
Data Sampling and Reconstruction Strategies for Rock Core 

Magnetic Resonance Imaging 

by 

Dan Xiao 

Master of Science, Jilin University, 2009 

A Dissertation Submitted in Partial Fulfillment 
of the Requirements for the Degree of 

Doctor of Philosophy 

in the Graduate Academic Unit of Physics 

Supervisor: Bruce J. Balcom, Ph.D., Physics 

Examining Board: Ben Newling, Ph.D., Physics 
Zong-Chao Yan, Ph.D., Physics 
Guohua Yan, Ph.D., Math and Statistics 

External Examiner: Michael Johns, Ph.D., Mechanical and Chemical Engineering, 

University of W estem Australia 

This dissertation is accepted by the 
Dean of Graduate Studies 

THE UNIVERSITY OF NEW BRUNSWICK 

August, 2013 

©Dan Xiao, 2013 



ABSTRACT 

Magnetic resonance imaging (MRI) is uniquely well suited for studies of 

sedimentary rocks as it allows direct non-invasive detection of fluid content and fluid 

interactions in the pore space. Pure phase encoding MRI methods have proven to be 

robust in their ability to generate quantitative images in porous media. However, the 

sensitivity is low for pure phase encoding, especially with low magnetic field MRI 

systems that are common for porous media studies. Novel sampling strategies and data 

reconstruction methods, described in this thesis, improve measurement sensitivity with 

no hardware modifications required. 

Pure phase encode MRI methods acquire a single k-space data point with each 

radio frequency (RF) excitation. Reducing the number of acquired data points will 

significantly increase the measurement sensitivity. The goal is to look for data sampling 

and image reconstruction methods that ensure good image quality with reduced data. 

These methods are based on the inherent sparsity of MRI data, either in k-space or in 

transformed image spaces. 

Sample geometry based restricted sampling exploits k-space redundancy, with 

simple and reliable linear image reconstruction. The sampling patterns that collect 

regions of high intensity signal while neglecting low intensity regions can be naturally 

applied to a wide variety of pure phase encoding measurements. An important 

application is T 2 mapping spin-echo single point imaging (SES PI) that reveals different 

bedding plane structures within the rock core plug sample. 
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In compressed sensing, spatial or spatiotemporal correlations of the static and 

dynamic MR images are exploited by transforming the images to sparse representations. 

Incoherent sampling and non-linear reconstruction are required. 

Imaging speed can also be improved by more efficient data collection. This can 

be achieved by combining phase and frequency encodings. A novel k-space trajectory, 

with rapid and accurate linear image reconstruction, is employed for high quality 

quantitative density images. 

In this thesis, new MRI data sampling and image reconstruction methods, for 

application to porous media, have been developed. These methods significantly improve 

the measurement sensitivity of quantitative MR imaging. 
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Chapter 1 - Introduction 

1.1 Research motivation and objectives 

Porous media, from biological tissues to cements and ceramics, are ubiquitous, as 

natural substances as well as artificial materials. Petroleum reservoirs are porous rocks 

that hold the hydrocarbon reserves that are the dominant energy resource for our world. 

Scientific study of porous sedimentary rocks is crucial for understanding and enhancing 

hydrocarbon recovery. 

Magnetic resonance imaging (MRI) is uniquely well suited for the study of 

sedimentary rocks as it allows direct non-invasive detection of fluid content and fluid 

interactions in the pore space. It is challenging for traditional MRI techniques to image 

rock core samples due to the often very short lived MR signals. Pure phase encoding MRI 

methods [1-3] have proven to be robust in their ability to generate quantitative images in 

porous media. However, the sensitivity, defined as the signal-to-noise ratio (SNR) 

divided by the square root of the measurement time, is low for pure phase encoding, 

especially with low magnetic field MRI systems that are common for porous media 

studies. We anticipate new sampling strategies and data reconstruction methods will 

improve measurement sensitivity without hardware modifications. 

Imaging speed is essential in many MRI applications, including clinical medicine. 

In addition to MRI hardware improvements, rapid pulse sequences have been developed 

to encode data more efficiently. Quantitative images are sought in this thesis, while 

diagnostic quality images are sufficient in clinical MRI. Novel data processing methods 
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enable reconstructing an image with reduced data. A principal goal for clinical MRI 

researchers is to look for methods to reduce the data acquisition time without degrading 

image quality. The same motivations, while maintaining quantitative imaging, apply in 

this thesis. 

The simplest way of reducing the acquisition time is to sample fewer reciprocal 

space data points than traditionally required. This procedure is termed undersampling. In 

general, k-space undersampling patterns are custom designed according to the image 

reconstruction methods. 

Linear reconstruction by Fourier transformation is simple to implement, with the 

unsampled data points simply zeroed. However, the acceleration factor largely depends 

on specific prior information regarding the sample shape. A special sampling pattern is 

developed in this thesis for rock core plug samples which have a well defined size and 

shape. 

Nonlinear reconstruction methods relax the requirement of prior information to a 

constraint exploiting the image compressibility. The principle is based on the fact that the 

image can be represented by only a few coefficients in a specific basis, much less than 

the number of image pixels, when the rest of the coefficients are equal to zero or 

negligibly small. In this case, the coefficients are considered sparse. Since the extra 

information can be discarded, it is natural not to collect it in the first place. It has been 

mathematically proven that with the proper undersampling pattern, and sufficient 

sparsity, the image can be perfectly recovered with a high probability by convex 

optimization [ 4]. The technique is termed compressed sensing and it has become a very 

popular research subject in the MRI research community. 

2 



An extension of compressed sensing, exploiting image sparsity, is the low rank 

matrix recovery method. It is based on the fact that MRI images, especially dynamic 

image series stacked as a higher dimensional image, can be approximated as a rank 

deficient matrix. The number of degrees of freedom of the matrix is significantly reduced 

when the rank is low, enabling image reconstruction from highly undersampled 

reciprocal space data. 

Alternatively, the sensitivity of MRI measurements could be increased by 

improving the data sampling strategy, i.e. the pulse sequence. For a certain sample and 

MRI system, the image SNR per unit time is significantly affected by the k-space 

coverage efficiency of the encoding method. For example, pure phase encoding 

techniques, providing reliable quality images, sample k-space point by point, which is 

inevitably of a lower sensitivity than frequency encoding. New k-space sampling 

schemes, developed in this thesis, incorporating phase and frequency encoding, provide 

high quality images with high sensitivity. 

Each of the content chapters, 3-6, addresses the sensitivity problem by increasing 

the SNR and decreasing the measurement time. Our definition of sensitivity is described 

on page 1. Table 1-1 outlines, for each content chapter, an approach to increasing SNR 

and decreasing the measurement time. In the SNR calculations in this thesis, the signal 

intensity is taken as the average magnitude in a region of interest in the image. The noise 

is calculated from a region of interest outside the object. The noise is the standard 

deviation of the complex pixel values. 

The work in this thesis is directed to the development of new MRI sampling 

schemes and data reconstruction methods for application to porous media to enable 
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higher dimensionality, static and dynamic, MR imaging on low magnetic field MRI 

systems. Collectively these methods are a powerful tool for the study of petroleum 

reservoir rock core plugs and the examination of potential enhanced oil recovery 

methodologies. 

Table 1-1. Sensitivity improving methods in each content chapter 

Chapter Increase SNR Decrease time 

3 Omitting low SNR data Undersampling 

4 Omitting low SNR data; nonlinear denoising Undersampling 

5 Nonlinear denoising Undersampling 

6 Oversampling Efficient encoding 

1.2 Thesis outline 

The thesis is organized as follows: 

Chapter 2 provides background information on magnetic resonance imaging and 

MRI image reconstruction methods. 

Chapter 3 describes restricted k-space sampling in pure phase encode MRI of rock 

core plugs. The chapter is largely based on a paper, written by the author of the thesis, 

published in the Journal of Magnetic Resonance [5]. The method can be naturally applied 

to a wide variety of pure phase encoding measurements, such as T 2 mapping SESPI, 

hybrid-SESPI and SPRITE, to reduce the RF and gradient duty cycle and improve the 

measurement sensitivity. This simple sample geometry based method is robust and yields 

reliable images. 
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Chapter 4 describes two-dimensional T 2 distribution mapping in rock core plugs 

with optimal k-space sampling. This chapter is largely based on an article published in 

the Journal of Magnetic Resonance [ 6]. This chapter is an important application of the 

restricted sampling idea. The bedding plane structure in rocks resulting in different pore 

properties within the sample is revealed through differences in the MR relaxation times. 

This paper includes the first local T 2 distribution variation measurements in rock core 

plugs. The image reconstruction method is also compared with compressed sensing 

techniques. 

Chapter 5 describes a k-t acceleration technique in pure phase encode MRI for 

monitoring dynamic flooding processes of rock core plugs. This chapter is to be 

submitted to the Journal of Magnetic Resonance [7] as a regular research article. 

Flooding processes are very important in the study of petroleum reservoir rock and the 

examination of potential enhanced oil recovery methodologies. However, the temporal 

resolution is limited by the relatively long acquisition time of pure phase encode MRI. 

This chapter addresses this problem by undersampling k-t space and recovering images 

with constrained nonlinear reconstruction. 

Chapter 6 presents a new MRI method termed hybrid-SPRITE. The chapter is 

largely based on a paper published in the Journal of Magnetic Resonance [8]. Combining 

phase and frequency encoding ensures high quality images with reduced acquisition time, 

reduced gradient duty cycle and increased sensitivity. This technique should enable high 

dimensionality porous media imaging on low magnetic field MRI systems. 

Chapter 7 presents concluding remarks and directions for future work related to 

the topics in the thesis. 
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The author of the thesis performed all of the experiments and undertook all of the 

data analysis in this thesis. She wrote the research articles corresponding to chapters 3-6 

and she is the first author of each article. 
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Chapter 2 - MR Image Reconstruction 

This thesis is mainly directed at the development of MRI data sampling and 

image reconstruction methods appropriate to low field MRI studies of porous media. 

Basic quantum mechanical Nuclear Magnetic Resonance (NMR) theory, which has been 

elaborated in many reference books [1-5], is not repeated here. Similarly basic and 

advanced MRI has been developed in many reference books [5-8] and is not repeated 

here. In this chapter, we concentrate on spatial encoding and image reconstruction since 

these are directly relevant to the subsequent chapters of the thesis. 

2.1 MRI Spatial Encoding 

NMR phenomena of 1 H, at the macroscopic scale, can be well described with 

classical physics. When 1 H nuclei are placed in an external magnetic field, a net magnetic 

moment, or simply magnetization, is created along the longitudinal direction. The 

magnetization is then manipulated with radio frequency (RF) pulses and an observable 

signal is created. 

2.1.1 k-space 

After a RF excitation is applied to the net magnetization, a transverse component 

is produced and precesses at the Larmor frequency given by equation 2.1 

u>o = yBo, 

where y is the gyromagnetic ratio and Bo is the static magnetic field strength. When a 

magnetic field gradient, G, is applied, the field strength varies with position as 

Br = B0 + G · r. Therefore, the precession frequency varies linearly in space, 
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Wr = y(B0 + G · r). (2.2) 

This frequency is connected to the phase of the magnetization. Omitting the constant term 

yB0, the signal collected is given by 

S(t) = f p(r)exp (iy J; G(r) · rdr) dr, 

where p(r) is the proton density as a function of position. The variable k is defined as 

k(t) = L f,
0
t G(r)dr, 

27l 

so that the measured signal is a function of k, 

S(k) = f p(r)ei2nk·r dr. 

(2.3) 

(2.4) 

(2.5) 

Our goal in MRI is to determine, in the first instance, the spatially resolved proton 

density p ( r). The MRI signal, S ( k), is recorded in the Fourier reciprocal space, so called 

k-space. 

2.1.2 Encoding methods and k-space trajectory 

The k-space coordinate, defined by Eq.2.4, is an integral of the magnetic field 

gradient waveform over time. In general, the acquired data needs to span the entirety of 

k-space. The most commonly employed MRI encoding method acquires a line in k-space 

for each RF excitation by collecting numerous time domain data points. This is termed 

frequency encoding. The phase encoding process fixes the gradient encoding time t and 

varies the gradient amplitude to traverse k-space point by point [ 6-8]. 

In traditional frequency encoding schemes, the magnetic field gradients are 

assumed constant during data acquisition. Therefore, k-space is traversed by straight 

lines, as in radial sampling. Cartesian sampling is enabled by frequency encoding in one 

direction and phase encoding in other dimensions of k-space. Frequency encoding with 
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nonlinear k-space trajectories has been a popular research subject for rapid imaging [9-

14]. These fast acquisition methods are limited by the gradient waveform duration and 

hardware slew-rate constraints. Frequency encoding methods are prone to artifacts due to 

Bo inhomogeneity, chemical shift, and susceptibility variations. The type of imaging 

artifacts encountered depends on the k-space trajectory. Frequency encoding is also 

limited by the sample line width 1 /rcr*, i.e. the data acquisition window must be of short 
2 

duration compared to the signal lifetime Tl. 

Pure phase encoding addresses these issues by acquiring one k-space data point 

with each signal excitation. One common implementation is known as single point 

imaging (SPI) [15]. Pure phase encoding methods are free from the above mentioned 

restrictions and imaging artifacts. Centric scans [ 16, 17] with k-space trajectories 

commencing at the origin are preferred for quantitative density imaging. 

Pure phase encoding methods provide high quality images. However, the 

acquisition time is long resulting in low measurement sensitivity. Segmented k-space 

sampling, combining phase and frequency encoding, has the merit of both high image 

quality and time efficiency. This is discussed in detail in Chapter 6. 

2.2 M-athematical Model 

MRI employs Fourier encoding in which the data acquisition is described by 

Eq.2.5 

S(k) = f p(r)ei2nk·r dr, 

where S(k) is the measured data, and p(r) is the desired density image. Eq. 2.5 is a 

Fredholm integral equation of the first kind [ 18]. 
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Jacques Hadamard, in 1902, defined mathematical models of physical phenomena 

to be well-posed problems [19] if the following three properties are satisfied: 

1) A solution exists. 

2) The solution is unique. 

3) The solution is stable, i.e. its behavior changes minimally when there is a 

slight change in the initial condition. 

Eq. 2.5 is an ill-posed problem in the Hadamard sense, as it does not meet criteria 

2) and 3). 

In a realistic measurement, only a finite number of k-space points are acquired, 

while p(r) resides in an infinite-dimensional Hilbert space. There are an infinite number 

of feasible reconstructions consistent with the measured data, since it is a highly 

underdetermined system. The instability, also known as ill-conditionedness, can be 

illustrated by the Riemann-Lebesgue Lemma [20] which states that the integral of a 

rapidly oscillating function approaches zero. 

An exact reconstruction of the object is not therefore possible. This is against our 

intuition given that millions of MRI images are produced every day. In fact, these 

reconstructions are based on certain models, such as discretizing the image into a finite 

number of pixels and solving the optimization problem. The most well known method is 

the discrete Fourier reconstruction, in which p is solved by inverse discrete Fourier 

transformation (DFT). A one dimensional example is shown in Eq. 2.6. 

!:!.._1 . 
p(x) = l\k ~:2 NS(ml\k)e-z211:mllkx, 

m=--
2 
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where N k-space data points are sampled on a Cartesian grid with the grid size M. Eq. 2.6 

is not an exact reconstruction, as· ideally the summation should be from minus infinity to 

infinity. The reconstructed image is the real image convolved with a window function 

p(x) = p(x) * h(x), where h(x) = Ilk si~ (;Nllk~) einllkx introduces certain types of error 
sm nllkx 

such as blurring. The solution p(x) is optimal in the sense that it has the minimum Ii 

norm (Euclidean norm), i.e. p(x) = arg minp(x) llp(x) Iii. 

Image blurring may also result from other effects, such as k-space attenuation due to 

relaxation effects or zero-filling unsampled k-space data points. These can be considered 

as filters that lower the image resolution. However, when the image SNR is low and pixel 

scale structure is not important, filters are favorable to reveal the intermediate scale 

sample structure. 

According to the Nyquist-Shannon sampling theorem, the image field of view (FOV) 

is defined by the data sampling rate as FOV = 1 / flk· When the sample bandwidth 

exceeds the FOV, aliasing artifacts occur. 

2.3 Linear Reconstruction 

Linear methods are based on the discrete Fourier transform (DFT). They are easy to 

implement, especially when k-space is sampled on a Cartesian grid. The convention has 

been to choose an image matrix size that is a power of 2, so that fast algorithms (FFT) 

can be applied. With the development of modem fast Fourier algorithms, and increased 

computer speed, this is no longer a restriction. 

12 



2.3.1 Oversampling k-space 

Oversampling k-space generally increases the image SNR. From a direct Fourier 

inversion point of view, oversampling means the system is overdetermined and the 

solution is the least squares fit result. 

However, for certain encoding methods, a more densely sampled Cartesian grid in 

k-space leads to more signal excitations and a longer acquisition time, so that the overall 

sensitivity is not improved. Non-Cartesian trajectories, such as spiral [ 14] and rosette 

[11], have been developed for efficient k-space coverage with frequency encoding. The 

straightforward DFT or inversion is no longer feasible for image reconstruction 

considering the matrix size. Gridding [21] was developed to resample data on a Cartesian 

grid so that an FFT can be applied for rapid reconstruction. However, the convolution 

kernel design and sampling density correction can cause reconstruction error in gridding 

[22]. 

A different k-space sampling pattern with a pseudo-polar grid is described in 

Chapter 6. A novel linear reconstruction method, with no interpolations, for fast and 

accurate image reconstruction is also described. 

2.3.2 Undersampling k-space 

Undersampling k-space refers to acquiring fewer data points than required to meet 

the Nyquist criterion. This reduces the acquisition time and is favorable for measurement 

sensitivity. Prior knowledge or certain assumptions are required to compensate for 

missing information in the unsampled data. This is a model based approach. An accurate 

reconstruction can only be achieved when the assumptions are valid. 
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{a) {c) (e) 

{b) (f) 

Figure 2-1. An example of 2D restricted k-space sampling with 63 x 63 pixels. (a) is 
the ideal sample and (b) is its k-space intensity displayed in logarithmic scale. (c) 
and (e) are the reconstructed images with the undersampling pattern shown in (d) 
and (f), respectively. The black portion represents the zero-filled unsampled points. 
( d) is routinely employed in 4 spiral SPRITE with 65% of the k-space points 
acquired, and (f) is based on the k-space intensity distribution of the particular 
sample, consisting of 18% of k-space data points. 

