
Analysis of Clustered Data Using Tweedie 
Models with Covariate-dependent Random 

Effects 

by 

MD Dedarul Islam 

Bsc. (Statistics)- University of Dhaka, 2010 

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF 
THE REQUIREMENTS FOR THE DEGREE OF 

Master of Science 

In the Graduate Academic Unit of Mathematics and Statistics 

Supervisor(s): Renjun Ma, Ph.D, Statistics 
M. Tariqul Hasan, Ph.D, Statistics 

Examining Board: James Watmough, Ph.D, Mathematics, Chair 
Guohua Yan, Ph.D, Statistics 
Michael G. Farnworth, Ph.D, Economics 

This thesis is accepted 

Dean of Graduate Studies 

THE UNIVERSITY OF NEW BRUNSWICK 

January, 2013 

@MD Dedarul Islam, 2013 



Dedication 

This thesis is dedicated to my parents. 

ii 



Abstract 

Clustered data are traditionally handled using models with covariate-indepen

dent random effects in the statistical community. Models with covariate

dependent random effects have recently gained attention. In this thesis, we 

discuss the application of Tweedie models with covariate-dependent random 

effects proposed by Ma (1999). Tweedie models with covariate-dependent 

random effects are applied to analyses of count, continuous and semi-continuous 

data from transportation, education and health studies. Tweedie models with 

covariate-dependent random effects have flexible parametric interpretation 

for multilevel data since the cluster-specific covariates can be incorporated 

into random effects. 

Similar to Tweedie models with covariate-independent random effects, the 

parameter estimation and random effect prediction of Tweedie models with 

covariate-dependent random effects can also be done using the orthodox best 

linear unbiased predictor (BLUP) approach which does not require inverse 

calculation of large covariance matrices; therefore it is in general compu-
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tationally efficient. On the basis of simulations and worked examples, we 

illustrated that Tweedie models with covariate-dependent random effects are 

useful for situations where the clustering effects are likely influenced by co

variates at the relevant cluster levels. 
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Chapter 1 

Introduction 

Generalized linear mixed models ( G LMM) are widely used in . analyses of 

various types of hierarchical data where clustering effects can be character

ized by cluster-specific random effects. Covariate-independent random effects 

are traditionally adopted in GLMM in the statistical community. The exam

ples of covariate-independent random effects models include numerous widely 

used approaches in the literature such as marginal model (Liang and Zeger, 

1986), penalized quasi-likelihood (Breslow and Clyton, 1993), pseudo likeli

hood (Wolfinger and O'Connell, 1993), hierarchical generalized linear model 

(Lee and Nelder, 1996) and Tweedie mixed model (Ma and Jorgenson, 2007). 

Covariate-independent models assume that the cluster and sub-cluster spe

cific random effects do not involve covariates; however, in reality the cluster

ing effects are likely influenced by covariates at the relevant cluster levels. A 
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three-level data example from education studies is that students are nested by 

schools, whereas schools are further nested by districts. The socio-economic 

statuses are observed at student, school and district levels, respectively. It 

makes more sense to incorporate school and district specific socio-economic 

statuses at relevant levels using models with covariate-dependent random 

effects, as these covariates vary at different levels. 

Models with covariate-dependent random effects have recently gained at

tention in the statistical community. Models with covariate-dependent ran

dom effects have been developed for binary data and survival data by Wang 

and Louis ( 2004) and Cottone and Lagona ( 2008), respectively. Recently, 

Wong and Lam (2012) proposed the Poisson regression model with covariate

dependent single random effects. Ma (1999) proposed Tweedie models with 

covariate-dependent random effects for count, continuous and semi-continuous 

data. Tweedie models with covariate-dependent random effects are consid

ered generalized linear mixed models based on the family of Tweedie expo

nential dispersion distribution (Jorgenson, 1987) for both the mean response 

and random effects. Tweedie models with covariate-dependent random ef

fects give a flexible class of nested models for count, continuous and semi

continuous data. Ma (1999) has also derived estimation of regression and 

dispersion parameters using the orthodox best linear unbiased predictor ap

proach. The consistency and asymptotic normality of estimators for both 

regression and dispersion parameters have been justified in Ma ( 1999). 
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In this thesis, we conduct the computational application of the estimation 

procedure for Tweedie models with covariate-dependent random effects 

(TMCDRE) developed by Ma (1999). We present the analyses of various 

types of clustered data from different sectors using TMCDRE approach. 

Comparisons between Tweedie models with covariate-dependent and covariate

independent random effects are performed through extensive data analyses 

and simulations of count, continuous and semi-continuous data. 

The organization of this thesis is as follows. Chapter 2 reviews Tweedie gen

eralized linear models, conventional Tweedie mixed models and estimation 

methods. For convenience, the Tweedie models with covariate-dependent 

random effects and relevant estimation procedures developed by Ma (1999) 

are reviewed in Chapter 3. Descriptions of all data examples are presented in 

Chapter 4. Chapter 5 presents analyses of two-level and three-level clustered 

data from education, health and transportation sectors based on Tweedie 

models with covariate-dependent random effects and conventional Tweedie 

mixed models. Simulations for count, continuous and semi-continuous· data 

are presented in Chapter 6. We present a discussion of the findings in Chapter 

7. 
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Chapter 2 

Preliminaries 

2.1 Tweedie Exponential Dispersion Distri

bution 

The Tweedie class of exponential dispersion distribution accommodates a 

range of probability distributions including continuous distributions such as 

the Gaussian and Gamma, discrete distribution (Poisson), and compound 

Poisson which has positive mass at zero. The Tweedie family is denoted by 

Twp(µ, a 2), in which E(Y) = µ and Var(Y) = a2µP. Here p = 0, 2, 3 and 

1 < p < 2 correspond to the well-known Gaussian, Gamma, inverse Gaussian 

and compound Poisson distribution, respectively. The density function of 

Tweedie exponential distribution can be expressed as, 
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( . 2) { 1 ('Jll!:!..:!.. µ2
-P )} Cp Y, (l exp u2 1-p - 2-p 

c2(y; cr2)exp(- ;2 {!+log(µ)}) 

c1(y)exp(ylog(µ) - µ) 

if pf l, 2 

if p = 2 

if p = l 

The explicit expression for ep(y; o-2) is given by Jorgensen (1987). A list of 

Tweedie exponential dispersion distributions appears in Table 2.1. 

Table 2.1: Tweedie exponential dispersion distribution 

Distribution p 
Extreme stable p<O 
Normal p=O 
Do not exist O<p<l 
Poisson p=l 
Compound Poisson l<p<2 
Gamma p=2 
Positive stable 2 < p < 3 and p > 3 
Inverse Gaussian p=3 

2.2 Tweedie Generalized Linear Models 

Let Y1, ..... , Yn be independent with 
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The Tweedie generalized linear model is given by, 

where Xi is the vector of covariates and /3 is the vector of regression param

eters, and g(.) is the link function. 

2.3 Estimating Function 

2.3.1 Unbiased Estimating Function 

Let /(Y; 8, <p) be the probability (density) function for a random variable Y; 

8 and <p represents parameters of interest and nuisance parameters, respec

tively. In the regression setting, 8 would be the regression coefficients whereas 

<p would be the dispersion parameters. An estimating function g(Y; 8) is 

simply a function of the data y and parameters of interest 8. An estimating 

function g(Y; 8) is called unbiased if 

E(g(Y; 8); 8, </)) = 0 (2.1) 

for all 8 and <p values and g(Y; 8) has the same dimension as the dimension 

of 8. Let the range of Y be denoted by x and the density function of Y be 
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denoted by k(Y; 8). 

An estimating function g(Y; 8) is called regular if the following conditions 

are satisfied for all 8 in parameter space fl: 

• The support of Y is independent of 8. 

• E[g(Y, 8)18, <I>] = 0 for all fhfl . 

8g(Y·8) • For almost all Y EX, 88' exists, where 8Efl. 

• J g(Y, 8)k(Y; 8)dy is differentiable under the integral sign. 

• Sensitivity matrix 8(8) = E 89~~,o) is a non-singular matrix. 

• Variability matrix V(8) = E[g(Y, 8)g(Y, 8f] is a positive definite 

matrix. 

"(m) 
If the total number of cluster is m, then the sequence of roots, 8 , associated 

with the estimating function, g(8) = Z:~ gi(8), is asymptotically normal and 

consistent for 8 under certain regularity conditions (Artes and Jorgenson, 

1998). 

Lemma 2.3.1. 

../m(8 - 8) -4 N(O, J(8)) as m -4 oo 

Where ](8) is the Godambe information matrix. The sensitivity and vari-
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ability matrices for cluster i is denoted by Si(8) and Vi(8), respectively. 

m m m 

J(8) = J~(m-1 Lsi(8))(m-1 Lvi(8))-1(m-1 Lsi(8)f 
i=l i=l i=l 

If S ( 8) = - V ( 8), then the above equation reduces to 

m 

](8) = - lim (m-1 ~ Si(8)). 
m---+oo ~ 

i=l 

2.3.2 Optimal Estimating Function 

Crowder (1986, 1987) proved that, under some regularity conditions, 

is an optimal estimating function of all linear estimating functions of the 

form 

m 

L Qi(8)gi(8). 
1 

Here Qi( 8) is a constant weight matrix of opposite directions, more specif

ically is a matrix function of parameter 8 and does not involve Y. Ma 

(1999) proved that for the Tweedie mixed models S(8) = -V(8); hence 
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9apt(8) = I: 9i(8) is the optimal estimating function. 

2.4 Newton Scoring Algorithm 

If '¢(Y; 8) = '¢(8) is a score statistic and 8(8) is the Fisher information 

matrix, then the iterative step of the Newton scoring algorithm can be written 

as, 

(2.2) 

where tis the iteration number and Bt is the updated value of Bt-l· 

2.5 Conventional Tweedie Mixed Models 

Conventional Tweedie Mixed models (Ma and Jorgenson, 2007) assume ran

dom effects are independent of covariates. Consider a three-level hierarchical 

data structure with cluster, sub-cluster and observation level. Clusters can be 

indexed by i. Within each cluster i, there are ji sub-clusters indexed by (i,j). 

Then within each sub-cluster (i,j), there are nij correlated observations. Ob

servations can be denoted by Y = (Y111, ... , Ynn11 , ... , YiJI, ... , YiJnii?. The 

random effects for the cluster i and sub-cluster ( i, j) are denoted by Ui 

and Vij, respectively. Vector of random effects is, V = (U*, V**). Here 
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If the random effects are given, the responses are conditionally independent 

and follow the Tweedie distributions. 

Given V = v, Yi.11 , ... , Y11n 11 , ... , ~Ji, ... , ~Jnii' ... , YmJmI, ... , YmJmnmJm are con

ditionally independent, and the conditional distribution of ~jk, given V = v, 

depends only Vij, which is 

(2.3) 

where µijk = exp(xlk,B) . 

Given U* = u*, Vi.1 , ... , VmJm are conditionally independent, and the condi

tional distribution of YiJ, given U* = u*, depends on ui, which is 

(2.4) 

Cluster level random effects can be assumed ~as independent with 

(2.5) 
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2.6 Generalized Linear Mixed Models 

Generalized linear mixed models were introduced by Breslow and Clyton 

(1993). These models are widely known for their ability to handle non

normal data. Let Y1, ..... , Yn be response variable, and vectors Xi and Zi are 

explanatory variables associated with fixed and random effects. Let U be 

the vector of random effects. The conditional mean of y given U is 

E(yi IU) = µf. 

The link function of the conditional mean is 

g(µf) = x? f3 + z?u, 

where (3 is the vector of regression parameters and g(.) is the link function. 

Further details can be found in Breslow and Clyton ( 1993). 

2. 7 Two-part Models 

Two-part models were introduced by Duan et al. (1984). They used two

part models to analyze medical care expenditure data because most health 

care data contain a large proportion of O expenditure and a right skewed 

distribution of the remaining medical expenditure. People who do not get 
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sick spend zero dollars on medical treatment and those who do get sick spend 

various amounts (including zero) of money on treatment. The first part of 

the two-part model uses a binary logit model to find if the expenditure is 

positive or not. The logarithm of positive expenditure is used to find the 

expenditure level in the second part of the two-part model. 

Let Y = (Y1 , Y2 , ..•• , Yp) be the response. The first part of the two-part 

model uses logistic regression technique to predict whether the responses are 

positive or not. 

log p(~ = O) = XT/3 
1- p(~ = 0) 

exp[XT/3] 
p(~ = O) = 1 - exp[XT /3]' 

where xr is the transpose of design matrix X and /3 is the set of regression 

parameters. The first part also can use probit, complementary log log or 

cauchy technique. The second part of the two-part models deals with non

zero positive responses. The model is 

where~= ~I~> 0 and ui rv N(O, 'l/;2 ) indicates random component. 
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Chapter 3 

Tweedie Models with 

Covariate-dependent Random 

Effects 

This chapter describes Tweedie models with covariate-dependent random ef

fects proposed by Ma (1999) based on the Tweedie exponential distribution. 

The orthodox best linear unbiased predictor (BLUP) of random effects, co

variance structure, optimal estimating functions for regression parameters 

and moment estimation of dispersion parameters described by Ma (1999) are 

briefly reviewed in this chapter. 
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3.1 Tweedie Models with Covariate-dependent 

Random Effects 

Let us consider a three-level hierarchical data structure. Clusters can be in

dexed by i. Each cluster contains a number of correlated sub-clusters. Within 

each cluster i, there are Ji sub-clusters indexed by ( i, j). Then within each 

sub-cluster ( i, j) there are nii correlated observations. Observations are de

noted by Y = (Yiu, ... , Yun11 , ••• , 1iJ1, ... , liJnJT. Then lijk represents the 

kth observation in sub-cluster j of the ith cluster. Cluster level, sub-cluster 

level and observation level covariates are denoted by Zi, Zij and Zijk, respec

tively. The random effects for the cluster i and sub-cluster ( i, j) are denoted 

by Ui and Y'ij, respectively. Vector ofrandom effects is, V = (U*, V **). Here 

U* = (U1 , ...... , Um) and V** =(Vu, ... , VmJm) 

• Given V = v, Yin, ... , Y11n 11 , ••• , liji, ... , liinij, ... , YmJml, ... , YmJmnmJm are 

conditionally independent, and the conditional distribution of lijk, 

given V = v, depends only on Vij, which is 

(3.1) 

We assume that the cluster level random effects are independent and given; 

under this assumption the sub-cluster level random effects are conditionally 

14 



independent and follow the Tweedie distributions as below: 

• Given U* = u*, Vi1 , ... , VmJm are conditionally independent, and the 

conditional distribution of Yij, given U* = u*, depends on ui, which is 

(3.2) 

• Random effects for cluster level can be assumed as independent with 

(3.3) 

Here, the full covariate matrix, xJk = (zT, zJ, zJk) . 

