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DESIGN AND ANALYSIS OF PARALLEL MONTE CARLO ALGORITHMS 

ABSTRACT 

This paper demonstrates that the potential of intrinsic parallelism in 

Monte Carlo methods, which has remained essentially untapped so far, can be 

exploited to implement these methods efficiently on SIMD and MIMD 

computers. Two basic static and dynamic computation assignment schemes 

are proposed for assigning the primary estimate computations (PECs) to 

processors in a parallel computer. These schemes can be used to design 

parallel Monte Carlo algorithms for many applications. The time 

complexity analyses of static computation assignment (SCA) schemes are 

carried out using some results from order statistics, whereas those of 

dynamic computation assignment (DCA) schemes are carried out using results 

from order statistics, renewal and queuing theories. It is shown that for 

smaller number of processors, linear speedup can be achieved with the SCA 

schemes and the speedup almost equal to the number of processors can be 

achieved with the DCA schemes. Some computational results for Monte Carlo 

solutions of Laplace*s equation are given to illustrate the performance of 

the various SCA and DCA schemes. 
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I. INTRODUCTION 

Monte Carlo methods are widely used in many scientific and engineering 

applications [1-6]. In these methods , the solution of a problem is 

represented as a parameter of a hypothetical population. Then, a random 

sequence of numbers is used to construct a sample of that population from 

which statistical estimates of the parameter are obtained [1]. The 

solution estimates coverge slowly (expected error is Ο(ν'κ), where Κ is the 

sample size) to the exact solution and therefore a large sample size (K 
3 5 

equal to 10 to 10 is quite common) is required to obtain a reasonable 

accuracy. The estimate computations often involve random walk processes, 

with some random walks consisting of a large number of steps. As a 

consequence of these two characteristics, these methods require large 

computing time when implemented on sequential computers and they have not 

been very attractive. In this paper, we present some techniques of 

implementing these methods on parallel computers with a motivation to 

reduce their execution time and we hope that this will make these 

techniques more attractive in future. Recently, Monte Carlo simulation has 

been identified as one of the most challenging areas for the application of 

parallel computers [7]. 

Parallel algorithms can be developed by exploiting the intrinsic 

parallelism in sequential algorithms. Intrinsic parallelism in Monte Carlo 

methods at the level of primary estimate computations (PECs) was first 

indicated, surprisingly, as early as in 1949 by Metropolis and Ulam in 

their paper defining the Monte Carlo method [8]. Parallelism at this 

level, as also within the computations of primary estimates was exploited 

only to some extent in [9,10] to solve partial differential equations 

(PDEs) on special purpose parallel computers. Thus, the potential of 
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intrinsic parallelism in Monte Carlo methods had remained essentially 

untapped in their implementation on parallel computers, until our recent 

work [ 11-19] . Recently, the application of ICL DAP in solving some 

problems in solid-state and elementary particle physics has been reported 

[2]. 
In [11], we suggested the use of an SIMD computer, based on bit-slice 

microprocessors, to implement Monte Carlo methods for solving PDEs. In 

[12] simulation results about the effectiveness of SIMD and MIMD computer 

architectures for solving PDEs by Monte Carlo methods were presented. We 

have given some parallel algorithms for Monte Carlo solutions of linear 

equations in [13]. The Monte Carlo methods for solving PDEs were 

reconsidered in [14] and the simulation results of a parallel algorithm 

based on an idea by Rosin [9] were presented. This preliminary work 

culminated in the development of a unified treatment for the design and 

analysis of parallel Monte Carlo algorithms given in [15]. In [19], we 

have summarized this recent work and our work reported in [15]. Recently, 

we have also considered the problem of implementing Monte Carlo algorithms 

with VLSI technology. In this paper, we detail some of the ideas presented 

in earlier papers and present the unified treatment given in [15]. 

This paper is organized as follows. In Section II, we briefly discuss 

the computational characteristics of Monte Carlo methods and show that the 

primary estimate computation (PEC) times are independent and identically 

distributed (i.i.d.) random variables. This crucial result is shown to 

have significant influence on the design and analysis of parallel Monte 

Carlo algorithms in Section III. We propose two basic schemes for 

assigning PECs to processors in a parallel computer: static computation 

assignment (SCA) and dynamic computation assignment (DCA) schemes. These 

schemes can be used to design parallel algorithms for any Monte Carlo 

method. In Section IV, we describe the various SCA schemes. The details of 
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the parallel algorithms are not included for the sake of brevity and they 

are given in [15]. The time' complexity analyses of parallel Monte Carlo 

algorithms based on these schemes are carried out using some results from 

order statistics. Two DCA schemes are presented in Section V. The time 

complexity analyses of these schemes are carried out using results from 

order statistics, renewal and queuing theories. In Section VI, we consider 

the standardized exponentially distributed PEC times and derive the time 

complexity results for the SCA and DCA schemes. We consider the problem of 

solving Laplace* s equation by a Monte Carlo Method in Section VII. Some 

computational results illustrating the performance of the various schemes 

are presented. Concluding remarks are given in Section VIII. 

II. SEQUENTIAL MONTE CARLO ALGORITHMS 

A. The Monte Carlo Method 

The Monte Carlo method is generally defined as representing the 

solution of a problem as a parameter of a hypothetical population, and 

using a random sequence of numbers to construct a sample of the population, 

from which statistical estimates of the parameter can be obtained [1]. In 

practice, usually., the required solution consists of a real number, which 

is expressed as the expected value of some random variable X with finite 

variance on a probability space. A set of point ζ., ζ0,..., ζ„ are sampled 
1 L Κ 

independently from the probability space, commonly using pseudorandom or 

quasirandom number generators. In our discussion, we will assume that 

"ideal" random number generators are used. A set of primary estimates, 

XCi^, Χ(ζ2),..., Χ(ζκ) are obtained. The secondary estimate of the 

solution is obtained by the arithmetic mean 
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Y = Y(CL, C2, ... , - Σ̂  X( Ç i) , (1) 

which converges to the required solution in quadratic mean, in probability, 

and with probability one, as Κ + The sampling of each point ζ from the 

population of the probability space often involves lengthy computations, 

such as tracing a random walk in an intricate and highly inhomogene ou s 

space. In these cases, determination of a primary estimate usually con-

sists of a run through either an absorbing or an ergodic Markov chain. For 

example, such computations are involved in Monte Carlo solutions of linear 

algebraic equations [1] and partial differential equations [10]. 