The most straightforward approach is to take advantage of sample geometry based 

prior information. Generally speaking, the central portion of k-space has high intensity, 

while the signals from the high frequency periphery of k-space could be at the same level 

as the noise. The low intensity points can be assigned a zero value instead of being 

collected experimentally. This approach has been routinely employed in centric scan 

SPRITE [16, 17], omitting the k-space points outside a circle or sphere of radius equal to 

half the matrix size in a Cartesian representation. This approach generally works well 

with low potential reconstruction error. However, with more prior information, such as 
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the sample shape, size and orientation, more efficient restricted sampling patterns can be 

designed. A simple illustrative example is shown in Fig. 2.1. 

A square shape sample rotated 45° in the FOV is considered, as shown in Fig. 

2.1 a, with its k-space intensity plotted on a logarithmic scale in (b ). ( c) is the 

reconstructed image with a k-space mask ( d), as routinely employed in 2D spiral 

SPRITE. For this particular sample, pattern (d) covers most of the high intensity k-space 

points, except for a small portion in the corners. The reconstruction error appears as 

blurring, visible on the edge of the object. There are also some rapid oscillations 

throughout the whole image, which are less visible, due to the missing high frequency 

information from the k-space corners. (t) is an undersampling pattern tailored for this 

particular sample, capturing the highest intensity regions of k-space. The number of k

space points in (t) is less than one third of that in (d), while its corresponding result image 

(e) has much less reconstruction error than (c). (e) is very similar to the ideal image (a), 

except for minor blurring in the comers of the object. The undersampling pattern (t) 

outperforms (d) with far fewer k-space points due to the efficient coverage of the high 

intensity regions of k-space. 

The missing information from the zero-filled points in (t), more than 80% of the 

whole k-space, does not significantly affect the reconstructed image. In this case, the k

space is redundant, meaning a portion of the data can be omitted with negligible loss of 

image quality. The k-space can also be described as sparse, as many coefficients in this 

basis are equal to or very close to zero. The concept of redundancy and sparsity is crucial 

in image compression, as discussed in the next section. 
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Restricted sampling based on k-space redundancy/sparsity is very convenient for 

MRI, particularly for pure phase encoding as the k-space is sampled point by point with 

no restrictions on trajectory. Assigning a zero value to the unsampled points prior to FFT 

is a wonderfully simple reconstruction. Sometimes more prior information can be 

incorporated to replace the zero value for the unsampled points. For example, a series of 

parameter weighted images may share the same detailed sample structure while the 

intensity varies, corresponding to less change in the periphery of k-space than the central 

parts. The full k-space of one frame can be used as a template to restore the missing high 

frequency information in the undersampled frames. This is the well known keyhole 

technique [23]. When the high frequency parts are not static, reconstruction error is 

manifest as temporal blurring. 

The restricted k-space sampling method requires the model to be accurate so that 

the neglected or shared k-space data points do not result in excessive blurring. Significant 

prior information is required for high acceleration factors. The signal distribution is 

affected by many factors such as the sample shape, real/imaginary phase and sample 

length to FOV ratio. To make the process robust, the extent of high intensity signal is best 

overestimated. For instance, we define a high intensity k-space region instead of selecting 

scattered high intensity points. We return to these ideas in greater detail in Chapter 3. 
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2.4 Nonlinear Reconstruction 

2.4.1 Introduction 

Undersampling k-space is always advantageous in reducing the data acquisition 

time. The sample geometry shape may not always be known and/or favor restricted k

space sampling, i.e. the straightforward k-space redundancy may not be available. 

Different aspects of prior information of the image can be exploited for undersampling k

space. 

Redundancy of the MR images can be explored based on the image spatial 

correlation. For many image pixels, the signal intensity is related to other pixels, such as 

the neighboring ones. Spatial redundancy enables image compression, so that a few 

coefficients are sufficient to represent the image in a certain basis. The basis is no longer 

restricted to the Fourier domain. The signal is sparse when the number of high amplitude 

coefficients is much less than the number of image pixels, and the rest of the coefficients 

are zero or negligibly small. Compression is achieved by approximating the original 

image with only a few large coefficients. These coefficients can be the pixel intensity 

itself (identity transform) or in some particular transform domain, such as total variation 

(TV), wavelet, discrete cosine transform (DCT), and singular value decomposition 

(SVD). The inverse transforms are applied to recover the compressed images. 

The compressibility of MR images enables reconstruction from highly 

undersampled k-space data. Similar to the linear restricted sampling idea, the redundant 

information does not need to be acquired since it contributes negligibly to the final 

image. The difference is that the redundancy does not directly appear in the k-space 
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representation. However, undersampling can only omit the acquisition of some k-space 

points which can not be considered as zero. How can the underdetermined system be 

solved? The solution relies on the prerequisite of image sparsity. The following example 

provides an intuitive explanation of why the reconstruction works. 

The matrix form of the encoding equation S = Fp is shown for an 8-pixel image 

with S (EB) the acquired data, F (*) the Fourier matrix and p (?) the desired output image. 

EB * * * * * * * * ? 
EB * * * * * * * * ? 
EB * * * * * * * * ? 
EB * * * * * * * * ? 

X EB * * * * * * * * ? ' 
EB * * * * * * * * ? 
EB * * * * * * * * ? 
EB * * * * * * * * ? 

where Fis a square matrix when the data sampling rate meets the Nyquist criterion, and p 

can be solved by matrix inversion. When k-space is undersampled, this equation changes 

to the format below 

? 
? 

(!) = (! * * * * * * !) X 

? 

* * * * * * ? 

* * * * * * ? . 

* * * * * * ? 
? 
? 

There are generally an infinite number of solution sets for an underdetermined 

system when the number of equations less than the number of unknowns. However, if the 

unknown is sparse with many zero coefficients, the equations become 
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0 
? 

(i) = (i 
* * * * * * 

Dx 
0 

* * * * * * 0 

* * * * * * ? 

* * * * * * 0 
? 
0 

The shaded columns of the encoding matrix, corresponding to the zero entries of 

the unknown, can be omitted from the encoding matrix. The encoding equations become 

It can be seen that the system becomes overdetermined when the sparsity is high. 

The above is only a heuristic example that can not be employed in practice, since 

the positions of zero value pixels are not known and the image itself may not be sparse. A 

constrained reconstruction is required to pick a solution from numerous candidates based 

on prior knowledge that the image has an inherently low-dimensional structure. 

2.4.2 Compressed sensing 

Compressed sensing is a constrained reconstruction technique for finding sparse 

solutions to underdetermined linear systems. The mathematical goal is to solve 

min. lllJlmllo subject to IIFum - yll~ :::; c, (2.7) 

where y are the known points ink-space, mis the desired image, Fu is a partial Fourier 

transform, 'I' is employed to transform the image to a sparse representation, and c 

controls the data fidelity. The lo norm ll·llo is the count of non-zeros entries. Minimizing 

the lo norm enforces sparsity. Eq.2.7 leads to the solution, consistent with the measured 
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data, that has the sparsest coefficients in the transformed domain. The /0 norm is non

deterministic polynomial-time (NP) hard, and can not be solved with efficient algorithms. 

It has been mathematically proven that the convex / 1 norm surrogate leads to the correct 

sparse solution [24]. The unconstrained Lagrangian form is: 

arg minmCIIFum - YII~ + illl'Pmll1). 

The Ii norm ll·lli is the summation of the absolute values of the entries. 

There are several requirements for compressed sensing to perform properly: 

(1) Transform sparsity is a prerequisite, and significantly affects the 

reconstruction quality. 

(2.8) 

(2) A random undersampling pattern is key to ensure undersampling artifacts 

manifest as noise that may be removed in the reconstruction process. Otherwise, regular 

undersampling results in aliasing artifacts that generally can not be distinguished from the 

real object. 

(3) A nonlinear reconstruction must be applied to recover the image. There are 

many well-developed algorithms to solve the optimization problem [25-28]. In later 

chapters, we follow the nonlinear conjugate gradient with the backtracking line search 

method proposed in [29]. 

2.4.3 Low rank matrix recovery 

As an extension to compressed sensing, rank deficiency can be the constraint if 

the desired image matrix has many singular values equal to or close to zero, i.e. a low 

rank matrix or a well approximated low rank matrix. This assumption is valid especially 
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for dynamic imaging, when a series of images with high spatiotemporal correlations are 

considered. The sparsity is enforced on the singular values, 

min. rank(m) subject to IIFum - yll~ ~ E. (2.9) 

The number of degrees of freedom is greatly reduced with the low rank constraint 

tor (M+N - r) for an M x N matrix of rank r. Rigorous theoretical studies show the 

matrix can be perfectly recovered with a high probability, when the number of random 

measurements exceeds a constant (two to four) times the number of degrees of freedom, 

by nuclear norm minimization [30, 31]. The unconstrained Lagrange's version, ofEq. 

2.9, which is to be solved is 

(2.10) 

II· II* denotes the summation of the singular values which is called the nuclear norm, i.e. 

llmll. = ~i <Ti where u;'s are the diagonal elements of the matrix .E obtained by singular 

value decomposition m = U.Ev8. H denotes the Hermitian transpose. U and Vare unitary, 

and the columns of each of them form a set of orthonormal basis vectors. Eq. 2.10 can be 

solved by simple soft thresholding [32]. This technique is described in detail and 

presented with a dynamic flooding measurement in Chapter 5. 
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Chapter 3 - Restricted k-space Sampling in Pure Phase Encode MRI of 

Rock Core Plugs 

In the study of rock core plugs with multidimensional MRI, the samples are of a 

regular cylindrical shape that yields well defined intensity distributions in reciprocal 

space. The high intensity k-space points are concentrated in the central region and in 

specific peripheral regions. A large proportion of the k-space points have signal 

intensities that are below the noise level. These points can be zero-filled instead of being 

collected experimentally. k-space sampling patterns that collect regions of high intensity 

signal while neglecting low intensity regions can be naturally applied to a wide variety of 

pure phase encoding measurements, such as T 2 mapping SESPI, hybrid-SESPI and 

SPRITE, since all imaging dimensions can be under-sampled. With a shorter acquisition 

time, as fewer experimental data points are required, the RF and gradient duty cycles are 

reduced, while the image SNR is improved. 

This chapter is largely based on the paper "Restricted k-space sampling in pure 

phase encode MRI of rock core plugs" published in the Journal of Magnetic Resonance, 

231 (2013) 126-132. The format of references in this chapter follows that of the original 

article. 

3.1 Introduction 

MRI of fluids in porous media has historically been considered challenging due to 

the susceptibility variations and paramagnetic impurities within the samples. Pure phase 
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encode techniques have proven to be robust in their ability to generate true fluid content 

images in porous media [ 1-4]. The acquisition time is however long with pure phase 

encoding as only one k-space point is typically acquired with each RF excitation. 

Single Point Ramped Imaging with T1 Enhancement (SPRITE) [1] has been 

employed to image short relaxation time systems for many years with great success. In 

SPRITE, the phase encoding gradients are ramped in discrete steps to reduce imaging 

times and minimize gradient vibration. Low flip angle RF pulses are employed to cover 

the sample bandwidth which arises from the high magnetic field gradients required for 

short encoding times. This yields a sub-optimal Signal-to-Noise ratio (SNR), especially at 

low static field. 

lD Hybrid-SESPI [2] was proposed by Li et al. as a modification of the Spin 

Echo Single Point Imaging (SE SPI) method [5] to increase the measurement sensitivity, 

defined as SNR over the square root of time. Phase encoding and phase unwinding 

gradients were required to separately encode each echo in a multi-echo CPMG pulse 

train. However, lD imaging will not reveal sample structure for heterogeneous samples 

that are not radially symmetric. Higher dimensionality MRI of rock core plugs is 

therefore highly desirable. A simple extension to 2D Hybrid-SESPI is challenging. The k

space points are sampled in clusters, each cluster is termed an interleaf, corresponding to 

each signal excitation in Hybrid-SESPI. The number of interleaves is limited by the 

acquisition time, as a relaxation delay of 5 x T 1 is required for density imaging, and the 

number of k-space points within each interleaf is restricted by the sample T 2 which may 

cause image blurring. k-space undersampling can be exploited to mitigate the problem. 
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Undersampling k-space has been a popular subject in the MRI literature for at 

least 20 years [ 6-8]. The commonly employed strategies in spin-warp imaging are based 

on undersampling k-space line by line. Since pure phase encode techniques sample k

space point by point, there are fewer restrictions, and each of the imaging dimensions can 

be under-sampled. 

Geometric k-space sampling patterns are very natural and are routinely employed 

in centric scan SPRITE [9, 10]. Sampling patterns which utilize radial, spiral, conical or 

sectoral trajectories omit the k-space points outside a circle or sphere of radius equal to 

half the matrix size in a Cartesian representation. In practice, some k-space points in 

proximity to the origin are also omitted. This approach generally works well for any 

sample shape, and in particular for spherical samples. Approximately 20% and 75% of 

the k-space data points are omitted in 2D and 3D centric scan SPRITE measurements, 

respectively. 

Prior knowledge of the sample shape enables the design of more efficient 

sampling patterns. Parasoglou [ 11] determined the rank order of k-space point intensities 

by a sample binary image, and assumed the rank order remained the same during the 

dynamic moisture absorption process. Romanenko [12] obtained the k-space mask for 

high intensity points in a density imaging measurement and applied it in the readout of a 

magnetization preparation experiment. Both experiments were pure phase encoding 

measurements based on model k-space intensities in a point-to-point manner neglecting 

the subtle changes in the sample, such as proton density variations and real/imaginary 

phases of the image, which affect the distributions of high intensity k-space points. This 

idea was first employed in frequency encoding MRI measurements by Sersa [13]. 
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Frequency encoding is vulnerable to off-resonance effects with imaging artifacts related 

to the k-space trajectory. Frequency encoding is also more demanding on the 

performance of gradient hardware, since fast and accurate switching is required to 

traverse k-space in an arbitrary trajectory. 

The samples in our study are cylindrical rock core plugs that yield well defined 

intensity distributions ink-space. The high intensity k-space points are concentrated along 

the major axes and in selected peripheral areas. Restricted k-space sampling patterns, 

based on high intensity regions, are applied for 2D Hybrid-SESPI, and 2D and 3D 

SPRITE measurements to reduce the acquisition time, reduce RF and gradient duty 

cycles and to increase the measurement sensitivity. The images from the restricted k

space sampling measurements reveal more clearly the intermediate scale sample structure 

that we seek. Our focus is not pixel scale resolution, which is largely affected by noise. 

Restricted k-space sampling provides more reliable images, in most cases, for rock core 

plugs than those from compressed sensing [ 14] which is not included in the discussion of 

this paper. 

3.2 Theory 

3.2.1 SPRITE 

The SPRITE sequence, Fig. 3-1, is a pure phase encode measurement. The 

gradients are switched on and stabilized before applying the RF pulses. One single time 

domain point is collected following each RF excitation. k-space is sampled point by 
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point, with all the imaging dimensions phase encoded. Centrically scanned sequences [9-

1 O] are preferred when acquiring density-weighted images. 

Gz----------..c::::=============----

Figure 3-1. The pure phase encode SPRITE sequence. The gradients are switched on 
and stabilized before applying the RF pulses. One single time domain point is 
collected following each RF excitation. 

3.2.2 Hybrid-SESPI 

The pure phase encode Hybrid-SESPI pulse sequence is illustrated in Fig. 3-2a. In 

1 D applications, each half of k-space is acquired by separately phase encoding individual 

echoes in a multi-echo acquisition. Bipolar phase encoding gradients are employed 

between refocusing 180° pulses to independently encode each echo. 90° excitation pulses 

are employed to maximize the signal intensity. The sensitivity is greatly improved 

compared to SPRITE [ 15]. This method is favorable for samples with long T 2 relaxation 

times, as the filtering caused by T 2 attenuation is moderate. 
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Figure 3-2. The Hybrid-SESPI sequence. Each point of k-space is acquired by 
separately phase encoding individual echoes in a multi-echo acquisition. 64 gradient 
steps were employed for each dimension. (a) Pulse sequence with ideal gradient 
performance for 2D Hybrid-SESPI, (b) realistic gradient waveform in one 
dimension, (c) the net gradient experienced by the sample, and (d) the modified 
"repeated echo" scheme to mitigate the gradient leakage problem. 

Multiple time domain points can be collected from each echo with a narrow filter 

width. The acquisition dwell time and number of time domain points are limited by the 

sample T2• Since the magnetic field gradients have been switched off before the 

acquisition, the time domain points within each echo correspond to the same k-space 

point, so that they can be averaged to increase the SNR. These points should differ only 

by T 2 * attenuation, with negligible phase evolution. An image can be reconstructed from 

each set of time domain echo points. 
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With ideal gradient performance the image series are expected to have the same 

FOY. However, due to long-lived eddy currents, there is residual phase evolution. This 

results in different FOY' s among the image series, i.e. the images reconstructed from 

later echo points have smaller FOY' s. The residual gradients also leak after the 180° 

pulse, applied 200 µs after the gradients being switched off, causing errors in phase 

accumulation. Fig. 3-2b illustrates a realistic gradient waveform in one dimension. The 

long-lived eddy current after the first gradient pulse causes phase evolution among the 

multiple time domain points in each echo. The residual long tail of the second gradient 

pulse, for phase rewinding, extends beyond the refocusing RF pulse, and results in phase 

error due to a portion of the gradient having switched polarity. The net gradient 

experienced by the sample is shown as the shaded areas in Fig. 3-2c. The error in the 

second echo arises from the partial phase cancellation and polarity switch in the gradient 

after the second 180° RF pulse. 

Phase accumulation in the third echo is more accurate than for the second echo 

since the errors from the previous two pairs of bipolar gradients largely cancel. Similarly, 

phase encoding of all even echoes is corrupted while the odd echoes are relatively 

accurate. If the same amplitude gradients are applied twice for each k-space point to yield 

two sets of images, one from odd echoes and one from even echoes, the odd echo images 

are more reliable. The "repeated echo" scheme is shown in Fig. 3-2d. This strategy 

improves the image quality by ensuring the acquired points fall on the exact k-space grid, 

although it entails more T 2 related blurring as the effective echo time is doubled. It is 

suitable for long T 2 samples. 
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3.2.3 Sample geometry based restricted sampling 

The idea of sample geometry based restricted sampling was outlined in our 

previous study [ 14]. It is based on the fact that the low frequency central portion of k

space, determining the overall image intensity and structure, has a higher amplitude than 

most of the high frequency periphery which contains information on the image fine 

detail. The signal level could be as low as noise at the extremes of k-space. 

