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Abstract 

Current methods of computing the short and long-term deflection of reinforced concrete 

members are empirical and have been found to be inaccurate for some cases. The 

present research will examine the deflection behaviour of reinforced concrete members 

to explore whether a rational approach for computing short and long-term deflection can 

be developed. 

Fourteen steel reinforced shallow beams were cast and used to perform both short and 

long-term tests. Both traditional and more recent approaches to predict short-term 

deflection were investigated. Results indicated that selecting an appropriate cracking 

load has a significant impact on predicting the short-term response. In addition, a 

rational approach to compute the residual deflection after unloading was developed. 

Long-term deflection multipliers were computed from the experimental investigation 

and the results were compared to the CSA A23.3-04 reported values. The long-term 

deflection multipliers for beams tested at an early age, correspond well with the 

published values. However, for beams tested at a late age, CSA A23.3-04 long-term 

deflection multipliers significantly overestimate deflection, as expected. A rational 

approach to compute long-term deflection has been developed based on theoretical 

studies of axial members. This approach has been extended to flexural members and the 

predicted results agree well with the experimentally observed deflections. 

ii 



Acknowledgements 

I would like to extend my gratitude to Dr. Bischoff, for his invaluable insight and 

guidance in completing both the experimental investigation and this thesis. In addition I 

would like to thank the Department of Civil Engineering technical staff (Chris Forbes, 

Andrew Sutherland, Ken Noftell, and Scott Fairbairn) for their assistance performing the 

experimental investigation. Finally, I would like to thank my family and friends for their 

encouragement and support over the past two years. 

111 



Table of Contents 

Abstract ............................................................................................................................ ii 

Acknowledgements ......................................................................................................... iii 

Table of Contents ........................................................................................................... iv 

List of Tables .................................................................................................................. vi 

List of Figures ................................................................................................................. ix 

List of Symbols ............................................................................................................. xvi 

List of Abbreviations ..................................................................................................... xx 

1 Introduction and Objectives .................................................................................... 1 
1.1 Introduction .......................................................................................................... 1 
1.2 Objectives ............................................................................................................ 4 
1.3 Research Scope .................................................................................................... 5 
1.4 Thesis Layout ....................................................................................................... 6 

2 Background Investigation ........................................................................................ 8 
2.1 Introduction .......................................................................................................... 8 
2.2 Shrinkage ........................................................................................................... 11 

2.2.1 Shrinkage Restraint ................................................................................ 13 
2.3 Creep .................................................................................................................. 15 

2.3.1 Creep Coefficient and the Long-Term Elastic Modulus of Concrete .... 17 
2.3.2 Compliance ............................................................................................ 18 
2.3 .3 Creep Coefficient Models ...................................................................... 19 

2.4 Short-Term Response of Reinforced Concrete Flexural Members .................... 22 
2.4.1 Axial Response ...................................................................................... 22 

2.4.1.1 Offset from Shrinkage ............................................................. 24 
2.4.1.2 Unloading Response of an Axial Member ............................... 24 

2.4.2 Effective Moment of Inertia for Flexural Members ............................... 26 
2.4.3 Accounting for Change in Member Stiffness along Member Length .... 28 
2.4.4 Effect of Shrinkage on the Flexure Response ........................................ 29 

2.4.4.1 Predicting the Member Response with Shrinkage .................. 32 
2.5 Long-Term Deflection ....................................................................................... 35 

2.5.1 Long-Term Deflection Multipliers ........................................................ .36 
2.6 Cracking ............................................................................................................. 39 

2.6.1 Effect of Transverse Reinforcement on Cracking ................................. .41 

3 Experimental Investigation ................................................................................... .43 
3.1 Introduction ........................................................................................................ 43 
3 .2 Overview and Beam Construction .................................................................... .4 3 
3.3 Casting ............................................................................................................... 49 

3.3.1 Shrinkage Prisms .................................................................................... 51 
3.3.2 Concrete Cylinders ................................................................................. 52 
3.3.3 Flexure Prisms ........................................................................................ 52 
3.3.4 Weights .................................................................................................. 52 
3.3.5 Support Blocks ....................................................................................... 52 

lV 



3 .4 Concrete Material Properties ............................................................................. 54 
3.4.1 Shrinkage Results ................................................................................... 55 
3.4.2 Reinforcement ........................................................................................ 56 

3.5 Testing ................................................................................................................ 57 
3.5.1 Test Program .......................................................................................... 57 
3.5.2 Short-Term Test Set up .......................................................................... 58 
3.5.3 Short-Term Tests .................................................................................... 62 
3.5.4 Crack Widths and Spacing ..................................................................... 67 
3.5.5 Long-Term Tests .................................................................................... 71 
3.5.6 Long-Term Tests Results ....................................................................... 75 

4 Analysis and Discussion .......................................................................................... 79 
4.1 Introduction ........................................................................................................ 79 
4.2 Discussion of Test Results ................................................................................. 79 
4.3 Analysis Procedure ............................................................................................ 83 

4.3.1 Response Offset to Account for Self-Weight.. ....................................... 83 
4.3.2 Modulus of Elasticity of Concrete ......................................................... 85 
4.3.3 Shrinkage ............................................................................................... 86 
4.3.4 Selection of Cracking Load (Pcrack) ........................................................ 88 

4.4 Comparison with Experimental Response (Short-Term) ................................... 94 
4.4.1 Effect of Creep on Short-Term Member Response ................................ 97 

4.5 Residual Deflection ............................................................................................ 98 
4.5.1 Residual Deformation after Unloading .................................................. 98 
4.5.2 Residual Deflection Results ................................................................. 103 

4.6 Long-Term Deflection ..................................................................................... 106 
4.6.1 Long-Term Deflection Multipliers ....................................................... 107 

4.7 Developing a Rational Approach for Long-Term Deflection .......................... 114 
4. 7 .1 Introduction .......................................................................................... 114 
4. 7 .2 Incorporating Shrinkage ....................................................................... 115 
4.7.3 Taking Account of Creep in Compression .......................................... .118 
4.7.4 Including the Effects of Creep on Concrete in Tension ...................... .118 
4.7.5 Combining the Effects of Shrinkage and Creep .................................. .120 
4.7.6 Long-Term Deflection of Flexural Members ....................................... 121 
4.7.7 Parametric Study of Variables to Predict Long-Term Deflection ........ 124 

5 Conclusions ............................................................................................................ 127 
5.1 Conclusions ...................................................................................................... 127 
5.2 Future Work ..................................................................................................... 129 

References ..................................................................................................................... 132 

Appendix A: Material Property Tests ........................................................................ 137 

Appendix B: Description of Short-Term Tests .......................................................... 159 

Appendix C: Crack Width Data ................................................................................. 186 

Appendix D: Long-Term Deflection Data ................................................................. 206 

Appendix E: Additional Information ......................................................................... 218 

Appendix F: Details on Creep Models ....................................................................... 248 

Appendix G: Short-Term Plots of Predicted and Observed Member Response ... 260 

Curriculum Vitae 

V 



Table 2.1 

Table 3.1 

Table 3.2 

Table 3.3 

Table 3.4 

Table 3.5 

Table 3.6 

Table 3.7 

Table 3.8 

Table 3.9 

Table 4.1 

Table 4.2 

Table 4.3 

Table 4.4 

Table 4.5 

Table 4.6 

Table 4.7 

Table 4.8 

Table 4.9 

Table 4.10 

Table 4.11 

Table A.1 

Table A.2 

List of Tables 

CSA deflection multipliers (CAC 2006) .................................................. 37 

Complete summary of beam dimensions, casting date, age at testing, 

reinforcement type and ratio .................................................................... 4 7 

Concrete specifications ............................................................................ 50 

Concrete material properties .................................................................... 54 

Steel reinforcement test results ................................................................ 56 

Test program summary for beams ............................................................ 57 

Summary of the short-term test results .................................................... 65 

Average crack width and spacing from short-term tests .......................... 70 

Average crack width and spacing from the long-term tests ..................... 71 

Summary of long-term test results ........................................................... 75 

Experimental and calculated loads for each short-term test.. ................... 83 

Elastic modulus of concrete from beam tests, cylinders, and 

CSA A23.3-04 .......................................................................................... 86 

Shrinkage values considered for analysis of flexural members ............... 88 

Rupture modulus from the beam tests, flexure prisms and 

CSA A23.3-04 .......................................................................................... 90 

Options for cracking load and stress at cracking ..................................... 93 

Short-term predicted and experimental member response ....................... 96 

Residual deflection from the short-term tests ........................................ 104 

Experimental and calculated instantaneous deflection under sustained 

load ......................................................................................................... 109 

Long-term deflection multiplier values from this study ........................ 112 

Long-term deflection multiplier values from Darabi (2011) ................. 112 

Observed and predicted long-term deflection ........................................ 123 

Compressive strength results corresponding to beams D-1 

through D-6 ............................................................................................ 13 9 

Compressive strength results corresponding to beams E-1 

through E-4 ............................................................................................. 139 

Vl 



Table A.3 

Table A.4 

Table A.5 

Table A.6 

Table A.7 

Table A.8 

Table A.9 

Table A.10 

Table A.11 

Table A.12 

Table A.13 

Table A.14 

Table A.15 

Table A.16 

Table A.17 

Table A.18 

Table A.19 

Table A.20 

Table A.21 

Table A.22 

Table B.1 

Table C.1 

Table C.2 

Table C.3 

Table C.4 

Table C.5 

Table C.6 

Table C.7 

Table C.8 

Compressive strength results corresponding to beams F-1 

through F-4 ............................................................................................. 140 

Concrete density for beams D-1 through D-6 ........................................ 140 

Concrete density for beams E-1 through E-4 ......................................... 141 

Concrete density for beams F-1 through F-4 .......................................... 141 

Elastic modulus for beams D-1 through D-6 .......................................... 143 

Elastic modulus for beams E-1 through E-4 ........................................... 143 

Elastic modulus for beams F-1 through F-4 ........................................... 144 

Rupture modulus for beams D-1 through D-6 ........................................ 145 

Rupture modulus for beams E-1 through E-4 ......................................... 146 

Rupture modulus for beams F-1 through F-4 ......................................... 146 

Splitting tensile stress for beams D-1 through D-6 ................................ 148 

Splitting tensile stress for beams E-1 through E-4 ................................. 148 

Splitting tensile stress for beams F-1 through F-4 .................................. 148 

Steel properties for beams D-1 and D-2 ................................................. 153 

Steel properties for beams D-3 and D-4 ................................................. 15 3 

Steel properties for beams D-5 and D-6 ................................................. 154 

Steel properties for beams E-1 and E-2 .................................................. 154 

Steel properties for beams E-3 and E-4 .................................................. 154 

Steel properties for beams F-1 and F-2 .................................................. 155 

Steel properties for beams F-3 and F-4 .................................................. 15 5 

Load rates for short-term tests ................................................................ 163 

Summary of number of cracks, and average crack widths for all the 

beams during the short-term tests ........................................................... 189 

Short-term crack width information for beam D-1 ................................. 190 

Short-term crack width information for beam D-2 ................................. 190 

Short-term crack width information for beam D-3 ................................. 190 

Short-term crack width information for beam D-4 ................................. 191 

Short-term crack width information for beam E-1 ................................. 191 

Short-term crack width information for beam E-2 ................................. 191 

Short-term crack width information for beam E-3 ................................. 192 

Vil 



Table C.9 Short-term crack width information for beam E-4 ................................. 192 

Table C.10 Short-term crack width information for beam F-1 ................................. 192 

Table C.11 Short-term crack width information for beam F-2 ................................. 192 

Table C.12 Short-term crack width information for beam F-3 ................................. 193 

Table C.13 Short-term crack width information for beam F-4 ................................. 193 

Table C.14 Long-term crack width information for beam D-3 ................................. 199 

Table C.15 Long-term crack width information for beam D-4 ................................. 200 

Table C.16 Long-term crack width information for beam D-5 ................................. 201 

Table C.17 Long-term crack width information for beam D-6 ................................. 202 

Table C.18 Long-term crack width information for beam E-3 ................................. 203 

Table C.19 Long-term crack width information for beam E-4 ................................. 203 

Table C.20 Long-term crack width information for beam F-3 ................................. 204 

Table C.21 Long-term crack width information for beam F-4 ................................. 204 

Table D.1 Long-term deflection data for beam D-3 ................................................ 209 

Table D.2 Long-term deflection data for beam D-4 ................................................ 210 

Table D.3 Long-term deflection data for beam D-5 ................................................ 211 

Table D.4 Long-term deflection data for beam D-6 ................................................ 212 

Table D.5 Long-term deflection data for beam F-3 ................................................ 213 

Table D.6 Long-term deflection data for beam F-4 ................................................ 214 

Table D.7 Long-term deflection data for beam E-3 ................................................ 215 

Table D.8 Long-term deflection data for beam E-4 ................................................ 216 

Table E.1 Beam dimensions and properties ............................................................ 221 

Table E.2 Elastic Modulus ...................................................................................... 223 

vm 



List of Figures 

Figure 2.1 Typical load versus deflection response for a reinforced concrete beam 

under third point loading ............................................................................ 9 

Figure 2.2 Typical shrinkage strain versus time plot ................................................. 12 

Figure 2.3 Creep strain versus time ........................................................................... 16 

Figure 2.4 Creep coefficients for different models considered in this analysis (time 

at loading equals 14 days) ........................................................................ 20 

Figure 2.5 Early (14 days at initial loading) and late age (180 days at initial 

loading) creep coefficients calculated using different creep models ........ 21 

Figure 2.6 Axial load versus strain for a generic tension member ............................ 23 

Figure 2. 7 Load versus strain ( axial member) highlighting unloading response 

(Darabi et al. 2012) ................................................................................... 25 

Figure 2.8 Moment versus curvature response showing shift in uncracked and 

cracked member response ......................................................................... 30 

Figure 2.9 Load deflection response highlighting the shift in the Icr response 

Figure 2.10 

Figure 2.11 

Figure 3.1 

Figure 3.2 

Figure 3.3 

Figure 3.4 

Figure 3.5 

Figure 3.6 

Figure 3.7 

Figure 3.8 

Figure 3.9 

relative to the It response .......................................................................... 32 

Comparison between predicted response with and without accounting 

for shrinkage (beam E-1) .......................................................................... 3 3 

Reproduction of Yu and Winter (1960) multiplication factors for 

design ........................................................................................................ 38 

Cross-section showing one-way reinforcing ............................................ 46 

Cross-section showing 'transverse' reinforcing above ............................. .46 

Cross-section showing 'transverse' reinforcing below (F-2) ................... .46 

Elevation (side) and plan (top) view for one-way reinforced members .. .48 

Elevation (side) and plan (top) view for one way and 'transverse' 

reinforcement placed above the longitudinal steel ................................... 48 

Steel reinforcement in one direction ......................................................... 49 

Steel reinforcement in two directions ....................................................... 49 

Plastic chairs ............................................................................................. 49 

Lateral braces ............................................................................................ 49 

IX 



Figure 3.10 Vibrating concrete .................................................................................... 51 

Figure 3.11 Finishing concrete .................................................................................... 51 

Figure 3.12 Moist curing .............................................................................................. 51 

Figure 3.13 Moist curing .............................................................................................. 51 

Figure 3.14 Shrinkage prism forms ............................................................................. 53 

Figure 3.15 Measurement studs inserted in shrinkage prism form .............................. 53 

Figure 3.16 102 mm diameter cylinder moulds ........................................................... 53 

Figure 3.17 Flexure prism moulds ............................................................................... 53 

Figure 3.18 Weights for sustained load phase ............................................................. 54 

Figure 3.19 Support block ............................................................................................ 54 

Figure 3.20 Shrinkage results for each batch of concrete ............................................ 55 

Figure 3.21 Test frame ................................................................................................. 5 8 

Figure 3.22 Short-term test set up ................................................................................ 58 

Figure 3.23 Schematic illustrating test set up for third point loading .......................... 59 

Figure 3.24 Support block and LS Cs ........................................................................... 61 

Figure 3.25 Vishay data scanner .................................................................................. 61 

Figure 3.26 MTS hydraulic actuator ............................................................................ 61 

Figure 3.27 Spreader beam .......................................................................................... 61 

Figure 3.28 Third point loading (L = 3000 mm) ......................................................... 61 

Figure 3.29 Beams D-1 through D-4 short-term tests results ( early age) .................... 66 

Figure 3.30 Beams E-1 through E-4 short-term test results (late age) ......................... 66 

Figure 3.31 Beams F-1 through F-4 short term tests results (early age) ...................... 67 

Figure 3.32 Crack widths marked ................................................................................ 68 

Figure 3.33 Crack widths within the middle third ....................................................... 68 

Figure 3.34 Beams D-5 and D-6 set up for long-term testing ..................................... 73 

Figure 3.35 Beams D-3 and D-4 set up for long-term testing ..................................... 73 

Figure 3.36 Long-term test set up showing the ends ................................................... 73 

Figure 3.37 Long-term test set up showing the sides ................................................... 73 

Figure 3.38 Short and long-term load deflection response .......................................... 74 

Figure 3.39 Average long-term deflection versus time for each beam pair ................. 75 

Figure 3.40 Average total deflection versus time for each beam pair ......................... 77 

X 



Figure 4.1 Full load deflection response for beams tested to failure ( cyclic 

loading was removed from the graph for clarity) ..................................... 81 

Figure 4.2 Full load deflection response for preloaded beams .................................. 82 

Figure 4.3 Offset from member self-weight .............................................................. 85 

Figure 4.4 Comparison of cracking load options (beam F-3) .................................... 89 

Figure 4.5 Predicted beam response using cracking load option 1 (Beam E-3) ........ 92 

Figure 4.6 Predicted beam response using cracking load option 2 (Beam E-3) ........ 92 

Figure 4.7 Predicted and experimental response for an early age beam (D-3) .......... 97 

Figure 4.8 Axial load versus strain showing the unloading line returning to the 

origin ......................................................................................................... 99 

Figure 4.9 Stress and strain diagram for tension chord model ................................ 100 

Figure 4.10 Moment curvature response showing predicted and theoretical 

unloading response ................................................................................. 102 

Figure 4.11 Unloading response of beam E-3 (late age) showing residual 

deflection ................................................................................................ 104 

Figure 4.12 Unloading response of beam D-3 (early age) showing residual 

deflection ................................................................................................ 106 

Figure 4.13 Total deflection versus time under sustained load ................................. 107 

Figure 4.14 Average long-term deflection multipliers for each set of beam pairs 

tested ....................................................................................................... 110 

Figure 4.15 Average long-term deflection multipliers using a log scale for time ..... 111 

Figure 4.16 Long-term multipliers from this study compared to Yu and 

Winter (1960) ......................................................................................... 114 

Figure 4.17 Moment deflection response illustrating the effects of shrinakge .......... 116 

Figure 4.18 Moment deflection response of a illustrating the effects of preloading. 117 

Figure 4.19 Moment curvature response, comparing long-term response predicted 

from methods 1 and 2 ............................................................................. 120 

Figure 4.20 Creep coefficient versus time for concrete loaded at an early (12 days) 

and late age ( 182 days) ........................................................................... 125 

Figure A.1 Cylinder loaded in SATEC ..................................................................... 139 

Figure A.2 Crushed cylinder ..................................................................................... 13 9 

Xl 



Figure A.3 Compressometer ..................................................................................... 143 

Figure A.4 Elastic modulus test set up ..................................................................... 143 

Figure A.5 Prism tested with the 5985 Instron testing system ................................. 145 

Figure A.6 Prism tested using the RIEHLE testing system ...................................... 145 

Figure A. 7 Splitting tensile stress set up ................................................................... 14 7 

Figure A.8 Splitting tensile stress set up ................................................................... 147 

Figure A.9 Digital DEMEC measurement gauge ..................................................... 150 

Figure A.10 Shrinkage prisms .................................................................................... 150 

Figure A.11 Shrinkage results from the first concrete batch ...................................... 150 

Figure A.12 Shrinkage results from the second concrete batch ................................. 151 

Figure A.13 Instron universal testing system ............................................................. 153 

Figure A.14 Mechanical extensometer with LSC ....................................................... 153 

Figure A.15 Stress-strain response showing consistent results from a single bar ...... 156 

Figure A.16 Stress-strain response for bars from the batch with lower yield 

strength ................................................................................................... 15 6 

Figure A.17 Stress-strain response for bars from the batch with higher yield 

strength ................................................................................................... 15 7 

Figure A.18 Stress-strain response showing difference in high and low yield 

strength bars from the two different batches .......................................... 157 

Figure B.1 Load deflection response of beam D-1 ................................................... 165 

Figure B.2 Test set up for beam D-1 ........................................................................ 166 

Figure B.3 Spreader beam and crack pattern of beam D-1 ...................................... 166 

Figure B.4 Load deflection response of beam D-2 ................................................... 167 

Figure B.5 Significant deflection in beam D-2 ......................................................... 167 

Figure B.6 Concrete crushing in the middle third .................................................... 167 

Figure B.7 Load deflection response of beam D-3 ................................................... 169 

Figure B.8 Test set up for beam D-3 ........................................................................ 169 

Figure B.9 Test set up for beam D-3 ........................................................................ 169 

Figure B.10 Load deflection response of beam D-4 ................................................... 170 

Figure B.11 Test set up for beam D-4 ........................................................................ 171 

Figure B.12 Test set up for beam D-4 ........................................................................ 171 

xii 



Figure B.13 Load deflection response of beam E-1 ................................................... 172 

Figure B.14 Test set up for beam E-l ......................................................................... 173 

Figure B.15 Extensions to spreader beam .................................................................. 173 

Figure B.16 Load deflection response of beam E-2 ................................................... 174 

Figure B.17 Test set up for beam E-2 ......................................................................... 174 

Figure B.18 Concrete crushing at failure .................................................................... 174 

Figure B.19 Load deflection response of beam E-3 ................................................... 175 

Figure B.20 Test set up for beam E-3 ......................................................................... 176 

Figure B.21 Crack pattern within the middle third ..................................................... 176 

Figure B.22 Load deflection response of beam E-4 ................................................... 1 77 

Figure B.23 Test set up for beam E-4 ......................................................................... 1 77 

Figure B.24 Test set up for beam E-4 ......................................................................... 1 77 

Figure B.25 Load deflection response of beam F-1 ................................................... 1 79 

Figure B.26 Beam F-1 showing transverse bars on top oflongitudinal bars ............. 1 79 

Figure B.27 Concrete crushing at failure .................................................................... 179 

Figure B.28 Load deflection response of beam F-2 ................................................... 181 

Figure B.29 Transverse bars below longitudinal bars in beam F-2 ............................ 181 

Figure B.30 Concrete crushing at failure .................................................................... 181 

Figure B.31 Load deflection response of beam F-3 ................................................... 183 

Figure B.32 Test set up for beam F-3 ......................................................................... 183 

Figure B.33 Cracks in middle third during the test of beam F-3 ................................ 183 

Figure B.34 Load deflection response of beam F-4 ................................................... 185 

Figure B.35 Test set up for beam F-4 ......................................................................... 185 

Figure B.36 Crack patterns inside middle third of beam F-4 ..................................... 185 

Figure C.1 Total load versus average crack width for all "D" and "F" Beams ........ 194 

Figure C.2 Total load versus average crack width for all "D" and "E" Beams ........ 194 

Figure C.3 Average bar stress versus average crack width for all 

"D" and "F" Beams ................................................................................ 195 

Figure C.4 Average bar stress versus average crack width for all 

"D" and "E" Beams ................................................................................ 195 

Figure C.5 Bar stress versus average crack width for all "D" and "F" Beams ........ 196 

xm 



Figure C.6 Bar stress versus average crack width for all "D" and "E" Beams ........ 196 

Figure C.7 Average bar strain versus average crack width for all 

"D" and "F" Beams ................................................................................ 197 

Figure C.8 Average bar strain versus average crack width for all 

"D" and "E" Beams ................................................................................ 197 

Figure C.9 Bar strain versus average crack width for all "D" and "F" Beams ........ 198 

Figure C.10 Bar strain versus average crack width for all "D" and "E" Beams ........ 198 

Figure D.1 Total deflection versus time under sustained load for all 

long-term tests ........................................................................................ 207 

Figure D.2 Long-term deflection versus time under sustained loading for all 

long-term tests ........................................................................................ 208 

Figure D.3 Long-term deflection multiplier versus time under sustained loading 

for all long-term tests .............................................................................. 208 

Figure E.1 MTS load versus deflection demonstrating the offset from seating 

(beam F-3) .............................................................................................. 219 

Figure E.2 Total load versus deflection demonstrating how the concrete elastic 

modulus was calculated from the beam tests ......................................... 222 

Figure E.3 Generic axial load versus strain plot showing response with and 

without shrinkage ................................................................................... 228 

Figure E.4 Axial load versus strain for a tension member showing the unloading 

response .................................................................................... ~ ............. 230 

Figure E.5 Axial load versus strain for tension member demonstrating the effects 

of creep on the member response ........................................................... 231 

Figure E.6 Generic axial load versus strain plot, showing the member response 

with and without creep ........................................................................... 234 

Figure E. 7 Generic axial load versus strain plot, showing member response with 

creep and shrinkage ................................................................................ 237 

Figure E.8 Axial load versus strain for a tension member showing the effects of 

pre loading ............................................................................................... 23 9 

Figure E.9 Axial load versus strain for a tension member incorporating the 

effects of shrinkage and creep ................................................................ 240 

XlV 



Figure E.10 Strain and stress diagrams for a plain uncracked concrete beam ........... 242 

Figure E.11 Strain and stress diagrams for a reinforced uncracked concrete beam ... 243 

Figure E.12 Long-term curvature versus creep coefficient for steel reinforced 

beams ...................................................................................................... 245 

Figure E.13 Long-term curvature versus creep coefficient for FRP reinforced 

beams ...................................................................................................... 246 

Figure G.1 Short-term load deflection response for beam D-1 ................................ 262 

Figure G.2 Short-term load deflection response for beam D-2 ................................ 262 

Figure G.3 Short-term load deflection response for beam D-3 ................................ 263 

Figure G.4 Short-term load deflection response for beam D-4 ................................ 263 

Figure G.5 Short-term load deflection response for beam E-1 ................................. 264 

Figure G.6 Short-term load deflection response for beam E-2 ................................. 264 

Figure G.7 Short-term load deflection response for beam E-3 ................................. 265 

Figure G.8 Short-term load deflection response for beam E-4 ................................. 265 

Figure G.9 Short-term load deflection response for beam F-1 ................................. 266 

Figure G.10 Short-term load deflection response for beam F-2 ................................. 266 

Figure G.11 Short-term load deflection response for beam F-3 ................................. 267 

Figure G.12 Short-term load deflection response for beam F-4 ................................. 267 

xv 



a 

A 

As 
b 

b 

C 

Cc 
d 
des 
E 
Ee 

E'c 

Ec,avg 

Ec,adj 

Ecmt 

Ecmto 

Ecm28 

Es 

f 

JO 
fi.u,exp 

Jc 
td 
/cm28 

/cmt 

/cr 

/c,sustained 

/ct 

Jr 
!,,beam 

!,,prism 

/re 

/res 

/re,beam 

Is 
fsp 

= 

List of Symbols 

Empirical term used in Equation 4.11, to compute the compressive 
strength of concrete after time (t). Taken as 4.0 for moist cured type I 
concrete. 

= Effective concrete area of reinforcing bars in tension divided by the 
number of bars ( used in Equation 2.19) 

= Area of steel 
= Member width 

= 
Empirical term used Equation 4.11, to compute the compressive 
strength of concrete after time (t). Taken as 0.85 for moist cured type 
I concrete. 

= Neutral axis depth 
= Compressive force in concrete 
= Effective depth of a member 
= Cover between tension face and center of closest reinforcing bar 
= Elastic modulus 
= Elastic modulus of concrete 
= Elastic modulus of concrete in tension after cracking 
= Average elastic modulus of concrete 
= Age adjusted modulus of elasticity of concrete 
= Elastic modulus of concrete at time t 
= Elastic modulus of concrete at initial loading 
= Elastic modulus of concrete at 28 days 
= Elastic modulus of steel 
= Factor used to account for the member size and shape, in the time 

ratio term, inside the ACI 209R-92 Equation for shrinkage 
= Factor used to represent the member loading and support conditions in 

Equation 2.1. 
= Bar stress at ultimate experimental load 

Stress in concrete 
= Compressive strength of concrete 
= 28 day concrete compressive strength 

Concrete compressive strength at time t = 
Stress in concrete to cause cracking 
Sustained compressive stress in concrete 
Stress carried by concrete in tension 

= Rupture stress of concrete 
= Rupture stress of concrete from the beam tests 
= Rupture stress of concrete from the flexure prisms 
= Effective rupture stress of concrete 
= Residual stress from shrinkage restraint 
= Effective rupture stress of concrete found from the beam tests 

Stress in steel = 
= Splitting tensile stress of concrete 
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term, of the ACI 209R-92 Equation for shrinkage 
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Offset between uncracked and cracked cross-section response 
Experimentally observed deflection at cracking 
Experimentally observed deflection 
Instantaneous or short-term deflection 
Calculated instantaneous deflection 
Experimentally observed instantaneous deflection 
Long-term deflection 
Experimentally observed long-term deflection 
Shrinkage induced moment 
Shrinkage induced load 
Predicted deflection 
Residual deflection 
Self-weight deflection 
Offset in deflection between origin and idealized origin (which 
accounts for shrinkage) 
Deflection due to the surcharge 

XVlll 



A total = Total deflection 
L1u,exp = Experimentally observed deflection at the ultimate load 
L1y,exp = Experimentally observed deflection at the yield point 
ecreep = Long-term strain due to creep 
ecf = Strain due to stress in concrete 
ecj,steel = Strain due to stress in concrete at the level of the steel 
tcf.t = Compressive strain in concrete at top face due to stress 
ec,top = Total strain in the top face of the concrete 
ecr = Strain in concrete at cracking 
ee/astic = Strain upon immediate application of load 
escr = Strain in steel at a crack 
eshu = Ultimate shrinkage strain 
esh = Shrinkage strain 

7J = Stiffness reduction coefficient (1- lcrf It) 
7J, = Long-term stiffness reduction coefficient (1 - fer/ I,;) 

' = dlh - 0.5 (for a rectangular section) 

' = Term used to consider creep acting on concrete in tension (used in 
Equation 4.7) 

p = Tension reinforcement ratio (A5 /(bd)) 
p' = Compression reinforcement ratio 
<p = Creep coefficient 
(f)28 = Creep coefficient due to an applied load at 28 days 
¢' = Long-term curvature 

<Po,unc = Warping curvature caused by shrinkage in the uncracked cross-section 

<Po,cr = Warping curvature caused by shrinkage in the cracked cross-section 

(1) = Term used to consider the tension stiffening of concrete (used in 
Equation 4.7) 

X = Relaxation coefficient 

XlX 



ASTM 
ACI 
CAC 
CEB 
CSA 
LSCs 
FRP 
N.A. 

List of Abbreviations 

= American Standard for Testing Materials 
= American Concrete Institute 
= Cement Association of Canada 
= Comite Euro-International du Beton 
= Canadian Standards Association 
= Linear Strain Converters 
= Fiber reinforced polymer 
= Neutral Axis 

The shallow beams studied in this project represent a strip taken from a slab which is 

typically reinforced in two directions. Hence, in the following thesis, the use of 

'transverse reinforcement' in the shallow beams defines the reinforcement placed 

perpendicular to the longitudinal reinforcement. In addition, 'early age concrete' refers 

to concrete that is loaded before it is 28 days old (therefore prior to achieving its 28 day 

compressive strength). 
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1 Introduction and Objectives 

1.1 Introduction 

Concrete is a composite material made from Portland cement, water and aggregate. 

Concrete forms through chemical reactions between cement and water which bind 

aggregate into place. Concrete is initially quite weak after casting, but becomes stronger 

over time. 

Concrete is a brittle material which performs well in compression but is comparatively 

weak in tension. Hence, concrete in tension will crack under relatively light loads. This 

weakness in tension is compensated for by using steel reinforcement which allows the 

concrete member to carry tensile stresses across cracks after they have formed. 

Reinforced concrete structures are currently designed usmg the limit state design 

approach. This design technique is composed of two main groups; the ultimate and 

serviceability limit states. The ultimate limit state ensures that structures do not collapse. 

The serviceability limit state ensures that a structure is functional during routine 

conditions. For reinforced concrete, satisfying the serviceability limit means that: 

structural elements only deflect within an allowable limit, the movement of a structure 

does not cause discomfort to its occupants, and that cracks do not exceed certain limits 

(Gilbert 2001). 
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Reinforced concrete slabs are thin members and are typically not heavily loaded. As a 

result it is usually the serviceability limit state that governs the design and not strength 

requirements (Zhou and Kokai 2010). This means that slabs are designed so that they 

satisfy deflection and cracking requirements. Deflection (A) limits for reinforced 

concrete are often presented as a ratio of the total unsupported length (for example L1 =:; 

L/360), while cracking is controlled by effectively limiting the maximum crack 

widths. 

Cracking is inevitable for reinforced concrete. Cracking is random, and is influenced by 

many factors which make accurate prediction of crack widths and locations a difficult 

task during the design phase. Cracks are unsightly and expose the reinforcement to the 

potential for corrosion. 

Excessive deflection can cause problems with aesthetics, building functionality and can 

result in both structural and non-structural damage to building elements (Gilbert 2001). 

Because concrete does not behave elastically after cracking and is affected by a wide 

variety of factors (as will be discussed in Chapter 2), accurately predicting the deflection 

is not a straight forward task. 

CSA A23.3-04 requires that deflection be explicitly calculated for any structural 

members supporting partitions and other elements which could be damaged from 

excessive deflection (CAC 2006). The current approach to calculating the instantaneous 

(short-term) deflection involves the use of an effective moment of inertia to capture the 
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non-linear response that concrete will exhibit after cracking. The effective moment of 

inertia equation currently in use (Branson's Equation) is an empirical relationship which 

works well for steel reinforced beatns with reinforcing ratios (p) between 1 % and 2% 

(Bischoff 2007). However Branson' s Equation has been shown to underestimate 

deflection in lightly reinforced beatns and slabs (with a reinforcing ratio less than 1 %), 

and while using low stiffness reinforcement such as fiber reinforced polymers (FRPs) 

(Bischoff 2007). 

Long-term deflection is caused by the effects of shrinkage and creep (as discussed in 

detail in Chapter 2). Both of these effects progress with time and can lead to deflections 

two or three times greater than the short-term deflection (Pillai et al. 1999). The most 

commonly used method to calculate long-term deflection, simply multiplies the short

term deflection value (L1i,sus) under a sustained load by a time dependent multiplier (s) 

to obtain the total deflection (L1zong-term). 

where: 

p' 

Ll1ong-term = (1 +~Op') Ll;,sus 

ratio of compression reinforcement 

1.1 

Equation 1.1 is an empirical approach that has been developed from long-term tests on 

steel reinforced concrete beams (Yu and Winter 1960). This approach has been 

criticized due to its simplicity because it is unable to account for factors which 

significantly influence long-term deflection. Others, such as Gilbert (1999), have argued 
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that shrinkage and creep should be considered separately in order to predict long-term 

deflection. Some of the factors which significantly influence the effect of shrinkage and 

creep on long-term deflection include: age at loading, relative humidity, and the ratio of 

applied moment to cracking moment (Hossain et al. 2011 ). 

1.2 Objectives 

The present research explores the deflection behaviour of reinforced concrete members 

in an attempt to find a rational approach to compute the short and long-term deflection 

of steel reinforced shallow beams. The goals of the following thesis are to: 

• Determine the effect that age at loading and shrinkage have on the short-term 

(instantaneous) member deflection response, including the effect on residual 

deflection when the member is unloaded. 

• Determine the difference between the observed and predicted short-term 

deflection (using various methods for calculating the effective moment of 

inertia). 

• Study the effect of preload and age at loading on the long-term deflection of 

shallow beams. Determine the corresponding long-term deflection multipliers 

and compare the results to the CSA A23.3-04 reported values. 

• Investigate an alternative approach to compute long-term deflection. 

• Compare the difference in deflection and cracking between shallow beams with 

and without transverse reinforcement. 

• Observe the growth in crack widths over time due to the effects of shrinkage. 

4 



1.3 Research Scope 

This study will examine the short and long-term deflection and cracking behaviour of 

reinforced concrete slab strips. Therefore the "shallow beams" studied within this 

research represent a strip cut from a slab. In order to study the deflection response of 

"shallow beams" a background investigation into the relevant literature was undertaken. 

This literature review provides insight into serviceability problems related to reinforced 

concrete. In addition, the current state of the art methods for computing deflection and 

cracking are investigated. 

An experimental investigation was performed for this study that required fourteen 

shallow beams to be cast. Age at testing was varied for each set of beams; ten of the 

beams were tested at an early age (around 14 days after casting) while the remaining 

four were tested at a late age ( around 180 days after casting). Twelve beams were tested 

in a test frame; six of these beams were tested to failure to obtain the full load deflection 

response. The remaining six beams were preloaded to a maximum service load 

(approximately 2/3 of the nominal moment capacity), unloaded and then subjected to 

long-term testing under a sustained load. The other two beams did not receive a preload 

and were only subjected to long-term testing under a sustained load. The sustained load 

used in the long-term tests, was approximately 2/3 of the service load or 4/9 of the 

nominal moment capacity. These tests have been going on for a period of at least eight 

months and are continuing indefinitely. From these tests, long-term deflection 

multipliers have been obtained. 
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A comprehensive analysis is carried out using the data collected from the experimental 

investigation and the information obtained from the background investigation. The 

analysis predicts the short-term deflection response of the shallow beams using the 

current state of the art methods. The short and long-term cracking behaviour was 

observed and compared for the different beams tested during the experimental 

investigation. Long-term deflection multipliers were computed based on the results of 

the experimental investigation; these were compared to the long-term deflection 

multipliers from CSA A23.3-04. Using basic principles, a rational method of predicting 

long-term deflection was also investigated and the predicted results were compared to 

experimental results. 

1.4 Thesis Layout 

The main body of this thesis has been set up in five chapters. Chapter 1 provides a 

general overview of the research project and the research significance. Chapter 2 

provides background information and gives a summary of relevant literature used in this 

thesis. Chapter 3 contains the experimental investigation which details the specimens, 

material tests, short and long-term test set up and provides a brief description of the 

results. Chapter 4 is an analysis and discussion of the short and long-term test results. 

Finally, Chapter 5 is the conclusion which summarizes the findings and provides insight 

into future work in this field. 
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The appendices are set up into seven sections: 

• Appendix A provides a complete description and results for each material test 

performed. 

• Appendix B is composed of a description of each short-term test. 

• Appendix C gives a complete record of the crack widths (from the short and 

long-term tests) recorded during the experimental investigation. 

• Appendix D provides the long-term deflection investigation results. 

• Appendix E contains additional information for calculating various material 

properties used during this analysis (i.e. computing the member self-weight, 

back calculating Ee, back calculating shrinkage). Appendix E also contains 

additional information on the behaviour of axial tension members which is used 

in this thesis to further understand the behaviour of flexural members. In 

addition, Appendix E contains a parametric study that looks at the relationship 

between long-term curvature multipliers and the creep coefficient. 

• Appendix F discusses the different creep models considered for the long-term 

deflection analysis. 

• Appendix G provides the individual load deflection response, for each beam 

tested in the experimental investigation, showing the short-term predicted and 

observed member response. 
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2 Background Investigation 

2.1 Introduction 

Serviceability limit state design for concrete requires that deflection, cracking and 

vibration are checked and controlled for any structure under service load behaviour 

(Gilbert 2001). Concrete is inelastic and non-linear in the service load range due to the 

effects of cracking, tension stiffening, shrinkage, and creep (Gilbert 2001). This non

linear behaviour makes accurate predictions of service load deflection a difficult task 

during the initial design phase (Gilbert 2001). 

CSA A23 .3-04 requires that deflection be explicitly calculated for beams and slabs 

when: they do not meet the minimum thickness requirements or they support any 

construction that could be damaged from excessive deflection (CAC 2006). The 

instantaneous deflection for a structural element can be calculated using the traditional 

elastic deflection formulas provided an effective moment of inertia is used to account 

for non-linear behavior once the member has cracked. A general form of the elastic 

deflection ( L1) formula is given in Equation 2.1 (Nilson and Winter 1986). 

f (loads, spans, supports) 
L1 = EI 

2.1 

The term f() is used to represent the loading and support conditions. For example, in 

the case of third point loading f() equals (23/1296)PL3
• Where Pis the load and Lis 

8 



defined as the unsupported length. The flexural stiffness is represented by the term EI, 

where E represents the elastic modulus and J represents the moment of inertia. 
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Figure 2.1 Typical load versus deflection response for a reinforced concrete beam 
under third point loading 

Reinforced concrete does not behave elastically after cracking (as shown in Figure 2.1). 

