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ABSTRACT 

The number of one-factors in a bicubic graph is shown to be more than 

polynomial in the number of vertices. Thus the permanent of a matrix of O's 

and l?s in which each row and column includes precisely three l Ts is more 

than polynomial. This improves the known lower bound of 3n. The form of 

the bound for a graph with 2n vertices is cn , where c is some constant and 

a < log2(9/4)=.85... . 
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1. Introduction 

All graphs considered in this paper are bicubic, that is bipartite and 

cubic so that they can be assumed to have 2n vertices and 3n edges. Loops 

are not allowed, but multiple edges are allowed. Brualdi has shown that all 

such simple graphs for η ^ 10 have at least 3n one—factors [3], improving 

upon a result of Hartfiel and Crosby [4] who showed that bicubic graphs have 

at least 3n-3 one-factors. In this paper, the number of one-factors is 

shown to be greater than any given polynomial in η for large enough n. 

As pointed out by Brualdi, the number of one-factors in a simple 

bipartite graph is the permanent of the adjacency matrix of the graph in 

which the rows correspond to vertices in one block of bipartition, and the 

columns correspond to vertices in the other block of the bipartition. Thus, 

a lower bound on the number of one-factors in a bicubic graph with 2n 

vertices is also a lower bound on the permanent of an nxn matrix of 0 !s and 

l's with three l's in each row and column. 

One should note that the upper bound on the number of one-factors in a 
n/ 3 

bicubic graph with 2n vertices, 6 , that Brualdi derives from Bregman [2], 

applies only to simple graphs. If one takes a circuit with 2n vertices and 

doubles every second edge, the graph obtained has 2n+l one-factors. As 

well, this graph has η edges that are only in one 1-factor, which also 

apparently contradicts Brualdi's bound of η one-factors (n > 10) that 

include a given edge. However, Brualdi dealt only with simple graphs, 

whereas in this paper multiple edges are required to allow induction to 

proceed. 

The approach taken is to get a lower bound for the number of 

one-factors in a bicubic graph of size 2n in terms of the number of 
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one-factors in smaller graphs. Unfortunately, the recursive formulas found 

are neither tight nor simple. Indeed, several different cases must be 

considered. 

Define f (G) to be the number of one-factors in G, and f (n) to be the 

minimum value of f(G) for G a bicubic graph of order 2n. Define f^(G,e) to 

be the number of one-factors including the specified edge e in graph G, 

f^(G) to be the minimum of f^ (G,e) for any edge e where e is not in a 

two-edge cut, and f^(n) to be the minimum value of for G a bicubic 

graph of order 2n. Define f2(G,e) to be the number of one—factors excluding 

a specified edge e, f2(G) t o t l i e m i n i m u m o f f2<G,e) for any edge e in G, 

and f2(n) to be the minimum value of f2(G) for G a bicubic graph of order 

2n. Note that f(G) = -f^G.e) + f2(G,e); and f(G) > f (G) + f2(G). The 

latter inequality only follows because every bicubic graph G has an edge e 

that is not in a two-edge cut. 

Let x,y, and ζ be three edges of a graph incident with a node ν of a 

graph G. Then 

f(G) = f1(G,x) + fjiG.y) + fjCG.z); and 

2f(G) = f2(G,x) + f2(G,y) + f2(G,z). 

The second equation shows that 2f(G) > 3f2(G), so 2f(n) >_ 3f2(n). Again, 

the first equation does not lead directly to general inequalites because 

x,y, and ζ could be part of a two-edge cut. However, if G has a vertex that 

is not the endpoint of an edge in a two-edge cut, i.e. not in a two-vertex 

cut set, then f(G) > ßf^G). 

In this paper log (x) means the logarithm base 2 of x. 
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2. Recursive lower bounds for f 

Let G be any bicubic graph with 2n vertices, η > 2. If G has a 

multiple edge, then G has a substructure as shown in figure 1(a). The two 

vertices can be removed, and the whole structure replaced by a single edge 

to obtain a graph G 1 as shown in figure 1(b). 

(a) G (b) G' 

Figure 1. Multiple edge reduction. 
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Now any one-factor of G must use either one of the double edges, or 

both of the edges adjacent to the double edge. But a one-factor of G that 

uses one of the double edges is equivalent to a one-factor of G' that does 

not use e', while a one-factor that does not use the double edges is 

equivalent to a one-factor of G* that uses e*. Hence f(G) = f2(G,e) + 

f^G.e) = fCG1) + f2(G1,e), so 

f(G) > f(n-l) + f2(n-1). (1) 

From now on, we assume G has no multiple edges. 