For certain sample geometries, the energy distribution in k-space is well defined 

and can be efficiently captured by simple k-space sampling patterns. The low intensity 

portions of k-space are naturally set to zero as has been our past practise. This reduces the 

experimental time and improves the image SNR, introducing an acceptable and well 

controlled level of image blurring. 

This idea is well suited for 2D and 3D pure phase encoding measurements since 

all imaging dimensions can be under-sampled with no constraints on k-space sampling 

patterns. 

In the previously presented T2 mapping SESPI [14] experiment, the proposed k

space sampling scheme can be implemented easily as there is no special trajectory 

requirement. In some measurements, such as hybrid-SESPI and SPRITE studied in this 

paper, care must be exercised in the choice of the k-space sampling trajectory, since there 

are attenuations due to T2 and/or T1 relaxation. To achieve a simple proton density image, 

the k-space origin should be free of these attenuations. The shape of the point spread 

function is also important for a reasonable blurring in the image domain. 
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3.3 Experimental 

The experiments were performed on a Nalorac (Martinex, CA) 2.4T 32 cm i.d. 

horizontal bore superconducting magnet with a water cooled 7 .5 cm Nalorac gradient set 

(maximum gradient strength 25 G/cm) driven by Techron (Elkhart, IN) 8710 amplifiers. 

The RF probe was a homemade 4.5 cm diameter birdcage probe driven by a 2 kW AMT 

(Brea, CA) 3445 RF amplifier, with a 90° pulse duration of 11.7 µs. The console was a 

Tecmag (Houston, TX) Apollo. The experiments were performed at ambient magnet 

temperature, approximately 10 °C. 

The samples were a 4.8 cm long, 3.8 cm diameter Bentheimer sandstone and a 3.9 cm 

long, 3.7 cm diameter Locharbriggs sandstone core plugs saturated with distilled water. 

The bulk T2 and T1 of the Bentheimer were 250 ms and 600 ms, respectively. The bulk T1 

of the Locharbriggs sample was 200 ms. 

In the Hybrid-SESPI experiment, composite 90° pulses ( 45° w2-90° 0-90° 3w2-45° 0) and 

composite 180° pulses (180° 2w:3-l80°4w:3-l80°2 w:3) [16] and an XY-16 phase cycle [17] 

were employed to compensate for RF field inhomogeneity and to preserve magnetization 

while refocusing. The echo time was 1.2 ms, so the actual echo time for the odd/even 

echoes was 2.4 ms. The maximum gradient strengths were 8.9 and 5 .2 G/cm for Y and Z 

directions, respectively. The gradients were switched on/off with a linear ramp of 100 µs. 

32 scans were signal averaged with CYCLOPS phase cycling. The total acquisition time 

was 7.3 minutes for the restricted k-space sampling of a 64 x 64 data set. The pixel sizes 

of the odd and even echo images ofBentheimer were 0.97 mm x 1.1 mm and 1.0 mm x 

1.1 mm, respectively. 
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In the SPRITE experiments, a 1 µs RF pulse was employed for a 7. 7° flip angle. The 

maximum gradient strengths were 20.0, 20.0 and 17.7 G/cm for X, Y and Z directions, 

respectively. 32 scans with CYCLOPS phase cycling were averaged to achieve a good 

SNR. 2D 4-spiral measurement times were 8.7 min and 4.5 min, 2D restricted sampling 

times were 7.0 and 2.8 min, for Bentheimer and Locharbriggs, respectively. 3D 

acquisition times were 75.5 min and 32.6 min for 39 cones and 16 sectors with restricted 

sampling, respectively, for the Locharbriggs sandstone. The pixel sizes were 0.97 mm x 

1.1 mm and 0.93 mm x 0.93 mm x 0.88 mm, for Bentheimer and Locharbriggs, 

respectively. 

In 2D Hybrid-SESPI and SPRITE, the required k-space points are grouped into 4 

interleaves corresponding to the 4 "arms" in the "cross" pattern. In 3D SPRITE, the 

sampled points are rearranged into 16 sectors [12]. Each sector occupies a solid angle of 

approximately 1t/4 covering the full solid angle of 41t. The k-space points located within 

the same interleaf are connected in the order of increasing distance from the k-space 

origin, due to T 2 relaxation effects in Hybrid-SESPI and T 1 effects in SPRITE related to 

short TR and partial magnetization recovery. For both 2D and 3D SPRITE, as the 

gradients are incremented, the k-space points are slightly reordered into a smooth curve to 

minimize gradient switching. 
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3.4 Results and discussion 

3.4.1 k-space restricted sampling 

When modeling the 2D sample k-space with an ideal side view cylinder, the high 

intensity points are concentrated along the horizontal and vertical axes [ 14]. There are 

also some low intensity points within the same region. The locations of these points are 

sensitive to the sample length to FOV ratio, the sample's detailed structure and the 

real/imaginary phase of the image. The detailed sample structure and phase are unknown 

and less predictable which will affect the accuracy of the restricted sampling results. 

Figure 3-3. The restricted sampling pattern for 2D core plug samples with 699 k
space points (17%) required. The sample occupies approximately 2/3 of the FOV in 
both dimensions, in a 64x64 image. 

We assume the high intensity region of k-space does not change dramatically as 

the internal structure of the core plug changes. This is a good assumption as outlined 

below. Restricting the sampled points to the specified region, including the intermediate 
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low intensity points in the k-space model, largely ensures the coverage of high intensity 

points in the measurements with realistic samples. A restricted sampling pattern of 17% 

of all k-space points is employed in this paper for 2D projections of the core plug 

samples, shown in Fig. 3-3 . It is based on the k-space intensity distribution of a model 

cylinder, with a threshold of 0.3% of the intensity at the k-space origin. The sample 

occupies 2/3 of the anisotropic FOV in both dimensions. For certain samples, fewer k

space points are required for a smaller FOV in this restricted sampling scheme [14]. 
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20 
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Figure 3-4. An illustration of the 3D restricted sampling mask for core plug samples. 
A 3D volume rendered image is shown, along with 2D projections of the kxy and kvz 
planes. The high intensity points are concentrated around the long axis of the 
cylinder and in the kxv plane, totalling approximately 10% of the k-space points. 
The pattern differs slightly for different samples, according to the intensity of kz 
axis points. 
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In 3D imaging of core plug samples, the high intensity k-space points are 

concentrated around the cylinder long axis (kz direction) and the kxv plane, as shown in 

Fig. 3-4. In general, the intensity distribution of each plane perpendicular to the kz axis is 

related to the intensity of the point on the kz axis where the plane intersects it. The 3D k

space restricted sampling pattern can be guided by the 1 D k-space amplitude along the 

cylinder long axis. This is a rough estimation, since the internal sample structure will not 

necessarily be radially symmetric about the Z axis. This strategy does however work very 

well in practice. It requires approximately 10% of the k-space points, based on a 0.2% 

threshold for a model sample with length/FOY = 1/2 in all dimensions. 10% sampling 

was employed in this paper although the FOV in some experiments was less than twice 

the sample length. 

3.4.2 Simulations of undersampling and T 2'T 1 effects 

The T 2 and T 1 convolutions in Hybrid-SESPI and SPRITE have been discussed 

analytically in [2] and [9], respectively. The blurring due to k-space undersampling has 

been demonstrated in [14]. We present, in Fig. 3-5, the simulated 2D image of a 

homogeneous core plug sample with the same parameters as in the Hybrid-SESPI 

experiment discussed below, and the corresponding point spread function (PSF). The 

unsampled k-space points were set to zero before Fourier transformation. The full width 

at half maximum (FWHM) of the PSF, Fig. 3-Sc, is 4 pixels in the horizontal and vertical 

directions, which corresponds to the blurring in the simulated image (b ). The blurring due 

to restricted sampling has minimal effect on the model sample due to the cylindrical core 

plug shape. 
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Figure 3-5. Simulation of a uniform cylinder reconstructed with the undersampling 
pattern in Fig. 3-3, with unsampled points zero-filled, combining T 2 convolution as 
in the Hybrid-SESPI experiment. (a) is the 2D model image, and (b) is the simulated 
result. (c) is the corresponding PSF with a FWHM of 4 pixels. The sample T2 was set 
to 250 ms with the echo time 2.4 ms, as in the Hybrid-SESPI measurement on the 
Bentheimer sandstone in the following discussions. 
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The simulated result of the 2D restricted sampling SPRITE is very similar to Fig. 

3-5b, with T2 attenuation replaced by a T1 effect (not shown). 3D SPRITE with restricted 

sampling also yields good quality images with 4 pixel blurring mainly due to the T 1 effect 

(not shown). 

3.4.3 Hybrid-SESPI and SPRITE experiments 

Core plug images acquired with centric scan Spiral-SPRITE with 4 interleaves [9] 

are employed as the standard experiment in the following 2D discussions. Two samples 

are examined. One is a nearly homogeneous Bentheimer sandstone. The other is a 

heterogeneous Locharbriggs sandstone core plug sample with significant internal 

structure. 32 scans were signal averaged in each case. 

The 2D Hybrid-SESPI images of the Bentheimer sandstone are shown in Fig. 3-

6a and b employing the "repeated echo" scheme discussed in the theory section. Fig. 3-6a 

and bare reconstructed with the odd and even echoes, respectively. Due to eddy currents 

that leak after the 180° refocusing pulses, the actual phase encoding gradients of the even 

echoes, experienced by the sample, are smaller than the corresponding odd echoes. This 

leads to a larger FOV of image (b) than that of (a), especially for the Y direction since the 

Y gradients were of higher amplitude. Compared to ( c ), the standard 4-interleaf Spiral

SPRITE image with a SNR of 50, the Hybrid-SESPI images have a much higher SNR, at 

300, and shorter acquisition times. The sensitivity improves by a factor of 6, due to both 

the 90° excitations and restricted k-space sampling. The 90° excitations yield much 

higher signal intensities, and the restricted sampling omits low intensity k-space points 

that contribute to noise. One limitation of the Hybrid-SES PI measurement is the effect of 
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the sample T 2 relaxation time, which introduces a convolution in the image domain. In 

this example, the blurring encompasses 4 pixels, as in the simulation, with a sample bulk 

T2 of250 ms at 2.4T. 
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Figure 3-6. 2D experimental results of the Bentheimer sandstone. (a) and (b) are 
images from the Hybrid-SESPI measurement with the "repeated echo" scheme. The 
FOV of (b) is larger than that of (a) due to the eddy current effect. (c) is the SPRITE 
image from the standard 4-spiral interleaves, and ( d) is the SPRITE image with the 
restricted sampling pattern as in Fig. 3-3. Image (c) had the longest measurement 
time with a SNR at 50, while the SNR's of (a), (b) and (d) are much higher, at 300, 
300 and 140. 
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Fig. 3-6d is the SPRITE image with a restricted sampling pattern as shown in Fig. 

3-3, acquired with 4 interleaves. The measurement time was 7 min, 80% of that for Fig. 

3-6c. The acquisition time is not significantly reduced as the sample T 1 is relatively long 

( 600 ms) compared to the time required for the excitation and acquisition of k-space 

points (1.7 ms x No. of points). The gradient duty cycle in Fig. 3-6d is dramatically 

reduced. The SNR in image Fig. 3-6d is 140, approximately 3 times as high as in Fig. 3-

6c. The increase in SNR is attributable to the restricted sampling. The images in Fig. 3-6c 

and d both have a blurring of approximately 3 pixels, while ( d) has slightly sharper edges. 

The T 1 related blurring is reduced for Fig. 3-6d as each of the k-space trajectory 

interleaves is much shorter than Fig. 3-6c, and the k-space restricted sampling induced 

blurring of ( d) is negligible due to the cylindrical core plug shape. 

Fig. 3-7 shows 2D SPRITE results of the Locharbriggs sandstone revealing the 

internal structure. With the proposed restricted sampling, the overall image intensity and 

shape are very well defined, and the detailed structures are preserved since the sampling 

pattern includes the important high frequency components in k-space. The measurement 

time of the restricted sampling image Fig. 3-7b was 2.8 min, only 60% of the 4-Spiral 

image Fig. 3-7a, as the sample T1 (200 ms) is relatively short. With a reduced acquisition 

time and reduced RF and gradient duty cycles, image Fig. 3-7b has an SNR of 140 while 

all the intermediate scale sample structure is well preserved. The SNR of Fig. 3-7a is 50. 

The 2D restricted sampling SPRITE experiment can be easily implemented with 1 

interleaf, thanks to the greatly reduced gradient duty cycle, at the price of more extensive 

T 1 related blurring than the 4 interleaves version. This saves an additional 3 x 5T 1 delay 

time and reduces the measurement time to approximately 25% of the 4 Spiral SPRITE, 
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while improving the image SNR by a factor of 3. The sensitivity could therefore be 

improved by a factor of 6, which should enable 2D low magnetic field imaging, 

especially for monitoring dynamic processes. High sensitivity two dimensional core plug 

imaging at low field strength is our experimental goal. 
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Figure 3-7. 2D SPRITE experimental results of the Locharbriggs sandstone with (a) 
4-spiral interleaves and (b) the restricted sampling pattern as shown in Fig. 3-3. The 
measurement time of (b) was only 60% of that of (a), while the sample internal 
structure is well preserved. The SNR's of (a) and (b) were 50 and 140, respectively. 
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Only one time domain point was acquired in both Hybrid-SESPI and SPRITE 

measurements. It should be noted that multiple time domain data points can be acquired 

after each excitation, for both experiments. A Chirp z-Transform can be applied to 

average the multiple images with different FOV' s in SPRITE to increase sensitivity, 

though the number of time domain points is limited to 9 in general applications [18]. 

With ideal gradient performance the multiple images from Hybrid-SESPI should have the 

same FOV. In practice, the FOVs differ, but only slightly. Hundreds of images can 

therefore be acquired and processed in a similar Chirp z-Transform since the FOV' s do 

not differ significantly, as long as the sample T2 and T/ permit. Monitoring the exact 

gradient waveform experienced by the sample [ 19] assists this procedure. A gradient pre

equalization method is currently being developed that will improve the gradient 

performance, so that the multiple images, ideally with the same FOV, can be simply 

summed to further improve the SNR. The sensitivity of Hybrid-SESPI can be 

dramatically higher than SPRITE. 

3.4.4 3D SPRITE experiments 

The 3D volume rendered SPRITE images of the Locharbriggs sandstone are 

shown in Fig. 3-8. 32 scans were averaged. Image Fig. 3-8a was acquired with 39 cones 

and (b) with restricted sampling, as in Fig. 3-4, with 16 interleaves. The 3D k-space 

pattern was determined by the 1 D Z direction k-space amplitude. The measurement time 

of Fig. 3-8b was 32.6 min, 43% of that for Fig. 3-8a. The internal structure in the sample 

is well preserved in (b) with an SNR of 60, twice as high as in (a). The 3D images 

correspond very well with the 2D projections of Fig. 3-7. 
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Figure 3-8. 3D volume rendered SPRITE images of the Locharbriggs sandstone 
acquired with (a) 39 cones and (b) the restricted sampling pattern of Fig. 3-4, with 
16 interleaves. The measurement time of (b) was 43% that of (a), while the internal 
structure in the sample is well preserved in (b) with a SNR of 60, a factor of 2 
improvement over (a). 
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Figure 3-9. 2D slices of the 3D SPRITE images shown in Fig. 3-8. The left column is 
from the 39 cones SPRITE experiment while the right column is from the restricted 
sampling SPRITE experiment with 16 sectors. The rows correspond to Z=32, X=32 
and Y=22 slices, respectively. The restricted sampling increases the SNR while 
preserving the intermediate scale sample structure. 
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2D slices of the 3D SPRITE images are shown in Fig. 3-9 for a better perspective. 

The left and right columns are slices from 3D images Fig. 3-8a and b, respectively. The 

rows are of Z = 32, X = 32 and Y = 22 slices, respectively. The restricted sampling 

acquisition yields more blurring, increasing the final image SNR while preserving all the 

intermediate scale sample structure. The increased blurring of the restricted sampling 

images is largely due to the T 1 related convolution, as only 16 interleaves were employed. 

The pixel scale variation of sample structure, largely affected by noise, is not important in 

many porous media studies. The images from the restricted sampling measurement, 

which reveal more clearly the intermediate scale structure, are more favorable. 

The 3D restricted sampling method increased the measurement sensitivity by a 

factor of approximately 3, while significantly reducing RF and gradient duty cycles. This 

is advantageous for both density imaging and as a readout for various magnetization 

preparations [12]. It also has a great potential for low static field 3D porous media 

1magmg. 

3.5 Conclusion 

Pure phase encoding measurements on rock core plugs were performed with 

restricted k-space sampling based on sample geometry. The restricted sampling patterns 

are based on high intensity regions in the model k-space, to ensure the coverage of high 

intensity points in the reciprocal space of realistic samples. These patterns, with the 

remaining points set to zero, upon Fourier transformation, yield good quality images with 

acceptable blurring. The slightly blurred images from restricted sampling reveal more 

clearly the intermediate scale sample structure that is more desirable, in many porous 
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media studies, than the pixel scale variation which is largely affected by noise. The 

results show that the restricted k-space sampling approach provides reliable images with 

increased sensitivity and reduced RF and gradient duty cycles. 

This geometry based restricted sampling method can be easily extended to other 

sample shapes, such as rectangular parallelepiped, spherical and triangular. 
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Chapter 4 - Two-dimensional T 2 distribution mapping in rock core 

plugs with optimal k-space sampling 

Spin-echo single point imaging has been employed for ID T2 distribution 

mapping, but a simple extension to 2D is challenging since the time increase is n fold, 

where n is the number of pixels in the second dimension. Nevertheless 2D T 2 mapping in 

fluid saturated rock core plugs is highly desirable because the bedding plane structure in 

rocks often results in different pore properties within the sample. The acquisition time 

can be improved by undersampling k-space. The cylindrical shape of rock core plugs 

yields well defined intensity distributions in k-space that may be efficiently determined 

by new k-space sampling patterns that are developed in this work. These patterns acquire 

22.2% and 11. 7% of the k-space data points. Companion density images may be 

employed, in a keyhole imaging sense, to improve image quality. T2 weighted images are 

fit to extract T 2 distributions, pixel by pixel, employing an inverse Laplace transform. 

