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Abstract 

A generalization of the neighborhood of a vertex [7] is used to 

prove several results on the relation of a set of vertices of a 

graph to cliques of that graph. These results lead to an efficient 

adaptive algorithm for enumerating the cliques of a graph. The 
2 

storage requirement of the algorithm is of order 0(n ). 
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1. INTRODUCTION 

It is well known that the determination of the cliques of a graph 

is an important problem. It occurs primarily in information retrieval 

systems but also appears in many diverse applications. For instance, 

Tucker [8] used cliques to analyze the strong Perfect Graph Conjecture 

and applied the theory to a refuse disposal system. 

Since the number of cliques in a graph can be exponential, the speed 

of an algorithm on G must be related to the cliques of G. Because of 

this exponential possibility, the testing for potential cliques must be 

efficient for a good algorithm. The algorithm presented here eliminates 

the testing of subgraphs that cannot lead to cliques based on the cliques 

found. In this sense we say it is an adaptive algorithm, since it uses 

its information about the cliques discovered in a nontrivial way. 

2. BACKGROUND 

A graph G = <V,E> consists of a set of vertices V and a set of edges 

Ε where Ε c VxV. A subgraph G' of G is a graph G1 = <V*,ET> where 

V1 £ V and E1 c Ε η (V'xV1). A spanning subgraph denoted by G[V'] = <V',E*> 

is a subgraph where Ε' = Ε o (VxV). A complete graph is one in which 

each vertex is connected to every other vertex. The valance of a vertex 

is the number of edges incident to that vertex, loops being counted twice. 

Definition 1 - A clique of a graph G is a maximal complete subgraph. 

Definition 2 - The neighborhood of a vertex v,N(v), is the set of 
vertices that are adjacent to ν (i.e. connected by an edge) and ν 
itself. 



3. NEW RESULTS 

Generalizing the concept of a neighborhood of a vertex to the 

neighborhood of a set Q of vertices leads to some interesting condi-

tions that determine if Q c a n be a clique and indeed if it is a clique. 

Definition 3 - The neighborhood of a set of vertices Q is the set N(Q) 

which consists of the vertices of G that are adjacent to every vertex i 
(Note: we allow a vertex to be adjacent to itself.) 

If N(Q) = 0 we say that Q has an empty (null) neighborhood. 

Our first result shows the relation of the set neighborhood to the 
neighborhoods of the set elements. 

Lemma 1 N(Q) = η N(v.). 
V . £ Q 

Proof: If χ is adjacent to each vertex v ± e Q then χ e N(V ) for all 
ν and N(Q) c η N(v.) 

v±eQ 1 

If χ e η N(vi) then χ is adjacent to every ν e Q, hence 

N(Q) 3 η N(v ) and the lemma is true. 
v.eQ ι 

If Q lies in a clique then G[Q] must be a complete subgraph, the 

following theorem gives a necessary and sufficient condition for this 

Theorem 1 G[Q] is a complete subgraph if and only if Q C N(Q), 



Proof: Assume QCN(Q) and suppose G[Q] is not a complete graph. If G[Q] 

is not complete, then there exists v ± and ν in Q that are not 

adjacent thus v. or V j i N(Q). But this implies a contradiction. 

If G[Q] is complete then v ± € Q implies that ν e N(Q). 

Φ 

Corollary If Q c N(Q), then there exists a clique Κ such that G[Q] c K. 

Theorem 2 If Q = N(Q) then G[Q] is a clique. 

Proof: Assume Q = N(Q). Suppose G[Q] is not a maximal complete sub-

graph, then there exists χ Ê N(Q) and χ i Q but this contradicts 

the assumption that Q = N(Q). φ 

Theorem 3 If Q D N(Q) then G[N(Q)] is a complete graph. 

Proof: By definition every ν € N(Q) is connected to every vertex in Q, 

thus, by the condition of the theorem, to every vertex in N(Q). 

Therefore, G[N(Q)] is complete. φ 

Corollary If Q ^ N(Q) then there exists a clique Κ such that 
G[N(Q)] C Κ C G[Q]. 

These results form the basis of an algorithm to find cliques. 

Given a set, we find its neighborhood, then we test to see if the set 

should be increased or decreased and recording it if it is a clique. 

Whether or not this leads to a good algorithm depends on how we 

select the sets of vertices for consideration. Examination of all 2 n 

subsets is, of course, disasterous. Theorem 2 indicates a bottom up 

approach to subset generation for if Q = N(Q) then we know that there 

is no need to test sets S where Q c S. 
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4. AN ALGORITHM 

Implementation of the algorithm suggested requires a method of 

selecting subsets of V to be tested. If the algorithm is to be 

efficient, then a set must only be generated once and only sets that 

are potentially cliques should be generated. The algorithm implemented 

here is an adaptive one in that the sets considered depend upon the 

previous results. 