3.2 Decomposition 

Additive Decomposition 

The response of this model can be decomposed additively by three uncorre

lated, but dependent components. Decomposition can be written as follows: 
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3.3 Covariance Structure 

The Kronecker notation <\s,i) = 1, ifs = i and O otherwise. The covariance 

structure for TMCDRE is derived by Ma (1999). It can be expressed in the 

following way: 

Cov[Us, Ui] = 8(s, i)a2µr 

E[YijlU*] = µijui and Var[YijlV*] = T
2 µ;jUi 

E[Yii] = µiµii (3.5) 

Cov[Vst, Yijk] = 8(s, i) { a2µrµijµit + 8(t,j)T2µiµij} µijk (3.7) 

E[YiiklV] = µiik Vii 

Var[~iklV] = p2µfjk Vii 

E[Yiik] = µiµijµijk = exp(x~k,8) 

16 
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The log link is used in TMCDRE. 

+ 8(t, j)[,2 µiµ{jµijkµijl 

+ 8(l,k)p2µiµijµfjk]} 

3.4 Random Effects Predictors 

Expressions for the orthodox BLUP of random effects are, 

and 

(3.9) 

The orthodox BLUP of ffi for the Tweedie model was derived by Ma (1999). 

The expression is, 

(3.12) 

h _ 1/( 2 2 q-1 """'nii 2-p) w ere Wij - p + T µii L...,,k=l µijk · 
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The orthodox BLUP oft\ for the Tweedie model was derived by Ma (1999). 

The expression is, 

nij 

u u"" 2 q-1 ~ 1-p(l.,,. u"") 
Vij - µij i + T µij Wij ~ µijk I. ijk - µijµijk i 

k=l 

(3.13) 

3.5 Mean Squared Distance 

Distance between random effects predictors and the corresponding random 

effects are very important in random effects models literature. Distance 

between cluster level random effects predictors and corresponding random 

effects, and sub-cluster level random effects and corresponding random effects 

are denoted by di and dij, respectively. The explicit expression for d(i) and 

d(ij) for the Tweedie models are, 

d(i) 

and 
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3.6 Regression Parameters 

3.6.1 Estimation of Regression Parameters 

The Score function is known to be optimal among all regular estimating 

functions (Ma, 1999). Partially observed score functions are defined below: 

E(UIY) is the best linear unbiased predictor of unobserved random effects 

U given the response Y. Approximations of the E(UIY) by the orthodox 

BLUP of the unobserved random effects in the marginal score functions are, 

tp(I) ({3) = f>/)f3) ( 0;({3) - µ;({3)) = :t tp;1\{3) (3.14) 
i=l i=l 

1P c2) ({3) = f f:, z;/~;:?) ( V;; (!3) - U; (!3) µ;M)) = f 1P l2) (!3), 
i=l j=l i=l 

(3.15) 
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1/J ({3) is defined below, 

3.6.2 Standard Errors of Regression Parameter Esti

mators 

The Godambe information matrix is used to obtain the asymptotic covariance 

of regression parameter estimates. 

(3.17) 

Sensitivity matrix, 8({3) ,and the variability matrix, V({3), are defined below: 

m m 

V({3) = L Yi(f3) = L E13 { 1Pi({3)1/JT ({3)} · 
i=l i=l 

Ma (1999) showed that the relation between sensitivity and variability matrix 
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for the Tweedie family is S(/3) = -V(/3). Thus, the Godambe information 

matrix can be written as, 

J(/3) = -S(/3). (3.18) 

3.6.3 Newton Scoring Algorithm 

Ma (1999) adopted the Newton scoring algorithm, introduced by Jorgensen 

et al. (1996a) to solve the estimating equation 1/J(/3) = 0. 

The Newton scoring algorithm is defined as the Newton algorithm applied to 

the equation 1/J(/3) = 0. The derivative of 1/J(/3) is replaced by its expectation 

S(/3). After each iteration, equation 2.2 gives the updated value for fixed 

effect estimate {3. 

The sensitivity and variability matrices play the most important part in fixed 

effect estimation procedure using Newton scoring algorithm. The explicit 

expression for S(/3) for the Tweedie model derived by Ma (1999) is given 

below: 

m Ji nij Ji nij 

S(/3) - L d(i)(L L Wijµijµ;j-,:xijk)(L L wijµijµ;i-/xijk) T 

i=l j=l k=l j=l k=l 

m 2 Ji nij nij 

~ T µi ~ q (~ 2-p )(~ 2-p )T + ~ -2-~ Wijµij ~ µijk Xijk ~ µijk Xijk 
i=l p j=l k=l k=l 

m Ji nij l 

-LL L 2µiµijµ;j-,txijkxlk· 
i=l j=l k=l p 

21 

(3.19) 



3. 7 Estimation of Dispersion Parameters 

The dispersion parameters are now assumed to be unknown. The unknown 

dispersion parameter is estimated using the adjusted Pearson estimator (Jor

gensen et al., 1996). The adjusted Pearson estimate has some advantages; 

one of them is that the Pearson estimator is adjusted by bias correction. 

3.7.1 Adjusted Pearson Estimators 

We may thus estimate &2 by the following adjusted Pearson estimator: 

(3.20) 

The expression of f 2 is written as 

(3.21) 
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The expression for p2 is written as 

(3.22) 

Above expression of 8-2 , p2 and f 2 are given by Ma (1999). 

3.8 Computational Procedure 

Initial values for regression parameter estimates are taken as the regression 

parameter estimates obtained from the standard generalized linear model. 

Initial value of dispersion parameters a 2
, r 2 , and p2 are taken as 1. 

From initial values of a 2
, r

2 , p2 , µi, µij, and µijk, we calculated the initial 

values of random effects ui and Vij using the following equations: 

(3.23) 

and 

(3.24) 
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In each iteration, the parameters are updated in the following order: 

• Step 1: The random effects estimates Ui and V'ii are recalculated using 

(3.24) and (3.25) respectively. 

• Step 2: The regression parameters are modified using the Newton scor

ing algorithm. 

• Step 3: The adjusted Pearson estimator with bias correction is used to 

update the dispersion parameters. 
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Chapter 4 

Data Description 

In this chapter, we describe different datasets used in this thesis. To be spe

cific, seven different datasets are used, where the response variables are ei

ther count, continuous or semi-continuous. Section 4.1 discusses two datasets 

with count responses, Section 4.2 describes three datasets with continuous 

responses and Section 4.3 describes two datasets with semi-continuous re

sponses. 
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4.1 Count Data Example 

4.1.1 Two-level Hierarchical Count Data 

Intersection Accident Data 

Background 

The intersection accident datasets were collected from the city of Tallahassee, 

Florida, in 2010. As the use of red light cameras has been a controversial 

issue since these cameras were first installed (McGEE and Eclees, 2003), the 

goal of this study was to see whether installing red light cameras can make 

the roadways safer (Henry, 2012). The partial data we have used in this 

thesis contains weekly information of 5 weeks from 40 intersections. Among 

these 40 intersections, 20 had red light cameras installed and 20 did not. 

Twenty of these 40 intersections had extra police patrolling as well. This 

data is an example of two-level count data as the weekly accident counts for 

five weeks were reported for 40 independent intersections. 

Variables of interest 

The response variable is the weekly total number of accidents for five weeks 

from each of the 40 intersections. In this dataset, intersections will be consid-
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ered as clusters. Intersections are characterized by cluster-specific explana

tory variables such as Patrol, Camera, Cars and Turn lane. These variables 

are fixed within cluster but vary from cluster to cluster. The variable patrol 

is a dummy variable (1 or 0), where 1 indicates the intersection had extra 

police patrolling activities or O otherwise. Similarly, camera and turn lane are 

two dummy variables that indicate the presence of a camera (1 if a camera is 

installed or O otherwise) and turn lane (1 if the intersection has turn lane or 0 

otherwise) respectively. The variable Cars represents the average number of 

cars per hour passing that intersection. As the variable time represents the 

number of weeks of the study which varies between data points, we consider 

time as an observation level explanatory covariate. We present the response 

and explanatory variables of the Intersection accident data in Table 4.1. 

Table 4.1: Variable description for the Intersection accident data 

Variable type Name Description 
Response Accident Accident counts. 
Explanatory Cluster level 

Patrol Extra police patrolling or not. 
Camera Red light camera installed or not. 
Cars Average number of cars per hour. 
Turn lane Intersection has turn lane or not. 

0 bservation level 
Time Index of weeks. 
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Objective 

Our objective is to analyze this two-level intersection accident data using the 

Tweedie model with covariate-dependent random effect (TMCDRE) tech

nique discussed in Chapter 3 to determine the effect of the explanatory vari

ables on the response variable. 

4.1.2 Three-level Hierarchical Count Data 

Highway Accident Data 

Background 

The highway accident data were collected from the Washington Department 

of Transportation, 1990. In this dataset, 275 highway segments are nested 

in 27 independent routes. The frequencies of the yearly total number of 

accidents in each segment were classified into three categories based on the 

severity of the accidents. The three categories of accident severities are prop

erty damage only, possible injury and injury. Among these three categories, 

injury is the most dangerous accident type compared to the other two types 

of accidents. This data is an example of three-level count data as the three 

types of accident counts were reported from 275 highway segments, and these 

highway segments are nested in 27 independent routes. 
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Variables of interest 

The response variable for this data is the counts of three categories of ac

cidents from each of the 275 highway segments. The highway routes will 

be considered as clusters while highway segments will be considered as sub

clusters. The variable Interstate (Intstate) is a binary covariate which is 

coded as 1 if the route is an interstate route or O otherwise. Intstate will be 

considered as a cluster level explanatory variable as it remains fixed within 

cluster and varies from cluster to cluster. We will consider Slope, Curve per 

mile ( Curvmile), Friction, Speed, Density, Single, Double and Access control 

as the sub-cluster (highway segment) level explanatory variables. These vari

ables remain fixed within sub-cluster but vary between sub-clusters. Slope 

has three categories: flat, slight slope and high slope. Slislope and Hislope 

are two dummy variable (1 or 0) represents slight slope and high slope, where 

flat is the baseline category. Curvmile and Friction represent the number of 

curves per mile in a highway segment and friction level ( 0 to 100) of a high

way segment respectively. Speed is a dummy variable that represents that 

the speed limit of a highway segment is more than 55 km/hr or not (1 if 

more than 55km/hr or O otherwise). Density, Single and Double represent 

average daily traffic per lane, daily percentage of single-unit trucks and daily 

percentage of double-unit trucks in highway segments respectively. Noaccess 

( no access) and Paraccess (partial access) are two dummy variables for road

way access control where full access is the baseline category. We will consider 

29 



accident type as the observation level explanatory covariate because it char

acterizes accidents by the severity of accident. Possible injury (Poinj) and 

Injury are two dummy variables for accident type where property damage is 

the baseline category. We present the response and explanatory variables of 

the Highway accident data in Table 4. 2. 

Table 4.2: Variable description for the Highway accident data 

Variable type Name Description 
Response Accident Accident counts 
Explanatory Cluster level 

Intstate Interstate route or not. 
Sub-cluster level 

Slope Flat (base), slight slope and high slope. 
Access No access, partial access and full 

access (baseline category). 
Speed Dummy variable for speed. 
Curvmile Number of curves per mile. 
Single Percentage of single unit trucks. 
Double Percentage of double unit trucks. 
Friction Friction level. 
Density Average traffic per lane. 

Observation level 
Accident Type Possible injury, injury and 

property damage (baseline category). 

Objective 

Our goal is to analyze this three-level highway accident data using the TM

CD RE technique to determine the effect of the explanatory variables on the 

response variable. 
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4.2 Continuous Data Example 

4.2.1 Two-level Hierarchical Continuous Data 

Birth Weight Data 

Background 

The birth weight data were collected by Adams et al. (1997), in which 

women's successive pregnancies were recorded. A birth weight less than 2500 

grams is considered to be low birth weight (LBW) and these LBW babies 

face major health problems (Shah and Ohlsson, 2002). The goal of collecting 

these data was to see the effect of mother's age on LBW. The partial data we 

have used in this thesis contains information about the birth weight of babies 

who were born to 878 mothers from the state of Georgia, USA (Adams et 

al., 1997). Each mother gave birth to five children. This data is an example 

of two-level continuous data as the data contains birth weights of five babies 

from each of 878 independent mothers. 

Variables of interest 

The response variable is the birth weight of five successive babies from each 

of the 878 mothers. Birth weight is measured in grams. Each independent 
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mother will be considered as a cluster and each of their baby's birth weight 

will be considered as an observation. Base age (mother's age at first birth) 

will be considered as the cluster-specific explanatory covariate as it varies 

from cluster to cluster but remains fixed within cluster. Age represents the 

mother's age at each birth which is measured in years. Interval represents 

the time difference (in years) between two successive births. The variable 

Teen is a binary variable which represents whether the mother is teenage 

mother or not, and is coded as 1 if mothers age is less than 18 at the time 

of the baby's birth or O otherwise. We will consider Interval, Age and Teen 

as observation level explanatory covariates as these variables vary between 

data points. Descriptions of the response and explanatory variables of the 

Birth weight data are presented in Table 4.3. 

Table 4.3: Variables for the Birth weight data 

Variable type Name Description 
Response Birth weight Baby's birth weight. 
Explanatory Cluster level 

Base age Mother's age at first birth. 
Observation level 

Interval Interval between two births. 
Age Age of mothers. 
Teen Teenage mother or not. 

32 



Objective 

Our objective is to analyze this two-level birth weight data using the TMC

DRE technique to determine the effect of the explanatory variables on the 

response variable. 

4.2.2 Three-level Hierarchical Continuous Data 

A. Kentucky Data 

Background 

The Kentucky data contains California Basic Educational Skills Test math 

achievement scores for 46,746 eighth-grade students in 34 7 schools in 2001 

(National Evaluation Systems, 2002; Johnson, 2005; Bickel, 2005). Schools 

are nested in 135 independent districts of Kentucky. This is an example of 

three-level continuous data where students are nested in various schools and 

schools are nested in districts. 

Variable of interest 

The response variable is mathematics test scores of 46,746 eighth-grade stu

dents from 347 schools in 135 districts of Kentucky. Districts and schools 
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will be considered as cluster and sub-cluster respectively. We will consider 

District SES ( district socio-economic status) and District size as cluster level 

explanatory variables as these variables remain fixed within clusters but vary 

from cluster to cluster. District SES represents percent of student's eligible 

for free lunch in a district. District size represents district's total population. 