Images reconstructed with compressed sensing, with similar acceleration factors, are also 

presented. The results show that restricted k-space sampling, in this application, provides 

high quality results. 

This chapter is largely based on an article "Two-dimensional T 2 distribution 

mapping in rock core plugs with optimal k-space sampling" published in the Journal of 

Magnetic Resonance, 220 (2012) 70-78. The format of references in this chapter follows 

that of the original article. 
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4.1 Introduction 

NMR relaxation time distribution measurements in porous media are commonly 

undertaken to determine the pore size distribution and play an important role in the 

characterization of porous media including permeability, wettability, capillary pressure, 

residual oil saturation and gas volume [1-3]. The T2 relaxation time distribution 

measurement is the essential basis of most downhole NMR logging measurements [4-10]. 

The T 2 distribution measurement in this case is a bulk measurement from a region of 

space defined by the magnet and RF probe geometry. 

Relaxation time distribution studies in the literature are almost entirely bulk 

measurements despite the fact that reservoir rocks, and reservoir core plugs, are 

frequently macroscopically heterogeneous. T 2 relaxation time distribution mapping is 

highly desirable because the bedding plane structure, ubiquitous in sedimentary rocks, 

and frequently finer scale than the core plug itself, will often result in different pore 

properties within the sample. 

Commonly employed multi-echo T 2 mapping sequences with frequency encode 

gradients are not suitable for this purpose because of the inherently short relaxation times 

[11, 12] and strong susceptibility contrast [13] in reservoir rocks. Pure phase encode 

techniques are robust in their ability to generate true fluid content images and relaxation 

mappings in porous media [14-17]. Li measured lD spatially resolved T2 distributions 

with separate phase encoding of each echo in a multi-echo CPMG pulse train [15]. This 

method is not optimal in terms of gradient duty cycle and gradient stabilization, as phase 

encoding and phase unwinding gradients are required for each echo. Petrov et al. [ 16] 

improved the Spin Echo Single Point Imaging (SE SPI) method by restricting phase 
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encoding to the first pulse interval preceding readout through multiple refocusing. A 

CPMG prepared Single Point Ramped Imaging with T 1 Enhancement (SPRITE) sequence 

for T 2 distribution mapping has also been proposed [ 17]. 

The SE SPI experiment has great utility for routine rock core plug measurements, 

but has an acquisition time that is proportional to the number of k-space points. This 

makes simple Cartesian sampling unrealistic for the 2D case. Petrov et al employed 

Compressing Sensing (CS) [17] to mitigate the problem. In the current work, optimal k

space sampling schemes are developed to improve the measurement time. 

Undersampling k-space has been a popular topic in MRI research for decades [18-

20]. Compressed sensing reconstruction has been successfully applied to MRI [21] and 

may achieve high acceleration factors. However, the calculations can be time consuming 

and CS sometimes yields unreliable results, especially for low contrast features. 

Geometric k-space sampling patterns are very natural and are routinely employed 

in centric scan SPRITE [22, 23]. Sampling patterns which utilize radial, spiral, conical or 

sectoral trajectories omit the extremes of k-space in a Cartesian representation. These 

omitted points are assigned a value of zero. This approach is simple and reliable but saves 

only 20% of the k-space data points in 2D, resulting in minor reductions in acquisition 

time. 

In this work, the samples of interest are core plugs of a regular cylindrical shape 

that yield well defined intensity distributions ink-space. Novel k-space sampling patterns 

with typical sampling fractions 22.2% and 11. 7% are developed. With the remaining 

points set to zero, these sampling patterns, upon Fourier transformation, yield good 

quality images. Companion density images are also employed in a keyhole imaging sense 
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[24], following phase and amplitude correction of the k-space data, to improve image 

quality. Images from CS reconstruction, with similar acceleration factors, are also 

presented. The results show that restricted k-space sampling, in this application, provides 

more reliable images than those from CS. 

4.2 Theory 

4.2.1 Spin-echo SPI 

Fig. 4-1 shows the 2D Spin Echo SPI sequence. It is employed for spatially

resolved T 2 distribution measurements, termed T 2 mapping. In the sequence, spatial 

encoding with phase encode gradients is applied immediately following the 90° pulse and 

maintained for every echo in the train of spin echoes. One can reconstruct an image from 

each echo, and each image will have a corresponding T 2 weighting. Decay curves for 

each pixel can be extracted, and the local T 2 distribution is determined with an inverse 

Laplace transform. Note that the lower limit of the first echo time is determined by the 

gradient amplitude and switching time. Subsequent echo times may be shorter, allowing a 

higher concentration of echoes for calculations of T 2 distributions. Since the first echo 

time is relatively long, very short T 2 components, such as those found in gas shales, will 

be lost. 

SE SPI can be a very time consuming experiment as a relaxation delay of 5 x T 1 is 

required between each gradient step. However, since k-space is covered point by point, 

there is no restriction on trajectories. We can therefore consider optimizing the sampling 

scheme to reduce the overall acquisition time. 
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Figure 4-1. 2D Spin-echo Single Point Imaging sequence. The magnetization is phase 
encoded during the first pulse interval and then read out through multiple 
refocusing. Composite 180° pulses (9001801112900) were employed for RF field 
inhomogeneity compensation. 64 gradient steps were employed for each dimension. 

4.2.2 Optimal k-space sampling and keyhole 

The low frequency central portion of k-space determines the overall image 

intensity and structure, while the high frequency periphery contains information on the 

image fine detail. In general, the signal magnitude decreases as k increases. At the 

extremes of k-space the signal level is typically comparable to that of the noise, so that 

frequently these points are zero-filled instead of being collected experimentally. This is 

an integral feature of radial, spiral, sectoral and conical trajectories in 2D and 3D SPRITE 

[22, 23], in which k-space points outside a circle or sphere of radius equal to half the 

matrix size are zero-filled. This strategy generally works well for any sample shape, and 

introduces an acceptable level of image blurring. The experimental time is reduced and 
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the Signal-to-Noise ratio (SNR) is improved, since less noise is collected when the 

periphery of k-space is simply set to zero. 

Prior knowledge of the sample shape enables the design of more efficient 

sampling patterns. Since the energy distribution ink-space is better known, one can 

sample only the high intensity points or regions and set the unsampled parts to zero. 

Parasoglou et al. [25] applied this approach to pure phase encoding measurements since 

all imaging dimensions can be under-sampled with no constraints on the k-space 

sampling trajectory. 

In some applications, such as the monitoring of a dynamic system, a series of 

images with different intensities are required. As the fine structure does not change 

dramatically, the high frequency parts of k-space are essentially similar within the image 

series. Rather than zero filling, one can acquire a full k-space sampled image and use it as 

a template for the unsampled points in the other images [24, 25]. This approach, well 

known in clinical MRI, is termed keyhole imaging. 

This idea translates naturally to the SE SPI experiment where images are 

weighted by different T 2 attenuations. However, since there are negligible time savings in 

acquiring the full k-space data for only one echo, a separate experiment can be performed 

for a high quality density image for use as a k-space template. In this work we explore a 

pure phase encode SPRITE experiment as the source of the template data. 

4.2.3 Compressed sensing 

Compressed sensing has been successfully applied to MRI by numerous 

investigators [21, 26]. In this approach, initial images are generated by Fourier 
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transformation of the known data multiplied by a density compensation function. This 

compensation function is the inverse of the probability density, i.e., points from the 

under-sampled areas are given higher weights. This is to preserve resolution by 

increasing the nominal noise that results from incoherent aliasing artifacts. CS 

reconstruction suppresses these artifacts by finding the sparsest solution in a certain 

image representation that is also consistent with the known sampled data. It is achieved 

by solving the following equation: 

(4.1) 

where y are the known points in k-space, m is the desired image, ~u is a partial Fourier 

transform, 'I' is employed to transform the image to a sparse representation, and A is a 

regularization factor which quantifies the balance between sparsity and data consistency. 

4.3 Results and discussion 

4.3.1 Simulations 

Core plugs are universally cylinders. The bedding planes are commonly parallel 

or perpendicular to the long axis of the core plug. A model core plug sample of uniform 

intensity is shown in Fig. 4-2a. Simple Fourier transformation yields the energy 

distribution in k-space, shown in Fig. 4-2b plotted as ln(ISignall + 1 ). The signal is 

naturally sparse with a large portion of k-space data points close to zero, and the high 

intensity points largely restricted to the horizontal and vertical axes. 

By setting thresholds of 0.2% and 0.4% on the normalized k-space magnitude, 

two patterns are generated as shown in Fig. 4-3a and b. The patterns are very sensitive to 
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sample details, such as the sample size to FOV ratio and variation in intensity. Two 

modified cross shaped patterns including all the intermediate points are generated. Fig. 4-

3c is pattern A resulting from a 0.2% threshold with points added to make a total of 911 

points, and Fig. 4-3d is pattern B from a 0.4% threshold with points added to make a total 

of 4 79 points, assuming a 64 x 64 data matrix. These two sampling patterns, with 22.2% 

and 11. 7% of k-space, form the basis of our subsequent discussions of undersampling. 

(a) (b) 

80 

60 

y k y 
40 

20 

X k 
X 

Figure 4-2. Model of a uniform core plug sample and its k-space representation. (a) 
The sample occupies 43 pixels vertically and 42 pixels horizontally in a 64x64 image, 
approximately 2/3 of the FOV in both dimensions. (b) k-space magnitude plotted as 
ln(ISignall+ 1 ). The high intensity points are concentrated along the horizontal and 
vertical axes. 

Fig. 4-4 shows images reconstructed with the proposed sampling patterns A and 

B, with the unsampled points zero-filled. Pattern A performs better, as we would expect 

based on the number of points employed. The reconstructed images are both very similar 

to the original image with only slight blurring effects near the comers. We can, therefore, 

acquire satisfactory images of a uniform cylinder by sampling 22.2%, or even 11 . 7%, of 

k-space. 
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(c) (d) 

A B 

Figure 4-3. k-space sampling masks. Sampled points determined by intensity 
thresholds (a) 0.2%, and (b) 0.4%. Modified patterns (c) with 911 points, and (d) 
with 479 points. Patterns A and B correspond to (c) and (d) above respectively and 
each includes points intermediate of the threshold patterns. 

(a) (b) 

Figure 4-4. Simulated images of a uniform cylinder reconstructed with the proposed 
sampling patterns with unsampled points zero-filled. Images reconstructed with 
patterns A, and B from Fig. 4-3 are presented in (a) and (b) respectively. The 
correlation to the original image, Fig. 4-2 (a), is high, with only slight blurring 
effects near the corners. Pattern A performs better as expected. 
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Realistic samples, of course, are not perfect cylinders with uniform intensity. 

With non-ideal samples, the performance of these undersampling patterns degrades, since 

the energy distribution in k-space is not as concentrated in the defined sampling regions. 

However, the overall intensity and shape are already well defined. Even the detailed 

structures are to some extent preserved, as the sampling patterns include high frequency 

components in k-space. The image quality can be further improved by employing a 

keyhole strategy to acquire the high frequency information, corresponding to the finer 

image detail. Changes in image intensity can then be monitored efficiently with the 

sampling patterns in Fig. 4-3. 

A simple and direct keyhole combination can cause various artifacts arising from 

discontinuities in phase and amplitude between the data sets, requiring corrections to the 

template data for both phase and amplitude. This includes scaling the template data so 

that the k-space origin is the same as that of the sampled data, and potential corrections 

for differing FOV's. 

Simulations of the proposed undersampling patterns on a non-uniform cylindrical 

sample were performed. Zero-filling the unsampled points yields good results, while 

employing a homogenous cylinder density image as a template to fill in the remaining 

points recovers fine detail near the object corners very well (images not shown). 

Normalized Mean Square Error (NMSE) of the signal-containing pixels is 

employed as a quantitative measure of reconstruction quality [27]. NMSE is defined in 

the following equation: 

(4.2) 
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where In and IRefn are the signal intensities of the nth pixel of the reconstructed image 

and reference image, respectively. Background noise pixels are not included in the 

calculation. The simulated reconstructed images of a non-uniform cylindrical sample, 

with sampling pattern A, sampling pattern B, with zero-filling and with the template, 

have NMSEs of 0.006%, 0.026%, 0%, 0%, respectively. The errors of simply zero-filling 

cases are very low, while combining template data yields zero error indicating the 

reconstructed images are the same as the reference. 

4.3.2 Spin Echo SPI experiment 

Full k-space data sets were collected in the SE SPI experiment to make comparisons 

between different reconstruction schemes. The total acquisition time was 4.3 hours for a 

full 20 64 x 64 k-space data set. 

The core plug sample was a Corncockle sandstone with a planar structure saturated 

with distilled water. The sample was oriented so that the bedding planes were parallel to 

the YZ plane. MRI images were acquired in the XY direction, side on. A high quality 

density image from a standard SPRITE [ 14] experiment was employed as a template. The 

SPRITE pulse sequence is shown in Fig. 4-5a. In SPRITE, the phase encoding gradients 

are ramped in discrete steps so that k-space was sampled in a linear raster commencing at 

the extremities of k-space. The standard SPRITE trajectory was chosen over a centric 

scan trajectory [22] because all k-space data were required. A centric scan also yields a 

higher intensity at the k-space origin which could cause additional problems in amplitude 

correction. Fig. 4-5b shows the density image. The planar structure within the sample is 

readily apparent indicating basic differences in the underlying pore microstructure. No 
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bedding planes are apparent by eye in the core plug sample. However, this structure is 

readily apparent in a high resolution, back lit, optical image of a 30 µm thin section taken 

in the XZ plane from the end of the sample, Fig. 4-Sc. The reddish hue, differing between 

bands, helps define the planes. The expanded portion reveals different grain sizes as well. 

Note that the bedding plane structure in the photograph is very similar to that in the 

SPRITE image, Fig. 4-Sb. 

(a} 

Gx~ 

{b} 

10 

8x5 mm 

Figure 4-5. Standard SPRITE sequence and images of the Corncockle core plug 
sample. (a) The SPRITE pulse sequence. 64 steps were used in each .dimension. (b) 
XY 2D SPRITE image of the Corncockle Sample. The cylindrical axis of the sample 
lies in they-direction. This data was employed as the template for SE SPI 
experiments after phase and amplitude corrections. The planar structure within the 
sample is readily apparent. (c) An optical photograph of a 30 µm thin section from 
the end of the sample (XZ plane), including an expanded view shown in gray to 
emphasize the grain size variation. The circular thin section was trimmed for an 
SEM experiment. The optical image is rotated so as to correspond to the plane 
orientation in (b ). The bedding planes are distinguished by variations in color and 
grain size. Note that the structure in the photograph is very similar to that in the 
SPRITE image. 
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For CS reconstruction, it is crucial to choose a proper sparsifying domain. A 

simple measure of sparsity is the percentage of transform coefficients that cover 

sufficient energy for a good quality reconstruction. A good sparse domain has signals 

concentrated in a small number of coefficients. The rank ordered intensity of the first 

echo SE SPI image in the image, finite-differences and wavelet transform domains are 

shown in Fig. 4-6. To cover 80% of the total energy, it requires 35.2%, 43.1 % and 6.3% 

of the total coefficients for image, finite-differences and wavelet transforms, respectively. 
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Figure 4-6. The rank ordered intensity of the first echo SE SPI image in the image, 
finite-differences and wavelet transform domains. Wavelet is a good sparse 
representation of the image. 

It is clear that wavelet is a good sparsifying domain, while finite-differences is 

not, a result of the sample not being piecewise constant. If finite-differences were chosen 

as the sparsifying transform, fine detailed structures, particularly low-contrast features, 

would be smoothed out. We therefore employ a wavelet transform [28] as the sparse 
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transform to preserve fine detail. The wavelet transform is a multiresolution 

representation of the image. Fine-scale coefficients representing high resolution 

components are usually sparse, while coarse-scale coefficients representing low 

resolution components are not. This results in good performance of the high frequency 

parts, and reduced performance at lower frequencies after / 1 norm reconstruction. We 

must be careful, then, not to undersample too much the low frequency regions. 

An appropriate choice of sparse sampling scheme is also essential in CS. The 

artifacts resulting from undersampling need to be incoherent so that they can be 

eliminated by the CS reconstruction. The incoherence can be measured by the maximum 

of the side lobe-to-peak ratio (SPR) of the Transform Point Spread Function (TPSF) in the 

sparse domain [21]. The initial image after partial Fourier transformation is also 

important in the CS reconstruction, especially when the sparsity is not optimal. CS can 

only remove noise-like incoherent aliasing artifacts, i.e., it tends to highlight high

contrast features and smooth out low-contrast noise-like features. CS cannot recover the 

low-contrast features that are missing in the initial image, so it is important that the initial 

image reveals all important structures. 

We keep the same undersampling pattern as proposed in the keyhole pattern B, 

plus additional random points outside of this area to increase the k-space sampling factor 

to 20%. The Daubechies wavelet [29] was employed as the basis. 

This sparse sampling scheme produces very low peak interference in coarse and 

medium scale wavelet coefficients. Low peak interference is also manifest in the comer 

of fine-scale coefficients that represents high frequency in both directions. Though the 

vertical and horizontal high frequency coefficients constitute higher peak interference 

65 



than the commonly used 2D variable density random undersampling scheme, this 

particular sparse sampling scheme was chosen over the latter because it covers most high 

energy k-space points. The sparse scheme employed covers sufficient energy since even 

the linear reconstruction with pattern Band the remaining k-space points zero-filled 

yields good quality images. In contrast, variable density random undersampling of even 

50% of k-space yields poorer results. Due to the special sample structure and sparsity in 

the transformed domain, CS cannot recover detailed structures if they are not revealed in 

the initial image. The sparse scheme employed can be considered nearly optimal in this 

particular case. 

