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Abstract 

An algorithm for determining the chromatic number of a graph is 

presented. The storage requirement is on the order of the square of 

the number of vertices in the graph. Preliminary empirical tests indi-

cate this algorithm is faster than previous algorithms. 

1. Int roduc t ion 

A graph G consists of a finite nonempty set V=V(G) of ρ vertices 

and a finite set Ε of q unordered pairs of distinct vertices. Each 

pair e = {ν , ν } in Ε is an edge of G, e. is said to join v. and ν J ι J i k 

a r e incident as are e ± and vfe. The degree of a vertex is the number of 
edges with which it is incident. A graph is commonly represented by 
means of a diagram such as 
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The chromatic number of a graph G, denoted X(G), is the minimum 

number of colours required to colour the vertices of G so that no 

adjacent vertices have the same colour. An assignment of colours so 

that no adjacent vertices have the same colour is a colouring of G. 

A colouring using X(G) colours is minimal. The chromatic number of a 

graph and minimal colourings have many applications, e.g. examination 

scheduling [7]. In this paper an algorithm for determining the chromatic 

number of a graph is presented. This value is determined by constructing 

a single minimal colouring. 

A number of algorithms for the solution of this problem have 

appeared in the literature. Christofides [2] has presented a method 

which uses the maximal independent sets of a graph. A maximal inde-

pendent set is a set of vertices such that no two vertices in the set 

are adjacent and every vertex not in the set is adjacent to at least 

one vertex in the set. Christofides' algorithm requires all the maxi-

mal independent sets of a graph G be determined. A minimum number 

whose union is V(G) is selected. This number is x(G). Improved ver-

sions of this algorithm have been proposed by Wang [6] and by Furtado 

et al [4]. 

It is well known that the number of maximal independent sets in a 

graph may grow exponentially to the number of vertices. For example, 

a graph consisting of t disjoint triangles has 3 t maximal independent 

sets. The storage requirement of any algorithm following Christofides * 

approach is thus exponential to the number of vertices. 
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Corneil and Graham [3] have presented an alternative approach 
•5 

whose storage requirements in 0(p ). In addition, they have found 

their algorithm to be much faster than the version of Christofides' 

algorithm due to Furtado et al [4]. Similar tests will be used to 

compare our algorithm to these results. 

2. A Colouring Tree 

A £ath is an alternating sequence of vertices and edges beginning 

and ending with a vertex, in which each edge is incident with the 

vertices immediately preceeding it and following it, and in which all 

the vertices are distinct. A tree is a graph with exactly one path 

between each pair of vertices. One vertex will be distinguished as the 

root of the tree. The leaves of the tree are all vertices excluding 

the root which are of degree one. Following normal mathematical con-

vention, trees will be drawn with the root at the top and the leaves 

at the bottom, e.g. 

root 

1eave s leaves 
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To avoid confusion in the following discussion, we refer to the 

vertices of a tree as nodes and the edges of a tree as branches. 

The unique colourings of a graph up to renaming of the colours can 

be represented by a labeled tree. A labeled tree is one whose nodes 

are distinguished by attaching a unique label to each node. A tree 

representing the colourings of a graph is termed a colouring tree. 

Considering an arbitrary graph G with ρ vertices νΊ,v ...,v . 
1 2 ρ 

Let c2» C2 , , ,'» Cp denote ρ unique colours. Suppose the vertices 
v1>v2,...,vt,t<p, have been coloured using the colours cn,c_,...,cp ^<t. 

<L· ¿ «y 

The vertex v f c + 1 may be coloured ck, lsk<£, if, and only if, there is no 

ν , l<m<t, such that ν and ν are adjacent and ν is coloured c . In 
LTj. m m k 

addition, v f c + 1 may be coloured a new colour Cg,+1. Since we are only 

concerned with colourings up to renaming of the colours, this exhausts 

all choices of colours for v t + 1 for the given colouring of ν^ν^.,.,ν . 