B. Time Complexity of Sequential Monte Carlo Algorithms 

In general, the primary estimate computations (PECs) have the follow-

ing characteristics: 

C1. They are essentially independent of each other because ζ » ζ » ...> ζ 
1 2 Κ 

are sampled independently from the probability space using ideal 

random number generators. 

C2. They consist of the execution of identical steps. 

C3. Their execution times are, in general, random variables because: (i) 

they may consist of run through an absorbing Markov chain (i.e. a 

random walk) and the number of state transitions determine their 

execution times, and (ii) the number of comparisons required to make 

decisions based on a sample from random number generators is variable. 

Lemma I : The PEC execution times are independent and identically 

distributed (i.i.d.) random variables. 

Proof: The PEC execution times are random variables due to C3. The 

property of independency follows from CI and identicalness follows 

from C2. 

• 
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This is a very crucial result in the design and analysis of parallel 

Monte Carlo algorithms, as discussed in Section III. 

Now, let μ and σ 2 denote the mean and variance of the i.i.d. PEC 

times. Also, let T(1,K) denote the time complexity of a sequential Monte 

Carlo algorithm in computing Κ primary estimates. Since in many applica-

tions of the Monte Carlo méthod the secondary estimate computation time 

turns out to be much smaller than the PEC times, in the ensuing analysis we 

will not take into account this time; if this time is not negligible in 

some cases, the time complexity results given in this paper can be 

trivially modified, as shown in [15]. 

Theorem 1 : The time complexity of a sequential Monte Carlo algorithm 

carrying out Κ PECs, T(1,K), has the expectation E[T(1,Κ)]=K.μ, and the 

variance Var [T(1,K)] = Κ . σ2. 

Proof; Follows directly from Lemma 1. 

• 
Thus, it is seen that a sequential Monte Carlo algorithm has 0(K) expected 

time complexity and also 0(K) time complexity variance. In practice, it is 
3 5 

required to choose a large value of Κ (10 -10 is not uncommon) in order to 

attain a reasonable accuracy and hence by the Central Limit Theorem it 

follows that T(1,K) will tend to follow a normal distribution with mean 
2 

(K.y) and variance (Κσ ). The cumulative distribution function of a 

sequential Monte Carlo algorithm can be easily found out by using Theorem 1 

and the techniques discussed in [15,20]. 

III. DESIGN AND ANALYSIS OF PARALLEL MONTF. CARLO ALGORITHMS -

APPROACH AND ASSUMPTIONS 

In this section, we discuss our approach for the development of parallel 

Monte Carlo algorithms. First, we detail the intrinsic parallelism in 



Monte Carlo methods, identified in our earlier papers [11-14] and discuss 

its implications in the design of the parallel algorithms and formulate our 

approach. We introduce two basic schemes for the development of parallel 

Monte Carlo algorithms. Finally, we state the assumptions which are used 

in the time complexity analysis of parallel algorithms. 

A. Intrinsic Parallelism 

We identify the intrinsic parallelism in Monte Carlo methods at four 

levels as follows. 

1) Parallelism between computations of variables: In Monte Carlo methods 

for problems involving many variables, the estimates of each of the 

variables can usually be obtained independently of the remaining 

variables and consequently their computations can be executed in 

parallel. For example, the estimates of each of the unknowns in a set 

of linear algebraic equations can be obtained independently of the 

other unknowns [1,13]. The complete independence of the computations 

of variables implies that the computational modulesr granularities 

will be large and therefore these computations are very well suited 

for implementation on MIMD computer architectures. 

Further, the computational algorithms of each of these variables 

are usually identical, but use different data. As a result, these 

computations are also very well suited for implementation on SIMD 

computer architectures. 

We have for the first time exploited the intrinsic parallelism at 

this level and used it in solving a set of linear algebraic equations 

[13]. 
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2) Parallelism in secondary estimate computation: As defined in Section 

II, the secondary estimate of the desired solution is usually obtained 

by averaging the values of Κ primary estimates. In a SIMD computer, 

this summation can obviously be carried out in [log^ K] time steps, if 

required interprocessor communication network is available. In a MIMD 

computer, some part of the summation time may be overlapped with other 

computations, as shown in ensuing sections. We have exploited the 

parallelism at this level in solving linear algebraic equations [13] 

and partial differential equations [14]. 

3) Parallelism between different PECs: The required Κ PECs to be carried 

out for a variable are completely independent of each other (the 

characteristic CI). Consequently, these PECs can be executed in 

parallel. Since each of the PECs often involves a lengthy computa-

tion, the computational module granularities are large enough to make 

these computations suitable for implementation on MIMD computers. 

Moreover, the PECs are also very well suited for implementation on 

SIMD computers due to the characteristic C2. 

The parallelism at this level was hinted at as early as in 1949, 

by Metropolis and Ulam [8], in their paper defining the Monte Carlo 

method. However, its use was first suggested in [9] and subsequently 

it was also exploited in [10] for solving PDEs with special purpose 

computers. In [9] the use of a drum array processor was suggested, 

whereas in [10] a macro-modular computer was used. Recently, we have 

exploited the parallelism at this level in solving linear algebraic 

equations and PDEs on SIMD and MIMD computers. 

4) Parallelism in a PEC: In general, a PEC involves: (i) multidimen-

sional random number generation, (ii) updating the value of a primary 
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estimate based oil a sample from random number generators, and (iii) 

determination of the value of a termination condition for the computa-

tion. The intrinsic parallelism exists in all these steps. 

The generation of each of the components in multidimensional 

random number generation can be carried out in parallel. In updating 

the value of a primary estimate, the intervals in which a random 
< 
l| 

number sample falls has to be determined and this involves many 

decision operations, which can be executed in parallel. Finally, the 

step (iii) also involves many comparison operations, which can be 

carried out in parallel. 

In [ 10] pipelining has been used to reduce the execution time, 

whereas in [11] we have suggested the use of hardware random number 

generators. 