Let 2k be the length of the shortest circuit C in G (the girth of G). 
k+1 

Then G has at least 2 -2 vertices (see [1], for example). Hence k <_ 

log (n+1). 
Let the vertices of C be v ^ ν 2, v ^ , and let v ^ , v ^ , 

V2k U2k b e e d S e s i n G b u t n o t i n c· I f ^ > 2» t h e n t h e u i a r e a 1 1 

distinct. However, the argument still works even if k=2 and the u^ are not 

distinct. The situation is shown in figure 2(a). Define e = VjV^. Define 

G' to be the graph G with v^, v^, ..., removed, and the edges UjU 

u^u^, u2k_iu2k a d d e d · L e t e ' = ui u2* A l s o define G" to be the graph G 

with the same vertices deleted, but with edges u«, u., u9u^ u0, 0u 0, 
¿•K J, ¿ j L· rC— Ζ Ζ Κ™ 1 

added. See figures 2(b) and 2(c). 
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(a) G 

23t-1 • » · 

( B ) O ' 
u 
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2k u 
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(c) G • I 

u, 

u 

> 
u2k-l 

Figur© 2. Circuit reduction. 
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From any one-factor F' of G", one can make a one-factor F of G as shown 

in figure 3. If an edge u.u. . is in F*, put the edges u.v,, u.u. , into F, e β ι l+l r 0 i i i i+1 
otherwise put into F. All other edges of F' are carried directly 

into F. Note that F cannot contain the edge e. Similarly, one-factors of 

G' that miss edge e' can be made into one-factors of G that contain e. 

Hence f(G) = f^G.e) + f2(G,e) > f^G'.e') + f(G"), so 

f(G) > f2(n-k) + f(n-k)» k < log(n+l). (2) 

Note that the reduction of a multiple edge is a special case of this 

shortest circuit reduction, so that the case k=l can be included in this 

formula. Unfortunately, the bound depends on 

There is one case where this circuit reduction does not work. If G 

consists solely of two-vertex connected components, then there is no circuit 

that can be reduced. However, f(G) = 3°, f 1<G> = 3 n _ 1 , and f2(G) = 

2(3 1 all of which are the maximum possible values for these functions 

for graphs of a fixed size. 
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(a)F' 

u i 

U i+1 U j 

Uj+l 

(b)F 

Ui  v t V I 

Figure 3. Extending One-factors. 
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3. Recursive lower bounds for f^. 

Let G be any bicubic graph with 2n vertices and let e be any edge in G. 

As in section 2, we search for a lower bound on f (G,e) to develop a lower 

Again a one-factor of G* that includes the edge e' corresponds to a 

one-factor of G that contains neither e nor f. Any one-factor of G' that 

misses the edge v'u* corresponds to a one-factor of G that contains f. 

We now assume e is not part of a multiple edge. 

If e is part of a two-edge cut, then let f be the other cut edge. 

Given a one factor of G, either both e and f are in it, or neither are in 

it. Let e = w * and f = uu1 so that ν and u are on the same side of the 

cut. Replace e and f by the edges vu and v'u1. Then the graph falls apart 

into two graphs, H containing vu, and Κ containing v'u', as shown in figure 

4. 

bound on f_(n). If e is a member of a double edge, consider figure 1 again. 

Hence f2(G,e) > f^G'.e*) +f2(Gl,el) = f(Gf), so 

f2(G,e) > f(n-l). (3) 

(a) G (b) Ge 

Figure 4. Reducing a two-edge cut. 
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Thus f2(G,e) = f2(H,vu)f2(K, v Tu !), so 

f2(G,e) > f2(k)f2(n-k) , 1 < k < n-1 (4) 

Thus we can now assume e is not in a two-edge cut. 

If e is in a three-edge cut, {e,f,g}, the situation is depicted in 

figure 5(a). Cut the three edges, and add two new vertices, one to each 

component, to form two new bicubic graphs H and K. as shown in figure 5(b). 

In the event that f or g are in two-edge cuts, there is a choice for which 

edges are to be chosen as part of the three-edge cut. In this case, choose 

f and g so that the new edges f" and g" are not in two-edge cuts of K. 
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Figure 5- Reducing a Three-edge Cut 



-13-

Then f2(G,e) = f^G.f) + f^G.g) = f 1 (H,f ' )f γ (Κ,Γ") + f χ (Η,g1 ) f χ (Κ,g") 

> f2(G,e')f1(k). Hence 

f2(G,e) > f2(n-k+l)f1(k), 3 < k < (n+l)/2. (5) 

From now on we can assume e is not part of a three-edge cut, so that neither 

end of e can be in a set of three vertices whose removal would disconnect G. 