We will consider School size and School SES (school socio-economic sta

tus) as sub-cluster level explanatory covariates since these variables remain 

unchanged within sub-cluster but vary between sub-clusters. The variable 

School SES is the percent of student's eligible for free lunch in a school. 

School size represents the total number of students in a school. Gender ( 1 

if female student or O if male student) and Black (1 if the Black student or 

0 otherwise) are observation level variables. The response and explanatory 

variables of the Kentucky data are presented in Table 4.4. 

Table 4.4: Variable description for the Kentucky data 

Variable type Name Description 
Response Math Mathematics scores at grade 8. 

Explanatory Cluster level 
District SES District socio-economic status. 
District Size District population. 

Sub-cluster level 
School size Total number of students. 
School SES School socio-economic status. 

0 bservation level 
Gender Female=l or O otherwise. 
Black African American= 1 or O otherwise. 
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Objective 

Our goal is to analyze this three-level Kentucky data using the TM CD RE 

technique to determine the effect of the explanatory variables on the response 

variable. 

B. Mathematics Achievement Data 

Background 

The Mathematics-achievement data contains information from the U.S. Sus

taining Effects Study, which is a longitudinal study of students academic 

progress during elementary school (Doran and Lockwood, 2006). This data 

contains repeated observations (kindergarten to grade five) on 1,721 students 

from 60 independent urban public elementary schools in U.S. The study 

lasted for six years, and there were only 52 students measured successively 

during this period. All students were measured at least twice. Among this 

study group, 1716, 117 4 and 816 students have 3, 4 and 5 data points respec

tively. This data is an example of three-level continuous data, where annual 

mathematics test scores are nested in students and students are nested in 

schools. 
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Variable of interest 

The response variable is the annual mathematics test scores for up to six 

years from each of the 1721 students. Each independent school will be con

sidered as a cluster. Each student within a school will be considered as 

a sub-cluster. Repeated mathematics test score from each student will be 

considered as observation. The variable Mobility represents the percent of 

student's moved from the school during the academic year in total six years 

of study. Low income represents the percent of student's in a school from low 

income families. Size represents the number of students in a school. We will 

consider Mobility, Low income and Size as cluster level explanatory covari

ates as these variables vary between clusters but remain fixed within cluster. 

Characteristics of students such as Gender and Race will be considered as 

sub-cluster (student) level explanatory covariates. Gender is a dummy vari

able, which coded as 1 if female student or O otherwise. Hispanic (1 if the 

Hispanic student or O otherwise) and Black ( 1 if the African American stu

dent or O otherwise) are two dummy variables for race where the baseline 

category is the White students. Grade and Year represents student's grade 

and the number of years student is in study respectively. Retained is a bi

nary variable (1 or 0), where 1 indicates a student held back a grade in that 

year or O otherwise. Year of study, Grade and Retained will be considered 

as observation level explanatory covariates as these variables vary between 

data points. Descriptions of the response and explanatory variables of the 
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Mathematics achievement data are presented in Table 4.5. 

Table 4.5: Variable description for the Mathematics achievement data 

Variable type Name Description 

Response Score Mathematics test score. 

Explanatory Cluster level 
Low income Students from low income family. 
Mobility Students moved during school year. 
Size Total number of students. 

Sub-cluster level 
Gender Female= 1 or O otherwise. 
Hispanic Hispanic= 1 or O otherwise. 
Black African American= 1 or O otherwise. 

Observation level 
Year Year of the test. 
Grade Student's grade. 
Retained Held back a grade= 1 or O otherwise. 

Objective 

Our goal is to analyze this three-level mathematics-achievement data using 

the TM CD RE technique to determine the effect of the explanatory variables 

on the response variable. 
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4.3 Semi-continuous Data 

4.3.1 Two-level Hierarchical Semi-continuous Data 

RAND Health Insurance Data 

Background 

The RAND Health Insurance Experiment (RAND HIE) began in 1971 by a 

group led by health economist Joseph Newhouse (Klein, 1994). RAND HIE 

was a study of health care costs in the United States, which assigned people 

randomly to different kinds of insurance plans and followed their behaviour 

from 1974 to 1982. The partial data we have used in this thesis contains 

yearly medical ( drug) expenditure information from 5908 individuals (Deb 

and Trivedi, 2002). The yearly medical expenditure for up to five years 

were reported for 5908 independent individuals and forty five percent of this 

expenditure is zero because they did not spend any money on medical. This 

data is an example of two-level semi-continuous data. 

Variable of interest 

The response variable is annual individual medical expenditure for up to 

five years from each of 5908 individuals. Individuals will be considered as 
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clusters. We will consider Physlim, Lcoins, ldp, Pi, Fmde, Good, Fair and 

Poor as cluster level explanatory covariates as these variables remain fixed 

within cluster but vary between clusters. The variable Physlim is a dummy 

variable which is coded as 1 if the individual has a physical limitation or 0 

otherwise. The logarithm of the co-insurance rate plus 1 is represented by 

the explanatory variable Lcoins where the co-insurance rate equals the per

centage of health cost borne by the insured paid by the patient ( Cameron 

and Trivedi, 2009). ldp is a binary covariate (1 or 0), where 1 indicates that 

the individual is in deductible plan or O otherwise. The variable Pi represents 

the logarithm of the amount of dollars necessary to exceed the risk cap on 

participants. Fmde is the logarithm of maximum medical deductible expen

diture. Good (1 if health condition is good or O otherwise), Fair (1 if health 

condition is fair or O otherwise) and Poor (1 if health condition is poor or 

0 otherwise) are three dummy variables for health condition where excellent 

health condition is considered as the baseline category. An individual's age 

(Age) and number of chronic diseases (Ndisease) will be considered as ob

servation level explanatory covariates as these covariates vary between data 

points. The response and explanatory variables of the RAND HIE data are 

presented in Table 4.6. 
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Table 4.6: Variable description for the RAND HIE data 

Variable type Name Description 
Response Expenditure Yearly expenditure on medical. 
Explanatory Cluster level 

Physlim Person has physical limitation or not. 
Lcoins Logarithm (Co-insurance rate+ 1) 
Idp Individual deductible plan or not. 
Fmde log(max(Deductible expenditure)) 
ln(Pi) log(Participant intensive function) 
Good Good health condition or not. 
Fair Fair health condition or not. 
Poor Poor health condition or not. 
Excellent Excellent health condition (Base line). 

Observation level 
Age Age of patient. 
Ndisease Number of Chronic diseases. 

Objective 

Our objective is to analyze this two-level RAND HIE data using the TM

CDRE technique to determine the effect of explanatory variables on health 

expenditure. 
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4.3.2 Three-level Hierarchical Semi-continuous Data 

BSI Study Data 

Background 

The New York City Division of AIDS Services (NYCD AIDS) provides finan

cial assistance to 95 percent of people with HIV who qualify for assistance 

(Jane et al., 2008). Among these HIV patients, individuals who were par

ents of young adults or teens were selected between August 1993 and March 

1995. After obtaining consent from these parents, NYCD AIDS recruited 

their adolescent participants (young adult or teen). A total of 409 adoles

cents were recruited from 269 independent HIV infected parents (range 1 to 

5). Adolescents were followed longitudinally between 1995 and 2002. Ado

lescents were assessed at 3-month intervals for the first three years and then 

at 6-month intervals therefore (Jane et al., 2008). The purpose of this study 

was to evaluate an intervention 1. The intervention was designed based on 

social learning theory that focused primarily on skill building and was aimed 

at reducing the risk from dangerous sexual practices and substance abuse 

(Jane et al., 2008). At baseline, patients and adolescents were randomly 

assigned to the intervention (132 patients and 203 youth) or standard care 

(137 patients and 206 youth). The effect of intervention on adolescents was 

1Intervention manuals are available at: http: //chipts.ucla.edu/interventions/ 
manuals/index.html 
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measured by the Global severity index (GSI). GSI is a composite index that 

based on 53 psychiatric indices and GSI indicates abnormal mental behaviour 

(McGillicuddy et al., 2007). In this data, observations from different time 

points are nested in adolescents and adolescents are nested in their parents. 

For the dependent variable large amounts of observations are equal to zero. 

Therefore, this data is an example of a three-level semi-continuous dependent 

variable. 

Variable of interest 

The response variable for BSI data is the measure of GSI for up to 7 years 

(up to 19 times) from each of 409 adolescents. Parents will be considered 

as clusters and adolescents will be considered as sub-clusters. Theatment is 

equal to 1 when a parent and his adolescent are in a treatment group and 

equal to zero otherwise. Similarly Gender-P and Hispanic-P are two dummy 

variables indicating each parent's gender (1 if female parent or O otherwise) 

and Hispanic status (1 if the Hispanic parent or O otherwise) respectively. 

Age-P represents parent's age at the beginning of the study. Theatment (In

tervention), Gender-P, Hispanic-P and Age-P will be considered as cluster 

level explanatory covariates because these variables are fixed within cluster 

but vary from cluster to cluster. Hispanic-A and Gender-A are two dummy 

variables represent adolescent's Hispanic status (1 if Hispanic or O otherwise) 

and adolescent's gender (1 if female or O if male) respectively. Age-A repre-
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sents adolescent's age when he entered in the study. Hispanic-A, Age-A and 

Gender-A will be considered as sub-cluster level explanatory covariates be

cause these variables are fixed within sub-cluster but vary from sub-cluster to 

sub-cluster. Time represents the number of months adolescent participates 

in the study. Spring ( 1 for spring season or O otherwise) and Summer ( 1 for 

summer season or O otherwise) are two dummy variables for season where 

winter is considered as the base line category. Time and Season will be con

sidered as observation level explanatory covariates since these covariates vary 

between data points. Descriptions of the response and explanatory variables 

of the BSI data are presented in Table 4.7. 

Table 4. 7: Variable description for the BSI data 

Variable type Name Description 
Response GSI BSI global severity index. 
Explanatory Cluster level 

Treatment Intervention. 
Gender-P Parent is female or not. 
Hispanic-P Parent is Hispanic or not. 
Age-P Parent's baseline age. 

Sub-cluster level 
Gender-A Adolescent is female or not. 
Hispanic-A Adolescent is Hispanic or not. 
Age-A Adolescent's base age. 

Observation level 
Time number of months is in the study. 
Season Spring, Summer and 

Winter(base). 
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Objective 

Our objective is to analyze this three-level BSI data using the TMCDRE 

technique to determine the effect of Treatment (intervention) on the response 

variable. 
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Chapter 5 

Data Analysis 

In this chapter, we analyze various clustered count, continuous and semi

continuous data described in chapter four using Tweedie models with covariate

dependent random effects. We also compare our results with the analysis of 

conventional Tweedie mixed models and generalized linear mixed models. 
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5.1 Count Data Analysis 

5.1.1 Two-level Data 

Intersection Accident Data 

The Intersection accident dataset contains weekly accident count for five 

weeks from 40 red light intersections in Tallahousi, Florida. City of Tallahousi 

installed cameras in 20 of these 40 intersections. Figure 5.1 shows that the 

accident count in intersections with cameras is higher than that in other 

intersections. Twenty of these 40 intersections were randomly selected and 

assigned extra police patrolling. The reason behind extra police patrolling 

was to see its effect on accident count. Figure 5.2 shows weekly accident 

counts in intersections with extra police patrolling activities are lower than 

those in other intersections. 

Model Specification 

In the intersection accident data, weekly accident counts for five weeks from 

each of the 40 independent intersections are considered to be the response 

variable. The Poisson model is a widely used technique for analyzing count 

data. We will analyze the intersection accident data using a two-level Tweedie 

model with covariate-dependent random effects (TMCDRE) where each in-
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Figure 5.1: Box plot of weekly number of accidents against traffic cameras 

dependent intersection will be considered as a cluster. Let ~i represent the 

weekly accident counts for the /h week of the ith intersection and Ui rep

resent the cluster level random effect. Formulation of TMCDRE is written 

as, 

(5.1) 

where µii = exp(z0,8(2)), p = 1 for Poisson and Zij represents observation 

level covariates. Vector of random effects, V, was defined in Section 4.1. We 

assume that the cluster level random effects are independent with 

(5.2) 
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Figure 5.2: Box plot of weekly number of accidents against patrolling activ
ities 

where µi = exp(z; /3(i)) and zi represents cluster level covariates. 

Analysis and Results 

We present the data analysis results using TMCDRE in Table 5.1. Our 

results show that Time ( the number of weeks of study) has a significant 

negative effect at level 0.01. This indicates that when people know they are 

under a traffic study (being monitored by camera or extra police patrolling 

is present) they drive conscientiously. Extra police patrolling can be used 

to reduce accidents in intersections as the covariate Patrol has a significant 

negative effect on accident counts at level 0.01 for TMCDRE. Analysis results 

48 



using TM CD RE show that red light cameras and turn lanes are not effective 

in reducing accidents, as their covariates (Camera and Turn lane) do not 

have any significant effect on response variable at level 0.10. Our analysis 

by TM CD RE shows the covariate Cars does not have any significant effect 

at level 0.10. This indicates that the number of cars passing an intersection 

is not related to accident counts. The estimate of between intersections 

variation ( o-2
) for TMCDRE is 0.1592, which indicates that there is still 

some variation left which can be captured by the model. 

Table 5.1: Parameter estimates for the Intersection accident data based on 

GLMM, CTMM and TMCDRE 

Level Variable GLMM ltl CTMM ltl TMCDRE ltl 
i:: Intercept -1.4626 0.48 -1.8881 0.67 -1.8881 0.67 
0 
:0 (3.0270) (2.7980) (2.7980) 
~ Time -0.1500 4.67*** -0.1500 4.61 *** -0.1500 4.61 *** 
I-< 
Cl) 

(0.0320) (0.0325) (0.0325) 00 
..D 
0 

Patrol -0.4162 2.45** -0.4483 2.86*** -0.4480 2.80*** 

(0.1700) (0.1560) (0.1598) 
I-< Camera -0.1871 0.20 -0.3321 0.39 -0.3321 0.39 Cl) 
.µ 
00 (0.9039) (0.8374) (0.8374) ::, 

5 Cars 0.3285 0.75 0.4011 0.99 0.4011 0.99 
(0.4363) (0.4036) (0.4036) 

Turn lane -0.1521 0.81 -0.1577 0.91 -0.1577 0.91 
(0.1859) (0.1725) (0.1724) 

(J""L. 0.4240 0.1591 0.1592 
p2 0.9727 1 1 

S1gmficance codes: * = 0.1, ** = 0.05, * * * = 0.01 
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Comparison 

We have compared our results with those based on standard analysis. In the 

first analysis, we re-analyzed the Intersection accident data by generalized 

linear mixed model (GLMM) described in section 2.6 in chapter two. Ran

dom effects are covariate-independent in GLMM. We also analyzed the In

tersection accident data by the conventional Tweedie mixed model ( CTMM) 

described in section 2.4 in chapter 2. We used the Poisson model in GLMM. 