One method of selecting subsets to apply our theorems to, is to 

generate all subsets on a rooted tree such that for any tree vertex 

χ all decendents will represent only (and all) super sets of that set 

represented by the vertex x. The following algorithm SUBSETS generates 

the subsets of V with the desired property. Its root represents the 

null set and upon return to the root the algorithm is complete. 

0 7 {3} 0 

6* {2,3} 

{1,2,3} 3 

Figure 1 
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In figure 1 each vertex is numbered in order of generation and 

labeled with the set represented by the path from the root to that 

vertex which is the only portion of the tree explicitly recorded at 

that point in the algorithm. The following algorithm SUBSETS is used 

in the main algorithm which attempts to reduce the actual traversal 

of the rooted tree. 

ALGORITHM; SUBSETS 

Comment: Let V be a set, VS a pushdown stack and TOP the current top 

element of VS. Zero represents a null element for convenience. 

1: Initialize 

VS ·*- 0 

2: Stack 

2.1 VS (TOP + 1), VS 

2.2 Report subset represented by VS 

2.3 IF TOP φ Ν THEN GO TO 2:Stack 

2.4 Delete TOP from stack VS 

2.5 IF TOP = 0 THEN STOP 

2.6 TOP +· TOP + 1 

2.7 GO TO 2:Stack 
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ALGORITHM; CLIQUES 

Comment: Let G = <V,E>. Let VS be a pushdown stack and TOP the top 

element of VS, T^ the neighborhood of the first k vertices 

in VS. 

0 : Preprocess 

Number the vertices of G in order of ascending valence. 

1: Initialize 

VS 0 

k -«- 0; T Q V; BIG Ν 

2: Stack 

VS -«- (TOP + 1), VS 

k -f k + 1 

3: Test 

3.1 Tfc Ν (TOP) π 

3.2 IF VS A THEN GO TO Step 5:Update 

3.3 IF Q = Tk, THEN GO TO Step 4:Report 

3.4 IF TOP = Ν GO TO Step 6:Retreat 

3.5 GO TO Step 2:STACK 

4 : Report 

4.1 Output clique VS. 

4.2 BIG Largest vertex not in VS ELSE 0. 
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5: Update 

5.1 IF TOP φ Ν GO TO Step 7;Rotate 

6 : Retreat 

6.1 Delete top element of stack, 

k k-1 

6.2 IF TOP = 0 STOP 

6.3 IF TOP > BIG GO TO Retreat 

7. Rotate 

7.1 Replace TOP by TOP + 1 

7.2 BIT Ν 

7.3 GO TO Step 3;Test 

There are several features of the algorithm worth noting. When a 

set of vertices in VS is not in a clique then no superset will ever be 

tested. Thus, there are at most n-1 additions to VS that can fail to 

be a complete graph and the test for each addition requires only η 

operations because of iterative calculations of the set neighborhood. 

Once a clique is found, no set that is not a subset of a potential 

clique is tested. By ordering the vertices on valance, we first test 

those vertices that should fail the fastest and thus reduce the number 

of sets that must be tested. Since these vertices are more quickly 

examined and removed from consideration, the resulting search is 

vastly decreased. Large cliques are examined early. For instance, 

if G is a clique, the result is immediate. 



Theorem 3, CLIQUES finds the set of cliques of a graph. 

Proof; The procedure of SUBSETS generates all subsets of the vertices 

exactly once. A subset is not examined by CLIQUES only if it 

contains as a subset, a set of vertices that define a clique, 

thus any subset not examined by the procedure cannot define a 

clique. Application of Theorem 2 to subsets examined, ensures 

that each clique is determined. 

Theorem 4. The storage requirement of CLIQUES is 0(n2). 

Proof: VS is at most η storage cells. is at most η storage cells 
and there are at most η Τ 's required. 

The evaluation of the speed of an algorithm is often difficult 

to do theoretically because analytical results are not known; it is 

dangerous to do by computer since you are evaluating the implementation 

of the algorithm and not the algorithm. Any algorithms to find cliques 

must ask the question of a set of vertices: does this set generate a 

clique? The ratio of the yes to no answers to this question is related 

to the speed of the algorithm. 

We then have the following figure of merit: 

α = number of subsets examined 
number of cliques 

Clearly 1 < α < 2 n if G has at least one clique q. The lower bound for 
our algorithm is 



where [ qi | is the order of clique q.̂  and ρ the number of cliques. A 

low value for α is desirable but not sufficient for a good algorithm, 

however, the other factors that determine speed are more readily 

determined analytically. 

Future work will examine expected values for α and an upper bound 

for the algorithm presented here or perhaps a modification. At that 

time this algorithm will be compared to Bron and Kerbosch [3]. As well, 

other possibilities of applying these results will be examined further, 

such as using Theorem 3 in conjunction with Theorem 1, Present experi-

mental results are promising in both regards. 
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