Reference images from the SE SPI measurement together with images 

reconstructed with different schemes from the 1st, 10th, 70th echoes are shown in Fig. 4-

7. The reference images very closely resemble the SPRITE density image in Fig. 4-5b, 

confirming that the intensity differences are due to sample features rather than imaging 

artifacts. The similarities also substantiate the validity of the keyhole approach. For the 

1st echo images, some detailed structures in the reference image are not present in the 

zero-filled reconstructions. In these cases, noise level data were replaced by zeroes, so the 

reconstructed images appear to have a higher SNR. The images combining SPRITE data 

in a keyhole fashion, carrying the high frequency information of the density image, 

recover fine details very well, although the noise level is slightly higher. The CS image 

has a higher SNR because it is inherently a denoising procedure. Difference images from 

the 1st echo are displayed in Fig. 4-8. Pattern A, with template data, yields the closest 

image to the reference. CS reconstruction, on the other hand, yields a similar result to 

pattern B with zero-filling. 
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Figure 4-7. SE SPI results. Full k-space reference images from the 1st, 10th, and 
70th echoes, and reconstructed images, along with sampling Pattern A with zero
filling (labeled as A), A with template (AT), B with zero-filling (B), B with template 
(BT), and compressed sensing (CS). Key features are reproduced in all images. The 
reference images have a lower SNR, particularly in the later echo images. 
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(a) (b) (c) 

(d) (e) (f) 

Figure 4-8. Differences of reconstructed images from the 1st echo in the SE SPI 
measurements. (a) Reference image and corresponding difference images from (b) 
Pattern A with zero-filling, (c) A with template, (d) B with zero-filling, (e) B with 
template and (f) compressed sensing. The intensities have been multiplied by 4 for 
the difference images to better visualize the results. The differences are all very 
small. Pattern A combined with template data yields the least differences from the 
reference image. 

Overall image intensity decreases as the echo number increases due to T 2 

attenuation. Medium and low intensity echo images are also shown in Fig. 4-7. Scaling of 

the template data resulted in the noise level being lowered for the high frequency 

components as the overall intensity decreases, improving the SNR. Cases employing the 

template are of a higher SNR than the reference images. CS reconstruction is less robust 

when the SNR is low, which yields the largest difference from the reference (not shown). 

For a better perspective of the reconstructed images, 1 D slice profiles through the 

central pixel of the core plug long axis from 2D SE SPI images are shown in Fig. 4-9. 
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The profiles from different schemes are largely identical so that the data symbols for the 

1st, 10th and 70th echo images overlap. Good quality reconstructed images, of each echo, 

are a prerequisite for accurate T 2 distribution mapping. 
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Figure 4-9. lD slice profiles of the central pixel of core plug long axis from 2D SE 
SPI images of the 1st , the 10th, and the 70th echoes. Different reconstructions are 
displayed as • reference from full k-space acquired experimentally, • 
undersampling pattern A with the remaining points zero-filled, A pattern A 
combined with the template data, T pattern B with zero-filling, ~ pattern B with 
template data, and .,._ compressed sensing. The results are near identical in all 
cases. 

NMSEs for different schemes were calculated as a quantitative measure of 

reconstruction quality in Fig. 4-10. The errors for the two undersampling patterns with 

templates (not shown) are almost identical to the corresponding zero-filled cases. Those 

reconstructed with more k-space points have lower errors, as expected. CS yields the 

highest error, but still less than 5% up until the 85th echo. Error grows fast for later 

echoes as the SNR decreases. The full k-space data set has the lowest SNR, as explained 
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above. Using it as the reference to calculate normalized errors is not appropriate for low 

intensity images, as it leads to large errors for later echoes. NMSE is not the best measure 

in the T 2 mapping sense as it estimates the overall error of the whole image. The quality 

of the local T 2 decay data and the resulting T 2 distribution are how we best judge the 

results. 
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Figure 4-10. Normalized Mean Square Errors (NMSE) of• pattern A and • 
pattern B with the unsampled points zero-filled, and .A. compressed sensing. The 
NMSEs of reconstructions with template data are almost identical to the 
corresponding zero-filling scenarios, not shown. 

The T 2 decay curves of three chosen pixels, extracted from images with different 

undersampling and reconstruction schemes, are very similar, as can be seen in Fig. 4-1 la. 

The T2 distribution curves are also very similar. Different sampling patterns and 

reconstruction methods yield near identical results. The T 2 distribution of pixel (3 7, 41) 

has two peaks at about 2 ms and 30 ms with a 30% weighting of the short component, 

while pixel ( 44, 23) is centered around one peak at about 15 ms. The third pixel (26, 31) 

has a 90% weighting of the short component at 6 ms, but also reveals a long T 2 

contribution at about 110 ms. The T 2 distributions are remarkably similar within 
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particular bedding planes (not shown), while substantially different between planes. This 

confirms the different nature of the pore micro structure in different bedding planes. 
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Figure 4-11. (a) T2 decay (the left column) and T2 distribution curves (the right 
column) from the 3 selected pixels. Symbols are: • reference from full k-space 
acquired experimentally, • undersampling pattern A with the remaining points 
zero-filled, _.. pattern A combined with the template data, 'Y pattern B with zero
filling, <1111111 pattern B with template data, and ...,. compressed sensing. (b) Pixel 
positions. Different schemes yield virtually identical results. The T 2 distributions 
vary with position in the sample. 
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The variation of the T 2 distributions between bedding planes has not been 

previously reported. It is consistent, however, with the T2* variation from a different 

experiment methodology [30]. T/ and T2 relaxation contrasts are both related to the 

microstructure of different bedding planes. The SPRITE image in Fig. 4-5b reveals a T 2 • 

contrast in the bedding planes, while the SE SPI echo images show T 2 contrast, both of 

which are consistent with the bedding plane structure. This validates the use of the 

SPRITE image in the reconstruction of under-sampled SE SPI data, revealing the 

microstructural variations in a core plug. 

Our imaging results are consistent with the optical photo in Fig. 4-5c. Variations 

in mineral content and, by extension, magnetic susceptibility, are indicated by the 

different colored bands. Different grain sizes between bands are also observed upon 

magnification. The dependence of T2 and T2* on magnetic susceptibility, surface 

relaxation and pore size is reflected in the patterns observed in the SPRITE and SE SPI 

images. 

The bulk T2 decay and bulk T2 distribution are shown in Fig. 4-12. The bulk T2 

distribution is similar to those in Fig. 4-11, but not identical, as it is the summation over 

all the pixels. There are two peaks on the bulk distribution curve at 0.6 ms (20%) and 50 

ms (80% ). The short T 2 components, less than a millisecond, are mostly absent in the SE 

SPI T 2 maps due to the long first echo TE, which is limited by the gradient switching 

speed. 
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Figure 4-12. Bulk T2 results. (a) Decay curve. (b) Distribution curve. Short 
relaxation time components absent from the spatially resolved distributions are 
present in the bulk measurement because of the shorter echo time. 

(a) 10 

J ~, ... 
-1 
~ ·u; 

j .< IILt l a I • 

E --~~!II! Li· 
0.1 ii ~I 

50 100 150 200 

Echo number 

(b) 0.12 

-::j 
~0.08 
~ ·u; 
C 
~ 0.04 
E 

0.0~02 

l :i... ... . ~ .. ... .. ~ 
~ ·:: ...... 

I •.,!: .• ... • alt 
.-- ~ . 1" 
~:: : . 

• .. •• : I .... .... .. ·~ . ... 
~-

103 10
4 10 

Time (us) 

Figure 4-13. T2 decay and distribution curves of pixel (21, 53), whose position is 
indicated in Fig. 4-11 (b ). This pixel has the highest level of image reconstruction 
error. The four undersampling schemes yield similar T 2 distribution curves with 
identical peak positions. The intensities are higher than that of the reference, but 
can be easily corrected with a fluid density image. The result from compressed 
sensing is erroneous because the reconstruction is insensitive to low contrast 
features. Symbols are: • reference using a full k-space acquisition, • 
undersampling pattern A with the remaining points zero-filled, ~ pattern A 
combined with the template data, T pattern B with zero-filling, ..._ pattern B with 
template data, and ..,.. compressed sensing. 
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On a pixel-by-pixel basis, the different acquisition schemes yield very similar 

results. Reconstruction inaccuracies are greater in pixels near the circular faces of the 

sample. This can be seen in the error images in Fig. 4-8. The pixel (21, 53), whose 

position is indicated in Fig. 4-11 b, has the highest reconstruction error due to the low 

contrast fine features. Its T2 decay and distribution curves are shown in Fig. 4-13. The 

four undersampling schemes yield similarly shaped distribution curves with identical 

peak positions at 4 ms (50%) and 50 ms (50%). The intensities of the T2 distribution 

peaks are higher than the reference, but can be easily corrected with a density image, 

exploiting the fact that the area under the distribution curve represents the fluid density. 

The distribution calculated from the CS reconstructed images is notably different. 

One of the T 2 distribution peaks has similar intensity to the corresponding reference peak, 

while the other is much higher than the reference. The weighting of the short component 

here is only 30%. The CS reconstruction is insensitive to low contrast features and 

vulnerable to low SNR. It does not guarantee consistency between echoes, since the 

correlation between images derived from each echo was not taken into account [31]. On 

the other hand, the simple keyhole undersampling patterns are consistent in terms of error 

between images from each echo of the SE SPI experiment. If, for example, a particular 

pixel with special structure cannot be reconstructed 100% accurately, the same effect 

occurs for all the echoes and the overall distribution curve retains the correct shape. In 

this application these strategies are more robust than CS. 

It should be noted that the 'cross' sampling patterns A and B of Fig. 4-3c and d, 

based on threshold, depend not only on the sample shape, but also the length-to-FOY 

ratio. The smaller this ratio, the more k-space data points are required, particularly in the 
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zero-filling case. However, the criterion is not strict if the unsampled points are 

supplemented by a template. The undersampling patterns work well even for zero-filling 

because the central parts of k-space as well as the most important high frequency 

components are included. 

Compressed sensing enforces sparsity of a transformed image representation. It's less 

robust when the SNR is poor and is insensitive to low contrast features. In our case, the 

easy and appropriate sparse domain is actually k-space. Undersampling by exploiting 

redundancy ink-space yields more reliable results. 

T 2 measurements of porous media are known to be influenced by molecular diffusion 

in magnetic field gradients [32] which are more pronounced at high magnetic field due to 

susceptibility contrast. However, the background gradient can be deconvolved from the 

CPMG T2 measurement [33]. This methodology can be applied to the SE SPI experiment 

to ensure that high field measurements are valid and can be post processed to yield the 

true T 2 relaxation distribution. 

4.4 Experimental 

The experiments were performed on a Nalorac (Martinex, CA) 2.4T 32 cm i.d. 

horizontal bore superconducting magnet with a water cooled 7.5 cm Nalorac gradient set 

(maximum gradient strength 25 G/cm) driven by a Techron (Elkhart, IN) 8710 amplifier. 

The RF probe was a homemade 4.5 cm diameter birdcage probe driven by a 2 kW AMT 

(Brea, CA) 3445 RF amplifier, with a 90°-pulse duration of 11.2 µs. The console was a 

Tecmag (Houston, TX) Apollo. The experiments were performed at ambient magnet 

temperature, approximately 10 °C. 
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The sample was a 4.0 cm long and 3.8 cm diameter Comcockle sandstone cylinder 

saturated with distilled w.ater. 

The thin section was cut from the end of the sample with a diamond saw and mounted 

on a glass slide with epoxy resin. The photograph was taken with Canon PowerShot G 10 

digital camera, back lit with a homemade light box. The photograph was then processed 

with Photoshop to further correct the white balance to achieve a white background. 

In the SE SPI experiment, composite 180° -pulses (90° 0-180° w2-90° 0) were employed. 

The echo time was 1100 µs for all intervals of 201 echoes (first echo and 200 loops of the 

CPMG train). The maximum gradient strengths were 7 and 5 G/cm for X and Y 

directions, respectively. 4 scans were signal averaged with CYCLOPS phase cycling. The 

total acquisition time was 4.3 hours for a full 64 x 64 k-space data set. 

In the standard SPRITE experiment, 1.5 µs RF pulses were employed for 12° flip 

angles. The maximum gradient strengths were 14 and 11 G/cm for X and Y directions, 

respectively. 64 scans with CYCLOPS phase cycling were averaged to achieve a good 

SNR. Experiment time was approximately 1 hour. 

The Ii norm in the CS reconstruction was solved with a nonlinear conjugate gradient 

method following the approach of Lustig et al. [21]. 20 seconds were required to 

reconstruct each single echo image. 

T 2 distributions were determined by the WinDXP (Oxford Instruments, Oxford) 

Laplace inverse transform algorithm in both bulk and spatially resolved cases. The 

regularization factor was based on noise estimation. The parameter may vary, mostly 

around the range from 0.8 to 2, between pixels. For each pixel, the parameters were kept 
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the same for different reconstruction schemes to ensure the differences from the full k-

space reference image, if any, are not due to the regularization. 

4.5 Conclusion 

64 x 64 SE SPI experiments were performed on a sandstone core plug sample with a 
I 

laminar bedding plane structure. Different k-space sampling patterns were explored for 

image reconstruction. Decay curves for each pixel were generated with the local T 2 

distribution determined by inverse Laplace transform. The proposed sampling patterns 

generate good quality images. Zero filling improves SNR but increases image blurring, 

while using SPRITE data for keyhole imaging retains fine image details. The decays and 

T 2 distributions are in all cases nearly identical. Images from compressed sensing 

reconstruction with 20% of k-space are of similar quality, though less consistent between 

echoes. This results in noisier decay curves especially when the acquired SNR is not 

optimal. A simple keyhole approach with only 11. 7% of k-space acquired yields more 

reliable results. T 2 distributions from different bedding plane structures in the sandstone 

are different, reinforcing the value of a spatially resolved T2 distribution measurement. 

We believe heterogeneity in the T 2 distribution within core plug samples is very common. 
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Chapter 5 - k-t Acceleration in Pure Phase Encode MRI to Monitor 

Dynamic Flooding Processes in Rock Core Plugs 

Monitoring alteration of the pore system in sedimentary rocks with MRI when 

fluids are introduced is very important in the study of petroleum reservoirs and enhanced 

oil recovery. However, the lengthy acquisition time of each image, with pure phase 

encode MRI, limits the temporal resolution. Spatiotemporal correlations can be exploited 

to undersample the k-t space data. The stacked frames/profiles can be well approximated 

by an image matrix with rank deficiency, which can be recovered by nonlinear nuclear 

norm minimization. The results of a low rank matrix completion technique were 

compared with k-t sparse compressed sensing. 

These methods are demonstrated with one dimensional SPRITE imaging of a 

Bentheimer rock core plug but can be easily extended to higher dimensionality and/or 

other pure phase encode measurements. These ideas will enable higher dimensionality 

pure phase encode MRI studies of dynamic flooding processes in low magnetic field 

systems. 

This chapter is largely based on a paper "k-t Acceleration in Pure Phase Encode 

MRI to Monitor Dynamic Flooding Processes in Rock Core Plugs" to be submitted to the 

Journal of Magnetic Resonance. The format of references in this chapter follows that of 

the journal to which the paper will be submitted. 
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5.1 Introduction -

In the study of petroleum reservoirs, and enhanced oil recovery, it is essential to 

understand the fluid interactions in the pore space which control the efficiency of 

petroleum recovery. Laboratory studies of rock core plugs permit better understanding of 

the porous media system. Conventional methods, such as effluent analysis and inflow

outflow methods, cannot provide spatially resolved information on fluid displacement 

and fluid interactions in the pore space. 

X-ray CT will image the matrix structure of a sedimentary rock, but is limited in 

its ability to image fluids within a rock core. Pure phase encode MRI techniques, immune 

to susceptibility variations within the sample, have proven to be robust in their ability to 

generate true fluid content images in porous media [1-3]. However, the acquisition time 

is long with pure phase encoding as only one k-space point is typically acquired with 

each RF excitation, which limits the temporal resolution of the dynamic image series 

when monitoring flooding processes. 

k-space undersampling can be employed to reduce the measurement time based 

on spatial redundancy of the static image. For dynamic MRI, additional temporal 

correlation can be combined to further undersample k-t space. The same principle applies 

in medical imaging [4-18, 23-27]. 

Early clinical MRI studies recovered the unsampled k-t space data by temporal 

interpolations, such as MR fluoroscopy [4] and keyhole imaging [5-6]. These view 

sharing methods estimate the missing data points based on their values in the past and/or 

future, usually assuming the high spatial frequency components have a low temporal 

bandwidth. The resulting images frequently suffer from temporal blurring. 
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Other techniques take advantage of spatial and temporal redundancy jointly by 

making assumptions about the dynamic image series, such as only part of the field of 

view (FOV) requires a wide temporal bandwidth [7-9], i.e., some regions of the image are 

static or have limited motion of a narrow temporal bandwidth. Such signals have a finite 

support in the spatial position and temporal frequency space (x-f space). A valid 

assumption is crucial for these methods, and artifacts result when the model is not 

accurate. 

The k-t broad-use linear acquisition speed-up technique (k-t BLAST) [ 1 O] 

addresses the problem by adaptive image reconstruction with low spatial resolution 

training data at the full temporal bandwidth. The training data determine the signal 

distribution by a low spatial resolution version of the x-f space instead of a predefined 

model. With this adaptive information, aliasing artifacts in the undersampled full spatial 

resolution data are removed and the missing data points are recovered. For accurate 

reconstruction, the training data needs to properly represent the spatiotemporal 

correlations of the full data set. 

k-t PCA [ 11] enables higher acceleration with improved temporal fidelity by 

applying a principal component analysis (PCA) along time axis and reconstructing the 

images in x-PC space due to its improved signal compaction. The performance depends 

on how well the temporal basis functions, derived from the training data, approximate the 

principal components of the entire data. 

Compressed sensing (CS) has recently become a popular research area in MRI 

[12]. CS requires nonlinear reconstruction with the assumption that the image is sparse in 

a certain transform domain. By exploiting incoherent sampling and sparsity, accurate 
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reconstruction can be achieved with a high acceleration factor for static images. Dynamic 

MRI, with an extra time dimension, provides more opportunities for compressed sensing. 

Subsampling a higher dimensional space improves incoherence. The specific dynamic 

features enable versatile sparsifying transform designs in addition to the conventional 

spatial wavelet and total variation (TV) transforms. k-t SPARSE[ 13] utilizes the sparsity 

of x-f space as the temporal variations of the dynamic images are considered smooth or 

periodic, and combines a temporal Fourier transform with the spatial wavelet transform 

to achieve a higher acceleration factor. 

