree

of freedom in the metric is a scalar mode and is ultralocal.

Finally, I examine parametric resonance in cosmology, in collaboration with

S. Seahra. According to dynamical dark energy models or theories of quan-

tum gravity, it can be possible that kinetic terms appearing in matter actions

get modified at high or low energies. The modification of the matter kinetic
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term can directly influence the parametric resonance and therefore the pre-

heating phase near the end of inflation. Preheating is a process required to

reheat the universe and create elementary particles. To incorporate exotic

kinetic terms into this scenario, one can modify the action of the inflaton, the

reheaton, or both. In the last part of this thesis, I study the effects of non-

standard kinetic terms from several different models on resonant preheating.
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Chapter 1

Introduction

1.1 General relativity

General relativity (GR) was proposed by Einstein in 1916 as a geometric

description of gravitation. According to GR, gravity is the manifestation of

the curvature of spacetime. The spacetime metric is dynamical and there is

no background. The Einstein-Hilbert (EH) action, from which the Einstein’s

field equations are derived, is linear in the curvature R of the connection of

the metric gµν :

SEH =
1

k

∫
d4x
√
−gR, (1.1)

where g is the determinant of the metric and k is the dimensionful gravita-

tional coupling constant with dimension (mass)−2. GR is not perturbatively

renormalizable because of the dimensionful constant in the EH action. This

makes GR hard to quantize. In fact, to date, there has been no complete
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self-consistent quantum theory of gravity.

The Einstein field equations describe the motion of planets within the solar

system accurately. Also, Newtonian gravity is a weak-field, low-velocity limit

of general relativity. In spite of these successful features, GR is defective in

some respects. The basic shortcomings of GR are listed below:

I) Dark matter: In 1932, Oort tried to measure the acceleration of matter

by analyzing the vertical motions of all known stars near the galactic plane.

His measurements signified the existence of extra invisible matter in our

galaxy [1]. In 1932, Zwicky deduced that there exist regions of high density

hidden matter within galaxies since there was not sufficient visible matter to

explain the rotation curves of galaxies [2]. This hidden matter is now known

as “dark matter”. GR is unable to provide an explanation for dark matter.

II) Dark energy: According to observations of supernovae of type IA,

the Universe is currently in a stage of accelerating expansion [3, 4, 5]. A

negative pressure source is required to overcome the gravitational attraction

between galaxies and speed up the expansion of the universe. Dark energy [6]

is hypothesized to explain the late time cosmological acceleration. However,

the exact nature of dark energy is not known. GR does not explain the late

time behaviour of the Universe without introducing this mysterious type of

energy.
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III) Quantum gravity: Physical phenomena at high energy scales can not

be described within the framework of classical physics, since in this regime,

the laws of quantum mechanics dominate. Hence, in order to study gravi-

tational interactions at high energy scales a theory of gravity which follows

the principles of quantum mechanics is required. Formulating a theory that

reconciles GR with quantum mechanics has been an active research area

for decades. It is complicated to quantize GR as it is perturbatively non-

renormalizable due to the presence of a dimensionful gravitational coupling

constant in the Einstein-Hilbert action.

These shortcomings have inspired physicists to search for alternative theo-

ries of gravity [7]. The goal is to modify or extend GR to correct its defects.

1.2 Gauge theories of gravity

One approach to alternative theories of gravity is a “gauge theory” of grav-

ity. There are four fundamental interactions in nature: the electromagnetic,

weak, strong and gravitational interactions. The first three interactions are

quantum gauge theories. So, one might be tempted to look for a gauge theory

description of gravity.

A gauge theory is a theory in which the action remains invariant under a

continuous group of local transformations that describe its symmetry. This

means that, in a gauge theory, the physical laws are invariant under symmetry

transformations.
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1.2.1 Poincaré gauge theory of gravity

In the absence of gravitational fields, spacetime is the Minkowski spacetime

which is described by Special Relativity. Minkowski spacetime possesses

global Poincaré symmetry. In order to localize the global Poincaré symme-

try, new fields have to be defined. These fields represent the gravitational

interaction [8]. Thus, gravity can be regarded as the gauge theory of the

Poincaré group.

The Poincaré gauge theory of gravity was first introduced by Utiyama

in 1956 [9]. Kibble extended Utiyama’s work by arguing that the Lorentz

transformations can be interpreted as general coordinate transformations and

rotations of the tetrad fields [10]. Since then more work has been done on

this subject [11, 12, 13, 14].

At each point of spacetime, there exist local inertial frames which transform

to each other by Lorentz transformations. These local frames are defined in

terms of the “tetrad fields” eaµ. We should mention that the four translations

of the Poincaré group are replaced by the four diffeomorphisms to span the

base manifold and therefore only the Lorentz symmetries are localized. This

rotational invariance implies the coupling of intrinsic angular momentum of

matter, known as “spin”, to gravity. The nonzero spin of matter in curved

spacetime introduces the concept of a torsionful connection [15]. In order

to define the covariant derivative of spinors a new connection is introduced.

This connection is known as the “spin connection” ωabµ .

The gauge potential of the Poincaré group is identified from the frame fields
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eaµ and the spin connection ωabµ . This identification of the gauge potential with

geometric quantities is the core of gauge gravity theory.

1.2.2 Conformal gauge theory of gravity

One motivation to consider a conformally invariant theory of gravity is that

Maxwell’s equations are not only invariant under the Poincare group of trans-

formations ISO(3,1), they are also invariant under the larger SO(4,2) group

of conformal transformations of Minkowski spacetime [16] (as are other im-

portant massless field theories [17], including the standard model with zero

Higgs mass). It seems logical that the theory of gravity should have the

same symmetries as electromagnetism, at least locally, yet GR retains local

ISO(3,1), not SO(4,2), symmetry.

Weyl [18] attempted to construct a conformally invariant theory of gravity

and electromagnetism. Motivated by Weyl’s idea, Bach also tried to unify

electromagnetism with gravitation [19]. He wrote down a conformally invari-

ant action for gravity, squared in a tensor that he called the “Weyl curvature

tensor”. Varying this action, with respect to the metric, leads to the Bach

equation which is fourth order in the metric. Their approach failed as a

unified theory, giving unacceptable gravity-EM couplings, and also failed to

reproduce solar system dynamics as linear gravity was governed by a fourth

order Poisson equation. To recover the inverse square law in conformal grav-

ity, Mannheim has recently suggested that point sources are described by

highly singular distributions involving derivatives of δ-functions [20, 21]. Fur-
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thermore, Mannheim et al. proposed a spherically symmetric solution to the

Bach equation that introduces a linear term to the gravitational potential.

This can reproduce the rotation curves of galaxies without requiring dark

matter [22].

In 1977, Kaku et al [23] extended the idea of Poincaré gauge theory of

gravity to the SO(4,2) conformal group, in which, there are extra components

of the gauge potential associated with special conformal transformations and

dilatations. They used a special form of the action quadratic in the curvature

component in the direction of the Lorentz transformation generators. They

showed that the gauge field of the special conformal transformation is an

auxiliary field that can be eliminated from the action by solving its equation

of motion and substituting back into the action. In this case the action

resembles that of the Weyl theory. Wheeler generalized this idea for the

most general scale invariant action [24].

1.2.3 Yang-Mills gauge theory of gravity

Constructing a gauge theory of gravity from the Yang-Mills-like action has

also been considered [25, 24, 26, 27, 28, 29].

The action is quadratic in the curvature Fαβ of a Lie-algebra-valued con-

nection Aα over the spacetime manifold (M,Γ, g). The coupling constant in

the action is dimensionless, which is what makes the theory perturbatively

renormalizable and a candidate for quantization. However, so far, no work

has been done on canonical formulation of any type of YM gravity theory.
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In general, the affine connection Γµνρ on M is antisymmetric and has

non-vanishing torsion Tαµν . The model differs from pure YM in that the

Lorentzian metric gµν used to raise and lower spacetime indices is itself dy-

namical, as in GR.

To construct a YM gauge theory of gravity, one has to choose a gauge group

and identify various components of the gauge potential Aα with geometric

quantities on M . Once the gauge potential is identified, one can proceed

to write down the action in terms of the field strengths and formulate the

theory.

In 1976, Towsend considered a Yang-Mills type theory of gravity with the

de Sitter group as gauge group. He argued that in order for the gravitational

constant to be directly related to the geometry of spacetime, the Poincaré

group as a potential local gauge symmetry of gravity, had to be replaced by

the de Sitter group [30]. More work has been done on YM gravity gauge

theories of the SO(4,1) de Sitter gauge group [31, 32].

In chapter II we discuss our work on SO(4,2) YM gauge theory of gravity

[33]. We follow Wheeler et al [34] to gauge the SO(4,2) group. The equa-

tions of motion are derived and transformations of different fields and tensors

under the infinitesimal gauge transformations are presented. We show that

our model resembles Weyl gravity under certain assumptions. Also, the lin-

earization of the model about Minkowski spacetime is presented.

In chapter III, we investigate the dynamics of the Universe for the SO(4,2)

YM gauge gravity model that we present in chapter II. We consider the

7



Friedman-Robertson-Walker (FRW) spacetime filled with perfect fluid mat-

ter sources. We show that our model predicts a big bounce in the early

Universe followed by a period of nearly exponential slow roll inflation that

can last long enough to explain the large scale homogeneity of the cosmic mi-

crowave background. Furthermore, our model incorporates a de Sitter-like

accelerating phase in the late Universe that agrees with observations.

1.3 GR in 2+1 dimensions

GR in four-dimensional spacetime is a complicated theory to quantize. There-

fore, it might be helpful to construct a toy model for full quantum gravity in

less than four dimensions.

Einstein gravity in three dimensions has been a subject of much study, due

to its simplicity [35, 36, 37]. Witten showed that 2+1 GR can be represented

as a Chern-Simons theory [38, 39]. Classical and quantum dynamics of point

particles in three-dimensions have also been considered [40, 41].

The curvature tensor in three dimensions depends linearly on the Ricci ten-

sor. If the cosmological constant is zero, the vacuum solution of the Einstein

field equations is flat; and for nonzero cosmological constant, solutions have

constant curvature.

There are no local degrees of freedom in a three dimensional spacetime.

This means that there are no gravitational waves. The reason is that the three

degrees of freedom in the metric field are eliminated by the three Hamiltonian
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and diffeomorphism constraints.

The weak field limit of the theory does not reproduce Newtonian gravity.

There is no force between static massive bodies.

It is interesting to study three-dimensional gravitational theories that do

have local field degrees of freedom. There are many such examples; prominent

among them is the topologically massive theory [42].

We consider another method for obtaining local degrees of freedom: three

dimensional Einstein gravity coupled to matter. This has been studied before;

it is known for instance that three-dimensional gravity with a scalar field has

wave solutions [43].

In chapter IV we study three-dimensional general relativity coupled to a

pressureless dust field in the Arnowitt-Deser-Misner formulation [44]. We

use the dust time gauge which equates the physical time with level values

of the dust field [45, 46]. We derive the evolution equations for the spatial

metric and its conjugate momentum and then linearize the equations about

the flat background. We also consider the case of non-vanishing cosmological

constant and analyze the linearized theory in Fourier space.

1.4 Exotic kinetic terms

The accelerating expansion of the Universe is one of the puzzles of standard

cosmology. Dark energy is an exotic form of energy with negative pres-

sure which drives the accelerating expansion. A possible resolution for the
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dark energy problem is introduced in “k-essence” models. The k-essence is

taken to be a dynamical solution which takes the form of a negative pressure

cosmological constant when the matter domination epoch starts [47]. One

advantage of k-essence is that it does not require the fine tuning initial con-

dition. The action of the model includes scalar fields with a non-standard

kinetic term. Having a scalar field with an exotic kinetic term, affects the

dynamics of the Universe. One particular case of k-essence Lagrangian is the

Dirac-Born-Infeld (DBI) Lagrangian motivated by string theory models [48].

The actions with exotic kinetic terms can also be a consequence of quantum

gravity. One implication of quantum gravity is a modification of the Heisen-

berg Uncertainty Principle to a so-called Generalized Uncertainty Principle

(GUP) at high energies [49, 50]. The commutator between position and

momentum operators get modified near the Planck length [51, 52]. Different

versions of GUP, give rise to different forms of the Hamiltonian and therefore

different exotic kinetic terms.

Polymer quantization is an alternative approach to Schrödinger quantiza-

tion at high energies [53, 54]. In polymer quantization, the Hilbert space

has discrete topology and the momentum operator does not exist. How-

ever, there is an alternative definition of momentum in terms of translation

operator which leads to exotic kinetic terms in the semi-classical effective

Hamiltonian.

In chapter V, we study the effects of exotic kinetic terms in GUP, poly-

mer quantization, DBI, and k-essence models on preheating phase and the
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parametric resonance phenomenon.
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Chapter 2

Gauge Theory of Gravity

We consider a Yang-Mills type gauge theory of gravity in which the gauge

group is the SO(4,2) conformal group of the Minkowski spacetime. We derive

the field equations by varying the action with respect to the gauge potential.

The resulting gravitational theory exhibits local conformal symmetry and re-

duces to Weyl-squared gravity under certain conditions. We also examine the

weak field limit of our model and discuss the conformal symmetry breaking.

This chapter is based on the paper “ Infrared modification of gravity from

conformal symmetry” in collaboration with J. Gegenberg and S. Seahra [33].
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2.1 Conformal gauge theory of gravity

2.1.1 Algebra of the conformal group

The conformal group of the Minkowski spacetime is the fifteen-parameter

SO(4, 2) symmetry group. We denote the generators of the group by JA

where A = 1 . . . 15. These fifteen generators are given by:

Pa =
∂

∂xa
, (2.1)

Jab = xa
∂

∂xb
− xb

∂

∂xa
, where Jab = −Jba, (2.2)

Ka = 2xax
b ∂

∂xb
− (xbxb)

∂

∂xa
, (2.3)

D = xa
∂

∂xa
, (2.4)

where a, b = 0, . . . , 3. The four translation generators Pa, together with the

six Lorentz generators Jab (which generate rotations and boosts), form the

SO(3,1) Poincaré symmetry group. Therefore, the Poincaré group is a sub-

group of the conformal group. The generators which make the conformal

group distinct from the Poincaré group are the remaining Ka and D gener-

ators. The four Ka generate special conformal transformations, which act

non-linearly on the coordinates. The generator D of scale transformation

take a coordinate and rescale it. The generators have the following dimen-

sions:

[Pa] = [L−1], [Jab] = [L0], [Ka] = [L], [D] = [L0]. (2.5)
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The commutators are:

[Jab,Pc] =
1

2
(ηbcPa − ηacPb), (2.6)

[Jab,Jcd] =
1

2
(ηbcJad + ηadJbc − ηacJdb − ηbdJca), (2.7)

[Jab,Kc] =
1

2
(ηbcKa − ηacKb), (2.8)

[Pa,D] =
Pa

2
, (2.9)

[D,Ka] =
Ka

2
, (2.10)

[Pa,Kb] =
1

2
(ηabD− Jab), (2.11)

with ηab the usual 4-dimensional Minkowski metric. Given the commutation

relations, one can identify the structure constants. The structure constants

fABC are defined from the Lie bracket of the group generators:

[JA,JB] = fCABJC , (2.12)

where the structure constants satisfy fCAB = −fCBA.
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From (2.6)− (2.11) we can read off the structure constants:

fd[ab]c =
1

2
(δdaηbc − δdbηac), (2.13)

f [ef ]
[ab][cd] =

1

2

(
ηbcδ

[e
a δ

f ]
d + ηadδ

[e
b δ

f ]
c − ηacδ

[e
b δ

f ]
d − ηbdδ

[e
a δ

f ]
c

)
, (2.14)

f d̄[ab]c̄ =
1

2
(δdaηbc − δdbηac), (2.15)

f ba,14 =
1

2
δba, (2.16)

f b̄14,ā =
1

2
δb̄ā, (2.17)

f 14
ab̄ =

1

2
ηab, (2.18)

f [cd]
ab̄ = −1

4
(δcaδ

d
b − δdaδcb). (2.19)

Here a = ā = 0, . . . , 3 denote the components in the direction of trans-

lation generators Pa and conformal transformation generators Ka, respec-

tively. The six pair of indices [01], [02], [03], [12], [13] and [23] are components

in the direction of the Lorentz transformation generators Jab. Finally, [14]

represents the component in the direction of D.