In CTMM we used index parameter p= 1. Analysis results using G LMM 

and CTMM are presented in Table 5.1. Analysis results using GLMM and 

CTMM show that the effect of explanatory variables Time, Camera, Cars 

and Turn lane on accident count is similar to the effect we found using TM

CD RE. Our results in Table 5.1 show that Patrol has a significant negative 

effect under various models. Results from GLMM show Patrol is significant 

at level 0.05 whereas in CTMM and TMCDRE it is significant at level 0.01. 

Estimates of a 2 for GLMM and CTMM are 0.4240 and 0.1591, respectively. 

The estimates of the random effect variation indicates that we can capture 

less variation by the GLMM compared to CTMM and TMCDRE. 

Computational aspects 

The intersection accident data in this thesis were analysed by R in a core 

i5 machine. The maximum absolute difference of updated parameter after 
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20 iterations was 6. 73 x 10-5 • We stopped the program after 50 iterations. 

At that time, the maximum absolute difference in regression parameters and 

their updated values was 4.67 x 10-10• Each of these iterations took 0.028 

seconds of user time and total computation time was 1.67 seconds. 

5.1.2 Three-level Data 

Highway Accident Data 

The Highway accident dataset contains information about 275 highway seg

ments in 27 independent routes. Figure 5.3 shows the total number of acci

dents on each route. 

Model Specification 

The response variable for the Highway accident data is the accident counts 

of three accident categories from each of the 275 highway segments. These 

highway segments are nested in 27 independent routes. The Poisson model 

is a widely used technique for analyzing count data. The Highway accident 

data will be analyzed by a three-level TMCDRE. Each of the 27 indepen

dent routes will be considered as a cluster while highway segments will be 

considered as sub-clusters. Let fijk represent the accident count of kth type 

of accident from the fh highway segment in the ith route and the random 
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Figure 5. 3: Total number of accidents on each route 

effects for the cluster i and sub-cluster j in ith cluster's are denoted by Ui 

and Yij, respectively. The formulation of TMCDRE is given below, 

(5.3) 

where µijk = exp(zlk,8(3)) and Zijk represents observation level covariates. 

(5.4) 
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where µii = exp(zl/3(2)) and Zij represents sub-cluster level covariates. We 

assume that the cluster level random effects are independent with 

(5.5) 

where µi = exp(z! /3(1)) and zi represents the cluster level covariates. 

Analysis and Results 

We present our analysis results using TMCDRE in Table 5.2. Our results 

show that the covariate Speed has a significant positive effect on accident 

counts at level 0.01. This indicates that highway segments with speed limit 

more than 55 mph are likely to have more accidents than other highway 

segments. Results from TM CD RE show that the covariate Friction has a 

barely significant negative effect on accident counts at level 0.10. This indi

cates high friction in highway segments can reduce accident occurrences. Our 

analysis using TM CD RE shows that the covariate Single does not have any 

significant effect at level 0.10, which indicates daily percentage of single unit 

trucks is not related to accident count. The covariate Double has a significant 

negative effect at level 0.05. This indicates daily percentage of double unit 

trucks is inversely related to accident count. Results from TMCDRE show 

that the covariates Slislope and Intstate are not significant at level 0.10. The 

covariate Hislope has a significant positive effect at level 0.01. This indicates 
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if a highway segment's slope is high, that highway segment is likely to have 

more accidents than other highway segments. The covariate Paraccess has 

negative effect at level 0.01. This indicates segments with partial access are 

likely to have fewer accidents than segments with full access. Results from 

TM CD RE show that the interaction between Curvmile and lnj, and inter

action between Curvmile and Poinj have significant negative effects at level 

0.10 and 0.01, respectively. This indicates that with the increase of curves 

per mile the number of severe accidents will decrease. Similarly, increase of 

road friction can reduce severe type of accident since the interaction between 

Friction and Inj has a significant negative effect at level 0.05. Results from 

TMCDRE show that the interaction between Poinj and Density has a signifi

cant positive effect at level 0.01. This indicates high traffic is related to more 

severe accidents. The interaction between Inj and Double appears signifi

cantly positive in TMCDRE at level 0.01. This indicates a high percentage 

of double unit trucks in highway segments is related to more severe accidents. 

Cluster level random effects variation estimate (a2) for TMCDRE is 0.0868, 

which indicates that there is still some cluster level variation left which can 

be captured by the model. Sub-cluster level random effects variation ( 7 2) 

1.1439. 
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Table 5.2: Parameter estimates for the Highway accident data based on 
GLMM, CTMM and TMCDRE 

Level Name GLMM !ti CTMM !ti TMCDRE !ti 
i:: Intercept 4.088 3.96*** 3.1799 2.96*** 3.1214 2.84*** 
0 

(1.032) (1.0735) (1.096) :g 
> Poinj -1.0603 1.90* -0.6092 1.27 -0.6086 1.27 
'"" Q) 

(0.0086) (0.4776) (0.4765) 00 
..0 
0 Injury -2.1902 4.22*** -1.9676 4.23*** -1.9695 4.24*** 

(0.5181) (0.4645) (0.4637) 
Inj*curv -0.0700 1.22 -0.0888 1.85* -0.0884 1.85* 

(0.0574) (0.0477) (0.0478) 
Poinj*curv -0.1132 1.87* -0.1464 2.88*** -0.1466 2.88*** 

(0.0604) (0.0508) (0.0507) 
Inj*Double 0.0439 3.61 *** 0.0458 4.16*** 0.0457 4.17*** 

(0.0121) (0.0109) (0.0109) 
Poinj*Dou -0.0598 4.80*** -0.0561 4.93*** -0.0561 4.93*** 

(0.0124) (0.0113) (0.0113) 
Inj*Fric 0.0247 2.52** -0.0197 2.22** -0.0197 2.23** 

(0.0098) (0.0088) (0.0088) 
Poinj*Fric 0.0068 0.65 0.0017 0.18 0.0017 0.19 

(0.0104) (0.0090) (0.0090) 
Poinj*Dens 0.00002 3.44*** 0.00002 3.62*** 0.00002 3.64*** 

(0.0000) (0.0000) (0.0000) 
Inj*Ints -0.261 2.19** -0.2275 2.15** -0.2272 2.15** 

(0.1192) (0.1056) (0.1053) 

'"" 
Speed 1.5583 2.50** 2.0513 3.27*** 2.0945 3.16*** 

Q) (0.6233) (0.6267) (0.6609) .j.J 
00 
;:I Friction -0.0441 3.02*** -0.0253 1.64* -0.0249 1.65* u 

..6 (0.0145) (0.0154) (0.0151) 
;:I 

Curvmile -0.2028 2.77*** -0.2344 3.08*** -0.2402 3.12*** 00 

(0.0732) (0.0760) (0.0769) 
Single -0.0511 0.82 -0.0900 1.35 -0.0869 1.29 

(0.0621) (0.0665) (0.0672) 
Double -0.1247 5.08*** -0.1232 4.77*** -0.1247 4.85*** 

(0.0245) (0.0257) (0.0256) 
Density -0.00005 5.18*** -0.00004 3.7*** -0.00004 3.65*** 

(0.0000) (0.0000) (0.0000) 

Sigmficance codes: * = 0.1, ** = 0.05, * * * = 0.01 
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Level Name GLMM ltl CTMM ltl TMCDRE ltl 

s..i 
Slislope 0.0647 0.422 -0.1130 0.67 -0.1259 0.75 

Q) (0.1535) (0.7437) (0.7890) ..µ 
00 
;:I Hislope 0.3690 2.21 ** 0.9512 2.63*** 0.9824 2.65*** u 

..6 (0.1664) (0.3513) (0.3690) 
;:I 

Noaccess 0.1917 0.26 0.5111 0.68 0.5426 0.68 00 

(0.7249) (0.7437) (0.7890) 
Paracess -0.7931 2.59*** -0.7966 2.73*** -0.8033 2.63*** 

(0.3056) (0.2909) (0.3052) 
s..i Intstate -0.0455 0.13 0.1829 0.63 0.1869 0.64 Q) 

..µ 

(0.0349) (0.2864) (0.2915) 00 
;:I 

5 
u"' 0.5176 0.0898 0.0868 
72 0.8373 0.9833 1.1439 
p2 0.8661 1 1 

Sigmficance codes: * = 0.1, ** = 0.05, * * * = 0.01 

Comparison 

We have compared our results with those based on standard analysis. In the 

first analysis, we re-analyzed the Highway accident data by GLMM. We used 

the Poisson model in GLMM. We also analyzed the Highway accident data 

by the CTMM with index parameter p = l. Table 5. 2 shows the parameter 

estimates for GLMM, CTMM and TMCDRE model. Analysis results using 

GLMM and CTMM show that the effect of explanatory variables Paraccess, 

Curvemile, Double and Density on accident counts is similar to the effect we 

found previously using TMCDRE. Our results show that High slope has a 

significant positive effect under various models; in GLMM, it is significant 

at level 0.05 whereas in CTMM and TMCDRE it is significant at level 0.01. 

Similarly, results from GLMM show that the covariate Speed has a signifi

cant positive effect at level 0.05 but CTMM and TMCDRE show it has a 
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significant positive effect at level 0.01. Friction is barely significant at level 

0.10 for CTMM and TMCDRE model whereas it is significant at level 0.01 

for G LMM approach. Interaction between possible injury and curve per mile 

is significant at level 0.01 for CTMM and TMCDRE whereas GLMM shows 

it is significant at level 0.10. Interaction between Injury and curve per mile is 

significant at level 0.10 for CTMM and TMCDRE whereas GLMM shows it 

is insignificant at level 0.10. Results from GLMM and CTMM show that the 

effects of other interaction variables are similar to those we found by using 

TMCDRE method. The estimate of a 2 and 7
2 for CTMM are 0.0868 and 

0.9833. The estimate of a 2 , 7 2 and p2 for GLMM are 0.5176, 0.8373 and 

0.8661, respectively. 

Computational aspects 

As for the Intersection accident data, we also used R in a core i5 machine to 

analyze highway accident data. The maximum absolute difference of updated 

parameter after 30 iterations was 0.00011. We stopped the program after 

150 iterations. At that time the maximum absolute difference in regression 

parameters and their updated values was 2.665814 x 10-14 • Each of the 30 

iteration took 0.3 seconds of user time and total computation time was 52 

seconds. 
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5.2 Continuous Data Analysis 

5.2.1 Two-level Data 

Birth Weight Data 

The Birth weight dataset contains birth weight information of five babies 

from each of the 878 mothers in Georgia, U.S. The goal of collecting this 

data was to see the effect of the mother's age on baby's birth weight. The 

range of mother's ages is twelve years to forty two years. Figure 5.4 shows 

the comparison between the teenage mothers' babies' birth weights and those 

of other mothers' babies'. 

Model Specification 

The response variable of the Birth weight data is baby's birth weight which 

is positive and continuous. We estimate the index parameter (p) and arrive 

at a value of 2.0532 which is very close to 2. According to Table 2.1 in 

chapter two, in the Tweedie family, index parameter 2 belongs to the gamma 

model. So, we analyzed the Birth weight data using a two-level Gamma 

model with covariate-dependent random effects. Eight hundred and seventy 

eight mothers are considered as independent clusters. Each of the five babies 

from 878 mothers is considered as an observation. Let Yii represent the birth 
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Figure 5.4: Box plot of the Birth weight data by teen and non-teen mother 
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weight of the lh baby of the ith mother and Ui represent the cluster level 

random effect. Formulation of TMCDRE is, 

(5.6) 

where µii = exp(zl/3(2)) and Zij represents observation level covariates. As

sume the cluster level random effects are independent with 

(5.7) 

where µi = exp(z[ /3(1)) and zi represents cluster level covariates. 

Analysis and Results 

In Table 5.3, we present the estimates of the regression and the random effect 

parameter estimates using TMCDRE. Results from TMCDRE show that the 

covariate Teen has a significant negative effect at level 0.10. This indicates 

teen mothers' babies' weights are lower compared to those born of other 

mothers. Our analysis shows that the covariate Base age has a significant 

positive effect at level 0.01, which indicates that the age of the mother at the 

first birth positively affects her baby's birth weight. A significant positive 

effect of the covariate Interval at level 0.01 indicates that the birth weights 

of babies are likely to be more if the interval between the successive births 

increases. The covariate Age appears insignificant in TM CD RE at level 
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0.10. Birth weight variation between clusters (a2
) is lower compared to the 

birth weight variation within cluster (p2
). Estimates of between clusters 

variation is 0.0122 whereas estimates of variation within cluster is 0.218 for 

the TMCDRE. 

Table 5.3: Parameter estimates for the Birth weight data based on GLMM, 

CTMM and TMCDRE 

Level Name GLMM ltl CTMM ltl TMCDRE ltl 
A Intercept 7.8792 302*** 7.8846 315*** 7.8840 316*** 
0 

(0.0260) (0.0250) (0.0249) j 
1-t Teen -0.0123 1.68* -0.0136 1.96** -0.0133 1.92* 
Q) 

(0.0073) (0.0069) (0.0069) 00 
..0 
0 Interval 0.0081 3.49*** 0.0079 3.61 *** 0.0079 3.59*** 

(0.0023) (0.0022) (0.0022) 
Age 0.0005 0.45 0.0008 0.77 0.0009 0.90 

(0.0011) (0.0010) (0.0010) 

Base age 0.0083 5.18*** 0.0081 5.28*** 0.0081 5.29*** 
1-t 

(0.0016) (0.0013) (0.0015) Q) 
~ 
00 
;::j 

5 
a',/, 0.1134 0.0122 0.0122 
p2 0.1461 0.0189 0.0218 

Sigmficance codes: * = 0.1, ** = 0.05, * * * = 0.01 

Comparison 

We have compared our results with those based on standard analysis. In the 

first analysis, we re-analyzed the Birth weight data by GLMM. We used the 

gamma model in GLMM. We also analyzed the Birth weight data by the 

CTMM with index parameter p = 2. In Table 5.3, we present the estimates 

of the regression and the dispersion parameter using G LMM and CTMM. 