Other methods extend compressed sensing by exploiting different sparse 

representation of the dynamic images, such as temporal PCA [14], difference from a 

composite image [15], second derivative in the temporal dimension [16], group sparse 

[17], and overcomplete dictionary [18]. 

The low rank (LR) matrix model has important applications in image compression 

and matrix recovery [19-22]. Liang [23] proposed a low rank model for spatiotemporal 

MR imaging. Instead of image sparsity, rank deficiency of the image matrix can be 

explored to reconstruct the undersampled data [24, 25]. Rigorous theoretical studies show 

the low rank matrix can be recovered by nuclear norm minimization [19-22]. Other 

studies combine sparsity with the low rank assumption [26, 27]. 

In this work, we focus on 1 D pure phase encode MRI of dynamic flooding 

processes. A 2D image consisting of the profile series (x-t) is desired. This 2D image can 

be sparsified by the spatiotemporal TV operator. The image can be well approximated by 

a low rank matrix. CS and LR recovery can be employed to reconstruct the image with 

highly undersampled k-t space data. 
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5.2 Theory 

5.2.1 Pure phase encode MRI 

The method is demonstrated with Single Point Ramped Imaging with T1 

Enhancement (SPRITE) [ 1] measurements. It may be implemented with other pure phase 

encoding techniques, such as single point SESPI [28], T2 mapping SESPI [3], and hybrid

SESPI [2], which is especially advantageous on low field MRI systems. 

Pure phase encoding methods are based on single point imaging (SPQ techniques 

typically acquiring one k-space point with each RF excitation. SPRITE is a modification 

of SPI by ramping the phase encoding gradients in discrete steps to reduce imaging times 

and minimize gradient vibration. The magnetic field gradients are switched on and 

stabilized before applying the RF pulses. Low flip angle RF pulses are employed to cover 

the sample bandwidth which arises from the high magnetic field gradients required for 

short encoding times. One single time domain point is collected following each RF 

excitation. k-space is sampled point by point, with all imaging dimensions phase 

encoded. Centrically scanned sequences [29] are preferred when acquiring density

weighted images. We employ the double half k-space (DHK) scheme [30] in this work. 

5.2.2 Compressed sensing and low rank matrix recovery 

When the k-space or k-t space data are undersampled, the system is 

underdetermined and has an infinite number of solution sets that are consistent with the 

acquired data. Constrained reconstructions take advantage of prior 

information/assumptions of the image and select the appropriate solution. This is based 
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on the compressibility of the image in a certain basis, which is usually valid for MR 

images. 

CS selects the solution with the sparsest image representation by solving the 

following optimization problem [12], 

(5.1) 

where y are the known points acquired in the experiment, m is the desired image, and Fu 

is a partial Fourier transform with incoherent undersampling. The Ii norm enforces data 

consistency. q, is a sparsifying transform, and A is a regularization factor that balances the 

data fidelity and sparsity. The Ii norm is a convex surrogate for the non-deterministic 

polynomial-time (NP) hard /0 norm. Eq.5.1 is the unconstrained Lagrangian version of a 

constrained optimization problem for static images. It can be easily extended to the 

dynamic case, with m and y for the desired image series and k-t space points, 

respectively. The sparsifying transform q, takes advantage of the spatiotemporal 

correlation of the dynamic images. 

Sparsity is the crucial prerequisite for CS. Many sparse domains of the images 

have been exploited in previous work. An extension of importance here is the fact that the 

singular values of a low rank matrix are sparse. 

The singular value decomposition of a size M x N matrix ism= urv*, where UM 

x Mand VN x N are unitary with the columns of each of them forming a set of orthonormal 

vectors. IN x N is a rectangular diagonal matrix with nonnegative singular values on the 

diagonal. The number of degrees of freedom of a rank r matrix is r(M+ N-r), which is 

much smaller than MxNwhen r « min (M, N). In this case, the rank deficiency provides 
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the constraint in image reconstruction. The Ii norm term llll1mll 1 in Eq.5.1 is replaced by 

the nuclear norm, defined as the sum of all singular values, as shown below. 

(5.2) 

The nuclear norm llmll* is the convex relaxation of the rank function, analogous to the Ii 

minimization in Eq.5.1. The other terms in Eq.5.2 are the same as in Eq.5.1. 

5.3 Results and Discussion 

5.3.1 Simulations 

A series of ID profiles, simulating constant flow fluid injection into a homogenous dry 

rock, are shown in Fig. 5-la. The right side is the inlet and the fluid front moves towards 

the left. The saturation profiles are based on a Gaussian displacement front. The signal 

intensity is zero before the injection-fluid front reaches the pixel position and increases 

monotonically with time. The dynamic ID profile series can be stacked to form a two 

dimensional x-t image, as shown in Fig. 5-1 b. 64 spatial pixels with 64 time frames are 

considered. Fig. 5-la shows every second profile. The simulated image SNR is 100. 

The image can be considered piecewise constant due to its spatiotemporal 

correlation. The total variation (TV) transform along both spatial and temporal 

dimensions generates signals dominated by a portion of large magnitude coefficients. 

Spatiotemporal TV is employed as the sparsifying transform in compressed sensing 

reconstruction. 
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Figure 5-1. Simulations of constant flow fluid injection into a dry rock. (a) shows 
every second profile, and (b) is the stacked x-t image. 
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Figure 5-2. (a) Sorted singular values of the simulated image Fig. 5-lb. The singular 
values decay quickly with 92% of the energy concentrated in the first 5 values. (b) is 
the image reconstructed with the first 5 singular values. ( c) is the difference image 
between (b) and the original image Fig. 5-lb. The magnitude of (c) is multiplied by a 
factor of 10 for better visualization. 
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The image Fig. 5-1 b has a full rank due to the noise, but can be well approximated 

as a low rank matrix. Its sorted singular values, shown in Fig. 5-2a, are rapidly 

decreasing. 92% of the energy is concentrated in the first 5 singular values. Fig. 5-2b 

shows the image component from the first 5 singular values, with Fig. 5-2c the residue 

image that is the reconstruction error from the rank 5 approximation. The magnitude of 

the difference image is multiplied by a factor of 10 for better visualization as with all the 

error images in this paper. 

The normalized mean square error (NMSE), defined in Eq.5.3, is employed as a 

quantitative measure of the reconstruction quality. 

E = Lnl1n-1Ret~l
2 

Lnl1Retnl ' 
(5.3) 

where In and IRefn are the signal intensity of the nth pixel of the reconstructed image and 

reference image, respectively. The NMSE of the rank 5 approximation image, Fig. 5-2b, 

is 0.04%. 

In this rank 5 approximation, the number of degrees of freedom is 5 x (64+64-5) 

= 615, about 15% of the total data points. For reliable reconstructions, we choose 30% of 

the k-t space data for undersampling pattern design. 

The low frequency central portion of k-space, determining the overall image 

intensity and structure, has a higher amplitude than most of the high frequency 

peripheries. This implies variable density undersampling k-space outperforms uniform 

undersampling in the spatial dimension. We keep the central k-space points fully sampled 

for all time frames. A constraint random undersampling, similar to the method in [31], is 

employed for the rest of k-t space. The constraint random sampling is acquired by 
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randomly shifting each point in a regular undersampling pattern by -2, -1, 0, + 1, or +2 

position along the k-dimension. In this way, it generates incoherent aliasing with high 

probability and ensures the same temporal density of the k-t space points. The sampling 

pattern is shown in Fig. 5-3 with 30% of the k-t space points acquired. 

The reconstructed images, with undersampled k-t space data as in Fig. 5-3, are 

shown in Fig. 5-4. Fig. 5-4a is obtained from compressed sensing, Eq.5.1. The Ii norm 

optimization is solved with the conjugate gradient method proposed in [12]. Parameter A 

was in the range of 0.01 to 0.00001. The convergence was achieved after 12 seconds with 

a NMSE of 0.08%, compared to the original image Fig. 5-1 b. For qualitative comparison, 

the difference image is shown in Fig. 5-4b. The result image is close to the original, with 

errors occurring at the locations of smooth variation. The result tends to be piecewise 

constant due to the TV operator. The apparent SNR is improved for the same reason. 
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Figure 5-3. k-t space undersampling pattern. The central k-space points are fully 
sampled for all the time frames. The temporal sampling density is constant. 
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Figure 5-4. Simulation results of different reconstruction methods with the k-t space 
undersampling pattern in Fig. 5-3. Images (a), (c) and (e) are reconstructed with 
compressed sensing, low rank matrix recovery and block low rank completion, 
respectively. (b), (d) and (t) are the error images with magnitude multiplied by a 
factor of 10. 
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Figure 5-5. DHK measurement results of water injection into a dry Bentheimer rock 
core plug. (a) is reconstructed with the full k-t space data. (b), (d) and (f) were 
reconstructions with CS, LR and BLR methods, respectively. (c), (e) and (g) are the 
corresponding error images with magnitude multiplied by a factor of 10. 30% of k-t 
space data points, with the pattern Fig. 5-3, were employed for the undersampling 
cases. 
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The nuclear norm minimization in Eq.5.2 is solved by soft thresholding [21]. The 

normalized regularization parameter was chosen empirically between 0.01 and 0.001, and 

the processing time was about 12 seconds. The resulting image is shown in Fig. 5-4c, 

with the difference image in Fig. 5-4d. The NMSE is 0.09. The error is mostly 

concentrated on the lower portion, especially the lower right comer, of the 20 image, 

where the low rank assumption is less accurate. 

The LR matrix model can be improved by dividing the whole 20 image into small 

blocks and exploiting the rank deficiency of each block, i.e. the block low rank (BLR) 

model. Fig. 5-4e is reconstructed by further optimizing sixteen 16x 16 low rank blocks, 

after the convergence of Fig. 5-4c is achieved. The difference image Fig. 5-4f shows 

much reduced error, compared to Fig. 5-4d, particularly at the left bottom part where 

BLR is valid. 

5.3.2 SPRITE experiment 

A 10 flooding measurement was performed on a dry Bentheimer rock core plug. 

64 frames of 64-pixel profiles were acquired with ORK SPRITE. The full k-t space data 

were acquired and retrospectively undersampled with the pattern of Fig. 5-3. 

Fig. 5-Sa is the full k-t space Fourier reconstruction. The stripes on each side of 

the sample are background signal from the experiment setup. These low contrast features 

are not well preserved in the CS reconstruction Fig. 5-5b, as they yield small TV 

coefficients. The processing time was 11 seconds, and the NMSE is 0.11 %. The 

difference Fig. 5-5c shows the error is distributed across the image where small variations 

occur. 
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Figure 5-6. lD slices from the 2D images in Fig. 5-5. (a) shows the time frames of the 
20th and 60th minutes, and (b) presents the intensity changes of position 26 mm and 
67 mm through all the time frames. The chosen frames/pixels are the ones with the 
highest reconstruction error. The symbols are: - Fourier reconstruction with full 
k-t space data, --- undersampled k-t space data with compressed sensing, · · · · low 
rank matrix recovery, and -·-· block low rank recovery. 
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The reconstruction from low rank and block low rank methods are presented in 

Fig. 5-Sd and f, with the error images (e) and (g), respectively. The low contrast 

background stripes are very well preserved, as they are compatible with the rank 

deficiency assumption. The reconstructed images are very close to the original, with error 

mostly locating at the edge of the fluid front. In accordance with the simulation, the BLR 

method further improves the quality of the LR recovery on the whole image. The 

processing times of Fig. 5-Sd and fwere 6 sand 8 s, with the NMSE's 0.05% and 0.04%, 

respectively. The regularization parameter and convergence criteria were the same as in 

the simulation. 

ID slices of the 2D images are shown in Fig. 5-6. The slices with the largest 

reconstruction errors were chosen in both the temporal and spatial dimensions. The CS 

profiles tend to be piecewise constant and fail to preserve low contrast features. The LR 

and BLR results almost coincide with each other. Both methods generate profiles 

agreeing very well with the original. Small discrepancies occur at the transit points of 

profiles. The results confirm good quality reconstructions can be achieved with 30% of k

t space data points. 

The blocks in BLR can be designed in a more efficient way, such as updated with 

variable sizes, so that the total number of degrees of freedom can be further lowered 

enabling higher acceleration factors. This will be the subject of further study. 

In practice, even a large undersampling factor in k-t space in DHK SPRITE 

experiments saves limited measurement time of each frame, as the relaxation delay 

between interleaves is usually much longer than the time required to traverse k-space. 

Therefore the total measurement time is not decreased significantly. However, for other 
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pure phase encode measurements, such as T 2 mapping SESPI, the acquisition time is 

directly proportional to the number of k-space data points, so the total time can be 

reduced by a factor that is the same as the k-space undersampling factor. 

The methods can be easily extended to higher dimensions. A 2D image series 

forms a 3D xy-t image. 3D sparsifying transforms can be applied in CS. Each x-t slice can 

be well approximated by a LR or BLR matrix. The pure phase encode techniques provide 

better data incoherence than the spin-warp method, since k-t space is sampled point by 

point and each of the imaging dimensions can be undersampled. This feature is 

advantageous for nonlinear reconstructions. 

With a specified spatial resolution, undersampling k-t space can either improve 

the temporal resolution, or increase the SNR with more signal averaging, which is 

particularly important for core plug imaging studies on low magnetic field MRI systems. 

5.4 Experimental 

The experiments were performed on a Nalorac (Martinex, CA) 2.4T 32 cm i.d. 

horizontal bore superconducting magnet with a water cooled 7.5 cm Nalorac gradient set 

(maximum gradient strength 25 G/cm) driven by Techron (Elkhart, IN) 8710 amplifiers. 

The RF probe was a homemade 4.5 cm diameter birdcage probe driven by a 2 kW AMT 

(Brea, CA) 3445 RF amplifier, with a 90° pulse duration of 11. 7 us. The console was a 

Tecmag (Houston, TX) Apollo. The experiments were performed at ambient magnet 

temperature, approximately 10° C. 

The sample was a 5.0 cm long, 3.8 cm diameter Bentheimer sandstone core plug. The 

rock core plug, together with two homemade Delrin end plugs, was sealed in an Atlas 
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sleeve with Teflon heat shrink tubing. Each of the end plugs has an axial port for 

transporting fluid to and from the sample. A high pressure 100DX D-Series Syringe 

Pump (Teledyne ISCO) was employed to provide a constant flow rate injection of 0.1 

ml/min distilled water. The flow was paused every minute for acquisition of the lD MRI 

profiles. This is a demonstration measurement to develop the method that will eventually 

be applied to continuous flow displacement experiments. 

In the DHK SPRITE experiments, a 1.5 us RF pulse was employed for a 11.5° flip 

angle. The maximum gradient strength 8.3 G/cm. 32 scans with quadrature phase cycling 

were averaged to achieve a good SNR. The measurement time of each profile was 2.2 

min. 

The data reconstructions were performed on a laptop computer with 2.13 GHz CPU 

and 2.00 GB RAM. 

5.5 Conclusion 

lD pure phase encode MRI measurements monitoring flooding processes in rock 

core plugs with k-t acceleration were demonstrated through both simulation and DHK 

SPRITE experiments. 30% of the k-t space data points are sufficient for reconstructing 

good quality images with compressed sensing or low rank matrix recovery methods. This 

enables monitoring the dynamic process with a higher temporal resolution and/or a higher 

SNR. These methods can be easily extended to higher dimensionality MR imaging of 

dynamic rock core plug flooding processes. 
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Chapter 6 - Hybrid-SPRITE MRI 

In a FID based frequency encoding MRI experiment the central part of k-space is 

not generally accessible due to the probe dead time. This portion of k-space is however 

crucial for image reconstruction. SPRITE (Single Point Ramped Imaging with T 1 

Enhancement), SPI with a linearly ramped phase encode gradient, has been employed to 

image short relaxation time systems for many years with great success. It is a robust 

imaging method in significant measure because it provides acquisition of high quality k

space origin data. We propose a new sampling scheme, termed hybrid-SPRITE, 

combining phase and frequency encoding to ensure high quality images with reduced 

acquisition times, reduced gradient duty cycle and increased sensitivity. In hybrid

SPRITE, numerous time domain points are collected to assist image reconstruction. An 

Inverse Non-uniform Discrete Fourier Transform (INDFT) is employed in ID 

applications. A pseudo-polar grid is exploited in 2D hybrid-SPRITE for rapid and 

accurate image reconstruction. 

This chapter is largely based on the paper "Hybrid-SPRITE MRI" published in 

the Journal of Magnetic Resonance, 235 (2013) 6-14. The format of references in this 

chapter follows that of the original article. 

6.1 Introduction 

It is challenging to image short relaxation systems with conventional spin-echo or 

gradient-echo sequences. In a FID based frequency encoding experiment, the central part 

of k-space, which is crucial for MRI image reconstruction, is missing due to the finite 
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length of the RF pulse, transmit-receive switching, and digital filtering. The k-space gap 

can be addressed by radial acquisition oversampling and algebraic reconstruction, 

involving finite support extrapolation [1-3]. However, the generalised signal processing 

entails deviations in noise behavior and could lead to unusual complications due to 

regional noise amplification and noise correlation in the image domain. Wu et al. [4] 

proposed to recover the central region of k-space by sampling these points at reduced 

gradient strength. 

Ultrashort Echo Time (UTE) methods [5-7] overcome the dead time problem by 

applying the RF pulses in the absence of the gradient and commencing gradient ramp-up 

and data acquisition after the dead time. This approach is limited by eddy currents and 

requires good gradient performance as the gradients are not constant while sampling. 

Ramping the gradient requires more time to cover k-space, which is disadvantageous for 

short relaxation samples. 

Sweep imaging with Fourier transformation (SWIFT) [8, 9] collects signal while 

it is being excited by dividing the excitation pulse into subpulses. Data acquisition can 

begin a few microseconds after each of the subpulses. SWIFT has very fast RF switching 

and timing requirements, and may reveal background signal, with T 2 as short as a few 

microseconds, in standard coil designs. High quality images can be produced with 

SWIFT only when the frequency modulated pulse excitation is uniform over the image 

acquisition bandwidth. 