Contraction of the structure constants gives the Cartan-Killing metric:

hAB = fCADf
D
CB. (2.20)

This metric is used to raise and lower the Lie-algebra-valued indices of the

group generators and structure constants. For example:

fABC = hADf
D
BC . (2.21)
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The structure constants of semi-simple Lie algebras with three lower indices

are totally antisymmetric:

fABC = −fCBA = −fBAC . (2.22)

The nonzero components of the Cartan-Killing metric are:

hab̄ = −2ηab, h14,14 = 2, h[ab][cd] = 2(ηadηbc − ηacηbd). (2.23)

2.1.2 Gauge potential and field strength

The central object in a gauge theory is the gauge potential Aα. In order to

construct a gauge theory of gravity one has to identify the components of Aα

in Jα basis with geometric quantities inM. The so(4,2) Lie-algebra-valued

gauge potential is defined as:

Aα = AAαJA = eaαPa + laαKa + ωabα Jab + qαD. (2.24)

The field strength FA
µν is:

FA
µν = ∂µA

A
ν − ∂νAAµ + fABCA

B
µA

C
ν . (2.25)
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We find the following explicit forms for the components of the field strength:

F a
µν(P ) = T aµν + ea[µqν], (2.26)

F a
µν(K) = 2∂[µl

a
ν] + 2ωac[µ lν]c − la[µqν], (2.27)

F ab
µν(J) = Rab

µν − e[a
[µl

b]
ν], (2.28)

Fµν(D) = 2∂[µqν] + ea[µl
ν]a. (2.29)

The “curvature tensor” Rab
µν and the “torsion tensor” T aαµ are:

Rab
µν = ∂µω

ab
ν − ∂νωacµ + ωacµ ω

b
cν − ωacν ωbcµ, (2.30)

T aαµ = ∂αe
a
µ − ∂µeaα + ωacα ecµ − ωacµ ecα. (2.31)

2.1.3 Geometry of the spacetime manifold

Spacetime is a smooth four-dimensional manifold which admits the metric

gµν and an affine connection Γαβµ. In addition, spacetime is the base manifold

of a smooth principal bundle with the structure group SO(4,2). The metric

is defined in terms of the orthonormal tetrad basis eaµ onM:

gµν = eaµe
b
νηab. (2.32)

The tetrad is, in turn, the gauge potential in the translation direction. The

Greek indices µ, ν = 0, . . . , 3 represent spacetime indices and the Latin in-

dices a, b = 0, . . . , 3 are frame indices. The affine connection Γαβµ is related
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to the translation gauge potential eaµ and rotation gauge potential ωacµ via:

Γγαµ = eγa(∂αe
a
µ + ωacα ecµ). (2.33)

The above equation is equivalent to the “tetrad postulate”:

0 = Dµeaν = ∇µe
a
ν + ωaµbeνb

= ∂µe
a
ν − Γαµνe

a
α + ωaµbe

b
ν , (2.34)

where the affine covariant derivative is defined by:

∇µX
a
ν = ∂µX

a
ν + ωaµbX

b
ν − ΓρµνX

a
ρ . (2.35)

The connection one-forms are antisymmetric on their orthonormal frame in-

dices:

ωµab = −ωµba. (2.36)

This property of the connection one-forms is equivalent to the metric compat-

ibility of the affine connection, i.e, ∇µgνσ = 0. The affine covariant derivative
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of the metric is:

∇γgαβ = ∂γgαβ − eρagρβ∂γeaα − eρagρβecαωacγ

− eρbgαρ∂γe
b
β − e

ρ
bedβgαρω

bd
γ

= −ebαωbdγ edβ − edβωdbγ ebα

= −2ebαω
(bd)
γ edβ. (2.37)

We have used (2.33) to find the covariant derivative in terms of the connection

one-forms. Using (2.36) in (2.37) yields:

∇γgαβ = 0. (2.38)

In general, the affine connection is not symmetric. The antisymmetric part

of the affine connection defines the torsion tensor:

T γαµ = 2Γγ [αµ]. (2.39)

If the torsion is zero the connection onM is the Levi-Civita connection:

Γ̂ρµν =
1

2
gσρ(∂µgσν + ∂νgσµ − ∂σgµν). (2.40)

The Levi-Civita covariant derivative is:

∇̂µX
a
ν = ∂µX

a
ν + ωaµbX

b
ν − Γ̂ρµνX

a
ρ . (2.41)
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2.1.4 Action and equations of motion

We consider a theory given by the quadratic, Yang-Mills type action:

S = − 1

2g2
YM

∫
d4x
√
−ggµνgαβFA

µαF
B
νβhAB + Sm(AAα , ψ). (2.42)

The term Sm = Sm(AAα , ψ) is the action for the matter fields denoted collec-

tively by ψ and gYM is a dimensionless constant.

The form of this action resembles the Yang-Mills action in curved space-

time. However, there is a subtle distinction between the action of our model

and the Yang-Mills action. In our model there is no fixed background. In-

stead, the metric gµν is defined in terms of the generators eaµ.

We view (2.20) and (2.42) as the defining relationships for our model.

Notice that the generators JA do not explicitly appear in either of these

formulae, yet the particular choice of basis for so(4,2) does influence hAB

and FA
αβ. That is, if we change basis according to

J̃A = CA
BJB, (2.43)

where CAB is a matrix such that CADCDB = δA
B, then the field strength

components and Killing metric transform as

h̃AB = CA
CCB

DhCD, F̃A
αβ = CB

AFB
αβ. (2.44)

It follows that (2.42) itself is invariant under such a transformation; i.e., the
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action for our model is invariant under a change of so(4,2) basis.

In deriving the equations of motion one varies the metric gµν according to

its dependence on eaµ as well as varying the field strength and the matter

action. The variation of the action is:

δS = − 1

g2
YM

∫
d4x
(δ(√−g)

δeaµ
gαµgβνhABF

A
αβF

B
µνδe

a
µ

+ 2
√
−ggαµhABFA

αβF
B
µν

δgβν

δeaµ
δeaµ + 2

√
−ggαµgβνhABFA

αβ

δFB
µν

δeaµ
δeaµ

)
+

δSm

δAAµ
δAAµ +

δSm

δψ
δψ, (2.45)

The variation of the metric and the metric determinant are:

δgρσ = ηabe
a
ρδe

b
σ + ηabe

b
σδe

a
ρ = 2ηabe

a
(ρδe

b
σ), (2.46)

δ
√
−g =

1

2

√
−ggρσδgρσ =

√
−ggρσηabeaρδebσ. (2.47)

Substituting (2.46) and (2.47) into (2.45) and integrating by parts yields:

δS =
1

g2
YM

∫
d4x
√
−g
(

2ηabe
a
ρτ

ρσδebσ + 2hABDµF
BµνδAAν − 2jνAδA

A
ν

)
. (2.48)

Here, the gauge covariant derivative Dµ of the curvature one-form is:

DµF
Bµν = ∇̂µF

Bµν + fBACA
A
µF

Cµν

=
1√
−g
(
∂µ
√
−gFBµν

)
+ fBACA

A
µF

Cµν . (2.49)
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We have also defined:

τµν := hAB

(
FBµ
α FAαν − 1

4
gµνFB

αβF
Aαβ

)
. (2.50)

Setting the variation of the action equal to zero yields the equations of mo-

tion:

DµF
Bµν = kBν + jBν . (2.51)

Here the currents are given by:

kAνJA :=
τµνebµKb

2
, jνC := − g2

YM

2
√
−g

δ(
√
−gLm)

δACν
. (2.52)

In the above equation Lm(gµν , A
A
ν ) is an arbitrary matter Lagrangian. We

parametrize the matter current as:

jBνJB = aaνPa + baνKa + cabνJab + dνD. (2.53)

From the form of the Cartan-Killing metric we get the following formulas for
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the components of the matter current:

aaν = jaν = haājνā =
g2
YM

4
√
−g

δ(
√
−gLm)

δlbν
ηab, (2.54)

baν = jāν = hāajνa =
g2
YM

4
√
−g

δ(
√
−gLm)

δebν
ηab, (2.55)

cabν = j[ab]ν = h[ab][cd]jν[cd] = − g2
YM

2
√
−g

δ(
√
−gLm)

δωbaν
, (2.56)

dν = j14ν = h14,14jν14 = − g2
YM

4
√
−g

δ(
√
−gLm)

δqν
. (2.57)

The equations of motion (2.51) split into four sets of equations:

aαν = (∇µ − T σσµ − 1
2
qµ)(Tαµν + gα[µqν])− 1

2
T νµσ(Tαµσ + gα[µqσ])

+Rαν − 1

2
(f (αν) + 1

2
fgαν) + ∂[αqν], (2.58)

bαν = (∇µ − T σσµ + 1
2
qµ)(θαµν − fα[µqν])− 1

2
T νµσ(θαµσ − fα[µqσ])

−fλµ(Rαλµν − 1

2
φαλµν)− fαµ(∂[µqν] + F µν)− 1

2
ταν , (2.59)

cαβν = (∇µ − T σσµ)(Rαβµν − 1

2
φαβµν)− 1

2
T νµσ(Rαβµσ − 1

2
φαβµσ)

+
1

2
θ[αβ]ν − 1

2
f [α|µ|T β]ν

µ + 1
2
(q[βfα]µ + qµg

ν[αfβ]µ), (2.60)

dν = 2(∇µ − T σσµ)(∂[µqν] + F µν)− T νµσ(∂[µqσ] + F µσ)

+
1

2
(∇µ + qµ)(f (µν) − gµνf) +

1

2
fµσT

σµν − 1

2
fµσT

µσν +∇µF
µν ,

(2.61)

where we have defined Rαβµν = eαae
β
bR

abµν , T νµσ = eνaT
a
µσ, etc. We have also
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defined:

fαβ := ηabe
a
αl
b
β, (2.62)

f := gαβfαβ, (2.63)

Fαβ :=
1

2
f[αβ], (2.64)

θµαβ := ∇αfµβ −∇βfµα + fµσTσ
αβ, (2.65)

φαβγδ = 1
2
(gαγfβδ − gβγfαδ + gβδfαγ − gαδfβγ). (2.66)

From the anti-symmetry of FAµν , one can prove:

DνDµF
Bµν = D[νDµ]F

Bµν = 0. (2.67)

Taking the gauge covariant derivative of (2.51) yields:

Dνk
Bν +Dνj

Bν = 0. (2.68)

This indicates that kAν and jAν currents are conserved. The above equation

is equivalent to:

∇̂ν

(
kBν + jBν

)
+ fBCDA

C
ν

(
kDν + jDν

)
= 0. (2.69)

The conservation of the matter currents gives four constraints on the matter

24



fields:

0 = ∇̂νa
ρν +

1

2
dρ − 1

2
qνa

ρν + c ρν
ν , (2.70)

0 = ∇̂νb
λν − fµνcλµν +

1

2
qνb

λν − dν
2
fλν

+
1

2
∇ντ

λν +
1

4
qντ

λν , (2.71)

0 = ∇̂νc
λσν − 1

2
b[σλ] +

1

2
f [σ
ν a

λ]ν , (2.72)

0 = ∇̂νd
ν +

1

2
bνν −

1

2
fµνa

µν . (2.73)

It is useful to rewrite the action (2.42) in terms of spacetime tensors that we

have defined so far:

S =
2

g2
YM

∫
d4x
√
−g
[
(Rαβγδ − 1

2
φαβγδ)

2

+ 2(∇αfµβ + fµσTσ
αβ − fµαqβ)

× (Tµαβ + 2gµ[αqβ])+

(∂[αqβ] + Fαβ)2
]

+ Sm. (2.74)

Writing the action in this form helps us to identify the dynamical fields of

our model.

2.1.5 Gauge symmetries

An infinitesimal SO(4, 2) gauge transformation is generated by fifteen pa-

rameters εA = (χa, λa,Λab,Ω). We parametrize the gauge transformation
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as:

εAJA = χaPa + λaKa + ΛabJab + ΩD. (2.75)

Under the local gauge transformations, the gauge potential and the curvature

one-form transform as:

δAAα = Dαε
A = ∂αε

A + fABCA
B
α ε

C , (2.76)

δFA
µν = DµδA

A
ν −DνδA

A
µ = [Dµ, Dν ]ε

A = fABCF
B
µνε

C . (2.77)

We get the following gauge transformations for different components of the

gauge potential:

δedα = ∂αχ
d − ecαΛd

c +
1

2
edαΩ + ωdcα χc −

1

2
qαχ

d, (2.78)

δldα = ∂αλ
d − lcαΛd

c −
1

2
ldαΩ + ωdcα λc +

1

2
qαλ

d, (2.79)

δωabα = ∂αΛab + ωα
a
cΛ

cb + ωα
b
cΛ

ac +
1

2
(λ[aeb]α − χ[alb]α), (2.80)

δqα = ∂αΩ +
1

2
(λα − χβfβα). (2.81)

We use (2.78) to get the transformation of the metric:

δgαβ = 2eb(αδeβ)b = 2∇(αχβ) + Ωgαβ −
1

2
(qαχβ + qβχα). (2.82)

We also find transformation of fαβ:

δfαβ = ηabe
a
αδl

b
β + ηabl

b
βδe

a
α. (2.83)
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Using (2.78) and (2.79) in the above equation yields:

δfαβ = (∇β +
1

2
qβ)λα + fµβ(∇α −

1

2
qα)χµ, (2.84)

where we have written χσ := eσaχ
a, etc. To find the variation of the action

under an infinitesimal gauge transformation we assume that δgρσ and δAAν

are generated by infinitesimal gauge transformations. Thus, we substitute

(2.76) and (2.82) into (2.48):

δS = − 2

g2
YM

∫
d4x
√
−gχσ(∇ρτ

ρσ +
1

2
qρτ

ρσ). (2.85)

Therefore this action is invariant under local gauge transformations if χσ =

0. So one can see that the action is invariant under the following eleven-

parameter subgroup of SO(4,2) gauge transformations parametrized by:

εAJA = λaKa + ΛabJab + ΩD. (2.86)

This indicates that the YM action is not translation invariant. We should

emphasize that there is a difference between translation invariance and diffeo-

morphism invariance. The action of our model is manifestly diffeomorphism

invariant, since it is expressed in terms of spacetime tensor fields.

A diffeomorphism is generated by the following infinitesimal coordinate

transformation:

xµ → x′µ = xµ + αξµ, (2.87)
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where α is a small parameter and ξµ is a vector field. Under this transforma-

tion, the metric transforms as gµν → g′µν + αδgµν . The change in the metric

is given by its Lie derivative:

δgµν = Lξgµν = ξρ∂ρgµν + gρν∂µξ
ρ + gρµ∂νξ

ρ. (2.88)

Note that (2.82) and (2.88) are different variations of the metric. This

means that the metric transforms differently under translations and diffeo-

morphisms. Hence, an action can be diffeomorphism invariant while it is not

translation invariant.

Under the restricted gauge transformation (2.86) the component of the

gauge potential in the direction of D transforms as:

δqα = ∂αΩ +
1

2
λα. (2.89)

We can impose the gauge condition qα = 0 via a simple series of gauge

transformations of the form εAJA = λaKa . This gauge condition is preserved

under the gauge transformation generated by:

εAJA = −2eaα∂αΩ Ka + ΛabJab + ΩD. (2.90)
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In this gauge the equations of motion (2.51) are:

aαν = ∇̂µT
αµν +Rαν − 1

2
(f (αν) +

1

2
fgαν), (2.91)

bαν = ∇̂µθ
αµν − fλµΦαλµν − fαµF µν − 1

2
ταν , (2.92)

cαβν = ∇̂µΦαβµν +
1

2
θ[αβ]ν − 1

2
f [α|µ|T β]ν

µ, (2.93)

dν = (2∇̂µ +∇µ)F µν +
1

2
∇µ(f (µν) − gµνf) (2.94)

+2fµσT
[σµ]ν ,

where we have defined:

Φαβγδ := Rαβγδ − 1
2
(gγ[αfβ]δ − gδ[αfβ]γ). (2.95)

2.1.6 Torsion-free equations of motion

In this section we investigate the torsion-free sector of solutions of the equa-

tions of motion in qα = 0 gauge. We will see that imposing these two con-

ditions will significantly simplify the equations of motion. Before we start

analyzing the equations we have to make sure that in the qα = 0 the van-

ishing torsion condition is preserved. Let us consider the following gauge

transformation:

εAJA = −2eaα∂αΩ Ka + ΩD. (2.96)

This generates a conformal transformation of the metric and preserves the

gauge condition qα = 0. Under this transformation the torsion tensor trans-
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forms as:

δT aαβ = 1
2
T aαβΩ. (2.97)

Using the above equation and (2.78), we get the following transformation:

δT µαβ = δ(eµaT
a
αβ) = T aαβδe

µ
a + eµaδT

a
αβ

= −1

2
eµaT

a
αβΩ +

1

2
eµaT

a
αβΩ = 0. (2.98)

So, under transformation that preserves the qα = 0 gauge, the torsion tensor

is gauge invariant, and Tαβγ = 0 is preserved.

In the torsion-free equations of motion we can replace all the affine co-

variant derivatives by the Levi-Civita covariant derivative. The torsion-free

equations of motion are:

aαν = Rαν − 1

2
(f (αν) +

1

2
fgαν), (2.99)

bαν = 4
(
−Bαν + ∇̂µ(∇̂[ν āµ]α + ∇̂[νF µ]α) + Qαν

)
, (2.100)

cαβν = ∇̂µR
αβµν +

1

2

(
∇̂[βfα]ν − ∇̂µg

ν[αfβ]µ − ∇̂νFαβ
)
, (2.101)

dν = 3∇̂µF
µν +

1

2
∇̂µ(f (µν) − gµνf), (2.102)

where we have defined:

Qαν = 1
2
aλµC

αλµν − 1
8
ταν − 1

2
(2Sλµ − āλµ + Fλµ)×

(gλ[µāν]α − gα[µāν]λ + gα[µF ν]λ − gλ[µF ν]α + gαλF µν). (2.103)
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The Weyl tensor in 4-dimensions given by:

Cρσµν := Rρσµν − (gρ[µRν]σ − gσ[µRν]ρ) +
1

3
Rgρ[µgν]σ. (2.104)

Finally, the Bach tensor is defined by:

Bµν := −∇̂α∇̂αSµν + ∇̂α∇̂µSαν + CµανβS
αβ, (2.105)

where the Schouten tensor Sαν is defined by:

Sαν := 1
2
(Rαν − 1

6
Rgαν). (2.106)

Here R = gαβRαβ is the Ricci scalar. The Bach tensor is symmetric and trace

free, i.e, gµνBµν = 0. The conditions that must be satisfied by the matter

currents are:

0 = ∇̂νa
ρν +

1

2
dρ + c ρν

ν , (2.107)

0 = ∇̂νb
λν − fµνcλµν −

1

2
dνf

λν +
1

2
∇̂ντ

λν , (2.108)

0 = ∇̂νc
λσν − 1

2
b[σλ] +

1

2
f [σ
ν a

λ]ν , (2.109)

0 = ∇̂νd
ν +

1

2
bνν −

1

2
fµνa

µν . (2.110)

Let us examine the equations of motion in more detail. Taking the trace
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of (2.99) and solving for f yields:

f =
2

3
(R− a), (2.111)

with a = gανa
αν . We substitute (2.111) into (2.99) and solve for f (αν):

f (αν) = 4Sαν − 2āαν , (2.112)

where we have defined:

āαν := aαν − 1
6
gανa. (2.113)

One can also write (2.112) in terms of the Einstein tensor. The Ricci tensor

is related to the Einstein tensor Gαν and the Ricci scalar via:

Rαν = Gαν +
1

2
gανR. (2.114)

Substituting this into (2.112) yields:

Gαν =
1

2
(f (αν) − gανf) + aαν − 1

2
gανa. (2.115)

Now, from the Bianchi identity it follows:

1

2

(
∇̂νf

(αν) − ∇̂αf
)

=
1

2
∇̂αa− ∇̂νa

αν . (2.116)

32



By combining (2.102), (2.107) and (2.116) we obtain:

∇[αF βν] =
1

9
gνβcαµµ −

1

9
gναcβµµ −

1

3
cαβν , (2.117)

∇̂µF
µν =

1

6
dν − 1

6
∇̂νa− 1

3
c νµ
ν . (2.118)

These relations look like the Maxwell’s equations in the presence of electric

and magnetic charges.