If concrete did not crack, the load versus deflection response would follow the 

"Uncracked (Ir) response" as identified in Figure 2.1. After cracking, the response would 

be identical to the "Fully cracked (fer) response" assuming the concrete does not carry 

any tension. This fully cracked response is simply the response of the steel in tension 

and the concrete, above the neutral axis, in compression. However because concrete can 

continue to carry tension between cracks, the response follows the "Non-linear post 

cracking response" identified in Figure 2.1. An effective moment of inertia (le) is used 

to account for non-linear behaviour once the member has cracked. 
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Currently CSA A23.3-04 uses Branson's Equation to compute the effective moment of 

inertia (le). Branson's Equation is an empirical relationship that :works well for beams 

with steel reinforcement ratios between 1 % and 2% (Bischoff 2007). Slabs which are 

typically thin members with reinforcing ratios below 1 % are not well represented with 

Branson' s Equation. It has been shown in this case that computing the deflection of a 

slab using Branson's Equation can significantly underestimate the instantaneous 

deflection (Scanlon and Bischoff 2008). Deflection is also underestimated when using 

Branson's Equation to compute deflection for beams reinforced with fiber reinforced 

polymer (FRP) bars (Bischoff and Scanlon 2007). 

Long-term deflection is the gradual increase in deflection that occurs when a structural 

member is subjected to a sustained load for an extended period of time. Long-term 

deflections can be as high as three times the instantaneous deflection (Pillai et al. 1999). 

The primary causes of long-term deflection are shrinkage and creep. Shrinkage and 

creep are discussed in further detail in Sections 2.2 and 2.3, respectively. Presently, CSA 

A23.3-04 calculates long-term deflection by multiplying the instantaneous deflection 

value by a long-term deflection multiplier. This multiplier is assumed to include the 

effects of both shrinkage and creep. This illustrates the importance of accurate 

computations for instantaneous deflection, because if the instantaneous value of 

deflection is incorrect, the long-term deflection could be even more inaccurate. 

The long-term deflection multiplier approach has been criticized because it does not 

consider the effects of early age loading (i.e. construction loads), relative humidity, 
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section size or the ratio of applied moment to cracking moment (Hossain et al. 2011 ). 

However, proponents of this equation believe that accurate prediction of deflection is 

not possible because of the variability in material properties, loading, and extent of 

cracking in beams and slabs (Hossain et al. 2011). The long-term deflection multiplier 

approach is discussed in more detail in Section 2.5 .1. 

There are a number of alternative methods to calculate long-term deflection. These 

include empirical methods that sum the effects of creep and shrinkage separately 

(Branson 1963, 1977). More accurate methods of computing long-term deflection are 

available by carrying out a section analysis (Ghali and Azarnejad 1999). While this type 

of an approach can be more accurate it also requires greater computational effort and 

knowledge of the different factors affecting deflection. More information on alternative 

methods of computing long-term deflection is found in Section 2.5. 

2.2 Shrinkage 

Shrinkage is a time dependent property of concrete, which results in a reduction in 

volume. There are many different mechanisms that cause shrinkage in concrete, but the 

two main sources are drying and chemical processes (Gilbert 2001). 

Drying shrinkage is caused by the evaporation and loss of moisture over time; for 

normal strength concrete this is the main source of shrinkage (ACI 209 2005). Chemical 

shrinkage ( or autogenous shrinkage) is caused by chemical reactions that take place 
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within the cement paste during the hydration process (Gilbert 2001). Chemical 

shrinkage is of particular importance for high strength concrete (ACI 209 2005). 
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Figure 2.2 Typical shrinkage strain versus time plot 

The total shrinkage is assumed to asymptotically approach an ultimate shrinkage strain 

value (eshu) at a decreasing rate over time as shown in Figure 2.2. ACI 209 (1992) states 

that the typical range for the ultimate shrinkage strain (eshu) can be anywhere between 

415 to 1070 x 10-6 mm/mm. The ultimate shrinkage strain (eshu) can be anywhere 

within this range but will depend on a number of factors including: water content, 

amount of cement, temperature, humidity and the properties of the aggregate used in the 

concrete (Nilson and Winter 1986). There are a number of available expressions to 
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calculate shrinkage. Details on the ACI 209R-92 approach for computing shrinkage are 

given in Section F.6 in the Appendix. 

If a concrete member has no reinforcing steel, or if the cross-section is uncracked and 

symmetrical about the top and bottom, the top and bottom surfaces will shorten at the 

same rate (Pillai et al. 1999). However, with flexural members the reinforcing steel, 

which is typically located in the bottom region of a member, will not allow the bottom 

surface to contract as much as the top (Pillai et al. 1999). This results in what is called 

shrinkage curvature or warping which leads to additional deflection. Shrinkage 

curvature depends on the ratio of reinforcement, the location of the reinforcing steel and 

the extent of cracking in a member (Gilbert 2011). 

As the reinforcement resists contraction of the concrete, a significant amount of tension 

is introduced into the concrete on the reinforced tension face and will result in a reduced 

cracking moment (Gilbert 2011). It has yet to be confirmed, but Gilbert believes the 

reduced cracking moment will cause a reduction in the tension stiffening effect of beams 

(tension stiffening is discussed in Section 2.4.2) (Gilbert 2011). This reduction in 

tension stiffening effects leads to a reduction in member stiffness and consequently 

increased deflection. 

2.2.1 Shrinkage Restraint 

Shrinkage stress is introduced when an uncracked member is restrained from contracting 

(Scanlon and Bischoff 2008). Reinforcement, resistance from adjacent structural 
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members poured at different times, or an uneven distribution of shrinkage strains can 

restrain a member from contracting and introduce shrinkage stress (Scanlon and 

Bischoff 2008). The introduction of shrinkage stress can significantly reduce the 

cracking moment of a flexural member and cause a reduction in flexural stiffness 

(Scanlon and Bischoff 2008). The stress introduced from shrinkage restraint, /res, can be 

expressed using Equation 2.2 (Scanlon and Bischoff 2008). 

where: 

n = 

Ee,adj = 
{ = 

Es = 
Ee = 
X = 

<p(t, ta = 

E5 p(d/h)(1 + 6() 
hes= - 1 + np(d/h)(1 + 12(2) Esh 

Es /Ee,adj 

Ee /(1 + X<p(t, ta) 

2.2 

d/h - 0. 5 for a rectangular section ( accounts for eccentricity of the 
reinforcement) 
elastic modulus of steel 
short-term elastic modulus of concrete 
relaxation coefficient assumed to be equal to 0.8 (discussed in Section 
2.3.1) 
creep coefficient ( discussed in Section 2 .3 .1) 

The restraint stress can then be incorporated into the flexure formula (Equation 2.3) to 

provide an expression for the cracking moment (Mer) that accounts for the effects of 

shrinkage (Scanlon and Bischoff 2008). 

M 
_ frelt 

er -
Yt 

2.3 

he = fr - hes 2.4 
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where I, is the transformed uncracked moment of inertia, y, is the distance from the 

neutral axis to the tension face, fr is the rupture stress of plain concrete, and fre is the 

effective rupture stress ( considering the effects of shrinkage). As an estimate for steel 

reinforced concrete, Scanlon and Bischoff (2008) suggest using 2/3Mcr to predict the 

reduced cracking moment due to the effects of shrinkage ( when Mer is computed with 

/res= 0). 

Because service loads for slabs are typically close to the cracking load, considering the 

effect of shrinkage in the effective moment of inertia equation (by reducing the cracking 

moment) can result in a much more accurate prediction of service load deflection. 

Neglecting the restraint stresses from shrinkage can significantly underestimate 

deflection, particularly if the member is uncracked without the additional stresses from 

shrinkage restraint (Scanlon and Bischoff2008). 

2.3 Creep 

Creep is a time dependent property of concrete. The cause of creep is not well 

understood but is thought to be a result of the movement of moisture in concrete, growth 

in micro cracks, sliding of gel particles and loss of moisture (Pillai et al. 1999). 

If a load is applied to a concrete cylinder there will be an instantaneous increase in strain 

(Eezastic) (as shown in Figure 2.3). If this load is held constant for an extended period of 
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time, the strain will increase asymptotically due to the effects of creep. This is referred 

to as creep strain (Ecreep). 

- Ecreep E 
C E ro 
I.. ......... 
+-' E V, 

E -
Eelastic 

Time 

Figure 2. 3 Creep strain versus time 

Creep can be subdivided into two groups: basic and drying creep. Basic creep is the 

increase in strain that will occur in a concrete specimen when the movement of moisture 

is restricted. Basic creep is time dependent and not affected by the shape or size of the 

specimen (ACI 209 2005). Drying creep is the additional strain developed in a concrete 

specimen while drying. Drying creep is affected by the size and shape of a specimen 

(ACI 209 2005). 

For a flexural member, creep causes an increase in compressive strain in the 

compression face; however, the strain at the reinforced tension face does not increase at 

the same rate because of the tension carried by the reinforcement (Pillai et al. 1999). 
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This causes an increase in curvature, which consequently will result m additional 

deflection of the member. 

Two different approaches are discussed which can be used to implement the long-term 

effects of creep while performing an analysis. One method uses a creep coefficient ( <p) 

to represent the creep to elastic strain ratio ( Ecreep ) • Another method uses a term known 
Eelastic 

as compliance (.J) to calculate the total load induced strain. 

2.3.1 Creep Coefficient and the Long-Term Elastic Modulus of Concrete 

The creep coefficient ( <p) is the ratio of creep strain to the elastic strain 

( <p = Ecreep ) as illustrated in Figure 2.3 (ACI 209 2008). 
Eelastic 

The creep coefficient ( <p) is a dimensionless quantity and is highly sensitive to the value 

selected for the concrete elastic modulus at the time of initial loading (ACI 209 2005). 

Typical creep coefficient values (for long periods of sustained loading) can be anywhere 

from 1.2 and 6 (ACI 209 2005). 

The effects of creep influence the modulus of elasticity of concrete over time. For 

simplicity, creep is incorporated into this analysis through the use of an age adjusted 

modulus of elasticity. The age adjusted modulus of elasticity for concrete (Ec,adJ) can be 

computed using Equation 2.5 (Collins and Mitchell 1991). 
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Ee 
Ec,adj = 1 + X((J(t, to) 

2.5 

where Ec,adJ is the age adjusted modulus of elasticity for concrete, <p(t,to) represents the 

creep coefficient ( at time (t), for concrete loaded at time (to)), and x is known as the 

relaxation coefficient and can normally be taken to be 0.8 (Collins and Mitchell 1991, 

Gilbert 1988). The relaxation coefficient is used to account for the reduction of creep 

effects with time due to the redistribution of stress from the concrete to the steel ( Collins 

and Mitchell 1991 ). 

2.3.2 Compliance 

Compliance J is a function of the total elastic and creep strain (per unit stress) at any 

time, t, that has been caused by a unit sustained stress applied at time, to (ACI 209 

2008). Alternatively, compliance is the corresponding total strain, at some time in the 

future, caused by an applied unit stress of 1 MPa. Compliance can be expressed 

according to Equation 2.6. The two terms in Equation 2.6 represent the elastic and creep 

strain respectively for a unit stress. Equation 2. 7 provides the creep coefficient 

(<p(t, t0)) at any time (t), and is found by rearranging Equation 2.6, and 

setting Ecmt2a = Ecmt0· 

2.6 
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where: 

Ecmto = 

(f)2a(t, to) = 

<p(t, t0 ) = 

Ecm28 = 

<p(t, t 0 ) = Ecmto X J(t, t 0 ) - 1 

the elastic modulus at the time of loading 
the creep coefficient due to an applied load at 28 days 
the creep coefficient at time (t) 
the elastic modulus at 28 days 

2.7 

RILEM TC 107 (1995), ACI 209 (2008) as well as other design guides recommend 

using compliance to predict the time dependent load induced strain. This is because the 

creep coefficient ( <p) is extremely sensitive to the elastic modulus of concrete at the time 

of loading (ACI 209 2008). Because compliance is the total load induced strain, it 

avoids introducing errors from using inappropriate values of the elastic modulus at the 

time of loading. However, the creep coefficient is much easier to implement into a 

structural creep analysis (RILEM TC 107 1995). 

The creep coefficient can be calculated directly from the compliance function using 

Equation 2. 7. Because the elastic modulus at the time of loading was measured directly 

in this experimental investigation, the effects of creep are considered through a creep 

coefficient. 

2.3.3 Creep Coefficient Models 

ACI 209 (2008) provides four models to calculate the creep coefficient: ACI 209R-92, 

Bazant-Baweja B3, CEB MC90-99, and GL2000. The ACI 209R-92, CEB MC90-99, 

and GL2000 models were compared in this analysis. The Bazant-Baweja B3 model was 
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not considered because of the complexity from the number of required input parameters. 

In addition, Collins and Mitchell (1991) provide a simplified expression to calculate the 

creep coefficient. This model was used by Darabi (2011) to complete his analysis and 

has also been considered along with the ACI 209R-92, CEB MC90-99, and GL2000 

models in the current investigation. Details regarding these models are provided in 

Appendix F. 

The numerical example used to produce the creep plots in Figures 2.4 and 2.5 is taken 

from the Appendix of ACI 209 (2008). This example used f c = 25 MP a, 7 days of moist 

curing, 70% relative humidity, and a volume to surface ratio of 100 mm. Additional 

model specific details are found in the Appendix of ACI 209 (2008). 
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1.8 CEB MC90-99 -s- 1.6 -+,J 1.4 C 
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0 0.8 u 
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QJ 

0.4 '-u 
0.2 ACI 209R-92 

0.0 
0 100 200 300 400 

Duration under Sustained Load (days) 

Figure 2. 4 Creep coefficients for different models considered in this analysis (time at 
loading equals 14 days) 
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Figure 2.4 shows the creep coefficients, calculated with the four different models, for 

beams tested at an early age (14 days). It is evident that the GL2000 and CEB MC90-99 

models predict similar creep coefficients, which are significantly higher than those 

calculated using either Collins and Mitchell (1991) or ACI 209R-92. Since the GL2000 

model provides similar results to the CEB MC90-99 and is a more straightforward 

approach, the CEB MC90-99 model was removed from consideration. 
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Figure 2. 5 Early (14 days at initial loading) and late age (180 days at initial loading) 
creep coefficients calculated using different creep models 

Figure 2.5 shows the creep coefficients corresponding to different ages at initial loading. 

Loading was assumed to start at either 14 days (early age) or 180 days (late age) after 

casting. From Figure 2.5, it is clear that the GL2000 model predicts much higher creep 

coefficients than the other models considered, for either early age (14 days) or late age 
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(180 days) loads. The creep coefficient is also significantly reduced when concrete is 

loaded at a late age. 

2.4 Short-Term Response of Reinforced Concrete Flexural Members 

The current method of calculating long-term deflection is to determine the instantaneous 

deflection and apply a long-term deflection multiplier. This places increased importance 

on accurate computations of the instantaneous (short-term) deflection value. If 

instantaneous deflection calculations are inaccurate, the resulting long-term deflection 

prediction can be even more inaccurate. However, in order to understand the behaviour 

of flexural members it is important to first understand the behaviour of axial members. 

2.4.1 Axial Response 

Axial tension members are used to investigate and validate methods to account for the 

effects of tension stiffening in beams and slabs by comparing the member response to 

the bare bar response. Figure 2.6 represents a typical load versus strain response of an 

axial reinforced concrete tension member. Both the member response and the bare bar 

response start at the origin, identified as point O when there is no shrinkage, and 

increase until the steel yields. At the yield point, steel cannot carry any more tensile 

stress across the crack locations and tension stiffening will no longer apply. The 

contribution of the load carried by the steel (Pstee!) and concrete (Pconcrete) are highlighted 

in Figure 2.6. 
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Concrete will crack once the cracking stress is reached. It will however continue to carry 

load between cracks ( through the effects of tension stiffening), which allows it to carry a 

portion of the applied load (Collins and l\1itchell 1991). A tension stiffening factor (/J), 

is used to coID.pute the average tensile stress carried by the concrete (f ct) after cracking 

(as shown in Equation 2.8). Fields and Bischoff (2004) provide the following siID.plified 

expression for p (Equation 2.9). 

fct = Pfcr 2.8 
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where: 

fer 
ecf 

ecr 

a 

= 
= 
= 
= 

Cracking stress 

strain due to stress in concrete 
strain in the concrete at cracking 
a constant which can be taken between 800 and 1200 

2.4.1.1 Offset from Shrinkage 

2.9 

Shrinkage has the effect of shortening an axial member, placing the concrete in tension 

(as a result of shrinkage restraint) and decreasing the cracking load (Bischoff and 

Johnson 2007). This initial shortening causes an offset between the member response 

and the bare bar response prior to initial loading (when there is no external load), and is 

found by accounting for shrinkage in the compatibility equation (Bischoff and Johnson 

2007). If the offset from shrinkage is not properly accounted for, tension stiffening can 

be significantly underestimated (Bischoff and Johnson 2007). 

Figure 2.6 shows the reduction in cracking load resulting from the effects of shrinkage. 

An idealized origin (identified as 0'1 resulting from the influence of shrinkage is also 

illustrated in Figure 2.6. 

2.4.1.2 Unloading Response of an Axial Member 

The idealized unloading response of an axially loaded tension member is shown in 

Figure 2.7. If an axial member is loaded past the cracking point (point B) and then 

completely unloaded (point D), the unloading response will theoretically follow a 

straight line down to the idealized origin (point E) (Darabi et al. 2012). This can be 
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demonstrated theoretically by including the effects of shrinkage and tension stiffening in 

the compatibility and equilibrium relationships (Darabi et al. 2012). Theoretical 

justification for this unloading response is found in the article "Influence of Shrinkage 

Restraint on Short-term and Residual Deflection of Reinforced Concrete" (Darabi et al. 

2012). More information on computing the unloading line for axial tension members is 

found in Section E.2.3 of the Appendix. 
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Figure 2. 7 Load versus strain ( axial member) highlighting unloading response (Dara bi 
et al. 2012) 

The inset of Figure 2. 7 shows the concrete material response. The tensile response is 

very stiff up to cracking (point B). After the concrete cracks, the tensile stress carried by 

the concrete will drop off as the strain in the member increases. The concrete response 

after cracking is expressed according to Equation 2.8. At the unloading point (point C) 

the stress strain relationship for concrete follows a straight line back to the point of zero 
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load (point D) (assuming that the cracks in the concrete close completely and without 

any resistance to closing) (Darabi et al. 2012). 

In the example illustrated in Figure 2. 7, shrinkage causes residual deflection (between 

points A and D) to exist in the load deflection response after unloading (Darabi et al. 

2012). In this idealized example it is assumed that the cracks close perfectly during 

unloading; however, in reality because cracks will not close perfectly, the offset after 

being unloaded is even greater (Darabi et al. 2012). This permanent deformation is 

known as residual deflection. 

2.4.2 Effective Moment of Inertia for Flexural Members 

The instantaneous deflection of flexural members is calculated with the traditional 

elastic deflection expressions, while the effects of cracking and reinforcement are taken 

into account with an effective moment of inertia (CAC 2006). The effective moment of 

inertia accounts for non-linear behaviour that occurs after the concrete cracks. 

CSA A23.3 (2006) and ACI 318 (2011) calculate the effective moment of inertia (le) 

using Branson's Equation as presented in Equation 2.10. 
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where fer and lg are the cracked and gross moment of inertia of the cross-section, 

respectively. Mer and Ma are the moment to cause cracking and the applied service load 

moment, respectively. As the applied load increases beyond the cracking moment, 

Branson' s Equation will account for the transition from the uncracked cross-section to 

the fully cracked cross-section (Bischoff 2007). Bran.son's Equation is empirical and 

works well for the reinforcing ratios used to originally calibrate the equation 

(reinforcement ratios between 1 % and 2% ). However for slabs and lightly reinforced 

beams, Bran.son's Equation has been shown to overestimate member stiffness and thus 

underpredict deflection. This is also the case for concrete reinforced with low stiffness 

composite reinforcing bars such as fiber reinforced polymers (FRPs ), and for tilt up 

concrete walls with a central layer of reinforcing (Bischoff 2007). 

Tension stiffening is the mechanism through which concrete continues to carry tension 

after cracking. Concrete will carry tension between cracks which increases the stiffness 

of a member and results in lower deflections (Gilbert 2007). Research has shown that 

tension stiffening is incorrectly accounted for with Bran.son's Equation and results in a 

stiffer member with lower than observed deflection in certain cases (Bischoff 2007). 

Bischoff (2005, 2007) has developed a rational equation for calculating the effective 

moment of inertia for reinforced concrete members that works well for any reinforcing 

range and even for low stiffness composite members (such as FRP reinforced concrete). 

Bischoff s Equation is shown in Equation 2.11 (Bischoff 2007). 

I 
le= er < I 

l _ p (Mer) (l _ lcr) - g 
Ma lg 

2.11 
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The terms in Equation 2.11 have been previously defined in Equation 2.10 with the 

exception of p, which has been introduced to account for tension stiffening. If p is set to 

0, no tension stiffening effects are accounted for and the member follows the fer 

response. If p is taken as 1, full tension stiffening is considered. When p is represented 

by Mc/Ma, a gradual transition from the uncracked cross-section to the cracked cross

section is accounted for (Bischoff and Darabi 2012). 

2.4.3 Accounting for Change in Member Stiffness along Member Length 

Equation 2.11 represents the effective moment of inertia at the location of the highest 

moment; using this approach will result in a conservative estimate of deflection since 

the member stiffness is lowest at this location (Bischoff and Darabi 2012). In the case of 

steel reinforced concrete beams where the ratio of cracked to uncracked stiffness is 

greater than one third and in cases with high service load moments, using either 

Equation 2.10 or 2.11 will provide a good estimate of deflection (Bischoff and Darabi 

2012). However for FRP and lightly reinforced concrete slabs, considering the effective 

moment of inertia at only the critical location may be too conservative (Bischoff and 

Darabi 2012). 

Bischoff and Gross (2011) integrated the moment curvature response over the span of a 

member using the gross moment of inertia lg in the uncracked regions and Bischoff s 

effective moment of inertia le (Equation 2.11) in the cracked regions. The result was a 

closed form solution for le that incorporates an additional integration factor (y) to 
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account for the change in stiffness along a member (Bischoff and Darabi 2012), as 

shown in Equation 2.12 and represented by le'. The integration factor depends on the 

loading arrangement and is given by: y = 1. 7 - 0. 7 (Mc/Ma) in the case of third point 

loading (Bischoff and Darabi 2012). 

I 
I/= er < I 

l -yp (Mer) (l _ lcr) - B 
Ma lg 

2.12 

where: 

p 

2.4.4 Effect of Shrinkage on the Flexure Response 

Much like axial tension members, the flexural response of a reinforced concrete member 

is significantly influenced by shrinkage. Restraint stresses from shrinkage significantly 

reduce the cracking load of a flexural member (Darabi et al. 2012). Shrinkage also 

causes a shift ( away from the origin) in the load deflection response for both the 

uncracked (/,) and fully cracked (fer) member response (as shown in Figure 2.8). 

The warping curvature caused by shrinkage in an uncracked cross-section ( </Jo,unc) is 

computed using Equation 2.13 (Darabi et al. 2012). This point is identified in Figure 

2.8. 

12np((d/h) 2 
Esh 

</Jo,unc = 1 + np(d/h)(1 + 12(2) X d 2.13 
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where: 

n = 
p = 
d = 
h = 
{ 
Esh = 

.-
~ 
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Figure 2. 8 Moment versus curvature response showing shift in uncracked and cracked 
member response 

Shrinkage restraint also causes a shift in the cracked (!er) member response. The offset 

in the cracked member response (relative to the uncracked (/1) response) results in a 

significant amount of residual deformation after a member has been loaded beyond the 

moment to cause cracking (Darabi et al. 2012). The warping curvature in the cracked 

cross-section is given by the term <Po.er in Equation 2.14 and is also identified in Figure 

2.8 (Darabi et al. 2012). 
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where: 

k 

np(1- k) 
</Jo,cr = "ii.3 -

3 + np c1-k) 2 

Esh x
d 

.J (np) 2 + 2np - np (normalized neutral axis depth) 

2.14 

The offset between the uncracked and cracked response of the load deflection response 

is given by the term Ao in Equation 2.15 (Bischoff and Darabi 2012). 

Llo = (</Jo,cr - </Jo,unc)L
2 

8 
2.15 

Figure 2.9 shows the actual load deflection response of one of the beams tested in the 

experimental investigation (beam E-3) that was tested 180 days after casting. The 

uncracked (ft) and fully cracked (fer) response have been plotted with the actual test data. 

The fer response has been shifted to the right in Figure 2.9 to account for the effects of 

shrinkage prior to initial loading (the shift in deflection of the uncracked member is not 

shown). From inspection of Figure 2.9 it is clear that the test data crosses the fer 

response if the offset Ao is not accounted for. 
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2.4.4.1 Predicting the Member Response with Shrinkage 

Shrinkage that occurs prior to initial loading will reduce the cracking load and cause a 

shift in the cracked response, relative to the uncracked response (Bischoff and Darabi 

2012). As a result of these two effects, shrinkage will cause addit_ional cracking and a 

loss of member stiffness (Bischoff and Darabi 2012). If shrinkage is not accounted for, 

the predicted response is much stiffer than the actual response and as a result, deflection 

is underestimated (Bischoff and Johnson 2007). 

The first step in accounting for shrinkage is to compute the cracking load (including the 

effects from restraint to shrinkage). The reduced cracking load is found using the 

procedure identified in Section 2.2.1. 
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shrinkage (beam E-1) 

The next step in accounting for the effects of shrinkage is to find the shift in the cracked 

(fer) response relative to the uncracked (J,) response. This offset (L1o) is found using 

Equation 2.15. The fer response is shifted away from the original origin by the offset 

(L1o). The intersection of the Ir and fer.shifted response (see Figure 2.10) forms the basis of a 

new idealized coordinate system that accounts for shrinkage prior to initial loading 

(Darabi 2011 ). The predicted load-deflection response is then calculated by accounting 

for the increase in load (L1P) from shrinkage restraint. The new coordinate system will 

soften the predicted response (predicting more deflection for a given load). Equation 

2.16 shows Bischoffs Equation (l'e) integrated for curvature (Equation 2.12), but 

includes the increase in load (L1P) found using the new coordinate system. 
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where: 

y 
L1P 
Pa = 
1'/ = 

I I' _ er 

e - (i _ (Pcr,sh+LlP)
2

) 
YT/ Pa+LlP 

1. 7 - 0. 7((Per,sh + L1P)I (Pa+ L1P)), for third point loading 
induced load from shrinkage 
load applied to a member 
(1 - fer! Ir) 

2.16 

Using the effective moment of inertia (I'e) (as shown in Equation 2.16), the member 

deflection is calculated (using the new coordinate system: Pa+ L1P). Once the deflection 

is calculated, the results are adjusted back to the original coordinate system by 

subtracting the load (L1P) and deflection from shrinkage (L1shrinkage) (Darabi 2011). 

In Figure 2.10, the predicted member response is plotted using three different methods: 

without accounting for shrinkage, accounting for the reduced cracking load, and 

accounting for the reduced cracking load and the offset in fer relative to Ir. All three 

methods use le from Bischoffs Equation integrated for curvature (Equation 2.12). It is 

evident that without accounting for shrinkage, the predicted member response will 

significantly underestimate deflection. Accounting for the reduced cracking load will 

provide a reasonable estimate of deflection for this beam. Accounting for the reduced 

cracking load and the offset in fer relative to Ir, predicts a member response that provides 

a good estimate of deflection and which is slightly more conservative than the response 

which just accounts for the reduced cracking load. 
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2.5 Long-Term Deflection 

The introduction of low stiffness composite reinforcement, such as FRP, has created a 

renewed interest in long-term deflection calculations. Because FRP members are not 

affected by creep and shrinkage to the extent that steel reinforced members are, the 

long-term deflection multiplier approach (which was calibrated for steel reinforced 

members) has been found to be inadequate for predicting long-term deflection (Torres et 

al. 2012). This is an empirical method that was developed based on the deflection 

behaviour of steel reinforced beams under specific conditions. This approach is 

discussed in detail in Section 2.5.1. 

Alternative empirical methods to compute long-term deflection have been proposed over 

the past 50 years. ACI 435 (1995) provides an approach which allows a designer to 

calculate the long-term deflection from creep and shrinkage separately and then 

combine the two values to obtain the long-term deflection. This approach is based on the 

work from Branson (1963, 1977). Alternatively, CEB-FIP (1993) provides a simplified 

approach to compute the time dependent deflection of reinforced concrete. This method 

multiplies the instantaneous deflection by factors which can be modified to account for 

proprieties such as: cross-section geometry, compressive reinforcement and a correction 

term to account for creep and cracking. 

Deflection can also be calculated using a section analysis to find the cross-sectional 

curvature at various sections along a beam. Deflection is then obtained by integrating 

the cross-sectional curvature along the length of the beam. A section analysis is carried 
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out using the long-term material properties of concrete. In this case, creep decreases the 

elastic modulus of the concrete and shrinkage strains of the concrete are included in the 

compatibility relationship (the total concrete strain equals the strain from stress plus the 

shrinkage strain). Ghali and Azamejad (1999) provide an explanation of computing 

long-term deflection through a section analysis based approach. While a section analysis 

approach has been found to be more accurate than the long-term deflection multiplier 

approach, it also requires greater computational effort. 

2.5.1 Long-Term Deflection Multipliers 

CSA A23.3-04 currently prescribes the long-term deflection multiplier approach to 

compute long-term deflection. This approach was developed from the work of Yu and 

Winter (1960) and published in a paper called "Instantaneous and Long-Time Deflection 

of Reinforced Concrete Beams Under Working Loads". This method involves 

calculating the instantaneous deflection (Lli,sus) from the sustained loads and 

multiplying it by a long-term deflection multiplier (s) in order to compute the total 

deflection (LltotaL) after a specified duration of sustained loading (as shown in Equation 

2.17). Notice that Equation 2.17 is analogous to Equation 1.1 except that the 

instantaneous deflection is included in the Equation to compute the total deflection 

(Lltotal). 

Lltotal = ( 1 + l +~Op') Lli,sus 2.17 
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where p' is the compression reinforcement ratio at midspan and s is a long-term 

deflection multiplier that varies between 1.0 and 2.0 depending on the duration of 

sustained loading. Table 2.1 provides the duration of loading and the corresponding time 

dependent multipliers as reported in CSA A23 .3-04. 

Table 2.1 CSA deflection multipliers (CAC 2006) 

CSA Deflection Multipliers 
Time s 

For sustained loads of 3 months 1.0 
For sustained loads of 6 months 1.2 

For sustained loads of 12 months 1.4 
For sustained loads of 5 years or more 2.0 

Figure 2.11 reproduces the results of the long-term deflection multiplier values that Yu 

and Winter (1960) found through their investigation, and compares them to the CSA 

deflection multipliers. It is evident from Figure 2.11 that there is a large scatter of 

possible long-term deflection multipliers when compared to the CSA A23.3-04 values. 

Yu and Winter concluded their paper by stating that it is difficult to predict long-term 

deflection accurately using a straight forward method. Because of the influence of: 

concrete strength, the modulus of elasticity of concrete and reinforcement, creep and 

shrinkage, degree of cracking, humidity etc., using a long-term deflection multiplier will 

provide sufficient predictions for design (Yu and Winter 1960). The work by Yu and 

Winter forms the basis of the approach used by CSA A23.3 (2006) and ACI 318 (2011) 

to compute long-term deflection. 

37 



V, 

L. 
Q) 

3.0 

2.5 

• Yu and Winter rbsults 
)K Yu and Winter dxperimental average 

- - CSA A23.3 • 
~ . • • 

• 

. c.. 2.0 -·---------------·----:----r-·--·-·---.-~-:: , )+(-·-----·---------

.:!: • : • • 
~ ,, . 
~ 1.5 • • , ~ - , • : * 

~ 1.0 ----~-~,~· ~-'f; ~~------------··---··-
. . , , . . 
~ 0.5 - ...................... ············(·· ......... ··-··-················-···! .. · ............................ ····-· ······· · ························· ... · ......... ············· .. · ...... ············· ....... · .... ·-········ .......... . 

3 :. ·1 I 

0.0 
10 100 1,000 10,000 

Duration of load (days) 

Figure 2.11 Reproduction of Yu and Winter (1960) multiplication factors for design 

Research conducted by Scanlon et al. (2012) on lightly reinforced slabs (with a 

reinforcing ratio less than 0.6%) indicates that, in some cases, the long-term deflection 

multipliers currently in use may not be adequate. Scanlon et al. (2012) recommended 

increasing the long-term deflection multiplier for lightly reinforced members from 2.0 to 

2.5 (for sustained loads of 5 years or more). In addition, they suggested an additional 

multiplication factor of 1.4 be applied when members are loaded prior to 7 days of age. 

Studies indicate that loads occurring during construction ( from the weight of materials, 

and shoring/re-shoring construction techniques) may sometimes exceed the anticipated 

sustained load which can cause unanticipated cracking and subsequently reduce the 

member stiffness (Hossain et al. 2011 ). In this case, long-term deflection can be 
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significantly underestimated when computed as a multiple of the instantaneous 

deflection value (Lee et al. 2012). 

2.6 Cracking 

Due to the inherent weakness of concrete in tension, cracking of concrete ( to some 

extent) is unavoidable. While cracking does occur, the control and predication of crack 

widths and locations is possible. 

The average crack width ( w avg) can be calculated by relating the strain in the concrete at 

the level of the steel ( Ect) to the average spacing of cracks (savg). This relationship is 

given in Equation 2.18 (Collins and Mitchell 1991). 

2.18 

It is apparent from Equation 2.18 that if the average crack spacing remains unchanged 

but the load is increased, the average crack width will increase. 

Currently CSA A23.3-04 limits cracking in beams and slabs using a z factor. The z 

factor is a function of the stress in the steel, effective area of concrete surrounding the 

reinforcement and the concrete cover. z must not exceed 25,000 N/mm for exposed 

conditions or 30,000 N/mm for non-exposed conditions. In effect the z factor controls 

the maximum bar spacing for the concrete in tension. This function is expressed 

according to Equation 2.19 (CAC 2006). 
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where: 

ls 

des 

A 

Z = ls;/dcsA 

z :5 25,000 N/mm for exterior exposure 

z :5 30,000 N/mm for interior exposure 

2.19 

Stress in steel which can be taken as 0.6[y (or ls can be calculated 

from strain compatibility) 
the cover from the tension face to the center of the closest reinforcing 
bar (when calculating des or A, the effective cover need not be taken 
greater than 50 mm) 
the effective area of concrete surrounding the bars in tension divided 
by the number of bars. 

Equation 2.19 is based on the Gergely-Lutz Equation (Gergely and Lutz 1968) and aims 

to set a limit to the maximum allowable crack width (Nilson and Winter 1986). The 

Gergely-Lutz Equation is an empirical expression used to calculate the maximum crack 

width based on the cover, steel stress and area of concrete surrounding the steel (Collins 

and Mitchell 1991). The maximum crack width (Wmax) is given by Equation 2.20. 

where: 

Per 

Wmax = 2.2PcrEscr ;/ dcsA 2.20 

factor that accounts for the strain gradient (1.0 for uniform strains as is 
the case in axial members) (h2/h1 for varying strains as is the case for 
flexural members, where h1 is the distance from the neutral axis to the 
tension steel, and h2 is the distance from the neutral axis to the extreme 
tension fiber) 
is the strain in the steel at a crack 

The terms des and A are the same as for Equation 2.19. 
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Rearranging Equation 2.20 and setting Wmax to 0.33 mm (for exterior exposure) or 0.4 

mm (for interior exposure) gives Equation 2.19 with a limiting value for z equal to 

25,000 N/mm or 30,000 N/mm (for exterior and interior exposure respectively). 

2.6.1 Effect of Transverse Reinforcement on Cracking 

Transverse reinforcement or reinforcement placed perpendicular to the mam load 

carrying reinforcement is common in reinforced concrete slabs. While this type of 

reinforcement is common, there is a lack of research on cracking in reinforced concrete 

flexural members with transverse reinforcement. 

As a concrete member is axially loaded in tension, cracks begin to develop behind the 

ribs of deformed reinforcing steel (Rizkalla et al. 1983). As concrete reaches its 

maximum tensile resistance, there will be an increase in the stress carried by the steel, 

which can cause bond slip to occur. As a result, cracking in axially loaded members is 

thought to be caused by bond slip between concrete and steel and internal cracking 

(Rizkalla et al. 1983). 

Rizkalla et al. (1983) discusses a test program that investigated the effect of transverse 

reinforcement on cracking in axial tension members. Through their investigation, 

Rizkalla et al. (1983) found that cracks generally coincided with the location of the 

transverse steel. Work conducted by other researchers has also led to the conclusion that 

transverse steel influences crack spacing and that cracks will usually occur at the 

location of transverse bars for flexural members (Adebar 2012). 
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The effect of transverse reinforcing on the cracking load is also a concern for flexural 

members. Adebar (2012) reported that placing transverse steel did not significantly 

reduce the cracking load of flexural slabs of sufficient width that contained longitudinal 

steel. However, Adebar (2012) also tested flexure prisms with transverse reinforcement 

(but without longitudinal steel). In these tests, the transverse reinforcement appeared to 

influence the load at which concrete cracked (Adebar 2012). Adebar (2012) found that 

flexure prisms which have transverse reinforcement crack prematurely compared to 

flexure prisms without transverse reinforcement. 
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3 Experimental Investigation 

3.1 Introduction 

A test program was developed to study the short and long-term deflection response of 

steel reinforced concrete slab strips (shallow beams). Fourteen shallow beams were cast 

using 15M steel reinforcing bars (providing a reinforcing ratio of approximately 1.09% ). 

Ten of the beams contained one-way longitudinal reinforcement, while the remaining 

four beams contained longitudinal and transverse reinforcement (running in two 

directions). The age of concrete at initial loading of the beams was varied to study the 

effects of early and late age loading on the short and long-term deflection response. 

Material tests were conducted during each stage of testing to accurately determine the 

concrete and steel reinforcement properties. 

3.2 Overview and Beam Construction 

The beams were divided into three groups labeled D, E and F. A summary of each group 

and how each beam was tested is found below. Table 3.1 highlights the average 

dimensions, dates of testing, reinforcement ratios, etc. for each beam tested. 

• Group D beams (D-1 through D-6) were reinforced with 2-1 SM longitudinal 

reinforcing bars and were tested at an early age (10-13 days after casting). These 

beams were poured from the first batch of concrete. Refer to Figures 3.1, 3.4 and 

3.6. 

o Beams D-1 and D-2 loaded cyclically to failure. 
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o Beams D-3 and D-4 preloaded and then set up with a sustained load for 

long-term testing. 

o Beams D-5 and D-6 immediately set up with a sustained load for long

term testing without receiving a preload. 

• Group E beams (E-1 through E-4) were reinforced with 2-15M longitudinal 

reinforcing bars and were tested at a late age (178-185 days after casting). These 

beams were poured from the same batch of concrete as beams D-1 through D-6. 

Refer to Figures 3.1, 3.4 and 3.6. 

o Beam E-1 loaded to failure. 

o Beam E-2 loaded cyclically to failure. 

o Beam E-3 and E-4 preloaded and then set up with a sustained load for 

long-term testing. 

• Group F beams (F-1 through F-4) were reinforced with 2-15M longitudinal 

reinforcing bars but also contained 15M transverse reinforcement at a center to 

center spacing of 150 mm. Of the four beams tested, the transverse re bar was set 

directly on top of the longitudinal reinforcing in three of the four specimens 

(Figure 3 .2). The re bar was placed below the longitudinal reinforcement in the 

fourth beam tested (Figure 3.3). These beams were poured from the second batch 

of concrete and were tested at an early age (12-14 days after casting). Refer to 

Figures 3.2, 3.3, 3.5 and 3.7. 

o Beam F-1 loaded to failure (contained transverse bars above the main 

reinforcement) 
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o Beam F-2 loaded to failure (contained transverse bars below the main 

reinforcement) 

o Beam F-3 and F-4 preloaded and then set up with a sustained load for 

long-term testing ( contained transverse bars above the main 

reinforcement). 

The shallow beams were rectangular and measured 300 mm wide, 150 mm high, and 

3300 mm long. The 3300 mm length allowed the beams to have 150 mm of overhang 

past each support for development of the reinforcement. The reinforcement was set 150 

mm apart (center to center), with 20 mm of clear cover (refer to Figures 3.1 to 3.5 for 

dimensions). The transverse reinforcement was spaced 150 mm apart (center to center). 

The steel reinforcement rested on 20 mm tall plastic chairs that were placed at the "third 

points" of the form work (Figure 3 .8). The reinforcing was securely tied at the center to 

ensure the longitudinal steel remained 150 mm apart. Templates were placed at the ends 

of the form to hold the reinforcement 150 mm apart and provide 20 mm of clear cover. 