B. Design Approach 

From the above discussion, it is now evident that Monte Carlo methods 

have a large potential for intrinsic parallelism, which has remained almost 

untapped so far. Further, this intrinsic parallelism can be exploited 

equally well for implementation on SIMD as well as MIMD computers. 

In our design and analysis of parallel Monte Carlo algorithms, we 

consider the intrinsic parallelism only between the computations of differ-

ent PECs for a variable, because these computations primarily determine the 

order of the time complexities of these algorithms. The results given in 

this paper can be trivially extended for problems involving the estimation 

of more than one variables, because such computations are independent of 

each other. If the intrinsic parallelism within each of the PECs is 

exploited, this usually changes the time complexity only by some constant, 

its order remaining unchanged. 



We view the problem of designing parallel Monte Carlo algorithms 

exploiting the intrinsic parallelism between the PECs, as that of the 

assignment of PECs to processors in a parallel computer, the PEC times 

being i.i.d. random variables. Alternatively, each PEC can be considered 

as a task with random execution time. Then, we will have tasks with i.i.d. 

execution times and the problem can be considered as basically the schedul-

ing of independent tasks onto multiple processors with task execution times 

as i.i.d. random variables. 

Although the problem of scheduling a set of tasks on multiple proces-

sors has been discussed" in literature, much of it assumes constant exe-

cution times (see e.g. [21-23]), and only the treatment in [20,24,25] is 

with the task execution times as random variables. Motivated by the 

problem decomposition strategies proposed in [20], we propose two basic 

schemes, static and dynamic, for the assignment of PECs to processors in a 

parallel computer. In a static computation assignment (SCA) scheme, a 

fixed number of PECs are assigned to each of the processors before any PECs 

are initiated. In contrast, in a dynamic computation assignment (DCA) 

scheme, the number of PECs carried out by each processor is determined 

during the computations, based on some global criteria. 

In the SCA schemes, very small (if at all) time overheads are incurred 

to make the computation assignment decisions during the computations. The 

parallel algorithms based on these schemes cannot adapt to the variations 

in the PEC times (which are random variables), in the sense that the 

computation time is minimized based on the run-time behavior. In DCA 

schemes, since the assignment of PECs to processors is done during exe-

cution, the execution time of a parallel algorithm can be minimized based 

on its run-time behavior. Obviously, a larger time overhead is 
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incurred in making the computation assignment decisions. It should be 

noted that these schemes can be used for developing parallel algorithms for 

almost any Monte Carlo method and hence are fundamental in nature. The 

various SCA and DCA schemes for parallel Monte Carlo algorithms are 

discussed in Sections IV and V. 
3 5 

Since, usually a large number of primary estimates are used (10 - 10 

is not uncommon), parallel Monte Carlo algorithms may involve simultaneous 

operation of a large number of pseudorandom number (PRN) generators. 

Obviously, PRN sequences of smaller lengths will be used on each of the 

processors, compared to the corresponding sequential algorithms. Thus, the 

PRN generators should be such that the PRN sequences generated exhibit 

desired statistical properties for smaller lengths. In addition, the PRN 

sequences generated in various processors, pooled together, should satisfy 

the desirable properties, e.g. small cross-correlation. These and other 

issues related to the pseudo-random number generation will be discussed in 

[36]. 
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C. Analysis of Parallel Monte Carlo Algorithms 

In many Monte Carlo applications, PEC time distributions cannot be 

determined a priori. In some cases, even if it may be possible to deter-

mine the distributions, the computations involved may be too time consum-

ing. For example, the determination of the expectation of PEC times in 

solving an elliptic PDE itself involves the solution of another elliptic 

PDE, i.e. the problem of determining the expectation has the same order of 

time complexity as that of the problem being solved with the Monte Carlo 

method [15]. Therefore in the analysis of parallel Monte Carlo algorithms 

we obtain the time complexity results which are independent of the 

probability distributions of the PEC times (i.e. distribution-free) and in 

closed forms. 

As in sequential Monte Carlo algorithms, we assume that the secondary 

estimate computation time is negligible. Further, we assume, as usual in 

literature (see e.g. [20,24,27]): (i) the use of identical processors, (ii) 

the register load/store and communication costs as negligible, (iii) no 

memory or data alignment penalties, and (iv) any one of the four arithmetic 

operations being performed in one time unit. Further in the analysis of 

MIMD algorithms, we assume, as in [20]: (i) for any runnable process a 

processor is always assigned, and (ii) initially all runnable processes 

start execution at the same time. Finally, to enable easier comparison of 

the performance of various algorithms we assume that, in a parallel 

algorithm the PEC time characteristics (e.g. their mean, variance, etc.) 

remain exactly same as in the corresponding sequential algorithm. This 

implies that, for example, the possible increase in the PEC times due to 

conditional branches in a SIMD algorithm (see [28]) is considered as 

negligible. Al so, the consequences of multiprocessor system 



characteristics, as discussed in [20,25], are neglected. However, such 

changes in the PEC times can be implicitly taken into account by suitably 

modifying the statistical characteristics of the PEC times. As a 

consequence of the stated assumptions, the computational time behavior and 

the time complexities of the SIMD and MIMD algorithms corresponding to a 

sequential algorithm, will turn out to be the same. 

Since the PEC times are random variables, in the analysis of parallel 

Monte Carlo algorithms we have to employ the techniques of order statis-

tics, queuing theory, and renewal theory, as discussed in Sections IV and 

V. 

IV. STATIC COMPUTATION ASSIGNMENT (SCA) SCHEMES 

In SCA schemes for parallel Monte Carlo algorithms, we assign a fixed 

number of PECs to the processors before any PECs are initiated, as dis-

cussed in Section III. We propose four SCA schemes for the development of 

SIMD and MIMD algorithms, dependent upon the number of processors (P) used: 

(i) SCA Scheme 1: P«K , 

(ii) SCA Scheme 2: K/P^10, 

(iii) SCA Scheme 3: P=K, 

(iv) SCA Scheme 4: P>K. 