2.1.7 Reduction to Weyl squared gravity

The purpose of this section is to consider the action of our model under the

following assumptions:

Tαβγ = 0, qα = 0, Fµν = 0 aαβ = cαβγ = dα = 0. (2.119)

Note that under (2.86) we have:

δFµν = −2∇[µ∇ν]Ω = 0, (2.120)

which implies that Fµν = 0 is gauge invariant. Here, we have assumed that

the matter action Sm only depends on the metric and bαβ matter field. Under
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these assumptions, the action (2.74) reduces to

S =
2

g2
YM

∫
d4x
√
−g
(
Rαβγδ − 1

2
φαβγδ

)2
+ Sm,

=
2

g2
YM

∫
d4x
√
−g
(
Rαβγδ − 1

2
(gαγfβδ − gβγfαδ + gβδfαγ − gαδfβγ)

)2
+ Sm.

(2.121)

Since (2.121) contains no derivatives of fαβ one can conclude that fαβ is

essentially a Lagrange multiplier. Varying (2.121) with respect to fαβ yields:

δS

δfαβ
δfαβ =

8

g2
YM

∫
d4x
√
−g[Rαβ − 1

2

(
fαβ + 1

2
fgαβ

)
]δfαβ. (2.122)

Setting the variation of the action equal to zero and solving for fαβ yields

the following constraint:

fαβ = 2
(
Rαβ − 1

6
Rgαβ

)
. (2.123)

Substituting this constraint back into the action (2.121) gives:

S =
2

g2
YM

∫
d4x
√
−g CαβγδCαβγδ + Sm, (2.124)

where Cαβγδ is the Weyl-tensor. The Weyl squared action is the conformally

invariant gravitational action. Hence, we see that under certain assumptions

our model reduces to Weyl squared gravity coupled to matter. We must

emphasize that in general our model is different from Weyl squared gravity
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and that (2.124) is a special case of our model. The equations of motion can

be obtained by varying (2.124) with respect to the metric.

We can also examine the equations of motion (2.99) − (2.102) under the

assumptions listed in (2.119). From (2.99) and (2.100) we obtain:

0 = Rαν − 1

2
(f (αν) +

1

2
fgαν), (2.125)

0 = −bαν − 4Bαν . (2.126)

The bαν matter field satisfies, in addition,

∇νb
αν = 0, b[αν] = 0, bνν = 0. (2.127)

Note that (2.125) yields the same constraint as (2.123). Now, we use (2.55)

to solve (2.126):

Bαν = − 1

16
g2
YMTµν , (2.128)

where T αβ is the stress energy tensor, and the Bach tensor is defined in

(2.105). This is the equation originally studied by Bach [19]. As we men-

tioned before, the Bach tensor is traceless, which forces the matter source to

satisfy gαβTαβ = 0. One can see that (2.127) are consistent with the Bach

tensor being divergenceless and tracefree.
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2.2 Linearized theory

We study the weak field limit of our model by considering perturbations of

the theory about the Minkowski spacetime. The metric perturbation is of

the form:

gµν = ηµν + hµν ⇔ gµν = ηµν − hµν , (2.129)

where hµν (or hµν) is a small deviation from the Minkowski metric.

We denote quantities in the flat Minkowski background by (0) superscript

and quantities after perturbation without any superscript or subscript. In

the Minkowski spacetime all the matter fields vanish:

(0)aαν = (0)bαν = (0)cαβν = (0)dν = 0. (2.130)

Furthermore we have:

(0)Tαµβ = 0, (0)Rα
µνβ = 0, (0)fµν = 0, (0)qα = 0. (2.131)

The gauge potential in the background is:

(0)AAαJα = (0)eaαJa + (0)ωabα Jab. (2.132)

Since the background is torsion-free, all the components of the field strength
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(0)FA
µν are zero. The linearized equations in the gauge qα = 0 are:

aαν = ∂µT
αµν +Rαν − 1

2
(f (αν) +

1

2
fηαν), (2.133)

bαν = ∂µ∂
µfαν − ∂µ∂νfαµ, (2.134)

cαβν = ∂µR
αβµν +

1

2
(∂µη

ν[αfβ]µ − ∂νFαβ + ∂[βfα]ν), (2.135)

dν = 3∂µF
µν +

1

2
∂µ(f (µν) − gµνf). (2.136)

To get the above equations we have used the fact that τµν is second order in

perturbations and therefore it does not contribute to the linearized equations.

The linearized version of (2.69) is:

Dνj
Bν = ∂νj

Bν + fBACA
A
ν j

Cν = 0. (2.137)

This yields four constraint equations on the matter fields:

0 = ∂νa
αν + c να

ν +
dα

2
, (2.138)

0 = ∂νb
αν , (2.139)

0 = ∂νc
αβν − 1

2
b[βα], (2.140)

0 = ∂νd
ν +

1

2
bνν . (2.141)

In the following we consider that the torsion perturbations are zero, i.e.,
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Tαβγ = 0. By solving (2.133) for f (αν) we obtain:

f (αν) = 4Sαν − 2āαν . (2.142)

The linearized Schouten tensor is given by:

Sαν := 1
2
(Rαν − 1

6
Rηαν). (2.143)

We have also defined:

āαν := aαν − 1
6
ηανa. (2.144)

We can write f (µν) in terms of the perturbed Einstein’s tensor, Gµν := Rµν−
1
2
ηµνR:

f (αν) = 2Gαν + ηανf + ηανa− 2aαν . (2.145)

Substituting the above equation into (2.136) yields:

∂µF
µν =

1

3
(∂µa

µν − 1

2
∂νa+ dν)

=
1

3
c µν
µ +

1

2
dν − 1

6
∂νa, (2.146)

where we have used (2.138). Taking the divergence of the above equation

and noting that ∂µ∂νF µν = 0 gives:

0 = ∂ν∂µa
µν − 1

2
�a+ ∂νd

ν ,

=
1

3
∂νc

µν
µ +

1

2
∂νd

ν − 1

6
�a, (2.147)
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with � = ∂µ∂
µ. This is a constraint between the matter fields. In the next

section we will consider the torsion-free perturbations in detail.

2.2.1 Torsion-free perturbations with static-spherically

symmetric matter source

In this section we consider torsion-free perturbations, i.e, Tαβµ = 0. In order

to simplify our equations we also assume that:

cαβν = 0, dµ = 0. (2.148)

Here, we only consider the case of matter coupling to eaµ and laµ frame fields.

We can see that equations (2.138)− (2.141) force the remaining matter fields

to satisfy:

∂νa
αν = 0, ∂νb

αν = 0, b[βα] = 0, bνν = 0. (2.149)

Furthermore, we find that (2.146) reduces to:

∂µF
µν = −1

6
∂νa ⇒ 2∂(ν∂µ)F

µν = −1

6
�a = 0. (2.150)

This shows that the trace of aαβ acts like a source for Fαβ. In the following,

we will work with a static and spherically symmetric metric perturbation. It

is convenient to define a traceless metric perturbation as:

Hαβ = hαβ −
1

4
ηαβh, (2.151)
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with hαβ defined in (2.129) and h := ηαβhαβ. From (2.133) and (2.134) we

obtain:

− 1
4
(2

3
∂α∂β∂

µ∂νHµν − 2�∂ν∂(αHβ)ν + 1
3
ηαβ∂

µ∂ν�Hµν

+�2Hαβ) = 1
2
�aTFαβ + 1

4
bαβ + 1

6
∂α∂βa. (2.152)

Here, aTFαβ indicates the trace-free part of aαβ. We see that the trace of aαβ

acts as a source for Hαβ as well. We can hence consider Hαβ to be the sum

of contributions sourced by a and aTFαβ , respectively. Concentrating on the

latter, we can impose the transverse gauge condition ∂αHαβ = 0 to simplify

the equations of motion. In this gauge and for static sources we obtain the

following equation:

∇4Hαβ = −2∇2aTFαβ − bαβ. (2.153)

These equations can be solved explicitly via Green’s functions defined by:

∇4G(r− r′) = δ(r− r′). (2.154)

Solving the above equation yields:

G(r− r′) = −|r− r′|
8π

. (2.155)
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Therefore, Hαβ is given by:

Hαβ = −2

∫
d3r′G(|r− r′|)∇2aTFαβ −

∫
d3r′G(|r− r′|)bαβ. (2.156)

Therefore we get:

Hαβ(r) =

∫
d3r′

aTFαβ (r′)

2π|r− r′|
+

∫
d3r′
|r− r′|

8π
bαβ(r′), (2.157)

where we have integrated the first term by parts. We see that the metric

perturbations sourced by aTFαβ fall-off as inverse distance, just as in the static

weak field limit of general relativity. However, the perturbations sourced

by bαβ increase proportionally with distance, implying a modification of the

gravitational interaction for long wavelengths. The existence of distinct short

and long range gravitational forces is directly related to the appearance of

�aTFαβ in (2.152) and not aTFαβ .

One may be concerned that when we assume that aαβ ∝ δ(r), the source

term on the righthand side of (2.152) contains derivatives of a δ-function;

i.e., our mechanism for recovering Newton’s law involves the same highly

singular sources as envisioned by Mannheim et.al, [20, 21]. However, there is

a subtle but important distinction: Mannheim assumes the matter density

for pointlike sources (and hence stress-energy tensors) involves factors of the

form ∇2δ(r), which are hard to obtain from the variation of a non-singular

classical action. In our calculations, matter fields obtained from variation of

the action (i.e., aαβ, bαβ, etc.) have no worse than δ-function singularities,
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and hence imply the action is finite. (Further discussion of the viability of

the Newtonian limit in Mannheim’s theory, including the possible need for

extended sources, can be found in Refs. [55, 56].)

2.2.2 The parametric post-Newtonian formalism

The general form of the parametric post-Newtonian (PPN) formalism was

introduced by C. Will and K. Nordtvedt [57]. This is a mechanism that

can be used to compare different types of metric theories of gravity with

Newtonian gravity in the limit of weak gravitational fields and slow speeds

compared to the speed of light.

In the PPN formalism, where the gravitational fields are weak, all the met-

ric theories of gravity have the same metric form which is basically a small

perturbation about the Minkowski metric. These small perturbations are

given by dimensionless gravitational potentials. There are ten PPN param-

eters that completely identify the weak field limit of a gravitational theory.

These parameters are (γ, β, ξ, α1, α2, α3, ζ1, ζ2, ζ3, ζ4) which are listed in Table

2.1, [58].

The only nonzero PPN parameters in GR are the Eddington-Robertson-

Schiff parameters γ = β = 1. The Cassini tracking experiment provides the

bound on γ [58]:

|γ − 1| . 10−5. (2.158)
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Table 2.1: PPN parameters

Parameter What is measured

γ How much space curvature is produced by unit mass?
β How much nonlinearity is there in the superposition law for gravity?
ξ Effects of preferred location?

α1, α2, α3, Effects of preferred frame?
ζ1, ζ2, ζ3, ζ4 Violation of conservation of total momentum?

Furthermore, the perihelion shift experiment gives the bound on β [58]:

|β − 1| . 10−3. (2.159)

In order to apply the PPN formalism to our model, we solve (2.152) for

the case that both aαβ and bαβ have δ-function support at the origin. We

choose the following metric perturbation:

ds2 = −(1 + 2φ)dt2 + (1− 2ψ)(dx2 + dy2 + dz2). (2.160)

Solving (2.152) for the above metric perturbation yields:

φ+ ψ

2
= −ra

r
− r

rb
. (2.161)

Here, ra and rb are constants proportional to the amplitude of the δ-functions

in aαβ and bαβ, respectively. Note that ra and rb are not necessarily positive;

their signs cannot be determined in the absence of a specific matter model.
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Also note that the equation of motion (2.152) does not fix the difference

φ − ψ of the metric potentials. This is because the gauge transformation

(2.90) gives δhαβ = εηαβ, which implies:

δ(φ+ ψ) = 0, δ(φ− ψ) = ε; (2.162)

i.e., φ+ψ is gauge invariant while φ−ψ is a purely gauge degree of freedom.

We can use this freedom to impose a parametrized-post-Newtonian (PPN)

[59] gauge condition φ = −ra/r from which it follows that the standard PPN

parameter γ is

γ =
ψ

φ
= 1 +

2r2

|rarb|
. (2.163)

Hence, in order to satisfy the Cassini constraint |γ − 1| . 10−5, we need

|rarb| � r2 in the solar system.

2.2.3 Conformal symmetry breaking

The symmetry group of Special Relativity is the Poincaré group. This means

that if we know the physical laws at one spacetime point we can obtain the

corresponding laws at another spacetime point by translational or rotational

symmetry.

Conformal symmetry is obtained by adding scale and special conformal

transformations to the Poincaré transformations. If the conformal symmetry

is a symmetry of spacetime, we must be able to obtain the physical laws at

high energy scales by conformal transformations of the laws at low energy
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scales. However, we do not observe conformal symmetry in nature. The

conformal transformation of the metric is given by:

gµν(x) −→ Ω2(x)gµν(x), (2.164)

where Ω(x) is an arbitrary conformal factor. The Ricci scalar transforms as:

R→ Ω−2R− 6Ω−3∇2Ω, (2.165)

where∇µ is the covariant derivative. One can choose Ω(x) such that the Ricci

scalar becomes zero. This means that an arbitrary state with non-zero Ricci

scalar transforms to a vacuum state with zero Ricci scalar. Therefore, vacuum

is not invariant under conformal transformations and it breaks conformal

symmetry spontaneously. This indicates that there has to be a mechanism

to break the conformal symmetry [60, 61]. Note that the matter fields we

coupled in the linearized theory break conformal symmetry.

2.2.4 Summary

We have considered a YM type gauge theory of gravity in which the gauge

group is the SO(4,2) conformal group of the Minkowski spacetime. The YM

action is quadratic in the curvature Fµν of a Lie-algebra-valued connection

Aµ on the spacetime manifoldM with the metric gµν . Identifying the metric

from the orthonormal frame fields breaks the full SO(4,2) gauge invariance
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of the action. The theory is invariant under an eleven parameter subgroup

consisting of the Lorentz transformations, special conformal transformations

and dilatation.

Under certain restrictions, the vacuum equations of motion of our model

are solved by the solutions of the vacuum equations of Weyl squared gravity.

The linearization of the theory about the Minkowski background agrees

with the static weak field limit of GR and in addition we get a term which

gives us a modification of the gravitational interaction at long wavelengths.
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Chapter 3

Cosmological solutions of

conformal gravity

One important goal of modified gravity is offering a viable explanation for the

evolution of the Universe. Thus, it seems worthwhile to explore cosmological

dynamics of an alternative theory of gravity and compare it to observations.

The evolution of the Universe in a gauge theory of gravity, as an alternative

theory of gravity, has been a subject of interest for a couple of decades.

Cosmological solutions of the Poincaré gauge theory of gravity, Weyl gravity

and de Sitter gauge gravity have been studied before [31, 62, 63, 64, 65, 22].

Huang et al studied cosmological solutions of the SO(4,1) YM gauge grav-

ity. Since torsion appears as a dynamical field in the YM type action, it

affects the evolution of the universe. They showed that if the homogeneous

and isotropic Universe is described by the Friedmann-Robertson-Walker met-
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ric, and the Universe contains a perfect fluid, then the torsion free equations

of motion imply that the Universe is only composed of radiation. They had

to introduce a homogeneous and isotropic non-zero torsion in order to ex-

plain the evolution of the Universe. In the presence of nonzero torsion, this

model predicts the late time acceleration of the Universe [31, 32].

The purpose of this chapter is to explore cosmological solutions of the

SO(4,2) conformal gauge theory of gravity described in the previous chap-

ter. We will examine the dynamics of a spatially homogeneous and isotropic

Friedmann-Robertson-Walker (FRW) Universe in our model. Before we find

the cosmological solutions of our model, we briefly review the standard cos-

mology known as the ΛCDM cosmology.

The first part of this chapter, up to section 3.3, is based on the paper “A

big bounce, slow-roll inflation and dark energy from conformal gravity” in

collaboration with J. Gegenberg and S. Seahra [66]. The remaining discussion

is unpublished research in collaboration with D. Wands.

3.1 ΛCDM cosmology

ΛCDM cosmology or the “standard model of cosmology" is a model of the

universe which includes the “dark energy" associated with the cosmological

constant, “cold dark matter” (CDM), and an inflationary mechanism in the

early universe to explain both the large scale homogeneity of the cosmic mi-

crowave background as well as the origin of primordial fluctuations. Cold
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dark matter is a type of matter which is different from the baryonic mat-

ter that makes up stars and planets and any kind of living creature in the

Universe. It was proposed in 1980s as a necessary ingredient to explain the

rotation curves of galaxies and the formation of structures [67]. Based on

the ΛCDM model, cold dark matter composes ∼ 85% of the matter content

of the Universe. The present composition of the Universe is: ∼ 5% ordinary

baryonic matter, ∼ 25% cold dark matter and, ∼ 70% dark energy.