Analysis results using GLMM and CTMM show that the effect of explana-
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tory variables Interval, Age and Base age on birth weights is similar to the 

effect we found using TMCDRE. Our results in Table 5.3 show that Teen 

has a significant negative effect under various models. Results from CTMM 

show Teen is significant at level 0.05 whereas in GLMM and TMCDRE it is 

significant at level 0.01. Estimate of a 2 for GLMM and CTMM are 0.1134 

and 0.0122, respectively. Estimate of p2 for GLMM and CTMM are 0.1461 

and 0.0189, respectively. 

Table 5.4: Parameter estimates for the Birth weight data based on TMCDRE 
when r=3 

Level Name TMCDRE ltl 
~ Intercept 7.8840 312*** 
.9 (0.0252) .µ 

~ Teen -0.0133 1.92* 
I,., 
Cl) 

(0.0069) 00 
..0 
0 Interval 0.0079 3.59*** 

(0.0022) 
Age 0.00087 0.83 

(0.0010) 
Base age 0.0081 5.29*** 

I,., 

(0.0015) Cl) 
.µ 
00 
;::j 

5 
a~ 0.0105 
p2 0.0218 

Significance codes: * = 0.1, ** = 0.05, * * * = 0.01 

Table 5.4 shows that if we change the cluster level shape assumption of 

TMCDRE from gamma to inverse Gaussian (r = 2 to r = 3) then the 

fixed effect estimates remain similar to the estimates we got in our previous 

analysis (TM CD RE with r = 2). New estimates of a 2 and p2 are 0. 0105 and 

0.0218, respectively. 
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Table 5.5: Parameter estimates for the Birth weight data based on LMM 

Name LMM ltl CTMM ltl 
Intercept 7.9312 431 *** 7.9511 528*** 

(0.0183) (0.0151) 
Interval 0.0043 1.63 0.0046 2.20** 

(0.0026) (0.0021) 
Age 0.0045 5.12*** 0.0045 6.26*** 

(0.0009) (0.0007) 
(]'2 0.1210 0.0125 
p2 0.1777 0.0189 

Significance codes: * = 0.1, ** = 0.05, * * * = 0.01 

Dominici ( 2005) analyzed the Birth weight data by linear mixed model 

(LMM). Interval and mothers age are used as covariates in their model. Both 

of these covariates are observation level covariates. We analysed the Birth 

Weight data with the same covariates by CTMM method. Table 5.5 shows 

parameter estimates for LMM and CTMM. Mother's age has a significant 

impact on birth weight for LMM and CTMM. Birth interval does not have 

a statistically significant impact on birth weight for the LMM but CTMM 

shows it has a positive impact on birth weight at level 0.05. 

Computational aspects 

Similar to the previous two datasets, the Birth weight dataset was also ana

lyzed by Rina core i5 machine. The maximum absolute difference of updated 

parameters after 10 iterations was 2.067 x 10-6• We stopped the program 

after 50 iterations. At that time the maximum absolute difference in regres-
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sion parameters and their updated values was 1.065814 x 10-15 • Each of the 

iterations took 6 seconds of user time and total computation time was 305 

seconds. 

5.2.2 Three-level Data 

a. Gamma Response 

Kentucky Data 

The Kentucky dataset contains information about grade eight's mathematics 

test scores of 46,746 students from 34 7 schools nested in 135 independent 

school districts of Kentucky. Some initial analysis of the Kentucky data 

is presented in Figures 5.5- 5.6. The scatter plot in Figure 5.5 shows a 

decreasing trend in mathematics scores as the School SES (percentage of 

students eligible for free lunch in a school) increases. The variable District 

SES (percentage of students eligible for free lunch in a district) is also related 

to students' low mathematics scores as Figure 5.6 shows a negative relation 

between District SES and mathematics test score. 
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Figure 5.5: School's mean mathematics score against school socio-economic 

status 

Model Specification 

In the Kentucky data, the response variable is the mathematics test scores of 

46,746 eighth-grade students from 34 7 schools nested in 135 independent dis

tricts of Kentucky. Mathematics test scores are continuous and the estimated 

index parameter (p) is 2.03. A three-level gamma model with covariate

dependent random effects will be used to analyze the Kentucky data. One 

hundred and thirty five independent districts will be considered as clusters 

and schools will be considered as sub-clusters. Let fijk represent the math-
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Figure 5.6: District's mean mathematics score against district socio-economic 
status 

ematics test score of the student k from the school j in the ith district. The 

random effects for the cluster i and sub-cluster (ij) are denoted by Ui and 

~j, respectively. The formulation of TMCDRE is given below, 

(5.8) 

where µijk = exp(z~k/3(3)) and Zijk are the observation level covariates. 

(5.9) 
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where µii = exp(zl,8(2)) and Zij are the sub-cluster level covariates. Assume 

that the cluster level random effects are independent with 

(5.10) 

where µi = exp(z; ,8(1)) with zi are the cluster level covariates. 

Analysis and Results 

In our analyses, we used all covariates described in the Table 4.4 in chapter 

four and all possible two-way interactions. All of the two-way interactions 

and the covariate District size were insignificant at level 0.10, so we excluded 

all two-way interaction terms simultaneously from our final model. Param

eter estimates for TMCDRE are presented in Table 5.6. Results from the 

TM CD RE show that the covariate Gender has a significant negative effect 

at level 0.01, which indicates that males do better in mathematics than fe

males. The covariate Black has a significant negative effect on mathematics 

test scores at level 0.01. This indicates students of the Black race face more 

difficulty in mathematics than other students do. The covariate School SES 

has a negative effect on mathematics test scores under TMCDRE at level 

0.01, this indicates that students from schools with lower socio-economic 

status do not do well in mathematics tests. TMCDRE shows the covariate 
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School size has a significant negative effect at level 0.05, which indicates that 

the students from small schools ( schools with a small number of students) 

do well in mathematics tests. Analysis results using TMCDRE show that 

the mathematics test scores decrease with the increase of the percentage of 

students eligible for free lunch in a district as the covariate District SES has a 

significant negative effect on mathematics test scores at level 0.01. Figure 5.6 

also verifies the previous statement. Table 5.6 shows district level random 

effects variation (o-2
) for TMCDRE is 0.0007, which is less than the between 

school random effects variation ( r 2
) estimate 0.0853. Random effects varia

tion estimate for within school (p2) is 0.1309, which is more than the between 

school random effects variation estimate. 

Table 5.6: Parameter estimates for the Kentucky data based on GLMM, 
CTMM and TMCDRE 

Level Name GLMM ltl CTMM ltl TMCDRE ltl 
i:: Intercept 4.268 156.35*** 4.3220 217*** 4.3287 200*** 
0 

(0.0273) (0.0198) (0.0217) j 
I-< Gender -0.3536 40.70*** -0.2790 54.0*** -0.2908 55.6*** 
~ (0.0086) (0.0051) (0.0052) 

..0 
0 Black -0.1840 20.02*** -0.1352 24.8*** -0.1421 25.9*** 

(0.0091) (0.0054) (0.0054) 
I-< School SES -0.0041 11.51 *** -0.0029 13.7*** -0.0043 18.2*** 
Q) 

..µ 

(0.0004) (0.0002) (0.0002) 00 
~ 

c3 School Size -0.0136 1.12 -0.0122 1.66* -0.0148 2.0** 
I 

..0 (0.0121) (0.0073) (0.0074) ~ 
00 

I-< District SES -0.0006 1.23 -0.0006 1.89* -0.0008 2.61 *** 
Q) 

..µ 
(0.0005) (0.0003) ( 0.0003) 00 

~ 

5 
a~ 0.0002 0.0008 0.0007 
T2 0.3463 0.0704 0.0853 
p2 0.1024 0.1209 0.1309 

Significance codes: * = 0.1, ** = 0.05, * * * = 0.01 
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Comparisons 

We have compared our results with those based on standard analysis. In the 

first analysis, we re-analyzed the Kentucky data with this GLMM. We used 

the gamma model in GLMM. We also analyzed the Kentucky data by the 

CTMM with index parameter p = 2. Parameter estimates by GLMM and 

CTMM approach are presented in Table 5.6. Analysis results using GLMM 

and CTMM show that Gender, Black and School SES have a negative effect 

on mathematics test scores at level 0.01. Analysis using TMCDRE also 

gave us similar results for these covariates. Results for GLMM show School 

size and District socio-economic status does not have any significant effect on 

mathematics scores at level 0.10, whereas CTMM shows that these covariates 

have significant negative effects at level 0.10. However, analysis results using 

TM CD RE show School size and District SES are statistically significant at 

level 0.05 and level 0.01 respectively. The estimate of a2 , r 2 and p2 for 

CTMM are 0.0008, 0.0704, and 0.1209, which is similar to the estimates we 

get using TMCDRE, whereas the analogous estimates for GLMM are 0.0002, 

0.3463, and 0.1024. 

Computational aspects 

As in our previous analysis, we used R in a core i5 machine to analyze the 

Kentucky data. We stopped the program after 75 iterations. At that time 
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the maximum absolute difference between regression parameters and their 

updated values was 1.01 x 10-11 • Each iteration took 180 seconds of user 

time and total computation time was 213 minutes. The Kentucky data is 

very large (46,746 observations) and that is why each iteration took long 

time compared to other data. 

b. Normal Response 

Mathematics Achievement Data 

The Mathematics achievement dataset contains information from the U.S. 

Sustaining Effects Study, which is a longitudinal study of children's academic 

progress during the six years of elementary school. 

Mathematics achievement data contains transformed mathematics test scores. 

The mean of the transformed mathematics score is -0.22. Both CTMM and 

TMCDRE use GLM with log link for initial parameter estimates. GLM with 

log link requires a positive mean. To achieve that we added a constant value 

5 to all mathematics scores, which gives us a new mean, 4.46. Note that 

adding a constant would not affect the fixed and random effects estimate. 

To analyze this data we first performed some initial analysis; the results are 

shown in Figures 5.7- 5.9. Figure 5.7 shows heterogeneity in mean mathemat

ics score at the School level. Figure 5.8 shows the box plot of mathematics 
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Figure 5. 7: School mean mathematics score against school number 

score at grade zero and each successive grade. Mathematics scores have an 

increasing pattern for successive grades. Figure 5.9 shows that mathematics 

score has an inverse relation with the variable Low income (percentage of 

student eligible for free lunch). 

Model Specification 

In the Mathematics achievement data, the response variable is the annual 

mathematics test scores of 1,721 students for up to six years of study. Math-
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Figure 5.9: School mean mathematics score against low income percentage 

ematics test scores are continuous. Students are nested in 60 independent 

schools. A three-level TM CD RE will be used to analyze this data. Sixty 

independent schools will be considered as clusters and students will be con

sidered as sub-clusters. Let Yijk represent the mathematics test score of the 

kth year of study from the student j in the school i. Random effects for 

the cluster i and sub-cluster j in the ith cluster are denoted by Ui and Vii, 

respectively. The formulation of TMCDRE is given below, 

(5.11) 
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where µijk = exp(z~k,8(3)),p = 0 for the Gaussian model and Zijk are the 

observation level covariates. 

(5.12) 

where µii = exp(z~,8(2)) and Zij are the sub-cluster level covariates. Assume 

that the cluster level random effects are independent with 

(5.13) 

where µi = exp(zT ,8(1)) with zi are the cluster level covariates. 

Analysis and Results 

In our analyses, we used all covariates described in Table 4.5 and all possi

ble two-way interactions. None of the two-way interactions were significant 

at level 0.10, so we excluded all two-way interaction terms simultaneously 

from our final model. Parameter estimates for TM CD RE are presented in 

Table 5.7. Results from TMCDRE show that the covariate Grade has a pos

itive effect on mathematics score at level 0.01. This indicates students do 

better in mathematics in upper grades. Gender does not have any significant 

effect on mathematics test scores at elementary schools. The covariate Black 

has a significant negative effect on mathematics test score at level 0.01. This 

indicates Black students face more difficulty in mathematics compared to 
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Table 5.7: Parameter estimates for the Mathematics achievement data based 
on GLMM, CTMM and TMCDRE 

Level Name GLMM ltl CTMM ltl TMCDRE ltl 
s::= Intercept 1.4206 12.51 *** 1.4187 12.4*** 1.3034 11.2*** 
0 

(0.1135) (0.1141) (0.1153) ~ 
C: Grade 0.1609 119.7*** 0.1639 118*** 0.1640 117.1 *** 
Q) 

(0.0013) (0.0013) (0.0013) 11.l 
~ 
0 

s... Gender -0.0023 0.26 -0.0025 0.28 -0.0019 0.21 
Q) (0.0087) (0.0088) (0.0087) ~ 
11.l 

= Hispanic -0.0466 2.57*** -0.0484 2.64*** -0.0493 2.71 *** u 
..6 (0.0181) (0.0182) (0.0181) 

= Black -0.1045 6.35*** -0.1062 6.40*** -0.10368 6.31 *** 00 

(0.0164) (0.0165) (0.0164) 

Low income -0.0010 2.62*** -0.0010 2.59*** -0.0010 2.63*** 
s... 

(0.0004) (0.0004) (0.0004) Q) 
~ 
11.l 

Mobility -0.0026 3.46*** -0.0026 3.38*** -0.0026 3.34*** = 5 (0.0008) (0.0008) (0.0008) 
log(size) -0.0002 0.01 0.0002 0.01 0.0018 0.09 

(0.0182) (0.0183) (0.0183) 
(!'l. 0.0579 0.0034 0.0035 
72 0.1621 0.0271 0.0254 
p2 0.6484 0.4200 0.4846 

S1gmficance codes: * = 0.1, ** = 0.05, * * * = 0.01 

White students. White students do better in mathematics at the elementary 

level compared to Hispanic students as the covariate Hispanic has a negative 

effect on mathematics score at level 0.01. Table 5. 7 show that the covariate 

Low income has a negative effect on mathematics test score at level 0.01, it 

indicates that students with lower socio-economic status do not do well on 

mathematics test. Cluster level covariate Mobility has a negative effect on 

mathematics test score at level 0.01. Cluster level random effects variation 

estimate (a2
) for the TMCDRE is 0.0035 which is less than the sub-cluster 

level random effects variation ( r 2
) estimate (0.0254). Random effect varia-
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tion estimate for within student is 0.4846, which is more than the between 

student random effects variation estimate. 

Comparison 

We have compared our results with those based on standard analysis. In the 

first analysis, we re-analyzed the Mathematics achievement data by GLMM. 

We used the Gaussian model in GLMM. We also analyzed the Mathemat

ics achievement data by the CTMM with the index parameter p = 0. In 

Table 5.7, we present the estimates of the regression and the random ef

fect parameter estimates using GLMM and CTMM. Analysis results using 

GLMM and CTMM show that the effect of explanatory variables Grade, 

Black, Hispanic, Low income and Mobility on mathematics score are simi

lar to the effect we found using TMCDRE. Estimates of a2 , T 2 and p2 for 

CTMM are 0.0034, 0.0271 and 0.4200, which are similar to those for TM

CDRE, whereas the analogous estimates for GLMM are 0.0579, 0.1621 and 

0.6484. 