Beginning by assigning v.̂  the colour c , and then applying the above 

result repeatedly, a colouring tree can be constructed. The process 

is best illustrated by working an example. 

Consider the graph G given by 
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The root of the colouring tree is 

* (V1'C1> 

where the label (v^c^ indicates the vertex v± of G is to be coloured 

c r For the vertex v2 there are two choices. Either v 2 can be coloured 

cx since it is not adjacent to or it can be coloured a new colour 

These choices are represented by the tree 

Each path from the root to a leaf in this tree represents a 

colouring of the vertices ν χ and v ^ Consider the left path. Since 

v2 is coloured c^ the only choice is to colour v 3 a new colour c2. 

This gives 
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When ν χ is coloured and v £ is coloured c,,, v 3 may be coloured 

c± but not c2. v 3 can also be coloured a new colour c . Thus we have 

In this tree there are three paths leading from the root to a leaf 

representing three unique colourings of the vertices ν χ > v^ ν . 

Applying the above techniques to V¿, the complete colouring tree, figure 
1, is found. 

Each path in this tree represents a unique colouring of G. It is 

easily verified that every unique colouring of G up to renaming of the 

colours is represented. The darker paths represent minimal colourings 

and indicate X(G)=2. Note that in constructing the colouring tree, the 

branches down from a node lead to nodes assigning colours in ascending 

order from left to right. It is easily shown that the leftmost path 

from the root to a leaf represents the colouring produced by the sequen-

tial colouring algorithm described by Matula et al [5]. For many graphs, 

including the example above, this colouring is minimal. This is not 



If the colouring tree is constructed, the leftmost path is found to be 
r o o t leaf 

( V C 1 > <v2'cl> (v3'°2) ( V C 2 > ( V C 3 } ( V C 3 } 

This colouring uses three colours yet clearly X(G)=2. 

3. The Algorithm 

The chromatic number of a graph G can be determined by examining 

the paths of the corresponding colouring tree. The following rules 

examines the paths in a tree from left to right: 

(i) start at the root and go down the leftmost branch, 
(ii) 

when coming down a branch to a node which is not a leaf, go 
down the leftmost branch. 

(iii) when a leaf is reached, go back up the branch which led to 
that leaf. 

(iv) when coming up a branch to a node, go down the next branch to 

the right or if there are no more branches to the right, go 

up the branch to the next higher node. 
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(v) stop after returning over the rightmost branch leading from the 
root. 

It is an easy matter to count the number of colours assigned in each 
path. The minimum of these values is X(G). 

Two simple observations greatly reduce the search for X(G). Suppose 

we have just reached a leaf on a path representing a colouring of G which 

uses k colours. We can immediately go back up this path past the highest 

node which assigns the colour Cfc. The reason for this is that any path 

containing this node represents a colouring using k or more colours. 

Similarly, it is unnecessary to visit any further nodes which assign a 

colour c r A > k, since a path containing such a node represents a 

colouring with k or more colours. 

The graph G given by 

has the colouring tree given in figure 2. The arrows indicate the nodes 

visited in a reduced search. In the reduced search, the last path from 

the root to a leaf which is fully completed represents a minimal 
colouring. 

It is unnecessary to construct the colouring tree. Instead, we 
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need only keep track of the path from the root to the node currently 

being visited. This path is uniquely defined by the colours currently 

assigned to the vertices of G. The values YrY2,...,Y indicate the 

current colouring of G. If γ. = 0, V = L is uncoloured, otherwise 

v. is coloured c . fi is the number of colours currently used to 
i 

colour the vertices v^v,,,... ,v±. These values are useful for retreat-

ing back up the path when a colouring is found. If the colouring uses 

k colours, we simply back up to the first <5± such that δ <k. At each 

point in the algorithm t indicates the vertex of G currently being 

considered. 

The sets C^C^,... are termed colour sets. At each point in the 
execution of the algorithm, the set C. contains all v. such that ν is 

1 J j 
coloured c.. The graph to be coloured is represented by the sets 

W " ' A p where A± contains all V j such that v ± and ν are adjacent. 