The Universe is a smooth four-dimensional Lorentzian manifold which is

homogeneous and isotropic on large scales. The homogeneous and isotropic

spacetime looks the same at all points and in all directions. In other words, it

has translational and rotational symmetries. Such a universe is parametrized

by the Friedmann-Robertson-Walker (FRW) line element:

ds2 = −dt2 + A2

(
dr2

1− kr2
0/r

2
+ r2dθ2 + r2 sin2 θ dφ2

)
, (3.1)

where A = A(t) is the scale factor of the Universe. The dimensionful constant

r0 has dimension of length and the curvature is k = 0,+1,−1 for flat, 3-sphere

and 3-hyperboloid spatial geometries, respectively.

In the next section, we study the dynamics of the homogeneous, isotropic

FRW spacetime in our model.
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3.2 Evolution of the Universe in conformal grav-

ity

In this section we work in qα = 0 gauge. Furthermore, we assume that the

affine connection onM has vanishing torsion, i.e., Tαµν = 0. We also make

the following assumptions:

F µν = 0, cαµν = 0, dµ = 0. (3.2)

In other words, we only keep matter coupling to lαa and eαa components of the

gauge potential. The equations of motion (2.99)− (2.102) reduce to:

0 = Bαν + 1
16
g2
YMT αν −∇µ∇[ν āµ]α −Qαν , (3.3)

0 = ∇αaαβ, (3.4)

0 = ∇βa. (3.5)

As seen in (2.54), aµν = eµaa
aν arises from the variation of the matter action

with respect to laα and therefore can not be interpreted as a conventional

matter field. The matter field bµν is defined by:

bµν := eµab
aν =

g2
YM

4
√
−g

δ(
√
−gLm)

δebν
eµb

=
g2
YM

4
√
−g

δ(
√
−gLm)

δgρσ
δgρσ

δebν
eµb

=
g2
YM

4
T µν , (3.6)
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where T µν is the stress-energy tensor. This assumes Lm does not have

explicit dependence on eaα. The symmetric matter source aµν in the homoge-

neous and isotropic spacetime necessarily takes the form:

aµν = (ξ1 + ξ2)uµuν + ξ2g
µν , (3.7)

where uµ = [1, 0, 0, 0] is the four-velocity of the fluid. Note that this is

only algebraically but not physically identical to the stress-energy tensor of

a perfect fluid. The parameters ξ1 and ξ2 appearing in (3.7) do not have the

dimensions of density and pressure; rather, they have dimensions of (mass)2.

Substituting the trace of (3.7) into (3.5) yields:

ξ2 =
ξ1

3
+

4

3
Λ, (3.8)

where Λ is a constant of integration. If we substitute (3.8) and (3.7) into

(3.4) and solve for ξ1 we obtain:

ξ1 = −Λ− Π

A4
, (3.9)

where Π is a constant. Finally we substitute (3.9) into (3.8):

ξ2 = Λ− Π

3A4
. (3.10)
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Note that the Bach tensor and the Weyl tensor are identically zero in any

homogeneous and isotropic spacetime and therefore (3.3) reduces to

1
16
g2
YMT αν = ∇µ∇[ν āµ]α − 1

2
(2Sλµ − āλµ)(gλ[µāν]α − gα[µāν]λ). (3.11)

As in ΛCDM, we suppose that the matter content of the Universe is a mixture

of pressureless dust and radiation:

Tµν = T (m)
µν + T (r)

µν . (3.12)

The matter and radiation parts of the stress-energy tensor are respectively:

T (m)
µν = ρmuµuν , (3.13)

T (r)
µν = (ρr + pr)uµuν + prgµν , (3.14)

The equations of state are:

pm = 0, pr = ρr/3. (3.15)

Demanding that each matter source is separately conserved (∇̂µT (m)
µν =

∇̂µT (r)
µν = 0) yields:

0 = ρ̇m + 3Hρm, ⇒ ρm =
ρm,0
A3

, (3.16)

0 = ρ̇r + 3H(ρr + pr), ⇒ ρr =
ρr,0
A4

, (3.17)
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where ρm,0 and ρr,0 are constants. We use an overdot to denote d/dt, and

H = Ȧ/A is the Hubble parameter. As the Universe expands the energy

density of radiation falls off faster than the energy density of matter. In the

early universe, radiation dominates over matter and as the Universe expands

the energy density of radiation decreases rapidly and eventually matter will

dominate over radiation. From (3.11) we get four equations for the (t, t),

(r, r), (θ, θ) and (φ, φ) components. Due to the symmetries of the spacetime,

the only independent equation is the (t, t) component:

H2 =
g2
YM

8

(
ρm + ρr

Λ + Π
A4

)
− k

r2
0A

2
+

Λ

3
− Π

3A4
. (3.18)

This is the Friedmann equation, where we have used (3.7), (3.9) and (3.10).

In the late-time limit A4 � |Π/Λ|, we obtain

H2 ≈ ρm + ρr
3M2

Pl
− k

r2
0A

2
+

Λ

3
, (3.19)

where we have identified the Planck mass as:

M2
Pl =

8

3

Λ

g2
YM

. (3.20)

Equation (3.19) is the same as the Friedmann equation in ΛCDM, provided

that we interpret the constant of integration Λ as the cosmological constant.

Therefore, in our model the cosmological constant arises as a constant of

integration. Probes of the expansion history of the late time Universe give
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us the order of magnitude of Λ:

Λ ∼ (10−3 eV)4

M2
Pl

∼ (10−33 eV)2. (3.21)

This in turn fixes the size of Yang-Mills coupling constant to be g2
YM ∼ 10−120.

Before moving on, we make a few remarks about the interpretation of the

Friedmann equation (3.18). This equation can be rewritten in a form more

familiar from general relativity if one introduces a time-varying Newton’s

constant and a “dark radiation” field with density ∝ −Π:

H2 =
8πGeff(A)

3
(ρm + ρr)−

k

r2
0A

2
+

Λ

3
− Π

3A4
, (3.22)

where

Geff(A) =
3g2

YM

64π

(
A4

ΛA4 + Π

)
=

1

8πM2
Pl

(
A4

A4 + Π/Λ

)
. (3.23)

We see that the effective Newton constant decreases with decreasing A; i.e.,

the force of gravity is weaker in the past and at A = 0 we have Geff(A) = 0.

We also note that if Π = 0, we recover the Friedmann equation of general

relativity exactly. Indeed, if Π = 0 we have:

ξ1 = −ξ2 = Λ ⇒ aαβ = Λgαβ, (3.24)
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which when substituted into equation (3.71) yields:

Gαβ + Λgαβ =
3g2

YM

8Λ
Tαβ, (3.25)

where Gαβ is the Einstein tensor. This is equivalent to the field equations

of general relativity with a cosmological constant, provided we identify the

Planck mass as in (3.20).

3.2.1 Cosmological dynamics

It is useful to write the Friedmann equation in terms of the density parame-

ters used to describe the ΛCDM model [68]:

Ωm =
ρm,0

3M2
PlH

2
0

, Ωr =
ρr,0

3M2
PlH

2
0

, ΩΛ =
Λ

3H2
0

, Ωk = − k

r2
0H

2
0

. (3.26)

According to observations of the cosmic microwave background (CMB)

and large-scale structure (LSS), the Universe is nearly flat. This means that

Ωk ∼ 0. The other density parameters take on the following values [69]:

Ωm = 0.27± 0.04, ΩΛ = 0.73± 0.04, Ωr ' 8.24× 10−5. (3.27)

Our model includes an extra parameter Π which arose initially as an inte-

gration constant. We define a dimensionless density parameter for Π:

ΩΠ =
Π

3H2
0

. (3.28)
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Note that since observations imply that Λ ∼ H2
0 , we have that ΩΠ ∼ Π/Λ;

i.e., it is roughly the ratio of the two constants appearing in our solution for

aαβ. There is no restriction on the sign of ΩΠ and it can be either positive

or negative based on the sign of Π. Here, we only focus on ΩΠ > 0 (or

equivalently Π > 0).

In terms of the density parameters, the Friedmann equation (3.18) becomes:

H2

H2
0

=
ΩΛΩm

A3(ΩΛ + ΩΠ

A4 )
+

ΩΛΩr

A4(ΩΛ + ΩΠ

A4 )
+

Ωk

A2
+ ΩΛ −

ΩΠ

A4
, (3.29)

where we have made use of (3.20). Note that we avoid a singularity in the

Friedmann equation for finite A > 0 by assuming that ΩΠ > 0. Since ΩΠ

falls off as 1/A4 we call it the “dark radiation sector”.

Evaluating this at the present epoch (when A = 1 and H = H0) yields the

following constraint:

1 =
ΩΛ(Ωm + Ωr)

ΩΛ + ΩΠ

+ Ωk + ΩΛ − ΩΠ. (3.30)

Note that if |ΩΠ| � 1, we recover the standard ΛCDM relation:

1 = Ωm + Ωr + ΩΛ + Ωk. (3.31)

56



3.2.2 Effective potential

In order to qualitatively analyze the cosmological dynamics, it is useful to

rewrite the Friedmann equation as the equation of motion of a zero-energy

particle moving in a one-dimensional effective potential:

1

2

(
dA

dτ

)2

+ Veff(A) = 0, (3.32)

where we have defined τ = H0t. From (3.29) we get the following potential:

Veff(A) = − Ωm

2A(1 + ΩΠ

A4ΩΛ
)
− Ωr

2A2(1 + ΩΠ

A4ΩΛ
)
− Ωk

2
− ΩΛA

2

2
+

ΩΠ

2A2
. (3.33)

We use (3.30) to eliminate Ωk in (3.33):

V (A) = − Ωm

2A(1 + 1
A4

ΩΠ

ΩΛ
)
− ΩΛ

2A2(1 + 1
A4

ΩΠ

ΩΛ
)

+
Ωm

2(1 + ΩΠ

ΩΛ
)

+
Ωr

2(1 + ΩΠ

ΩΛ
)

+
ΩΛ(1− A2)

2
+

ΩΠ

2

(1− A2)

A2
− 1

2
. (3.34)

The utility of the Friedmann equation written as (3.32) is that we can

immediately conclude that all values of the scale factor with Veff(A) > 0 are

classically forbidden, and we can obtain the acceleration of the universe in a

given epoch from Ä = −V ′eff(A).

Now, in order to be consistent with late times probes of cosmological ex-

pansion (such as Supernovae of Type IA), we demand that the Friedman
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Figure 3.1: Effective potential Veff , as a function of scale factor. Here, we
have taken (Ωm,Ωr,ΩΛ) = (0.27, 8.24 × 10−5, 0.73). There is a cosmological
bounce at early times when Veff = 0. This bounce is followed by a period of
quasi de-Sitter acceleration when V ∝ −A2. The early time acceleration ends
when Veff switches from decreasing to increasing and is followed by epochs of
radiation, matter, and late time acceleration similar to ΛCDM.

equation (3.29) reduces down to the ΛCDM form when A & 1. This implies

that |ΩΠ| � 1. Furthermore, to avoid a singularity in the Friedmann equa-

tion for finite A > 0, we will assume that ΩΠ > 0.1 Given that we recover

ΛCDM for A & 1, we expect that the other density parameters will take on

their concordance values given in (3.27).

Figure 3.1 represents the effective potential as a function of the scale factor

assuming the central values of cosmological parameters in (3.27). Since values

of the scale factor for which Veff(A) > 0 are classically forbidden, there will
1This is not a necessary assumption, and it would be interesting to consider the ΩΠ < 0

case in future work.
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be an early Universe “big bounce” that occurs when Veff(A) = 0 and there

is no big bang singularity in our model. The replacement of the big bang

with a big bounce in this model is a direct consequence of the weakening

of the gravitational field sourced by ordinary matter in the early Universe

(c.f. equation 3.18). Essentially, strong gravitational forces implied by high

densities are mitigated by the reduction of Geff in the distant past, which

allows the Universe to escape an initial singularity.

The graph of Veff(A) demonstrates two phase transitions. The first phase

transition occurs when the acceleration in the early Universe ends and the

matter dominated epoch starts. The second transition happens in the late

Universe where the matter dominated era ends and the cosmological constant

dominated epoch starts. This is consistent with the late-time acceleration of

the Universe. Both these transitions occur when:

dVeff
dA

= 0. (3.35)

We give an example of numerical solutions of (3.32) for the scale factor in

Figure 3.2, which clearly demonstrates the existence of a bounce in the early

Universe.

As mentioned above, in order to recover an acceptable late-time cosmology,

we must have that |ΩΠ| � 1. Let us assume that 0 < ΩΠ � ΩΛ, and hence
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Figure 3.2: Numeric solutions for the scale factor A assuming (Ωm,Ωr,ΩΛ) =
(0.27, 8.24× 10−5, 0.73). All simulations show a bounce at time t = t0. The
scale factor at the bounce increases with increasing ΩΠ.

obtain the following approximate form of the potential:

Veff(A) ≈ −1

2

(
Ωm

A
+

Ωr

A2

)(
1 +

ΩΠ

ΩΛA4

)−1

+
Ω− 1

2
+

ΩΠ

2A2
− ΩΛA

2

2
, (3.36)

where we have defined:

Ω = Ωm + Ωr + ΩΛ, (3.37)

as in standard ΛCDM cosmology. The accelerating phase in the early Uni-

verse starts at A = A1 when the cosmological bounce occurs; i.e, when Ȧ1 ≈ 0

or equivalently V (A1) ≈ 0.

By making further assumptions on the size of A and performing some
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analysis, we can write Veff in various epochs:

Veff(A) ≈ Ω− 1

2
−1

2



ΩrΩΛΩ−1
Π A2 A1 � A� A2, (early quasi-dS acceleration),

ΩrA
−2, A2 � A� A3, (radiation domination),

ΩmA
−1, A3 � A� A4, (matter domination),

ΩΛA
2, A4 � A, (late quasi-dS acceleration),

(3.38)

where we have defined

A1 =

[
ΩΠ

ΩΛΩr

(
Ω− 1

2
+

√
(Ω− 1)2

4
+ ΩΛΩr

)]1/2

, A2 =

(
ΩΠ

ΩΛ

)1/4

,

A3 =
Ωr

Ωm
, A4 =

(
Ωm

ΩΛ

)1/3

. (3.39)

We have also assumed that

Ω = O(1), ΩΛ = O(1), Ωm = O(1), Ωr � Ωm, ΩΠ � Ω2
r � Ωr,

(3.40)

in order to ensure the hierarchy A1 � A2 � A3 � A4. In a special case, if

we assume Ω ≈ 1 then we find that in the “early quasi-dS acceleration” phase

A ≈ exp[Ω1/2
r Ω

1/2
Λ Ω

−1/2
Π H0(t− t0)], A1 � A� A2; (3.41)

i.e., we have exponential expansion (t0 is an integration constant).

From figure 3.1, we expect the early acceleration phase to be preceeded by
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a cosmological bounce that occurs when Veff(A) = 0. By performing a 3-term

Taylor series expansion of (3.33) about A = 0 and working to leading order

in ΩΠ, we find that

Veff(A1) ≈ 0, 0 < ΩΠ � 1, (3.42)

where A1 is given by (3.39). That is, the bounce occurs at A ≈ A1 when

ΩΠ is small and positive. On the other hand, the transition from early time

acceleration to radiation domination at A ≈ A2 occurs when the potential

switches from a decreasing to increasing function of A. Therefore, we also

expect

V ′eff(A2) ≈ 0, 0 < ΩΠ � 1, (3.43)

where A2 is given by (3.39). To test these approximations, we can plot the

curves Veff(A) = 0, V ′eff(A) = 0, A = A1 and A = A2 in the (ΩΠ, a) plane with

(Ωm,Ωr,ΩΛ) held constant. An example of such a plot is given in Figure 3.3.

3.2.3 Slow roll parameter

One parameter which gives us more information about the acceleration in

the early Universe is the “Hubble slow-roll parameter” εH . The acceleration

of the scale factor of the Universe is related to the first time derivative of the

Hubble parameter via:
Ä

A
= Ḣ +H2, (3.44)
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Figure 3.3: Curves Veff(A) = 0, V ′eff(A) = 0, A = A1 and A = A2 in the
(ΩΠ, A) plane with (Ωm,Ωr,ΩΛ) = (0.27, 8.24 × 10−5, 0.73). We see that
for 0 < ΩΠ � 1 the Veff(A) = 0 and A = A1 curves coincide, while the
V ′eff(A) = 0 and A = A2 curves coincide. This is an explicit confirmation
that the bounce occurs at A ≈ A1 and the quasi-dS inflation ends when
A ≈ A2 for these parameters and 0 < ΩΠ � 1.

this can be rewritten as:
Ä

A
= H2(1− εH), (3.45)

where the slow-roll parameter is defined by:

εH := − Ḣ

H2
. (3.46)

The slow-roll parameter in terms of the potential is given by:

εH = 1− A

2

V ′eff
V
. (3.47)
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Figure 3.4: The slow-roll parameter as a function of the scale factor for
(Ωm,Ωr,ΩΛ) = (0.27, 8.24× 10−5, 0.73).

Note that εH < 1 corresponds to Ä > 0 (or V ′eff < 0). Figure 3.4 represents

the slow-roll parameter as a function of the scale factor assuming the central

values of cosmological parameters. In the early time and in the late time

εH ≈ 0 which indicates de Sitter like accelerating expansion of the Universe.

3.2.4 e-folds of inflation

If A1 is the scale factor at the beginning of inflation and A2 is the scale factor

at the end of inflation, the number of inflationary e-folds is:

N := ln

(
A2

A1

)
. (3.48)
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To explain the homogeneity of large scale CMB fluctuations N ' 40 − 60

e-folds are required before the end of inflation [68].