Dominici ( 2008) analyzed the Mathematics Achievement data by using the 

LMM where random effects are covariate-independent. Table 5.8 shows the 

estimate of the regression and dispersion parameter estimates for the LMM, 

CTMM and TMCDRE. Parameter estimates for the LMM, CTMM and TM

CDRE show that Year, Hispanic, Black, Low income and Mobility have sim

ilar significant effects on mathematics test score at level 0.01. No model 
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Table 5.8: Parameter estimates for the Mathematics achievement data based 
on LMM, CTMM and TMCDRE 

Level Name LMM ltl CTMM ltl TMCDRE ltl 
i:: Intercept 0.4202 2.9*** 1.107 33*** 1.1195 35*** 
0 (0.1428) (0.0333) (0.0316) i 
i:: Year 0.7463 133*** 0.1616 124*** 0.1618 123*** 
Cl) 

(0.0053) (0.0012) (0.0013) ti.) 

..0 
0 

1-t 
Hispanic -0.2965 3.36*** -0.0583 2.9*** -0.0571 3.06*** 

Cl) (0.0877) (0.0195) (0.0186) ~ 
ti.) 
;:j Black -0.5250 6.68*** -0.1131 6.4*** -0.1124 6.6*** u 

..6 (0.0786) (0.0175) (0.0168) 
;:j 

00. 

Low income -0.0052 2.87*** -0.0011 2.6*** -0.0011 2.8*** 
1-t 

(0.0018) (0.0004) (0.0004) Cl) 
~ 
ti.) 

Mobility -0.0120 3.5*** -0.0028 3.5*** -0.0030 3.8*** ;:j 

5 (0.0034) (0.0008) (0.0008) 
Size -0.00004 0.28 -0.00001 0.044 -0.00004 0.14 

(0.0001) (0.0003) (0.0003) 
(12 0.2491 0.0035 0.0024 
'T2 0.8063 0.0322 0.0220 
p2 0.5890 0.3826 0.5101 

Significance codes: * = 0.1, ** = 0.05, * * * = 0.01 

shows school size is related to students' mathematics test performance. Es

timates of a 2 , T 2 and p2 for LMM are 0.2491, 0.8063 and 0.5890. LMM, 

CTMM and TMCDRE show cluster level random effects variation is higher 

than sub-cluster level random effect variation. 

Computational aspects 

As in the previous analysis, the Mathematics achievement data was also an

alyzed using R on a core i5 machine. We stopped the program after 80 

iterations. At that time the maximum absolute difference in regression pa-
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rameters and their updated values was 1.2456 x 10-13
• Each iteration took 

13 seconds of user time and total computation time was 1584 seconds. 

5.3 Semi-continuous Data Analysis 

5.3.1 Two-level Data 

RAND Health Insurance Experiment Data 

In the Rand health insurance experiment (RAND HIE) dataset, yearly health 

care costs for up to five years were collected from 5,908 individuals in U.S. 

Figure 5.10 shows medical expenditure is around O for a large number of ob

servations. A total 46.13 percent of medical expenditures are O and positive

expenditures are very right skewed with a mean of 13.13 and median of 1.77. 

Model Specification 

To analyze the RAND HIE data, we first estimated the index parameter (p) 

and arrived at a value of 1.52. Table 2.1 shows, in the Tweedie family, the 

range of values for index parameter for compound poission model is between 

1 and 2. A two-level TMCDRE is used to analyze the RAND HIE data. 

Each of the 5908 independent individuals is considered as a cluster. Let ~j 
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Figure 5.10: Histogram of medical expenditure 
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represent the /h year's annual medical expenditure of the ith individual and 

Ui represent the cluster level random effect. Formulation of TMCDRE is 

given below, 

(5.14) 

where µii = exp(z~,8(2)) with Zij represents observation level covariates. 

Cluster level random effects are assumed to be independent with 

(5.15) 

where µi = exp(zT .B(i)) with Zi represents cluster level covariates. 

Analysis and results 

Parameter estimates for TMCDRE are presented in Table 5.9. Our results 

from TMCDRE show all covariates but Idp (i.e. individual deductible plan) 

and Hlthg (i.e. good health condition), have significant effects on yearly 

medical expenditure at level 0.01. TMCDRE shows Hlthg has a significant 

effect at level 0.10. Binary covariates for health condition such as Hlthp 

and Hlthf has a significant positive effect on the response variable. This 

indicates that people with poor or fair health condition will spend more 

money on medical than people with excellent health condition. Our results 

show Lcoins has a negative effect on medical expenditure, which indicates 
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Table 5.9: Parameter estimates for the RAND HIE data based on GLMM, 
CTMM and TMCDRE 

Lavel Name GLMM ltl CTMM ltl TMCDRE ltl 
r:: Intercept 0.0900 1.37 1.1348 16.1*** 1.1190 16.1 *** 
0 

(0.0654) (0.0701) (0.0692) ~ 
C: Ndisease 0.0609 17.4*** 0.0503 13.3*** 0.0499 13.5*** 
Q) 

(0.0035) (0.0037) (0.0036) Ill 
..0 
0 Time 0.0152 2.35** 0.0225 2.82*** 0.0330 4.51 *** 

(0.0064) (0.0079) (0.0073) 

Base age 0.0224 15.9*** 0.0235 15.6*** 0.0238 15.9*** 

(0.0014) (0.0015) (0.0014) 

""' Physlim 0.5119 6.98*** 0.4382 5.55*** 0.4393 5.68*** Q) 
~ 
Ill (0.0732) (0.0795) (0.0772) ::, 

5 Lcoins -0.2181 17.2*** -0.1466 10.9*** -0.1450 10.9*** 

(0.0126) (0.0134) (0.01327) 
ln(Pi) 0.0578 6.17*** 0.0283 2.86*** 0.0273 2.78*** 

(0.0093) (0.0098) (0.0098) 
ldp -0.0697 1.29 -0.0031 0.05 -0.0025 0.04 

(0.0539) (0.0567) (0.0564) 
Hlthp 0.6544 3.73*** 0.6599 3.42*** 0.6593 3.54*** 

(0.1750) (0.1925) (0.1857) 
Hlthf 0.2634 2.98*** 0.4171 4.44*** 0.4214 4.60*** 

(0.0882) (0.0938) (0.0914) 
Hlthg 0.0167 0.33 0.0910 1.71* 0.0965 1.83* 

(0.0502) (0.0530) (0.0525) 
a".l. 2.1906 2.7788 2.6669 
p2 4.8255 4.8271 6.3135 

Significance codes: * = 0.1, ** = 0.05, * * * = 0.01 

that if people are paying a portion of medical expenses then they are likely to 

spend less money on drugs. The covariate Physlim has a significant positive 

effect on medical expenditure; this indicates people with physical limitations 

are likely to spend more money on medical. The covariate N disease and Base 

age have significant positive effects on medical expenditures, which indicates 

old people or people with chronic disease are likely to spend a large amount 

of money on medical. Cluster level random effects variation (a2) estimate 
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for TMCDRE is 2.6669 and within individuals random effects variation (p2
) 

estimate is 6.3135. 

Comparisons 

We have compared our results with those based on standard analysis. In 

the first analysis, we re-analyzed the RAND HIE data by G LMM. We used 

the compound Poisson model in GLMM introduced by Zhang (2012). We 

also analyzed the RAND HIE data by the CTMM with index parameter 

p = 1.52. Parameter estimates for GLMM and CTMM are also presented 

in Table 5.9. Idp appears insignificant for GLMM and CTMM. Analysis 

results using G LMM and CTMM show that the effect of explanatory variables 

N disease, Base age, Physlim, Lcoins, Pi, Hlthp and Hlthg on yearly medical 

expenditure is similar to the effect we found using TMCDRE. Our results in 

Table 5.9 show that observation level covariate Time has a significant positive 

effect under various models. Results from G LMM show it is significant at 

level 0.05, whereas in CTMM and TMCDRE, it is significant at level 0.01. 

The covariate Hlthg appears insignificant in GLMM, whereas results from 

CTMM and TMCDRE show it is significant at level 0.10. Estimates of CJ
2 

and p2 for GLMM are 2.1906 and 4.8255 respectively, whereas analogous 

estimates for CTMM are 2. 7788 and 4.8271. 

Cameron and Trivedi (2005) used a two-part model to analyze RAND HIE 

data. They did not use Age as a covariate in their analysis, but in our analy-
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sis, we found that age has a significant effect on medical expenditure at level 

0.01. Table 5.10 provides the results for the parameter estimation of two

part, CTMM and TMCDRE models. The logistic part of the two-part model 

shows Ndisease, Physlim, ln(Pi) and Hlthp are associated with high chance 

of spending money on medical since results show all these covariates have a 

significant positive effect on medical expenditure at level 0.01. Lcoins and 

ldp have a significant negative effect at level 0.05. This indicates Coinsur

ance rate and individual deducted plan are related to low chance of spending 

money on medical. FMDE does not have any impact on medical expendi

ture. Expenditure level equation shows that Ndisease, Physlim and ln(Pi) 

have positive effects on medical expenditure at level 0.01. Since results from 

expenditure level equation show that Hlthp, Hlthf and Hlthg are positively 

significant at level 0.01, it is clear that people with excellent health condition 

spend less money on medical. ldp and Lcoins have a negative impact on 

medical expenditure at level 0.05 and 0.1 respectively. Both TMCDRE and 

CTMM show that the covariate Lcoins has a negative effect on response at 

level 0.01. Parameter estimates for CTMM and TMCDRE show Ndisease, 

Physlim, lpi, Hlthp, Hlthf and Hlthg have positive effects on medical expen

diture at level 0.01. Both TMCDRE and CTMM show that the covariate 

ldp does not have any significant effect on medical expenditure at level 0.10 

but the two-part model shows it is significant at level 0.05. 

83 



Table 5.10: Parameter estimates for the RAND HIE data based on two-part 
model 

Name DMDE !ti LNMD !ti CTMM !ti TMCDRE 

Observation 
Ndisease 0.033 22.3*** 0.050 6.74*** 0.058 14.1 *** 0.058 

Cluster 
Physlim 0.247 7.90*** 0.549 8.74*** 0.592 6.89*** 0.595 
FMDE -0.012 1.61 -0.036 1.21 -0.016 0.74 -0.015 
Lcoins -0.178 8.54*** -0.056 1.78* -0.134 3.67*** -0.133 
ln(Pi) 0.039 9.89*** 0.034 3.30*** 0.042 3.71 *** 0.041 
ldp -0.094 3.80*** -0.087 2.12** -0.005 0.08 -0.009 
Hlthp 0.269 3.17*** 0.948 9.57*** 0.941 4.49*** 0.937 
Hlthf 0.046 1.27 0.617 13.0*** 0.693 6.85*** 0.688 
Hlthg 0.009 0.46 0.253 9.57*** 0.293 5.18*** 0.291 

a~ 0.59 3.28 3.35 
p2 1.31 5.52 5.45 

Significance codes: * = 0.1, ** = 0.05, * * * = 0.01; DMDE: Logistic part of two-part 
model; LNMD: Expenditure level part of two-part model 

Computational aspects 

!ti 

14.2*** 

7.07*** 
0.72 
3.65*** 
3.68*** 
0.13 
4.59*** 
6.94*** 
5.17*** 

The RAND HIE data is a big dataset. The maximum absolute difference 

between parameters and their updated values was 9.795215 x 10-s after six

teen iterations; we stopped the program after 28 iterations. At that time 

the maximum absolute difference in regression parameters and their updated 

values was 7.014875 x 10-14 • Each iteration took around 5 minutes of user 

time and total computation time was 150 minutes. 
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5.3.2 Three-level Data 

Basic symptoms inventory(BSI) Data 

The BSI dataset contains psychological information of 423 adolescents from 

269 HIV infected parents. The objective of this study was to see the inter

vention (Treatment) effect on adolescent psychological state. 

Model Specification 

Response variable for BSI data is the measure of global severity index ( GSI) 

for up to seven years from 409 adolescents nested in 269 independent HIV 

infected parents. Figure 5.11 shows a large number of GSI values are zero. 

This kind of data with excessive zeros can be handled by the compound 

Poisson model. Estimated index parameter (p) for the BSI data is 1.55 which 

belongs to the compound Poisson model in the Tweedie family. A three-level 

TM CD RE is used to analyze the BSI data. Each of the 269 independent 

parents is considered as a cluster. Adolescents are considered as sub-clusters. 

Let ~ik represent the GSI for observation k from the adolescent j of the ith 

parent. The random effects for cluster i and sub-cluster j in cluster i are 

represented by Ui and Yii, respectively. Formulation for TM CD RE is given 
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Figure 5.11: Boxplot of BSI global index 

(5.16) 

where µijk = exp(zlk/3(3)), p = 1.55 and Zijk represents observation level 

covariates. 

(5.17) 
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where µii = exp(zl,8(2)) with Zij represents sub-cluster level covariates. Clus

ter level random effects are assumed to be independent with 

(5.18) 

where µi = exp(z; ,8(1)) with zi represents cluster level covariates. 

Analysis and Results 

Table 5.11: Parameter estimates for the BSI data based on GLMM, CTMM 
and TMCDRE 

Level Name GLMM ltl CTMM ltl TMCDRE ltl 
d Intercept -1.2102 2.85*** -1.1574 2.60*** -1.2114 2.68*** 
0 

(0.4241) (0.4449) (0.4515) ~ 
> Time -0.0555 7.61 *** -0.0473 6.64*** -0.0503 7.23*** 
I\.< 
Q) 

(0.0072) (0.0071) (0.0069) 00 
..D 
0 Spring 0.1308 4.02*** 0.0866 2.74*** 0.0880 2.84*** 

(0.0325) (0.0316) (0.0309) 
Summer 0.0236 0.69 -0.0204 0.62 -0.0173 0.54 

(0.0338) (0.0326) (0.0320) 

I\.< 
Age-A 0.0210 2.01 ** 0.0444 2.00** 0.0403 1.80* 

Q) (0.0104) (0.0221) (0.0223) +=> 
00 
::1 Hispanic-A -0.1375 0.38 0.1226 1.34 0.1148 1.26 u 
~ (0.0766) (0.0908) (0.0910) 
::1 

Gender-A 0.6165 14. 77*** 0.4017 4.65*** 0.4058 4.70*** 00. 