UCAN anchor bolt supports were installed 330 mm from either end of the form to 

provide a secure method of picking up and moving the specimens using an overhead 

crane. Lateral braces (Figure 3.9) were used to prevent bulging at the form side walls 

from the lateral force exerted by the freshly poured concrete. Form oil was applied to the 

plywood forms prior to casting. 
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Table 3.1 Complete summary of beam dimensions, casting date, age at testing, reinforcement type and ratio 

Beam Batch Cast Tested 
Age at Testing Height Width Effective 

(Days) (mm) (mm) Depth (mm) ** 
D-1 13-Jul-12 23-Jul-12 10 152.7 300.5 124.7 
D-2 13-Jul-12 26-Jul-12 13 153.3 300.0 124.8 
D-3 

1 
13-Jul-12 24-Jul-12 11 152.8 299.7 125.3 

D-4 13-Jul-12 24-Jul-12 11 153.0 300.6 125.0 
D-5 13-Jul-12 25-Jul-12 12 152.3 301.1 125.3 
D-6 13-Jul-12 25-Jul-12 12 151.9 301.1 124.9 
E-1 13-Jul-12 07-Jan-13 178 152.3 301.9 124.3 
E-2 

1 
13-Jul-12 14-Jan-13 185 152.5 301.2 124.5 

E-3 13-Jul-12 08-Jan-13 179 152.7 299.9 124.7 
E-4 13-Jul-12 09-Jan-13 180 152.6 299.8 124.1 
F-1 28-Sep-12 10-0ct-12 12 156.1 299.8 128.7 

F-2* 
2 

28-Sep-12 12-0ct-12 14 156.4 299.7 112.2 
F-3 28-Sep-12 10-0ct-12 12 154.9 300.1 127.0 
F-4 28-Sep-12 11-0ct-12 13 155.7 299.4 128.5 

* F-2 had transverse reinforcing on the bottom 
** Effective depth= measured height- measured clear covert - half the diameter ofreinforcement bar (8 mm) 
tCiear cover (nominally 20 mm) was measured before the concrete was cast 

Reinforcement 
Type 
15M 
15M 
15M 
15M 
15M 
15M 
15M 
15M 
15M 
15M 
15M 
15M 
15M 
15M 

p(%) 

1.07 
1.07 
1.07 
1.06 
1.06 
1.06 
1.07 
1.07 
1.07 
1.08 
1.04 
1.19 
1.05 
1.04 
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Figure 3. 6 Steel reinforcement in one 
direction 

Figure 3.8 Plastic chairs 

3.3 Casting 

Figure 3. 7 Steel reinforcement in two 
directions 

Figure 3. 9 Lateral braces 

The beams were cast on two different dates to provide sufficient time to perform the 

short-term tests for every group of members tested. Ten of the beams (those labeled D-1 

through D-6, and E-1 through E-4) were cast on July 13, 2012, while the remaining four 

(labeled F-1 through F-4) were cast on September 28, 2012. 

The concrete was ordered from Lafarge North America with the following 

specifications: 35 MPa, general use, standard 20 mm aggregate size and 0% air 
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entrainment. Results from the air entrainment and slump tests performed prior to casting 

are found in Table 3.2. 

Table 3.2 Concrete specifications 

Concrete Specification (actual) 

Date Poured: Air Entrainment (%) Slump (mm) 

13-Jul-12 1.80% 152.4 

28-Sep-12 1.90% 133.4 

At the time of each pour, shrinkage prisms, flexure prisms and concrete cylinders were 

cast to determine and monitor the concrete properties. 

The beams, shrinkage prisms and flexure prisms were poured and vibrated in two layers. 

The concrete cylinders were poured in two layers and 'rodded' as required by ASTM 

standards. 

After casting was complete, the concrete was covered in burlap and plastic, and moist 

cured. Moist curing ended for the beams tested at an early age (beams D-1 through D-4, 

and F-1 through F-4) the day the beam was used for short-term testing (between 10 and 

14 days after casting). Moist curing ended 13 days after casting for the beams tested at a 

late age (beams E-1 through E-4) and for the beams that were immediately used for 

long-term testing without receiving a preload (beams D-5 and D-6). The shrinkage 

prisms were exposed to the lab environment after 13 days of moist curing. 
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Figure 3.10 Vibrating concrete Figure 3.11 Finishing concrete 

Figure 3.12 Moist curing Figure 3.13 Moist curing 

3.3.1 Shrinkage Prisms 

Shrinkage prisms were constructed to monitor the amount of shrinkage that occurred in 

the specimens over time. The forms were 700 mm long, 300 mm wide and 150 mm high 

(refer to Figure 3.14). The cross-sectional area of the prism was selected to reflect the 

cross-sectional area of the shallow beams. Brass caps were inserted into the form to hold 

two stainless steel threaded rods 500 mm apart on three sides of the prisms (top, left and 

right side of each prism) (refer to Figure 3.15). The gauge length for the shrinkage 

prisms was 500 mm. 
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3.3.2 Concrete Cylinders 

The cylinders used for the material tests ( compressive strength, elastic modulus, and 

splitting tensile strength) were 102 mm diameter by 203 mm long (refer to Figure 3.16). 

The cylinders were match cured and tested at the same time as the beams. 

3.3.3 Flexure Prisms 

Flexure prisms were cast in order to determine the modulus of rupture of plain concrete. 

The flexure prisms were poured into reusable plastic forms measuring 150 mm wide, 

150 mm high and 500 mm long (refer to Figure 3.17). Four flexure prisms were cast for 

each phase of testing. 

3.3.4 Weights 

Concrete blocks were built to provide a sustained load during the long-term tests. The 

concrete blocks used in the sustained load phase measured 1000 mm long, 220 mm high 

and 400 mm wide. Steel reinforcing bars ( 1 OM) were used as nominal reinforcing inside 

each weight (refer to Figure 3.18). These weights supplement existing ones used for an 

earlier study (Darabi 2011 ). 

3.3.5 Support Blocks 

Support blocks measuring 400 mm long, 400 mm high and 400 mm wide were built to 

provide the end supports for the beams during different phases of the experimental 

investigation. Steel reinforcing ties (1 OM) were used as nominal reinforcing inside each 
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block (refer to Figure 3.19). These support blocks supplement existing ones used for an 

earlier study (Darabi 2011 ). 

Figure 3.14 Shrinkage prism forms 

Figure 3.16 I 02 mm diameter cylinder 
moulds 
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Figure 3.15 Measurement studs inserted in 
shrinkage prism form 

Figure 3.1 7 Flexure prism moulds 



Figure 3.18 Weights for sustained load 
phase 

Figure 3.19 Support block 

3.4 Concrete Material Properties 

Using the cylinders and flexure prisms described above, the concrete material properties 

at the time of testing were determined. A complete summary of the material properties is 

found in Table 3.3. A thorough description of each material test is found in Appendix A. 

Table 3.3 Concrete material properties 

Batch Beams Tested r' f~ Jr fsp Ee 
(kg/m3) (MPa) (MPa)t (MPa)t (MPa)* 

Early 
3.53 2.77 30517 

D-1 -D-6 2414 38.8 
Age 

.57ff! .45ff! 4899ff! 
1 

Late 
5.42 3.49 29735 

E-1 - E-4 2354 44.9 
Age 

.81ff! .s2ff! 4438ff! 

Early 
4.80 3.57 30740 

2 F-1 - F-4 2401 45.4 
Age 

.71ff! .53ff! 4562ff! 

t 0.60.fiZ is given in CSA A23 .3-04 to estimate modulus of rupture 

l 0.51.fiZ is given in Collins and Mitchell (1991) to estimate splitting tensile stress 

A minimum of 3 control specimens were tested to obtain each material property 

54 



3.4.1 Shrinkage Results 

Shrinkage results obtained from the shrinkage prisms described above are plotted in 

Figure 3.20. Shrinkage measurements began 4 and 3 days after casting for the concrete 

poured from batch one (prisms 1 and 2) and batch two (prisms 3 and 4 ), respectively. 

Each shrinkage prism was lifted off the ground 16 days after casting (using wood strips 

placed along the sides) to allow air flow underneath each prism, similar to what each 

beam experienced. Shrinkage measurements were taken periodically over the past year 

and are continuing indefinitely. 
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Figure 3. 20 Shrinkage results for each batch of concrete 

Figure 3.20 shows the shrinkage results plotted against the predicted shrinkage response 

using the ACI 209R-92 Equation (assuming an ultimate shrinkage strain (eshu) of 1000 

µs,f = 52.2, a= 1.0, refer to Section F.6 of the Appendix for details on this equation). It 

is clear that the ACI 209 Equation matches the shrinkage found in the lab quite well. 
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3.4.2 Reinforcement 

Grade 400, 15M steel reinforcement was used in all of the shallow beams. The steel was 

ordered from Ocean Steel in Saint John, New Brunswick. The steel arrived in 6 m 

lengths and was cut to the requirs;~ size using a steel band saw. 

Table 3. 4 Steel reinforcement test results 

15M Steel Reinforcement Avera2e Standard Deviation 

fy (MPa) * Type 1 467.0 7.3 
Type2 430.0 6.1 

Es (GPa) * 196.0 1.9 
Nominal Area (mm2) 200 -
Actual Area (mm2) 193.3 0.7 

* Based on a nominal area of200 mm2 

Three samples from each piece of rebar were cut and used to measure the modulus of 

elasticity, yield strength and actual area. Reported values of elastic modulus and yield 

strength are based on a nominal area of 200 mm2 and are provided in Table 3.4. The 

average modulus of elasticity for the 15M steel reinforcement was measured to be 196 

GPa (results ranged between 192.7 and 200.3 GPa). The distribution of yield strength 

values indicated that two batches of reinforcement were provided. Reinforcement yield 

strength results were broken into two groups. One group of 15M steel reinforcement had 

an average yield strength of 467.0 MPa (with values varying between 454.7 and 482 

MPa). The other group of reinforcement had an average yield strength of 430.0 MPa 

(with values varying between 419.7 and 437.3 MPa). Complete results for the steel 

reinforcement properties can be found in Appendix A. 
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3.5 Testing 

3.5.1 Test Program 

The test program developed to study the deflection response of reinforced concrete 

shallow beams required short and long-term tests. The experimental program for the 

short-term tests and accompanying material property tests took six months to complete. 

The long-term tests are expected to continue indefinitely. Table 3.5 portrays the three 

phases of testing and what was involved within each one. 

Table 3.5 Test program summary for beams 

D-1 to D-6 E-1 to E-4 F-1 to F-4 
Early age loading without Late age loading without Early age loading with 
transverse reinforcement transverse reinforcement transverse reinforcement 

2 Static testst 2 Static testst 2 Static testst 
2 Preload + sustained 2 Preload + sustained 2 Preload + sustained 

tests* tests* tests* 
2 Sustained tests 

( without preloading) 
Material property testst Material property tests! Material property tests! 

Concrete Batch 1 Concrete Batch 2 
t Static tests will load a beam to failure to get the full load deflection response (load was 
applied cyclically to failure for Beams D-1, D-2 and E-2) 
* Preload + sustained tests load a beam to a predefined service load and then unload the 
specimen before reloading the beam with a sustained long-term load 
l The material property tests are explained in Appendix A 

In order to determine the magnitude of load to apply during the short-term preload tests 

and the long-term tests, the nominal moment capacity of the beams had to be calculated. 

The nominal moment capacity was based on a concrete compressive strength Cf d) of 40 

MPa and 15M steel reinforcement with a yield strength and elastic modulus of 400 MPa 

and 200 GPa, respectively. This provided a nominal moment capacity of 18.2 kN-m. 
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Early age short term tests on beams D-1 through D-4 began July 23 and were completed 

by July 26, 2012. Early age short-term tests on beams labeled F-1 through F-4 took 

place between October 9 and October 12, 2012. Late age short-term tests on beams E-1 

through E-4 were conducted between January 7 and January 14, 2013. 

3.5.2 Short-Term Test Set up 

The short-term tests were conducted in the Structures Lab (Room Al5) of Head Hall at 

the University of New Brunswick. Each beam was placed inside a test frame which is 

bolted to the structures lab strong floor. Two support blocks were set 3 m apart on either 

side of the test frame to act as reaction points during the test. Figures 3 .21, 3 .22 and 3 .23 

show the test frame and the set up for the short-term tests. 

Figure 3. 21 Test frame Figure 3.22 Short-term test set up 
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Pl 300 x 150 x 9.5 mm 

Pl 300 x 200 x 9.5 mm 

Pl 400 x 200 x 9.5 mm 

p 

Spreader Beam 

M------ SR 38 x 300 mm 

Support Block: 400 x 400 x 400 mm _/ 

Figure 3.23 Schematic illustrating test set up for third point loading 

Durabond 90 was used to bed the 9.5 mm thick steel plates on the top of the support 

blocks and underneath the beam at the reaction points. The steel plates were used to 

transfer the loads into the support without any localized crushing of the concrete. Solid 

round steel rollers (51 mm diameter) were used as a contact point between the steel 

plates. At one end of the beam, the roller was prevented from sliding (simulating a 'pin' 

type connection) while at the other side the roller was free to move. Steel plates (9 .5 mm 

thick) were also placed at the reaction points where the spreader beam applied the load 

to the specimen. Smaller steel rollers (38 mm diameter) were set up in the same manner 

described above, underneath the reaction points of the spreader beam. 

Linear Strain Converters (LSCs) were placed on the specimen to record the 

instantaneous deflection during the short-term tests. Two 100 mm long LSCs were 

59 



located at midspan on either side of the specimen to record deflection. A long thin flat 

piece of steel plate was placed across the beam at the centerline to act as a contact point 

for the two LSCs. Each of these LSC's made contact with the steel plate 50 mm from 

the edge of the beam, on either side. Two 25 mm LSCs were placed directly over the 

supports to monitor and record any support movement during the test (Figure 3 .24 ). The 

data collected from the LS Cs was sent to a Vishay Data Scanner (Figure 3 .25) that 

recorded and displayed the results as the test progressed. Results were recorded at 1 

second intervals. 

The load was applied to the specimens using a 90 kN MTS hydraulic actuator mounted 

to the test frame directly above the beam. The hydraulic actuator was attached to a 1.4 m 

long spreader beam, which rested on steel rollers on top of the specimen, and applied the 

load using third point loading. Figures 3.26 and 3.27 show the hydraulic actuator and the 

spreader beam respectively. Third point loading (Figure 3.28) causes the middle third of 

the beam to carry a constant moment and at the same time experience no shear force. 

The load applied to the spreader beam was simultaneously recorded and displayed using 

the Vishay Data Scanner as the test progressed. The load measurements recorded during 

the tests included the self-weight of the spreader beam. 
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Figure 3. 2 4 Support block and LSCs Figure 3.25 Vishay data scanner 

Figure 3.26 MTS hydraulic actuator Figure 3. 2 7 Spreader beam 

P/2 P/2 

L/3 L/3 L/3 

P/2 P/2 

Figure 3.28 Third point loading (L = 3000 mm) 
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3.5.3 Short-Term Tests 

The short-term tests were conducted between 10 and 14 days after casting (for beams D-

1 through D-4 and F-1 through F-4) and between 178-185 days of age (for beams E-1 

through E-4 ). Prior to the start of the test, the height and width of each beam was 

recorded at the reaction points and at three locations within the middle third of each 

beam (average values given in Table 3.1). The specimen was then placed into the test 

frame and set on top of the support blocks so that the distance between the reaction 

points was exactly 3 m. At this point the spreader beam was centered to ensure the load 

was applied evenly to the beam. For each beam tested at an early age, a seating load of 5 

kN was applied several times to ensure proper seating at the supports. For beams tested 

at a late age, each beam was loaded to 2.5 kN several times to ensure proper seating at 

the support points. 

Beams D-3, D-4, E-3, E-4, F-3, and F-4 were loaded in the test frame, up to a 

predetermined service load of 25.4 kN, before being unloaded and then moved to be 

used for long-term testing. As each test began the load was applied to the specimen until 

the beam first cracked (at a load between 6 to 10 kN). This point was determined from a 

distinct change in slope of the load deflection plot. The test was paused at this point and 

the beam inspected for cracks. The load was then applied to the beam in 5 kN steps. At 

each load step the beam was inspected for cracks and the crack widths were measured 

and recorded using a crack width comparator gauge. Crack widths were measured on 

one side face at the bottom of the beam inside the middle third. The test progressed until 

the pre-determined service load was reached. Each beam was then unloaded and the 
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Vishay Data scanner continued to measure the deflection at midspan until the deflection 

had stabilized. The final residual deflection after unloading was used for determining the 

member deflection once the sustained load was applied. 

Static tests to failure were performed on six of the fourteen beams (D-1, D-2, E-1, E-2, 

F-1, and F-2) to determine the full load deflection response. The same load procedure 

that was outlined above was performed, however the test continued in 5 kN load steps 

until the steel reinforcement yielded. Several beams (D-1, D-2, and E-2) were loaded 

cyclically prior to yielding. For the cyclically tested beams, the preload was applied up 

to a certain load level, removed and then reapplied. At each 5 kN interval the beam was 

inspected for new cracks and crack widths were measured. Crack width measurements 

were discontinued after the steel yielded. This point was evident on the load deflection 

graph because the beam deflection started to significantly increase with a small increase 

in load. The test continued until the maximum measuring range of the 100 mm LS Cs 

was reached. At this point the test was paused, the LSCs were reset and the test was 

resumed until the beam failed. All of the beams failed in compression in the middle third 

of the span (as was expected). 

The cracking load, yield point and ultimate load for each beam are summarized in Table 

3.6. The load deflection response for each beam is presented in Figures 3.29, 3.30, and 

3 .31. The cracking load is the first distinct change in slope of the load deflection 

response for each beam. The yield point is the second change in slope for each beam. A 

close-up of the initial response of each beam is inserted into the figures to show the 
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initial load deflection response. The midspan deflection is the average readings from the 

two midspan LSCs. Each plot has been corrected to account for the member self-weight. 

These corrections are discussed in Section 4.3.1. A complete description of each short

term test can be found in Appendix B. 
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Table 3.6 Summary of the short-term test results 

Concrete Age at Testing Pcr,exp Acr,exp Py,exp Ay,exp Pu,exp Beam 
Batch (Days) (kN) (mm) (kN) (mm) (kN) 

D-1 10 9.16 1.55 41.94 28.51 51.07 

D-2 13 9.59 1.61 40.56 27.54 45.69 

D-3 
1 

11 9.79 1.64 - - -
D-4 11 9.59 1.62 - - -
D-St 12 - - - - -
D-6t 12 - - - - -

E-1 178 8.83 1.54 41.03 28.55 50.95 

E-2 1 185 8.65 1.51 42.40 28.34 50.84 

E-3 179 8.23 1.43 - - -
E-4 180 8.18 1.43 - - -

F-1 12 10.44 1.58 44.26 25.89 50.77 

F-2* 2 14 8.72 1.35 36.87 27.74 43.36 

F-3 12 10.38 1.61 - - -
F-4 13 10.59 1.62 - - -

t Short-term tests were not conducted on beams D-5 and D-6 
* Beam F-2 had transverse reinforcement below the longitudinal steel 

Au,exp Type of 
Residual 

Deflection 
(mm) 

Failure 
(mm) 

146.71 
Concrete 
Crushing 

-

102.67 
Concrete 
Crushing -

- - 3.80 
- - 3.77 
- - -
- - -

168.00 
Concrete 
Crushing -

144.27 
Concrete 
Crushing -

- - 5.88 
- - 5.84 

99.60 
Concrete 
Crushing -

96.42 
Concrete 
Crushing -

- - 3.60 
- - 3.38 
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Figure 3. 29 Beams D-1 through D-4 short-term tests results (early age) 
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Figure 3.30 Beams E-1 through E-4 short-term test results (!,ate age) 
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Figure 3.31 Beams F-1 through F-4 short term tests results (early age) 

3.5.4 Crack Widths and Spacing 

During the short-term tests, the beruns were inspected for cracks at each 5 kN load step 

until the yield point of the steel was reached. Every crack appearing within the middle 

third of the beatn span was recorded and the width was measured with a crack width 

comparator gauge. Crack widths were measured on one side face at the bottom of the 

beatn. Although cracks were apparent throughout the span of the beatn, measurements 

were only recorded within the middle third region (see Figures 3.32 and 3.33) where the 

moment was constant with no shear force. 
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Figure 3.32 Crack widths marked 
on beam 

Figure 3. 33 Crack widths within the 
middle third 

Crack width measurements continued to be taken during the sustained (long-term) load 

tests. The beams were routinely inspected for new cracks, and crack width growth 

during the period of sustained loading. Average crack widths and spacmg are 

summarized in Tables 3.7 and 3.8. Full results are provided in Appendix C. 

Beams D-1 and D-2 exhibited an average crack spacing that was different than beams 

D-3 and D-4 (refer to Table 3.7), even though all four beams were poured from the same 

batch of concrete and tested at an early age. At the preload level for beams D-3 and D-4, 

only 4 to 5 cracks were visible; while 6 to 8 cracks were visible for beams D-1 and D-2 

at about the same load level. Because cracks were only measured on one side face at the 

bottom of the beam, it is possible that other cracks existed but were not visible in the 

area where cracks were inspected. However, within 6 days from the start of the 

sustained load tests, the average crack spacing for beams D-3 and D-4 reduced to 143.1 

mm, which is closer to the crack spacing observed for beams D-1 and D-2 (refer to 

Table 3.8). 
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It is evident that because of the effects of shrinkage, on average the late age tested 

beams (E-1 through E-4) exhibited more cracking than the early age tested beams (D-1 

through D-4). When more cracks are present, the average crack spacing (savg) is 

reduced. If the load remains unchanged, the corresponding average crack widths (Wavg) 

should also be smaller (according to the relationship: Wavg = SavgEct (Collins and 

Mitchell 1991)). However, even though the spacing of cracks was reduced, the late age 

tested beams exhibited slightly larger average crack widths than the early age tested 

beams. In this case the expected reduction in crack width, because of the reduced crack 

spacing, is probably offset by an increase in crack widths from shrinkage. 

Beam F-2 (transverse bars placed below the longitudinal steel at 150 mm center to 

center) had an average crack width of 147.0 mm at the load level prior to the steel 

yielding. For this beam, cracks developed at the location of the transverse bars which 

induced cracks to form from stress concentrations. This is similar to the findings from 

Adebar (2012). Beam F-1 (transverse bars placed above the longitudinal steel at 150 mm 

center to center) exhibited cracks at a spacing of 91 mm just prior to the yield point for 

the steel. In this case placing the transverse steel on top of the longitudinal steel did not 

cause cracks to form at the location of the transverse bars. 
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Table 3. 7 Average crack width and spacing from short-term tests 

At Service Loadl 
At Load Prior to Yield 

Point$ 
Beam Pat Wavg# Pat Wavg# Savg Savg 

(kN) (mm) (mm) (kN) (mm) (mm) 

D-1 and D-2 27.5 
0.16 146.1 37.5 

0.23 
146.1 

(0.20) (0.30) 

D-3 and D-4 25.4 
0.16 

227.0 
(0.20) 

E-1 and E-2 27.5 
0.19 

112.0 37.5 
0.23 

99.3 
(0.28) (0.30) 

E-3 and E-4 25.5 
0.16 

105.4 
(0.20) 

*F-1 27.5 
0.19 

128.6 37.5 
0.21 

91.0 
(0.25) (0.33) 

*F-2 27.5 
0.30 147.0 32.5 

0.31 
147.0 

(0.33) (0.33) 

F-3 and F-4 25.5 
0.18 148.5 

(0.20) 
t Pa includes the self-weight and the applied load from MTS 
*Beam F-2 was not inspected for cracks at an applied load of 3 7 .5 kN because 
the steel had yielded at this point. Therefore average crack width and spacing 
was not reported for beams F-1 and F-2 together 
tThe beams tested to failure were not inspected for cracks at a service load of 
25.4 kN. The crack information reported for the service load, corresponds to a 
load of 27.5 kN 
$"At Load Prior to Yield Point" refers to the last time the beams were 
inspected for cracks prior to the steel yielding. 
#The maximum crack width is reported in brackets 

From reviewing Table 3.8, it is apparent that the crack widths increased and crack 

spacing decreased ( except for beams F-3 and F-4 where the crack spacing did not 

change) during the sustained load tests for all the early age tested beams (D-3 and D-4, 

D-5 and D-6). A decrease in crack spacing should result in a decrease in crack widths; 

however the additional effect of shrinkage increased crack widths. This demonstrates the 

effects that shrinkage has on cracking in flexural members. The average crack width and 

spacing for beams E-3 and E-4 (tested at a late age) did not change during the long-term 

tests. Full crack results are provided in Appendix C. 
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Table 3.8 Average crack width and spacing.from the long-term tests 

Lon2-Term Tests 

Psustained 
Initial 

Wavgt 
Final 

Wavgt 
Beam Duration 

Savg Duration 
Savg 

(kN) (days) I (mm) (mm) (days)* 
(mm) (mm) 

D-3 and D-4 15.30 6 
0.16 

143.1 295 
0.19 

111.4 
(0.18) (0.28) 

D-5 and D-6 15.40 0.5 
0.15 

139.2 294 
0.20 

129.5 
(0.15) (0.25) 

E-3 and E-4 
15.41 14 

0.17 
105.4 125 

0.16 
105.4 

(late age) (0.20) (0.20) 

F-3 and F-4 15.48 7 
0.18 

137.7 217 
0.23 

137.7 
(0.23) (0.30) 

t Maximum crack width is recorded in brackets 
tinitial Duration: this is the duration of time that the beams were under the sustained load 

the first time the crack widths and spacing were measured 
* Final Duration: this is the duration of time that the beams were under the sustained load 

the last time the crack widths and spacing were measured 

3.5.5 Long-Term Tests 

For the beams that were preloaded, after each short-term test was completed the beam 

was moved to another area in the Structures Lab to perform the long-term tests under a 

sustained load. The beams were loaded in pairs so that the beams from each set (D-3 and 

D-4, D-5 and D-6, E-3 and E-4, and F-3 and F-4) were arranged next to each other on 

support blocks that were set 3 m apart. At this point, a 50 mm dial gauge (used to 

measure deflection) was positioned underneath each beam so that the initial reading on 

the dial gauge, prior to the start of the long-term test, could be read. 

Steel spreader beams, weighing approximately 49.6 kg each, were then set on top of the 

beams to again simulate third point loading (see Figures 3.34 to 3.37). Concrete blocks, 

each weighing approximately 210 kg, were placed on top of the spreader beams. The 
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concrete blocks were placed in three rows of four blocks. Wood strips were inserted 

between each layer of blocks to stabilize the stack of weights. A sustained load of 15 kN 

was selected to be equivalent to the dead load portion of the service load applied during 

the short-term tests, which is approximately 2/3 of the service load applied in the short

term tests (for an assumed dead to live load ratio of 2:1). 

Figure 3.38 shows a typical beam response detailing both the short-term response 

followed by the long-term test response. The response is offset by the load and 

deflection corresponding to the member self-weight. This could not be directly 

measured and was calculated using the procedure discussed in Section 4.3 .1. During the 

short-term tests each beam was preloaded to a service load equal to approximately 2/3 of 

the nominal moment capacity (shown in Figure 3.38 as Pservice), Each beam was then 

unloaded as shown in Figure 3.38. Once the beam deflection had stabilized, the residual 

deflection (from the preload) was measured. This residual deflection (L1residua!) can be 

attributed to shrinkage restraint deflection and to the cracks not fully closing. 
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Figure 3.34 Beams D-5 and D-6 set up for 
long-term testing 

Figure 3. 3 6 Long-term test set up showing 
the ends 

Figure 3.35 Beams D-3 and D-4 set up for 
long-term testing 

Figure 3. 3 7 Long-term test set up showing 
the sides 

The beam was then moved to the long-term test set up where it was loaded with concrete 

blocks. Dial gauge measurements were taken before and immediately after surcharge 

loading was added to the beam. The increase in deflection caused by the concrete blocks 

(and the spreader beam) is defined as the surcharge deflection from the sustained load 

(this corresponds to the points denoted as P surcharge and L1surcharge ). Therefore the 

instantaneous deflection at the start of the long-term tests (L'L ,sus in Equation 2.17), is the 

sum of the deflection from the member self-weight, residual deflection and the 

surcharge (therefore: L1i,sus = L1 self+ L1residual + L1surcharge). Any deflection occurring after the 
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surcharge was added is defined as the long-term deflection (denoted as L11ong-term). Finally 

the total deflection is the sum of the instantaneous deflection and the long-term 

deflection (L1total = L1;,sus + L11ong-term), Dial gauge readings were taken periodically over the 

past year (and are continuing indefinitely). In addition, the beams were inspected for 

new cracks and the widths of existing cracks were monitored over the last year ( and are 

continuing indefinitely). 
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Figure 3. 38 Short and long-term load deflection response 
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3.5.6 Long-Term Tests Results 

Table 3.9 provides a summary of the loads and deflections found from each stage of the 

long-term testing. 

Beam 

D-3 
D-4 
D-5 
D-6 
F-3 
F-4 
E-3 
E-4 

-14 
E 
E 12 -C 
0 10 
+-' u 
QJ 8 ~ 
QJ 
Cl 6 
E 
I... 

~ 4 
I 

bO 
2 C 

0 
.....J 

0 
0 

Table 3.9 Summary of long-term test results 

Pse1r Asel( A residual PsurchaTl!e A surchaTl!e Psustained A;,sus 

(kN) (mm) (mm) (kN) (mm) (kN) (mm) 

2.43 0.41 3.39 12.89 5.77 15.32 9.57 
2.44 0.39 3.38 12.89 5.87 15.33 9.64 
2.44 0.41 - 12.96 7.04 15.40 7.45 
2.43 0.42 - 12.96 7.52 15.39 7.93 
2.46 0.38 3.21 13.01 3.06 15.47 9.55 
2.46 0.36 3.02 13.01 2.79 15.48 9.18 
2.38 0.42 5.46 13.04 5.36 15.41 12.02 
2.37 0.42 5.42 13.04 5.30 15.41 12.35 

Beam D-5 and D-6 
( early age no preload) ~ 

Beam F-3 and F-4 
( early age with preload 
and transverse steel) 

-·· 

Beam D-3 and D-4 
( early age with preload) 

Beam E-3 and E-4 
(late age with preload) 

i -··-··-··-··--,,,,... 

100 200 300 

Time Since Casting {days) 

Figure 3.39 Average long-term deflection versus time for each beam pair 
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Long-term deflection is plotted in Figure 3.39 to show how much long-term deflection 

has taken place in each specimen after the application of the sustained load. This 

increase in deflection is attributed to both shrinkage and creep. Beams D-3 through D-6 

and F-1 through F-4 (which were all tested at an early age) show significantly more 

long-term deflection than the beams tested at a late age (beams E-3 and E-4). This is 

because beams tested at a late age will have undergone a substantial amount of 

shrinkage prior to starting the long-term test. This means that the long-term deflection 

from shrinkage is significantly less for beams tested at a late age than for beams tested at 

an early age. In addition, drying prior to loading will significantly reduce the effects of 

creep prior to initial loading (ACI 2005). Figure 4.20 plots the effects of age at initial 

loading on the creep coefficient. This figure shows that the creep coefficient for the late 

age tested concrete is significantly less than for the early age tested concrete. Beams D-5 

and D-6 (early age no preload) show more long-term deflection than the early age beams 

that did receive a preload (beams D-3 and D-4 ). 
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Figure 3. 40 Average total deflection versus time for each beam pair 
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Figure 3.40 shows the total deflection (short plus long-term deflection) that has taken 

place in each specimen over time. Again the increase in deflection ( after the initial load 

was applied) can be attributed to shrinkage and creep. From inspection of Figure 3.40, it 

is evident that specimens tested at a late age (beams E-3 and E-4) exhibit more 

deflection upon initial loading but considerably less long-term deflection than· beams 

tested at an early age. This is because a significant amount of shrinkage has occurred 

prior to the start of the long-term tests, causing an increase in deflection at initial loading 

( due to cracking, a reduction in stiffness, and an offset in the lcr response relative to the 

11 response). Since a significant amount of shrinkage had taken place prior to the start of 
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the long-term tests, long-term deflection due to shrinkage effects will be significantly 

less. In addition, as was previously mentioned, concrete tested at a late age experiences 

creep to a lesser extent than concrete tested at an early age (ACI 2005). The beams that 

were tested at an early age without receiving a preload (beams D-5 and D-6) show less 

immediate deflection but exhibit a similar amount of total deflection compared to the 

beams that did receive a preload (beams D-3 and D-4, and F-3 and F-4). 
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4 Analysis and Discussion 

4.1 Introduction 

Test results are analyzed and discussed in this chapter as follows: 

• Overview of the test results from Chapter 3. 

• Procedures used to determine the material properties required for analysis. 

• Comparison between the predicted short-term member response and the 

experimental results. 

• Method for determining the residual deflection after the short-term load has been 

removed from a flexural member. 

• Comparison of experimental residual deflection (from each short-term test) to 

the predicted residual deflection. 

• Long-term deflection multipliers obtained from the long-term tests are discussed 

and compared to the long-term deflection multipliers from CSA A23.3-04 and 

Yu and Winter (1960). 

• Rational method for predicting the long-term deflection of beams is explored, 

and the predicted results are compared to the experimental long-term deflection 

values. 

4.2 Discussion of Test Results 

Figure 4.1 shows the full load deflection response of the beams tested to failure (D-1, D-

2, E-1, E-2, F-1, and F-2). It is evident that beams D-1, D-2, E-1, and E-2 yield at 
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approximately the same load (41 kN). As noted in Section 3.4.2, the distribution of yield 

strengths for the reinforcing bars indicated that the steel provided came from two 

different batches (with average yield strengths of 430.0 MPa and 467.0 MPa). As a 

result, the yield point for each beam varied slightly depending on the strength of 

reinforcement used in the beam. 

Beams F-1 through F-4 were poured from the second batch of concrete, 4 months after 

the other beams (D-1 to D-4 and E-1 to E-4) were cast. It is evident from Figures 4.1 

and 4.2 that the members from the second concrete batch (with the exception of F-2) 

cracked at a higher load and exhibited a stiffer response after cracking than the beams 

cast from the first concrete batch. For example, the post-cracked stiffness of member F

l (with transverse reinforcement) was stiffer than the other members tested to failure 

(Figure 4.1 ). This was evident because of the higher tensile strength of concrete 

exhibited by the second batch of concrete (Table 3.3). Reducing the effective depth of 

the reinforcement in beam F-2 (from placement of the transverse steel below the 

longitudinal steel) decreased the stiffness after cracking (resulting in more deflection) 

and lowered the yield point, as expected. 
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Figure 4.1 Full load deflection response for beams tested to failure (cyclic loading was 
removed from the graph for clarity) 

Figure 4.2 shows the load deflection response of the preloaded members (D-3, D-4, E-3, 

E-4, F-3, and F-4). The members tested at a late age (E-3 and E-4) cracked at a 

significantly lower load than those tested at an early age (D-3, D-4, F-3, and F-4) and 

exhibited a much softer response after cracking. The lower cracking load and reduced 

stiffness occurred despite the late age concrete having a higher strength. This 

demonstrates the effect of shrinkage restraint on the load deflection response. Notice 

how the late age members (E-3 and E-4) exhibited significantly more residual deflection 

after unloading than those tested at an early age (D-3, D-4, F-3, and F-4). Once again, 

this difference is attributed mainly to the effects of shrinkage prior to initial loading. 
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Figure 4.2 Full load deflection response for preloaded beams 

Table 4.1 summarizes the calculated and experimental cracking loads, yield point, and 

ultimate load for the short-term tests. The calculated cracking loads compared 

reasonably well with the experimental results, except for the late age tests which cracked 

much earlier because of tensile stresses that developed from shrinkage restraint. The 

effect of shrinkage restraint is apparent from inspection of the calculated and 

experimental cracking loads for beams E-1 through E-4. The calculated yield points for 

each member were slightly lower than the experimental value. The measured yield 

strength of the steel reinforcement was used to compute the ultimate load at failure, 

since the members are under-reinforced (meaning that strength is governed by the 

tensile force in the reinforcement). The ultimate failure load observed in the tests was 

higher than the predicted value because of strain hardening in the reinforcement (giving 

a higher tensile force in the reinforcement). Results in Table 4.1 also give the computed 
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value of bar stress at ultimate, based on the measured failure load and values assumed 

for the equivalent rectangular stress block factors used in the strength calculations. 

Table 4.1 Experimental and calculated loads for each short-term test 

Pcr,cmcl Pcr,exp ** Py,cmc$ Py,exp Pu,ca/,c Pu,exp /b,u,exp# 
Beam (kN) (kN) (kN) (kN) (kN) (kN) (MPa) 
D-1 9.49 8.68 41.90 41.94* 42.93 51.07* 557.17 
D-2 9.53 8.55 38.44 40.56 39.67 45.69 494.47 
D-3 9.49 9.10 40.22 - - - -
D-4 9.52 8.92 40.33 - - - -
E-1 10.22 6.07 38.56 41.03 40.23 50.49 548.53 
E-2 10.23 6.26 40.12 42.40 41.74 50.84 547.73 
E-3 10.21 5.66 39.70 - - - -
E-4 10.18 6.09 38.31 - - - -
F-1 10.67 9.35 43.11 44.26 44.65 50.77 529.04 

F-2t 10.30 8.32 35.89 36.87 37.13 43.36 522.26 

F-3 10.50 10.12 41.63 - - - -
F-4 10.61 10.59 41.45 - - - -

* For beam D-1, MTS hydraulic pump failed just as steel was about to yield. Beam 
was not tested to failure until the following week 
** Per.exp using Option 2 (see Section 4.3.4) 
t Beam F-2 had a smaller effective depth than the other beams; thus yielded and 
failed at lower loads (as expected) 
t Pcr,calc was computed using the rupture stress formula provided in A23.3-04 ifr = 
.6.fi!). Stress from shrinkage restraint not considered in this calculation 

$ Py,catc is based on the average measured yield strength of the steel reinforcement 
used for each beam 
# fi,u,exp calculated using the measured ultimate load Pu.exp and rectangular stress 
block factors 

4.3 Analysis Procedure 

4.3.1 Response Offset to Account for Self-Weight 

The measured member response is offset (as shown in Figure 4.3) to account for the 

self-weight of the member. The typical nominal offset for the member self-weight is 2.4 

kN for load (Pse/f), and 0.40 mm for deflection (Aself). Every load versus deflection graph 

presented in this thesis is offset to account for the member self-weight. The equivalent 
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self-weight load ranged anywhere from 23% to 42% of the observed cracking load 

(Option 2 as discussed in Section 4.3.4). 

Since third point loading is applied to each specimen, the self-weight (which is a 

distributed load) is converted into an equivalent point load · ( acting in third point 

loading). This was done by setting the midspan deflection for the distributed load from 

the member self-weight equal to the deflection at midspan from third point loading (as 

shown in Equation 4.1 ). This gives Equation 4.2 for computing Pself 

where: 

Wself = 

b = 

h = 

As = 

Yconcrete = 

Ystee/ = 

L = 

Ee = 

It = 

Pself = 

135 

23 PselfL3 

1296 Helt 

Pself = 184 Wself L 

(bh -As)Yeonerete + AsYsteel 

member width 
member height 
area of steel 
dry density of concrete (see Appendix A) 
density of steel (taken as 7800 kg/m3) 

span length 
elastic modulus of concrete 
transformed moment of inertia of uncracked section 
equivalent load for member self-weight 
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Figure 4.3 Offset from member self-weight 

4.3.2 Modulus of Elasticity of Concrete 

The concrete elastic modulus for each beam was calculated using the uncracked slope of 

the short-term test. This back calculated value compares well to values determined from 

the cylinder material property tests and from the equation provided by CSA A23.3-04 

(Ee= (3300.Jll + 6900)(
2

;
00

) 1·5). Results are summarized in Table 4.2, and details 

for computing the back calculated value of the elastic modulus are provided in 

Appendix E. Analysis of results in this thesis are based on the average value of the back 

calculated modulus of elasticity of concrete. 
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Table 4.2 Elastic modulus of concrete from beam tests, cylinders, and CSA A23.3-04 

Beam Group 
Concrete 

Ee,avg (test) Ee (cylinder) Ee (code)t 
Batch 

D 1 30060 30517 29370 
E 1 29243 29735 30047 
F 2 31612 30740 30969 

tEc = (3300.fi! + 6900)(
2

;
00

)
1

·
5 

4.3.3 Shrinkage 

Shrinkage affects the short-term monotonic tests by decreasing the cracking load and 

causing a corresponding reduction in stiffness after cracking ( as discussed in Section 

2.4.4). Failing to account for shrinkage when predicting the instantaneous member 

response can result in underestimating deflection. Shrinkage reduces the member 

cracking load by introducing tensile stresses in the concrete that arise from restraint to 

shrinkage provided by the reinforcement. As a result it is important to determine the 

amount of shrinkage that has taken place in each specimen at the time of testing. 

Two methods are used to determine the shrinkage that has taken place in each specimen 

at the time of initial loading (short-term tests). One approach measures shrinkage from 

the shrinkage prisms at the time of testing, while the other approach back calculates 

shrinkage values using the observed cracking load P cr,exp and measured rupture modulus 

fr.prism based on the procedure outlined in Appendix E. 

Comparison of the back calculated shrinkage values with the shrinkage prism values 

shows that the latter (shrinkage prisms) gives a better, more consistent, representation of 

the test data (see Table 4.3). For example, beam F-2 cracked at a load much lower than 

86 



expected. This meant the back calculated shrinkage (found using Equation 2.2) was 

unrealistically high. Beam F-2 was believed to have cracked prematurely due to stress 

concentrations present from placing the transverse reinforcement below the longitudinal 

reinforcement. In other cases (for beams F-1 through F-4), the measured value of the 

concrete rupture modulus fr was too high (Table 4.4), giving a residual stress ifres = 

fr - fre) that is overestimated and results in shrinkage strains that are not realistic for 

this group of beams. Hence, analysis of the member response in this thesis uses 

shrinkage strains from the shrinkage prisms. 

Darabi (2011) performed a parametric study on the creep coefficient used in back 

calculating shrinkage values from the beam tests. Darabi found that a 20% change in the 

creep coefficient caused (at most) a 5% change in the back calculated shrinkage value. 