Given formulae for A1 and A2, we can estimate how many e-folds N of

exponential expansion occur after the bounce:

N = ln
A2

A1

= −1

4
ln ΩΠ+

1

4
ln ΩΛ+

1

2
ln Ωr−

1

2
ln

(
Ω− 1

2
+

√
(Ω− 1)2

4
+ ΩΛΩr

)
.

(3.49)

We see from this that we can make N arbitrarily large by selecting ΩΠ to

be very small. If we take cosmological parameters as their central values in

(3.27), then we have

N ∼ 60− 1

4
ln

ΩΠ

10−109
∼ 66− 1

4
ln

ΩΠ

g2
YM

. (3.50)

We also note that the Hubble scale during this early “inflationary” period is

fixed by ΩΠ:

Hinf ≈ Ω1/2
r Ω

1/2
Λ Ω

−1/2
Π H0. (3.51)

This is commonly characterized by the energy scale during inflation. This

energy scale represents the energy density at which the inflation occurs. This

scale is an indication of the high energy physics regime [70]. We can find the

energy scale of inflation in our model:

Einf = (3M2
PlH

2
inf)

1/4 ≈ 31/4Ω1/4
r Ω

1/4
Λ Ω

−1/4
Π M

1/2
Pl H

1/2
0 . (3.52)
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Again taking central values for the usual density parameters and H0 ∼

10−33 eV, we find

Einf ∼ 1015 GeV
(

ΩΠ

10−109

)−1/4

∼ 5× 1017 GeV
(

ΩΠ

g2
YM

)−1/4

. (3.53)

Finally, we note the relationship between N and Einf in this model

N ∼ 60 + ln

(
Einf

1015 GeV

)
, (3.54)

again assuming central values for (Ωm,Ωr,ΩΛ).

3.3 Perturbations about Friedmann-Robertson-

Walker spacetime in qα = 0 gauge

We consider the linearization of the theory about the background FRW space-

time given by the metric in conformal form:

ds2 = A(τ)2[−dτ 2 + δijdx
idxj], (3.55)

where A(τ) is the scale factor of the Universe in conformal time τ defined

by:

τ =

∫ τ

0

dt

A(t)
. (3.56)
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We consider the perturbed FRW line element in the synchronous gauge:

ds2 = A(τ)2(−dτ 2 + (δij + hij)dx
idxj). (3.57)

Note that only the spatial part of the metric is perturbed in this gauge.

Furthermore, the metric perturbation hij can be decomposed as follows:

hij = 2Eij − 2δijΨ + 2∂(iEj) + 2∂i∂jE, (3.58)

where E and Ψ are two scalar perturbations. Also, Eij and Ei are tensor

and vector perturbations, respectively. The perturbations satisfy:

∂iEi = ∂iEij = 0. (3.59)

In the following, we examine torsion-free perturbations in our model.

3.3.1 Torsion-free tensor perturbations

The following are zero in the FRW spacetime:

(0)fµν = 0, (0)Tαµν = 0, (0)laα = 0, (0)qα = 0. (3.60)
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The torsion-free linearized equations of motion are:

aαν = Rαν − 1

2
(f (αν) +

1

2
(0)gανf), (3.61)

g2
YM

4
T αν = ∇̂µ∇̂µfαν − ∇̂µ∇̂νfαµ − fλµ(0)Rαλµν , (3.62)

0 = ∇̂µR
αβµν + ∇̂[βfα]ν +

1

2
∇̂µ((0)gν[αfβ]µ)− ∇̂νFαβ, (3.63)

0 = 3∇̂µF
µν +

1

2
∇̂µ(f (µν) − (0)gµνf), (3.64)

where (0)gαν is the background FRW metric. Notice that again we have only

kept matter coupling to eaα and laα. We suppose that the matter content of

the Universe is the sum of dust and radiation, as before, and therefore (0)T µν

takes the following form:

(0)T µν = ((0)ρr + (0)pr)
(0)uµ(0)uν + (0)pr

(0)gµν + (0)ρm
(0)uµ(0)uν . (3.65)

where the velocity four-vector is (0)uµ = Aδ0
µ. After perturbations, aµν and

T µ
ν take the following forms:

aµν = ((0)ξ1 + (0)ξ2)((0)uµuν + uµ(0)uν) + (ξ1 + ξ2)(0)uµ(0)uν + ξ2δ
µ
ν + Πµ

ν

T µ
ν = ((0)ρr + (0)pr)(

(0)uµuν + uµ(0)uν) + (ρr + pr)
(0)uµ(0)uν + prδ

µ
ν

+ (0)ρm((0)uµuν + uµ(0)uν) + ρm
(0)uµ(0)uν + πµν . (3.66)
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The perturbed four-velocity is:

uµ = A−1[1, vi], uµ = [−A,A2δijv
j], (3.67)

where vi = dxi/dτ . The anisotropic stress-energy tensors πµν and Πµν are

symmetric spatial tensors with the following properties:

Π0
0 = π0

0 = Πi
i = πii = 0. (3.68)

We can decompose πij (and Πij) as follows:

πij = ∂i∂jπ −
1

3
∂k∂kπδij +

1

2
(∂iπ̂j + ∂jπ̂i) + π̂ij, (3.69)

where π = δijπij. The conditions that must be satisfied by the matter cur-

rents are:

∇̂νa
αν = 0, ∇̂νT

αν = 0, T [αν] = 0, T ν
ν = 0. (3.70)

By solving (3.62) we obtain:

g2
YM

4
T αν = 4∇̂µ∇̂[νF µ]α+4∇̂µ∇̂[ν āµ]α−4Bαν−2Fλµ

(0)Rαλµν−(4Ŝλµ−2āλµ)(0)Rαλµν ,

(3.71)

where the linearized Bach tensor is given by:

Bαν = −�Sαν + ∇̂µ∇̂νSαµ. (3.72)
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We can try to decompose the antisymmetric tensor F µν . Since this tensor

is antisymmetric the only nonzero components are F 0i and F ij. One can

decompose F 0i as:

F 0i = ∂iF + F̂ i, (3.73)

where F̂ i is a 3-vector that satisfies ∂iF̂ i = 0 and ∂iF is curl-free. Note

that F ij has three independent components one of which is scalar F and

the other two are vector modes F̂ i. Thus, we can write:

F ij = 2∂[i∂j]F + 2∂[iF̂ j], (3.74)

where ∂iF̂ i = 0. Also, we impose F = 0. In this particular gauge we will not

have the ∂µ∂[νF µ]α term in (3.71). Since we wish to examine the evolution

of the tensor modes, we can ignore the F µν tensor. Also, we assume that the

anisotropic stress-energy tensors πµν and Πµν are zero. If we only consider

tensor perturbations then (3.71) reduces to:

Bα
ν + Sλµ(0)Rα

λµν = 0. (3.75)

3.3.1.1 Perturbations on the de Sitter inflation

In this section we examine the evolution of the perturbations during the de

Sitter stage. During the de Sitter phase the Universe expands exponentially
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in physical time coordinates:

A(t) ∝ eHt. (3.76)

This takes the following form in conformal time coordinate:

A(τ) ∝ − 1

Hτ
. (3.77)

In the de Sitter epoch the scale factor goes from a very small to a very large

value which corresponds to −∞ < τ < 0.

Furthermore, we have:

H2 = H′, (3.78)

where H = A′

A
and the prime denotes d/dA. One can prove the above equa-

tion by considering the fact that during the de Sitter phase Ḣ(t) = 0. During

this period, tensor perturbations satisfy:

�2Ei
j = 0. (3.79)

This equation shows that there are extra tensor modes other than the gravi-

ton modes [71, 72]. These extra modes may involve ghost degrees of freedom

in our model. In general higher order theories suffer from ghost instabilities

[73, 74, 75, 76, 77]. Our model in the case that torsion is zero resembles the

Weyl gravity which has ghostly gravitons. However, further work has to be
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done in order to understand the role of ghosts.

3.3.2 Summary

We have investigated the dynamics of the Universe for a homogeneous and

isotropic spacetime filled with perfect fluid matter sources. It is possible

that torsion plays an important role in gauge theories [65]. However, we only

focus on the torsion-free case, i.e., Tαµν = 0. We also impose qα = 0 gauge.

Our model predicts a big bounce in the early Universe followed by a period

of nearly exponential slow roll inflation that can last long enough to explain

the large scale homogeneity of the cosmic microwave background.

Furthermore, our model incorporates a de Sitter-like accelerating phase in

the late Universe that agrees with observations.

We have studied cosmological perturbations in our model. Ignoring the

torsion, the tensor component of the metric perturbation satisfies a fourth

order equation. It is possible that this fourth order equation involves ghost

degrees of freedom in our theory. Further work to understand this is in

progress.
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Chapter 4

2+1 general relativity coupled to

the dust field

In this chapter, we study 2+1 dimensional general relativity with pressureless

dust field φ in the canonical formulation. As we noted in the introduction

chapter, GR in 2+1 dimensions can be studied as a toy model for a full

quantum theory of gravity. However, there are no local degrees of freedom

in three dimensions. Here, we add a matter field to obtain an extra local

degree of freedom in the metric field. This model is an interesting model

for the purpose of studying quantum gravity with local degrees of freedom.

We study the evolution of this mode by linearizing the theory about the flat

spacetime.

This chapter is based on the paper “Linearized 3D gravity with dust” in

collaboration with V. Husain and J. Ziprick [44].
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4.1 ADM formulation of general relativity

The ADM formulation of general relativity was proposed by R. Arnowitt, S.

Deser and C. W. Misner in 1959 [78]. The idea is to derive the Hamiltonian

of general relativity from the Einstein-Hilbert Lagrangian. For 2+1 GR,

the spacetime is a three-dimensional smooth manifold M which admits a

Lorentzian metric gαβ, where α, β = 0, 1, 2. This spacetime is foliated into

a family of two-dimensional spacelike hypersurfaces Σt of constant time t.

This way, the spacetime splits into space and time components. The interval

between a point (t, xα) on Σt and a point (t+ dt, xα + dxα) on Σt+dt is given

by:

ds2 = −N2dt2 + qab(dx
a +Nadt)(dxb +N bdt). (4.1)

Where a, b = 1, 2, and qab is the metric on Σt. N is the lapse function and Na

is the shift vector. In order to find the Hamiltonian of GR one has to consider

the extrinsic geometry of the spatial hypersurfaces. The extrinsic geometry

of Σt describes its embedding in the spacetime manifoldM. This geometry

is determined by the extrinsic curvature of Σt. The extrinsic curvature is

related to qab, N and Na via:

Kρσ =
1

2N
(q̇ρσ −DρNσ −DσNρ), (4.2)

where D denotes the two-dimensional metric-compatible spatial-covariant

derivative. The Einstein-Hilbert action in terms of the new variables (qab, N,N
a)
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is:

S =
1

2π

∫
dtd2xN

√
q
(

(2)R +KµρKµρ −K2
)
. (4.3)

Where det(qab) = q and K = Kµµ. One can see that the lapse function and

the shift vector have vanishing momenta as there are no time derivatives of N

and Na in the Lagrangian. Therefore, N and Na are Lagrange multipliers.

The spatial metric qab and its conjugate momentum π̃ab are the canonical

phase space variables. The momentum conjugate to qab is:

π̃ab :=
δL
δKab

δKab
δq̇ab

=
√
q(Kab −Kqab). (4.4)

Using (4.2) and (4.4) we find q̇ab:

q̇ab =
2N
√
q

(π̃ab −
π̃

2
qab) +DaNb +DbNa. (4.5)

We can derive the Hamiltonian by performing a Legendre transformation:

HGR := π̃abq̇ab − L

:= N
√
q

[
−(2)R +

π̃abπ̃ab
q
− π̃2

2q

]
− 2NbDaπ̃ab,

where π̃ = π̃aa. The total Hamiltonian is:

HGR =
1

2π

∫
d2x

(
N
√
q

[
−(2)R +

π̃abπ̃ab
q
− π̃2

2q

]
− 2NbDaπ̃ab

)
. (4.6)
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Note that N and Na appear as Lagrange multipliers and varying the action

with respect to them yields the following two constraints:

HG :=
√
q

(
−(2)R +

π̃abπ̃
ab

q
− π̃2

2q

)
≈ 0, (4.7)

CGa := −2Dbπ̃ba ≈ 0. (4.8)

The above equations are known as the “Hamiltonian constraint” and “diffeo-

morphism constraint”, respectively. Also, ≈ denotes that these constraints

are “weakly” equal to zero. This means that if we want the Hamiltonian to

contain the constraint information, we set the constraints to zero after all

Poisson brackets have been worked out.

Finally, we obtain the canonical ADM action for 2+1 GR:

SG =

∫
d3x

(
q̇abπ̃

ab −NHG −NaCGa
)
. (4.9)

4.2 Action and Hamiltonian for 2+1 gravity-

dust theory

We consider the theory of a pressureless “dust” field φ coupled to gravity

in 2 + 1 dimensions [44]. In this model the spacelike hypersurfaces are 2-

dimensional slices. The action of our model is:

S =
1

2π

∫
d3x
√
g(R− 2Λ)− 1

4π

∫
d3x
√
g m(gµν∂µφ∂νφ+ 1). (4.10)
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The first integral is the gravitational action with a cosmological constant

Λ and the spacetime metric gµν . The second integral is the action for the

pressureless dust field, where m is a function of spacetime. Variation with

respect to m yields the constraint that the dust field has to be timelike:

∂µφ∂
µφ = −1. (4.11)

The canonical form of the gravitational action is given by (4.9). In order to

get the canonical dust field action, we have to find the momentum conjugate

to φ:

pφ =
δSD

δφ̇
=

√
qm

N

(
φ̇−Na∂aφ

)
. (4.12)

This can be solved for φ̇:

φ̇ =
Npφ√
qm

+Na∂aφ. (4.13)

Therefore, we get the following dust Hamiltonian:

Hdust := pφφ̇− L

:=
N

2

(
p2
φ√
qm

+
√
qm(gµν∂µφ∂νφ+ 1)

)
+Napφ∂aφ.
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The dust Hamiltonian and diffeomorphism constraints are:

HD =
1

2

(
p2
φ

m
√
q

+m
√
q(qab∂aφ∂bφ+ 1)

)
, (4.14)

CDa = pφ∂aφ. (4.15)

The total action in the canonical form is

ST =
1

2π

∫
d3x

(
π̃abq̇ab + pφφ̇−N(HG +HD)−Na(CGa + CDa )

)
(4.16)

One can write the canonical action in terms of the phase space variables

only by varying the action with respect to m and substituting back the

solution. This yields:

m = ± pφ√
q(qab∂aφ∂bφ+ 1)

, (4.17)

which when substituted back into HD gives:

HD = ± pφ
√
qab∂aφ∂bφ+ 1. (4.18)

It is readily verified that the constraints remain first class with this elimina-

tion of m. The sign in the above equation can be fixed after fixing the time

gauge.
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4.2.1 Time gauge fixing

We now partially reduce the theory by fixing a time gauge and solving the

Hamiltonian constraint to obtain a physical Hamiltonian. Varying the action

(4.16) with respect to N and Na gives us two primary constraints:

HG +HD ≈ 0, (4.19)

CGa + CDa ≈ 0. (4.20)

We impose the following time gauge:

λ = φ− t ≈ 0, (4.21)

which is a second class constraint since it has nonzero Poisson bracket with

the Hamiltonian:

H =
1

2π

∫
d2x (NH +NaCa). (4.22)

Requiring that the gauge condition be preserved in time gives an equation

for the lapse function:

1 = φ̇ =

{
φ,

1

2π

∫
d2x(NH +NaCa)

}
= N

pφ
m
√
q
. (4.23)

Solving (4.17) for pφ in dust time gauge and substituting that into (4.23)

gives:

N = ±1. (4.24)
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Thus N = +1 denotes forward evolution in time and N = −1 represents

backward evolution in time. By selecting N = +1 we fix the sign in (4.18)

to be positive:

HD = pφ. (4.25)

Now that N is fixed we can go ahead and set the Hamiltonian constraint

strongly equal to zero:

HG = −HD = −pφ. (4.26)

Note that the dust contribution to the diffeomorphism constraint is zero in

the dust time gauge and we are only left with the gravitational diffeomor-

phism constraint:

CGa ≈ 0. (4.27)

This constraint is weakly equal to zero since the shift vector hasn’t been fixed

yet. At last, we obtain the following gauge fixed action:

SGF =
1

2π

∫
d3x(π̃abq̇ab −HG

p −NaCGa ). (4.28)

This shows that the gravitational part of the Hamiltonian constraint becomes

the physical Hamiltonian. This is a field theory: three functions in qab subject

to the two diffeomorphism constraints give one local configuration degree of

freedom. We will examine whether this one local degree of freedom is a

scalar, vector or tensor mode in the following sections.
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4.2.2 Equations of motion

The theory so far has been partially reduced using the dust time gauge. We

get the following equations of motion for the phase space variables (qab, π̃
ab):

q̇ab = {qab, H} =
2
√
q

(π̃ab − π̃qab) + LNqab, (4.29)

˙̃πab = {π̃ab, H} =
qab

2
√
q

[
π̃cdπ̃cd − π̃2

]
− 2
√
q

(
π̃ac π̃

cb − π̃π̃ab
)

− Λ
√
qqab + LN π̃ab, (4.30)

where

LNqab = N c∇cqab + qcb∇aN
c + qac∇bN

c, (4.31)

LN π̃ab = Nc∇cπ̃ab − π̃ac∇cN
b − π̃cb∇cN

a. (4.32)

Spatial derivatives enter these equations only through the Lie derivative

terms, which are gauge variations. There are no physically meaningful spa-

tial derivatives because the Ricci scalar term √qR(2) does not contribute to

the equations of motion. This can be seen by evaluating its variation:

δ
(√

qR(2)
)

= (δ
√
q )R(2) +

√
q
(
R

(2)
ab δq

ab
)

+∇cJ
c

=
√
q

(
R

(2)
ab −

R(2)

2
qab

)
δqab +∇cJ

c

= ∇cJ
c, (4.33)
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where

J c = qabδΓcab − qcaδΓdad, (4.34)

and the last equality follows from the fact that in two dimensions the Rie-

mann tensor is

Rabcd = (R/2) (qacqbd − qadqbc) . (4.35)

Since the variation is a total derivative, it contributes only to a boundary

term and does not affect the dynamics.