Let the edge e be vu, and let 2k be the length of the shortest circuit 

through e. Let V̂ ^ be the set of vertices that are at distance i from vertex 

v, without using the edge e itself. For 1 < i < 2k-1, «ν o > 3, since 

V υ{ν} is a cut-set of vertices. Also ©ν o = 2, <>V ° > l, oV o > 2. 
J·  i ¿K_i — 

Hence 2n > 3(2k-4)+6, or k < (n/3)+l. 

The same reduction can be applied to this circuit as was applied in 

figures 2 and 3. In this case, we find that f2(G,e) > f(G'), so that 

f2(G,e) > f(n-k), 2 < k < (n/3)+l. (6) 

Combining inequalities (3) through (6), 

f2(n) > min {f2<k)f2<n-k), f 2(n-Ä+l)f,f(n-m)} (7) 

for 1 < k < n-1, 3 < A < (n+l)/2, 1 < m < (n/3)+l. 

Unfortunately, the bound depends on f. as well as f 0 and f. 
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4. Recursive lower bounds for f^. 

Let G be a bicubic graph with edge e such that e is not in a two-edge 

cut. If e is in a three-edge cut, then the reduction in figure 5 can be 

performed. Then f^G^e) = f^H.e^f^K.e"), so 

f^G.e) > f^n-k+Dfjik) , 3 < k < n-3. (8) 

Otherwise, the edge e is in a circuit of length 2k, where 

1 < k < (n/3) +1. In this case, performing the reduction described in 

figures 2 and 3 shows that f^(G,e) > f2(G1,e'), so 

f^G.e) > f2 (n-k) , 1 < k < (n/3) + l (9) 

As one of (8) and (9) must apply, we have 

fL(n) > min {fχ(n-k+1)fχ(k), f2(n-m)} (10) 

for 3 ^ k n-2, and 1 < m < (n/3) + 1 . A complete set of recursive lower 

bounds on f, f. and f 0 have now been found. 
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5. Solving the inequalities 

Inequalities (2), (7), and (10) can be used to get lower bounds on 

f, fj, and f 2, if we can get bounds on f(n), and f2(n) for small 

values of n. These can be found by looking at all bicubic graphs with fewer 

than 12 vertices. The actual values can be found in Table I. 

η fL(n) f 2( n) f(n) 

1 1 2 3 
2 2 3 5 
3 2 4 6 
4 3 6 9 
5 4 8 12 

Table I: Actual values for f(n), f.(n), and f0(n) 
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If one starts to calculate f using these formulas, one soon realizes 

that inequalities (2) and (6) are used almost exclusively. Other consid-

erations also suggest these are the crucial inequalities, since if 

conditions (2), (6) and (9) were removed, then an exponential lower bound 

can be obtained. Inequality (10) concerns f^ which is not needed in (2) and 

(6), and so can be ignored. 

Combining (2) and (6) to remove f^j the inequality 

f(n) > f(n-k) + f(n-k-m) 

is obtained, where k = [log(n+l)] and m = 2(n-k)/3 + 1. The largest 

values for k and m are chosen to get the "worst" possible case. The 

asymptotic solution to this recusion relation is 

f(n) > c n a l o S n (11) 

where a < l/log(9/4) = .855 and c is some constant factor. 

Lower bounds on f 2 ( n ) a n c* c a n n o w be obtained using (6) and (9). 

Thus 
£ / \ a log m 
2 — c m 

where m = (2n - 3)/3, and 

fjCn) > cka k 

where k = (4n - 15)/9. The verification by induction of these formulas for 

large enough η can now be carried out using the recurrence inequalities, 

although it is a tedious process. 
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6. Conclusions 

The importance of (11) is not the exact formula, but rather that there 

is no infinite sequence of bicubic graphs in which the number of one-factors 

is bounded above by a polynomial. In fact, I suspect that a considerably 

better lower bound is valid, possibly even an exponential bound. Although 

most of the recurrence inequalities are reasonably good the critical 

inequalities (2), (6) and (9) are not tight at all. In fact, I expect that 

in the reduction of a circuit, these formulas are out by a factor 

exponential in the length of the circuit, since, a one-factor need not use 

only "even edges", or only "odd edges" in the circuit as the one-factors 

counted by these inequalities do. 
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