Therefore changes in the creep coefficient do not significantly affect the back calculated 

value of shrinkage strain. 
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Table 4.3 Shrinkage values considered for analysis of flexural members 

Average Back 
Average 

Age at 
Shrinkage 

Shrinkage Calculated 
Back 

Concrete Strain Calculated 
Beam 

Batch 
Testing 

(Prisms) 
Strain Shrinkage 

Shrinkage 
(Prisms) Straint Straint 

(Days) (J.1&) (J.1&) (J.1&) (J.1&) 

D-1 10 -3 25 
D-2 1 

13 24 7 
41 15 

D-3 11 3 -12 
D-4 11 3 7 
E-1 178 816 809 
E-2 1 

185 816 816 790 813 
E-3 179 816 849 
E-4 180 816 805 
F-1 12 29 285 
F-2* 2 

14 38 27 
431 221 

F-3 12 29 205 
F-4 13 12 172 

*Beam F-2 was not used in calculating the average shrinkage for the back calculated 
method 
tUsing the cracking load Per.exp from Option 2 (see Section 4.3.4) 

4.3.4 Selection of Cracking Load (Pcrack) 

Choosing an appropriate cracking load has a significant impact on predicting immediate 

deflection for the short-term tests. In addition the choice of cracking load can lead to 

different conclusions as to which model (for the effective moment of inertia) best fits the 

experimental results. 

Three options have been considered in determining the cracking load for this analysis. 

Option 1 is the cracking load corresponding to the intersection of the uncracked (/1) 

cross-section response and a line of best fit for the initial part of the post cracking 

response (see Figure 4.4). Option 2 is the load at which the beam response begins to 
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deviate from the uncracked (It) response, and Option 3 is the calculated value of the 

cracking load for each beam based on the measured rupture modulus and taking into 

account the residual stress that results from shrinkage restraint (based on the shrinkage 

prism values). These three options are identified in Figure 4.4. 
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Figure 4. 4 Comparison of cracking load options (beam F-3) 

8 

Table 4.4 tabulates the rupture modulus values (/r) obtained from: (1) the beam tests 

using the Option 2 cracking load (Pcr,exp) to get the effective rupture modulus (/re) and 

then accounting for the shrinkage restraint stress (/res) using the measured shrinkage 

strain from the shrinkage prisms, (2) flexure prism tests, and (3) the design expression 

for/r provided by CSA A23.3-04. The rupture modulus from the flexure prism tests was 

found to be unrealistically high for beams F-1 through F-4 (tested at an early age with 

transverse steel) when compared to the back calculated value from the beam tests. This 
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is the reason why the back calculated values of shrinkage strain are too high for this set 

of beams (see Table 4.3). The rupture modulus for beams E-1 to E-4 (tested at a late

age) also appeared to be too high, although values from the flexure prism tests were 

comparable to the back calculated value from the observed cracking load of these 

beams. Figure 4.4 shows the load deflection response of beam F-3. For this beam, the 

calculated cracking load ( Option 3) is above the point where the load deflection 

response begins to deviate from the uncracked response (mainly because the rupture 

stress was relatively high and no significant amount of shrinkage had taken place). 

Hence, using the theoretical cracking point (Option 3) is not realistic for this set of 

beams and was not considered in order to be consistent for all beams. 

Table 4.4 Rupture modulus from the beam tests,flexure prisms and CSA A23.3-04 

Beam 

D-1 to D-4 
0.56 fd 0.57 fd 

3.74 

5.43 5.42 
E-1 to E-4 

0.81 fd 0.81 fd 
4.02 

3.95 4.80 
F-1 to F-4 

0.59 fd 0.71 fd 
4.04 

*Jr (beam) is the effective rupture stress of concrete (fre) from the beam tests but 
corrected for the effects of shrinkage restraint stress ifres) according to: fr = fre -

fres 
$Uses Pcrack from Option 2 

**CSA A23.3-04 calculates the rupture modulus using: fr = 0.60.[f! 

Table 4.5 summarizes the cracking loads for each option discussed, together with the 

computed value of rupture modulus for each cracking load option. In order to 

differentiate between the two remaining cracking load options (1 and 2) the predicted 
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beam response after cracking ( considering the effects of shrinkage as discussed in 

Section 2.4.4) was plotted against the experimental results. Three expressions were 

considered for the effective moment of inertia (used to compute the member response): 

Bischoff s Equation (Equation 2.11 ), Bischoff s Equation integrated for curvature 

(Equation 2.12), and Branson' s Equation (Equation 2.10). Figure 4.5 shows the three 

predicted responses plotted against the actual load deflection response of beam E-3. The 

cracking load in Figure 4.5 was taken as the intersection of the uncracked (/1) cross

section and the initial slope of the post cracking cross-section response (Option 1). 

Bischoff s Equation provides the best fit for the experimental data using this cracking 

load, while Branson's Equation underestimates deflection. Bischoffs Equation 

integrated for curvature also slightly underestimates deflection, but not to the same 

extent as Branson's Equation. 

Figure 4.6 shows the same member response but computed with the cracking load using 

Option 2. Branson's Equation best fits the experimental data using this option, while 

Bischoff s Equation integrated for curvature also gives a reasonable prediction of the 

experimental data. Bischoff s Equation overestimates the experimental deflection ( as 

expected). In order to be consistent for all tests, it was decided to use Option 2. 
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Table 4.5 Options for cracking load and stress at cracking 

Age at Experimental ( option 1) Experimental ( option 2) 
Material Properties 

(option 3) 
Beam 

Concrete Testing 
P cr,theoretic Batch (Days) Pcr,exp /re,beam /,,beam Pcr,exp /re,beam /,,beam /,,prism 

al 

(days) (kN) (MPa) (MPa) (kN) (MPa) (MPa) (MPa) (kN) 
D-1 10 9.16 3.61 3.59 8.68 3.42 3.40 9.00 
D-2 

1 13 9.59 3.76 3.86 8.55 3.35 3.45 
3.53 

8.74 
D-3 11 9.79 3.86 3.87 9.10 3.58 3.60 8.93 
D-4 11 9.59 3.76 3.78 8.92 3.50 3.51 8.96 

Average: 9.53 3.75 3.78 8.81 3.46 3.49 - 8.91 
E-1 178 8.83 3.48 6.53 6.07 2.39 5.44 6.00 
E-2 

1 
185 8.65 3.40 6.45 6.26 2.46 5.52 

5.42 
6.01 

E-3 179 8.23 3.24 6.31 5.66 2.23 5.29 5.97 
E-4 180 8.18 3.23 6.29 6.09 2.40 5.46 5.97 

Average: 8.47 3.34 6.40 6.02 2.37 5.43 - 5.99 
F-1 12 10.70 4.05 4.17 9.35 3.54 3.66 12.35 

F-2* 
2 

14 8.72 3.42 3.52 8.32 3.26 3.36 
4.8 

11.99 
F-3 12 10.38 4.00 4.12 10.12 3.90 4.02 12.15 
F-4 13 10.59 4.04 4.16 10.59 4.04 4.16 12.28 

Average: 10.56 4.03 4.15 10.02 3.83 3.95 - 12.19 
*Beam F-2 was not used to compute the average P crack from option 1 or 2, because it was believed to have cracked prematurely 
- /re.beam is back-calculated from Per.exp without considering shrinkage restraint 
- /,,beam is back-calculated from Per.exp and accounts for shrinkage restraint 
- p cr,theoretica/ accounts for shrinkage restraint 



4.4 Comparison with Experimental Response (Short-Term) 

Table 4.6 provides details for the predicted member response usmg the different 

approaches considered for calculating the effective moment of inertia (le), All 

approaches use the experimental value of the cracking load (Option 2) to compute le, 

and the results are compared to the measured deflection for a predefined service load of 

25 kN. Figure 4.7 shows a typical member response using Branson's, Bischoffs and 

Bischoff s (integrated for curvature) Equations. 

From Table 4.6 it is apparent that both Branson's and Bischoffs Equation (when 

corrected for stiffness by integrating curvature) provide good estimates of deflection. In 

general, Bischoffs Equation (without integration) overestimates deflection as expected. 

Failing to account for shrinkage in beams E-1 through E-4 (tested at a late age) results in 

deflection predications that underestimate the actual deflection ( even though shrinkage 

is partly taken into account by using the experimental cracking load). Using a higher 

predicted value of the cracking load (when shrinkage is ignored) would cause deflection 

to be underestimated to an even greater extent. For beams tested at an early age (D-1 

through D-4, and F-1 through F-4 ), correcting for shrinkage does not have a significant 

effect on deflection since minimal shrinkage has occurred prior to testing these 

members. 

Branson's Equation (when adjusted for the effects of shrinkage) provides the closest 

estimate of deflection for the level of service load considered. All tested beams have a 

reinforcement ratio of approximately 1.1 % that gives an !,lier ratio of approximately 3.8 
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(except for beam F-2). Since Branson's Equation was calibrated for beams with these 

specifications it is not surprising that Branson's Equation provides a good estimate of 

deflection. Bischoff s Equation ( when adjusted for the effects of shrinkage and stiffness) 

provides estimates of deflection which are also very close to the experimental 

deflection. This equation is rationally based and works well for flexural members of all 

sizes and types. 

Comparison of the predicted member response with the measured value depends on the 

level of load and value of the cracking load used to compute le, Overestimating the 

cracking load gives a response that is too stiff, resulting in deflection being 

underestimated. The greater the level of service load compared to the cracking load, the 

closer le is to fer, For the beams and level of service load considered in this thesis (giving 

Peraek !Pa= 0.35), the effective moment of inertia was only 10% greater than fer, Despite 

there being little difference between the different approaches considered at the assumed 

level of service load ( equal to 25 k:N), there was a greater difference at lower loads 

closer to the cracking value (see Figure 4. 7). 
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Table 4. 6 Short-term predicted and experimental member response 

Age at 
No Correction Corrected for shrinka2e 

Concrete Load Actual Bischoffs Bischoffs 
Beam 

Batch 
Testing Branson's 

int 
Branson's 

int 
Bischofrs 

(Days) (kN) (mm) (mm) (mm) (mm) (mm) (mm) 
D-1 10 14.3 14.2 13.8 14.2 13.8 14.5 
D-2 

1 
13 

25.0 
14.3 14.3 13.9 14.3 13.9 14.6 

D-3 11 13.9 13.9 13.5 13.9 13.5 14.2 
D-4 11 13.9 14.0 13.7 14.1 13.7 14.3 

Avg. 11 14.1 
14.1 13.7 14.1 13.7 14.4 
(0%) (-2.8%) (0%) (-2.8%) (2.1%) 

E-1 178 15.7 15.5 15 16 16.1 17.7 
E-2 

1 
185 

25.0 
15.0 15.4 14.6 15.8 16 17.6 

E-3 179 16.0 15.5 15.1 16.2 16.3 17.8 
E-4 180 15.7 15.6 15.1 16 16.2 17.8 

Avg. 181 15.6 
15.5 15.0 16.0 16.1 17.7 

(-0.6%) (-3.9%) (2.6%) (3.2%) (13.5%) 
F-1 12 12.3 12.7 12.5 12.7 12.5 13.2 
F-2 

2 
14 

25.0 
17.0 16.9 17.3 17.2 17.3 18.2 

F-3 12 12.9 12.6 12.5 12.6 12.5 13.3 
F-4 13 11.7 12.1 12 12.1 12 12.8 

Avg. 13 13.5 
13.6 13.5 13.7 13.6 14.4 

(0.7%) (0%) (1.5%) (0.7%) (6.7%) 

*Negative(-)% differences imply that deflection is underestimated (i.e. fl.predicted~ fl.experimental) 
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Figure 4. 7 Predicted and experimental response for an early age beam (D-3) 

4.4.1 Effect of Creep on Short-Term Member Response 

Creep will relax the effects of tensile stress that develops from restraint to shrinkage 

(prior to initial loading), which results in slightly less deflection than if creep were 

ignored. Because creep was not measured, the creep coefficient used in correcting for 

the effects of shrinkage prior to loading in the short-term tests was estimated using the 

simplified method of calculating the creep coefficient provided by Collins and Mitchell 

(1991) (details on this equation can be found in Appendix F). A parametric study was 

carried out to determine the effect of the creep coefficient on the predicted short-term 

member response. Creep coefficients ranging between 1.5 and 3.0 were considered for 

beam E-1, using Bischoff s Equation (integrated for curvature) to determine deflection 

at a service load level of 25.0 kN. Changing the creep coefficient from 1.5 to 3.0 

resulted in a change in the predicted deflection by 0.29% (from 16.15 mm to 16.10 mm). 
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Thus for this analysis, the effect of the creep coefficient does not have a significant 

effect on the predicted short-term test results. 

4.5 Residual Deflection 

4.5.1 Residual Deformation after Unloading 

As discussed in Section 2.4.1.2, the unloading response of an axial tension member 

should return to the origin (as shown in Figure 4.8) provided there is no shrinkage and 

the cracks close up completely when the load is removed. When considering shrinkage, 

the unloading response will return to an idealized origin (point D) that accounts for the 

effects of shrinkage on the member response. This causes a residual deflection that is 

offset from the uncracked member deflection at zero load. A realistic axial response that 

incorporates shrinkage (including the unloading response line) is determined by 

including shrinkage in the compatibility equation together with the effects of tension 

stiffening in the equilibrium equation. The unloading response of a flexural member 

should also return theoretically to an idealized origin that results in some residual 

deflection, given that the moment-curvature response is analogous to the load-strain 

response of an axial member. 
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Figure 4. 8 Axial load versus strain showing the unloading line returning to the origin 

A section analysis based on a tension chord model (Marti et al. 1998) is used to validate 

our assumption that an unloading line for flexural members will behave in a manner 

similar to axial members. That is, the unloading response returns to an idealized origin 

( corresponding to no shrinkage) that results in a residual deflection at zero load. 

Analysis of both the loading and unloading response of the tension chord model is based 

on the principles of strain compatibility and equilibrium, where the equilibrium equation 

is set up to account for tension stiffening and shrinkage (through compatibility between 

the concrete and steel). 

99 



C 

h 

b 

d 

Tension Chord 

Ec,top 

I< )I 
Ect,t Esh 

I 
I 

I 

I 
I 

I 

. -· -· - . -. - · . - ·- . -/- . - ·-. - . - . - ·-· - . - . - . 

I 

Ecf,steel 

I 

I 
I 

I 

f s= EsEsteel 

fc=~t (loading) 
fc=E'cEcf,steel (unloading) 

Figure 4. 9 Stress and strain diagram for tension chord model 

Tension stiffening of the tension chord is taken into account by characterizing the tensile 

behaviour of the cracked concrete surrounding the tension reinforcement. The effective 

area of the tension chord is defined by a thickness equal to twice the effective cover des 

between the steel and tension face of the member (Figure 4.9). The average tensile stress 

carried by the cracked concrete (for a given strain in the reinforcement) is then set equal 

to /3/cr with the /3 term defined by Equation 2.9. /3 depends on the tensile strain &cf.steel of 

the concrete at the level of the reinforcement. /3 was calibrated (by alternating values of 

a in Equation 2.9) until the predicted loading response of the member closely matched 

the response found using the effective moment of inertia (Equation 2.11 ). 

When the member is unloaded, the concrete is assumed to have an elastic modulus in 

tension E'c corresponding to the value at the service load where unloading begins (that 
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is, at the preload level). This is defined by the tensile stress of the concrete Pier in the 

tension chord at the preload level, divided by the corresponding strain &cf.steel in the 

concrete at the level of the reinforcing steel (see inset of Figure 4.8). 

Equating the compressive force in the concrete compressive chord (Cc) with the tensile 

force in the tension chord (Ts+ Tc) gives the following expression for the neutral axis 

depth (c) (Equation 4.3). This expression is valid for loading (Equation 4.3a) and 

unloading (Equation 4.3b) at a specified strain &cf,t in the concrete at the compressive 

face and an assumed value of shrinkage strain &sh- The section forces (Cc, Ts and Tc), 

moment (M) and corresponding curvature ( ¢) are then computed once the neutral axis 

depth is determined for a given compressive strain &cf.t· This process is repeated for 

different values of compressive strain (ec1,1) to obtain either the loading or unloading 

response. The curvature can also be determined for a given value of moment using an 

iterative procedure (where &cf,t is varied until the correct moment is obtained). 

C 

a-

C 
-= 
d 

where: 

&sh 

Ecj,t 

[ ( 
Esh) Ecr dcs]

2 
[ ( Esh) Ecr des] np 1+- -2P-- +2np- np 1+- -2P--

Ecf,t Ecf,t d Ecf,t Ecf,t d 
4.3 a 

[ ( Esh ) E; (des)] 2 

( E; (des)) [ ( Esh ) E; (des)] np 1+- +-2 - +2 np+-2 - - np 1+- +-2 -
Eef,t Ee d Ee d Eef,t Ee d 

4.3 b 

shrinkage strain 
concrete compressive strain in the top face of the member due to stress 
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Figure 4.10 Moment curvature response showing predicted and theoretical unloading 
response 

Figure 4.10 shows an idealized moment curvature response for a typical slab strip based 

on the tension chord model. The unloading lines are computed and plotted for three 

levels of preload (P1, P2, and P3). Each unloading line is obtained using the approach 

discussed above, and compared with a predicted unloading line drawn between the 

idealized origin and preload moment. In each case the unloading response follows a 

straight line down to the idealized origin, but begins to deviate slightly from its straight 

line path as the moment drops off to zero. Hence, using an unloading line drawn 

between the idealized origin and preload moment gives a realistic approximation of the 
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unloading response. This unloading line is rationally based using the established 

compatibility and equilibrium relationships. 

Figure 4.11 shows the actual load deflection response for a beam (E-3) tested as part of 

this experimental investigation. In this figure a line has been drawn between the 

maximum service load point and the idealized origin of the member response ( after 

adjusting for the offset caused by shrinkage). The actual unloading response for this 

beam follows the predicted behaviour reasonably well. 

4.5.2 Residual Deflection Results 

The measured residual deflection value after unloading is summarized in Table 4. 7 for 

each short-term monotonic test. These values represent the permanent deflection in the 

member after the applied load has been completely removed and include the additional 

deflection occurring from the member self-weight. The theoretical residual deformation 

is determined by drawing a straight line between the service load and the idealized 

origin (as discussed in section 4.5.1). The theoretical origin is located at the intersection 

of the uncracked (11) response and the offset (!er) response. Comparison of predicted 

values with measured values is fairly reasonable for members E-3 and E-4 which were 

tested at a late age. Residual deflection appears to be underestimated by a significant 

amount for the early age members (D-3, D-4, F-3, and F-4), suggesting there may be 

other factors not accounted for that affect behaviour at unloading. Residual deflection 

was greater for the members tested at a late age (E-3 and E-4) because of the higher 

shrinkage strains (resulting in the offset of the fer response). 
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Table 4. 7 Residual deflection from the short-term tests 

Self-
Beam Weight 

(kN) 

D-3 2.43 
D-4 2.44 

Average 

E-3 2.39 
E-4 2.37 

Average 

F-3 2.46 
F-4 2.48 

Average 

25 

20 

15 

10 

5 

I 

I 
I 

I 

I 

I 
I 

I 
I 

I 

Residual Deflection 
Theoretical 

I 

Deflection 

I 
I 

I 

(mm) 

I 
I 

I 

1.3 
1.4 

1.4 

5.2 
5.1 

5.2 

1.4 
1.3 

1.4 

Actual 
Deflection 

(mm) 
3.8 
3.8 

3.8 

5.9 
5.8 

5.9 

3.6 
3.4 

3.5 

Difference 
(mm) 

2.5 
2.4 
2.4 

(-63.2%) 
0.7 
0.7 
0.7 

(-11.9%) 
2.2 
2.1 
2.1 

(-60%) 

,, 
,,"' 

,, ,, ,, 

,, ,, ,, ,, 

---------, ,, 
,"' 

10 15 

Actual residual deflection 

Deflection (mm) 

,, 
,, ,, ,, 

0 

Figure 4.11 Unloading response of beam E-3 (!,ate age) showing residual deflection. 
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Figure 4.11 shows the load deflection response of beam E-3. This beam was tested at 

179 days of age and a significant amount of shrinkage had taken place prior to the short

term monotonic test. The expected residual deflection of 5 .2 mm ( using a straight line 

between the idealized origin and the load at which the beam was unloaded) compared 

well with the measured value of 5.9 mm. Hence, a considerable amount of this 

deformation arises from the effects of shrinkage restraint. The difference between the 

actual measured deformation and theoretical deformation is attributed to the effect of the 

cracks not fully closing. 

Figure 4.12 shows the load deflection response of Beam D-3. This beam was tested at 

11 days of age, and very little shrinkage had taken place prior to initial loading. The 

actual residual deflection at unloading was 3.8 mm, while the predicted residual 

deformation was 1.3 mm. The difference between the expected and actual deformation 

can be attributed to the cracks not fully closing and other effects such as the potential for 

bond slip during cracking (which have not yet been substantiated). 

105 



-z 
~ -
""C 
ca 
0 

.....J 

25 .... 

20 

15 

10 

5 

Theoretical residual deflection 

I 
I 

I 
I 

I 
I 

I 
I 

I 

I 

I 
I 

I 

Actual residual deflection 

ca I 
+,J ......................................................... 0 ........... ........................................................................ T ......................................................................... T ......................................................................... r··· ...................................................................... . 

~ 
-5 

5 10 15 2 

-10 

Deflection (mm) 

Figure 4.12 Unloading response of beam D-3 (early age) showing residual deflection. 

4.6 Long-Term Deflection 

Long-term deflection tests were performed and results were monitored over the past 

year and are continuing indefinitely. The total deflection versus time (under sustained 

load), is shown in Figure 4.13. It is obvious upon inspection that the beams tested at an 

early age exhibited comparable amounts of total (immediate plus long term) deflection. 

The beams with no preload (D-5 and D-6) exhibited less immediate deflection from the 

sustained load than the beams with preload (D-3 and D-4, F-3, and F-4), but all beams 

exhibited the same amount of total deflection after about 200 days of sustained loading. 

Hence, beams D-5 and D-6 exhibit more long-term deflection than the beams that were 

preloaded. The beams tested at a late age (E-3 and E-4) show more deflection at initial 

loading than the beams tested at an early age, because of the loss of stiffness from the 
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extra stress caused by restraint from shrinkage that occurs prior to initial loading. 

However, the late age beams show substantially less long-term deflection then the 

beams tested at an early age, again because a lot of the shrinkage related deformation 

has already taken place prior to loading. Concrete loaded at a late age also experiences 

less creep than concrete loaded at an early age (Figures 2.5 and 4.20 give a comparison 

between the creep coefficients for beams tested at an early and late age). 
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Figure 4.13 Total deflection versus time under sustained load 

4.6.1 Long-Term Deflection Multipliers 

Long-term deflection is calculated in CSA A23.3-04 using a long-term deflection 

multiplier. This multiplier includes the effects of both shrinkage and creep, and simply 

works by multiplying the instantaneous value of deflection (Lli,sus) from the sustained 
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loads by a long-term multiplier to get the total long-term deflection (Llzong-term)- The 

long-term deflection multipliers determined in this experimental investigation are 

calculated using the experimental long-term deflection (Llzong-term,exp) that each beam 

undergoes while subjected to a sustained load, divided by the experimentally observed 

instantaneous deflection value (Lli,sus,exp) upon initial reloading from the sustained load 

(as shown in Equation 4.4). 

Llzong-term,exp 
Sexp = L1. i,sus,exp 

4.4 

It should be noted that the computed value of instantaneous deflection is reasonably 

close to the experimental value provided that the correct cracking moment is used and 

account is taken of preload. Table 4.8 compares the observed experimental 

instantaneous deflection values against the calculated instantaneous deflection values 

(from the sustained load tests). The calculated values have been computed using three 

different methods. 

• Method 1 calculates the instantaneous deflection under the sustained load using 

Mer.exp from the short-term tests. 

• Method 2 calculates the instantaneous deflection under the sustained load using 

Mer.exp from the short-term tests, and accounts for the loss of stiffness caused by 

pre loading. 
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• Method 3 calculates the instantaneous deflection under the sustained load using 

Mcr,exp from the short-term tests, accounts for the loss of stiffness caused by 

preloading, and also takes account of the shift in the cracked (Icr) response 

(relative to the uncracked (It) response) that occurs from shrinkage restraint prior 

to initial loading. Note that only the beams tested at a late age (E-3 and E-4) are 

affected by shrinkage prior to initial loading (see Table 4.8). 

It is evident from Table 4.8 that the calculated values of instantaneous deflection get 

closer to the experimentally observed value using method 2 and 3. Table 4.8 also 

highlights the importance of accurate predictions of instantaneous deflection. The long

term deflection multiplier method can only be accurate if the instantaneous deflection is 

accurately calculated. If the instantaneous deflection is underestimated, obviously the 

long-term deflection will also be underestimated. 

Table 4.8 Experimental and calculated instantaneous deflection under sustained load 

Instantaneous Deflection 
Beam Experimental Method lt Method 21 Method 3* 

L1 i,sus,exo L1 i,sus,calc L1 i,sus,calc L1 i,sus,calc 

D-3 and D-4 9.51 6.21 8.60 8.61 

D-5 and D-6 7.69 6.44 - 6.52** 
E-3 and E-4 12.08 8.63 9.59 11.59 

F-3 and F-4 9.17 4.96 7.75 7.82 
Branson's Equation is used to calculate the instantaneous deflection for all three methods 
t The instantaneous deflection from method 1 is calculated using Mer.exp from the short
term tests 
l The instantaneous deflection from method 2 accounts for the preload from the short
term tests, and uses Mer.exp-

* The instantaneous deflection from method 3 accounts for the preload from the short
term tests, uses Mer.exp, and accounts for the effects of shrinkage prior to initial loading 
** No preload was applied to member D-5 and D-6, therefore the instantaneous deflection 
in method 3 was computed without considering the effects of preloading. 
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The long-term deflection multipliers found as part of this study and from Darabi (2011) 

are shown in Figures 4.14 and 4.15. CSA A23.3-04 long-term deflection multipliers are 

also plotted in this figure. It is obvious that there is a large variation in the long-term 

deflection multipliers between all of the collected data, depending mostly on the age of 

concrete at initial loading. Beams that were tested at an early age (D-3 and D-4, D-5 and 

D-6, F-3 and F-4) all have deflection multipliers that more closely resemble those 

provided by CSA A23.3-04. By comparison, beams tested at a late age (E-3 and E-4, A-

3 and A-4 from Darabi (2011), B-3 and B-4 from Darabi (2011)) have very low 

deflection multipliers compared to the early age values. 
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Figure 4.14 Average long-term deflection multipliers for each set of beam pairs tested 
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Figure 4.15 Average long-term deflection multipliers using a log scale for time 

The difference between the long-term deflection multipliers found from the early age 

and late age tests, can be partly attributed to the fact that very little shrinkage has 

occurred prior to beginning the long-term tests for the beams tested at an early age. 

Hence, the beams tested at an early age will exhibit more long-term deflection (affecting 

the numerator of the multiplier) from shrinkage, plus the immediate value of deflection 

(affecting the denominator of the multiplier) will be less for the early age beams 

(because of less shrinkage). Creep is also greater for concrete loaded at an early age than 

for concrete loaded at a late age. This is because the effects of creep are reduced when a 

member has had a chance to dry prior to loading (ACI 2005). All three effects will 

increase the long-term deflection multiplier for early age loaded concrete, compared to 

late age loaded concrete. 
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The beruns tested at a late age have undergone significant runounts of shrinkage prior to 

beginning the long-term tests. Therefore shrinkage effects are significantly reduced in 

these beruns and, consequently, the long-term deflection multiplier is significantly 

reduced. 

Table 4.9 provides the long-term deflection multipliers found from this experimental 

investigation and compares them to those found from CSA A23.3-04. Table 4.10 lists 

the long-term deflection multipliers from Darabi's (2011) tests. It is obvious that there is 

a large variation in the long-term deflection multipliers values, depending mostly on the 

age at loading. 

Table 4. 9 Long-term deflection multiplier values from this study 

Lon2-Term Deflection Multipliers 

Time 
CSA Beam 
A23. Early A2e Loadin t Late Ai e 

(months) 
3-04 D-3 D-4 D-5 D-6 F-3 F-4 Av2 E-3 E-4 Avg 

1 0.6 0.58 0.61 0.88 0.83 0.66 0.71 0.71 0.15 0.15 0.15 
3 1.0 0.84 0.87 1.25 1.18 1.00 1.06 1.03 0.22 0.21 0.22 

6 1.2 1.13 1.16 1.63 1.54 1.16 1.22 1.31 0.21 0.22 0.22 

9 1.3 1.19 1.23 1.74 1.64 1.15 1.21 1.36 
12 1.4 1.16 1.20 1.71 1.62 1.42 

Table 4.10 Long-term deflection multiplier values from Darabi (2011) 

Long-Term Deflection Multipliers 
Time CSA Beam (Late A2e)* 

(months) A23.3-04 B-3 B-4 A-3 
1 0.6 0.04 0.04 0.06 
3 1.0 0.07 0.12 0.16 
6 1.2 0.24 0.23 0.37 
9 1.3 0.36 0.33 0.52 
12 1.4 0.32 0.33 0.48 

* Initial loading between 133 to 147 days of age 
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Beams D-5 and D-6 ( early age and no preload) show more long-term deflection and 

exhibit a larger long-term deflection multiplier than beams D-3 and D-4 (early age with 

preload). Both sets of beams were identical, aside from beams D-5 and D-6 not being 

preloaded before the sustained load was applied. Hence, beams D-5 and D-6 have a 

smaller elastic value of deflection when loaded under the sustained load (the response is 

stiffer without a preload), and should experience more deflection over the long-term as 

additional cracking from shrinkage restraint reduces the member stiffness. The beams 

with transverse reinforcement (F-3 and F-4) exhibited a slightly larger long-term 

deflection multiplier compared to beams D-3 and D-4 (with only longitudinal 

reinforcement). 

The beams cast by Darabi (2011) were exposed to significantly lighter sustained loads. 

In addition to the difference in sustained loads, the concrete properties for the beams 

from this research and those cast by Darabi (2011), could also influence the long-term 

deflection results. However the late age tested beams in this study, and the beams tested 

by Darabi (2011) still show similar long-term deflection multipliers. It is evident that 

long-term deflection multipliers from late age tested beams are significantly less than 

from beams tested at an earlier age. 

Figure 4.16 compares the long-term deflection multipliers from this study and from 

Darabi (2011), with the multiplication factors taken from Yu and Winter's (1960) work. 

It is obvious that the long-term deflection multipliers found from this experimental 
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investigation (from beams tested at an early age) fit well with the general trend of Yu 

and Winter's (1960) results. Given the wide spread in values for the long-term 

deflection multiplier, it is difficult to derive a simple, yet easy to use approach for 

computing long-term deflection. It is clear that the long-term deflection multipliers are 

remarkably low for members that are loaded at a late age and have undergone a 

significant amount of shrinkage prior to beginning the long-term tests. 
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Figure 4.16 Long-term multipliers from this study compared to Yu and Winter (1960) 

4. 7 Developing a Rational Approach for Long-Term Deflection 

4.7.1 Introduction 

Long-term deflection is caused by shrinkage and creep; therefore a rational approach for 

computing long-term deflection must incorporate these two effects. For this analysis, 

114 



shrinkage is considered using the approach described in Section 2.4.4. The effects of 

creep are considered using the long-term properties of concrete using two methods. One 

method to consider the effects of creep is to account for the reduction in stiffness of the 

concrete in compression (i.e. the change in slope of fer response). Another method to 

account for creep, includes the effect of creep on the concrete in compression, but 

extends this approach to consider the additional deflection from the loss of tension 

stiffening due to creep acting on the concrete in tension. This methodology has been 

developed for axial members and extended to flexural members. Details are found in 

Appendix E. In this analysis, shrinkage and creep are assumed to act independently of 

each other and thus are assumed to be additive. 

4. 7 .2 Incorporating Shrinkage 

Shrinkage is included in this approach to compute long-term deflection using the 

methodology outlined in Section 2.4.4. The member response with and without 

shrinkage is illustrated in Figure 4.17. In order to take into account the shrinkage that 

has occurred at the time when long-term deflection is to be determined, a fictitious 

shrinkage induced moment (LlM) and offset in deflection (L1shrinkage) must be calculated. 

Shrinkage restraint will also result in a reduced cracking moment (Mcr,sh) as shown in 

Figure 4.17. Because the induced moment from shrinkage acts as a sustained load (that 

starts as soon as a beam is exposed to the environment), the relaxation effects of creep 

on the shrinkage response are taken into consideration using a creep coefficient. 
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Figure 4.17 Moment deflection response illustrating the effects of shrinakge 

Figure 4.18 shows a moment deflection plot for a generic flexural member. In this 

particular beam, a preload is initially applied prior to any shrinkage taking place (the 

member response starts at point A, increases to point B, then up to point C). The beam is 

then unloaded back to the point of zero applied load (back to point A along the 

unloading line CA). At this point, shrinkage is taken into account causing the member 

response to be offset to point D. The member is then loaded with a sustained load that 

follows line DEF and beyond. If the combined moment from the sustained load 

(Msustained) and the induced moment from shrinkage (Ll.M) are greater than the moment 

from the preload (Mpreload), the beam response will reside along the member response 

with shrinkage, past point E. However, if the combined moment from sustained load 

(Msustained) and shrinkage (Ll.M) are less than the moment from the preload (Mpreload), the 

response will reside along the reloading line (between points DE). In this case the 

116 



stiffness of the reloading line corresponds to the stiffness of the unloading line from the 

initial preload (however this is not usually the case, and as a result the slope of the 

unloading and reloading line will not be the same). In other words, if the combined 

moment from the sustained load (Msustained) and shrinkage (Ll.M) do not exceed the 

moment from the preload (Mpreload); no additional cracking and loss of tension stiffening 

will occur and thus the member stiffness will be the same as that from the preload. If the 

combined moment from the sustained load (Msustained) and shrinkage (Ll.M) is greater than 

the initial preload (A/preload), there will be additional cracking and loss of stiffness. This 

method of accounting for preload was based on the behaviour of an axial member and is 

discussed in Appendix E. 
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Figure 4.18 Moment deflection response of a illustrating the effects of pre loading 
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4. 7 .3 Taking Account of Creep in Compression 

Creep is taken into account using an age adjusted concrete elastic modulus (Ec,adJ). For 

method 1, creep is only assumed to act on the concrete in compression and therefore 

does not consider concrete creeping in tension. 

The long-term member curvature (¢') is calculated using Equation 4.5. Bischoffs 

Equation (Equation 4.6) is used to compute the effective moment of inertia. All of the 

terms used in Equation 4.6 include the long-term effects of creep. 

where: 

= transformed long-term fully cracked moment of inertia 
long-term stiffness reduction coefficient (1 - Icrllt) 

4.7.4 Including the Effects of Creep on Concrete in Tension 

4.5 

4.6 

Method 2 considers the effect of concrete creeping in compression, but extends this to 

include the effects of concrete creeping in tension. Method 2 uses the methodology 

developed in Section E.2.4 of the Appendix, to incorporate the effects of creep into axial 

tension members but extends that approach to flexural members. As the load versus 

strain response of an axial member is analogous to the moment curvature response for 
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flexural members; this method starts by finding the bare bar response and subtracting 

the tension stiffening effects of the flexural member to compute the total curvature. 

Once the curvature is known the corresponding deflection is calculated. 

The long-term curvature response is computed using Equation 4. 7. This expression for 

curvature (¢) is analogous to Equation E.25 (for computing long-term strain (e'} of 

axial members) and is derived from the moment curvature response of flexural 

members. 

[ 

2 - l ( (Mer) (fer) 
</J' = Ma - 1 - r, Ma ~ 

Ec,ad/cr (1 + X<{J) 
4.7 

(=r,w-1+1r,w-1+1+x<p(1-r,) 4.8 

4.9 

Figure 4.19 shows the moment curvature response for a flexural member. Because creep 

reduces the elastic modulus of concrete, the long-term uncracked (Ec,adjlt) and fully 

cracked response (Ec,adjfcr), will predict more curvature for any given load than the 

respective short-term response. The member response using methods 1 and 2 to account 

for creep have also been plotted in Figure 4.19. It is evident that considering creep in 
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tension and compression will predict more curvature, at any given load, than when creep 

is assumed to act only on the concrete in compression. 

20 

18 

16 -E 14 
I 

~ 12 -+,,I 10 
C: 
QJ 

8 E 
0 6 
~ 

4 

2 

0 
0 

I 
I 

I 
I 

A EJ, 
I 
I 

I 
I 
I 

I 
I 

I 
I 
I 

I 
I 

I 
I 

Creep acting in tension and 
compression (method 2) 

Creep acting in compression 
(method 1) 

10 20 30 
Curvature (x10-6 rads/mm) 

40 

Figure 4.19 Moment curvature response, comparing long-term response predicted from 
methods 1 and 2 

4.7.5 Combining the Effects of Shrinkage and Creep 

The effects of shrinkage and creep are combined to compute total deflection. This is 

done by finding the shrinkage that has occurred at the time when long-term deflection is 

to be computed. Once the induced moment and offset from shrinkage are known, the 

effect of creep under the sustained load is included. This has been completed in this 

analysis using the methods presented in Sections 4.7.3 and 4.7.4. 
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4.7.6 Long-Term Deflection of Flexural Members 

Using the two methods described above to account for creep, the predicted long-term 

deflection from the sustained load tests is calculated. The results are compared to CSA 

predicted results using a long-term deflection multiplier, and the observed experimental 

long-term deflection as presented in Table 4.11. 

The creep coefficients used in computing long-term deflection are calculated using the 

GL2000 model ( details on this model are found in Appendix F). Shrinkage is 

incorporated using the techniques described in Section 4. 7 .2. 

Results were compared to predictions using the CSA A23.3-04 approach. Four different 

scenarios were evaluated to compute the cracking moment (Mer) used to compute le. 

• Using Mer.exp from the short-term tests 

• Using the experimentally determined rupture stress ([r) and residual stress ([res) 

( corresponding to the restraint from shrinkage at the time of initial loading) 

• Using.fr from CSA to calculate Mer without accounting for shrinkage 

• Using 0.5.fr from CSA to calculate Mer without accounting for shrinkage 

The four different values of Mer are used to determine le (using Branson's Equation), 

which is required to compute the instantaneous deflection under the sustained load. The 

long-term deflection is then calculated by applying a deflection multiplier (s) which 

corresponds to the time under the sustained load. 
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Table 4.11 presents the predicted and observed deflection using the two methods to 

account for creep as described in Sections 4.7.3 and 4.7.4. It is apparent that method 1 

will predict less deflection than method 2 ( as expected). In general, both methods 

provide results which are close to the experimentally observed deflection values. 

It is evident from Table 4.11 that the predicted response using the methods to account 

for creep from Sections 4.7.3 and 4.7.4, and incorporating the effects of shrinkage (as 

described in Section 4. 7 .2) generally provide results which are closer to the 

experimentally observed results than those predicted using the CSA long-term deflection 

multiplier method of analysis. In general, the CSA method identified in Table 4.11 does 

not accurately predict long-term deflection. However, including the effects of shrinkage 

by using a reduced cracking moment (as is the case when using 0.5!,), significantly 

improves the long-term deflection prediction. 
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Table 4.11 Observed and predicted long-term deflection 

Observed Method 1$ Method 2$ 
Beam ~ (mm) (mm) (mm) 
D-3 20.7 2.67 18.0 20.8 
D-4 21.3 2.67 18.0 21.0 

Average 21.0 2.67 
18.0 20.9 

(-14.3%) (-0.5%) 

D-5 20.3 2.72 18.2 21.1 
D-6 20.9 2.72 18.4 21.2 

Average 20.6 2.72 
18.3 21.2 

(-11.2%) (2.9%) 

E-3 14.6 1.12 16.7 17.9 

E-4 15.0 1.12 16.7 18.0 

Average 14.80 1.12 
16.7 18.0 

(12.8%) (21.6%) 
Results were compared to total deflection readings 336 days after casting 
Measured shrinkage was 889 µe for this calculation 

CSAt CSAt 

(mm) (mm) 
14.7 14.1 
15.1 14.1 
14.9 14.1 

(-29.1%) (-32.9%) 
15.5 14.4 
15.4 14.6 
15.5 14.5 

(-24.8%) (-29.6%) 

18.3 20.4 

18.0 20.7 
18.2 20.6 

(23.0%) (39.2%) 

CSA* CSA** 

(mm) (mm) 
14.1 21.4 
14.0 21.5 
14.1 21.5 

(-32.9%) (2.4%) 

14.3 21.5 
14.4 21.7 
14.4 21.6 

(-30.1%) (4.9%) 

11.6 18.9 

11.8 19.1 
11.7 19~0 

(-21.0%) (28.4%) 

#GL2000 model was used to compute the creep coefficients. The creep coefficient used to account for the effects of creep is 
shown in this table (using an average V/S ratio of 49.3 mm and an average relative humidity of 44.95%) 
$ fr.prism for the "E" beams was used to compute the cracking moment (Mer.sh) at 336 days for methods 1 and 2. This assumes that 
there is no change in rupture strength between 186 and 336 days after casting. 
tinstantaneous deflection calculated using the experimentally determined Mer at the time of testing 
l Instantaneous deflection calculated using fr ( experimental) and /res ( to account for the shrinkage restraint that has occurred prior 
to testing) 

* Instantaneous deflection calculated using fr = 0.6.fiJ 
** Instantaneous deflection calculated using fr = 0.5( 0.6.fiJ) 



The GL2000 model is used to compute the creep coefficients required for methods 1 and 

2 in Table 4.11. Because the GL2000 model calculates compliance, the concrete elastic 

modulus at loading (Ectmo) and at 28 days (Ec1m2s) is required in order to calculate a creep 

coefficient. The concrete elastic modulus at loading was measured for all of the beams 

tested; however, the modulus at 28 days was not measured. The elastic modulus at 28 

days was assumed to be the same as the elastic modulus at 11 days (30.1 GPa). This is a 

reasonable assumption, due to the fact that there was little change in the concrete elastic 

modulus between 11 and 181 days after casting (the elastic modulus at 11 days of age 

was 30.1 GPa and the elastic modulus at 181 days was 29.2 GPa, refer to Table 4.2). It 

should be noted that a 10% increase to the elastic modulus at 28 days, used when 

computing a creep coefficient, results in a 3 % change ( at most) in the predicted long

term deflection. 