(0.0417) (0.0863) (0.0863) 

Treatment 0.0104 0.10 0.0149 0.16 0.0110 0.12 
I\.< 

(0.1028) (0.0916) (0.0918) Q) 

t5 
::1 Gender-P 0.2667 1.90* 0.2305 1.85* 0.231 1.74* 
5 (0.1398) (0.1240) (0.1326) 

Age-P -0.0185 1.93* -0.0199 2.16** -0.0165 1.72* 

(0.0095) (0.0092) (0.0095) 
(T'J. 0.1740 0.1007 0.1050 
7"2 0.6379 0.5921 0.3844 
p2 0.4993 0.5316 0.6794 

S1gmficance codes: * = 0.1, ** = 0.05, * * * = 0.01; 
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We present the data analysis results using TMCDRE in Table 5.11. Our 

results in Table 5.11 show that the covariate Spring has a significant positive 

effect on GSI at level 0.01 and Summer does not have any significant effect 

at level 0.10. This indicates adolescents face more psychiatric problems in 

spring compared to winter and GSI does not have much difference between 

winter and summer seasons. Time has a significant negative effect on GSI at 

level 0.01. TMCDRE shows the covariate Age-A (adolescent's base age) has 

a positive effect on GSI at level 0.10. This indicates adolescents face more 

psychiatric problems with the increase of their age. Gender-A has a signif

icant positive effect on GSI at level 0.01; this indicates female adolescents 

face more psychiatric problems than males. The covariate Hispanic-A ap

pears insignificant for TMCDRE. The covariate Treatment does not appear 

to have any significant effect on GSI. This indicates that the intervention is 

not effective to improve adolescent's psychiatric condition. TMCDRE shows 

the covariate Age-P (parent's base age) has a negative effect on GSI at level 

0.10, which indicates adolescents from younger parents suffer more psychi

atric problems than do others. Parent gender has a significant positive effect 

on GSI at level 0.10 for TMCDRE. This indicates adolescents with female 

parent's face more psychiatric problems than adolescent's with male parents. 

Random effect estimates for TMCDRE show GSI variation between families 

( o-2 ) is 0.1050 which is less than the GSI variation ( 7 2 ) within family. Within 

adolescents variation (p2 ) is 0.6794, which is higher than the 7
2 estimate 

(0.3844). 
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Comparison 

We have compared our results with those based on standard analysis. In the 

first analysis, we re-analyzed the BSI data by GLMM. We used the compound 

Poisson model in GLMM introduced by Zhang (2012). We also analyzed the 

BSI data by the CTMM with index parameter p = 1.55. We present the data 

analysis results using GLMM and CTMM in Table 5.11. Summer, Hispanic

A and Treatment appear insignificant for GLMM and CTMM. Analysis re

sults using G LMM and CTMM show that the effect of explanatory variables 

Time, Spring, Gender-A and Gender-P on GSI are similar to the effect we 

found using the TMCDRE. Our results in Table 5.9 show that sub-cluster 

level covariate Age-A has a significant positive effect under various models. 

Results from GLMM and CTMM show it is significant at level 0.05, whereas 

in TMCDRE it is significant at level 0.10. Cluster level covariate Age-P has 

a significant negative effect under various models. Results from GLMM and 

TMCDRE show it is significant at level 0.10, whereas in CTMM it is signif

icant at level 0.05. Estimates of a2 , T
2 and p2 for GLMM are 0.1740, 0.6379 

and 0.4993 respectively, whereas analogous estimates for CTMM are 0.1007, 

0.5921 and 0.5316. 

Wesis (2005) used restricted maximum likelihood (REML) technique to an

alyze BSI data. Random effects are covariate-independent in REML. They 

added 
5
1 to all response and took logarithm of transformed GSI to analyze the 

BSI data. They used two binary (1 or 0) covariates; Month18 (1 if adolescent 
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Table 5.12: Parameter estimates for the BSI data based on REML 

Level Name REML ltl CTMM ltl TMCDRE ltl 

i:: Intercept -1.8566 15.42*** -0.8513 6.90*** -0.8540 6.83*** 
0 

i 
Time -0.06238 12.97*** -0.0270 8.69*** -0.0269 8.41 *** > 

I-< 
Cl) 
00 

..0 
0 Spring 0.1608 3.64*** 0.1064 2.97*** 0.1086 3.02*** 

Summer -0.01344 0.30 0.0147 0.39 0.0181 0.48 

Month18 0.08056 9.86*** 0.0350 6.21 *** 0.0347 6.14*** 

Month36 -0.0201 3.06*** -0.0096 2.19** -0.0093 2.16** 

I-< Gender-P 0.6524 4.88*** 0.3657 2.83*** 0.3668 2.82*** 
Cl) 
~ 
00 
::::, 

5 Treatment 0.0428 1.04 0.0188 0.14 0.0219 0.17 

(J"L. 0.45 0.5507 0.5610 

p2 3.30 0.4380 0.8284 

Significance codes: * = 0.1, ** = 0.05, * * * = 0.01; 

was in study for more than 18 months but less than 36 month or O other

wise) and Month36 ( 1 if adolescent was in study for more than 36 month or 0 

otherwise). They also used only observation level covariates and parent level 

covariates ( Gender-A and Treatment) and ignored adolescent level covari

ates. In our previous analysis results (Table 5.11), we found adolescent level 

covariates such as Age-A and Gender-A have significant effect on GSI and 

according to American Psychiatric Association (2000) female ALHIV (ado

lescents of HIV infected parents) suffer more psychological problems than 

male ALHIV do. Though adolescent level covariates are important for GSI 

prediction, still to make a comparison with REML approach we re-analysed 

BSI data using observation level and parent level covariates. Table 5.12 
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shows the parameter estimates of REML, TMCDRE and CTMM models. 

Table 5.12 shows Time, Spring, Monthl8 and Gender-P have a statistically 

significant effect on GSI at level 0.01 for all model. The covariate Month36 

is significant at level 0.05 for both CTMM and TMCDRE, whereas REML 

shows Month36 is significant at level 0.01. Treatment appears insignificant 

for all three models. Estimates of a2 and p2 for REML are 0.45 and 3.30 

respectively. Estimates of a2 and p2 for CTMM are 0.5507 and 0.4380 re

spectively, whereas the analogous estimates for TMCDRE are 0.5610 and 

0.8284. 

Computational aspects 

Fixed effect parameter estimates were in the same direction after 10 i tera

tions. The same two decimal values for fixed and random effect parameter 

estimates were obtained after sixteenth iterations. We stopped the program 

after 200 iterations. At that time the maximum absolute difference in re

gression parameters and their updated values was 1.33 x 10-9 _ Each of the 

200 iterations took 8 seconds of user time and total computation time was 

25 minutes. 
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Chapter 6 

Simulation 

In this chapter, we examine the performance of the Tweedie models with 

covariate-dependent random effects (TMCDRE) and conventional Tweedie 

mixed models ( CTMM) through simulation studies. To do this we carried 

out 400 simulation runs for various count, continuous and semi-continuous 

responses. Sections 6.1, 6.2 and 6.3 investigate the performance of the TM

CDRE and CTMM for count, continuous and semi-continuous data, respec

tively. 
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Preliminaries 

In this section, we briefly discuss some definitions, such as estimated standard 

error, simulated standard error and mean square error associated with the 

simulation studies. Estimated standard error (Est SE ) of a parameter is the 

average of standard error estimates of the corresponding parameters from n 

simulations (Lin and Breslow, 1996). The mathematical expression of Est 

SE error of /3 is, 

Est SE(.B) = [ ~ L standaxd error of (/3)] . (6.1) 

Simulated standard error (Sim SE) of a parameter is the sample standard 

deviation of the corresponding parameter estimates over n simulations (Lin 

and Breslow, 1996). The mathematical expression of Sim SE of /3 is 

[
1""" 1""" ]! Sim SE(/3) = ; L..)/3 - ; ~ /3)

2 
• (6.2) 

The overall performance can be measured by mean square error (MSE) (Bur

ton et al., 2006). The mathematical expression of MSE of /3 is, 

MSE(.B) = [ (~ Lt - .8)2 + (Sim SE(.B) )2
] • (6.3) 
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6.1 Simulation for Count Data 

6.1.1 Simulating Data from Poisson Model with Covariate

dependent Random Effects 

In this section, we first generate clustered count data using the TMCDRE 

method. Then, we use TMCDRE and CTMM techniques to analyze these 

simulated count data. Our objective of this study is to compare the perfor

mance of TMCDRE and CTMM when the true data set is generated based 

on TMCDRE. The Data generation techniques are discussed below: 

• We first generate 100 samples (u1, ... , u100 ) using Gamma(µi, o-2), where 

The cluster level covariates X5 and X 6 follow binomial (1, 0.5) and 

normal (1, 0.82
), respectively. We used /35 = /36 = 1 and o-2 = 0.75 as 

the true parameter values. 

• In the second step, we generate three samples ( vil, vi2 , vi3 ) for each of 

the hundred ui using Gamma(µijui, T 2ui-l ), where 
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The sub-cluster level covariates X4 and X3 follow binomial (1, 0.5) and 

normal (1, 0.252
), respectively. We used (33 = 134 = 1 and , 2 = 0.5 as 

the true parameter values. 

• Finally, we generate five samples (~jl, .. , ~j5 ) for each Vij using ( VijTw1 (µijk, -f;)), 
where 

The observation level covariates X 2 and X 1 follow binomial (1, 0.5) and 

normal (1, 0.52
), respectively. We used (31 = (32 = 1 and p2 = 1 as the 

true parameter values. 

Summary Statistics 

Table 6.1 shows the estimate of the regression and the random effect param

eters with their corresponding estimated bias. The estimated bias of regres

sion parameters from both TM CD RE and CTMM models are very small. 

Simulation results show that the CTMM gives more biased estimates than 

TMCDRE does for all regression parameters except (33 • Although dispersion 

parameters a 2 and p2 are underestimated by both CTMM and TMCDRE ap

proaches, the TMCDRE technique produces less biased dispersion parameter 

estimates than CTMM does. 

Table 6.2 shows the Sim SE, Est SE and the difference between Sim SE 
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Table 6.1: Averages of parameter estimates over 400 simulations from the 
Poisson model with covariate-dependent random effects. 

Bias 
Level True value TMCDRE CTMM TMCDRE CTMM 
Observation /31 1 0.9999 0.9992 -0.00001 -0.00080 

/32 1 1.0002 1.0002 0.00020 0.00020 
Sub-cluster {33 1 1.0042 1.0012 0.00420 0.00128 

{34 1 1.0003 0.9997 0.00030 -0.00031 
Cluster /35 1 0.9881 0.9880 -0.00119 -0.00120 

(36 1 0.9992 0.9910 -0.00080 -0.00901 
(}"'l, 0.75 0.7201 0.7087 -0.02991 -0.04132 
72 0.5 0.4912 0.1381 -0.00880 -0.36191 

and Est SE of parameter estimates. Our results show that for all regression 

parameters except (35 , Sim SE is bigger than the Est SE for both TMCDRE 

and CTMM methods; it indicates these models slightly underestimate the 

standard errors for the regression parameters. The parameter estimate (35 

belongs to the cluster level binary covariate X5 • Differences between Sim SE 

and Est SE for regression parameter estimates of all covariates are less for 

the TMCDRE than the CTMM except (35 • 

To verify the overall performance of the estimates from TMCDRE and CTMM, 

MSEs are calculated. Smaller MSE indicates the better model (Burton et 

al., 2006). Table 6.3 show the MSEs for both TMCDRE and CTMM models. 

TMCDRE produces either equal or smaller MSE for all regression parameters 

than CTMM. TMCDRE produces smaller MSE for dispersion parameters 

than CTMM. In general, when count data are generated from TMCDRE, 

according to bias estimates TMCDRE performed better than CTMM. The 

96 



Table 6.2: Simulated and estimated standard errors. 

TMCDRE CTMM 

Level Sim SE Est SE Diff Sim SE Est SE Diff 

Observation /31 0.0045 0.0045 0.00005 0.0046 0.0045 0.00006 

/32 0.0046 0.0044 0.00016 0.0046 0.0044 0.00018 

Sub-cluster (33 0.0671 0.0668 0.00033 0.0944 0.0875 0.00681 

(34 0.0410 0.0385 0.00251 0.0562 0.0533 0.00302 

Cluster (35 0.1627 0.1488 0.01391 0.1639 0.1516 0.01230 

(36 0.0884 0.0906 -0.00221 0.0924 0.0949 -0.00250 
(T'l, 0.1511 0.1519 
72 0.0831 0.0328 

Diff: Simulated SE-Estimated SE 

differences between Sim SE and Est SE are similar (up to two decimal num

ber) for TMCDRE and CTMM. According to MSEs, TMCDRE performed 

slightly better than CTMM as the MSEs for TMCDRE are smaller than that 

from CTMM. 

Table 6.3: Mean square errors over 400 simulations. 

Level Type TMCDRE CTMM 
Observation Continuous /31 0.00002 0.00002 

Binary /32 0.00002 0.00002 
Sub-cluster Continuous (33 0.00452 0.00458 

Binary (34 0.00168 0.00315 
Cluster Binary (35 0.02647 0.02686 

Continuous (36 0.00781 0.00860 
(12 0.02372 0.02478 
72 0.00698 0.13205 
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6.1.2 Simulating Data from Conventional Poisson Mixed 

Model 

In this section, we first generate clustered count data using the CTMM 

method. Then we analyze these simulated count data by using TM CD RE 

and CTMM techniques. Our objective is to compare TMCDRE and CTMM's 

performances if the true data set is generated based on CTMM. We discuss 

the data generation technique below: 

• We first generate 100 samples (u1, ... , u100 ) using Gamma(l, a 2). 

• In the second step, we generate three samples (vil, vi2, vi3) for each of 

the hundred ui using Gamma( ui, T 2ui - 1). 

• Finally, we generate five samples (~jl, .. , ~j5) for each Vij using ( VijTw1 (µijk, f)), 
where 

The covariates X1, X2 , X3, X4 , X5 and X 6 are described in section 

6.1.1. We used /31 = /32 = /33 = /34 = /35 = /36 = 1, a 2 = 0.75, T
2 = 0.50 

and p2 = 1 as the true parameter values. 
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Summary Statistics 

In Table 6.4, we present the estimates of the regression and the random 

effect parameters with their corresponding estimated bias. Our results show 

that the estimate of the regression parameters for TM CD RE and CTMM 

techniques produce very small biases as these estimates are very close to their 

corresponding true parameter values. Though the bias estimates are small, 

simulation results show that the CTMM gives slightly more biased estimates 

than TM CD RE does. Table 6.4 also shows that dispersion parameter (]'2 and 

7 2 are underestimated by both CTMM and TMCDRE. The estimate of (]'2 

and 7 2 from TMCDRE are more biased than those from CTMM. 