We conclude from this that the dynamics is ultralocal for any value of the

cosmological constant: the evolution equations for the phase space variables

contain no spatial derivatives in the non-gauge terms. This means that the

degrees of freedom at each space point evolve independently of any other

point, and the diffeomorphisms serve only to move the points around. We

note however that if spatial coordinate gauges are fixed and the diffeomor-

phism constraint is solved, then the resulting equations of motions may turn

out not be manifestly ultralocal; this appears for example in the spherically

symmetric reduction of the theory [79], where the coordinate gauge is such

that the shift vector Na is not zero. But if one chooses coordinate fixing con-

ditions such that Na = 0, then the dynamics remains manifestly ultralocal.

Thus whether or not one has manifest ultralocality depends on the imposition

of the coordinate gauge.
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4.3 Linearized theory with Λ = 0

In this section we consider perturbations of our model about the flat space-

time. The following are zero in the background:

Λ = 0, (0)qab = eab,
(0)π̃ab = 0, (0)Na = 0. (4.36)

The perturbed fields are:

qab = eab + hab, π̃ab = 0 + p̃ab, Na = 0 + na. (4.37)

We find the linearized diffeomorphism constraint and equations of motion:

∇aπ̃
ab ≈ ∂ap̃

ab = 0, (4.38)

ḣab = 2 (p̃ab − p̃eab) + 2∂(anb), (4.39)

˙̃pab = 0. (4.40)

We note from the last equation that any solution p̃abs of the diffeomorphism

constraint gives a constant source for the metric perturbation, which then

evolves linearly in dust time (up to the diffeomorphism term if na 6= 0).

We wish to solve the diffeomorphism constraint by fixing a gauge and

then examine the linearized equations of motion. In order to study the

linearized equations of motion it is convenient to work in Fourier space as is

done in [80]. In perturbation theory, perturbations are categorized based on
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their transformation properties under rotations. Perturbations are classified

according to their helicity under rotations around the Fourier vector ka by

an angle θ. Here, ka is a two-dimensional vector and therefore when we say

rotations around this vector we mean rotations in a plane.

The two by two metric perturbation hab has three independent degrees of

freedom and can be decomposed into scalar and vector modes:

hab = hSab + hVab. (4.41)

We define the following quantities in Fourier space:

p̄ab(k) =

∫
d2x

2π
e−ik·xpab(x), h̄ab(k) =

∫
d2x

2π
e−ik·xhab(x). (4.42)

The vector part satisfies the divergence-free condition:

kah̄Vab = 0. (4.43)

This constraint results in one independent vector mode. Thus the other two

metric degrees of freedom are scalar degrees of freedom. The matrices

δab,
kakb
k2

, (4.44)

are rotationally invariant and are scalars. A basis matrix that behaves like
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a vector under rotations can be constructed from

εbckak
c

k2
. (4.45)

Thus, the metric h̄ab can be expanded in the basis:

A1
ab =

1√
2
δab, (4.46)

A2
ab =

(√
2
kakb
k2
− δab√

2

)
, (4.47)

A3
ab =

1√
2|k|2

(εackbk
c + εbckak

c), (4.48)

where εab is the Levi-Civita symbol. Here A1
ab and A2

ab are the scalar subspace

basis and A3
ab is the basis of the vector subspace. This basis is orthogonal

and normalized with the inner product:

(AI , AJ) := (AI)ab(A
J)cdδ

acδbd = δIJ . (4.49)

The basis also satisfies

kaA1
ab = kaA2

ab =
1√
2
kb, kaA3

ab =
1√
2
εbck

c, δabA2
ab = δabA3

ab = 0.

(4.50)

Thus I = 2, 3 are the traceless modes, and the linear combination A2 − A1

is transverse. We expand the symmetric tensors (h̄ab, p̄
ab) as:

h̄ab = hIA
I
ab, p̄ab = pIAabI . (4.51)
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There is no transverse and traceless mode in this model since there are no

metric perturbations satisfying both of these conditions: the only solution to

the two equations

δabhIA
I
ab = 0 = kahIA

I
ab, (4.52)

is hI = 0 ∀ I. In other words, one can not impose this gauge since the number

of degrees of freedom in the metric perturbation is equal to the number of

degrees of freedom which are eliminated via traceless-transverse gauge.

The Fourier transformed shift vector is given by:

n̄a(t, k) =
1

2π

∫
d2x e−ikcx

c

na(t, x). (4.53)

Furthermore, one finds that the Fourier transform of the symplectic term in

the canonical action is:

∫
d2x ḣab(t, x)p̃ab(t, x) =

1

(2π)2

∫
d2x d2k d2k̄ eix

c(kc+k̄c) ˙̄hab(t, k) p̄ab(t, k̄),

=

∫
d2k d2k̄ δ2(k + k̄) ˙̄hab(t, k)p̄ab(t, k̄),

=

∫
d2k ˙̄hab(t, k)p̄ab(t,−k). (4.54)

The linearized equations of motion and linearized diffeomorphism constraint
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in k-space become:

˙̄hab = 2 (p̄ab − p̄δab) + 2ik(an̄b), (4.55)

˙̄pab = 0, (4.56)

C̄G(n) ≡ n̄akbp̄
ab = 0. (4.57)

The diffeomorphism constraint takes a useful form obtained by decompos-

ing the first order shift vector in components parallel and perpendicular to

ka,

n̄a = n‖
ka

|k|
+ n⊥ε

ab kb
|k|
, (4.58)

the constraint (4.57) may be written as

C̄G = C̄G‖ + C̄G⊥ = n‖
|k|√

2
(p1 + p2) + n⊥

|k|√
2
p3. (4.59)

This gives two separate constraints on the three momenta:

p1 + p2 ≈ 0, p3 ≈ 0. (4.60)
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The linearized equations of motion are then

ḣ1 = −2p1 +
√

2|k| n‖, (4.61)

ḣ2 = 2p2 +
√

2|k| n‖, (4.62)

ḣ3 = 2p3 +
√

2|k| n⊥, (4.63)

ṗI = 0 ∀ I, (4.64)

where we have redefined n‖ and n⊥ to absorb the factor of i in (4.55). This

shows the advantage of the chosen basis – the equations of motion are de-

coupled, and the diffeomorphism constraint breaks neatly into components

parallel and perpendicular to ka.

4.3.1 Gauge fixing and physical degrees of freedom

In this section we impose two gauges and solve the two diffeomorphism con-

straints (4.60) to obtain the fully reduced theory. At the end we will obtain

a Hamiltonian theory of one pair of phase space variables. Given the form of

the diffeomorphism constraint, it is natural to set the gauge h3 = 0. This is

second class with the constraint p3 ≈ 0. Requiring that the gauge condition

be preserved in time means ḣ3 = 0, which gives the condition n⊥ = 0 on the

linear shift. These steps constitute a partial gauge fixing of the theory leaving

the pair (h1, p1) and (h2, p2), and the remaining diffeomorphism constraint

p1 + p2 ≈ 0. (4.65)
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In the following we present a few ways to fix the remaining gauge freedom.

4.3.1.1 Traceless gauge

One can see from (4.50) that only the traceless mode remains if we impose

the gauge h1 = 0. This is second class with the reduced diffeomorphism con-

straint (4.65), which is solved by setting p1 = −p2. Dynamical preservation

of this gauge requires ḣ1 = 0, which gives

n‖ = −
√

2

|k|
p2. (4.66)

Thus the fully gauge fixed theory has only the traceless mode (h2, p2), satis-

fying the equations of motion

ḣ2 = ṗ2 = 0. (4.67)

Notice the linear-order shift vector n‖ works to cancel out the right hand side

of the equation of motion for h2. Since the remaining degrees of freedom are

static, the general solution is given by arbitrary functions of k:

h2 = α(k), p2 = β(k). (4.68)

4.3.1.2 Transverse gauge

To leave the transverse mode as the remaining phase space pair, we use

the gauge condition h1 + h2 = 0. This is second class with CG‖ ≈ 0, which is
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again solved by setting p1 = −p2. Keeping this fixed dynamically ḣ1 + ḣ2 = 0

implies

n‖ =

√
2

|k|
p1. (4.69)

We can write the fully reduced theory using the variables (h1, p1). This gives

the same equations of motion as found in the traceless gauge:

ḣ1 = ṗ1 = 0, (4.70)

due to a cancellation coming from the solution to n‖.

The solution to the equations of motion is again given in terms of arbitrary

functions that are constant in time:

h1 = α(k), p1 = β(k). (4.71)

4.3.1.3 Gauges with time dependence

The two gauges used to fix diffeomorphism invariance discussed above give

rise to the simplest of evolution equations. It is interesting to look at other

gauge choices, most of which give non-trivial dynamical equations. Let us

consider a more general gauge

h1 = f(t, k, h2, p1, p2), (4.72)
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where f is an arbitrary function. This is second class with (4.65), which gives

p1 = −p2. Dynamical preservation of this gauge now requires ḣ1 − ḟ = 0.

Using the equations of motion, this fixes the lapse to be

n‖ = −
√

2p2

k
+

1√
2k

∂f

∂t

(
1− ∂f

∂h2

)−1

. (4.73)

The resulting equations of motion for the physical degrees of freedom (h2, p2)

are

ḣ2 =
∂f

∂t

(
1− ∂f

∂h2

)−1

, (4.74)

ṗ2 = 0. (4.75)

The special case f = µtp2, µ =constant, reduces the first equation to that of

a free particle ḣ2 = µp2.

The fact that different gauges give rise to very different dynamics is, of

course, expected for a generally covariant theory. The interesting feature is

that the choice of dust time, together with either the transverse or traceless

gauges for the diffeomorphism constraint, leads to the simplest solution.

4.3.1.4 Spacetime fields

The solutions presented above are given in terms of (hI , pI), which are matrix

expansion coefficients in k-space. The first order ADM variables are obtained

from inverse Fourier transforms. For example, the metric perturbation in the
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traceless gauge is

hab(x) = − 1√
2π
∂a∂b

∫
d2k eikcx

cα(k)

|k|2
− eab

2
√

2π

∫
d2k eikcx

c

α(k). (4.76)

The other Fourier transforms take a similar form, and since each contains

the arbitrary function f for the general gauge, one obtains a large class of

spacetimes for the linearized theory.

4.4 Linearized theory with Λ 6= 0

We now give an analysis of the linearized theory with non-zero cosmological

constant. As the background solution we take the (anti) de Sitter solution,

which in the dust time gauge is

qab = a(t)2δab, π̃ab = b(t)δab, Na = 0. (4.77)

Substituting (4.77) into (4.29) and (4.30) gives:

ȧ = −ba, (4.78)

ḃ = b2 − Λ, (4.79)
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where a(t) and b(t) are

a(t) =


a0 cosh(

√
|Λ|t), Λ > 0

a0 cos(
√
|Λ|t), Λ < 0

, b(t) =


−
√

Λ tanh(
√
|Λ|t), Λ > 0

√
Λ tan(

√
|Λ|t), Λ < 0

,

(4.80)

for a(0) = a0. It is readily verified that these solutions satisfy the diffeomor-

phism constraint and equations of motion (4.29), (4.30).

For perturbations about this background we write

qab = a(t)2δab + hab, π̃ab = b(t)δab + p̃ab, Na = 0 + na. (4.81)

Calculating the diffeomorphism constraint and equations of motion to first

order gives

∇aπ̃
ab ≈ ∂ap̃

ab + a2b

(
∂ah

ab − 1

2
∂bh

)
= 0, (4.82)

ḣab = 2
(
a−2p̃ab − p̃δab

)
− a2bhδab + 2∂(anb), (4.83)

˙̃pab =

(
a2hab − 1

2
hδab

)
(Λ− b2) + a−2bpδab − 2a2b∂(anb). (4.84)

These equations are significantly more complicated than those written above

(for Λ = 0), particularly the equation of motion for the momentum pertur-

bation, which is no longer identically zero. This is because the background

momentum is non-vanishing.

We now proceed as before by going to Fourier space. Since the background

metric is spatially constant, the same Fourier transform as used in the last
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section is suitable; see eg. [80] for a similar case. The outcome is the same:

the transformed fields h̄ab(t, k) and p̄ab(t, k) are conjugate variables, and the

equations of motion and diffeomorphism constraint can again be expressed

in terms of these variables and the shift perturbation n̄a(t, k).

With the equations written in k-space, we again expand in a basis for

symmetric matrices. For the given background solution, the following basis

is suitable:

(A1)ab =
1√
2
a2δab, (4.85)

(A2)ab =

√
2

|k|2
kakb −

1√
2
a2δab, (4.86)

(A3)ab =
1√

2|k|2
(εackbk

c + εbckak
c) . (4.87)

The basis reduces to the Λ = 0 basis for a(t) = 1. Note that since the basis

matrices have unit norm with respect to the inner product (4.49), we have

to include a2 in them. The metric perturbation is expanded as h̄ab = hIA
I
ab

and p̄ab = pIAabI , taking care to raise and lower indices with the background

metric a2δab and its inverse a−2δab.

The diffeomorphism constraint again splits into components parallel and

perpendicular to ka. One finds that the following two conditions must hold

separately:

p1 + p2 + a2b

(
h2 −

1

2
h1

)
≈ 0, p3 + a2bh3 ≈ 0. (4.88)
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The pair (h3, p3) are again constrained separately from the other phase space

degrees of freedom, but the coefficient p3 is no longer required to vanish.

At this point we can explore different gauge choices for the coefficients

(hI , p
I). Again we have a natural choice of h3 = 0 which sets p3 = 0 and fixes

n⊥ = 0. It then remains to impose a single condition on the remaining phase

space degrees of freedom. The result is a completely reduced theory which

can be expressed in terms of either (h1, p1) or (h2, p2) and the corresponding

equations of motion.

4.4.1 Summary

We studied 3-dimensional gravity coupled to dust in the dust time gauge.

The structure of the canonical theory is similar to that in four dimensions,

where the physical Hamiltonian is the same expression as the Hamiltonian

constraint. We found that the theory is ultralocal, a result peculiar to three

spacetime dimensions due to the evolution equation for πab. For an under-

standing of the local metric degree of freedom in this time gauge, we analyzed

the linearized theory about the flat and (anti) de Sitter spacetimes in k-space.

For the Λ = 0 case, this gives a curious result for the transverse or traceless

gauge: the linearized evolution equations (4.67) are trivial, which means that

any initial perturbations do not evolve, and remain frozen. For Λ 6= 0 the

dynamics are more complicated, but again the remaining physical degrees of

freedom can be expressed as a transverse or traceless mode.

This result means that the fully gauge fixed linearized theory in the dust
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time gauge, in the chosen k-space basis, is such that the physical Hamiltonian

of the physical modes is exactly zero. The simplicity of this solution is due

to the choice of time gauge, the matrix basis, and the transverse or trace-

less coordinate gauge. The situation is analogous to the classical mechanics

problem of finding the time dependent canonical transformation that maps a

non-trivial Hamiltonian to the trivial one. Had we used another time gauge

at the outset, the physical Hamiltonian and linearized equations of motion

would have been very different, and non-trivial, because the solution of the

Hamiltonian constraint would not be as simple as the one in dust time gauge.
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Chapter 5

Frustration of resonant

preheating by exotic kinetic terms

Preheating was first studied by Abbott et al [81]. Near the end of inflation,

the Universe is cold and almost empty and all energy is stored in the in-

flaton. Preheating is a process required to reheat the Universe and create

elementary particles. Inflation ends when the inflaton field starts oscillating

about the minimum of its potential. The energy transfers from the inflaton

to the reheating field coupled to it and as a result, the amplitude of the re-

heating field grows exponentially. This phenomenon is known as “parametric

resonance”. This leads to the production of elementary particles [82, 83, 84].

According to dynamical dark energy models or theories of quantum gravity,

it can be possible that kinetic terms appearing in matter actions get modified

at high or low energies. The modification of the matter kinetic term at high
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energies can directly influence the parametric resonance and therefore the

preheating phase.

To incorporate exotic kinetic terms into this scenario, one can modify

the action of the inflaton, the reheaton, or both. Application of the DBI

modification to the inflaton’s kinetic term has been studied in references

[85, 86, 87, 88, 89]. A particular type of scalar-tensor type modification to

the reheaton’s kinetic term was considered in [90]. The effects of GUPs on

the reheaton dynamics were studied in reference [91], where it was assumed

that the exotic physics effects were extremely small. The implications of a

DBI kinetic term for the reheaton was recently analyzed in [92].

In this chapter, we systematically extend the analyses of [91] and [92] to

several different types of models and choices of parameters. We review the

basic equations governing preheating when kinetic terms are of the standard

form, and then present modified reheaton equations of motion from GUP,

polymer quantization, DBI, and k-essence models. All of these models in-

volve an “exotic physics” energy scale M? which determines when kinetic

terms differ significantly from the canonical choice. Working to leading or-

der in M−1
? and in the long-wavelength limit, we demonstrate that the re-

heaton equation of motion for all these models takes the same form; that

of a damped Mathieu-type equation modified by the addition of a nonlinear

self-interaction.

This chapter is based on the paper “Frustration of resonant preheating by

exotic kinetic terms” in collaboration with S. Seahra [93].
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5.1 Background evolution and the canonical re-

heaton equation of motion

We consider a theory of two interacting scalar fields φ and χ in the presence

of gravity:

S[φ, χ, g] =

∫
d4x
√
−g
[

1

2
M2

PlR−
1

2
∇µφ∇µφ−

1

2
m2
φφ

2 + Lm(χ, φ)

]
.