4.7.7 Parametric Study of Variables to Predict Long-Term Deflection 

A small parametric study was performed on the creep coefficients ( <p) used in predicting 

the long-term deflection reported in Table 4.11. Two values for the creep coefficient are 

required to predict the long-term deflection, one for the shrinkage effects and one for the 

creep effects. Changing the creep coefficient used to account for the relaxation of 

shrinkage, from 1.5 to 3.0, results in at most a 6% change in the total deflection. 

Changing the creep coefficient used to account for the effects of creep from the 

sustained load, from 1.5 to 3.0, results in a change in total deflection of 28%. It is 

therefore evident that changes in the creep coefficient used to compute the creep effects 

under the sustained load will have a substantial impact on predicting the total deflection. 
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Figure 4.20 plots the creep coefficient versus time for the early and late age tested 

concrete (using the GL2000 Model). It is evident that concrete tested at a late age 

experiences less creep than concrete tested at an early age. This creep coefficient model 

is used to compute the long term deflection results presented in Table 4.11. 
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Figure 4.20 Creep coefficient versus time for concrete loaded at an early (12 days) and 
late age (182 days) 

One assumption used in this analysis is that the modulus of elasticity of concrete (Ee) 

used to compute the age adjusted elastic modulus of concrete (Ee,adJ), in Equation 4.10, 

will not vary with time. However, in reality the modulus of elasticity of concrete (Ee) 

can change with time if the concrete gains strength. A small parametric study was 

undertaken to evaluate the effects of a change in the elastic modulus of concrete (Ee) on 

the total predicted deflection. Using Equation 4.11 (ACI 209 2008), the 28 day concrete 
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compressive strength (/cm28) is calculated; this is used to compute the compressive 

strength (/cmr) at the time when long-term deflection is calculated. The elastic modulus 

(Ecmt) at the time when long-term deflection is to be calculated is computed using 

Equation 4.12 (CAC 2006). Changing the elastic modulus of concrete (Ee) used in 

Equation 4.10, to reflect the stronger concrete, results in a 4% change in total predicted 

deflection. Therefore changes to the elastic modulus of concrete due to concrete gaining 

strength over time, do not have a significant impact on the total predicted deflection. 

where: 

/cmt = 

a = 

b = 

/m28 = 

Ee 
Ec,adj = (l + X<p) 

Ecmt = (3300.Jfcmt + 6900)(
2
;~0

)1
·
5 

compressive strength of concrete at time (t) 

4.10 

4.11 

4.12 

empirical term used to compute the compressive strength of concrete 
after time (t). Taken as 4.0 for moist cured type I concrete. 
empirical term used to compute the compressive strength of concrete 
after time (t). Taken as 0.85 for moist cured type I concrete. 
28 day compressive strength of concrete 
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5 Conclusions 

5.1 Conclusions 

• This study explored a rational approach for computing the short and long-term 

deflection of reinforced concrete flexural members. The short-term response of 

the various beams tested during this experimental investigation was compared 

with different methods of predicting short-term deflection. It was evident after 

comparing the different models for the effective moment of inertia that the 

selection of the cracking load (P crack) has a significant effect on determining 

which model best fits the experimental load deflection response. In particular the 

effect of shrinkage restraint on a reduced cracking load should be taken into 

account. Failure to do so will significantly underestimate the deflection under 

service loads. 

• The analysis of the short-term tests indicates that Branson's Equation provides 

the best estimate for predicting deflection. This is not surprising considering that 

Branson's Equation (le) was calibrated for beams with a reinforcing ratio 

between 1 % and 2%. Bischoffs Equation ([;) (when integrated for curvature) 

also predicts results which are very similar to those found during the 

experimental investigation. Bischoffs Equation (le) will overestimate deflection 

(which is expected). In general, it can be concluded that the predictions of the 

short-term response are improved after accounting for the effects of shrinkage. 

This is done by accounting for a reduced cracking load, caused by the effects of 

restraint from shrinkage and accounting for the effects of shrinkage prior to 
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initial loading through shifting the cracked (fer) response relative to the 

uncracked (J,) response. 

• The residual deflection in a member after unloading was studied and a rational 

approach to predicting the residual member deflection, after the load has been 

removed, was developed. The predicted residual deflection compared very well 

for members tested at a late age. For the members tested at an early age, the 

residual deflection was underpredicted. 

• The long-term deflection multipliers found from this study, for the beams tested 

at an early age, compare well with the multipliers from CSA A23.3-04 and from 

Yu and Winter (1960). The long-term deflection multipliers found for beams 

tested at a late age are significantly less than from beams tested at an early age. 

Beams tested at a late age have already undergone a significant amount of 

shrinkage prior to initial loading. As a result this will increase the instantaneous 

deflection from the initial load (increasing the denominator), and decrease the 

long-term deflection (decreasing the numerator). This results in a substantially 

reduced long-term deflection multiplier. Therefore the long-term deflection 

multipliers reported in CSA A23.3-04 will significantly overestimate deflection 

in beams loaded at a late age. 

• A rational approach for predicting long-term deflection was presented in this 

study. Shrinkage was considered using the approach outlined in Section 2.4.4. 

Two methods were considered to account for the effects of creep. The first 

method considers creep in compression alone. This method is extended in 

method 2 to include the effects of creep in tension and compression. In general, 
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these two methods to account for creep, along with the approach to account for 

shrinkage, predict long-term deflection that is considerably more accurate than 

the long-term deflection multiplier approach. 

• From reviewing the crack data found during the short-term experimental study it 

appears that placing transverse reinforcement below the longitudinal 

reinforcement will induce cracks to form at the locations of the reinforcement 

and also cause the beam to crack prematurely. 

• During the long-term study, the crack widths grew substantially for all the beams 

tested at an early age. This was due to the effects of shrinkage. Alternatively, 

cracks did not grow for the beams tested at a late age. In this experimental 

investigation, 94% of the shrinkage had taken place prior to the start of the long

term tests. This demonstrates the significant effect shrinkage will have on 

cracking and crack width growth. 

5.2 Future Work 

The beams tested during this experimental investigation used 15M steel reinforcement, 

were simply supported and subjected to third point loading. Future work should include: 

• Using a reinforcing ratio below 1 % (which is more representative of slabs), 

would provide a better look at the short-comings of Branson' s Equation in 

predicting the deflection of slabs. 
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• Perform long-term sustained load tests on lightly reinforced concrete slab strips 

(using a reinforcing ratio below 0.5%), loaded at an early and late age. Find the 

resulting long-term deflection multipliers values and compare them to the long

term deflection multipliers found from this study. 

• Different loading and support conditions to ensure that results are repeatable. 

• Using FRP reinforcement would again highlight the expected problems with 

Branson's Equation and provide additional research on the long-term deflection 

ofFRP members. 

• The rational approach to compute long-term deflection presented in this study, 

which was based on the behaviour of axial members, provided results that were 

more accurate than the long-term deflection multiplier approach. However 

because of the additional complexities introduced with flexural members, 

additional research should be performed to refine this procedure for computing 

long-term deflection of flexural members. 

o Because this method is based on proven relationships and does not rely 

on empirical factors, this approach should work well for computing the 

long-term deflection of other reinforcing ratios and types. However long

term experiments should be conducted so that comparisons can be made 

to validate this method. 

• The long-term analysis for this study considered creep using a creep coefficient. 

Future work could look at implementing compliance to calculate the total long

term deflection. 
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o If a creep coefficient is used in the future, the creep of the concrete 

should be measured. 

• Future work could also consider a numerical integration approach for computing 

the long-term deflection. 
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Appendix A 

Material Property Tests 
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A.1 Compressive Strength 

The compressive strength of concrete at each phase of testing was determined through 

compressive strength tests performed on 102 mm diameter, 203 mm long concrete 

cylinders. The cylinders were tested at approximately the same time as the short-term 

monotonic tests. The cylinders were poured in accordance with ASTM requirements and 

match cured with the beams. Prior to the start of the test, the average diameter of each 

cylinder was measured and the ends of each cylinder were ground so that they were 

plane and parallel. The cylinders were then placed in a one million pound SATEC 

systems compression testing machine. The test was completed in accordance with 

ASTM C39 (ASTM 2010). At the end of each test, the peak load was recorded. The 

compressive strength was then determined by dividing the peak load by the average 

cross-sectional area of each cylinder. The compressive strength from the first batch of 

concrete was: 38.8 MPa (early age) and 44.9 MPa (late age). For the second batch of 

concrete the compressive strength was 45.4 MPa (early age). Complete results for the 

compressive strength tests are given in Tables A.l, A.2, and A.3. 
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Figure A. I Cylinder loaded in SATEC Figure A.2 Crushed cylinder 

Table A. I Compressive strength results corresponding to beams D-I through D-6 

Compressive Stren :th (MPa) 
Cylinder# 1 2 3 4 5 6 

Age of Concrete (days) 12 12 12 14 14 14 
Diameter (mm) 101.5 101.3 102.5 101.0 102.2 102.0 

f~ (MPa): 38.0 36.8 37.9 41.4 38.3 40.5 

Average (MPa): 38.8 
Standard Deviation: 1.75 

Table A.2 Compressive strength results corresponding to beams E-I through E-4 

Compressive Strength (MP a) 
Cylinder# 1 2 3 

Age of Concrete (days) 182 182 182 
Diameter (mm) 102.0 101.1 102.0 

f~ (MPa): 45.4 44.5 44.7 
Average (MPa): 44.9 

Standard Deviation: 0.47 
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Table A. 3 Compressive strength results corresponding to beams F-1 through F-4 

Compressive Stren ,h (MPa) 
Cylinder# 1 2 3 4 5 6 

Age of Concrete (days) 12 12 12 18 18 18 
Diameter (mm) 101.5 101.1 101.1 101.0 102.2 102.0 

/~ (MPa): 44.9 44.4 43.9 46.0 46.9 46.4 
Average (MPa): 45.4 

Standard Deviation: 1.19 

A.2 Density of Concrete 

The density of concrete based on the cylinder dimensions and weight was calculated for 

each set of beams (D-1 through D-6, F-1 through F-6, and E-1 through E-4). First the 

average height, diameter, and weight of each cylinder were found. The density was then 

obtained by dividing the average weight by the average volume. The average concrete 

density is 2413.7, 2354.4, and 2400.5 kg/m3 for beams D-1 through D-6, E-1 through E-

4, and F-1 through F-4, respectively. Complete details are provided in Tables A.4 

through A.6. 

Table A.4 Concrete density for beams D-1 through D-6 

Concrete Density 
Beams D-1 throu2h D-4 

Cylinder# Weight (g) Diameter (mm) Height (mm) 
Density 
(kg/m3) 

1 3832.5 101.5 196.3 2412.7 
2 3871.3 101.3 197.3 2433.2 
3 3866.2 102.5 195.7 2395.2 

Average 2413.7 
Standard 19.0 
Deviation 
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Table A.5 Concrete density for beams E-1 through E-4 

Concrete Density 
Beams E-1 throu ~h E-4 

Cylinder# Wei2ht (e) Diameter (mm) Hei2ht (mm) Density (kg/m3) 
1 3767.6 101.5 197.3 2361.5 
2 3762.8 101.4 197.0 2362.8 
3 3833.0 101.5 199.4 2373.9 
4 3780.4 102.0 196.9 2349.9 
5 3785.4 102.0 197.0 2351.3 
6 3796.9 101.9 197.7 2355.1 
7 3774.8 101.8 197.9 2344.8 
8 3826.7 102.3 200.0 2326.8 
9 3832.6 101.7 199.7 2363.1 

Avera2e 2354.4 
Standard 

13.5 
Deviation 

Table A. 6 Concrete density for beams F-1 through F-4 

Concrete Density 
Beams F-1 throu th F-4 

Cylinder# Weight (e) Diameter (mm) Height (mm) Density (kwm3) 

1 3813.8 101.5 195.7 2408.7 
2 3849.5 101.1 196.9 2434.6 
3 3860.1 101.1 197.3 2435.6 
4 3792.2 102.1 194.0 2385.3 
5 3843.0 102.0 196.5 2393.1 
6 3773.7 101.9 193.5 2393.3 
7 3832.8 102.3 196.5 2371.5 
8 3810.7 102.3 195.6 2369.2 
9 3830.1 101.7 195.4 2413.3 

Average 2400.5 
Standard 24.5 
Deviation 

A.3 Elastic Modulus 

Concrete cylinders measuring 102 mm in diameter and 203 mm long were cast and 

tested in order to determine the elastic modulus for concrete at the time of testing. The 

cylinders were poured in accordance with ASTM standards and match cured with the 
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beruns until the time of testing. The cylinders were placed into a compressometer frrune 

which held one 10 mm LSC vertically to record the deformation over a 134 mm gauge 

length. The cylinders were tested in a 200 000 pound Baldwin universal testing system 

and the testing procedure followed ASTM C469 (ASTM 2010). The secant modulus of 

elasticity was calculated using Equation A. l. 

where: 

S2 = 

S1 = 

e2 = 

stress corresponding to 40% of the ultimate cylinder strength 
stress corresponding to 50 µs longitudinal strain 
strain at S2 

A.1 

The test procedure required that each cylinder be loaded to 40% of the ultimate cylinder 

strength three times. The first load/unload cycle was used for seating of the LSC and the 

data captured was not used to calculate the modulus of elasticity. The modulus of 

elasticity of concrete is the average elastic modulus, calculated using Equation A.1, 

from the final two load/unload cycles. 
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Figure A. 3 Compressometer Figure A. 4 Elastic modulus test set up 

The elastic modulus for beams D-1 through D-6, E-1 through E-4, and F-1 through F-4 

measured 30.5, 29.7, 30.7 GPa, respectively. Complete test results are summarized in 

Tables A.7, A.8 , and A.9. 

Table A. 7 Elastic modulus for beams D-1 through D-6 

Modulus of Elasticity of Concrete 
Cylinder# 1 2 3 4 

Age of Concrete (days) 17 17 17 18 
Diameter (mm) 101.1 101.9 102.6 101.6 

Ee (MPa) 30884 29153 31351 30678 
Average (MP a) 30517 

Standard Deviation 951.5 

Table A. 8 Elastic modulus for beams E-1 through E-4 

Modulus of Elasticity of Concrete 
Cylinder# 1 2 3 

Age of Concrete (days) 187 187 187 
Diameter (mm) 101.8 102.3 101.7 

Ee (MPa) 29263 28551 31390 
Average (MPa) 29735 

Standard Deviation 1477.3 
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Table A.9 Elastic modulus for beams F-1 through F-4 

Modulus of Elasticity of Concrete 
Cylinder# 1 2 3 

A2e of Concrete (days) 18 18 18 
Diameter (mm) 102.3 101.3 101.3 

Ee (MPa) 29765 30410 32044 
Avera2e (MPa) 30740 

Standard Deviation 1174.5 

A.4 Modulus of Rupture 

Flexure prisms were cast in order to determine the modulus of rupture during each phase 

of testing. The flexure prisms measured 150 mm tall, 150 mm wide, and 530 mm long 

and were cured under the same conditions as the beams. For beams D-1 through D-6 and 

F-1 through F-4, the flexure prisms were tested in the 60 000 pound RIEHLE universal 

testing system. For beams E-1 through E-4 the flexure prisms were tested in the Instron 

5985 universal testing system. Each test was conducted in accordance with ASTM C78 

(ASTM 2010). Third point loading was used during testing and a 10 mm LSC was 

positioned directly under the center of the prism to record the midspan deflection. The 

modulus of rupture was determined using Equation A.2. 

PL 
A.2 fr= bh2 

where: 

fr = modulus of rupture 
p = maximum recorded load 
L = span length 
b = average width of prism 
h = average height of prism 
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The rupture modulus for the first batch of concrete was 3.53 MPa (early age) and 5.42 

MPa (late age). The rupture modulus for the second batch of concrete was 4.80 MPa. 

Complete test results are summarized in Tables A.10, A.11, and A.12. 

Figure A. 5 Prism tested with the 5 985 
Instron testing system 

Figure A. 6 Prism tested using the RIEHLE 
testing system 

Table A. IO Rupture modulus for beams D-1 through D-6 

Rupture Modulus 
Cast 13-Jul-12 

f~ 38.8 MPa 
Prism# 1 2 3 4 

Age at Testing (days) 14 14 14 14 
Width (mm) 151.0 151.2 152.5 152.0 
Height (mm) 152.9 152.8 153.3 152.6 
Span (mm) 460.0 460.0 460.0 460.0 

Peak Load (N) 31000 24822 22822 30139 
f,(MPa) 4.04 3.24 2.93 3.92 

Average f, (MP a) 3.53 
Standard Deviation 0.54 
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Table A.11 Rupture modulus for beams E-1 through E-4 

Rupture Modulus 
Cast 13-Jul-12 

f~ 44.9 MPa 
Prism# 1 2 3 4 

Age at Testing (days) 186 186 186 186 
Width (mm) 152.7 152.0 152.0 151.3 
Height (mm) 152.4 152.5 152.8 152.5 
Span (mm) 460.0 460.0 460.0 460.0 

Peak Load (N) 36818 43445 42179 44059 
f,(MPa) 4.78 5.66 5.47 5.76 

Average fr (MPa) 5.42 
Standard Deviation: 0.44 

Table A.12 Rupture modulus for beams F-1 through F-4 

Rupture Modulus 
Cast 28-Sep-12 ,~ 45.4 MPa 

Prism# 1 2 3 4 
Age at Testing (days) 17 17 17 17 

Width (mm) 151.2 151.7 153.7 153.8 
Height (mm) 152.9 153.7 153.5 153.3 
Span (mm) 460.0 460.0 460.0 460.0 

Peak Load (N) 37096 39563 39056 33877 
_fr(MPa) 4.83 5.08 4.96 4.32 

Average .fr (MPa) 4.80 
Standard Deviation: 0.34 

A.5 Splitting Stress 

The splitting stress for each phase of testing was determined at approximately the same 

time as the corresponding short-term tests for the beams. The splitting tensile tests were 

conducted using 102 mm diameter and 203 mm long concrete cylinders cast in 

accordance with ASTM requirements. The cylinders were match cured with the beams, 

and prior to loading the ends of each cylinder were ground so that they were plane and 
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parallel. The average diameter and length of the cylinders were then measured. The 

cylinders were placed in the 200 000 pound Baldwin universal testing system and 

loaded in accordance with ASTM C496 (ASTM 2010). The splitting tensile stress was 

then calculated using Equation A.3. 

where: 

/sp 
p 

L 
D 

2P 
/sp = rrLD 

splitting tensile stress (MPa) 
maximum applied load (N) 
length of cylinder (mm) 
diameter (mm) 

A.3 

The average splitting tensile stress from the first batch of concrete was 2. 77 MPa ( early 

age) and 3.49 MPa (late age). For the second batch of concrete the splitting tensile stress 

was measured to be 3.57 MPa. Complete results can be found in Tables A.13 , A.14, and 

A.15. 

Figure A. 7 Splitting tensile stress set up Figure A. 8 Splitting tensile stress set up 
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Table A.13 Splitting tensile stress for beams D-1 through D-6 

MPa 
2 3 
14 14 

101.8 101.6 
196.6 196.7 

Table A.14 Splitting tensile stress for beams E-1 through E-4 

MPa 
2 3 

185 185 
102.0 101.9 
197.1 197.7 

Table A.15 Splitting tensile stress for beams F-1 through F-4 

MPa 
2 3 
17 17 

102.0 101.9 
196.5 193.5 

A.6 Shrinkage 

Shrinkage prisms were cast in order to monitor the amount of shrinkage that occurs in 

the specimens over time. Two 150 mm tall, 300 mm wide, and 700 mm long shrinkage 

prisms were cast for each of the two batches of concrete poured. The prisms had pins 

inserted 500 mm apart in the top, right, and left hand side of the form. The pins were 51 

mm long with a 9 .5 mm diameter and were made of stainless steel threaded rod. A 500 

148 



mm digital DEMEC measurement gauge was used to monitor the change in distance 

between the pins over time. 

Shrinkage measurements began 4 and 3 days after casting for the first and second batch 

of concrete, respectively. Although shrinkage measurements began shortly after casting, 

the prisms were moist cured along with the beams. The shrinkage prisms were fully 

exposed to the lab environment after 13 and 14 days for the first and second batch of 

concrete, respectively. The shrinkage prisms were lifted off the ground to allow airflow 

underneath the prism 16 days after casting for batch 1 and 2, respectively. Shrinkage 

measurements were monitored on a regular basis and are continuing indefinitely. 

Complete shrinkage results are shown in Figures A.11 and A.12. 

In Figures A.11 and A.12 test measurements are plotted against the expected shrinkage 

using the ACI 209 equation for shrinkage (refer to section F for details on ACI 209R-

92). The ultimate shrinkage strain, eshu, is assumed to be 1000 µa ((has been calculated 

to be 52.2 (based on the volume to surface ratio) and a has been taken as 1.0). The ACI 

209 equation gives similar results to those measured with the prisms. The shrinkage 

readings indicate that the sides of the prisms shortened less than the top surface ( around 

8% less). 

Darabi (2011) found shrinkage strains that are similar to the shrinkage values obtained 

from this experimental investigation. Complete details on the ACI 209 equation for 

shrinkage are found in Appendix F. 
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Figure A. 9 Digital DEMEC measurement 
gauge 

Figure A.10 Shrinkage prisms 
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Figure A.11 Shrinkage results from the first concrete batch 
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Figure A.12 Shrinkage results from the second concrete batch 

A.7 Tensile Tests 

Tensile tests were conducted on the steel reinforcement used in the beams to determine 

the material properties. The steel rebar was tested in accordance to ASTM A370 (ASTM 

2010) using the Instron 5985 universal testing system. Three samples, each measuring 

approximately 457 mm in length were cut from each length of rebar used as 

reinforcement in the specimen. A mechanical extensometer with a gauge length of 

201.4 mm was used to determine the extension of the re bar during the test. The 

extensometer was equipped with a 50 mm LSC to measure the deformation of the re bar. 

The load was determined using a 50 000 pound load cell attached to the Instron 5985 

universal test system. The data was collected using the Vishay Data scanner (System 

5000). 
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Because the point of contact of the LSC and the extensometer were not an equal 

distance from the point of rotation of the gauge, a gauge length modification factor of 

0.667 was applied to the readings from the LSC. This factor was applied because a unit 

of displacement at the point of contact between the extensometer and the rebar does not 

equal a unit displacement at the LSC contact point with the extensometer. This 

modification factor was determined using a reference bar (accurate to± 0.001 mm) and 

the Vishay data scanner. 

The cross-sectional area of each sample was found using Archimedes principle. The first 

step is to measure the exact length of each sample of rebar. The rebar samples were then 

weighed separately in air and water. Using the average density of water at 20°C, the 

volume of each sample was determined using Equation A.4. 

where: 

Wdry 

Wsubmerged 

Ywater 

= 

Wdry - Wsubmerged 
Volume= 

weight in air 
submerged weight 

Ywater 

density of water (998.2 kg/m3
) 

A.4 

The actual rebar cross-sectional area was then calculated by dividing the volume by the 

length of the sample. 

After reviewing the results of the tensile tests, it became clear that the reinforcement had 

come from two different batches of steel, each with distinct yield strengths. In Tables 
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A.16 through A.22, each beam is identified along with the steel properties for both 

lengths of re bar used in the beam. The average yield strength, elastic modulus and cross

sectional area of each length of re bar have been summarized. 

Figure A.13 Instron universal testing 
system 

Figure A.14 Mechanical extensometer with 
LSC 

Table A.16 Steel properties for beams D-1 and D-2 

Beam D-1 D-2 

Bar A B Average A B Average 

Yield (MP a)* 482.0 454.7 468.3 422.7 436.0 429.3 

Es (MPa)* 195.8 196.4 196.1 194.4 195.2 194.8 

Actual Area 
195.1 193.5 194.3 191.9 192.8 192.3 

(mm2) 

*Based on a nominal cross-sectional area of 200 mm2 

Table A.1 7 Steel properties for beams D-3 and D-4 

Beam D-3 D-4 

Bar A B Average A B Average 

Yield 
472.0 422.7 447.3 428.0 471.7 449.8 

(MPa)* 

Es (MPa)* 196.8 196.7 196.8 195.5 197.2 196.4 

Actual Area 
193.0 191.6 192.3 192.5 195.5 194.0 

(mm2) 

*Based on a nominal cross-sectional area of 200 mm2 
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Table A.18 Steel properties for beams D-5 and D-6 

Beam D-5 D-6 
Bar A A A A B Average 

Yield 430.0 430.0 430.0 419.7 461.3 440.5 
(MPa)* 

Es (MPa)* 198.7 198.7 198.7 193.1 197.6 195.4 
Actual 

193.1 193.1 193.1 191.8 194.5 193.2 
Area (mm2) 

*Based on a nominal cross-sectional area of 200 mm2 

Table A.19 Steel properties for beams E-1 and E-2 

Beam E-1 E-2 
Bar A B Average A B Average 

Yield 
436.3 429.8 433.1 434.0 465.3 449.7 

(MPa)* 
Es (MPa)* 200.3 196.3 198.3 194.5 197.6 196.1 

Actual 192.5 193.3 192.9 192.9 193.9 193.4 
Area (mm2) 

*Based on a nominal cross-sectional area of 200 mm2 

Table A. 20 Steel properties for beams E-3 and E-4 

Beam E-3 E-4 
Bar A B Average A B Average 

Yield 
464.3 424.3 444.3 427.0 435.3 431.2 

(MPa)* 
Es (MPa)* 194.5 198.2 196.4 195.0 196.4 195.7 

Actual Area 
193.5 192.1 192.8 192.1 193.5 192.8 

(mm2) 

*Based on a nominal cross-sectional area of 200 mm2 
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Table A.21 Steel properties for beams F-1 and F-2 

Beam F-1 
Bar A B Average 

Yield 
467.3 463.0 465.2 

(MPa)* 
Es (MPa)*t 194.1 * 194.1 
Actual Area 

195.0 192.5 193.8 
(mm2) 

*Based on a nominal cross-sectional area of 200 mm2 

*tElastic Modulus was not measured for Bar "B" in F-1 
$No steel properties were conducted on beam F-2 

F-2$ 
A B 

Table A.22 Steel properties for beams F-3 and F-4 

Beam F-3 F-4 

Bar A B Average A B 

Yield 
473.7 437.3 455.5 459.3 436.7 

(MPa)* 
Es (MPa)* 199.1 194.4 196.7 195.4 192.7 

Actual Area 
192.3 193.6 192.9 195.0 192.9 

(mm2) 

*Based on a nominal cross-sectional area of 200 mm2 
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Figure A.16 Stress-strain response for bars from the batch with lower yield strength 
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List of Additional Symbols Introduced in Appendix A 

b = Average width of a flexure prism 
D = Diameter of concrete cylinder 
h = Average height of a flexure prism 
L = Distance between supports for in a flexure prism test 
L = Length ( or height) of a concrete cylinder 
S1 = Stress corresponding to 50 µe longitudinal strain 
S2 = Stress corresponding to 40% of the ultimate cylinder strength 
V = Volume 
Wdry = Weight in air 
Wsubmerged = Submerged weight 
Ywater = Density of water (998.2 kg/m3) 

e2 = Strain corresponding to 40% of the ultimate cylinder strength 
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Appendix B 

Description of Short-Term Tests 
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B.1 Introduction 

Short-term tests were conducted between 10 and 14 days after casting (for beams D-1 

through D-4 and F-1 through F-4), and between 178 and 185 days of age (for beams E-1 

through E-4). Prior to the start of each test, the height and width of the beam was 

recorded at five locations along the length of the beam (average values given in Table 

3 .1 ). The specimen was then placed into the test frame and set on top of the support 

blocks so that the distance between the reaction points was exactly 3 m. At this point the 

spreader beam was centered to ensure the load was applied evenly to the beam. For each 

beam tested at an early age, a seating load of 5 kN was applied several times to ensure 

proper seating at the supports. For beams tested at a late age, each beam was loaded to 

2.5 kN several times to ensure proper seating at the support points. 

Beams D-3, D-4, E-3, E-4, F-3, and F-4 were loaded in the test frame to a predetermined 

service load of 25.0 kN, before being unloaded and then moved to the sustained load set 

up. As each test began, the load was applied to the specimen until the beam first cracked. 

This point was determined from a distinct change in slope of the load deflection plot. 

The test was paused at this point and the beam was inspected for cracks. The load was 

then applied to the beam in 5 kN steps and at each load step the beam was inspected for 

cracks. The crack widths were measured and recorded using a crack width comparator 

gauge. Crack widths were measured on one side face at the bottom of the beam. Though 

cracks were apparent throughout the span of the beam, measurements were only 

recorded from the middle third. The test progressed until the pre-determined service 

load of 25.0 kN was reached. Each beam was then unloaded and the Vishay Data 
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scanner continued to measure the deflection at midspan until the deflection had 

stabilized. The final residual deflection after unloading was used to determine the 

member deflection once the sustained load was applied. 

Static tests to failure were performed on six of the fourteen beams (D-1, D-2, E-1, E-2, 

F-1, and F-2) to determine the full load deflection response. The same load procedure 

that was outlined above was performed, however the test continued in 5 kN steps until 

the steel reinforcement yielded. Several beams (D-1, D-2, and E-2) were loaded 

cyclically prior to yielding. At each 5 kN interval the beam was inspected for new 

cracks and crack widths were measured. Crack width measurements were discontinued 

after the steel yielded. This point was evident on the load deflection graph because the 

beam deflection started to significantly increase with a small increase in load. The test 

continued until the maximum measuring range of the 100 mm LS Cs was reached. At 

this point the test was paused, the LSCs were reset and the test was resumed until the 

beam failed. All of the beams failed in compression in the middle third of the span ( as 

was expected). 

A summary of each beam and the method of testing can be found below: 

• Beams D-1 and D-2 were tested at an early age and were loaded cyclically to 

failure 

• Beams D-3 and D-4 were tested at an early age and were first preloaded then set 

up with a sustained load for long-term testing 
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• Beams D-5 and D-6 were set up with a sustained load for long-term testing only; 

therefore they were not loaded in the test frame 

• Beam E-1 was tested at a late age to failure 

• Beam E-2 was tested at a late age and was loaded cyclically to failure. 

• Beams E-3 and E-4 were tested at a late age and were first preloaded then set up 

with a sustained load for long-term testing 

• Beam F-1 was tested at an early age and loaded to failure ( contained transverse 

bars above main reinforcement) 

• Beam F-2 was tested at an early age and loaded to failure (containing transverse 

bars below main reinforcement) 

• Beams F-3 and F-4 were tested at an early age and were first preloaded then set 

up with a sustained load for long-term testing (contained transverse bars above 

main reinforcement) 

The load rates used for each test have been summarized in Table B.1. It is evident that 

the load rates varied between tests. The MTS hydraulic actuator used to apply the load 

to the specimen had never been used in this application before this test program began. 

Due to the learning curve required to understand and use this system, the rate at which 

the load was applied changed. Depending on the test, either displacement or load control 

was used to set the rate at which the load was applied. In general the load was applied at 

approximately 2.2 kN per minute (500 pounds per minute) for each test. It is 

recommended that future tests use a load rate and set up similar to beam E-2. The 

162 



different load rates do not appear to have had any effect on the measured short-term 

response. 

Table B. l Load rates for short-term tests 

MTS Load Rate 

Beam 0-5 kNt 5-10 kNt 
10-23 23-30 30-35 35-Yield Yield kN-
kNt kNt kNt kNt Failuret 

D-1 
0.89 2.0 2.0 2.0 2.0 2.0 6.0 

kN/min mm/min mm/min mm/min mm/min mm/min mm/min 

D-2 
2.2 2.2 2.2 2.2 2.2 2.0 6.0 

kN/min kN/min kN/min kN/min kN/min mm/min mm/min 

D-3 
0.89 2.0 2.0 

kN/min mm/min mm/min 

D-4 
0.89 2.0 2.0 

kN/min mm/min mm/min 

E-1 
2.2 2.2 2.2 2.2 2.2 6.0 6.0 

kN/min kN/min kN/min kN/min kN/min mm/min mm/min 

E-2 
0.5 0.5 1.0 1.0 1.0 10 10 

mm/min mm/min mm/min mm/min mm/min mm/min mm/min 

E-3 
0.5 0.5 0.5 

mm/min mm/min mm/min 

E-4 
0.5 0.5 1.0 

mm/min mm/min mm/min 

F-1 
2.2 2.2 2.2 2.2 2.2 6.0 6.0 

kN/min kN/min kN/min kN/min kN/min mm/min mm/min 

F-2 
2.2 2.2 2.2 2.2 6.0 6.0 6.0 

kN/min kN/min kN/min kN/min mm/min mm/min mm/min 

F-3 
2.2 2.2 2.2 

kN/min kN/min kN/min 

F-4 
2.2 2.2 2.2 

kN/min kN/min kN/min 

t Load range refers to the load that the MTS displayed (therefore does not include self
weight of each beam) 

The locations where the load drops (up until the yielding of the steel) in the following 

load deflection graphs, correspond to locations where the test was paused. If the load 

drops but the deformation remained unchanged, the test was paused using "displacement 

control". If the load remained constant but the deflection increased, the test was paused 

in "load control". 
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B.2 Beam D-1 

(one-way, 15M steel reinforcing, tested to failure at an early age) 

Beam D-1 was reinforced in one direction using two 15M steel bars spaced 150 mm 

apart. Beam D-1 was first tested on July 23, 2012 at 10 days of age. At an applied load 

of 36.68 kN the MTS hydraulic pump lost power (due to a power surge from thunder 

storms) and shut off. Because the pump shut off during the test, the load was removed 

from the specimen (aside from the weight of the spreader beam). The test was then 

restarted and at a load of 40.58 kN Gust before yield), the pump shut off again. Figure 

B.1 shows the beam response when the load was suddenly removed from the specimen 

at 36.68 kN and at 40.58 kN of applied load. After the test was interrupted at 40.58 kN, 

the test was stopped for the day. Beam D-1 was reloaded to failure 7 days later. 

During this test the beam was inspected for cracks in 5 kN load steps. The first cracks 

were visible and noted at a load of 1 7.44 kN. From inspection of the load deflection plot 

(Figure B.1 ), the beam appears to have cracked at a load of 8.68 kN with a deflection of 

1.55 mm. This point was determined from a distinct change in slope of the load 

deflection plot. During each subsequent 5 kN step, the beam was inspected for new 

cracks. Each crack was noted on the specimen using a felt tipped pen so that the crack 

extension at each load step was easily monitored. Crack widths were measured and 

recorded using a crack width comparator gauge. The beam yielded at a load of 41.94 kN 

and a midspan deflection of28.51 mm. 
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On July 30, 2012 Beam D-1 was tested to failure. The load rate was 6.00 mm/min. The 

test had to be paused at a deflection of 84.26 mm so that the 100 mm LSCs could be 

reset (due to large midspan deflection). At a load of 51.07 kN and a deformation of 

146.71 mm the ultimate strength of the beam was reached. The beam soon failed by the 

concrete crushing in the compression zone of the middle third. The complete load 

deflection response can be found in Figure B.1 (including an inset showing the initial 

response). 
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Figure B. l Load deflection response of beam D-1 
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Figure B. 2 Test set up for beam D-1 

B.3 Beam D-2 

Figure B. 3 Spreader beam and crack 
pattern of beam D-1 

(one-way, 15M steel reinforcing, tested to failure at an early age) 

Beam D-2 was reinforced in one direction using two 15M steel bars spaced 150 mm 

apart. Beam D-2 was tested to failure on July 26, 2012 at 13 days of age. After the beam 

had cracked (but before the steel yielded) the beam was unloaded down to a total 

applied load of 7.09 kN, and then reloaded (this procedure was repeated twice, once at 

25 .44 kN and again at 3 7.41 kN). This was done to ensure that the MTS system was 

working properly. 

The testing phase for beam D-2 progressed in the same manner as beam D-1. From 

inspection of the load deflection response, the beam appeared to crack at a load of 8.55 

kN ( corresponding to a deflection of 1.50 mm). The first visible cracks were recorded at 

17.44 kN. The yield point occurred at 40.56 kN and a deflection of 27.54 mm. The test 

was paused immediately following the yield point at a load of 42.46 kN, to allow for the 

100 mm LSCs to be reset. The ultimate strength of the beam occurred at a load of 45.69 
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kN and a deflection of 102.67 mm. Shortly after this point the beam failed due to the 

concrete crushing inside the middle third. The complete load deflection response ( along 

with a close up of the initial load deflection curve) can be found in Figure B.4. 
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Figure B. 4 Load deflection response of beam D-2 

Figure B. 5 Significant deflection in beam 
D-2 

Figure B. 6 Concrete crushing in the 
middle third 
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B.4 Beam D-3 

(One-way, 15M steel reinforcing, preloaded at an early age) 

Beam D-3 contained one-way 15M reinforcement and was tested at 11 days of age. This 

beam was preloaded in the monotonic test frame to a predetermined service load of 

25.31 kN, before being unloaded and used for long-term testing. At an applied load of 

25 .31 kN the specimen was completely unloaded so that the only weight acting on the 

beam was its self-weight. The Vishay Data scanner continued to collect readings from 

the 100 mm LSCs at midspan in order to determine the residual deflection. Once the 

deflection had stabilized, the beam was removed from the test frame and placed in the 

long-term testing area of the structures lab. The beam was set up next to beam D-4 and 

subjected to a sustained load of 15.41 kN at 12 days of age. 

From inspection of the load deflection response shown in Figure B. 7 the beam cracked 

at an applied load of 9.10 kN with a deflection of 1.57 mm. The first cracks were 

recorded at the load step corresponding to 17.43 kN. A residual deformation of 3.80 mm 

was measured after unloading. This residual deformation is attributed to built in 

shrinkage restraint deflection and cracks not fully closing. The dashed line in Figure B. 7 

represents the load deflection response under the sustained load during the long-term 

deflection investigation. 

168 



30 

25 -z 
::=. 20 
""C 
ro 
0 15 ......J 

ro 
+,J 

10 ~ 

5 

0 

. 
..,.._, iJ 

:~~ Vl,,P 
., 

V 
~ V 

[.....--1 V 
~ -- -~ - - - ---- - - - - - - . 

~ ,,• 
,, V 

...........- ,, V ,, 

~ 
~ ,,· / ,, ,, 

,V ? V 
,, ,, 

-- , ,, _./ 

y y 

0 5 10 15 
Deflection (mm) 

Figure B. 7 Load deflection response of beam D-3 

Figure B. 8 Test set up for beam D-3 Figure B. 9 Test set up for beam D-3 

B.5 Beam D-4 

(One-way, 15M reinforcing, preloaded at an early age) 

Beam D-4 contained one-way 15M steel reinforcement and was tested at 11 days of age. 

The beam was preloaded in the test frame to a predetermined service load of 25.29 kN, 

169 



before being unloaded and used for long-term testing. After unloading the beam was 

setup for long-term testing with beam D-3 and was subjected to a sustained load of 

15.41 kN at 12 days of age. 

From inspection of the load deflection response shown in Figure B.10, the beam cracked 

at an applied load of 8.92 kN with a deflection of 1.51 mm. The first crack was recorded 

at the load step corresponding to 17.44 kN. A residual deformation of 3.77 mm was 

measured after unloading. The full load deflection response can be found in Figure B.10. 
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Figure B. l O Load deflection response of beam D-4 
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Figure B.11 Test set up for beam D-4 Figure B.12 Test set up for beam D-4 

B.6 Beam E-1 

(One-way, 15M steel reinforcing, tested to failure at a late age) 

Beam E-1 was reinforced in one direction using two 15M steel bars spaced 150 mm 

apart. Beam E-1 was tested to failure on January 7, 2013 at 1 78 days of age. The test 

proceeded in the same manner as the other beams tested to failure. 

At the 7 .3 8 kN load step the first hairline crack was measured. From inspection of the 

load deflection response, the beam cracked at 6.07 kN with a midspan deformation of 

1.07 mm. The yield point for the steel occurred at 41.03 kN and a midspan deflection of 

28.55 mm. At a deformation of 79.49 mm the test was paused while the 100 mm LSCs 

were reset ( due to significant deflection). At 151. 78 mm of deflection, the maximum 

stroke of the MTS hydraulic ram was reached. At this point the test was stopped and the 

load was removed from the specimen. Extensions were attached to the spreader beam 

applying load to the specimen (Figure B.15). These extensions increased the maximum 

displacement the MTS hydraulic actuator could apply to the specimen. The test was 
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continued and at a deformation of 157.35 mm the test was again paused while the 100 

mm LSCs were reset ( due to significant deflection). The ultimate strength of the beam 

occurred at a load of 50.95 kN with a corresponding deformation of 168.00 mm. The 

beam soon failed through the concrete crushing in the compression zone within the 

middle third span. The complete load deflection response can be found in Figure B.13. 