In the Schemes 1 and 2, we assign Κ PECs among Ρ processors in such a way 

that their sum is equal to Κ and each processor is assigned the same number 

of PECs, as far as possible; obviously, if Ρ divides Κ exactly then we will 

assign (K/P) PECs to each of the processors. In Scheme 3, we assign only 

one PEC to each of the processors. In Scheme 4 also we assign one PEC each 

of the processors, but terminate the computations in all active processors 

once Κ PECs are completed. The first three schemes can be considered to be 
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as che mere special cases of a single scheme. However, we have chosen to 

treat them separately because the SIMD and MIMD algorithms based on them 

differ (see [ 15] for details) and moreover, their analyses have to be 

carried out differently. 

A. SCA Scheme 1 

Assume that M=(K/P), where M is an integer. Then, in this scheme we 

would obtain Κ primary estimates when all the processors complete M PECs 

assigned to each of them. The expected time complexity of SIMD and MIMD 

algorithms based on this scheme is given in the following. 

Theorem 2: The expected time complexity of parallel Monte Carlo algorithms 

based on SCA Scheme 1 is given as 

^ < E[T(P,K)] + ñzS. ( 2 ) 
r Y  2 

Proof_: The execution time of the i-th processor in carrying out M PECs, 

say t¿, is given by the sum of the execution times of each of the PECs. By 

Lemma 1, the PEC times are i.i.d. random variables and therefore the 

computation times t1>t2,...,tp will also be i.i.d. random variables. Since 

P<<K, M will be a large number and then by the Central Limit Theorem it 

follows that t^' s will follow a normal distribution with mean (Μ.μ) and 

variance (Μ.σ2). 

The execution time of the parallel algorithms, T(P,K), is given by the 
random variable 

T(P,K) = max [t^t^ ... ,tp]. 

Thus T(P,K) represents the extreme order statistic of the i.i.d normal 

random variables, t^ t^ ... tp. Since a closed form expression is not 

available for such an order statistic, we use the upper bound on the 

extreme order statistic for any symmetrically distributed i.i.d. random 
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variables given in [29 , p.62] and obtain the upper bound given in the 

theorem. 

The lower bound on the time complexity follows from the fact that 

E[max(t1,t2, tp)] > max [ECt^, E(t2>, .... E(tp)] = Μ.μ, which is 

true for any set of random variables. 

• 
• 

Thus, SCA Scheme 1 parallel Monte Carlo algorithms have expected 

time complexity and, comparing with the time complexity of sequential Monte 

Carlo algorithms, they achieve 0(P) speedup, i.e. linear speedup. 

If P-2, then the expected time complexity of these parallel algorithms 

can be given as [24] 

E[T(P,K) ] / Ï L . (3) 

as Κ + 

B. SCA Scheme 2 

In this scheme, we have (Κ/Ρ) = M » 10 and we assign Κ PECs among Ρ 

processors, as in Scheme 1. In Scheme 1, since M is large, the i.i.d. 

random variables t^, t2, ···> t p were considered as normal, whereas in this 

scheme, since M is smaller, such an approximation may not be acceptable. 

Theorem 3 : The SIMD and MIMD algorithms based on Scheme 2 have the 

expected time complexity 

^ < E[T(P,K)] < | u . σ ( 4 ) 

/(2P-DP 

Proof ; The upper bound follows from the distribution-free upper bound on 

the extreme order statistic of i.i.d. random variables given in [30, pp. 

46-47] and the lower bound remains same as in Theorem 2. 

• 
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3 5 
In practice, Κ is usually a large number (10 to 10 is not uncommon) 

and since Κ/Ρ ~ 10, we will usually have P>>1. In this case, the upper 

bound in (4) can be simplified to the following. 

E[T(P,K) ] < ψ- + / I . σ . 

It can be easily seen that the lower bound on the speed up for SCA Scheme 2 

parallel algorithms will be 0(/P). 

C. SCA Scheme 3 

In this scheme, we assign one PEC to each processor. Thus the 

execution time of the parallel algorithms based on this scheme will be 

given by the extreme order statistic of Κ i.i.d. random variables 

represented by PEC times and we have the following. 

Theorem 4: The SCA Scheme 3 parallel Monte Carlo algorithms have the 

expected time complexity. 

μ < Ε [Τ(Ρ,Κ)] < μ + ( Κ " Ι } · σ . (5) 

/ ( 2Κ-1) 

Proof : Follows directly by using the distribution-free upper bound on the 

extreme order statistic given in [30]. 
• 

The asymptotic time complexity of these parallel algorithms will be 

given as 

μ < E[T(P,K)] < μ + 0(/K) (6) 

with asymptotic speedup over the corresponding sequential algorithms as 
0(/K) < S(K,K) < K. 

In a Scheme 3 SIMD algorithm, we would use a global counter to keep 

track of the completed PECs. The global counter will be updated by only 
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one processor at a time and the remaining processors in the SIMD computer 

will be idle. Consequently, the time complexity result would get modified 

to the following. 

μ + Κτ < E[T(K,K)3 < μ + ( Κ ~ 1 ) σ + Κτ , (7) 
/(2Κ-1) 

where τ is the time required to update the global counter by a processor. 

Thus, the expected time complexity will turn out to be 0(K), whereas by 

neglecting such an updating time, the lower bound is a constant and the 

upper bound is 0(/K). This demonstrates that the sequential program 

segments in an SIMD algorithm may increase the order of time complexity. 

In Scheme 3 MIMD algorithms, the global counter updating time may not 

contribute much time overhead, because this time will be overlapped with 

the PEC times of active processors. 

It is interesting to compare the cumulative distribution function 

(cdf) of the time complexity of sequential Monte Carlo algorithms with the 

Scheme 3 parallel algorithms. In the sequential algorithms, the cdf will 

be given by the K-fold convolution, where as in the parallel algorithms it 

is given by the K-th power [15]. Consequently, the variance of the time 

complexity of parallel Monte Carlo algorithms will turn out to be much 

smaller than that of the corresponding sequential algorithms. This is an 

attractive feature of these parallel algorithms. 

D. SCA Scheme 4 

In this scheme, we have Ρ > K. We assign one PEC to each processor 

with a motivation to minimize the execution time of the parallel Monte 

Carlo algorithms by terminating the execution soon after we have Κ PECs 
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completed out of the initiated Ρ PECs. Unfortunately, this may result in a 

biased estimate of the desired solution as discussed below. 