The advantage of this representation is that we can colour ν with c 
ι j 

if, and only if, Α. η Cj = 0, The representation of these sets and the 
execution of this test are tasks quite suitable to a computer. 
Algorithm 

1. T^l; 6^1; t«-2; Ο+ίν^; min^p+1 
2. y±+Q; 2<i<p; C±^0, 2<i£p 

3. find k the minimum value such that 

T t < k < fit_x+l and C k η A = 0 
4. if k>min go to 15 

5. if γ Φ 0 remove ν from C Y 
t Yt 
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6. γ add ν to C, 
t t k 

7. 6 t + MAX(6t_rk) 

8. t t+1 

9. if t <ρ go to 3 
10. v ± coloured c , l<i<p, is a colouring of G 

i 
11. min Ó 

Ρ 
12. t«-t-l 

13. if t=l stop 

14. if <5 ¿min-1 and γ á min-2 and y , go to 3 
t t t t-1 

15. remove v^ from C^ 
16. γ +-0 
17. go to 12 

In practice, before applying the above algorithm, the vertices of 

the graph to be coloured are sorted into decreasing order of degree. 

This tends to reduce the size of the colouring tree since this ordering 

increases the probability v ± is adjacent to the vertices coloured 

before it and hence reduces the choice of colours for ν . 
i 

4. Results 

Execution of the above algorithm requires storage of the sets 

A1,A2,...,Ap,C1,C2,... and the variables Ύ^γ,,,... ,γ ,ΰ^δ^... ,6 . 

These are at most ρ sets Ĉ^ and each A ± or C contains at most ρ 

elements. Since the storage of γ^,.,.,γ p ' W . .. ,δρ is linear 

with p, the overall storage requirement of the algorithm is bounded by 

O(P2). 
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The algorithm has been implemented in the FORTRAN IV language and 

tested on the IBM 370/158 computer at the University of New Brunswick 

using the FORTRAN-Η compiler. A number of empirical tests as to the 

speed of the algorithm have been made. These results together with 

comparable results presented by other authors are given below. The 

timings given for our algorithm include the time required to sort the 

vertices of the graph to be coloured into decreasing order of degree. 

The storage requirement for our algorithm is the number of words used, 

totally or partially, to represent A ^ A ^ . .. »A ,.. and 

Ύχ»Ύ2* * ' ' , Υρ , δ1 , δ2' ' ' ' ,δρ* s i n c e FORTRAN IV does not have dynamic 
allocations, we allow for up to ρ C.'s. 

A complete graph is a graph with exactly one edge joining each pair 

of nodes. The edge density of a graph with ρ nodes is the ratio of the 

number of edges in the graph to the number of edges in the complete 

graph with ρ nodes. Wang [6] has implemented his version of 

Christofides' algorithm in Pascal and tested it on a CDC6400 computer. 

The following table (taken from [6]) shows the running time of Wang's 

algorithm for 50 pseudorandom graphs of 20 vertices at edge densities 

.25, .50, and .75. 

.25 .50 .75 
0 - 5 sec. 3 18 47 
5 - 10 sec. 9 17 3 
10 - 15 sec. 9 11 0 
15 - 20 sec. 14 2 0 
20 - 25 sec. 7 1 0 
25 - 30 sec. 3 1 0 

> 30 sec. 5 0 0 



These times include the time required to find the maximal independent 

sets of the graph. Bierstone's algorithm [1] was used for this purpose 

We have also tested our algorithm on 25 pseudorandom graphs at 

edge densities .25, .50 and .75. The maximum execution time was found 

to be .223 sec. The majority were minimally coloured in less than .05 
sec, 

Corneil and Graham [3] have implemented their algorithm as well as 

the version of ChristofideTs algorithm due to Furtado et al [4] using 

ALGOL-W on an IBM 370/165 computer. These algorithms have been tested 

on several pseudorandom graphs. 