The inset shows the initial load deflection response. 
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Figure B.13 Load deflection response of beam E-1 
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Figure B.14 Test set up for beam E-1 Figure B.15 Extensions to spreader beam 

B.7 Beam E-2 

(One-way, 15M steel reinforcing, tested to failure at a late age) 

Beam E-2 was reinforced in one direction using two 15M steel bars spaced 150 mm 

apart. Beam E-2 was tested to failure on January 14, 2013 at 185 days of age. This test 

progressed in the same manner as the other beams tested to failure. After the beam had 

cracked (but before the steel yielded) the beam was unloaded to a total applied load of 

7.30 kN, and then reloaded (this procedure was repeated twice, once at 25.44 kN and 

again at 37.37 kN). 

The first hairline crack was detected at 9.88 kN of applied load. From inspection of the 

load deflection response the beam appeared to crack at 6.26 kN with a deformation of 

1.11 mm. The yield point occurred at 42.40 kN and a deflection of 28.34 mm. The test 

had to be paused at a deflection of 71. 71 mm so the 100 mm LS Cs at midspan could be 

reset. The ultimate strength of the beam occurred at a load of 50.84 kN and a deflection 

of 144.27 mm. The beam failed soon after this point through the concrete crushing in the 
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compression zone of the middle third span. The complete load deflection response can 

be found in Figure B.16. 
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Figure B.16 Load deflection response of beam E-2 

Figure B.1 7 Test set up for beam E-2 Figure B.18 Concrete crushing at failure 
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B.8 Beam E-3 

(One-way, 15M steel reinforcing, preloaded at a late age) 

Beam E-3 contained one-way 15M steel reinforcement and was tested on January 8, 

2013 at 1 79 days of age. This beam was preloaded in the test frame to a predetermined 

service load of 25 .3 9 kN, before being unloaded and used for long-term testing. At 182 

days of age, the beam was set up next to beam E-4 and subjected to a sustained load of 

15.41 kN. 

From inspection of the load deflection response, the beam cracked at an applied load of 

5.66 kN with a deflection of 1.02 mm. The first crack was recorded at the load step 

corresponding to 7.38 kN. A residual deformation of 5.88 mm was measured after 

unloading. The full load deflection response can be found in Figure B.19. 
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Figure B. 20 Test set up for beam E-3 

B.9 Beam E-4 

Figure B. 21 Crack pattern within the 
middle third 

(One-way 15M steel reinforcing, preloaded at a late age) 

Beam E-4 contained one-way 15M steel reinforcement and was tested on January 9, 

2013 at 180 days of age. The beam was preloaded to a service load of 25.40 kN. After 

unloading the beam, it was set up for long-term testing with beam E-3 and was subjected 

to a sustained load of 15 .41 kN at 182 days of age. 

From inspection of the load deflection response, the beam cracked at an applied load of 

6.09 kN with a deflection of 1.10 mm. The first crack was recorded at the load step 

corresponding to 4.87 kN. A residual deformation of 5.84 mm was measured after 

unloading. The full load deflection response can be found in Figure B.22. 
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Figure B.23 Test set up for beam E-4 Figure B.24 Test set up for beam E-4 
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B.10 Beam F-1 

(One-way, 15M steel reinforcing with transverse reinforcing above, tested to failure 

at an early age) 

Beam F-1 had two 15M longitudinal reinforcing bars spanning the length of the 

specimen with 150 mm spacing. In addition, 15M transverse reinforcing was laid on top 

of the longitudinal reinforcing with a center to center spacing of 150 mm. Beam F-1 was 

tested to failure on October 10, 2012 at 12 days of age. 

From inspection of the load deflection plot, the beam cracked at a load of 9.35 kN with a 

deformation of 1.42 mm. The first cracks were visible and noted at a load of 17.4 7 kN. 

The beam yielded at a load of 44.26 kN and a midspan deflection of 25.89 mm. After 

77 .66 mm of deflection had taken place the 100 mm LS Cs had to be reset due to the 

excessive deflection in the beam. The ultimate strength of the beam occurred at 50.77 

kN and at a deflection of 99.60 mm. The beam failed soon after this point through the 

concrete crushing in the compression zone inside the middle third. The complete load 

deflection graph can be found in Figure B.25. 
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Figure B.26 Beam F-1 showing transverse Figure B.27 Concrete crushing at failure 
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B.11 Beam F-2 

(One-way, 15M steel reinforcing with transverse reinforcing below, tested to failure 

at an early age) 

Beam F-2 had two 15M longitudinal reinforcing bars spanning the length of the 

specimen at a spacing of 150 mm. In addition, 15M transverse reinforcing was placed 

below the longitudinal reinforcing with a center to center spacing of 150 mm. Beam F-2 

was tested to failure on October 12, 2012 at 14 days of age. 

From inspection of the load deflection plot, the beam appears to have cracked at a load 

of 8.32 kN with a deformation of 1.43 mm. The first cracks were visible and noted at a 

load of 12.48 kN. The beam yielded at a load of 36.87 kN and a midspan deflection of 

27.74 mm. As expected, this was a much lower yield point than the other specimens. 

This is because the effective depth of a member is significantly reduced by placing the 

transverse reinforcing bars below the longitudinal reinforcement while maintaining 20 

mm of clear cover. After 77 .13 mm of deflection had taken place, the 100 mm LSCs had 

to be reset due to excessive deflection in the beam. The ultimate load occurred at 43.36 

kN and a deflection of 96.42 mm. The beam failed shortly after this point through the 

concrete crushing in the compression zone inside the middle third. The complete load 

deflection graph can be found in Figure B.28. 
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Figure B. 29 Transverse bars below 
longitudinal bars in beam F-2 

Figure B. 30 Concrete crushing at failure 
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B.12 Beam F-3 

(One-way, 15M steel reinforcing with transverse reinforcing above, preloaded at an 

early age) 

Beam F-3 had two 15M longitudinal reinforcing bars spanning the length of the 

specimen at a spacing of 150 mm. In addition, 15M transverse reinforcing was laid on 

top of the longitudinal reinforcing with a center to center spacing of 150 mm. Beam F-3 

was tested on October 10, 2012 at 12 days of age. This beam was preloaded in the test 

frame to a predetermined service load of 25.65 kN, before being unloaded and used for 

long-term testing. At 13 days of age the beam was set up next to beam F-4 and subjected 

to a sustained load of 15 .41 kN. 

From inspection of the load deflection response, the beam cracked at an applied load of 

10.12 kN with a deflection of 1.65 mm. The first cracks were noted at the load step 

corresponding to 17.46 kN. A residual deformation of 3.60 mm was measured after 

unloading. The full load deflection response can be found in Figure B.31. The dashed 

line in the figure represents reloading and the start of the long-term test. 
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Figure B.32 Test set up for beam F-3 Figure B.33 Cracks in middle third during 
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B.13 Beam F-4 

(One-way 15M steel reinforcing with transverse reinforcing above, preloaded at an 

early age) 

Beam F-4 had two 15M longitudinal reinforcing bars spanning the length of the 

specimen at a spacing of 150 mm. In addition, 15M transverse reinforcing was laid on 

top of the longitudinal reinforcing with a center to center spacing of 150 mm. Beam F-4 

was tested on October 11, 2012 at 13 days of age. This beam was preloaded in the test 

frame to a predetermined service load of25.65 kN. After unloading the beam was set up 

for long-term testing with beam F-3 and was subjected to a sustained load of 15.41 kN 

at 13 days of age. 

From inspection of the load deflection response, the beam cracked at an applied load of 

10.59 kN with a deflection of 1.61 mm. The first cracks were recorded at the load step 

corresponding to 1 7.46 kN. A residual deformation of 3 .3 8 mm was measured after 

unloading. The full load deflection response can be found in Figure B.34. The dashed 

line in the figure represents reloading and the start of the long-term deflection test. 
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Figure B.35 Test set up for beam F-4 Figure B. 3 6 Crack patterns inside middle 
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Appendix C 

Crack Width Data 
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The following section presents the crack width data collected during the experimental 

investigation. In addition, this section provides preliminary calculations for both short 

and long-term tests. 

For each beam, the average crack width, average bar stress, bar stress (at a crack) and 

average bar strain was calculated. The average bar stress is provided by Equation C.1 

and represents the stress in the bar when the concrete between cracks is able to carry a 

portion of the stress. Bischoff s Equation was used to compute the average bar stress in 

Tables C.2 through C.21. Equation C.2 is used to compute an average neutral axis depth 

and represents a weighted average between the uncracked transformed (y1) and fully 

cracked ( Ccr) neutral axis depth. The average strain in the steel ( es,avg) is calculated using 

Equation C.3 and is simply the average bar stress divided by the modulus of elasticity of 

steel. It should be noted that the load identified in Tables C.2 through C.21, includes a 

nominal value of2.46 kN to account for the member self-weight load. 

nM(d - Cavg) 
fb,avg = ---1----

e 

fb,avg 
Es,avg = -E

s 
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The stress in the bar at a crack is calculated using Equation C.4. From inspection of 

Equation C.4, it is evident that the stress in the bar at a crack uses the fully cracked 

moment of inertia (/er) and the corresponding neutral axis depth. 

nM(d - c) 
lb=---

Icr 
C.4 

Total load, average bar stress, bar stress, average bar strain and bar strain have been 

plotted against average crack width for all of the short-term tests. Because each beam 

had the same size reinforcement (15M) and approximately the same effective depth (d), 

the data presented in Figures C.l to ClO is very similar. Beam F-2, which had a smaller 

effective depth and transverse bars below the longitudinal steel, was the only exception 

to this trend. 

Long-term crack data was also collected during the experimental investigation. 

Preliminary calculations for long-term: average bar stress, bar stress (at a crack) and 

average bar strain have been calculated and presented in Tables C.14 through C.21. A 

creep coefficient was calculated which corresponds to the duration of sustained loading 

for each time interval. The creep coefficient was calculated using the GL2000 model 

(see Appendix F for details). This method was selected based on simplicity. The creep 

coefficient used for each interval is reported with each table. 
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Table C.1 Summary of number of cracks, and average crack widths for all the beams 
during the short-term tests 

Applied Load (kN) 

5 7.46 8.46 9.88 11.73 12.46 17.46 22.46 25.46 27.46 32.46 37.46 40.46 42.46 
0-1 No. Cracks(#) 0 0 2 3 N.M. 8 8 8 N.M. 8 

Avg. Crack Width (mm) 0 0 0.15 0.17 N.M. 0.16 0.19 0.23 N.M. 0.28 
0-2 No. Cracks(#) 0 0 4 6 6 6 6 6 6 

Avg. Crack Width (mm) 0 0 0.15 0.15 0.17 0.18 0.21 0.23 0.39 
0-3 No. Cracks(#) 0 0 3 4 4 

Avg. Crack Width (mm) 0 0 0.15 0.16 0.18 
0-4 No. Cracks(#) 0 0 1 5 5 

Avg. Crack Width (mm) 0 0 0.15 0.15 0.15 
E-1 No. Cracks(#) 1 7 8 8 N.M. 8 8 9 9 

Avg. Crack Width (mm) 0.05 0.05 0.13 0.17 N.M. 0.19 0.22 0.25 0.28 
E-2 No. Cracks(#) 0 0 3 5 7 8 8 8 8 9 

Avg. Crack Width (mm) 0 0 0.05 0.09 0.16 0.18 0.19 0.23 0.24 0.24 
E-3 No. Cracks(#) 0 2 8 8 9 9 

Avg. Crack Width (mm) 0 0.05 0.05 0.12 0.16 0.16 
E-4 No. Cracks(#) 1 3 7 7 10 10 

Avg. Crack Width (mm) 0.05 0.05 0.08 0.15 0.15 0.17 
F-1 No. Cracks(#) 0 6 7 N.M. 8 9 11 

Avg. Crack Width (mm) 0 0.13 0.16 N.M. 0.19 0.21 0.21 
F-2 No. Cracks(#) 0 3 6 6 N.M. 6 6 

Avg. Crack Width (mm) 0 0.15 0.17 0.24 N.M. 0.3 0.31 
F-3 No. Cracks(#) 0 0 5 7 7 

Avg. Crack Width (mm) 0 0 0.11 0.14 0.18 
F4 No. Cracks(#) 0 0 5 7 7 

Avg. Crack Width (mm) 0 0 0.11 0.16 0.19 
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Table C.2 Short-term crack width information/or beam D-1 

Beam: D-1 (one-way reinforcement, tested at an early age) - Short-term results 

Load Crack# W aVR s QVJl lb I b,aV/l e s.aVR 

(kN) 1 2 3 4 5 6 7 8 (mm) (mm) (MPa) {MPa) (JlE) 

17.46 0.15 0.15 0.15 360.0 195.2 141.5 721.9 

22.46 0.15 0.20 0.15 0.17 265.0 251.0 208.1 1061.6 

27.46 0.15 0.20 0.15 0.15 0.15 0.15 0.15 0.15 0.16 127.1 306.9 271.3 1384.1 

32.46 0.20 0.25 0.20 0.20 0.20 0.15 0.15 0.15 0.19 127.1 362.8 332.4 1696.0 

37.46 0.25 0.30 0.25 0.25 0.20 0.15 0.20 0.25 0.23 127.1 418.7 392.2 2001.2 

Table C.3 Short-term crack width information/or beam D-2 

Beam: D-2 (one-way reinforcement, tested at an early age)- Short-term results 

Load Crack# Wavg Savg lb f b,av!l e s,aV/l 

(kN) 1 2 3 4 5 6 (mm) (mm) (MPa) (MPa) (JlE) 

17.46 0.15 0.15 0.15 0.15 0.15 275.0 195.0 142.7 727.9 

22.46 0.15 0.15 0.15 0.15 0.15 0.15 0.15 165.0 250.8 209.0 1066.3 

25.46 0.20 0.15 0.15 0.15 0.15 0.20 0.17 165.0 284.4 247.1 1260.6 

25.46 0.20 0.15 0.15 0.15 0.15 0.20 0.17 165.0 284.4 247.1 1260.6 

27.46 0.20 0.15 0.20 0.15 0.15 0.20 0.18 165.0 306.7 272.0 1387.6 

32.46 0.25 0.20 0.20 0.15 0.25 0.20 0.21 165.0 362.5 332.9 1698.7 

37.46 0.30 0.20 0.20 0.20 0.25 0.20 0.23 165.0 418.4 392.6 2003.1 

37.46 0.35 0.20 0.20 0.20 0.25 0.20 0.23 165.0 418.4 392.6 2003.1 

Table C.4 Short-term crack width information/or beam D-3 

Beam: D-3 (one-way reinforcement, tested at an early age) - Short-term results 

wad Crack# Wavg S avg lb fb,avg e s,avg 

(kN) 1 2 3 4 (mm) (mm) (MPa) (MPa) (Ju:) 

17.46 0.15 0.15 0.15 0.15 325.0 194.2 136.2 694.9 

22.46 0.20 0.15 0.15 0.15 0.16 247.3 249.8 203.2 1037.0 

25.46 0.25 0.15 0.15 0.15 0.18 247.3 283.2 241.6 1233.0 
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Table C.5 Short-term crack width information for beam D-4 

Beam: D-4 (one-way reinforcement, tested at an early age)- Short-term results 

Load Crack# Wavg S avg lb lb,OV/l e s,avg 

(kN) 1 2 3 4 5 (mm) (mm) (MPa) (MPa) (pE) 

17.46 0.15 0.15 - 194.7 138.4 706.2 
22.46 0.15 0.15 0.15 0.15 0.15 0.15 206.8 250.5 205.3 1047.7 
25.46 0.15 0.15 0.15 0.15 0.15 0.15 206.8 284.0 243.7 1243.5 

Table C.6 Short-term crack width information/or beam E-1 

Beam: E-1 (one-way reinforcement, tested at a late age)- Short-term results 

Load Crack# WavR S QVJl lb lb,aVR 8 s,aVR 

(kN) 1 2 3 4 5 6 7 8 9 (mm) (mm) (MPa) <MPa) (JJE) 
7.46 0.05 0.05 - 83.8 30.1 153.5 
12.46 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 143.3 139.9 103.0 525.8 
17.46 0.15 0.15 0.15 0.15 0.15 0.15 0.05 0.05 0.13 122.9 196.1 168.8 861.5 
22.46 0.15 0.15 0.20 0.15 0.20 0.20 N.M 0.15 0.17 122.9 252.3 230.8 1177.5 
27.46 0.15 0.15 0.25 0.15 0.20 0.20 N.M 0.20 0.19 122.9 308.4 290.7 1483.4 
32.46 0.20 0.20 0.30 0.20 0.20 0.20 N.M 0.25 0.22 122.9 364.6 349.5 1783.6 
37.46 0.25 0.20 0.30 0.25 0.25 0.25 N.M 0.25 N.M. 0.25 107.5 420.7 407.7 2080.2 
40.46 0.30 0.20 0.30 0.25 0.30 0.25 N.M 0.33 N.M. 0.28 107.5 454.4 442.3 2257.0 

Table C. 7 Short-term crack width information for beam E-2 

Beam: E-2 (one-way reinforcement, tested at a late age)- Short-term results 
Load Crack# WaVfl SaVfl h /b,av~ e s,aVfl 

(kN) 1 2 3 4 5 6 7 8 9 10 11 (mm) (mm) <MPa) (MPa) (11£) 

9.96 0.05 0.05 0.05 0.05 0.05 213.3 111.9 65.0 331.8 
12.46 0.15 0.05 0.15 0.05 0.05 0.05 0.05 0.08 131.7 139.9 100.7 513.9 
17.46 0.20 0.05 0.15 0.15 0.15 0.05 0.15 N.M. 0.15 0.13 113.8 196.1 166.9 851.5 
22.46 0.25 0.05 0.15 0.20 0.20 0.05 0.20 N.M. 0.20 0.05 0.16 101.1 252.3 229.0 1168.5 
25.46 0.25 0.05 0.15 0.20 0.25 0.05 0.20 N.M. 0.20 0.05 0.17 101.1 286.0 265.2 1353.3 
27.46 0.25 0.05 0.20 0.20 0.30 0.05 0.25 N.M. 0.25 0.15 0.19 101.1 308.4 289.1 1474.9 
32.46 0.30 0.05 0.20 0.20 0.30 0.05 0.25 N.M. 0.25 0.15 0.20 101.1 364.6 347.9 1775.3 
37.36 0.30 0.05 0.20 0.25 0.30 0.05 0.30 N.M. 0.25 0.15 0.15 0.21 91.0 419.6 404.9 2066.0 
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Table C.8 Short-term crack width information for beam E-3 

Beam: E-3 (one-My reinforcement, tested at a late age)- Short-term results 

Load Crack# W UV/l S avg lb lb,UV/l 8 s,avfl 

(kN) 1 2 3 4 5 6 7 8 9 (mm) (mm) (MPa) (MPa) (µE) 

7.46 0.05 0.05 0.05 671.0 83.5 35.6 181.8 

12.46 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 124.9 139.5 107.2 547.2 

17.46 0.15 0.15 0.05 0.15 0.15 NM 0.15 0.05 0.12 124.9 195.4 171.7 876.2 

22.46 0.20 0.15 0.15 0.15 0.20 NM 0.20 0.05 0.15 0.16 109.3 251.4 232.7 1187.6 

25.46 0.20 0.20 0.15 0.15 0.20 NM 0.20 0.05 0.15 0.16 109.3 285.0 268.4 1369.8 

Table C.9 Short-term crack width information for beam E-4 

Beam: E-4 (one-way reinforcement, tested at a late age)- Short-term results 

Load Crack# Wavg Savi! lb lb,OVI! £ S,OVI! 

(kN) 1 2 3 4 5 6 7 8 9 10 (mm) (mm) <MPa) <MPa) (au:) 

8.46 0.05 0.05 0.05 0.05 296.0 95.2 45.0 229.7 

12.46 0.15 0.05 0.15 0.05 0.05 0.05 0.05 0.08 124.7 140.2 103.0 525.5 

17.46 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 124.7 196.5 169.0 862.2 

22.46 0.20 0.20 0.20 0.15 0.15 0.15 0.15 0.05 0.05 0.15 0.15 101.4 252.8 231.1 1179.1 

25.46 0.20 0.20 0.20 0.20 0.15 0.15 0.20 0.15 0.05 0.15 0.17 101.4 286.5 267.3 1363.9 

Table C.10 Short-term crack width information/or beam F-1 

Beam: F-1 (transverse reinfo~ement on top, tested at an early age)- Short-term results 

Load Crack# WaVI! SaVI! lb fb,aVI{ Bs,avg 

(kN) 1 2 3 4 5 6 7 8 9 10 11 (mm) (mm) (MPa) (MPa) (JI&) 

17.46 0.15 0.15 0.15 0.15 0.05 0.15 0.13 151.0 188.4 128.7 656.7 

22.46 0.15 0.15 0.20 0.15 0.15 0.20 0.15 0.16 150.0 242.3 194.3 991.4 

27.46 0.20 0.15 0.25 0.20 0.20 0.25 0.20 0.05 0.19 128.6 296.3 256.3 1307.9 

32.46 0.25 0.20 0.30 0.25 0.20 0.30 0.25 0.05 0.05 0.21 103.8 350.2 316.l 1612.9 

37.46 0.25 0.20 0.30 0.33 0.20 0.33 0.25 0.25 0.05 0.05 0.05 0.21 91.0 404.2 374.4 1910.5 

Table C.11 Short-term crack width information for beam F-2 

Beam: F-2 (transverse reinforcement on bottom, tested at an early age) - Short-term results 

Load Crack# Wavl! S OVI! lb /b,avl! Bs,avfl 

(kN) 1 2 3 4 5 6 (mm) (mm) <MPa) <MPa) (au:) 

12.46 0.15 0.15 0.15 0.15 237.5 155.2 74.0 377.7 

17.46 0.15 0.20 0.15 0.15 0.20 0.15 0.17 147.0 217.5 154.6 788.6 

22.46 0.30 0.25 0.25 0.20 0.25 0.20 0.24 147.0 279.8 229.3 1169.8 

27.46 0.33 0.25 0.30 0.30 0.30 0.30 0.30 147.0 342.1 300.1 1531.2 

32.46 0.33 0.30 0.33 0.30 0.30 0.30 0.31 147.0 404.4 368.5 1880.4 
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Table C.12 Short-term crack width information/or beam F-3 

Beam: F-3 (transverse reinforcement on top, tested at an early age)- Short-term results 

Load Crack# Wavg S avg lb lb,avg e s,avg 

(kN) 1 2 3 4 5 6 7 (mm) (mm) (MPa) (MPa) (au:) 

17.46 0.15 0.15 0.15 0.05 0.05 0.11 161.0 191.0 121.0 617.2 

22.46 0.15 0.15 0.15 0.15 0.15 0.15 0.05 0.14 151.0 245.7 189.0 964.2 

25.46 0.20 0.20 0.20 0.15 0.15 0.15 0.20 0.18 151.0 278.5 227.8 1162.3 

Table C.13 Short-term crack width information for beam F-4 

Beam: F-4 (transverse reinforcement on top, tested at an early age)- Short-term results 

Load Crack# Wavg S avg lb lb,avg e s,avg 

(kN) 1 2 3 4 5 6 7 (mm) (mm) (MPa) (MPa) (au:) 

17.46 0.15 0.15 0.15 0.05 0.05 0.11 179.0 188.7 114.1 582.0 

22.46 0.15 0.15 0.20 0.20 0.15 0.15 0.15 0.16 146.0 242.7 182.0 928.8 

25.46 0.20 0.20 0.20 0.20 0.15 0.20 0.15 0.19 146.0 275.2 220.8 1126.7 
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Table C.14 Long-term crack width information/or beam D-3 

Beam: D-3 (one-fflly reinforcing, tested at an early age)- Long-term results 

Date of Initial Load 25-Jul-12 at 12 days of age 

Date Cast 13-Jul-12 Crack# 

Time under load 
Date 1 2 3 4 I II III IV cp* W avg S avg fb,adj f b,adj,avg 

(days) (mm) (mm) (MPa) (MPa) 

6 31-Jul-12 0.2 0.15 0.2 0.15 0.15 0.15 0.98 0.17 148.4 175.7 118.0 
8 02-Aug-12 0.2 0.15 0.2 0.15 0.15 0.15 1.08 0.17 148.4 176.1 119.0 
16 10-Aug-12 0.2 0.15 0.25 0.15 0.15 0.15 1.32 0.18 148.4 177.2 121.5 

30 24-Aug-12 0.25 0.15 0.25 0.15 0.15 0.15 0.05 1.57 0.16 123.7 178.1 123.8 

51 14-Sep-12 0.25 0.2 0.25 0.2 0.2 0.15 0.05 1.79 0.19 123.7 178.9 125.8 

71 04-0ct-12 0.25 0.2 0.25 0.2 0.2 0.15 0.05 1.94 0.19 123.7 179.5 127.1 

98 31-0ct-12 0.25 0.2 0.3 0.2 0.2 0.2 0.05 2.09 0.20 123.7 180.0 128.3 

120 22-Nov-12 0.25 0.25 0.33 0.2 0.2 0.2 0.05 2.19 0.21 123.7 180.3 129.1 

147 19-Dec-12 0.25 0.25 0.33 0.25 0.2 0.2 0.05 2.29 0.22 123.7 180.6 129.9 

184 25-Jan-13 0.3 0.25 0.33 0.25 0.2 0.2 0.05 0.05 2.40 0.20 119.3 181.0 130.8 

218 28-Feb-13 0.3 0.25 0.33 0.25 0.2 0.2 0.05 0.05 2.48 0.20 119.3 181.2 131.4 
254 05-Apr-13 0.3 0.25 0.3 0.25 0.2 0.2 0.05 0.05 2.55 0.20 119.3 181.5 131.9 
295 16-May-13 0.3 0.25 0.3 0.25 0.2 0.2 0.05 0.05 2.62 0.20 119.3 181.7 132.5 

*Using 012000 Equation for Creep (H = 44.95%, V/S = 49.3 mm, Shrinkage started at 11 days ofage, E cmo=30.l GPa, Ecm28 = 30.1 GPa) 

e s,adj,avg 

(Ju:) 
602.3 
607.3 
619.8 
631.5 

641.8 

648.4 
654.9 
658.9 

662.9 

667.3 
670.5 
673.3 
675.9 



N 
0 
0 

Table C.15 Long-term crack width information for beam D-4 

Beam: D-4 (one-way reinforcing, tested at an early age)- Long-term results 
Date of Initial Load 25-Jul-12 at 12 days of age 

Date Cast 13-Jul-12 Crack# 

Time under load 
Date 1 2 3 4 5 I II III IV cp* Wavg Savg /b,adj f b,adj,avg 

(days) (mm) (mm) (MPa) (MPa) 
6 31-Jrn-12 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.98 0.15 137.8 176.3 120.1 

8 02-Aug-12 0.15 0.15 0.15 0.2 0.15 0.15 0.15 1.08 0.16 137.8 176.7 121.1 
16 10-Aug-12 0.2 0.15 0.2 0.2 0.2 0.15 0.15 0.05 1.32 0.16 118.1 177.7 123.5 
30 24-Aug-12 0.2 0.15 0.2 0.2 0.2 0.2 0.2 0.05 1.57 0.18 118.1 178.7 125.8 

51 14-Sep-12 0.2 0.15 0.2 0.2 0.2 0.2 0.2 0.05 1.79 0.18 118.1 179.5 127.7 

71 04-0ct-12 0.25 0.2 0.2 0.2 0.25 0.2 0.2 0.05 0.05 1.94 0.18 103.4 180.0 129.0 
98 31-0ct-12 0.25 0.2 0.2 0.2 0.25 0.2 0.2 0.05 0.05 2.09 0.18 103.4 180.5 130.2 
120 22-Nov-12 0.25 0.2 0.25 0.2 0.25 0.2 0.2 0.05 0.05 2.19 0.18 103.4 180.9 131.0 

147 19-Dec-12 0.25 0.2 0.25 0.2 0.25 0.2 0.2 0.05 0.05 2.29 0.18 103.4 181.2 131.8 

184 25-Jan-13 0.25 0.2 0.25 0.25 0.25 0.2 0.2 0.05 0.05 2.40 0.19 103.4 181.6 132.6 
218 28-Feb-13 0.25 0.2 0.25 0.25 0.25 0.2 0.2 0.05 0.05 2.48 0.19 103.4 181.8 133.2 
254 05-Apr-13 0.25 0.2 0.25 0.25 0.25 0.2 0.2 0.05 0.05 2.55 0.19 103.4 182.0 133.8 
295 16-May-13 0.25 0.2 0.25 0.25 0.25 0.2 0.2 0.05 0.05 2.62 0.19 103.4 182.3 134.3 

*Using GL2000 Equation fur Creep (H = 44.95%, V/S = 49.3 mm, Shrinkage started at 11 days ofage, E cmo=30.1 0Pa, Ecm28 = 30.1 0Pa) 

8 s,adj,avg 

(JJ,E) 

613.1 
618.0 
630.2 
641.7 

651.8 

658.2 
664.6 
668.5 

672.5 

676.7 
679.9 
682.6 
685.2 



N 
0 
1--' 

Table C.16 Long-term crack width information for beam D-5 

Beam: D-5 (one-way reinforcing, tested at an early age, no preload)- Long-term results 

Date of Initial Load 26-Jul-12 at 13 days of age 

Date Cast 13-Jul-12 Crack# 

Time under load 
Date 1 2 3 4 5 6 7 cp* Wavg S avg lb,adj f b,adi,aVll 

(days) (mm) (mm) (MPa) (MPa) 

0 26-Jul-12 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.00 0.15 142.5 171.2 109.3 

5 31-Jul-12 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.93 0.15 142.5 176.2 120.6 

7 02-Aug-12 0.15 0.15 0.15 0.15 0.15 0.15 0.15 1.04 0.15 142.5 176.7 121.8 

15 10-Aug-12 0.15 0.15 0.15 0.15 0.2 0.15 0.15 1.31 0.16 142.5 177.9 124.4 

29 24-Aug-12 0.15 0.15 0.15 0.15 0.2 0.15 0.15 1.57 0.16 142.5 178.9 126.9 

50 14-Sep-12 0.2 0.15 0.15 0.2 0.2 0.2 0.2 1.81 0.19 142.5 179.7 128.9 
70 04-0ct-12 0.2 0.15 0.15 0.2 0.2 0.2 0.2 1.97 0.19 142.5 180.3 130.2 
97 31-0ct-12 0.2 0.15 0.15 0.2 0.2 0.2 0.2 2.12 0.19 142.5 180.8 131.5 

119 22-Nov-12 0.2 0.15 0.15 0.2 0.2 0.25 0.2 2.22 0.19 142.5 181.2 132.3 

146 19-Dec-12 0.2 0.15 0.15 0.2 0.2 0.25 0.2 2.33 0.19 142.5 181.5 133.1 

183 25-Jan-13 0.2 0.15 0.2 0.2 0.2 0.25 0.2 2.44 0.20 142.5 181.9 134.0 
217 28-Feb-13 0.2 0.15 0.2 0.2 0.2 0.25 0.2 2.52 0.20 142.5 182.1 134.6 

253 05-Apr-13 0.2 0.15 0.2 0.2 0.2 0.25 0.2 2.60 0.20 142.5 182.4 135.2 

294 16-May-13 0.2 0.15 0.2 0.2 0.2 0.25 0.2 2.67 0.2 142.50 182.6 135.7 

*Using GL2000 Equation for Creep (H = 44.95%, VIS = 49 .3 mm, Shrinkage started at 13 days of age, E cmo =30.1 GPa, Ecm28 = 30.1 GPa) 

IJ s,ad),aVJ! 

(JU:) 
557.8 
615.5 
621.3 
635.0 

647.3 

657.9 
664.6 
671.2 

675.3 

679.3 
683.7 
687.0 
689.8 

692.5 



N 
0 
N 

Table C.17 Long-term crack width information for beam D-6 

Beam: D-6 (one-way reinforcing, tested at an early age, no preload) - Long-term results 

Date of Initial Load 26-Jul-12 at 13 days of age 

Date Cast 13-Jul-12 Crack# 

Time under load 
Date 1 2 3 4 5 6 7 I cp* Wavg Savg fb,adj fb,adj,avg 

(days) (mm) (mm) (MPa) (MPa) 

0 26-Jul-12 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.00 135.8 0.15 171.7 110.2 
5 31-Jul-12 0.15 0.15 0.15 0.15 0.15 0.15 0.2 0.93 135.8 0.16 176.7 121.5 
7 02-Aug-12 0.15 0.15 0.15 0.2 0.15 0.15 0.2 1.04 135.8 0.16 177.2 122.6 
15 10-Aug-12 0.15 0.15 0.15 0.2 0.15 0.15 0.2 0.05 1.31 116.4 0.15 178.4 125.3 

29 24-Aug-12 0.15 0.15 0.15 0.2 0.2 0.15 0.2 0.05 1.57 116.4 0.16 179.4 127.7 

50 14-Sep-12 0.2 0.2 0.2 0.25 0.2 0.2 0.25 0.05 1.81 116.4 0.19 180.3 129.8 
70 04-0ct-12 0.2 0.2 0.2 0.25 0.2 0.2 0.25 0.05 1.97 116.4 0.19 180.8 131.1 
97 31-0ct-12 0.2 0.2 0.2 0.25 0.2 0.2 0.25 0.15 2.12 116.4 0.21 181.4 132.4 

119 22-Nov-12 0.2 0.2 0.2 0.25 0.2 0.25 0.25 0.15 2.22 116.4 0.21 181.7 133.2 

146 19-Dec-12 0.2 0.2 0.2 0.25 0.2 0.25 0.25 0.15 2.33 116.4 0.21 182.1 134.0 
183 25-Jan-13 0.2 0.2 0.2 0.25 0.2 0.25 0.25 0.15 2.44 116.4 0.21 182.4 134.8 
217 28-Feb-13 0.2 0.2 0.2 0.25 0.2 0.25 0.25 0.15 2.52 116.4 0.21 182.7 135.5 

253 05-Apr-13 0.2 0.2 0.2 0.25 0.2 0.25 0.25 0.15 2.60 116.4 0.21 182.9 136.0 

294 16-May-13 0.2 0.2 0.2 0.25 0.2 0.2 0.25 0.15 2.67 116.4 0.21 183.1 136.5 

*Using GL2000 Equation fur Creep (H = 44.95%, V/S = 49.3 nnn, Shrinkage started at 13 days ofage, E cmo=30.1 GPa, Ecm28 = 30.1 GPa) 

B s,adj,avg 

(Ju:) 

562.2 
619.8 
625.7 
639.3 

651.6 

662.2 
668.9 
675.4 

679.5 

683.6 
688.0 
691.2 
694.0 

696.7 



N 
0 
w 

Table C.18 Long-term crack width information for beam E-3 

Beam: E-3 (one-way reinforcing, tested at a late age)- Long-term results 

Date of Initial Load 11-Jan-13 at 182 days of age 

Date Cast 13-Jul-12 Crack# 

Time under load 
Date 1 2 3 4 5 6 7 8 9 cp* W QVI! S QVI! fb,adi f b,adi,aVI! 8 s,adj,avl! 

(days) (mm) (mm) (MPa) (MPa) (pE) 

14 25-Jan-13 0.2 0.2 0.15 0.15 0.2 0.2 0.2 0.05 0.15 0.52 0.17 109.25 175.5 150.6 768.6 

48 28-Feb-13 0.2 0.2 0.15 0.15 0.2 0.2 0.2 0.05 0.15 0.79 0.17 109.25 176.9 152.8 779.5 

84 05-Apr-13 0.2 0.2 0.15 0.15 0.2 0.2 0.2 0.05 0.15 0.94 0.17 109.25 177.6 153.9 785.3 

125 16-May-13 0.2 0.2 0.15 0.15 0.2 0.2 0.2 0.05 0.15 1.05 0.17 109.25 178.1 154.7 789.6 

*Using GL2000 Equation for Creep (H = 44.95%, VIS= 49.3 tnn, Shrinkage started at 13 days of age, E cmo=29.2 GPa, Ecm28 = 30.1 GPa) 

Table C.19 Long-term crack width information for beam E-4 

Beam: E-4 (one-way reinforcing, tested at a late age)- Long-term results 

Date of Initial Load 11-Jan-13 at 182 days of age 

Date Cast 13-Jul-12 Crack# 

Time under load 
Date 1 2 3 4 5 6 7 8 9 10 ,,,. w."11 s ..... /b,adi /b,adi,a'III!' B s,ad),a'III!' 