In Monte Carlo methods, the execution time of PECs is usually related 

to either the number of terms considered from a finite or an infinite 

series (e.g. Neumann series used in solving linear equations [1]), or the 

lengths of random walks (e.g'. studies in nuclear physics [3], molecular 

chemistry [4]). As a result, the execution time is related to the accuracy 

of the estimates obtained. In the present scheme, since we always choose 

the earliest completing Κ PECs, we are effectively limiting the number of 

terms from a series or truncating lengths of random walks. Consequently, 

in this scheme we may obtain biased estimates. 

In [15], we have given an SIMD algorithm based on this scheme. We 

have also given two MIMD algorithms, one with and the other without inter-

ruption of processes, as suggested in [24] for designing MIMD algorithms. 

The time complexity of Scheme 4 parallel Monte Carlo algorithms is 

represented by the Kth order statistic of Ρ i.i.d. PEC times, with Ρ > K. 

Unfortunately, distribution-free closed form expressions are not possible 

for such an order statistic. However, tables are available for normal 

distribution (see [30, p. 28]), gamma distribution, logistic distribution, 

etc. (see [30, pp. 226-227]). In section VI, we give the expected time 

complexity results for Scheme 4 parallel algorithms, when the PEC times are 

exponentially distributed i.i.d. random variables. 

V. DYNAMIC COMPUTATION ASSIGNMENT (DCA) SCHEMES 

In DCA parallel Monte Carlo algorithms, whenever a PEC is completed on 

a processor, the decision as to whether or not to initiate another PEC on 

that processor is made during the execution, based on some global criteria. 
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The main motivation is to minimize their execution time. Here, we propose 

two basic schemes for such parallel algorithms. Scheme 1 can be used in 

the development of parallel Monte Carlo algorithms employing arbitrary 

number of processors. Scheme 2 is designed specifically for implemen-

tations with P<K. The closed form distribution-free time complexity 

results for these parallel algorithms can be obtained only when P<<K and 

hence we consider here only such cases in the time complexity analysis. 

A. DCA Scheme 1 

In this scheme, given Ρ processors, first we initiate Ρ PECs in 

parallel. Whenever a PEC is completed on a processor, we initiate another 

PEC on that processor, if Κ PECs have not already been completed. Obvious-

ly, in this scheme we will initiate more than the required Κ PECs. The 

details of the parallel Monte Carlo algorithms are given in [15]. 

Fig. 1 illustrates a possible execution time profile for DCA Scheme 1 

parallel algorithms (under various assumptions stated in Section III) in 

obtaining nine primary estimates with three processors, PI, P2, and P3. 

The time tj1^ represents the time instant at which the j-th PEC is complet-

ed by the i-th processor. The behavior of the parallel algorithms, taking 

into account computations on all the three processors, is represented by 

the virtual processor P*. For P*, time t represents the time instant at 

which the ith PEC is completed. It is seen that, when the required number 

of PECs are completed, the incomplete PECs on the remaining (P-l) proces-

sors get aborted. The aborted computation time is significant only in MIMD 

algorithms; in SIMD algorithms this time is not significant, because if 

these (P-l) processors did not carry out the computations which later got 

aborted, any way they would have been idle. In order to eliminate the 
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wasteful computations in the DCA Scheme 1 MIMD algorithms, we give DCA 

Scheme 2 in the next subsection. 

Theorem 5: The DCA Scheme 1 parallel Monte Carlo algorithms, carrying out 

Κ complete PECs with Ρ processors, have the expected time complexity 

„ (P-1)Cu2 - σ 2) 
E[T(P,K)] 2. 2py (8) 

Proo£_: The time t a s shown in Fig. 1, represents the sum of j i.i.d. 
J * 

PEC times. Hence, the computational behavior of the ith processor is an 

ordinary renewal process [31, p. 25]. 

Since all the PEC times are i.i.d. random variables, a DCA Scheme 1 

parallel algorithm consists of Ρ independent ordinary renewal processes in 

simultaneous operation, all with the same probability distribution. 

Therefore, the behavior of the parallel algorithm, represented by P*, can 

be considered as the behavior of the superposition of the constituent Ρ 

ordinary renewal processes. Then, the theorem follows by using the result 

in [31, pp. 73-75]. 
• 

Thus, DCA Scheme 1 parallel Monte Carlo algorithms have 0(K) expected 

time complexity and comparing with the time complexity of sequential 

algorithms, they achieve speedup approximately equal to P, i.e. ideal 

speedup. If Κ is large, as usually it will be, then the computing time on 

each processor can be considered as normally distributed and then by using 

result in [31, p.73] we have 

Var[T(P,K)] - Var[T(1,K)]/P2. (9) 

Again, this shows that the variance of the time complexity of parallel 

algorithms may be much smaller than that of corresponding sequential 

algorithms. 
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In DCA Scheme 1 MIMD algorithms, we will have a critical region to 

update the global counter for keeping track of completed PECs and to update 

the secondary estimate. If the critical region execution time for the 

constituent processes in such parallel algorithms in not to be neglected 

and the contention among them to execute the critical region is considered, 

then behavior of these algorithms can be modelled as a queuing system, 

similar to the models of time shared computer systems as shown lh Fig. 2. 

Such a queuing system has been extensively studied as a model of single 

processor timeshared computer systems (see [32, pp. 27-31],[33, pp. 

144-154] ), when the probability distributions of all the servers, are 

exponential. Assuming that the mean critical region execution time is 

equal to τ , the steady-state probability that no process will be executing 

the critical region is given by 

1 
7Γ = : 

i 
P P!rJ 
I 

j=0 (P-j)! 
where r = (τ /μ). 

c 
Since P<<K, each process will execute a large number of PECs and therefore 

the steady-state solution is justifiable. Then, the expected time complex-

ity of DCA Scheme 1 MIMD algorithms will be given as 

τ . Κ 
E[T(P,K) ] = — . (11) 

(1 - V 
Β. DCA Scheme 2 

This scheme is designed specifically for MIMD algorithms. In this 

scheme, given Ρ processors, first we initiate Ρ PECs in parallel. Whenever 

a PEC is complete, we initiate another PEC on that processor only if the 
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required Κ PECs have not been already initiated. Thus, in this scheme we 

initiate only Κ PECs and therefore no PECs get aborted as in DCA Scheme 1. 