Large oscillating field gradients enable gradient-echo imaging with an echo time 

of less than 100 µs [ 1 O]. The oscillating gradients methods require series-resonant 
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gradient-coil circuits. Linear interpolation is employed before Fourier reconstruction as 

the k-space data points do not fall on a Cartesian grid. 

Single point imaging (SPI) yields robust good quality images as a pure phase 

encoding technique. SPRITE (Single Point Ramped Imaging with T1 Enhancement) [11], 

SPI with linearly ramped phase encode gradients, has been employed for short relaxation 

time systems for many years with great success. As it requires high magnetic field 

gradient strengths, short encoding times, and low flip angle RF pulses to cover the sample 

bandwidth, the sensitivity (SNR over square root of acquisition time) is sub-optimal, 

especially for low field systems. Combining phase and frequency encoding as proposed 

here has the merit of ensuring high quality images with reduced acquisition times, 

reduced gradient duty cycle and increased sensitivity. 

Cho [ 12] proposed a multipoint k-space point mapping technique acquiring 

several time domain points for each excitation. The scanning time is reduced by the same 

factor as.the number of time domain points. Frenandez-Seara et al. [13] implemented 

multipoint k-space mapping sequences for imaging of semi-solid materials. Kaffanke et 

al. [14] proposed a multi-frame method to enhance the resolution of multiple-point 

SPRITE images. 

We propose a modified SPRITE sequence, termed hybrid-SPRITE [15], sampling 

the low frequency center portion of k-space with pure phase encoding, and collecting the 

time domain points for higher gradient steps to fill in the periphery of k-space. The time 

domain points from low gradient steps are also collected to assist image reconstruction. 

This technique has the merit of imaging short relaxation materials in a more time efficient 

manner. 
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The idea of combining phase and frequency encoding was first presented by 

Nauerth [16]. Grodzki et al. has recently implemented a similar strategy, termed PETRA 

[17], for clinical applications. In PETRA, the frequency encoding part consists of radial 

spokes uniformly distributed over a sphere. Gridding is required before the Fourier 

transformation. Image resolution is affected by radially undersampling k-space. Hybrid

SPRITE utilizes a pseudo-polar grid that meets the Nyquist criterion. We present a novel 

rapid reconstruction scheme that does not involve any interpolations. Proton density 

imaging is also emphasized in hybrid-SPRITE. 

The hybrid-SPRITE sequence has been developed mainly for applications to 

porous media studies, with petroleum reservoir core plug samples. In this particular 

application, the popular sensitivity improving method, compressed sensing [18], does not 

always yield reliable results due to the special sample internal structure [19]. The low 

SNR resulting from the low magnetic fields employed for rock core plug studies is a 

significant challenge for compressed sensing reconstruction. The development of a pulse 

sequence with intrinsic high sensitivity is of significant importance for this application. 

6.2 Theory 

The essential idea in hybrid-SPRITE is to acquire data near the k-space origin by 

pure phase encoding and to fill in the k-space periphery by frequency encoding. There are 

intermediate k-space points which may be acquired through both methods. 

In ID MRI, the k-space coordinate is defined as Eq.6.1: 

y J,t k = -
0 

G-rdr. 
21l' 
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For the first few k-space points, gradients of different amplitudes are applied, while the 

encoding times are kept constant, as in the SPRITE sequence [20, 21]. Gradients are 

ramped in the same fashion as in SPRITE. Time domain data are collected for the latter 

k-space steps as in FID based frequency encoding. In SPRITE, the encoding times are 

usually limited by the highest gradient amplitudes, while in hybrid-SPRITE, the limits of 

short encoding times are only restricted by the probe dead times. 

1~ 
0'-.0-... 0'-.0'-. 

Figure 6-1. lD centric scan hybrid-SPRITE pulse sequence. The solid dots are the 
required k-space data, and DW is the interval between them in the FID. The open 
circles represent extra points that can be used in different ways to assist image 
reconstruction. tp is the phase encode time. RD is the relaxation delay after each 
interleaf, and TR is the repetition delay between excitations within each interleaf. 

A straightforward application is the centric scan double half k-space (DHK) type 

of gradient waveform with a long relaxation delay (RD) after each cluster of k-space 

points. Each cluster is termed an interleaf. The centric scan hybrid-SPRITE pulse 

sequence is shown in Fig. 6-1. The solid dots are the required k-space data. The circles 

are extra points that can be used in different ways to assist image reconstruction. The 

phase encode time tp is limited by the probe dead time. TR is the repetition delay between 
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excitations within each interleaf. The sample bandwidth is much reduced since only the 

lowest few gradient steps are required. This allows larger flip angle RF pulses to be 

employed, which increases the SNR. The drawback is that this may produce more T 1 

related blurring. 

In the centric scan hybrid-SPRITE scheme, the acquired signals are attenuated 

due to both T 1 and T 2 *. The first few pure phase encode points have the same T 2 * 

attenuation since they are of the same tp, but an increasing T 1 effect as the longitudinal 

magnetization is reduced after each RF pulse. The frequency encode points have a T 2 * 

attenuation in addition to the same T 1 saturation. This results in an attenuation mask in k

space that yields a blurring in the image domain. This mask is a function of the sample T 1 

and T 2 *, as well as the imaging parameters. 

In our study, proton density images are sought, so the centric scan scheme is 

preferable to achieve images free ofT1 contrast. In DHK SPRITE, a long relaxation delay 

at the end of each of the half k-space interleaf is required for both magnetization 

relaxation and gradient cooling. In hybrid-SPRITE only a few RF pulses and low 

amplitude gradients are employed, therefore a long relaxation delay is not necessary. In 

fact, it is preferable if the delay time is divided equally between RF pulses when there are 

only a few excitations. The long delays between each excitation ensure the acquisitions 

are free of T 1 attenuation, so that the k-space trajectory does not need to commence at the 

origin, as in the centric scan cases, for density imaging. This leads to the idea of 

differential sampling in other respects, such as increased signal averaging of some 

portions of k-space. 
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The noise level of the k-space origin can be lowered by averaging numerous FID 

points for the k = 0 step. Image quality can be improved by signal averaging more of the 

k -:I O points. This works well when a long delay between each RF pulse is provided. The 

gradient waveform can be modified for multiple repetitions as in Fig. 6-2. 

The choice of the data acquisition rate is limited by hardware restrictions. It is 

challenging to set the acquisition rate to the exact dwell time required for the k-space grid 

corresponding to the desired image field of view (FOV). In the experiments presented 

here, the sampling rate is set to 1 µs, much less than the required dwell time. Numerous 

"redundant" points in k-space are thus sampled. These points can be used in various ways 

to assist image reconstruction. 

G=3 
2n 

G=2 n n 
G=l n n 
G=O 

G=-1 n n 
G=-2 

n n 
G=-3 

2n 

Figure 6-2. lD Gradient waveform for advanced hybrid-SPRITE. The origin of k
space is averaged less than the other parts of k-space. The number under each 
gradient step indicates the number of repetitions for signal averaging. 
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The most straightforward approach is to apply the Inverse Non-uniform Discrete 

Fourier Transform (INDFT) including as many k-space points as possible to improve the 

SNR. The system can be described by linear equations in matrix form, as shown in the 

following equation: 

S=Fp, (6.2) 

where S is the acquired signal, p is the desired image intensity, and F is the corresponding 

non-uniform Fourier matrix for the over determined system. The INDFT is the closed 

form least squares solution, shown as 

(6.3) 

where FHis the Hermitian transpose of matrix F. The SNR of the image after INDFT is 

proportional to .JN , where N is the number of sample points employed. 

The hybrid-SPRITE method can be easily extended to higher dimensions. A radial 

trajectory in k-space is the simplest form as it does not require monitoring dynamic 

gradient waveforms. The simple point-to-point INDFT is not realistic in this case, 

considering the matrix size when k-space is significantly oversampled. The most popular 

processing method, gridding, resamples data on a Cartesian grid for rapid image 

reconstruction [22]. In gridding, convolution kernel design and sampling density 

correction can cause reconstruction error [23]. In this paper we employ the pseudo-polar 

grid radial sampling scheme that allows rapid Fourier reconstruction. 

The pseudo-polar grid, also known as a concentric squares grid, shown in Fig. 6-

3, has been employed in other forms of tomography [24]. It has been proposed in MRI 

imaging with ID interpolation [25]. The pseudo-polar grid consists of rays equally 

spaced instead of equally angled. 63 rays on each quarter are required for a 63 x 63 image 
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to meet the Nyquist criterion. Exact reconstruction with no interpolations, and no 

accuracy parameters, can be performed. The reconstruction is rapid as it requires only ID 

FFT operations. The data can be separated into pure horizontal, pure vertical and the 

central pure phase encoding parts. The three parts are processed independently, and then 

subsequently combined in image space. For the pure horizontal parts marked by red 

circles in Fig. 6-3 , data points within each horizontal line are equally spaced. The FFT 

was first performed on the horizontal direction after zero padding to the grid length. After 

each line is processed, ID Fourier transforms are applied in the other dimension, i.e. 

vertically. Since the intervals between the lines are constant, with the central portion 

zero-padded, an FFT can be employed. The pure vertical part, denoted by the blue dots in 

Fig. 6-3 , is processed similarly. The central portion of k-space is transformed by a simple 

2D FFT, as the points are all on a Cartesian grid. 

Figure 6-3. Pseudo-polar grid employed in 2D hybrid-SPRITE. The red circles 
constitute the pure horizontal part, while the blue dots are pure vertical. The black 
dots in the center are on a Cartesian grid. The three parts are processed 
individually and added together in the image domain. 
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6.3 Results and discussion 

6.3.1 lD simulations 

In 1 D hybrid-SPRITE, the number of phase encode steps depends on the sample 

T 2 •. The shorter the T 2 •, the more phase encode steps should be acquired to control T 2 • 

blurring. Three to ten phase encode steps on each side of the origin is generally a good 

choice in a 64 point profile. 

T 1 and T 2 • effects in hybrid-SPRITE with an ideal boxcar sample are shown in 

Fig. 6-4. T1 and T2* were chosen to be 200 ms and 900 µs, as in all the ID simulations in 

this paper, to match the relaxation times of the Berea sandstone sample discussed below. 

Fig. 6-4b is the attenuation mask in k-space for 10 ° RF pulses in centric scan hybrid

SPRITE. 10 phase encode steps were employed on each side of k-space excluding k = 0. 

Fig. 6-4c is the reconstructed profile. Larger flip angles increase signal intensity. This is 

favorable for SNR but causes more severe blurring due to T 1 saturation (not shown). The 

10° pulse yields a profile with high quality edge resolution, as indicated in Fig. 6-4c. 

For a 1.25 x T 1 delay following each 10 ° RF pulse, the magnetization recovers to 

99.4% after numerous pulses. The fractional magnetization recovery is better than the 

standard 5 x T 1 delay after a 90 ° RF pulse, so that T 1 blurring effects are negligible. Fig. 

6-5 is the simulation results of the T1 and T2 • effects in ID hybrid-SPRITE with long TR. 

TR was chosen to be 1.25 x T 1 = 250 ms with a 10 ° flip angle. This yields negligible T 1 

attenuation, so that the central part of the k-space attenuation mask is flat, as shown in 

Fig. 6-5a. Only 3 phase encode steps on each side of k-space were employed since each 

step increases the measurement time significantly. T2* attenuation on the periphery of k-
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space is more severe than the case in Fig. 6-4. However, the quality of the reconstructed 

image is not degraded, due to the flat top in the center of k-space in the attenuation mask. 

The flat top mask ensures the validity of different k-space sampling schemes. 
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Figure 6-4. Simulations ofT1 and T/ effects in lD hybrid-SPRITE. (a) Model 
sample profile with T 1 = 200 ms, T 2 • = 900 ps, as in all the following lD simulations. 
(b) k-space attenuation function with 10° flip angle pulses, TR= 4 ms, tp = 50 ps, 
DW = 5 ps, with 10 phase encode steps on each side of the origin, (c) simulated 
profile. 
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Figure 6-5. Simulation of T1 and T/ effects in lD hybrid-SPRITE with a long TR 
version of the same model sample in Fig. 6-4. (a) k-space attenuation with 10° RF 
pulses combining TR of 1.25xT 1, and (b) the corresponding profile. 3 phase encode 
steps on each side of the origin were employed. 

Fig. 6-6 shows simulations of profiles reconstructed with an FFT with 64 k-space 

points, and employing an INDFT with 1142 points. The SNR improves significantly, 

from 24 in Fig. 6-6a to 115 in Fig. 6-6b, with no increase in the acquisition time. The 

standard deviation of the noise is reduced by a factor of approximately 5 in this example. 

The sample T 2 • was set to 900 µs to match relaxation times of common realistic reservoir 

rocks. The T 1 effect was neglected since a long TR was assumed. Other simulation 

parameters were set to be the same as in the experiment discussed below. 
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Figure 6-6. Simulations of profiles reconstructed (a) with an FFT with 64 k-space 
points, and (b) employing an INDFTwith 1142 points. SNR improved by a factor of 
approximately 5 in this example. T 2 * was set to 900 ps. 

6.3.2 2D simulations 

In 2D hybrid-SPRITE, since the gradient duty cycle is significantly reduced 

compared to conventional 2D SPRITE, multiple interleaves with gradient cooling 

intervals after each interleaf are no longer necessary. One interleafwas employed for 

time-efficiency. k-space is traversed in a centric manner to achieve proton density 

images, i.e., the k-space origin is acquired first, with other pure phase encoding points 

and the frequency encoding parts following. T 1 attenuation is different for different k

space points corresponding to the order of acquisition, as the magnetization is driven 
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towards longitudinal steady states. These differences could be large, particularly for the 

first few pure phase encoding points with large flip angle RF pulses. The k-space 

trajectory is rotated 90° for each scan so that the attenuation has 4-fold radial symmetry. 

In general, the image FOV after Fourier transform is inversely proportional to the 

k-space sampling rate. Oversampling results in a larger FOV than desired. Normally, for 

a band limited signal, a simple truncation can be applied to remove the side wings which 

contain only noise. In this way, the image SNR is improved. However, in our 20 hybrid

SPRITE reconstruction, simple truncation generates serious artifacts. There are two types 

of oversampling in 20 hybrid-SPRITE. One is related to the fact that the spacing between 

data points on each horizontal or vertical line is smaller than the Cartesian grid size, 

except for the oll:termost lines, as in Fig. 6-3. The second type of oversampling is the 

significantly oversampled frequency encoded portions, i.e. there are more horizontal and 

vertical lines than are required for the Cartesian grid. With the special reconstruction 

method employed, each line or region of k-space, with zero padding involved, is not band 

limited. The extra side wings, exceeding the desired FOV, of the Fourier transformation 

results contain certain frequency information that should be folded back into the central 

parts for accurate reconstruction. 

With respect to the first type of oversampling, Fourier transforming each of the k

space lines, within one quarter of the k-space, yields a result of different length. The side 

wings are folded back into the central parts before the Fourier transformation is 

performed in the second dimension. For the second type, the side wings of the resulting 

images, from the pure horizontal or vertical parts of the k-space, contain low frequency 

information of the desired image. Folding back the side wings to the central part results in 
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the same SNR as the image reconstructed with non-oversampled data, as all the noise is 

included in the final image. The most straightforward solution is to filter the side parts 

before addition. The important low frequency information is negligibly effected while the 

noise is largely removed. 

This procedure is demonstrated in Fig. 6-7 and Fig. 6-8 with an ideal cylindrical 

phantom. A 5 x 5 phase encode matrix in the center of k-space was combined with a 63 x 

63 pseudo-polar coordinate. Normally distributed noise was added to the k-space data 

before image reconstruction. The color bars for different rows/columns are different to 

assist in the visualization of the results. 

Fig. 6-7a and b are reconstructed with the pure horizontal and pure vertical parts 

of the pseudo-polar grid. The time domain data points were oversampled 17-fold, 

resulting in a FOV 17 times as large as the desired FOV in the corresponding dimensions. 

Images ( c) and ( d) are the simple truncations of the central 63 x 63 pixels of ( a) and (b ). 

Image Fig. 6-7e is the simple 20 FFT of the central part of k-space from the pure phase 

encoding measurement, corresponding to the low frequency component. The final image 

Fig. 6-7f is the summation of the three images (c), (d) and (e). As explained above, some 

low frequency components of the image are missing due to the simple truncation of the 

side wings, which results in distortion, compared with the ideal image Fig. 6-7g that has 

the same noise level ink-space (SNR = 18). However, the SNR of the final image is good 

( 65), since observed noise from the side wings was excluded. This feature can be clearly 

compared with the images in Fig. 6-8. 
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Figure 6-7. Simulations of 2D hybrid-SPRITE on an ideal cylindrical phantom with 
the time domain data oversampled 17 fold. The object is rectangular with 
symmetric variation of signal side to side. Images (a) and (b) are reconstructed from 
pure horizontal and pure vertical parts of the 63x63 pseudo-polar grid. Images (c) 
and (d) are the central 63x63 pixels of (a) and (b), respectively. (e) is the simple FFT 
of the 5 x 5 pure phase encoding part of k-spac~ zero-padded to 63 x 63. Final image 
(f) is the summation of (c), (d) and (e). The simple truncation results in image 
distortion, as some low frequency components of the image are missing. (g) is the 
ideal image with the same noise level in k-space. The axes indicate the pixel 
positions. 
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Figure 6-8. Simulations of 2D hybrid-SPRITE with the same set of k-space data as 
in Fig. 6-7. Images (a) and (b) are pure horizontal and pure vertical components 
obtained by dividing Fig. 6-7 (a) and (b) into seventeen 63x63 blocks and summing 
together these blocks. (c) is the final image combining (a), (b) and the pure phase 
encoding result Fig. 6-7e. Images (d) and (e) are the results of employing a 2D 
Kaiser filter on the outer blocks before addition to the central blocks, and (t) is the 
corresponding final image. The SNR of (t) is improved compared to (c) by a factor 
of approximately 3. The final images (c) and (t) are distortion free resembling the 
ideal object Fig. 6-7g, in contrast to Fig. 6-7f. 