(5.1)

In this expression φ is taken to be the inflaton field with mass mφ, while the

reheaton χ represents some “matter” degree of freedom. We assume that the

matter Lagrangian Lm contains an interaction term:

−1

2
gφ2χ2 ⊂ Lm. (5.2)

Furthermore, we take the line element to be of the spatially flat Friedmann-

Robertson-Walker form:

ds2 = −dt2 + a2(t)dx2. (5.3)

During inflation, the homogenous mode of the inflaton is taken to be much

larger than the matter field, so we can initially neglect Lm. Under this
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assumption, the equations of motion are:

φ̈+ 3Hφ̇+m2
φφ = 0, (5.4a)

H2 = 1
6
M−2

Pl (φ̇2 +m2
φφ

2), (5.4b)

where H = ȧ/a is the usual Hubble parameter.

The basic features of solutions of these equations are well-known. If the

initial field value is super-Planckian, φ &MPl then the cosmological dynamics

will consist of a transient period followed by an era of slow-roll inflation where

the field amplitude decreases slowly. When φ decreases below MPl, inflation

ends and the inflaton oscillates about the minimum of the potential 1
2
m2
φφ

2.

During this epoch, we have

φ(t) ≈ Φ(t) cos(mφt), (5.5)

where Φ(t) ∝ 1/t is a function that varies slowly over the Hubble time H−1.

The phenomenon of preheating takes place in the era where the approx-

imation (5.5) holds. We consider timescales . H−1, which means we can

treat Φ(t) as constant. The dynamics of the matter field χ is then governed

by the reduced action

Sm[χ] =

∫
d4x a3Lm(χ, φ). (5.6)
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The standard choice of matter Lagrangian in the preheating literature is

Lm = −1

2
∇µχ∇µχ−

1

2
m2
χχ

2 − 1

2
gφ2χ2, (5.7)

which gives rise to the χ equation of motion

χ̈+ 3Hχ̇+

(
−∇

2

a2
+m2

χ + gφ2

)
χ = 0, ∇2 = ∂2

x + ∂2
y + ∂2

z . (5.8)

During the preheating epoch this becomes:

χ̈+ 3Hχ̇− ∇
2

a2
χ+ [m2

χ + gΦ2 cos2(mφt)]χ = 0. (5.9)

We see that the effective mass of the χ field is harmonically modulated, which

can exponentially amplify the χ field’s amplitude via parametric resonance

under certain circumstances. The main goal of this research is to study what

happens to parametric resonance when the matter involves the non-standard

features described in the following subsections.

5.1.1 Generalized uncertainty principles (GUPs)

One possible consequence of quantum gravity is that the Heisenberg alge-

bra of quantum mechanics gets modified at high energies. Many authors

have considered the phenomenological implications of this idea by assuming

the quantum commutator between configuration variables {qi}Ni=1 and their
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conjugate momenta {pj}Nj=1 is deformed to

[q̂i, p̂j] = ifij(p̂1, p̂2 · · · p̂N). (5.10)

Here, we consider the effects of such modified commutators on the equations

of motion of the matter field χ during preheating. As described in detail in

reference [91], specific choices of fij give rise to various types of quantum

corrections to the dynamics, which can be encoded in an effective action

Seff
m [χ] =

∫
d4x

[
pχχ̇−Heff

m (χ, pχ)
]
. (5.11)

For a particular class of fij, the effective Hamiltonian density takes the form:1

Heff
m (χ, pχ) =

p2
χ

2a3

[
1 + κ

(
pχ

M2
?a

3

)n]
+

1

2
a(∇χ)2+

1

2
a3
[
m2
χ + gφ2

]
χ2, (5.12)

where κ = ±1, n is an integer, and M? is mass scale that determines when

deformed algebra effects are important. The particular values of n and κ are

determined by the exact form of the generalized uncertainty relation; two

common choices are n = 1 and n = 2. Hamilton’s equations are

χ̇ =
∂Heff

m

∂pχ
, ṗχ = −∂H

eff
m

∂χ
+ ∂i

∂Heff
m

∂(∂iχ)
, (5.13)

1This is the effective Hamiltonian studied by [91] generalized to an FRW background.
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which yield

χ̇ =
pχ
a3

[
1 + κ

(
n+ 2

2

)(
pχ

M2
?a

3

)n]
, ṗχ = −a3(m2

χ + gφ2)χ+ a∇2χ.

(5.14)

These can be re-arranged into a single wave equation for χ:

χ̈+ 3Hχ̇+

(
−∇

2

a2
+m2

χ + gφ2

)
χ =

−κ
2

(n+2)

(
χ̇

M2
?

)n [
(n+ 1)

(
−∇

2

a2
+m2

χ + gφ2

)
χ+ 3nHχ̇

]
+O

(
χ̇2n

M4n
?

)
.

(5.15)

Here, we have implicitly assumed that M? is a large mass scale.

We now examine this equation in the long wavelength limit where spatial

derivatives can be ignored. We also drop O(χ̇2n/M4n
? ) terms, and assume

that we are in the preheating phase φ = Φ cos(mφt). It is useful to define a

characteristic frequency:

ω2
0 = m2

χ +
1

2
gΦ2, (5.16)

with which we can define a dimensionless time and scalar field variable:

T = ω0t, X =
χ

ω0

. (5.17)
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In terms of these quantities, the equation of motion reads

d2X

dT 2
+3Θ

dX

dT
+(1+h cos ΩT )X−µ

(
dX

dT

)n [
(1 + h cos ΩT )X +

3nΘ

n+ 1

dX

dT

]
= 0,

(5.18)

where we have defined the dimensionless parameters:

h =
gΦ2

2ω2
0

, Ω =
2mφ

ω0

=
2mφ

√
1− h

mχ

, Θ =
H

ω0

, (5.19)

in addition to the dimensionless nonlinear coupling

µ = −κ(n+ 1)(n+ 2)

2

(
ω0

M?

)2n

. (5.20)

5.1.2 Polymer quantization

A different phenomenological implication of quantum gravity may imply that

conventional Schrödinger quantization needs to be replaced by an alternate

scheme at high energy: namely polymer quantization [54]. In the semi-

classical approximation, it is possible to encode polymer quantization effects

in a effective Hamiltonian of the form [94]:

Heff
m (χ, pχ) =

M4
?a

3

2
sin2

(
pχ

M2
?a

3

)
+

1

2
a(∇χ)2 +

1

2
a3
[
m2
χ + gφ2

]
χ2, (5.21)
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where M? is a mass scale that defines when the polymer quantization effects

are important. In this case, Hamilton’s equations (5.13) yield

χ̇ =
M2

?

2
sin

(
2pχ
M2

?a
3

)
, ṗχ = −a3(m2

χ + gφ2)χ+ a∇2χ. (5.22)

These can be re-arranged into a single wave equation for χ:

χ̈+

(
1− 4χ̇2

M4
?

)1/2 [(
−∇

2

a2
+m2

χ + gφ2

)
χ+

3

2
M2

?H arcsin

(
2χ̇

M2
?

)]
= 0.

(5.23)

Let us examine this equation in the long-wavelength limit where spatial

derivatives can be ignored and in the preheating epoch when φ = Φ cos(mφt).

Defining a characteristic frequency ω0, dimensionless time T , and dimension-

less field amplitude X as in equations (5.16) and (5.17), respectively, we

obtain that:

d2X

dT 2
+

[
1− 2µ

(
dX

dT

)2
]1/2 [

(1 + h cos ΩT )X +
3√
2µ

Θ arcsin

(√
2µ
dX

dT

)]
= 0.

(5.24)

Here, we have defined the dimensionless parameters h, Ω and Θ as in (5.19)

and the nonlinear coupling as

µ = 2

(
ω0

M?

)4

. (5.25)
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5.1.3 Dirac-Born-Infeld (DBI)

If we assume that the “matter” degree of freedom is actually a modulus field

that measures the position of a D-brane in a higher dimensional manifold, its

low energy effective Lagrangian will have a kinetic term of the Dirac-Born-

Infeld (DBI) form [95, 96]:

Leffm = Λ4(χ)

[
1−

(
1 +
∇µχ∇µχ

Λ4(χ)

)1/2
]
− 1

2
m2
χχ

2 − 1

2
gφ2χ2. (5.26)

For simplicity, we take the “warp factor” to be equal to a constant mass scale:

Λ(χ) = M?. (5.27)

The Euler-Lagrange equations are

∇µ

[
∂Leffm
∂(∇µχ)

]
=
∂Leffm
∂χ

. (5.28)

This gives the equation of motion

−�χ+
(gρµgλν − gρλgµν)∇ρχ∇λχ∇µ∇νχ

M4
?

+

(
1 +
∇µχ∇µχ

M4
?

)3/2

(m2
χ + gφ2)χ2 = 0. (5.29)

Let us examine this equation in the long-wavelength limit where spatial

derivatives can be ignored and in the preheating epoch when φ = Φ cos(mφt).
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Defining a characteristic frequency ω0, dimensionless time T , and dimension-

less reheaton field amplitudeX as in equations (5.16) and (5.17), respectively,

we obtain that:

d2X

dT 2
+ 3Θ

dX

dT
+

[
1− 2µ

3

(
dX

dT

)2
]3/2

(1 + h cos(ΩT ))X − 2µΘ

(
dX

dT

)3

= 0.

(5.30)

Here, we have defined the dimensionless parameters h and Ω as in (5.19) and

the nonlinear coupling as

µ =
3

2

(
ω0

M?

)4

. (5.31)

5.1.4 k-essence

The DBI Lagrangian (5.26) is actually a particular type of k-essence model

[97] where the kinetic term for a scalar field has a nonstandard form. A

sub-category of k-essence models that encompasses the DBI action is given

by

Leffm =
M4

?

2
P (ζ)− 1

2
m2
χχ

2 − 1

2
gφ2χ2, ζ = −∇

µχ∇µχ

M4
?

, (5.32)

where P is a dimensionless function of one variable. In this paper, we wish to

restrict ourselves to k-essence models that reproduce ordinary results when

M? →∞. Hence, we assume that the series expansion of P about 0 is of the

form:

P (ζ) = ζ +
β

k + 1
ζk+1 +O(ζk+2), (5.33)
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where k ≥ 1 is an integer and β is a number. Applying the Euler-Lagrange

equations to this Lagrangian yields:

−P ′(ζ)�χ+
2

M4
?

P ′′(ζ)∇µχ∇νχ∇µ∇νχ+ (m2
χ + gφ2)χ2 = 0. (5.34)

Specializing to the long-wavelength limit where spatial derivatives are dropped,

we obtain:

χ̈ + 3Hχ̇+ (m2
χ + gφ2)χ− β

(
χ̇

M2
?

)2k [
6Hkχ̇+ (1 + 2k)(m2

χ + gφ2)χ
]

= O
(
χ̇2(k+1)

M
4(k+1)
?

)
. (5.35)

In the preheating epoch, we have φ = Φ cos(mφt). Dropping higher order

terms, and defining a characteristic frequency ω0, dimensionless time T , and

dimensionless field amplitude X as in equations (5.16) and (5.17), respec-

tively, we obtain that:

d2X

dT 2
+ 3Θ

dX

dT
+ (1 + h cos ΩT )X

− µ
(
dX

dT

)2k [
(1 + h cos ΩT )X +

6kΘ

1 + 2k

dX

dT

]
= 0. (5.36)

Also, we have defined the dimensionless parameters h, Ω and Θ as in (5.19)

and the nonlinear coupling as

µ = β(1 + 2k)

(
ω0

M?

)4k

. (5.37)
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model µ q n parameters
GUPs − 1

2κ(n + 1)(n +

2) (ω0/M?)
2n

3n/(n+ 1) 1, 2 κ = ±1

polymer quanti-
zation

2 (ω0/M?)
4 2 2 n/a

Dirac-Born-Infled 3
2 (ω0/M?)

4 2 2 n/a
k-essence β(1 +

2k) (ω0/M?)
4k

6k/(1 + 2k) 2k β ∈ R,
k ∈ Z+

Table 5.1: Summary of the values of the parameters appearing in the generic
equation of motion (5.38) for the various models considered in this thesis. In
all cases, M? is an energy scale that indicates the threshold for exotic physics
and ω0 is the natural frequency of the χ field in the limit µ→ 0, h→ 0 and
Θ→ 0.

5.1.5 Summary

To leading order in the small parameter µ, all the matter equations of motion

derived in this section can be written as

d2X

dT 2
+ 3Θ

dX

dT
+ (1 + h cos ΩT )X = µ

(
dX

dT

)n [
(1 + h cos ΩT )X + qΘ

dX

dT

]
,

(5.38)

where h, Ω and Θ are given by (5.19) while µ, q and n vary from model to

model, and are summarized in table 5.1.
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5.2 Multiple scales analysis

We now consider the solutions of (5.38) when the nonlinear coupling param-

eter and the inflaton-matter coupling are small; that is, |µ| � 1 and |h| � 1.

To simplify the analysis, we will concentrate on the case n = q = 2, which

is common to all of the models summarized in table 5.1. We also tune the

dimensionless frequency of the inflaton Ω to be close to the optimal value for

parametric resonance.

5.2.1 Non-expanding background

First, we examine (5.38) in the case where the expansion of the background

is negligible; i.e., in the limit Θ→ 0. The equation of motion reduces to:

d2X

dT 2
+ (1 + h cos ΩT )X = µ(1 + h cos ΩT )

(
dX

dT

)2

X. (5.39)

If we set µ = 0, we obtain the well known Mathieu equation [98]:

d2X

dT 2
+ (1 + h cos ΩT )X = 0. (5.40)

This differential equation exhibits the parametric resonance phenomena when

Ω ≈ 2/N with N = 1, 2, 3 . . . [99]. The fundamental resonance N = 1 is

the “strongest” in the sense that it is the fastest growing instability of the
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equation. For the fundamental mode (Ω ≈ 2), an approximate solution is

X(T ) ≈ a(T ) cos
(

1
2
ΩT
)

+ b(T ) sin
(

1
2
ΩT
)
, a(T ) = a0e

sT , b(T ) = b0e
sT ,

(5.41)

where s > 0, a0 and b0 are constants.

We seek an approximate solution of the same form as (5.41) when µ 6= 0

in (5.39). We restrict our analysis to n = 2. We adopt the ansatz:

X(T ) = a(T ) cos
(

1
2
ΩT
)

+ b(T ) sin
(

1
2
ΩT
)
. (5.42)

We work under the assumption that a(T ) and b(T ) are slowly-varying com-

pared to the oscillations of the trigonometric functions, which means that
√
a2 + b2 can be interpreted as the overall amplitude X(T ). Also, we assume

that Ω is tuned close to the fundamental resonance; deviations of Ω from 2

are parametrized by ε, defined as

ε =
Ω2 − 4

2
, |ε| � 1. (5.43)

We substitute (5.42) into (5.39) and convert all the trigonometric functions

into complex exponentials. We then neglect:

• rapidly varying terms proportional to e±
3
2
iΩT and e±

5
2
iΩT ;

• second time derivatives of the amplitudes: ä and b̈; and

• products of ȧ and ḃ with µ.
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Setting the coefficients of e±
1
2
iΩT equal to zero in the resulting expression

yields a set of two coupled first order equations for a and b:

da

dz
= −1

2
(ε+ h)b+

1

8
µb[2a2h2 − (2− h)(a2 + b2)], (5.44a)

db

dz
= +

1

2
(ε− h)a− 1

8
µa[2b2h2 − (2 + h)(a2 + b2)], (5.44b)

where z = T/Ω.

Equations (5.44) are an autonomous 2-dimensional dynamical system of

the form:

da
dz

= f(a), a =

 a

b

 , f(a) =

 f1(a, b)

f2(a, b)

 . (5.45)

As usual, the qualitative behaviour of solutions of (5.44) is dictated by the

nature of the system’s fixed points [100]; i.e. points a0 ∈ R2 for which F(a0) =

0. For (5.44) there are 9 candidates for fixed points, as summarized in table

5.2. Not all of these are in R2 for certain choices of (ε, h, µ). For example,

for small h and ε we see that δ±,± are located at

a2
0 ≈

2 + ε

hµ
, b2

0 ≈ −
2 + ε

hµ
. (5.46)

Since a2
0 ≈ −b2

0, it is impossible for both a0 and b0 to be real. Hence, the

δ±,± fixed points are not relevant for the dynamics of real solutions of (5.44)
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fixed point a2
0 b20 squared eigenval-

ues λ2 of Jacobian
Ξ 0 0 1

4 (h+ ε)(h− ε)
α±

4(h−ε)
µ(h+2) 0 −h(h − ε) +

O(h2, ε2, hε)

β± 0 4(h+ε)
µ(h−2) −h(h + ε) +

O(h2, ε2, hε)

δ±,±
2(εh+h2−ε−2)
µh(h2−2)

2(εh−h2+ε+2)
µh(h2−2) not relevant for

|h|, |ε� 1

Table 5.2: The fixed points of the dynamical system (5.44)

when h and ε are small. We will hence ignore them for most of the following

analysis.

We can linearize (5.44) about each of the fixed points:

a = a0 + εa1,
d

dz
a1 = Ja1 +O(ε), J =

 ∂af1 ∂bf1

∂af2 ∂bf2


a=a0

, (5.47)

where J is the Jacobian matrix of F evaluated at the fixed point, and ε

is a small perturbation parameter. The eigenvalues λ of J determine the

qualitative behaviour of solutions near each fixed point, and are also listed

in table 5.2. Notice that λ2 is real for each of Ξ, α±, and β±, which implies

that the eigenvalues are either purely real or purely imaginary. Based on the

signs of a2
0, b2

0, and λ2 for given (ε, h, µ) we can determine if a fixed point is

in R2, and, if so, if it is a saddle point (λ2 > 0) or it is a circle (λ2 < 0). The

results of this classification procedure are given in table 5.3.