(days) (mm) (111111) (MPa) (MPa) (au:) 

14 25-Jan-13 0.2 0.2 0.2 0.2 0.15 0.15 0.2 0.15 0.05 0.15 0.52 0.17 101.44 176.5 147.6 753.1 

48 28-Feb-13 0.2 0.2 0.2 0.2 0.15 0.15 0.2 0.15 0.05 0.15 0.79 0.17 101.44 177.9 149.8 764.6 

84 05-Apr-13 0.2 0.2 0.2 0.2 0.15 0.15 0.2 0.15 0.05 0.15 0.94 0.17 101.44 178.6 151.0 770.7 

125 16-May-13 0.2 0.2 0.15 0.2 0.15 0.15 0.15 0.15 0.05 0.15 1.05 0.16 101.44 179.l 151.9 775.2 

*Usilg Gl2000 F.quation for Creep (H = 44.95%, V/S = 49.3 mn, Shrinkage started at 13 days ofage, E cmo=29.2 GPa, Ecm28 = 30.1 GPa) 
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Table C.20 Long-term crack width information for beam F-3 

Beam: F-3 (one-way reinforcing with transverse reinforcement, tested at an early age) - Long-term results 
Date of Initial Load 11-0ct-12 at 13 days of age 

Date Cast 28-Sep-12 Crack# 

Time under load 
Date 1 2 3 4 5 6 7 8 q,* Wav.e Sav.e /b,adl 

(days) (mm) (mm) (MPa) 

7 18-0ct-12 0.2 0.2 0.25 0.2 0.15 0.2 0.2 0.05 1.03 0.18 129.4 174.49 
20 31-0ct-12 0.25 0.2 0.25 0.2 0.15 0.2 0.2 0.15 1.41 0.20 129.4 176.03 
42 22-Nov-12 0.25 0.25 0.3 0.2 0.15 0.2 0.2 0.15 1.71 0.21 129.4 177.17 
69 19-Dec-12 0.25 0.25 0.3 0.25 0.15 0.2 0.2 0.15 1.94 0.22 129.4 177.97 

106 25-Jan-13 0.25 0.25 0.3 0.25 0.15 0.2 0.2 0.15 2.15 0.22 129.4 178.67 

140 28-Feb-13 0.25 0.25 0.3 0.25 0.15 0.2 0.25 0.15 2.29 0.23 129.4 179.12 
176 05-Apr-13 0.25 0.25 0.3 0.25 0.15 0.2 0.2 0.15 2.41 0.22 129.4 179.48 
217 16-May-13 0.25 0.25 0.3 0.25 0.15 0.2 0.2 0.15 2.51 0.22 129.4 179.80 

*Using GL2000 Equation fur Creep (H = 40.7%, V/S = 49.3 nm, Shrinkage started at 12 days of age, E cmo=31.6 GPa, Ecm28 = 31.6 GPa) 

Table C.21 Long-term crack width information for beam F-4 

Beam: F-4 (one-way reinforcing with transverse reinforcement, tested at an early age)- Long-term results 

Date of Initial Load 11-0ct-12 at 13 days of age 

Date Cast 28-Sep-12 Crack# 

Time under load 
Date 1 2 3 4 5 6 7 tp* Wav.e Sav1t fb,adi 

(days) (mm) (mm) (MPa) 

7 18-0ct-12 0.2 0.15 0.2 0.2 0.15 0.2 0.15 1.06 0.18 146 172.58 
20 31-0ct-12 0.2 0.2 0.2 0.25 0.15 0.2 0.2 1.45 0.20 146 174.13 

42 22-Nov-12 0.25 0.2 0.2 0.25 0.2 0.2 0.25 1.77 0.22 146 175.28 

69 19-Dec-12 0.25 0.2 0.25 0.25 0.2 0.2 0.25 2.00 0.23 146 176.08 

106 25-Jan-13 0.25 0.25 0.25 0.25 0.2 0.2 0.25 2.22 0.24 146 176.78 

140 28-Feb-13 0.25 0.25 0.25 0.25 0.2 0.2 0.3 2.36 0.24 146 177.23 
176 05-Apr-13 0.25 0.25 0.25 0.25 0.2 0.2 0.3 2.48 0.24 146 177.59 
217 16-May-13 0.25 0.25 0.25 0.25 0.2 0.2 0.3 2.59 0.24 146 177.91 

*UsingGL2000 F,quation fur Creep (H = 40.7%, V/S = 49.3 mm, Shrinkage started at 13 days ofage, Ecmo=31.6 GPa, Ecm28 = 31.6 GPa) 

lb,11d),11v.e Bs,adJ,av.e 

(MPa) (Ju:) 

105.48 538.22 
109.47 558.57 
112.47 573.91 
114.59 584.68 

116.44 594.17 

117.64 600.27 
118.61 605.20 
119.46 609.57 

fb,adi,av.e 8 s,adi,av.e 

(MPa) (Ju:) 

99.53 507.85 
103.75 529.38 

106.93 545.60 
109.16 556.98 

111.12 567.00 

112.38 573.44 

113.40 578.64 

114.31 583.25 



List of Additional Symbols Introduced in Appendix C 

C = Neutral axis depth 
Cavg = Average neutral axis depth 
Ccr = Cracked neutral axis depth 

fi = Bar stress 

ft.adj = Bar stress accounting for the time effects of creep 

ft.avg = Average bar stress 

fi.avg,adj = Average bar stress accounting for the time effects of creep 

Es,avg = Average bar strain 
Es,adj,avg = Average bar strain accounting for the time effects of creep 
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Appendix D 

Long-Term Deflection Data 
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The following section provides the raw data collected during the long-term deflection 

experimental investigation. In addition, plots of total deflection versus time since 

loading and long-term deflection multiplier versus time since loading have been 

prepared. 
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Figure D.1 Total deflection versus time under sustained load for all long-term tests 
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Figure D. 3 Long-term deflection multiplier versus time under sustained loading for all 
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Table D. l Long-term deflection data for beam D-3 

P,e1r P,ur Ptotal 

2.43 12.89 15.32 

Aself Ares A,ur Ai SUI I 
0.41 3.39 5.77 9.57 I 

Time 
Dial Gauge 

Atotal Aiona-term Date Reading s 
Time 

Dial Gauge 
Atotal Aiona-term Date Reading s 

(days) (mm) (mm) (mm) (days) (mm) (mm) (mm) 

25-Jul-12 0 5.12 0.00 12-0ct-12 79 18.34 17.02 7.45 0.78 

25-Jul-12 0 10.89 9.57 0.00 0.00 16-0ct-12 83 18.40 17.08 7.51 0.78 

26-Jul-12 1 11.65 10.33 0.76 0.08 19-0ct-12 86 18.66 17.34 7.77 0.81 

26-Jul-12 1 11.86 10.54 0.97 0.10 23-0ct-12 90 18.80 17.48 7.91 0.83 

27-Jul-12 2 12.18 10.86 1.29 0.13 26-0ct-12 93 19.07 17.75 8.18 0.85 

27-Jul-12 2 12.31 10.99 1.42 0.15 30-0ct-12 97 18.95 17.63 8.06 0.84 

30-Jul-12 5 13.30 11.98 2.41 0.25 02-Nov-12 100 18.95 17.63 8.06 0.84 

31-Jul-12 6 13.57 12.25 2.68 0.28 06-Nov-12 104 19.38 18.06 8.49 0.89 

Ol-Aug-12 7 13.98 12.66 3.09 0.32 09-Nov-12 107 19.50 18.18 8.61 0.90 

02-Aug-12 8 14.06 12.74 3.17 0.33 12-Nov-12 110 19.66 18.34 8.77 0.92 

03-Aug-12 9 14.12 12.80 3.23 0.34 15-Nov-12 113 19.67 18.35 8.78 0.92 

07-Aug-12 13 14.90 13.58 4.01 0.42 19-Nov-12 117 19.88 18.56 8.99 0.94 

08-Aug-12 14 15.09 13.77 4.20 0.44 22-Nov-12 120 20.01 18.69 9.12 0.95 

09-Aug-12 15 15.21 13.89 4.32 0.45 27-Nov-12 125 20.23 18.91 9.34 0.98 

10-Aug-12 16 15.20 13.88 4.31 0.45 30-Nov-12 128 20.41 19.09 9.52 0.99 

13-Aug-12 19 15.40 14.08 4.51 0.47 03-Dec-12 131 20.40 19.08 9.51 0.99 

14-Aug-12 20 15.44 14.12 4.55 0.48 10-Dec-12 138 20.60 19.28 9.71 1.01 

15-Aug-12 21 15.59 14.27 4.70 0.49 11-Dec-12 139 20.58 19.26 9.69 1.01 

16-Aug-12 22 15.61 14.29 4.72 0.49 17-Dec-12 145 20.88 19.56 9.99 1.04 

17-Aug-12 23 15.62 14.30 4.73 0.49 20-Dec-12 148 20.81 19.49 9.92 1.04 

20-Aug-12 26 16.07 14.75 5.18 0.54 3-Jan-13 162 21.30 19.98 10.41 1.09 

21-Aug-12 27 16.19 14.87 5.30 0.55 7-Jan-13 166 21.37 20.05 10.48 1.09 

22-Aug-12 28 16.32 15.00 5.43 0.57 8-Jan-13 167 21.42 20.10 10.53 1.10 

23-Aug-12 29 16.42 15.10 5.53 0.58 17-Jan-13 176 21.40 20.08 10.51 1.10 

24-Aug-12 30 16.39 15.07 5.50 0.57 25-Jan-13 184 21.75 20.43 10.86 1.13 

27-Aug-12 33 16.56 15.24 5.67 0.59 1-Feb-13 191 21.66 20.34 10.77 1.13 

29-Aug-12 35 16.77 15.45 5.88 0.61 8-Feb-13 198 21.89 20.57 11.00 1.15 

30-Aug-12 36 16.85 15.53 5.96 0.62 16-Feb-13 206 21.86 20.54 10.97 1.15 

31-Aug-12 37 16.89 15.57 6.00 0.63 26-Feb-13 216 21.97 20.65 11.08 1.16 

04-Sep-12 41 16.98 15.66 6.09 0.64 13-Mar-13 231 21.97 20.65 11.08 1.16 

05-Sep-12 42 16.89 15.57 6.00 0.63 22-Mar-13 240 22.19 20.87 11.30 1.18 

06-Sep-12 43 16.85 15.53 5.96 0.62 28-Mar-13 246 22.15 20.83 11.26 1.18 

07-Sep-12 44 16.82 15.50 5.93 0.62 5-Apr-13 254 22.30 20.98 11.41 1.19 

10-Sep-12 47 16.89 15.57 6.00 0.63 9-Apr-13 258 22.32 21.00 11.43 1.19 

12-Sep-12 49 17.35 16.03 6.46 0.67 22-Apr-13 271 22.30 20.98 11.41 1.19 

14-Sep-12 51 17.27 15.95 6.38 0.67 29-Apr-13 278 22.31 20.99 11.42 1.19 

17-Sep-12 54 17.55 16.23 6.66 0.70 10-May-13 289 22.19 20.87 11.30 1.18 

18-Sep-12 55 17.59 16.27 6.70 0.70 13-May-13 292 22.13 20.81 11.24 1.17 

20-Sep-12 57 17.60 16.28 6.71 0.70 17-May-13 296 22.24 20.92 11.35 1.19 

21-Sep-12 58 17.69 16.37 6.80 0.71 24-May-13 303 22.18 20.86 11.29 1.18 

25-Sep-12 62 17.80 16.48 6.91 0.72 31-May-13 310 22.18 20.86 11.29 1.18 

28-Sep-12 65 17.86 16.54 6.97 0.73 14-Jun-13 324 22.17 20.85 11.28 1.18 

02-0ct-12 69 17.57 16.25 6.68 0.70 28-Jwi-13 338 22.05 20.73 11.16 1.17 

05-0ct-12 72 17.77 16.45 6.88 0.72 4-Jul-13 344 21.88 20.56 10.99 1.15 

09-0ct-12 76 18.17 16.85 7.28 0.76 
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Table D.2 Long-term deflection data for beam D-4 

P,etr Psur Ptotal 

2.44 12.89 15.33 

A,etr Ares Asur Ai.sos I 
0.39 3.38 5.87 9.64 I 

Time 
Dial Gauge 

Atotal A1on1-term Date Reading s 
Time 

Dial Gauge 
Atotal ~1001-term Date Reading s 

(days) (mm) (mm) (mm) (days) (mm) (mm) (mm) 

25-Jul-12 0 8.86 0.00 12-0ct-12 79 22.58 17.49 7.85 0.81 

25-Jul-12 0 14.73 9.64 0.00 0.00 16-0ct-12 83 22.64 17.55 7.91 0.82 

26-Jul-12 1 15.61 10.52 0.88 0.09 19-0ct-12 86 22.89 17.80 8.16 0.85 

26-Jul-12 1 15.85 10.76 1.12 0.12 23-0ct-12 90 23.04 17.95 8.31 0.86 

27-Jul-12 2 16.22 11.12 1.49 0.15 26-0ct-12 93 23.31 18.22 8.58 0.89 

27-Jul-12 2 16.37 11.28 1.64 0.17 30-0ct-12 97 23.20 18.11 8.47 0.88 

30-Jul-12 5 17.41 12.32 2.68 0.28 02-Nov-12 100 23.20 18.11 8.47 0.88 

31-Jul-12 6 17.71 12.62 2.98 0.31 06-Nov-12 104 23.62 18.53 8.89 0.92 

Ol-Aug-12 7 18.12 13.02 3.39 0.35 09-Nov-12 107 23.75 18.66 9.02 0.94 

02-Aug-12 8 18.18 13.09 3.45 0.36 12-Nov-12 110 23.93 18.84 9.20 0.95 

03-Aug-12 9 18.25 13.16 3.52 0.37 15-Nov-12 113 23.92 18.83 9.19 0.95 

07-Aug-12 13 19.06 13.97 4.33 0.45 19-Nov-12 117 24.14 19.05 9.41 0.98 

08-Aug-12 14 19.25 14.16 4.52 0.47 22-Nov-12 120 24.27 19.18 9.54 0.99 

09-Aug-12 15 19.38 14.29 4.65 0.48 27-Nov-12 125 24.51 19.42 9.78 1.01 

10-Aug-12 16 19.37 14.28 4.64 0.48 30-Nov-12 128 24.68 19.59 9.95 1.03 

13-Aug-12 19 19.58 14.48 4.85 0.50 03-Dec-12 131 24.66 19.57 9.93 1.03 

14-Aug-12 20 19.60 14.51 4.87 0.51 10-Dec-12 138 24.86 19.77 10.13 1.05 

15-Aug-12 21 19.75 14.66 5.02 0.52 l l-Dec-12 139 24.85 19.76 10.12 1.05 

16-Aug-12 22 19.77 14.68 5.04 0.52 17-Dec-12 145 25.15 20.06 10.42 1.08 

17-Aug-12 23 19.80 14.71 5.07 0.53 20-Dec-12 148 25.07 19.98 10.34 1.07 

20-Aug-12 26 20.25 15.16 5.52 0.57 3-Jan-13 162 25.58 20.49 10.85 1.13 

21-Aug-12 27 20.38 15.28 5.65 0.59 7-Jan-13 166 25.64 20.55 10.91 1.13 

22-Aug-12 28 20.51 15.42 5.78 0.60 8-Jan-13 167 25.69 20.60 10.96 1.14 

23-Aug-12 29 20.60 15.51 5.87 0.61 17-Jan-13 176 25.67 20.58 10.94 1.14 

24-Aug-12 30 20.58 15.49 5.85 0.61 25-Jan-13 184 26.00 20.91 11.27 1.17 

27-Aug-12 33 20.75 15.66 6.02 0.62 l-Feb-13 191 25.90 20.81 11.17 1.16 

29-Aug-12 35 20.96 15.87 6.23 0.65 8-Feb-13 198 26.14 21.05 11.41 1.18 

30-Aug-12 36 21.01 15.92 6.28 0.65 16-Feb-13 206 26.11 21.02 11.38 1.18 

31-Aug-12 37 21.07 15.98 6.34 0.66 26-Feb-13 216 26.23 21.14 11.50 1.19 

04-Sep-12 41 21.17 16.08 6.44 0.67 13-Mar-13 231 26.22 21.13 11.49 1.19 

05-Sep-12 42 21.08 15.99 6.35 0.66 22-Mar-13 240 26.45 21.36 11.72 1.22 

06-Sep-12 43 21.05 15.96 6.32 0.66 28-Mar-13 246 26.40 21.31 11.67 1.21 

07-Sep-12 44 21.03 15.94 6.30 0.65 5-Apr-13 254 26.55 21.46 11.82 1.23 

10-Sep-12 47 21.08 15.99 6.35 0.66 9-Apr-13 258 26.57 21.48 11.84 1.23 

12-Sep-12 49 21.54 16.45 6.81 0.71 22-Apr-13 271 26.57 21.48 11.84 1.23 

14-Sep-12 51 21.47 16.37 6.74 0.70 29-Apr-13 278 26.60 21.51 11.87 1.23 

17-Sep-12 54 21.73 16.64 7.00 0.73 10-May-13 289 26.46 21.37 11.73 1.22 

18-Sep-12 55 21.77 16.67 7.04 0.73 13-May-13 292 26.42 21.33 11.69 1.21 

20-Sep-12 57 21.78 16.69 7.05 0.73 17-May-13 296 26.52 21.43 11.79 1.22 

21-Sep-12 58 21.88 16.78 7.15 0.74 24-May-13 303 26.46 21.37 11.73 1.22 

25-Sep-12 62 21.99 16.90 7.26 0.75 31-May-13 310 26.46 21.37 11.73 1.22 

28-Sep-12 65 22.06 16.96 7.33 0.76 14-Jun-13 324 26.46 21.37 11.73 1.22 

02-0ct-12 69 21.77 16.67 7.04 0.73 28-Jllll- l 3 338 26.36 21.27 11.63 1.21 

05-0ct-12 72 21.97 16.88 7.24 0.75 4-Jul-13 344 26.18 21.09 11.45 1.19 

09-0ct-12 76 22.38 17.29 7.65 0.79 
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Table D.3 Long-term deflection data/or beam D-5 

P,e1r P,ur Ptotal 

2.44 12.96 15.40 

A.elf Ares A,ur Ai.sus I 
0.41 0.00 7.04 7.45 I 

Time 
Dial Gauge 

Atotal k\1on1-term Date Reading s 
Time 

Dial Gauge 
Atotal A1on1-term Date Reading s 

(days) (mm) (mm) (mm) (days) (mm) (mm) (mm) 

25-Jul-12 0 4.52 0.00 16-0ct-12 82 20.18 16.1 8.62 1.16 

26-Jul-12 0 11.56 7.45 0.00 0.00 19-0ct-12 85 20.45 16.3 8.89 1.19 

26-Jul-12 0 12.19 8.08 0.63 0.08 23-0ct-12 89 20.66 16.6 9.1 1.22 

27-Jul-12 1 12.89 8.78 1.33 0.18 26-0ct-12 92 20.91 16.8 9.35 1.25 

27-Jul-12 1 13.08 8.97 1.52 0.20 30-0ct-12 96 20.82 16.7 9.26 1.24 

30-Jul-12 4 14.42 10.31 2.86 0.38 02-Nov-12 99 20.77 16.7 9.21 1.24 

31-Jul-12 5 14.77 10.66 3.21 0.43 06-Nov-12 103 21.28 17.2 9.72 1.30 

01-Aug-12 6 15.26 11.15 3.70 0.50 09-Nov-12 106 21.39 17.3 9.83 1.32 

02-Aug-12 7 15.35 11.24 3.79 0.51 12-Nov-12 109 21.57 17.5 IO.DI 1.34 

03-Aug-12 8 15.44 11.33 3.88 0.52 15-Nov-12 112 21.59 17.5 10.03 1.35 

07-Aug-12 12 16.36 12.25 4.80 0.64 19-Nov-12 116 21.81 17.7 10.25 1.38 

08-Aug-12 13 16.61 12.50 5.05 0.68 22-Nov-12 119 21.9 17.8 10.34 1.39 

09-Aug-12 14 16.76 12.65 5.20 0.70 27-Nov-12 124 22.1 18 10.54 1.41 

10-Aug-12 15 16.78 12.67 5.22 0.70 30-Nov-12 127 22.3 18.2 10.74 1.44 

13-Aug-12 18 17.01 12.90 5.45 0.73 03-Dec-12 130 22.28 18.2 10.72 1.44 

14-Aug-12 19 17.08 12.97 5.52 0.74 10-Dec-12 137 22.51 18.4 10.95 1.47 

15-Aug-12 20 17.22 13.11 5.66 0.76 11-Dec-12 138 22.49 18.4 10.93 1.47 

16-Aug-12 21 17.26 13.15 5.70 0.76 17-Dec-12 144 22.77 18.7 11.21 1.50 

17-Aug-12 22 17.27 13.16 5.71 0.77 20-Dec-12 147 22.72 18.6 11.16 1.50 

20-Aug-12 25 17.76 13.65 6.20 0.83 3-Jan-13 161 23.24 19.1 11.68 1.57 

21-Aug-12 26 17.86 13.75 6.30 0.85 7-Jan-13 165 23.22 19.1 11.66 1.56 

22-Aug-12 27 18.00 13.89 6.44 0.86 8-Jan-13 166 23.35 19.2 11.79 1.58 

23-Aug-12 28 18.07 13.96 6.51 0.87 17-Jan-13 175 23.39 19.3 11.83 1.59 

24-Aug-12 29 18.05 13.94 6.49 0.87 25-Jan-13 183 23.7 19.6 12.14 1.63 

27-Aug-12 32 18.21 14.10 6.65 0.89 1-Feb-13 190 23.67 19.6 12.11 1.62 

29-Aug-12 34 18.46 14.35 6.90 0.92 8-Feb-13 197 23.9 19.8 12.34 1.66 

30-Aug-12 35 18.52 14.41 6.96 0.93 16-Feb-13 205 23.89 19.8 12.33 1.65 

31-Aug-12 36 18.57 14.46 7.01 0.94 26-Feb-13 215 24.02 19.9 12.46 1.67 

04-Sep-12 40 18.60 14.49 7.04 0.94 13-Mar-13 230 24.05 19.9 12.49 1.68 

05-Sep-12 41 18.53 14.42 6.97 0.94 22-Mar-13 239 24.28 20.2 12.72 1.71 

06-Sep-12 42 18.49 14.38 6.93 0.93 28-Mar-13 245 24.27 20.2 12.71 1.71 

07-Seo-12 43 18.50 14.39 6.94 0.93 5-Aor-13 253 24.45 20.3 12.89 1.73 

10-Sep-12 46 18.62 14.51 7.06 0.95 9-Apr-13 257 24.44 20.3 12.88 1.73 

12-Seo-12 48 19.05 14.94 7.49 1.00 22-Aor-13 270 24.47 20.4 12.91 1.73 

14-Sep-12 50 18.97 14.86 7.41 0.99 29-Apr-13 277 24.52 20.4 12.96 1.74 

17-Sep-12 53 19.25 15.14 7.69 1.03 10-May-13 288 24.39 20.3 12.83 1.72 

18-Sep-12 54 19.29 15.18 7.73 1.04 13-May-13 291 24.38 20.3 12.82 1.72 

20-Sep-12 56 19.29 15.18 7.73 1.04 17-May-13 295 24.47 20.4 12.91 1.73 

21-Seo-12 57 19.38 15.27 7.82 1.05 24-May-13 302 24.4 20.3 12.84 1.72 

25-Sep-12 61 19.52 15.41 7.96 1.07 

28-Seo-12 64 19.59 15.48 8.03 1.08 

02-0ct-12 68 19.30 15.19 7.74 1.04 

05-0ct-12 71 19.48 15.37 7.92 1.06 

09-0ct-12 75 19.92 15.81 8.36 1.12 

12-0ct-12 78 20.12 16.01 8.56 1.15 
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Table D.4 Long-term deflection data for beam D-6 

Pself Psur Ptotal 

2.43 12.96 15.39 

A.elf Ares Asur Ai.sos I 
0.42 0.00 7.52 7.93 I 

Time 
Dial Gauge 

Atotal IAton&·term Date Reading s 
Time 

Dial Gauge 
Atotal Atone-term Date Reading s 

(days) (mm) (mm) (mm) (days) (mm) (mm) (mm) 
25-Jul-12 0 6.39 0.00 16-0ct-12 82 22.6 16.6 8.7 1.10 
26-Jul-12 0 13.90 7.93 0.00 0.00 19-0ct-12 85 22.9 16.9 9 1.13 
26-Jul-12 0 14.48 8.51 0.58 0.07 23-0ct-12 89 23.09 17.1 9.19 1.16 
27-Jul-12 1 15.18 9.21 1.28 0.16 26-0ct-12 92 23.34 17.4 9.44 1.19 
27-Jul-12 1 15.37 9.40 1.47 0.19 30-0ct-12 96 23.2 17.2 9.3 1.17 
30-Jul-12 4 16.71 10.74 2.81 0.35 02-Nov-12 99 23.18 17.2 9.28 1.17 
31-Jul-12 5 17.05 11.08 3.15 0.40 06-Nov-12 103 23.69 17.7 9.79 1.23 

01-Aug-12 6 17.53 11.56 3.63 0.46 09-Nov-12 106 23.78 17.8 9.88 1.25 
02-Aug-12 7 17.65 11.68 3.75 0.47 12-Nov-12 109 23.97 18 10.07 1.27 
03-Aug-12 8 17.73 11.76 3.83 0.48 15-Nov-12 112 24 18 10.1 1.27 
07-Aug-12 12 18.64 12.67 4.74 0.60 19-Nov-12 116 24.22 18.3 10.32 1.30 
08-Aug-12 13 18.88 12.91 4.98 0.63 22-Nov-12 119 24.3 18.3 10.4 1.31 
09-Aug-12 14 19.03 13.06 5.13 0.65 27-Nov-12 124 24.53 18.6 10.63 1.34 
10-Aug-12 15 19.04 13.07 5.14 0.65 30-Nov-12 127 24.73 18.8 10.83 1.37 
13-Aug-12 18 19.30 13.33 5.40 0.68 03-Dec-12 130 24.71 18.7 10.81 1.36 
14-Aug-12 19 19.36 13.39 5.46 0.69 10-Dec-12 137 24.94 19 11.04 1.39 
15-Aug-12 20 19.51 13.54 5.61 0.71 11-Dec-12 138 24.92 19 11.02 1.39 
16-Aug-12 21 19.57 13.60 5.67 0.71 17-Dec-12 144 25.19 19.2 11.29 1.42 
17-Aug-12 22 19.59 13.62 5.69 0.72 20-Dec-12 147 25.16 19.2 11.26 1.42 
20-Aug-12 25 20.07 14.10 6.17 0.78 3-Jan-13 161 25.69 19.7 11.79 1.49 
21-Aug-12 26 20.20 14.23 6.30 0.79 7-Jan-13 165 25.77 19.8 11.87 1.50 
22-Aug-12 27 20.33 14.36 6.43 0.81 8-Jan-13 166 25.8 19.8 11.9 1.50 
23-Aug-12 28 20.40 14.43 6.50 0.82 17-Jan-13 175 25.84 19.9 11.94 1.51 
24-Aug-12 29 20.39 14.42 6.49 0.82 25-Jan-13 183 26.16 20.2 12.26 1.55 
27-Aug-12 32 20.55 14.58 6.65 0.84 1-Feb-13 190 26.13 20.2 12.23 1.54 
29-Aug-12 34 20.84 14.87 6.94 0.87 8-Feb-13 197 26.36 20.4 12.46 1.57 
30-Aug-12 35 20.90 14.93 7.00 0.88 16-Feb-13 205 26.34 20.4 12.44 1.57 
31-Aug-12 36 20.94 14.97 7.04 0.89 26-Feb-13 215 26.48 20.5 12.58 1.59 
04-Sep-12 40 21.00 15.03 7.10 0.90 13-Mar-13 230 26.47 20.5 12.57 1.58 
05-Sep-12 41 20.93 14.96 7.03 0.89 22-Mar-13 239 26.72 20.8 12.82 1.62 
06-Sep-12 42 20.89 14.92 6.99 0.88 28-Mar-13 245 26.71 20.7 12.81 1.62 
07-Sep-12 43 20.91 14.94 7.01 0.88 5-Apr-13 253 26.88 20.9 12.98 1.64 
10-Sep-12 46 21.02 15.05 7.12 0.90 9-Apr-13 257 26.88 20.9 12.98 1.64 
12-Sep-12 48 21.47 15.50 7.57 0.95 22-Apr-13 270 26.92 21 13.02 1.64 
14-Sep-12 50 21.35 15.38 7.45 0.94 29-Apr-13 277 26.96 21 13.06 1.65 
17-Sep-12 53 21.68 15.71 7.78 0.98 10-Mav-13 288 26.81 20.8 12.91 1.63 
18-Sep-12 54 21.72 15.75 7.82 0.99 13-May-13 291 26.8 20.8 12.9 1.63 
20-Sep-12 56 21.74 15.77 7.84 0.99 17-May-13 295 26.89 20.9 12.99 1.64 
21-Sep-12 57 21.82 15.85 7.92 1.00 24-May-13 302 26.81 20.8 12.91 1.63 
25-Sep-12 61 21.96 15.99 8.06 1.02 
28-Sep-12 64 22.03 16.06 8.13 1.03 
02-0ct-12 68 21.74 15.77 7.84 0.99 
05-0ct-12 71 21.92 15.95 8.02 1.01 
09-0ct-12 75 22.36 16.39 8.46 1.07 
12-0ct-12 78 22.57 16.60 8.67 1.09 
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Table D.5 Long-term deflection data/or beam F-3 

P,e1r P,ur Ptotal 

2.46 13.01 15.47 

A.elf Are, A,ur AiJus 1 

0.38 3.21 5.95 9.55 I 

Time 
Dial Gauge 

Atotal IA1on1-term Date Reading s 
Time 

Dial Gauge 
Atotal IA1on1-term Date Reading s 

(days) (mm) (mm) (mm) (days) (mm) (mm) (mm) 

11-0ct-12 0 2.78 0.00 22-Mar-13 162 19.57 20.4 10.84 1.14 

11-0ct-12 0 8.73 9.55 0.00 0.00 28-Mar-13 168 19.56 20.4 10.83 1.13 

11-0ct-12 0.5 9.67 10.49 0.94 0.10 05-Aor-13 176 19.77 20.6 11.04 1.16 

12-0ct-12 1 9.75 10.57 1.02 0.11 09-Apr-13 180 19.77 20.6 11.04 1.16 

15-0ct-12 4 11.10 11.92 2.37 0.25 22-Aor-13 193 19.84 20.7 11.11 1.16 

16-0ct-12 5 11.25 12.07 2.52 0.26 29-Apr-13 200 19.88 20.7 11.15 1.17 

17-0ct-12 6 11.63 12.45 2.90 0.30 10-Mav-13 211 19.77 20.6 11.04 1.16 

19-0ct-12 8 12.12 12.94 3.39 0.36 13-May-13 214 19.76 20.6 11.03 1.16 

22-0ct-12 11 12.68 13.50 3.95 0.41 17-May-13 218 19.87 20.7 11.14 1.17 

23-0ct-12 12 12.92 13.74 4.19 0.44 24-May-13 225 19.81 20.6 11.08 1.16 

24-0ct-12 13 13.17 13.99 4.44 0.47 31-May-13 232 19.83 20.6 11.1 1.16 

25-0ct-12 14 13.39 14.21 4.66 0.49 14-Jun-13 246 19.91 20.7 11.18 1.17 

26-0ct-12 15 13.52 14.34 4.79 0.50 28-Jun-13 260 19.85 20.7 11.12 1.16 

29-0ct-12 18 13.72 14.54 4.99 0.52 04-Jul-13 266 19.68 20.5 10.95 1.15 

30-0ct-12 19 13.72 14.54 4.99 0.52 

31-0ct-12 20 13.68 14.50 4.95 0.52 

l-Nov-12 21 13.73 14.55 5.00 0.52 

2-Nov-12 22 13.90 14.72 5.17 0.54 

5-Nov-12 25 14.48 15.30 5.75 0.60 

6-Nov-12 26 14.65 15.47 5.92 0.62 

7-Nov-12 27 14.78 15.60 6.05 0.63 

8-Nov-12 28 14.87 15.69 6.14 0.64 

9-Nov-12 29 14.90 15.72 6.17 0.65 

12-Nov-12 32 15.20 16.02 6.47 0.68 

14-Nov-12 34 15.19 16.01 6.46 0.68 

16-Nov-12 36 15.43 16.25 6.70 0.70 

19-Nov-12 39 15.70 16.52 6.97 0.73 

22-Nov-12 42 15.92 16.74 7.19 0.75 

27-Nov-12 47 16.27 17.09 7.54 0.79 

30-Nov-12 50 16.55 17.37 7.82 0.82 

3-Dec-12 53 16.61 17.43 7.88 0.83 

10-Dec-12 60 16.98 17.80 8.25 0.86 

11-Dec-12 61 16.98 17.80 8.25 0.86 

17-Dec-12 67 17.38 18.20 8.65 0.91 

20-Dec-12 70 17.37 18.19 8.64 0.90 

3-Jan-13 84 18.08 18.90 9.35 0.98 

7-Jan-13 88 18.22 19.04 9.49 0.99 

8-Jan-13 89 18.28 19.10 9.55 1.00 

17-Jan-13 98 18.37 19.19 9.64 1.01 

25-Jan-13 106 18.79 19.61 10.06 1.05 

1-Feb-13 113 18.78 19.60 10.05 1.05 

8-Feb-13 120 19.09 19.91 10.36 1.09 

16-Feb-13 128 19.07 19.89 10.34 1.08 

26-Feb-13 138 19.26 20.08 10.53 1.10 

13-Mar-13 153 19.30 20.12 10.57 1.11 
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Table D.6 Long-term deflection data/or beam F-4 

P,etr P,ur Ptotal 

2.46 13.01 15.48 

dse1r Ares A,ur Ai.sos I 
0.36 3.02 5.80 9.18 I 

Time 
Dial Gauge 

Atotal Aiona-term Date Reading s 
Time 

Dial Gauge 
Atotal ~Iona-term Date Reading s 

(days) (mm) (mm) (mm) (days) (mm) (mm) (mm) 

11-0ct-12 0 4.32 0.00 22-Mar-13 162 21.08 20.1 10.96 1.19 

11-0ct-12 0 10.12 9.18 0.00 0.00 28-Mar-13 168 21.07 20.1 10.95 1.19 

11-0ct-12 0.5 11.14 10.20 1.02 0.11 05-Apr-13 176 21.26 20.3 11.14 1.21 

12-0ct-12 1 11.26 10.32 1.14 0.12 09-Apr-13 180 21.27 20.3 11.15 1.21 

15-0ct-12 4 12.75 11.81 2.63 0.29 22-Apr-13 193 21.32 20.4 11.2 1.22 

16-0ct-12 5 12.92 11.98 2.80 0.30 29-Apr-13 200 21.36 20.4 11.24 1.22 

17-0ct-12 6 13.26 12.32 3.14 0.34 10-May-13 211 21.27 20.3 11.15 1.21 

19-0ct-12 8 13.78 12.84 3.66 0.40 13-May-13 214 21.24 20.3 11.12 1.21 

22-0ct-12 11 14.35 13.41 4.23 0.46 17-May-13 218 21.36 20.4 11.24 1.22 

23-0ct-12 12 14.57 13.63 4.45 0.48 24-May-13 225 21.3 20.4 11.18 1.22 

24-0ct-12 13 14.83 13.89 4.71 0.51 31-May-13 232 21.33 20.4 11.21 1.221 

25-0ct-12 14 15.05 14.11 4.93 0.54 14-Jun-13 246 21.38 20.4 11.26 1.226 

26-0ct-12 15 15.12 14.18 5.00 0.54 28-Jun-13 260 21.33 20.4 11.21 1.221 

29-0ct-12 18 15.37 14.43 5.25 0.57 04-Jul-13 266 21.17 20.2 11.05 1.203 

30-0ct-12 19 15.37 14.43 5.25 0.57 

31-0ct-12 20 15.33 14.39 5.21 0.57 

l-Nov-12 21 15.39 14.45 5.27 0.57 

2-Nov-12 22 15.55 14.61 5.43 0.59 

5-Nov-12 25 16.12 15.18 6.00 0.65 

6-Nov-12 26 16.27 15.33 6.15 0.67 

7-Nov-12 27 16.42 15.48 6.30 0.69 

8-Nov-12 28 16.49 15.55 6.37 0.69 

9-Nov-12 29 16.53 15.59 6.41 0.70 

12-Nov-12 32 16.82 15.88 6.70 0.73 

14-Nov-12 34 16.80 15.86 6.68 0.73 

16-Nov-12 36 17.03 16.09 6.91 0.75 

19-Nov-12 39 17.27 16.33 7.15 0.78 

22-Nov-12 42 17.51 16.57 7.39 0.80 

27-Nov-12 47 17.85 16.91 7.73 0.84 

30-Nov-12 50 18.13 17.19 8.01 0.87 

3-Dec-12 53 18.20 17.26 8.08 0.88 

10-Dec-12 60 18.55 17.61 8.43 0.92 

11-Dec-12 61 18.55 17.61 8.43 0.92 

17-Dec-12 67 18.95 18.01 8.83 0.96 

20-Dec-12 70 18.96 18.02 8.84 0.96 

3-Jan-13 84 19.64 18.70 9.52 1.04 

7-Jan-13 88 19.77 18.83 9.65 1.05 

8-Jan-13 89 19.82 18.88 9.70 1.06 

17-Jan-13 98 19.92 18.98 9.80 1.07 

25-Jan-13 106 20.33 19.39 10.21 1.11 

1-Feb-13 113 20.31 19.37 10.19 1.11 

8-Feb-13 120 20.64 19.70 10.52 1.15 

16-Feb-13 128 20.62 19.68 10.50 1.14 

26-Feb-13 138 20.78 19.84 10.66 1.16 

13-Mar-13 153 20.84 19.90 10.72 1.17 
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Table D. 7 Long-term deflection data for beam E-3 

Pself Psur Ptotal 

2.38 13.04 15.41 

Aself Ares Asur Ai.sos 

0.42 5.46 6.14 12.02 

Time 
Dial Gauge 

Atotal Along-term Date Reading s 

(days) (mm) (mm) (mm) 
11-Jan-13 0 9.10 0.00 

11-Jan-13 0 15.24 12.02 0.00 0.00 

11-Jan-13 0.5 15.37 12.15 0.13 0.01 

14-Jan-13 3 15.71 12.49 0.47 0.04 

16-Jan-13 5 15.92 12.70 0.68 0.06 

17-Jan-13 6 15.96 12.74 0.72 0.06 

25-Jan-13 14 16.61 13.39 1.37 0.11 

01-Feb-13 21 16.70 13.48 1.46 0.12 

08-Feb-13 28 17.07 13.85 1.83 0.15 

16-Feb-13 36 17.08 13.86 1.84 0.15 

26-Feb-13 46 17.29 14.07 2.05 0.17 

13-Mar-13 61 17.35 14.13 2.11 0.18 

22-Mar-13 70 17.65 14.43 2.41 0.20 

28-Mar-13 76 17.64 14.42 2.40 0.20 

05-Apr-13 84 17.86 14.64 2.62 0.22 

09-Apr-13 88 17.89 14.66 2.65 0.22 

22-Apr-13 101 17.92 14.70 2.68 0.22 

29-Apr-13 108 17.96 14.74 2.72 0.23 

10-May-13 119 17.86 14.64 2.62 0.22 

13-May-13 122 17.83 14.61 2.59 0.22 

17-May-13 126 17.93 14.71 2.69 0.22 

24-May-13 133 17.90 14.68 2.66 0.22 

31-May-13 140 17.90 14.68 2.66 0.22 

14-Jun-13 154 17.94 14.71 2.70 0.22 

28-Jun-13 168 17.87 14.65 2.63 0.22 

04-Jul-13 174 17.73 14.51 2.49 0.21 
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Table D.8 Long-term deflection data/or beam E-4 

Pself Psur Ptotal 

15.41 13.04 2.37 

Aself Ares Asur Ai.sos 

0.42 5.42 6.51 12.35 

Time 
Dial Gauge 

Atotal Along-term Date Reading s 

(days) (mm) (mm) (mm) 
11-Jan-13 0 8.03 0.00 

11-Jan-13 0 14.54 12.35 0.00 0.00 

11-Jan-13 0.5 14.68 12.49 0.14 0.01 

14-Jan-13 3 15.05 12.86 0.51 0.04 

16-Jan-13 5 15.26 13.07 0.72 0.06 

17-Jan-13 6 15.30 13.11 0.76 0.06 

25-Jan-13 14 15.95 13.76 1.41 0.11 

01-Feb-13 21 16.06 13.87 1.52 0.12 

08-Feb-13 28 16.41 14.22 1.87 0.15 

16-Feb-13 36 16.42 14.23 1.88 0.15 

26-Feb-13 46 16.62 14.43 2.08 0.17 

13-Mar-13 61 16.69 14.50 2.15 0.17 

22-Mar-13 70 16.96 14.77 2.42 0.20 

28-Mar-13 76 16.95 14.76 2.41 0.20 

05-Apr-13 84 17.13 14.94 2.59 0.21 

09-Apr-13 88 17.17 14.98 2.63 0.21 

22-Apr-13 101 17.20 15.01 2.66 0.22 

29-Apr-13 108 17.23 15.04 2.69 0.22 

10-May-13 119 17.25 15.06 2.71 0.22 

13-May-13 122 17.23 15.04 2.69 0.22 

17-May-13 126 17.23 15.04 2.69 0.22 

24-May-13 133 17.26 15.07 2.72 0.22 

31-May-13 140 17.27 15.08 2.73 0.22 

14-Jllll-13 154 17.29 15.10 2.75 0.22 

28-Jtn1-13 168 17.27 15.08 2.73 0.22 

04-Jul-13 174 17.26 15.07 2.72 0.22 
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List of Additional Symbols Introduced in Appendix D 

Psur = Surcharge load applied to each beam 
P101a1 = Total load applied to each beam 
Ares = Residual deflection after the short-term test 
Asur = Deflection caused by the surcharge 
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Appendix E 

Additional Information 
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E.1 Analysis Procedure 

E.1.1 Determining the offset from seating 

Each beam was initially loaded several times (up to 5 kN or 2.5 kN for early and late 

age tested beams respectively) in order to have the beam sit flat on top of the supports. 

Because of this "seating" exercise, a small offset in the load deflection response was 

visible once the raw data was plotted. This offset is identified by drawing a straight line 

through the uncracked portion of the load versus deflection response. As is evident in 

Figure E.1 this straight line does not pass through the origin (0, 0). As a result, the 

deflection data was corrected by this offset so that the slope of the uncracked portion of 

the beam response lines up with the origin. The first step in determining this offset was 

to plot the load (uncorrected for the self-weight) versus deflection as shown in Figure 

E.1. 

-z 
~ - Offset 
""C from ro 
0 seating 

.....J 
V) 
I-
~ 

., 

- .4 /"'-0.2 

6 

4 

Line of best fit for 
uncracked region of 
raw data 

0.2 0.4 0.6 

Deflection {mm) 

0.8 1 12 

Figure E.1 MI'S load versus deflection demonstrating the offset from seating (beam F-3) 
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Once this was complete, the slope of the line of best fit was found. The seating offset 

(giving the offset deflection at zero load) can be calculated directly using this slope. For 

beam F-3 the seating offset was 0.15 mm. This offset is typical of all of the tests 

performed in this study. These offsets from seating were extremely small, however to be 

sure that each beam was analyzed in the same way this technique was applied to all the 

beam tests. 

E.1.2 Offset from Self-Weight 

The measured member response is offset to account for the self-weight of the member 

using the traditional beam deflection formulas. The first step is to calculate the 

distributed self-weight (wself) of each beam (based on the density and dimensions) using 

Equation E.1. 

Wself = (bh -As)Yconcrete + AsYsteel E.1 

Since the load was applied to each specimen using third point loading; the self-weight 

( which is a distributed load) is translated into an equivalent point load ( acting in third 

point loading). This was done by setting the deflection at midspan due to the distributed 

load for the self-weight, equal to the deflection at midspan from third point loading (as 

shown in Equation E.2). The result is a relationship for Pself (Equation E.3). 

E.2 
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E.3 

Table E.1 provides the dimensions and specifications for each beam, as well as the load 

and deflection due to the self-weight. 

Table E.1: Beam dimensions and properties 

Beam Batch 
Height Width As )'concrete Wself Pself Asel{ 

(mm) (mm) (mm2) (kn/m3) (N/mm) (kN) (mm) 

D-1 152.7 300.5 400 1.11 2.44 0.42 
D-2 153.3 300.0 400 1.11 2.44 0.43 
D-3 

1 
152.8 299.7 400 

23.7 
1.11 2.43 0.41 

D-4 153.0 300.6 400 1.11 2.44 0.39 
D-5 152.3 301.1 400 1.11 2.44 0.42 

D-6 151.9 301.1 400 1.10 2.43 0.42 
E-1 152.3 301.9 400 1.08 2.38 0.41 
E-2 

1 
152.5 301.2 400 

23.1 
1.08 2.38 0.41 

E-3 152.7 299.9 400 1.08 2.38 0.42 
E-4 152.6 299.8 400 1.08 2.37 0.42 
F-1 156.1 299.8 400 1.12 2.47 0.35 
F-2 

2 
156.4 299.7 400 

23.6 
1.12 2.48 0.42 

F-3 154.9 300.1 400 1.12 2.46 0.38 
F-4 155.7 299.4 400 1.12 2.46 0.36 

Ysteel taken as 7800 kg/m3 

E.1.3 Computing the Modulus of Elasticity of Concrete 

The modulus of elasticity of concrete (Ee) was calculated using three different methods. 