The pure horizontal and pure vertical results in Fig. 6-7a and bare processed 

differently to yield the images shown in Fig. 6-8. The image Fig. 6-8a is obtained by 

dividing Fig. 6-7a into seventeen 63 x 63-pixel blocks and summing together these 

blocks. This returns the missing low frequency information and results in an accurate 

image reconstruction, but the oversampling does not improve the image SNR. Similarly, 

the pure vertical result, Fig. 6-8b, contains all of the side wings of Fig. 6-7b. Fig. 6-8c is 

the final image combining Fig. 6-8a and band the pure phase encoding image Fig. 6-7e. 
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It is the "exact" Fourier reconstruction. The image is distortion free, compared to the 

ideal Fig. 6-7g, as the missing low frequency components from the central blocks are 

recovered in the summation. However, the extra noise from the outer blocks decreases 

the image SNR of Fig. 6-8c to 18, the same as that in Fig. 6-7g and much lower than Fig. 

6-7f. 

A filter can be applied to the outer blocks to largely remove the noise before 

summation. Fig. 6-8d and e are the results of employing a 2D Kaiser filter on the outer 

blocks before the summation. Note that the filter was not applied to the central blocks 

that contain important high frequency information related to the final image, so the 

resolution of the final image, Fig. 6-8f, is not affected by the filtering. This can be seen 

by the sharp edges of Fig. 6-8f. The low frequency components from the outer blocks are 

broadened by the filter, but this effect is negligible and cannot be perceived in the final 

image. Fig. 6-8f can be considered distortion free matching the ideal image Fig. 6-7 g. 

The image SNR in Fig. 6-8f was 53, a factor of approximately 3 improvement when 

compared to Fig. 6-8c and Fig. 6-7g. 

The point spread function (PSF) due to T 1 and T 2 • attenuation for 2D hybrid

SPRITE with a pseudo-polar grid is shown in Fig. 6-9. The repetition time TR was set to 

10 ms, with a 12° flip angle excitation pulse. T1 and T/ were chosen to be 200 ms and 

400 µs to match the Locharbriggs sandstone sample discussed below. A longer TR is 

possible since there is no restriction due to the gradient duty cycle in the hybrid-SPRITE 

measurement. The PSF is narrower for longer TR, corresponding to less blurring in the 

image domain, as shown in the following discussion. 
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Figure 6-9. Point spread function of the 2D hybrid-SPRITE, with 63x63 pseudo
polar grid combining 5x5 pure phase encoding at the center of k-space. Parameters 
are T 1 = 200 ms, T 2 * = 400 µs, TR = 10 ms. The encoding time for phase encode 
points was 51 µs. The full width at half maximum (FWHM) of the PSF is less than 2 
pixels. 

6.3.3 lD hybrid-SPRITE results 

The ID hybrid-SPRITE measurements were performed on a Berea sandstone core 

plug saturated with brine, on an 8.5 MHz permanent magnet. The bulk T1 was 200 ms, 

while the bulk T 2 * = 900 µs. 

Sensitivity, defined as SNR over the square root of the acquisition time, quantifies 

the measurement efficiency. The profiles shown in Fig. 6-10 required similar acquisition 

times, but the SNR and image quality are significantly different. Images Fig. 6-1 Oa and b 

were acquired with hybrid-SPRITE with centric scan and long TR schemes (as shown in 

Fig. 6-4 and Fig. 6-5), respectively. 11 RF pulses were applied in each half of k-space in 

the centric scan scheme. Considering TR= 4 ms and T 1 = 200 ms, the saturated 

longitudinal magnetization after 11 RF pulses can be recovered within a delay time of 3 x 
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Figure 6-10. lD experimental results of the Berea sandstone core plug. (a) Centric 
scan hybrid-SPRITE with 10 phase encode points on each side of the k-space origin, 
INDFT with 503 points. TR= 4 ms and tp = 50 ps. The experimental time was 11.1 
mins. (b) Hybrid-SPRITE employing the gradient waveform shown in Fig. 6-2 with 
n = 3 and INDFT with 1142 points, acquired in 13.1 mins. TR= 250 ms and tp = 51 
ps. (c) DHK SPRITE with TR= 2 ms and tp = 100 ps, acquired in 18.3 mins. A 10° 
RF flip angle was employed for all three measurements. 
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The low gradient duty cycle does not require a long delay for cooling, so the 

relaxation delay was shortened to reduce measurement time. The long TR scheme is 

advantageous in terms of blurring, as the sharp edges are better preserved in Fig. 6-1 Ob. 

The sensitivity in Fig. 6-1 Ob is also higher than Fig. 6-1 Oa, since with a dwell time of 5 

µs, fewer points could be employed in the INDFT. The SNR's of Fig. 6-10 (a), (b) and 

(c) were 44, 86 and 20, respectively. The sensitivity of Fig. 6-lOb is improved by 

approximately a factor of 5 compared to the DHK SPRITE profile in Fig. 6-1 Oc. Note 

that the phase encode time tp in DHK SPRITE, restricted by the highest gradient 

amplitude, was much longer than in the hybrid-SPRITE measurements. The proposed 

hybrid-SPRITE method yields good quality quantitative images even for short relaxation 

time systems. 

There appears to be a slope in the density profiles in Fig. 6-10. This is likely due 

to the probe B1 inhomogeneity [26]. The Berea sandstone core plug has a homogeneous 

fluid content distribution. The profiles can be easily corrected with the method in [26]. 

1142 k-space points were employed in the INDFT for Fig. 6-1 Ob and 503 for Fig. 

6-1 Oa. There are still redundant points in k-space that were not exploited in the 

reconstruction. These provide an opportunity for future study. 

6.3.4 2D hybrid-SPRITE results 

The 2D hybrid-SPRITE measurements were performed on a high field instrument 

(2.4 T) to clearly demonstrate the advantages of the new sampling strategy. This scheme 

will be employed in low field systems in future studies. 
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The images acquired with a conventional SPRITE sequence suffer a blurring from 

T 1 saturation due to the short TR. The TR, usually no more than 2 ms, is restricted by the 

gradient duty cycle. This restriction is not required in the hybrid-SPRITE method, as in 

the 1 D hybrid-SPRITE case. Therefore TR can be set longer to mitigate the T 1 related 

blurring at the expense of a longer acquisition time. The results of conventional 2D 

SPRITE with a 4 spiral k-space trajectory and 2D hybrid-SPRITE with different TR's on 

a Locharbriggs sandstone sample are shown in Fig. 6-11. 

Fig. 6-1 la was acquired with the conventional spiral SPRITE with four 

interleaves with a 12° RF excitation. The fine scale structure is not distinct due to the 

short TR. The image resolution can only be improved by decreasing the flip angle, as in 

Fig. 6-1 lb. With 4° excitation, the SNR of Fig. 6-1 lb is 12, one third of that in Fig. 6-1 la 

(33). Fig. 6-1 lc is the hybrid-SPRITE image, acquired with a 10 ms TR and parameters 

discussed above. Image Fig. 6-11 c only requires 40% of the acquisition time of images 

Fig. 6-1 la and b, but the SNR (62) is doubled compared to (a) and the image resolution is 

also greatly improved, revealing fine scale sample structure. The bedding plane structure 

apparent in Fig. 6-11 is a common structural feature of sedimentary rocks. The sensitivity 

of Fig. 6-11 c is improved by a factor of approximately 3 compared to the conventional 

SPRITE image Fig. 6-1 la. The blurring can be further reduced, as shown in Fig. 6-1 ld, 

with a TR of 50 ms. The SNR of Fig. 6-1 ld is 64. 
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Figure 6-11. 2D experimental results of the Locharbriggs sandstone core plug. (a) 
and (b) are images from spiral SPRITE with four interleaves with flip angles of 12° 
and 4°, respectively. TR= 2 ms and tp = 56 µs. (c) and (d) are hybrid-SPRITE 
images with a 12° flip angle. TR was 10 ms and 50 ms for (c) and (d), respectively. tp 
= 51 µs. The measurement time was 5.1, 5.1, 2.1 and 7.9 minutes, respectively. The 
bedding plane structure revealed in the images is common in sedimentary rocks. 

The sensitivity of hybrid-SPRITE can be further improved by applying larger flip 

angle RF pulses, at the expense of more blurring. The net effect on blurring versus 

sensitivity is similar to decreasing TR. Non-constant flip angles may be employed in 

hybrid-SPRITE to reduce the T 1 influence and/or increase the measurement sensitivity, 

similar to snapshot-FLASH with variable flip angles [27]. This is in contrast to variable 

flip angle excitation to increase the sensitivity at the expense of image blurring [28] . 
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6.4. Experimental 

The ID hybrid-SPRITE experiments were performed on a Maran DRX-HF 

(Oxford Instruments Ltd., Oxford, UK) 0.2 T magnet with a vertical RF coil 10 cm in 

diameter and 10 cm in length. The Tomco (Tomco Technologies, Stepney, Australia) RF 

amplifier has a maximum output power of approximately 500 W. The gradient coils are 

driven by AE Techron (Elkhart, IN) 7788 gradient amplifiers. The experiments were 

performed at ambient magnet temperature. 

The duration of RF pulses was 3 .6 µs for a 10 ° flip angle in both SPRITE and 

hybrid-SPRITE measurements. In SPRITE, the encoding time tp was 100 µs, and the 

maximum gradient amplitude was 11. 7 gauss/cm. The acquisition time was 18.3 min. In 

hybrid-SPRITE with 3 gradient steps on each side of the origin, the encoding time of the 

phase encode points was 51 µs. The dwell time in the highest gradient steps should be 17 

µs for a proper FOV, with a maximum amplitude of2.2 gauss/cm, but the dwell time was 

set to 1 µsin the experiment to collect as many time domain points as possible to increase 

the SNR. The TR was 250 ms for the long TR hybrid-SPRITE measurement. The 

acquisition time was 13 .1 min. In the centric scan scheme with 10 gradient steps on each 

side of the origin, the encoding time was 50 µs with a dwell time of 5 µs and a maximum 

gradient strength of 7 .3 gauss/cm. The acquisition time was 11.1 min. Quadrature phase 

cycling was employed in all measurements. 

The 2D hybrid-SPRITE experiments were performed on a Nalorac (Martinex, CA) 

2.4T 32 cm i.d. horizontal bore superconducting magnet with a water cooled 7.5 cm 

Nalorac gradient set driven by Techron (Elkhart, IN) 8710 amplifiers. The RF probe was 

a homemade 4.5 cm diameter birdcage probe driven by a 2 kW AMT (Brea, CA) 3445 

128 



RF amplifier, with a 90° pulse duration of 11.7 µs. The console was a Tecmag (Houston, 

TX) Apollo. The experiments were performed at ambient magnet temperature, 

approximately 10 °C. 

In the conventional SPRITE experiments, TR was set to 2 ms and tp was 56 µs. The 

maximum gradient strengths were 25.5 and 16.8 gauss/cm. The acquisition time was 5.1 

min. In the 20 hybrid-SPRITE measurements, TR was set to 10 ms and 50 ms with 

acquisition time of2.l and 7.9 min, respectively. tp was 51 µs. The maximum gradient 

strengths were 2.6 and 1. 7 gauss/cm. The k-space trajectory was rotated 90° for each 

scan. 32 scans with quadrature phase cycling were averaged in both experiments. 

The samples were a 5 cm long, 3 .8 cm diameter Berea sandstone core plug, and a 

5.2 cm long, 3.8 cm diameter Locharbriggs sandstone core plug. Each was saturated with 

brine. The bulk T1 and T2· of the Berea sample were 200 ms and 900 µsat 0.2 T. The 

bulk T1 and T2· of the Locharbriggs sample were 200 ms and 400 µsat 2.4 T. 

The reconstruction executes rapidly on modem laptop computers (2.13 GHz CPU, 

2.00GB RAM). The 10 example took less than 0.1 s to process in Matlab. The pseudo

polar grid 20 reconstruction took less than 1 s. 

6.5 Conclusions 

The hybrid-SPRITE method combining phase and frequency encoding yields high 

quality quantitative proton density images for short T 2 • materials. Pure phase encoding 

near the k-space origin ensures the accuracy of image intensity and gross structure. 

Frequency encoding of the k-space periphery speeds up the acquisition and reduces the 

gradient duty cycle. Oversampling k-space increases SNR. 
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In 1 D applications, SNR can be dramatically improved by employing the Inverse 

Non-uniform Discrete Fourier Transform including as many points ink-space as possible. 

Increased signal averaging of some portions of k-space can also improve sensitivity, 

when only a few phase encoding steps are employed. The overall sensitivity 

improvement compared to ordinary DHK SPRITE can be a factor of 5, which is 

significant especially for low field systems. 

In 2D hybrid-SPRITE, the pseudo-polar grid trajectory for frequency encoding is 

exploited for rapid and accurate image reconstruction. The gradient duty cycle is 

dramatically reduced compared to spiral SPRITE with four interleaves. Long TR 

measurements increase the image resolution by reducing T 1 related blurring. Sensitivity is 

also improved. Other 2D k-space trajectories will be possible with better control of the 

gradient waveform [29]. This is the subject of ongoing work. 

The hybrid-SPRITE with pseudo-polar grid acquisition can be easily extended to 

three dimensions. This will be an important application especially for low field 3D 

imaging systems. 
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Chapter 7 - Conclusions and Future work 

7.1 Conclusion 

Sensitivity, defined as the SNR divided by the square root of the acquisition time, 

measures the efficiency of an experiment. Low sensitivity, often associated with low 

spatial and temporal resolution of the MR images, limits the application of pure phase 

encoding methods when applied to porous media, especially on low magnetic field MRI 

systems. The sensitivity can be improved by increasing the SNR and/or decreasing the 

measurement time. This thesis outlines MRI data sampling and image reconstruction 

methods, intended to address the sensitivity problem. 

Restricted k-space sampling based on the sample geometry was developed and 

implemented with pure phase encoding measurements on rock core plugs. The image 

SNR is improved since much less noise is collected in k-space, which also reduces the 

measurement time. Therefore, the sensitivity is significantly increased, with reduced RF 

and gradient duty cycles. This method takes advantage of the fact that the rock core plug 

samples are cylindrical in shape. Clinical MRI studies, and other natural science MRI 

studies do not usually have such regular sample geometries available. The method is 

reliable and wonderfully simple eliminating extra complications in image reconstruction. 

The concept of sample geometry based high intensity k-space regions also has an impact 

on the nonlinear reconstruction schemes, such as compressed sensing, in designing the 

variable density incoherent k-space undersampling patterns. 

As an important application of the restricted k-space sampling idea, a 2D T 2 

distribution mapping measurement was presented. The sample was a sandstone core plug 
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with a laminar bedding plane structure. The T2 distribution varies with the bedding plane 

structures. This is the first report of local T 2 distribution variations within rock core 

plugs. It shows that conventional bulk T 2 distribution measurement is not sufficient in 

determining the pore properties within the rock core plug sample. Spatially resolved T 2 

distribution measurements are proving to be of great value in core analysis. 

1 D pure phase encode MRI measurements monitoring the flooding process of a 

rock core plug with k-t acceleration were demonstrated with both simulation and DHK 

SPRITE experiments. Knowledge of fluid transport processes and fluid interactions are 

essential for developing improved methodologies for enhanced oil recovery. However, 

studies on the dynamic processes of fluid displacement and fluid interactions in 

sedimentary rocks with MRI are limited by the spatial and/or temporal resolution that is 

closely related to the measurement sensitivity. The presented methods reconstruct good 

quality images with significantly reduced k-t space data points by exploiting 

spatiotemporal correlations in the dynamic image series. This enables monitoring the 

dynamic process with a higher temporal resolution and/or a higher SNR. Similar 

application oriented studies will improve our understanding of fluid behavior in porous 

media. 

The hybrid-SPRITE method combining phase and frequency encoding yields high 

quality quantitative proton density images. With a dramatically reduced gradient duty 

cycle, the image resolution and/or sensitivity are significantly improved compared with 

traditional SPRITE measurements. The hybrid-SPRITE method is not a model based 

sensitivity improvement method that undersamples k-space exploring data redundancy. 

Model based methods are restricted to certain applications, and compromises on image 
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quality, such as blurring or lost of low contrast features, may occur. The hybrid-SPRITE 

method improves sensitivity by inherently more efficient encoding, and this improvement 

is not limited by sample structure features. The linear image reconstruction in hybrid

SPRITE is exact and numerically stable, in contrast to algebraic reconstructions, with no 

accuracy parameters or interpolation/extrapolation. The method can be easily applied to 

many different MRI studies. 

7.2 Future work 

The sample geometry based restricted sampling method can be easily extended to 

other sample shapes, such as rectangular parallelepiped, spherical and triangular. For the 

rock core plug samples, an undersampling pattern design algorithm can be implemented 

as a routine, defining the required k-space data points based on the sample length to FOV 

ratio for 2D MRI, and the cylindrical long axis lD profile for 3D imaging. The restricted 

sampling method could be implemented with frequency encoding MRI, and non

Cartesian acquisitions. 

The k-t space acceleration methods can be easily extended to higher dimensionality 

MR imaging of dynamic rock core plugs flooding processes. The visualization of 

channeling/fingering processes and quantification of spatially resolved fluid interactions 

are very important in the study of enhanced oil recovery. Prior knowledge of the image 

structure can be further explored to design more efficient sparsifying transforms tailored 

to specific studies. This may improve the performance of CS and achieve a higher 

acceleration factor. Other k-t acceleration schemes should be explored. 
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In the hybrid-SPRITE measurements, especially the lD measurement, there are many 

data points not employed in the current image reconstruction method, that may be 

exploited by an efficient algorithm to yield a field inhomogeneity and/or sample T 2 • 

mapping. 

The 2D hybrid-SPRITE method with pseudo-polar grid acquisition can be easily 

extended to three dimensions. This will be an important extension for low magnetic field 

3D imaging. 

In 2D and 3D hybrid-SPRITE, other k-space trajectories will be possible with better 

control of the gradient waveform. The hybrid-SPRITE method, with versatile k-space 

trajectories, can also be combined with restricted sampling or compressed sensing for 

more rapid imaging, or combined with the k-t acceleration scheme for higher temporal 

resolution and/or higher SNR dynamic imaging. 

The hybrid-SPRITE method can be adopted by other MRI applications such as 

clinical medicine for imaging short T 2 • samples. The hybrid-SPRITE method is not 

limited by eddy currents, in contrast to the UTE scheme, and can achieve a shorter 

effective echo time. 

The data sampling and image reconstruction methods, developed in this thesis, can be 

incorporated with hardware modifications of the MRI system, such as including multiple 

receiver coils to further improve the measurement sensitivity. 
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