The following table combines these results with similar results for 
our algorithm. The times quoted for our algorithm are the average of 
10 pseudorandom graphs. The required storage is in 32 bit words. 
Pseudorandom Graph 

Cornell 
Graham Christofides Miller 

Corneil 
Graham Christofides Miller 

edge 
density 
.4 

edge 
density 

.8 

10 
15 
20 
25 
30 
35 

10 
15 
20 
25 
30 
35 

0.03 
0.117 
0.663 
3.546 
9.723 

127.85 

0.013 
0.060 
0.167 
1.777 
8.453 
20.06 

0.033 
0.327 
6.09 
63.24 

0.027 
0.110 
0.273 
3.613 
49.09 

0.0110 
0.0255 
0.0479 
0.3878 
0.5711 
5.317 

0.0115 
0.0194 
0.0601 
0.1624 
1.0398 
2.3517 

22.0 
57.6 
268.8 
720.0 
830.98 
1620,0 

26.4 
38.4 
75.6 
291.2 
570.4 
950.4 

29.2 
94.2 
653.0 
4197.5 

23.4 
41.8 
61.6 
308.0 
3323.2 

30 
45 
60 
75 
90 
175 

30 
45 
60 
75 
90 
175 
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Corneil and Graham further tested the algorithm on two specific 

types of graph. The first is a graph with p/3 triangles and p/3-1 

additional edges joining the triangles in a chain. For ρ = 12 this 

graph is given by 

The second class is cycle graphs. For ρ = 12 this graph is 

Chained Triangles 

TIME STORAGE 
Corneil Corneil 

Ρ Graham Christofides Miller Graham Christofides Miller 

3 0 0 0.005 8 12 9 b 0.017 0.017 0.0065 14 25 18 y 0.033 0.083 0.0089 20 60 27 12 0.050 0.567 0.0111 26 166 36 lb 0.083 7.05 0.0131 32 533 45 18 0.133 87.81 0.0164 38 2014 54 21 0.183 — 0.0197 44 63 
60 2.783 - 0.0611 122 

^ 

300 bj 3.200 0.0646 128 - 315 
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Cycle Graph 

TIME STORAGE 
Corneil Corneil 

Ρ Graham Christofides Miller Graham Christofides Miller 

3 0 0 0.0047 8 12 9 6 0.017 0.017 0.0064 14 19 18 y 0.05 0.050 0.0085 80 42 27 12 0.05 0.20 0,0101 26 97 36 15 0.117 1.383 0.0129 224 281 45 18 0.467 12.35 0.0140 38 778 54 21 0.483 115.93 0.0178 440 2862 63 24 0,233 - 0.0180 50 72 
¿¡ 1.017 - 0.0222 728 - 81 

60 2.43 - 0.0416 122 
* 

300 
bj 13.20 — 0.0516 3968 - 315 

5. Conclusion 

Due to the use of different machines and different compilers, 

caution must be taken in comparing these results. An IBM 370/158 and a 

CDC 6400 are very comparable. An IBM 370/165 is approximately twice as 

fast. The code generated by the ALGOL-W compiler runs about two to two 

and a half times slower than the code generated by the FORTRAN-Η com-

piler. The quality of code generated by the PASCAL compiler for the 

CDC 6400 is not known. 

Our algorithm is certainly much more efficient than the algorithm 

based on Christofides' approach as is Cornell and Graham's algorithm. 

To compare our algorithm to Cornell and Graham's it is reasonably valid 

to compare the timings directly since the different compilers and com-

puters are roughly balanced. Our algorithm would seem to be more 
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efficient especially as ρ increases. In terms of core, our algorithm 

will in general be better but as the tests above show for certain types 

of graphs Corneil and Graham's algorithm is better. 

Computer timings cannot be taken as conclusive. Fluctuations in 

the execution environment and differing programming skill simply intro-

duce too many unknowns. A comparison of our algorithm with Corneil and 

Graham's based on more reliable statistics such as the number of vertex 

or edge references is currently underway. This work should lead to a 

firm conclusion as to the merits of our algorithm. 
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