The modulus of elasticity of concrete (Ee) was calculated for each beam based on the 

beam response prior to cracking. This modulus of elasticity value was then compared to 

those found from the cylinder material property tests and the elastic modulus equation 

provided in A23.3-04 (Ee = ( 3300.ft + 6900) (c;;~;te) 1·s). 
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Figure E.2 shows the initial response for beam F-3. It is evident that the response 

follows a straight line prior to cracking. Using the slope of this section, the elastic 

modulus of concrete (Ee) is calculated. 

......... 
a.. -'"C 
ro 
0 

.....J 

ro 
+,,I 

~ 

, , , , , 

, , , , 

Cracked Response 

Uncracked response 

Slope= PI Li 

,. , , 

Deflection {~) 

Figure E. 2 Total load versus deflection demonstrating how the concrete elastic modulus 
was calculated from the beam tests 

The traditional beam deflection formula for a simply supported beam under third point 

loading is given in Equation E.4. Since the slope of the uncracked response is equal to: 

slope = P / fl , Equation E.4 can be rearranged to provide an expression for the 

uncracked member stiffness, El. 

( 
23 )PL3 

/J = 1296 EI 
E.4 
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_ (p) 3( 23) 
Elslope - L1 L 1296 E.5 

The transformed moment of inertia(/,) for the beam can be calculated using the cross

sectional dimensions measured prior to the start of the test. The concrete elastic modulus 

for each beam is found by iterating E until: Elslope = (~) L3 c~:
6
). Table E.2 shows a 

comparison of the concrete elastic modulus calculated from the beam tests, the material 

property tests, and the CSA A23.3-04 equation. 

Table E.2: Elastic Modulus 

Beam Batch Ee(test) Ee,avg (test) Ee (cylinder) Ee (code) t 
D-1 29438 
D-2 

1 
28827 

30060 30517 29370 
D-3 30034 
D-4 31938 
E-1 29783 
E-2 

1 
29639 

29243 29735 30047 
E-3 28588 
E-4 28962 
F-1 33741 

F-2* 
2 

28635 
31612 30740 30969 

F-3 31342 
F-4 32732 

*Beam F-2 had a different effective depth than the other beams cast from batch 2. This 
beam also cracked significantly earlier than the other beams from batch 2. 

t Ee = ( 3300H; + 6900) (c~;~~te)1
·
5 

E.1.4 Back Calculated Shrinkage 

As was previously discussed in Section 2.0, shrinkage restraint will reduce the cracking 

moment for concrete. Therefore, determining the amount of shrinkage that has taken 
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place at the time of testing has a significant impact on predicting the load deflection 

response for reinforced concrete. Shrinkage was measured two different ways during 

this experimental investigation. One method was to measure the shrinkage directly using 

shrinkage prisms, the other method was to "back calculate" the shrinkage based on the 

experimental results and the rupture modulus from the flexure prisms, found at the time 

of the short-term tests. 

The first step in back calculating the shrinkage from the short-term tests was to find the 

cracking load (Pcr,exp). Using this value of Pcr,exp, the experimental cracking moment 

(Mcr,exp), and the effective rupture stress at cracking ([re,beam) were computed. The 

effective rupture stress ([re.beam) corresponding to the experimental cracking moment 

(Mcr,exp) is calculated using Equation E.6. 

Mcr,exp Yt 
fre,beam = It 

E.6 

The rupture modulus of plain concrete (f,.) was measured during the material property 

tests conducted on the flexure prisms. The residual stress ([res) is therefore the difference 

between the effective stress from the beam tests ([re.beam) and the rupture modulus of 

plain concrete (!,.,,prism). This residual stress ([res) is expressed according to Equation E. 7. 

fres = fre,beam - fr,prism E.7 
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Knowing the residual stress ((res) in each beatn, the shrinkage strain (esh) that must be 

present to cause this residual stress is calculated using Equation E.8. 

E5 p(d/h)(1 + 6{)Esh 
fres = - 1 + fip(d/h)(1 + 12{2) 

E.8 

Solving for esh provides an estimate of the apparent shrinkage that has taken place in 

each beatn at the time of the short-term tests. This apparent shrinkage is referred to as 

the "back calculated shrinkage". 

E.2 Long-Term Axial Member Response 

In order to understand the long-term behaviour of flexural members; it is beneficial to 

understand the behaviour of axial tension members. Because long-term deflection is 

caused by the influence of shrinkage and creep, it is useful to specifically look at the 

influence that these two factors have on axial members. 

E.2.1 Axial Response (no shrinkage or creep) 

The first step in studying the long-term response of an axial tension member is to 

understand the response without the influence of shrinkage or creep. This is a relatively 

straightforward task and the response can be computed through either a strain or load 

based approach. The strain based approach starts by choosing a value for the member 

strain (em). The strain in the steel (es) and concrete (ecJ) are then found using the 

compatibility relationships (as shown in Equation E.9 and E.10). Once the strains are 
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known, the stress in both the steel and concrete are found from the corresponding stress

strain relationships. After the concrete cracks, a tension stiffening model (/J) is used to 

account for the tensile stress carried by concrete between cracks. Once the stresses are 

known, the load carried by the concrete and steel are found. The total load carried by the 

member is the sum of the loads from the steel and concrete ( as shown in Equation E.11 ). 

The total load cannot exceed the yield load of the steel ( since at crack locations, the steel 

will be carrying the entire load and is limited by the yield strength). This technique is 

outlined in Darabi et al. (2012). 

Em = Es -+ fs = E sEs ~ [y -+ f's = A sfy 

Em= Ee = Ect-+ fc = Pfcr (where P(Ect )) -+ Pc = Acfc 

Ptotal = f's + Pc ~ Py 

E.9 

E.10 

E.11 

From a design perspective, it is often the load which is known and the strain which is 

unknown at the start of an analysis. In order to accommodate this approach, Bischoff 

(2005) proposed Equation E.12 to calculate an effective area of concrete in tension (Ae.ff). 

This formula is analogous to the effective moment of inertia equation used for flexural 

members (refer to Equation 2.11 in Chapter 2). Starting with an applied load (Pa) a 

designer can compute the effective area of concrete in tension; which is then used in 

Equation E.13 to compute the strain in a member. Equation E.12 provides a smooth 

transition from an uncracked to fully cracked member response, accounting for the 

tensile stress carried by concrete between the cracks. 
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where: 

,, 
Acr 

1-Aerf Aune 
nA5 

E.2.2 Including Shrinkage 

Aer 
Aett= ----

1 -11(';:f E.12 

E.13 

The next step in understanding the long-term behaviour of axial tension members is to 

include the effects of shrinkage. Shrinkage causes an offset in the member response 

from the origin as was previously discussed in Chapter 2. The behaviour of an axial 

member under the influence of shrinkage is found by either including the shrinkage 

strain (esh) in the compatibility relationship (i.e. Em = Ee = Eet + Esh) when using the 

strain based approach, or using an effective load caused by shrinkage restraint (Psh), The 

technique to account for shrinkage using the load based approach, is shown in Equations 

E.14 and E.15. 

where: 

Psh 

P' = Pa+ Psh 

P' 
Em= -Eh 

Aetf Ee 
5 

E5 A5 Esh where shrinkage (esh) is taken as a positive number 
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2 )2 
Equation E.12 is used to compute Aeff,, but the (Per) term is replaced by (_!EI._ 

Pa Pa+Psh 

Figure E.3 shows the axial load versus strain plot for a generic tension member. The full 

response without shrinkage, with shrinkage, and the bare bar response are identified 

within this plot. 
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Figure E. 3 Generic axial load versus strain plot showing response with and without 
shrinkage 

It is important to note that because the restraint from shrinkage acts as a sustained load, 

beginning as soon as a member is exposed to the environment, creep will relax the 

effects of shrinkage. The relaxation effects of creep on shrinkage are computed using an 

effective value for shrinkage esh,e.ff as expressed in Equation E.16. 
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where: 

n 
n' 
Ec,adj 
p 

Ac 

= 
= 

( 
1 + np) 

E - E 
sh,eff - 1 + n'p sh 

modular ratio (n = Es! Ee) 
long-term modular ratio (n' = Es! Ec,ad.J) 
Ec/(1 + X</J) 
steel reinforcing ratio (As/(Ac)) 
Area of concrete in tension (bh -As) 

E.2.3 Unloading Line (with shrinkage) 

E.16 

As has been previously discussed, a theoretical unloading line can be found using the 

compatibility and equilibrium equations. Figure E.4 shows a typical load versus strain 

response for an axial tension member. The unloading line is identified in this Figure for 

a member with shrinkage. This unloading line will connect the point where unloading 

begins (point C) and an idealized origin, identified as point D. The concrete elastic 

modulus in tension after cracking (E'c) is found using Equation E.17 and is identified in 

the inset of Figure E.4. ecf in Equation E.17 corresponds to the point where unloading 

begins. The contribution of the load carried by the concrete in tension ( during unloading) 

is found using E'c together with Equation E.18. Equation E.19 is used to compute the 

load carried by the steel during unloading. The total load in the unloading line is given 

by Equation E.20. 

E' = Pfcr 
C 

Ecf 
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Figure E. 4 Axial load versus strain for a tension member showing the unloading 
response 

E.2.4 Including Creep (without considering shrinkage) 

As was previously discussed, creep reduces the elastic modulus of concrete in 

compression. However it will also decrease the elastic modulus of concrete in tension. It 

is therefore assumed that the creep coefficient ( <p) in tension is the same as the creep 

coefficient ( <p) in compression. The tensile creep after cracking can be incorporated into 

the analysis of axial tension members using an age adjusted modulus of elasticity of 
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concrete in tension (E'c,adJ) (E'c,adJ and E'c have been plotted in the inset of Figure E.5). 

To accomplish this, the short-term response is first computed (refer to Section E.2.1) 

and the results are then adjusted to account for the effects of creep. Starting with a value 

for member strain (em) the corresponding strain in the concrete (ecJ) is found using the 

compatibility relationships. The concrete elastic modulus in tension after cracking (E'c) 

is computed using Equation E.17, where the p term accounts for the loss of tension 

stiffening as the load moves beyond the cracking point. The CEB-FIP 1990 (CEB-FIP 

1993) equation for~ was used to compute the stress carried by concrete after cracking in 

all of the following plots ( as shown in Equation E.21 ). 
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Figure E. 5 Axial load versus strain for tension member demonstrating the effects of 
creep on the member response 

(1 + np) + (np)2 (E;) 
4 Ecr 

E.21 

where: 

ecr cracking strain of concrete 
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Once E'c is known, it is a simple matter to compute the corresponding short-term 

stresses and loads (using Equation E.18 - E.20). 

The long-term concrete elastic modulus in tension after cracking is computed using 

Equation E.22. The long-term effect of creep on the modulus of elasticity in tension is 

considered using a creep coefficient ( <p). The relaxation coefficient (x) can be taken as 

0.8. 

, E; 
Ec,adj = 1 + X(f) E.22 

From this point, the load from the short-term response is used in conjunction with the 

long-term effective modulus of elasticity in tension after cracking (E'c,adJ) to compute the 

long-term strain in the member (according to Equation E.23). 

E.23 

This method of accounting for creep requires an iterative approach to find the member 

strain corresponding to the desired level load level. A new method has been developed 

to directly calculate the long-term effects of creep for axial tension members that is 

more convenient for design. This method allows a designer to start with a load and 

compute the long-term response without having to iterate. 
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A common theme in axial members is that the bare bar response is completely 

independent of the effects of creep and shrinkage. Creep only affects the modulus of 

elasticity of concrete, and therefore has no effect on the bare bar response. Shrinkage 

moves the member response up and down along the bare bar response depending on the 

amount of shrinkage present. It is evident that a method of computing the axial response 

relative to the bare bar response may be advantageous in predicting the tensile behaviour 

of axial members. 

Figure E.6 shows a typical axial load versus strain response for a tension member. The 

distance between the member response and the bare bar response is greatest at the 

cracking load (L1emax) and is reduced as the load extends beyond this point due to the loss 

of tension stiffening. At any applied load the strain in the member is found using 

Equation E.24. This equation takes the bare bar strain and reduces it by L1e. L1e is the 

adjusted value for L1emax due to the loss of tension stiffening. 
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Figure E. 6 Generic axial load versus strain plot, showing the member response with 
and without creep 

where: 

Ae 
Aemax 
11 
p 

Pa Pa [ Per] 
Em = -E A - LlE = -- 1 - /317-

e er EcAer Pa 

f3L1Emax 
(1JPer)/(EeAer) 
1-Aerf Aune 

Per/Pa 

E.24 

Using this Illethodology, an approach has been developed to iillpleillent the effects of 

creep in tension. This was coillpleted using the principles of strain compatibility and 

equilibriUill. The long-term effects of creep are taken into account using a ( term as 

indicated in Equation E.25. 
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where: 

co 
p 
n 
n' 

(w + np)/(w + n'p) 
[17(w - 1) + 1]/[77(w - 1) + 1 + <p(1 -17)] 
[(1 -11)P(Per!P)]/[1 - P11(PerlP)] 
As/ Aune 
Es/Ee 

Es/E' e,adj 

E.2.5 Incorporating Shrinkage and Creep 

E.25 

When using the strain based approach to account for shrinkage and creep together, the 

short-term response (with the effects of shrinkage alone) is first computed (as described 

in Section E.2.1 ). Once the short-term response with shrinkage is computed, the long

term effects of creep are accounted for. This is accomplished using the same techniques 

outlined in Section E.2.4 to account for creep, except now a load to represent the 

induced load from shrinkage restraint (Psh) is included when computing the member 

response. Bsh,eff can be used to represent the effective shrinkage strain which accounts for 

the relaxation effect of creep on shrinkage. 

E.26 

where: 

Psh AeEsh,effE;,adj and esh,effiS taken as a negative number 
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Alternatively shrinkage can be included in the load based method introduced in Section 

E.2.4 to account for creep. Shrinkage can easily be incorporated into Equation E.25 

using an effective restraint load from shrinkage (Psh) in the same manner as before (and 

as shown in Equation E.28). The effective shrinkage strain ( esh,e.ff) needs to be included 

in the long-term member response (e'm), as shown in Equation E.28. Incorporating 

shrinkage will cause the member response to shift further to the right. Figure E. 7 shows 

the axial load versus strain response for a tension member with both shrinkage and creep. 

where: 

(1) 

p 
n 
n' 

P' = Pa+ Psh 

P' [ Per] c:n = EA 1- (f3rJy - Esh,eff 
c er 

(w + np)/(w + n'p) 
[r,(w - 1) + 1]/[r,(w - 1) + 1 + <p(l - r,)] 
[(1 - r,){3(Perf P')]/[1 - {3r,(Perf P')] 
As/Aune 
Es/Ee 
Es/E'e,adj 

Psh and esh,effare taken as positive numbers in Equation E.27 and E.28. 
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Figure E. 7 Generic axial load versus strain plot, showing member response with creep 
and shrinkage 

E.2.6 Accounting for the Effects of Preload 

Figure E.8 demonstrates the effects of preloading on the response of an axial tension 

member. The member in this figure has: a square 200 mm x 200 mm cross-section, a 

concrete elastic modulus of 22.5 GPa, was reinforced with 800 mm2 of steel 

reinforcement and has an elastic modulus of steel equal to 200 GPa. In this example, a 

200 kN preload was applied to an axial tension member before any shrinkage had taken 

place ( as would be the case with early age loading). The member response described in 

Figure E.8 starts at the origin (point "A"), is loaded past the point where the member 

cracks (point "B"), and up to the preload level (point "C"). The axial member is then 

unloaded back down to the origin (point "A"). The unloading response therefore follows 

the line "CA". 
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At this point, shrinkage (esh = 300 µ£--. esh,eff = 229.5 µE assuming a creep coefficient 

of 2.0) is assumed to start to act on the member. Shrinkage causes the axial member to 

shorten (response will move to the point identified as "D"). In addition to affecting the 

member response, shrinkage will also apply a shrinkage restraint load (Psh) to the 

member (as has been discussed in Section E.2.2). If the member is reloaded (with a 

sustained load for example), the response follows the reloading line "DE". If the 

sustained load is anywhere below point "E" (Psus + Psh :S Ppreload), the member response 

will reside along the reload line "DE". However, if the sustained load extends beyond 

this point (Psus + Psh ~ Ppreload) the member response will reside on the "member 

response with shrinkage" curve between points E and F ( or beyond). 
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Figure E. 8 Axial load versus strain for a tension member showing the effects of 
pre loading 

If the load frotn the preload is not cotnpletely retnoved and the tnetnber is allowed to 

shrink at point G, the tnetnber will shorten and the response will tnove towards point H. 

However this asswnes that creep is not acting on the tnetnber. 

If the load is sustained at any point, the effects of creep will cause additional long-term 

strain. Figure E.9 depicts the shift in tnetnber response due to the sustained load. At any 
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point if the load held constant, the response will experience additional deformation due 

to the effects of creep as shown in this figure. 
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Figure E. 9 Axial load versus strain for a tension member incorporating the effects of 
shrinkage and creep 

E.2. 7 Additional Information on axial members 

The following resources have been used to develop this section. 

• Collins and Mitchell (1991) 

• Darabi et al. (2012) 
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• Bischoff (2001) 

• Bischoff (2005) 

E.3 Influence of creep on long-term deflection multiplier 

Long-term deflection multipliers are comprised of the effects of creep and shrinkage. 

Since in this analysis creep is accounted for using a creep coefficient, a parametric study 

was conducted to determine if an increase in the creep coefficient is equal to a direct 

increase in the long-term deflection multiplier. Since deflection is directly proportional 

to curvature, this parametric study assumes that the long-term deflection multiplier is 

equivalent to the long-term curvature multiplier. 

This parametric study considered a singly reinforced concrete beams with steel and fiber 

reinforced polymer (FRP) reinforcing. It was determined that the percentage of 

reinforcing ( p = As ) and modular ratio ( n = Es) are the principle parameters that 
bd ~ 

influence the effect that the creep coefficient has on a long-term curvature multiplier. 

Therefore this study looked at the long-term curvature multipliers calculated for various 

values of np with creep coefficients ranging between 1 and 3. The study considered a 

plain uncracked member, an uncracked reinforced member and a fully cracked member. 

This was done for steel reinforcing with a np ranging from 0.03 to 0.25 (lightly to 

heavily reinforced respectively) and for FRP reinforcing with a np between 0.01 and 0.1 

(light to heavily reinforced respectively). For the steel reinforced beam, Es= 200 0Pa, 

Ee= 25 0Pa, therefore n = 8. A np ranging between 0.25 to 0.03 corresponds to a p of 

around 3% down to a p of .4%. For the GFRP reinforced beam, Eb = 40 0Pa, Ee = 25 
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GPa, therefore n = 1.6. A np ranging between 0.1 to 0.01 corresponds to a p of around 6% 

down to ap of0.6%. 

For a plain concrete member prior to cracking, the increase in curvature from the long

term effects of creep are proportional to the creep coefficient. Figure E.10 shows a plain 

concrete member prior to cracking. Creep causes an increase in long-term strain; 

however this increase in long-term strain is proportional relative to the neutral axis 

location. Therefore the increase in curvature due to creep is proportional to the creep 

coefficient. 
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Figure E.10 Strain and stress diagrams for a plain uncracked concrete beam 

Figure E.12 and E.13 show the long-term curvature multipliers versus creep coefficient 

for steel and FRP reinforcement, respectively. For the plain uncracked member, the ratio 

between the creep coefficient and long-term curvature multiplier is proportional and 

therefore any increase in the creep coefficient has a direct increase in the long-term 

curvature multiplier. 

242 



For a reinforced concrete member prior to cracking, the long-term increase in curvature 

will approximately be proportional to the creep coefficient. Since concrete will creep 

under a sustained load ( thus there will be an increase in strain in the top face) but steel 

does not (steel will not creep due to sustained loads), there will be a downward shift of 

the neutral axis location (as shown in Figure E.11) (Nilson and Winter 1986). Because 

the change in curvature is relative to the location of the steel (since it does not change), 

and not about the neutral axis location, the ratio of creep to elastic strain ( definition of 

creep coefficient) will not be proportional to an increase in curvature. Gilbert (2012) 

states that the increase in curvature from creep will be between 0.7<p and 0.95<p for an 

uncracked singly reinforced concrete member. 
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Figure E.11 Strain and stress diagrams for a reinforced uncracked concrete beam 

Figure E.12 shows the long-term curvature multiplier versus creep coefficient for a steel 

reinforced cross-section. From this parametric study, the creep coefficient and the long

term curvature multiplier are approximately proportional. An increase in the creep 
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coefficient has a 0. 72<p to 0.92<p increase in the long-term curvature multiplier 

( corresponding to a np of 0.03 to 0.25 respectively). Figure E.13 shows the long-term 

curvature multiplier versus creep coefficient for an FRP reinforced cross-section. In this 

case an increase in the creep coefficient has a 0. 78<p to 0.97 <p increase in the long-term 

curvature multiplier (corresponding to a np of 0.01 to 0.1 respectively). The range of 

possible long-term curvature multipliers has been shaded in Figures E.12 and E.13 

respectively. 

For a fully cracked concrete member an increase in curvature due to creep will not be 

proportional to the creep coefficient. Gilbert (2012) states that the increase in curvature 

due to creep will be less than 0.25<p. 

This parametric study on the creep coefficient versus long-term curvature multiplier 

indicated that an increase in long-term curvature from the creep coefficient ranges 

between 0.12q, and 0.36q, for a fully cracked steel reinforced member (corresponding to 

a np of 0.03 to 0.25 respectively). For a fully cracked FRP reinforced member, an 

increase in long-term curvature multiplier from the creep coefficient ranges between 

0.07q, and 0.23<p (corresponding to a np of 0.01 to 0.1 respectively). The range of 

possible long-term curvature multipliers for a fully cracked section has been shaded in 

Figures E.12 and E.13 respectively. 

Notice that the fully cracked long-term curvature multipliers for GFRP are around 60% 

of the fully cracked long-term curvature multipliers for the steel reinforced beams. It is 
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of interest to note that ACI 440 (2006) says to use 60% of the long-term deflection 

multipliers from steel reinforced beams, when computing long-term deflection for FRP 

members. 
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Figure E.12 Long-term curvature versus creep coefficient for steel reinforced beams 

It is important to note that as the neutral axis location changes (with an increase in 

creep in the top face of a reinforced concrete beam), the area of the compression zone 

will increase and the stress in the concrete will decrease. In addition, because the neutral 

axis location and the stress in the compression zone changes, the internal moment arm 

between the tension and compression force will decrease. If the applied moment does 

not change and the moment arm between the concrete and the steel resultants is reduced, 

the steel force resultant will have to increase to carry the additional force in order to 

sustain the applied load. This will result in an increase in the steel stress and 

consequently will cause an increase in steel strain (Nilson and Winter, 1986). If the 
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effects of the change in stress and neutral axis locations are considered it can be shown 

the creep coefficient will be proportional to an increase in curvature. 

QJ 
s.... 
:::s 
~ 
ro 
> s.... 
s.... QJ 
:::s 
u C. 

E ~ 
s.... :::s 
QJ ~ ~ 

I 
bO 
C 
0 

....J 

3.5 

3 

2.5 

2 

1.5 

1 

0.5 

0 
0 

~Plain Uncracked 

~FRP Uncracked np = 0.01} 

~FRP Uncracked np = 0.1 

~FRP Cracked np = 0.1 } 

-a-FRP Cracked np = 0.01 

1 2 

Creep Coefficient 

Sc!> = <p 

Sc!> = 0.97<p 

3 

Figure E.13 Long-term curvature versus creep coefficient for FRP reinforced beams 
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List of Additional Symbols Introduced in Appendix E 

Ac = Area of concrete alone 
Acr = Transformed area of steel (therefore the same as nAs) 
Aeff = Effective area of concrete in tension 
Ag = Gross cross-sectional area 
Aune = Uncracked area (Ag- (n-l)As) 
E'c,adJ = Age adjusted elastic modulus of concrete in tension after cracking 

/c,e/astic = Stress in concrete due to a instantaneous (elastic) load 
Pc = Load carried by the concrete (in tension) 
Per = Cracking load of concrete 
Ppreload = Preload applied to the member 
Ps = Load carried by the steel (in tension) 
Psh = Induced load from shrinkage restraint 
Psus = Sustained load 
Ptotal = Total load carried by the member (in tension) 
P' = Applied load and induced load from shrinkage restraint (Pa + Psh) 

p = Tension stiffening factor (refer to Fields and Bischoff (2004) Equation 
or CEB Equation) 

p = Tension stiffening factor (Perl Pa) 

L1e = Difference in strain between member response and bare bar response 

(PLlEmax) 

L1emax = 
Maximum difference in strain between member response and bare bar 

response (L1Emax = (rJPcr)/(EcAcr)) 
Ee = Strain due to stress in the concrete 
Em = Strain due to stress in the member 
Es = Strain due to stress in the steel 

8sh,eff = Effective shrinkage strain (accounts for relaxation of shrinkage due to 
creep) 

E'm = Long-term strain due to stress in the member 

17 = Stiffness reduction coefficient ( 1 - Acr /Aune) 

{ = Term used to consider creep acting on concrete in tension in axial 
members [17(w - 1) + 1]/[77(w - 1) + 1 + <p(l -17)] 

p = steel reinforcing ratio (A5 / Ac) 
¢creep = Creep curvature 
¢elastic = Elastic member curvature 

uJ = Term used to consider the tension stiffening of concrete for axial 
members [(1 -17)/J(Pcrf P)]/[1 - P11(Pcrf P)] 
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Appendix F 

Details on Creep Models 
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F.1 Introduction 

Appendix F contains details on the four different models considered for selecting a 

creep coefficient. In addition, details for the ACI 209R-92 Equation for shrinkage are 

provided. 

F.2 Collins and Mitchell (1991) 

Collins and Mitchell (1991) provide a simplified expression for calculating the creep 

coefficient shown in Equation F-1. 

F.l 

where kc is a factor to account for the volume to surface ratio, kJ is a factor to account for 

high strength concrete, His the relative humidity (in percent), to is the concrete age at 

initial loading, and tis the age of concrete. Full details (including the plot required to 

find kc in Equation F-1), are found in Collins and Mitchell (1991). 

The Collins and Mitchell (1991) model requires that the user know: age at loading, 

relative humidity, and volume to surface ratio. 

F.3 GL2000 model 

The GL2000 model is a relatively simple method used to compute compliance U ( t, t0) ). 

From compliance the creep coefficient can be calculated using Equation 2.12 ( as 

presented in Equation F .2). Equation F .2 is made up of two terms. The first term 
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represents the elastic strain at initial loading (per unit stress), while the second term 

represents the creep strain at 28 days (per unit stress). 

( ) 
1 <p28 (t, t0 ) 

J t,t0 = --+---
Ecmto Ecm28 

F.2 

Equation F .3 is used to calculate the 28 day creep coefficient. The first two terms in 

Equation F .3 are used to calculate basic creep, while the third term is used to calculate 

drying creep. The function <P(tc) = 1 is used account for drying that occurs prior to 

initial loading. If a member is loaded on the same day that moist curing ends, the 

correction for drying will be equal to 1. Equation F.5 can be used to account for drying 

that occurs prior to initial loading. 

The GL2000 model is advantageous because of its simplicity and because it only 

requires a few input parameters to compute a creep coefficient. In addition this model 

accounts for the effect of drying prior to initial loading which is advantageous for late 

age loaded concrete. This model requires that the user know: concrete age at the start of 

drying, age at loading, relative humidity, volume to surface ratio, 28 day compressive 

strength, and type of cement (ACI 209 2008). 

250 



[ 
(t-t0 )

0·3 ] (7),S( (t-t0 ) )'
5 

((J2a(t, to) = <P(tc) 2 (t - to)0,3 + 14 + to (t - to)+ 7 + 2.5(1 

where: 

h 
fo 

fc 
VIS 

= 

2 
(t - t0 ) ·

5 

- l.OB6h ) ((t - t
0

) + .12(V /S)2) 

humidity in decimals 
concrete age at initial loading 
concrete age at end of moist curing 
volume to surface ratio 

F.3 

F.4 

F.5 

The elastic modulus at initial loading and at 28 days is calculated using equation F .6. 

The concrete compressive strength at 28 days is computed using Equation F. 7 where f: 

is the specified concrete compressive strength. The concrete compressive strength at 

initial loading can be computed using Equations F.8 and F.9. The terms in Equation F.9 

is taken as 0.335 for type 1 cement. ACI 209 (2008) says to use expressions for Ecmt, 

/cm28 etc. that the GL2000 model was calibrated with, rather than other available 

expressions for these same terms (unless experimental data is available), when 

calculating compliance. All of these Equation and more details are found in the ACI 209 

(2008) guide. 

Ecmt = 3500 + 4300.J fcmt F.6 
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where: 

Ecmt 
/cm28 
fc 
/cmt 
Sd 

= 
= 
= 
= 
= 

fcm28 = 1.l{d + 5.0 

fcmt = fie 
2 
fcm28 

elastic modulus at time t 
concrete compressive strength at 28 days 
specified compressive strength of concrete 
concrete compressive strength at time t 
strength development parameter (0.335 for type 1 concrete) 

F.4 ACI 209R-92 

F.7 

F.8 

F.9 

The ACI 209R-92 model computes a creep coefficient directly using Equation F.10. The 

terms t and to in Equation F.10 represent the age of concrete, and the age at initial 

loading, respectively. ACl-209R-92 recommends using a value for ff' of 10 and d of 0.6. 

These factors are used to account for the effects of the member shape and size on time 

ratio in Equation F.10. To fully consider the effects of the member shape and size on 

time ratio, ff' is taken as 1.0 and dis calculated the same was as/in Equation F.14. 

The ACI 209R-92 model is advantageous because of its simplicity and because it only 

requires a few input parameters to compute a creep coefficient. This model requires that 
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the user know: concrete age at the start of drying, age at loading, curing method, relative 

humidity, volume to surface ratio, and type of cement (ACI 209 2008). 

<pu = 2.35yc 

Ye = Yc,toYc,RHYc,vsYc,sYc,'l'Ysh,a 

where: 

Y - 1 25t -O.llS c,to - · O 

to is the time when initial loading began 
Yc,RH = 1.27 - 0.67H for H ~ 0.40 

h is the humidity expressed as a decimal 

- ~ (1 + 113 (-0.0213(~) )) 
Yc,vs - 3 · e 

V is the volume (mm3) and S is the surface area of the member in (mm2
) 

Yc,s = 0.82 + .00264s 
s is the slump in mm 

Y c,'I' = 0.88 + .0024'1' 
l/f is the ratio of fine to total aggregate expressed in % 

Yc,a = 0.46 + .09a ~ 1 
a is the % air content 

F.5 CEB MC90-99 

F.10 

F.11 

F.12 

The CEB MC90-99 model computes a compliance value (J(t,to)) using Equation F.2. 

From the compliance value the creep coefficient ( <p) can be calculated using Equation 

2.12. In order to find the compliance value, the 28 day creep coefficient (<p28) must be 

found. This value is computed using Equation F.13. Within Equation F.13, the notional 
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creep coefficient (({Jo) is computed using Equation F.14, and Pc(t - t 0 ), which describes 

the development of creep with time, is computed using Equation F.15. 

The CEB MC90-99 model requires that the user know: concrete age at the start of 

drying, age at loading, relative humidity, volume to surface ratio, 28 day compressive 

strength, and type of cement (ACI 209 2008). 

[ 
1 - h/h0 ] 

'PnH(h) = 1 + ~O.l[(V /S)/(V /5)
0

] a, a2 

5.3 
Pctcm2a) = ---==== 

..j fcm28 / fcmo 

E 21 500 
3 fcm28 

cm28 = 
fcmo 

254 
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F.14 

F.15 

F.16 

F.17 

F.18 



where: 

ho = 
h = 
r: 
/cmo = 
/cm28 = 
Ecm28 = 
Ecmt = 
(V /S) 0 = 
VIS = 
t = 

fcm2a = f; + 8.0 F.20 

a1 = [3.Sfcmo]0.7 F.21 
fcm28 

a2 = [3.Sfcmo]o.2 F.22 
fcm28 

PH = 150[1 + (1.2 h/h0 )
18 ](V /S)(V /5) 0 + 250a3 ~ 1500a3 F.24 

a3 = [3.Sfcmo]o.s F.25 
fcm28 

1 
relative humidity in decimals 
characteristic compressive strength (MPa) 
lOMPa 
28 day compressive strength (MPa) 
28 day concrete elastic modulus (MPa) 
concrete elastic modulus at time t (MPa) 
50mm 
volume to surface ratio (in mm) 
age of concrete (days) 
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t1 

fo 
s 

= 
= 

1 day 
age at loading (in days) 
Coefficient that depends on type of cement (CEB MC90-99 Equation). 
Can be taken as 0.20 for normal concrete with fcm28 < 60 MPa. 

F.6 ACI 209R-92 Model for shrinkage 

Shrinkage can be calculated using the method provided by ACI 209R-92, given in 

Equation F .26. 

F.26 

f = 26.0e{1.42x10-2 (V /S)} F.27 

where the ultimate shrinkage strain ( Eshu) can be taken as 780 x 1 o-6 mm/mm (ACI 209 

2008) which is then modified by Ysh to account for a variety of factors that can affect 

shrinkage (as shown in Equation F.28). It should be noted that ACI 209 (1992) says that 

the ultimate shrinkage strain can be anywhere between 415 to 1070 x 1 o-6 mm/mm and 

is heavily influenced by a large variety of factors ( as is discussed in Section 2.2). 780 x 

1 o-6 mm/mm, as presented in ACI 209 (2008), is an average value for the ultimate 

shrinkage strain that can be used if no other data on shrinkage is available. 

Time in Equation F .26, is represented by the age of concrete (t) and the age at the start 

of drying (tc). The effect that the shape and size of the member have on the rate of 

shrinkage are considered with the terms a and f. If the member size and shape are 
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accounted for, a is taken as 1.0 while f is modified based on the relative volume (V) to 

surface area (S) ratio of a member using Equation F.27. 

The ultimate shrinkage strain ( Eshu ) can be adjusted to account for many factors 

including: duration of moist curing (Ysh,tc), relative humidity (,'sh.RH), volume to surface 

ratio (,'sh.vs), slump (,'sh,s), fine aggregates (,'sh,,p), cement content (,'sh,c), and air content 

(Ysh,a) (ACI 209 2008). The adjustments (,'sh) for the ultimate shrinkage strain are 

calculated according to Equations F .28 and F .29 (ACI 209 2008). Details for the seven 

modification factors used to adjust the ultimate shrinkage strain can be found below. 

Eshu = 780Ysh x 106 mm/mm 

Ysh = Ysh,tc Ysh,RHYsh,vs Ysh,s Ysh,'l'Ysh,c Ysh,a 

where: 

Ysh,tc = 1.202 - 0.2337log(tc) 
le is the age of concrete when drying begins 

Ysh,RH = 1.4 - 1.02h (for humidity values between 40 and 80%) 
Ysh,RH = 3.0 - 3.0h (for humidity values between 80 and 100%) 

h is the humidity in decimals 

Y - 1 2e{-0.00472(V/S)} 
sh,vs - · 

vis the volume (mm3) ands is the surface area of the member in (mm2) 

Ysh,s = 0.89 + 0.00161s 
s is the slump of concrete in mm 

Ysh,ljl = 0.30 + 0.0141/J for 1/J < 50% 

Ysh,ljl = 0.90 + 0.0021/J for 1/J ~ 50% 
lfl is the ratio of fine to total aggregate by weight in % 

Ysh,c = 0. 75 + 0.00061c 
c is the cement content in kg/m3 

Ysh,a = 0.95 + 0.008a ~ 1 
a is the % air content 
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List of Additional Symbols Introduced in Appendix F 

C = Cement content in kg/m3 

d = 
Factor used to account for the effect of the volume to surface ratio, on 

the time ratio term, when calculating creep with ACI 209R-92 

r: Characteristic compressive strength (MP a) 

fcmo = 10 MPa (CEB MC90-99) 
H = Relative humidity (in % ) 
h = Relative humidity (in decimals) 

ho = 1 (CEB MC90-99) 

kc 
Factor to account for the volume to surface ratio in Collins and 

= 
Mitchell ( 1991) 

kJ = 
Factor to account for high strength concrete in Collins and Mitchell 

(1991) 
s = Surface area of a member 
s = Slump of fresh concrete 

Coefficient that depends on type of cement (CEB MC90-99 

s = Equation). Can be taken as 0.20 for normal concrete withfcm28 < 60 

MPa 

Sd = 
Strength development parameter (GL2000). Can be taken as 0.335 for 

type 1 concrete. 
I = Age of concrete 
le = Concrete age at end of moist curing 

lo = Concrete age at initial loading 
11 = 1 day (CEB MC90-99) 
V = Volume of a member 
V/S = Volume to surface ratio of a member 

(V /S)o = 50 mm (CEB MC90-99) 
a = % air content in fresh concrete 

a1 = 
Coefficients used in CEB MC90-99 ( depends compressive strength of 

concrete) 

a2 = 
Coefficients used in CEB MC90-99 ( depends compressive strength of 

concrete) 

a3 = 
Coefficients used in CEB MC90-99 ( depends compressive strength of 

concrete) 

/3c(t-to) = 
Coefficient used in CEB MC90-99 which describes the development 

of creep with age after loading 

/3e = 
Term present with GL2000 model to relate cement type to strength 

development 

f/1 = Ratio of fine to total aggregate expressed in % 

f/1 = 
Factor used to account for the effect of the volume to surface ratio, on 

the time ratio term, when calculating creep with ACI 209R-92 

Ye = Modification factor for the ultimate creep coefficient 

Yc,to = 
Modification factor for the ultimate creep coefficient that accounts for 

time of initial loading 

Yc,RH = Modification factor for the ultimate creep coefficient that accounts for 
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Yc,vs = 

Yc,s = 

Ye,"' = 

Yc,a = 

Ysh = 

Ysh,tc = 

Ysh,RH = 

Ysh,vs = 

Ysh,s = 

Ysh,1/f = 

Ysh,c = 

Ysh,a = 

<P(tc) = 

(f)o = 
(f)u = 

relative humidity 
Modification factor for the ultimate creep coefficient that accounts for 
volume to surface ratio 
Modification factor for the ultimate creep coefficient that accounts for 
slump 
Modification factor for the ultimate creep coefficient that accounts for 
fine aggregates 
Modification factor for the ultimate creep coefficient that accounts for 
air content 
_ Modification factor for the ultimate shrinkage 
Modification factor for the ultimate shrinkage that accounts for 
duration of moist curing 
Modification factor for the ultimate shrinkage that accounts for 
relative humidity 
Modification factor for the ultimate shrinkage that accounts for 
volume to surface ratio 
Modification factor for the ultimate shrinkage that accounts for slump 
Modification factor for the ultimate shrinkage that accounts for fine 
aggregates 
Modification factor for the ultimate shrinkage that accounts for 
cement content 
Modification factor for the ultimate shrinkage that accounts for air 
content 
Factor used account for drying that occurs prior to initial loading (in 
GL2000) 
Notional creep coefficient 
Ultimate creep coefficient 
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Appendix G 

Short-Term Plots of Predicted and Observed Member 
Response 
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The following section provides the predicted and observed member response plots, for 

each individual beam, from all the short-term tests. All of the plots were adjusted for the 

effects of shrinkage. It is evident that adjusting for shrinkage for beams D-1 through D-4 

and F-1 through F-4, does not significantly affect the predicted response. This was 

because these beams were tested at an early age and were moist cured until being tested 

(therefore almost no shrinkage had taken place at the time of testing). For the beams 

tested at a late age (beams E-1 through E-4 ), adjusting for the effects of shrinkage has 

more of an effect and correctly predicts more deflection at each load level. 

As was previously discussed in Section 4.4, Branson's Equation provides the best 

estimate of the short-term response. Once again Branson's Equation is an empirical 

relationship, calibrated using steel reinforced beams with reinforcing ratios between 1 

and 2%; therefore it was not surprising that it best fit the response from this 

experimental investigation. Bischoff s Equation (integrated for curvature), which is 

rationally based, also predicts a member response which is very close to the observed 

response. Bischoffs Equation overestimated deflection, which is conservative and was 

expected. In general it is evident from inspection of all of the following plots, that all 3 

methods of predicting the load deflection response match the observed member response 

quite well and will provide reasonable estimates of the short-term deflection. 
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Figure G.1 Short-term load deflection response for beam D-1 
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Figure G.2 Short-term load deflection response for beam D-2 
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Figure G. 3 Short-term load deflection response for beam D-3 
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Figure G. 4 Short-term load deflection response for beam D-4 
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Figure G. 5 Short-term load deflection response for beam E-1 
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Figure G. 6 Short-term load deflection response for beam E-2 
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Figure G. 7 Short-term load deflection response for beam E-3 
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Figure G. 8 Short-term load deflection response for beam E-4 
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Figure G. 9 Short-term load deflection response for beam F-1 
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Figure G. l O Short-term load deflection response for beam F-2 

266 



-

-z 
~ ..__. 

"'C 
ro 
0 

.....J 

ro ...., 
t2 

Total Deflection (mm} 

-F-3 

-It 

lcr 

- - - lcr shifted 

········· Branson's (le) 

- - Bischoff's (le) 

----· Bischoff's (l'e) 

15 

Figure G.11 Short-term load deflection response for beam F-3 
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Figure G.12 Short-term load deflection response for beam F-4 
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