Fig. 3 illustrates a possible execution time profile the DCA Scheme 2 

parallel Monte Carlo algorithms, assuming that nine primary estimates are 

to be computed using three processors. It is seen that, when the ninth PEC 

is initiated at time t*, six PECs are already complete and two are in 

progress. When the longest of these three PECs completes at time tg, we 

obtain the required nine primary estimates. Thus, in general, when K-th 

PEC is initiated, (K-P) PECs are already complete and (P-l) PECs are in 

progress. When the largest of these Ρ PECs terminates, we obtain the 

required Κ primary estimates. 

Theorem 6: The DCA Scheme 2 MIMD algorithms, carrying out Κ PECs with Ρ 

processors (P<<K) have the expected time complexity 

τ < E[T(P,K)] < τ + ( V ~ l ) ' σ , (12) 
' <2p-l) 

where 

Κμ (P-l)(μ2 - σ2) 
Ρ 

2Ρμ 

Proof: When the K-th PEC is initiated, (K-P) PECs are complete, say at 

time The time i s a random variable representing the time 

instant at which (K-P) renewals are completed in the superposed renewal 

process of the constituent Ρ ordinary renewal processes, each ordinary 

renewal process comprising the i.i.d. PEC times. Therefore, by using the 

result in [31, p. 75], the expectation of will be given as 

( p κ ) Ρ 2Ρμ 
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Immediately after we have one new PEC and (P-l) PECs already 

in progress. Then, the additional time required after t, x to complete 
(P-K) 

these Ρ PECs, say tp, will be given as 

tp = max [residual times of (P-l) PECs, lifetime of new PEC] 

= m a x It«», t<2>. ..., t/"-1), t J (U) 

where t is a random variable representing the residual lifetime of i-th 

PEC, and t is the random variable representing the lifetime of the new 

PEC. The time t p is the extreme order statistic of independent, but not 

identically distributed, Ρ random variables. Since distribution-free 

closed form expressions are not possible for the expectation of the 

right-hand-side of (14), we obtain the upper bound on the expectation of t p 

as 

E[tp] 1 max [life times of Ρ PECs] 
(P-l).o 

= p + , •• (15) 
/(2P-1) 

The lower bound on E[tp] is given as follows. 

E[tp] - E[maxitr(1>, t / 2 \ t / ^ , t^] 

> max (E[tr(1)], E[t r { 2 )], E[t r ( P _ 1 )], Eftj) 

> V . (16) 

Now, the theorem follows from (14), (15) and (16). 

• 
Thus, the DCA Scheme 2 MIMD algorithms have 0(K) time complexity and, 

comparing with sequential algorithms, they achieve speedup approximately 

equal to P. 
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VI. AN EXAMPLE 

In this section, we illustrate the performance of the sequential and 

parallel Monte Carlo algorithms, when the PEC times are standardized i.i.d. 

exponential random variables; i.e. their mean I, standard deviation σ=1, 

and their probability distribution function (pdf) given by 

f(t) = e"C, (t > 0). (17) 

Then the pdf of the time complexity of sequential Monte Carlo algorithms 

will be given by 
F(1 Κ) = convolution of f(t) 

(K-l) -t 
(18) 

(K-l)! 

Since in practice usually Κ is large, the random variable T(1,K) will be 

asymptotically normally distributed. Further, we have 

E[T(1,K)] = K, ( 1 9 ) 

and Var[T(l,K)] = K. (20) 

A. Performance of SCA Schemes 

The performance of Schemes 1 and 2 can be found out by using (2), (4), 

and (5) is given in Table 2. 

In Scheme 3, the cdf of the execution time of the parallel algorithms 
will be given by 

F(K,K) = t l - e - V * " 0 (21) 
and their pdf as 

fCK,K) = K e - t [l-e _ t] ( K" l ) · (22) 
Further, it can be easily derived that 
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K -1 
Ε [Τ (Κ, Κ) ] = Σ i 

i=l 
= \ (23a) 

log^K, (if Κ is very large), (23b) 

where H R is the K-th harmonic number. Also, we would obtain 

K - 2 
Var [T(K,K)] « Σ i (24) 

i=l ' 

and if Κ is very large, we can use the result in [34, p. 75] and obtain 

2 
π 

Var [T(K,K) ] = . (25) 
6 

Thus for SCA Scheme 3, the expected time complexity increases logarith-

mically as against linear increase in sequential Monte Carlo algorithms. 

Moreover, the variance of the parallel Monte Carlo algorithms is bounded 

for large values of K, whereas it increases linearly for the sequential 

Monte Carlo algorithms. 

For SCA Scheme 4, we had noted that distribution-free time complexity 

results are not possible. However, we can determine the expected time 

complexity for the present example. It can be easily shown that the Kth 

order statistic of Ρ i.i.d. PEC times considered here is given as 
Ρ , 

E[T(P,K)] = Σ i 1 

i=(P-K+l) 
= HP * H(P-K) <26> 
I loge Ρ - loge (P-K), if (P-K)»l . (27) 

The variance of the time complexity will be given by 

Var[T(P,K)] = Σ i 1 (28) 
i=(P-K+l) 



Thus, it is seen that the expectation as well as the variance of the tine 

complexity of SCA Scheme 4 parallel Monte Carlo algorithms can be reduced 

by increasing the number of processors. 

B. Performance of DCA Schemes 

The performance of DCA Scheme 1 using (8) will be given as 

E[T(P,K)] = I . (29) 

This implies that we can achieve speedup exactly equal to P, the one which 

is always desired and rarely achieved in practice. 

It can be easily proved that the expected time complexity of DCA 

Scheme 2 will be given by 

E[T(P,K)] = I + Hp . (30) 
The expected time complexity results given in this section are sum-

marized in Table 2. 

VII. COMPUTATIONAL RESULTS 

In this section, we present some computational results illustrating 

the performance of the schemes for parallel Monte Carlo algorithms given in 

Section IV and V. We consider the Laplace's equation defined on a rectan-

gle, 

32U a2u 
+ = 0 , 0 < x < 6 , 0 < y < 1 0 , . (31) 

3x2 3y 2 

with boundary conditions 

U(x,0) - 10, U(x,10) - U(0,y) = U(6,y) = -10 . 