Parametric resonance occurs when the vacuum fixed point Ξ is unstable;

i.e., it is a saddle as opposed to a circle. The necessary conditions for this
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region definition µ Ξ α± β±
IA {(ε, h) | 0 < h < ε} + circle n/a n/a

− circle saddle circle
IB {(ε, h) | − ε < h < 0} + circle n/a n/a

− circle circle saddle
IIA {(ε, h) | |ε| < h} + saddle circle n/a

− saddle n/a circle
IIB {(ε, h) |h < −|ε|} + saddle n/a circle

− saddle circle n/a
IIIA {(ε, h) | 0 < h < −ε} + circle circle saddle

− circle n/a n/a
IIIB {(ε, h) | ε < h < 0} + circle saddle circle

− circle n/a n/a

Table 5.3: Classification of the fixed points of the dynamical system (5.44)
based on values of the (ε, h, µ) parameters. The entry “n/a” indicates that
the associated fixed point is not in R2 for that choice of parameters. Note
that the special cases h = ±ε and h = 0 are not included in the table.

are independent of µ:

|ε| < |h|. (5.48)

In this case, generic initial data with |a| � 1 and |b| � 1 will induce trajec-

tories repulsed away from a = b = 0 along preferred directions in the (a, b)

plane. In the absence of the nonlinear term (i.e., µ = 0) these trajectories

would approach infinity, indicating that the parametric resonance induces

the X field to grow without bound. However, when µ 6= 0 we find that there

exist two additional circular fixed points on the a or b axes. In the middle

panel of figure (5.1) one can see the effect of these extra fixed points is to

ensure that trajectories repelled from Ξ do not wander off to infinity; rather,

they settle into periodic orbits focussed around either Ξ or one of the other
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Figure 5.1: Phase portraits of dynamics in regions IA (left), IIA (centre)
and IIIA (right) as obtained from the numerical solutions of the dynamical
system (5.44). The heavy blue lines are separatrices. Portraits in regions
IB, IIB or IIIB are qualitatively obtained by reflecting the above in the line
h = ε.

fixed points. That is, when µ is nonzero, the parametric resonance effect is

frustrated.

This conclusion is clearly illustrated in figure 5.2, where we plot the direct

numerical solution of (5.39) as well as the associated prediction from the

multiple scales analysis. In this plot, we have selected values of h and ε that

would give rise to parametric resonance if µ = 0. Clearly, nonzero µ causes

the growth of X(T ) to be curtailed, and the maximum amplitude achieved

decreases with increasing µ.

5.2.2 Expanding background

We now examine solutions of (5.38) when the expansion of the background

is small but not negligible; i.e., Θ � 1. For simplicity, we again restrict to
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Figure 5.2: Numeric simulations of the solutions of the equation of motion
(5.39) for ε = 0.1 and h = 0.2 (grey). Also shown (blue) is the predicted
amplitude

√
a2 + b2 of oscillations of X(T ), as obtained from the numerical

solution of the multiple scales equations (5.44). We see fairly good agreement
between the direct numerical solution and the multiple scales result. We also
see that increasing the magnitude of the nonlinearity µ tends to increasingly
frustrate the parametric resonance effect.

n = 2 and take Θ to be constant. To further simplify the analysis, we neglect

terms proportional to µΘ and µh. The equation to solve is

d2X

dT 2
+ 3Θ

dX

dT
+ (1 + h cos ΩT )X = µ

(
dX

dT

)2

X. (5.49)

Making use of the the same ansatz as before (5.42) and making the same

approximations, we obtain the following dynamical system for the a and b

coefficients

da

dz
= −1

2
(ε+ h)b− 3Θa− 1

4
µb(a2 + b2), (5.50a)

db

dz
= +

1

2
(ε− h)a− 3Θb+

1

4
µa(a2 + b2), (5.50b)
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where

ε =
Ω2 − 4

2
, z =

ΩT

(9Θ2 + Ω2)
, (5.51)

and we have only retained leading order terms in ε, h and Θ.

We now examine the fixed points of the system (5.50). There always exists a

vacuum fixed point with a0 = b0 = 0, which we call Ξ as in the last subsection.

Linearization of the system about this fixed point yields a Jacobian matrix

with eigenvalues:

λ = −3Θ± 1

2

√
h2 − ε2. (5.52)

From this we can distinguish three principal cases when Θ > 0:2

1. |h| < |ε|: Ξ is an attractive spiral;

2. |h| > |ε| and 6Θ <
√
h2 − ε2: Ξ is a saddle point; or

3. |h| > |ε| and 6Θ >
√
h2 − ε2: Ξ is an attractive node.

Parametric resonance occurs only in case 2; that is, when Ξ is unstable. Also

note if Ξ is a circle for Θ = 0, it is an attractive spiral for small Θ; and if it

is a saddle for Θ = 0, it remains a saddle for small Θ.

To find the non-vacuum fixed points, it is useful to transform to polar

coordinates:

a(z) = r(z) cosφ(z), b(z) = r(z) sinφ(z), r(z) ∈ R+, φ(z) ∈ [0, 2π).

(5.53)

2We exclude the special cases h = ±ε and 6Θ =
√
h2 − ε2.
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In terms of these variables, the dynamical system becomes

dr

dz
= −1

2
r(6Θ + h sin 2φ),

dφ

dz
=

1

4

(
µr2 − 2h cos 2φ+ 2ε

)
. (5.54)

The polar coordinates of non-vacuum fixed points (r0, φ0) must satisfy

sin 2φ0 = −6Θ

h
, r2

0 = −2ε

µ
± 2

µ

√
h2 − 36Θ2 (5.55)

Clearly, a necessary condition for the existence of fixed points with r0 ∈ R+

is that

|h| > 6Θ. (5.56)

If sgn(ε/µ) = −1, this is also a sufficient condition. We can hence conclude

that there are no non-vacuum fixed points if the Hubble damping Θ is larger

than |h|/6.

For very small damping, the non-vacuum fixed points are located at

φ0 =
1

2
nπ − 3(−1)nΘ

h
+O(Θ2), r2

0 =
2[(−1)nh− ε]

µ
+O(Θ2), (5.57)

with n = 0, . . . , 3. Comparing to table 5.2 and making use of (5.53), we

see that n = 0, 2 corresponds to α± while n = 1, 3 corresponds to β±. It is

obvious that, α± and β± will be in R2 only if r2
0 > 0. Assuming that r2

0 > 0

and h > 0, it is clear that the effect of increasing Θ away from zero is to rotate

α± and β± counter-clockwise or clockwise about the origin, respectively; the
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reverse is true if h < 0. To classify the stability of the non-vacuum fixed

points, we linearize (5.54) about (r0, φ0):

r = r0 + εr1, φ = φ0 + εφ1,

d

dz

 r1

φ1

 =

 0 −hr0 cos 2φ0

1
2
µr0 −6Θ


 r1

φ1

+O(ε). (5.58)

To leading order in the Hubble damping, the eigenvalues of the Jacobian

matrix in the last equation are

λ = −3Θ± r0

√
(−1)1+nµh

2
+O(Θ2). (5.59)

where n is odd for α± and even for β±. If the quantity in the square root is

negative, the fixed point will be a circle for Θ = 0 and an attractive spiral

for 0 < Θ� 1. If the quantity in the square root is positive, the fixed point

will be a saddle for all Θ� 1.

To summarize, the inclusion of a small Hubble damping term tends to take

circle fixed points from the Θ = 0 case and convert them into attractive

spirals. Conversely, any saddle fixed points remain as saddles for Θ � 1.

Non-vacuum fixed points get rotated about Ξ as Θ increases; the vacuum

fixed point Ξ remains at (a, b) = (0, 0). All this means that the essential con-

clusion of the previous subsection remains unchanged in a slowly expanding

background: non-linearities of the type induced by the models discussed in

the previous section tend to frustrate the preheating phenomenon.
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These analytic conclusions are based on the assumption that Θ is very

small, but it is also interesting to consider the dynamics for larger values

of Θ using numerical simulations. We find that system (5.50) exhibits a

rich bifurcation structure as Θ increases past the regime in which equations

(5.57) and (5.59) are valid. In figures 5.3 and 5.4, we show how the phase

diagrams of the system change as Θ is increased from 0. As described in the

captions, we see the annihilation and stability changes of fixed points as the

Hubble damping changes. In figure 5.5 we plot the corresponding bifurcation

diagrams, which depict the “position” and stability of each fixed point as a

function of Θ. Also shown in this figure is a more complicated situation

involving the creation of two new fixed points γ± as Θ is increased.
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Figure 5.3: A series of phase portraits showing how the dynamics associated
with region IIA in the (ε, h) space with µ > 0 is affected by a non-zero
Hubble parameter; i.e. Θ 6= 0. As Θ increases from zero, the α± fixed points
rotate about the vacuum saddle fixed point Ξ in the clockwise direction
and also switch character from circles to attractive spirals. As Θ is further
increased, α± approach Ξ until they eventually meet and annihilate in a
pitchfork bifurcation when Θ = 1

6

√
h2 − ε2 ≈ 0.0722. After the bifurcation,

Ξ becomes an attractive spiral.
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Figure 5.4: A series of phase portraits showing how the dynamics associated
with region IIIA in the (ε, h) space with µ > 0 is affected by a non-zero
Hubble parameter; i.e. Θ 6= 0. As in figure 5.3 the α± fixed points rotate
about Ξ in the clockwise direction and switch from circles to attractive spi-
rals as Θ increases from 0. Furthermore the β± fixed points rotate in the
counterclockwise direction and remain as saddle points. As Θ is further in-
creased, the pairs (α−, β+) and (α+, β−) get closer and closer together until
they eventually annihilate when Θ = h/6 ≈ 0.042 , leaving Ξ as the sole
fixed point. Ξ is an attractive spiral for all Θ > 0.
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Figure 5.5: Bifurcation diagrams showing the “position” and stability of fixed
points of (5.50) as functions of Θ. Here, we characterize the location of
a given fixed point (plotted on the vertical axis) by its distance from the
origin r0 times the sign of its b coordinate. If the fixed point is stable its
position is indicated in dark blue, while if it is unstable the position is in
light grey. The left hand panel matches the simulations depicted in figure
5.3 and demonstrates the pitchfork bifurcation where α± annihilate and Ξ
changes stability. The middle panel corresponds to figure 5.4 and shows
the annihilation of (α−, β+) and (α+, β−) in saddle node bifurcations. The
righthand panel shows a more complicated scenario where Ξ first changes
stability and gives birth to two new stable fixed points γ± in a pitchfork
bifurcation. Then at higher Θ, the γ± annihilate with α± in two saddle node
bifurcations.
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5.2.3 Summary

We have derived modified equations of motion for the reheating field χ

from Generalized Uncertainty Principle (GUP), polymer quantization, Dirac-

Born-Infeld (DBI), and k-essence models.

All of these models involve an “exotic physics” energy scale M∗ which de-

termines when kinetic terms differ significantly from the canonical choice.

Working to leading order in M−1
∗ and in the long-wavelength limit, we have

demonstrated that the reheating field equation of motion for all these models

takes the same form as that of a damped Mathieu-type equation modified by

the addition of a nonlinear self-interaction.

In the long-wavelength limit where spatial derivatives can be ignored we

demonstrated analytically and confirmed numerically that the parametric

resonance terminates after a finite amount of amplification of the reheating

amplitude. This conclusion remains unaffected for an expanding background

Universe.
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Chapter 6

Conclusions

In chapter II, we considered a YM type gauge theory of gravity in which

the gauge group is the SO(4,2) conformal group of Minkowski spacetime.

With a, b = 0 . . . 3 and A,B = 1 . . . 15, the fifteen generators JA of this

group can be subdivided into: four translations Pa, four special conformal

transformations Ka, six Lorentz rotations Jab = −Jba, and one dilatation D.

We defined an so(4,2) Lie-algebra-valued vector potential by:

Aα = AAαJA = eaαPa + laαKa + ωabα Jab + qαD, (6.1)

where we took eaα as the components of an orthonormal frame field on M ,

with ωabα as the associated connection one-forms. Hence, the metric is given

by:

gαβ = ηabe
a
αe

b
β. (6.2)
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Identifying the metric from the orthonormal frame fields breaks the full

SO(4,2) gauge invariance of the action. The theory is invariant under an

eleven parameter subgroup consisting of the Lorentz transformations, spe-

cial conformal transformations and dilatation.

Under certain restrictions, the vacuum equations of motion of our model

are solved by the solutions of the vacuum equations of Weyl squared gravity.

The linearization of the theory about the torsion-free Minkowski back-

ground agrees with the static weak field limit of GR and in addition we

get a term which gives us a modification of the gravitational interaction on

long wavelengths. The long range behaviour of the gravitational field could

provide an explanation of the late time acceleration of the universe.

In chapter III, we investigated the dynamics of the Universe for a homoge-

neous and isotropic spacetime filled with perfect fluid matter sources. It is

possible that torsion plays an important role in gauge theories. However, we

only focused on the torsion-free case, i.e., Tαµν = 0.

Our model predicts a big bounce in the early Universe followed by a period

of nearly exponential slow roll inflation that can last long enough to explain

the large scale homogeneity of the cosmic microwave background. Further-

more, our model incorporates a de Sitter-like accelerating phase in the late

Universe that agrees with observations.

We studied cosmological perturbations in our model. Ignoring the torsion,

the tensor component of the metric perturbation satisfies a fourth order equa-

tion. It is possible that this fourth order equation involves ghost degrees of
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freedom in our theory. However, further studies has to be undertaken to

understand the role of ghosts. There are several directions for future work:

Torsionful theory: Torsion is a central object in the YM gauge theory of

gravity as it appears in the action as a dynamical field. Hence, it is crucial

to investigate the general solutions of the equations of motion with torsion.

Furthermore, it is important to examine the effects of torsion on the weak

field limit of our model.

Since torsion appears as a dynamical filed in YM gauge theory, it affects the

evolution of the universe. For instance, cosmological solutions of the SO(4,1)

de Sitter gauge theory of gravity without torsion imply that the universe is

made up of radiation only, hence torsion is required to obtain viable solutions

[31, 65]. I should emphasize here that unlike de Sitter gauge theory of gravity,

which relies on torsion to explain the late time acceleration of the Universe,

our model explains the accelerating expansion of the Universe even in the

absence of torsion.

In order to explore the dynamics of the Universe for nonzero torsion, we

have to define a homogeneous and isotropic torsion consistent with the sym-

metries of the FRW spacetime [31, 65]. Furthermore, we need to introduce

a matter source and hence a matter density for torsion. This in turn will

change the equations that describe the evolution of the scale factor of the

Universe.
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Cosmological perturbations with torsion: Homogeneous and isotropic

torsion is only a function of eaµ tetrad fields [65]. Hence, torsion perturbations

are generated from perturbations of the tetrad fields. Since the metric is

defined in terms of the tetrad fields, torsion perturbations are directly related

to the metric perturbations. Therefore, the equations of motion of metric

perturbations will be modified in the presence of the torsion tensor. It is

interesting to study how the nonzero torsion affect the evolution of the metric

perturbations.

Ghost-free models: In general, higher order gravity models are prone

to ghost instabilities [73, 74, 75, 76, 77]. I am also interested in exploring

other types of modified gravity models which give rise second order equations

and are ghost-free. The Horndeski and beyond Horndeski theories, Galileon

theory and massive gravity are ghost-free models that I wish to explore in

the future.

In chapter IV, we studied three-dimensional general relativity coupled to

pressureless dust φ [44]. We imposed the dust time gauge φ = t which equates

the physical time with level values of the scalar field [45, 46]. Writing down

the action in canonical form, we noted that in such a gauge the Hamilto-

nian constraint becomes the physical Hamiltonian. Thus, there would be an

extra degree of freedom in the two-dimensional spatial metric. We derived

the evolution equations for the spatial metric and its conjugate momentum

and then linearized the equations about the flat background. Imposing the
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transverse or traceless gauges indicates that the extra degree of freedom in

the metric is a scalar mode and is ultralocal. The main result was that in

this gauge, space points decouple giving independent and identical dynamics

at each point. Here are some possible future projects:

Cosmological dynamics with timelike dust: I propose including mat-

ter fields in addition to the dust field. We can consider a theory of a scalar

field φ and a dust field ψ in FRW spacetime. We impose the dust time

gauge which means that the ψ field fixes time. Depending on the form of the

Lagrangian of φ, we get different dynamics for the Universe.

Cosmological perturbations with dust: I am also interested in study-

ing cosmological perturbations in GR coupled to pressureless dust and any

other arbitrary matter field.

In chapter V, we derived modified equations of motion for the reheating

field χ from Generalized Uncertainty Principle (GUP), polymer quantization,

Dirac-Born-Infeld (DBI), and k-essence models.

All of these models involve an “exotic physics” energy scale M∗ which de-

termines when kinetic terms differ significantly from the canonical choice.

Working to leading order inM−1
∗ and in the long-wavelength limit, we demon-

strated that the reheating field equation of motion for all these models takes

the same form as that of a damped Mathieu-type equation modified by the

addition of a nonlinear self-interaction.

In the long-wavelength limit, where spatial derivatives can be ignored we
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demonstrated analytically and confirmed numerically that the parametric

resonance terminates after a finite amount of amplification of the reheating

amplitude. This conclusion remains unaffected for an expanding background

Universe.

Finally, we examined the behaviour of a spatially inhomogeneous reheaton

subject to polymer quantization in (1 + 1)–dimensions. We found numeric

evidence that the frustration of parametric resonance persists if we drop the

long-wavelength assumption, but our results should not be construed to be

definitive.

We can extend our analysis to the short-wavelength limit and keep spatial

derivatives in the equations of motion. We can examine how our results will

change in the short wavelength limit.

In order to understand to what extent the non-standard kinetic terms affect

the resonant preheating phase, one has to perform a full (3+1)-dimensional

numerical simulation as is done in [88]. The difference is that in our project

the kinetic term of the matter field is modified rather than the inflaton field.
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