This problem is selected for two reasons: (i) the analytic solution to 

this problem can be easily obtained and the Monte Carlo solutions could be 

compared, and (ii) the same equation has been considered in [10]. 
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In solving PDEs by Monts Carlo methods, the solution a point in the 

given region can be obtained independently of the solution at other points 

[10,11], We have selected three representative points in the region given 

in (31): the first point as (1,1) near the boundary, the second point 

(3,5) at the centre of the region and the third point (2,3) in between 

these two points. In the method described in [10], the given region is 
a 
4 

replaced by a square mesh, as is in a finite-difference method. Fig. 4 

shows the given region divided into a mesh, with mesh size h » k. Now a 

set of random walks are defined on the set of states comprising [10]: (i) 

one transient state corresponding to each of the internal nodes (i.e. the 

unknowns), and (ii) one absorbing state for each of the boundary nodes. In 

solving (31), the state transition probabilities for a step from any one 

internal node to its four neighboring nodes turns out to be equal to 0.25. 

Equation (31) was solved on a sequential computer for obtaining solutions 

at the selected three points and the Monte Carlo solutions were in good 

agreement with the analytic and numerical solutions when 2048 primary 

estimates were used (see [15]). The random walk duration statistics was 

collected for solutions at each of the selected points. Since parallel 

computers were not accessible, we have used the statistics collected for 

estimating the performance of various schemes for parallel algorithms. We 

consider the computational times of 2048 primary estimates on parallel 

computers, with the number of processors varying from 2,4,8,...,2048 in 

logarithmic steps, the computational time is being in terms of the number 

of random walk steps (i.e. the duration of random walks) in a primary 

estimate computation. 
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A. SCA Schemes 

The first three SCA schemes discussed in Section IV are considered to 

be as follows: 

1. Scheme (P<<K): for Ρ = 2,4,8,..., 128. 

2. Scheme (Κ/ΡΊ0) : for Ρ = 128, 256, 512, and 1024. 

3. Scheme (P=K): for Ρ » 2048. 

Now, we use the sample mean and the standard deviation of the du-

rations of random walks to obtain the bounds on the speedup of the above 

three schemes, using the results in Theorems 2,3 and 4. Figures 5,6, and 7 

depict the upper and lower" bounds on the speedup expected in solving (31) 

at points (1,1), (2,3), and (3,5), respectively, on a log-log scale. It is 

seen that, until about P=64 there is no significant difference between the 

upper and lower bounds. The difference increases rapidly as the number of 

processors are increased beyond this point. At P=128, the lower bounds 

obtained by Scheme 1 and Scheme 2 are indicated by points A and B, respec-

tively. 

We estimate the performance of SCA parallel algorithms based on the 

following. It is known that given Ν i.i.d. random processes operating in 

parallel, the characteristics of the ensemble can be derived from succes-

sive observations on a single source, due to the ergodicity principle [36]. 

In the present case, we use the data generated during Monte Carlo solutions 

on a sequential computer and estimate the performance of SCA schemes as 

follows. We divide the data about random walk durations into Ρ disjoint 

sets with only M successive samples in each set. The execution time on a 

sequential computer is represented by the sum of Che durations of all 2048 

random walks in a run, whereas the execution time on a parallel computer is 

given by the maximum of the sum of the durations of random walks for each 

of the Ρ sets. The speedup estimated for Monte Carlo solutions at the 
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chosen three points using by the various SCA Schemes is given in Figures 

5,6, and 7,for two runs. 

We make the following observations from Figures 5,6, and 7. The 

estimated speedup follows closely the lower bound, until about P=32, but 

being always less than this bound. Here, it may be expected that the 

estimated performance should lie between the upper and lower bounds. 

However, it may be recalled that the speedup is defined as the ratio of the 

expectations of the execution times on sequential and parallel computers 

[20], and here we have presented the results only for two runs. From P=64 

to P=2048, the estimated speedup is almost always within the upper and 

lower bounds. In many cases, the slope of the estimated speedup decreases 

as the number of processors increases, as expected. 

B. DCA Schemes 

The speedup using the two DCA schemes from Section V is computed using 

Theorems 5 and 6 by substituting the sample mean and the standard deviation 

of the durations of random walks, and the results are shown in Figures 5,6, 

and 7. It is seen that for Scheme 1 the speedup closely follows a linear 

speedup. Further, for the solution at point (1,1) the speedup is greater 

that P, due to the fact that in this case μ<σ (refer to (8)). For Scheme 

2, the upper bound on the speedup is the same as that of Scheme 1 by 

Theorem 6. The lower bound on the speedup starts drooping after about 

P>256, due to the denominator expression in (8). It is not possible to 

estimate the performance of DCA schemes from the data generated from the 

execution of sequential algorithms, as discussed in [15, p. 189]. 
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VIII. CONCLUSION 

In this paper, we have demonstrated that the potential of intrinsic 

parallelism in Monte Carlo methods, which had remained essentially untapped 

so far, can be exploited for implementing these methods efficiently on 

parallel computers. 

We have shown that the primary estimate computation (PEC) times in 

these methods turn out to be independent identically distributed random 

variables. This crucial result is shown to greatly influence the design 

and analysis of parallel Monte Carlo algorithms. 

We have identified the intrinsic parallelism in these methods at four 

levels. The potential of this intrinsic parallelism is shown to be equally 

well suited for exploitation on SIMD as well as MIMD computer architec-

tures. The computations involved have large module granularity, little 

concurrency control requirement and they do not demand specialized inter-

processor interconnection networks. 

Since the PEC times primarily determine the time complexity of a Monte 

Carlo method, we have proposed two basic schemes for developing parallel 

Monte Carlo algorithms utilizing intrinsic parallelism between PECs. In 

static computation assignment (SCA) schemes we assign a fixed number of 

PECs to the processors before any PECs are initiated, whereas in dynamic 

computation assignment (DCA) schemes the decision as to whether or not to 

initiate another PEC on a processor, whenever it completes a PEC, is made 

during the execution based on some global criteria. The DCA parallel Monte 

Carlo algorithms are more adaptable to the variations in the PEC times. 

The SCA and DCA schemes for parallel Monte Carlo algorithms can be applied 

for almost any Monte Carlo methods. In [15], we have illustrated their 

application in developing parallel algorithms for Monte Carlo methods used 
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in solving linear algebraic equations and partial differential equations, 

and the details of the parallel algorithms are also given. In this paper, 

we have derived the time complexity results of these schemes. The analyses 

of SCA schemes were carried out using some results from order statistics, 

whereas those of DCA schemes were carried out using these results as well 

as some results from queuing theory and renewal theory. The time 

complexity results obtained for these schemes are independent of PEC time 

distributions and therefore are universal. The importance of such 

distribution- free results stems from the fact that for many Monte Carlo 

methods it is almost impossible to obtain the PEC time distributions a_ 

priori (see [15, pp. 92-165]). These schemes are shown to have achieve 

either 0(P) or almost equal to Ρ speedup, when the number of processors (P) 

is much smaller than the required number of primary estimates. We have 

shown that when the PEC times are standardized exponential random 

variables, it is possible to obtain exact time complexity results, rather 

than bounds. 

Finally, we have illusrated the performance of the various schemes for 

parallel Monte Carlo algorithms with the solution of Laplace's equation. 

The treatment in the paper assumes that "ideal" random number 

generators are used to drive Monte Carlo computations. However, since 

pseudorandom number generators are usually employed in practice, we have 

discussed some problems in pseudorandom number generation in parallel 

computations in the Appendix. Further research is needed in this area. 

We hope that the results in this paper, in [15], and our recent work 

[17-19] generates interest in the design and analysis of parallel Monte 

Carlo algorithms. 
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TABLE 1 

Pec (Primary estimate computation) time Distribution-Free Time 
Complexity Results for the Various Schemes 

for Parallel Monte Carlo Algorithms 

SCHEME EXPECTED TIME COMPLEXITY 

SCA Scheme 1 

Ρ « Κ 

ψ- . E[T(P,K)],^ + % > 

If P=2, E[T(P,K)3 = ~ + / Ç . σ , as(K-> ». 

(P-I)VK 
SCA Scheme 2 ψ- < Ε [T(P,K)] + • • · σ 

/(2Ρ-1)Ρ 
Κ/Ρ - 10 

SCA Scheme 3 μ < Ε[Τ(Ρ,Κ) ] < μ + 1 ̂  · σ 
Ρ - Κ 7 2 Κ-! 

SCA Scheme 4 Pec-time Distribution-Free Time Complexity results are not 
Ρ > Κ possible. 

DCA Scheme 1 E[T(P,K)] s Κμ (Ρ-1)(μ2-σ2) 
Ρ 2Ρ.μ 

DCA Scheme 2 τ < Ε[Τ(Ρ,Κ)] s τ σ 
/2Ρ-1 

. Κμ J (Ρ-1) (μ -σ ) 
where τ = — + 

Κ = The desired total number of primary estimates of a problem variable 

M = mean of i.i.d pec times, σ = standard deviation of i.i.d. pec times 

Ρ = number of processors 

Note: The time complexity of a sequential Monte Carlo algorithm is given as 

E[T( 1,K) ]=K. iJ 
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TABLF. 2 

Expectcd Time Complexity of Parallel Algorithms based on various SCA and DCA 
Schemes, when Pec-times are i.i.d. exponential random variables with u = 1 
and σ = 1 . Time Complexity of Sequential Algorithm - K. 

SCHEME TIME COMPLEXITY 

SCA Scheme 1 | < K[T(P,K)] < | + ~ 
Ρ << Κ 

Κ U 
If Ρ = 2, E[T(Ρ,Κ) ] = + fa 

Ρ > Κ 

κ κ ( ρ - 1 ) / κ 
SCA Scheme 2 ? < Ε [ Τ (Ρ, Κ) ] < f + ^ ^ 

Κ/Ρ - 10 

If Ρ >> 1, then 

f < Ε[Τ(Ρ, Κ)] < I + / | . 
SCA Scheme 3 Ε[Τ((Ρ,Κ)1 = Η, = log Κ-
Ρ » Κ - Κ e 

SCS Schene 4 E[T(P,K)j = H - H p (P-K) 
= loge P - log (P-K) 

DCA Scheme 1 E[T(P,K)] = ~ 

P << K 

DCA Scheme 2 E[T(P,K)] = + H 

P << K 

(Note: Hrepresents the n-th harmonie number) 
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FIGURE CAPTIONS 

A possible execution'time profile for DCA Scheme 1 parallel 
Monte Carlo Algorithms. 

A queuing system model for DCA Scheme 1 MIMD algorithms. 

A possible executino time profile for DCA Scheme 2 MIMD 
algorithms. 

The region for Laplace's equations with mesh, mesh size h=¿£. 

Performance of various schemes for parallel Monte Carlo 
algorithsm for solving Laplace's equation at point (1,1) in 
the given region. 

Performance of various schemes for parallel Monte Carlo 
algorithms for solving Laplace's equation at point (2,3) in 
the given region. 

Performance of various schemes for parallel Monte Carlo 
algorithms for solving Laplace's equation at point (3,5) in 
the given region. 
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I 1 -PEC TIMES 

ABORTED COMPUTATION TIME 

«1 *2 <3 U %*6 h 
T 

Τ (3,9) 
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Fig. 1 A possible execution time profile for DCA Scheme 1 parallel 
Monte Carlo Algorithms. 
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1. Ρ Customers in the whole system : Ρ processes 
2. Ρ Servers in System - I : Pecs on Ρ 

processors 
3. 1 Server in System-II : the critical 

region execution 
4. At most Ρ servers active at the same time in the 

entire system. 

Fig. 2 A queuing system model for DCA Scheme 1 MIMD algorithms. 
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Fig. 3 A possible execution time profile for DCA Scheme 2 MIMD 
algorithms. 
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Fig. 4 The region for Laplace's equations with mesh, mesh size h-k. 
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Fig. 5 Performance of various schemes for parallel Monte Carlo 
algorithms for solving Laplace's equation at point (1,1) in 
the given region. 
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Fig. 6 Performance of various schemes for parallel Monte Carlo 
algorithms for solving Laplace's equation at point (2,3) in 
the given region. 
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Fig. 7 Performance of various schemes for parallel Monte Carlo 
algorithms for solving Laplace's equation at point (3,5) in 
the given region. 