Table 6.4: Averages of parameter estimates over 400 simulations from Con

ventional Poisson mixed model. 

Bias 

Level True value TMCDRE CTMM TMCDRE CTMM 

0 bservation /31 1 0.9999 0.9999 -0.0001 -0.0001 

/32 1 1.0001 0.9998 0.0001 0.0002 

Sub-cluster /33 1 0.9986 0.9898 -0.0014 -0.0102 

/34 1 1.0039 1.0064 0.0039 0.0064 

Cluster /35 1 0.9969 0.9968 -0.0031 -0.0032 

/36 1 0.9992 0.9992 -0.0008 -0.0008 
(]'2 0.75 0.6712 0.7098 -0.0788 -0.0402 
72 0.50 0.2786 0.4891 -0.2213 -0.0109 

In Table 6.5, we present the Sim SE and Est SE of parameter estimates us

ing TMCDRE and CTMM techniques. Small differences between Sim SE 

and corresponding Est SE of parameter estimates indicates good model. Al-
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Table 6.5: Simulated and estimated standard errors. 

TMCDRE CTMM 
Level Sim SE Est SE Diff Sim SE Est SE Diff 

Observation /31 0.0042 0.0045 -0.0003 0.0042 0.0045 -0.0003 

/32 0.0045 0.0044 0.0001 0.0045 0.0044 0.0001 
Sub-cluster /33 0.1552 0.1383 0.0169 0.1351 0.1338 0.0013 

/34 0.1390 0.0947 0.0443 0.1009 0.0962 0.0047 
Cluster /35 0.1725 0.1752 -0.0027 0.1708 0.1702 -0.0006 

/36 0.1086 0.1106 -0.0020 0.1144 0.1112 0.0032 
(}"2 0.1665 0.1605 
,2 0.0981 0.0822 

Diff: Simulated SE-Estimated SE 

though the data were generated by using CTMM, the CTMM and TMCDRE 

performed equally well for the parameter estimates of both binary (X2 ) and 

continuous (X1) covariates in observation level, as the differences between 

Sim SE and Est SE of /32 and /31 are similar for CTMM and TMCDRE. Re

sults in Table 6.5 show that the CTMM performed better than TMCDRE for 

the regression parameters of both binary (X4 ) and continuous (X3) covariate 

in sub-cluster level, as the differences between Sim SE and Est SE of /34 and 

{33 are less for CTMM than those from TMCDRE. According to the difference 

between Sim SE and Est SE, TMCDRE performed better than CTMM for 

{36 , while CTMM performed better than TMCDRE for {35 • The parameter 

estimates {36 and {35 belong to continuous covariate (X6) and binary covariate 

( X 5) at the cluster level. 

Table 6.6 show the MSEs for both CTMM and TMCDRE. TMCDRE pro

duces smaller MSE for {36 than CTMM. The parameter estimate /36 belongs 
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Table 6.6: Mean square errors over 400 simulations. 

Level Type TMCDRE CTMM 
Observation Continuous /31 0.00002 0.00002 

Binary /32 0.00002 0.00002 
Sub-cluster Continuous /33 0.02409 0.01840 

Binary /34 0.01933 0.01022 
Cluster Binary /35 0.02976 0.02918 

Continuous /36 0.01179 0.01309 
(}"2 0.03393 0.02728 
72 0.05859 0.00687 

to cluster level continuous covariate X6 • According to the MSE estimates, 

CTMM performed better than TMCDRE for all regression parameters ex

cept /36, as the CTMM produces smaller MSEs for these parameters than 

TM CD RE. MS Es of dispersion parameters are smaller from CTMM than 

TMCDRE. One important thing to note is, if the count data are generated 

from TMCDRE the 7 2 estimate from CTMM is underestimated, while if the 

data set are generated from CTMM, the 7 2 estimate of TMCDRE is un

derestimated. According to MSEs in Table 6.3 and Table 6.6, TMCDRE 

performed better when the count data are generated from TM CD RE, and 

CTMM performed better when the data are generated from CTMM. 
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6.2 Simulation for Continuous Data 

6.2.1 Simulating Data from Gamma Model with Covariate

dependent Random Effects 

In this section, we first generate clustered continuous data with covariate

dependent random effects using TM CD RE method. Then, we analyze these 

simulated continuous data using TM CD RE and CTMM to examine their 

performances when the true data set is generated based on TMCDRE. We 

discuss the data generation technique below: 

• We generate 100 samples (u1 , ... , u100 ) using Gamma(µi, o-2
), where 

The cluster level covariates X 5 and X 6 follow binomial (1, 0.5) and 

normal (1, 0.82
), respectively. We used /35 = /36 = 1 and o-2 = 0.50 as 

the true parameter values. 

• In the second step, we generate three samples (vil, vi2 , vi3 ) for each of 

the hundred ui using Gamma(µijui, T 2ui -l) , where 

102 



The sub-cluster level covariates X 4 and X 3 follow binomial (1, 0.5) and 

normal (1, 0.252), respectively. We used (33 = (34 = 1 and 7
2 = 0.25 as 

the true parameter values. 

• Finally, we generate five samples (~jl, .. , ~j5 ) for each Vij using ( VijTw2(µijk, ~)), 

where 

The observation level covariates X 2 and X 1 follow binomial (1, 0.5) and 

normal (1, 0.52
), respectively. We used /31 = /32 = 1 and p2 = 0.125 as 

the true parameter values. 

Summary Statistics 

In Table 6.7, we present the estimates of the regression and the random 

effect parameters with their corresponding estimated bias. Regression pa

rameter estimates using TM CD RE and CTMM are close to the correspond

ing true parameters. According to the bias estimate, TM CD RE provides 

less biased estimates than CTMM for all regression parameters except (34 • 

The regression parameter (34 corresponds to the sub-cluster level binary co

variate. CTMM produces more biased dispersion parameter estimates than 

TM CD RE. Dispersion parameters a 2 , 7 2 and p2 are underestimated by both 

CTMM and TMCDRE approaches. The TMCDRE technique produce less 

biased dispersion parameter estimates than CTMM does. 
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Table 6. 7: Averages of parameter estimates over 400 simulations from TM
CD RE. 

Bias 
Level True value TMCDRE CTMM TMCDRE CTMM 
Observation /31 1 1.0001 0.9995 0.0001 -0.0005 

/32 1 0.9999 0.9998 -0.0001 -0.0002 

Sub-cluster /33 1 1.0084 1.0087 0.0084 0.0087 

/34 1 0.9986 1.0007 -0.0014 0.0007 

Cluster /35 1 1.0001 1.0006 0.0001 0.0006 

/36 1 0.9855 0.9852 -0.0145 -0.0148 
a2 0.500 0.4802 0.4689 -0.0198 -0.0311 
72 0.250 0.2468 0.0692 -0.0032 -0.1808 
p2 0.125 0.1241 0.0086 -0.0009 -0.1164 

Table 6.8: Simulated and estimated standard errors. 

TMCDRE CTMM 
Level Sim SE Est SE Diff Sim SE Est SE Diff 
0 bservation /31 0.0034 0.0035 0.0001 0.0057 0.0058 0.0001 

/32 0.0033 0.0033 -0.0001 0.0053 0.0056 -0.0003 

Sub-cluster /33 0.0476 0.0484 -0.0008 0.0707 0.0650 0.0057 

/34 0.0286 0.0274 0.0012 0.0399 0.0385 0.0014 

Cluster /35 0.1288 0.1206 0.0082 0.1341 0.1227 -0.0111 

/36 0.0770 0.0730 -0.0040 0.0791 0.0761 -0.0029 
a2 0.0897 0.0920 
72 0.0360 0.0136 
p2 0.0071 0.0012 

Diff: Simulated SE-Estimated SE 

We present the Sim SE and Est SE in Table 6.8. Our results show that 

the TM CD RE slightly overestimates the standard errors for the regression 

parameters of binary covariates as for these parameters Sim SE is bigger 

than Est SE. TM CD RE slightly underestimates the standard errors for the 

regression parameters of continuous covariates. Differences between Sim SE 
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Table 6.9: Mean square errors over 400 simulations from TMCDRE. 

Level Type TMCDRE CTMM 
Observation Continuous f31 0.00001 0.00003 

Binary f32 0.00001 0.00003 
Sub-cluster Continuous (33 0.00233 0.00507 

Binary h 0.00082 0.00159 
Cluster Binary (35 0.01659 0.01798 

Continuous (36 0.00614 0.00648 
(}'2 0.00844 0.00943 
72 0.00131 0.03287 
p2 0.00005 0.01355 

and Est SE are less for TM CD RE than CTMM for all regression parameter 

estimates except (31 and (36. 

Table 6.9 presents the MSEs for both TMCDRE and CTMM. Since the TM

CD RE gives smaller MS Es than CTMM for all parameter estimates, clearly 

we can say TMCDRE performed better than CTMM when the data are 

generated based on TMCDRE. 

6.2.2 Simulating Data from Conventional Gamma Mixed 

Model 

In this section, we first generate clustered continuous data with covariate

independent random effects using CTMM method. Then, we use TMCDRE 

and CTMM techniques to analyze these data and to compare the perfor

mances of these techniques when the data set is generated based on CTMM. 

105 



We discuss the data generation technique below: 

• We first generate 100 samples (u1 , ••. , u100 ) using Gamma(l, a 2
). 

• In the second step, we generate three samples (vil, vi2 , vi3 ) for each of 

the hundred ui using Gamma( ui, r 2ui - 1). 

• Finally, we generate five samples (Yijl, .. , Yij5) for each Vij using ( VijTw2(µijk, f)), 
where 

The covariates X 1 , X 2 , X 3 , X4 , X5 and X 6 are described in section 

6.2.1. We used /31 = /32 = /33 = /34 = /35 = /36 = 1, a 2 = 0.50, 

7
2 = 0.250 and p2 = 0.125 as the true parameter values. 

Summary Statistics 

We present the regression and random effect parameter estimates and their 

corresponding estimated bias using TM CD RE and CTMM techniques in Ta

ble 6.10. Simulation results show that the CTMM gives slightly less biased 

estimates than TM CD RE for all regression parameters except /31, /35 and /36. 

Estimates of 7 2 and p2 are overestimated by TMCDRE and CTMM. Table 

6.10 shows a 2 is underestimated by both CTMM and TMCDRE. Dispersion 

parameters from TM CD RE are more biased than those from CTMM. 
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Table 6.10: Averages of parameter estimates over 400 simulations from con
ventional gamma mixed model. 

Bias 
Level True value TMCDRE CTMM TMCDRE CTMM 
0 bservation /31 1 1.0002 0.9994 0.0002 -0.0006 

/32 1 1.0011 1.0004 0.0011 0.0004 
Sub cluster /33 1 1.0009 0.9948 0.0009 -0.0052 

/34 1 1.0009 0.9971 0.0009 0.0029 
Cluster /35 1 0.9942 0.9979 -0.0058 -0.0021 

/36 1 0.9929 0.9971 -0.0071 -0.0029 
(j'"}. 0.500 0.4328 0.4701 -0.0672 -0.0299 
72 0.250 0.2528 0.2513 0.0028 0.0013 
p2 0.125 0.1605 0.1267 0.0355 0.0017 

We present the Sim SE and Est SE of parameter estimates in Table 6.11. 

Our results show that both the TM CD RE and CTMM methods slightly un

derestimate the standard errors for the regression parameters, as the Sim SE 

is bigger than Est SE for all regression parameters. The differences between 

Sim SE and Est SE for all parameter estimates other than /35 are less for 

CTMM than those from TMCDRE, which indicates that CTMM performed 

better than TMCDRE for all covariates except the cluster level binary covari

ate. According to the difference between simulated and Est SE, TMCDRE 

performed better for the cluster level binary covariate, as the difference be

tween Sim SE and Est SE of /35 is less for TMCDRE than that for CTMM. 

Table 6.12 shows the MSE of parameter estimates of CTMM and TMCDRE. 

According to MSEs, CTMM performs well for continuous data when the data 
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Table 6.11: Simulated and estimated standard errors. 

TMCDRE CTMM 
Level Sim SE Est SE Diff Sim SE Est SE Diff 
0 bservation /31 0.0293 0.0210 0.0083 0.0209 0.0208 0.0001 

/32 0.0312 0.0200 0.0112 0.0215 0.0203 0.0012 
Sub-cluster {33 0.1549 0.1071 0.0478 0.1117 0.1040 0.0077 

{34 0.1037 0.0718 0.0319 0.0731 0.0727 0.0004 
Cluster {35 0.1396 0.1387 0.0009 0.1415 0.1361 0.0054 

/36 0.1055 0.0879 0.0176 0.0927 0.0886 0.0041 
a2 0.1059 0.0114 
72 0.0416 0.0390 
p2 0.0458 0.0119 

Diff: Simulated SE-Estimated SE 

are generated from CTMM, as the MSE estimates of all parameters (except 

(35 ) from CTMM are less than that from TMCDRE. MSE for (35 is little less 

for TM CD RE approach than that for the CTMM approach. 

Table 6.12: Mean square errors over 400 simulations. 

Level Type TMCDRE CTMM 
Observation Continuous /31 0.00085 0.00043 

Binary /32 0.00097 0.00047 
Sub-cluster Continuous {33 0.02399 0.01250 

Binary {34 0.01075 0.00534 
Cluster Binary {35 0.01952 0.02002 

Continuous /36 0.01118 0.00860 
a2 0.01514 0.00102 
72 0.00173 0.00152 
p2 0.00335 0.00014 

In general, according to the MSEs in Table 6.9 and 6.12, TMCDRE performs 

better when the continuous data are generated from TMCDRE, and CTMM 

performs better when data are generated from CTMM. Both models provide 
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a small bias for regression parameter estimates. CTMM provides more bi

ased random effect estimates than TMCDRE if the data are generated from 

TMCDRE, the reverse is also true. 

6.3 Simulation for Semi-continuous Data 

In this section, we com pare the performance of the parameter estimates using 

TMCDRE technique (SrMCDRE and random effects) and the corresponding 

parameter estimates using CTMM technique (Ser MM and random effects) 

for semi-continuous data through simulation studies. To investigate the per

formance of TMCDRE and CTMM, we used BSI data, which involves a 

three-level semi-continuous dependent variable. The response variable in the 

BSI data measures GSI, which is non-negative and has a positive probability 

of equalling zero. Seasons, Gender, Hispanic, Treatment, Parent gender and 

Parent hispanic are binary covariates in the BSI data. True month, Adoles

cent age and Parent baseline age are either continuous or discrete continuous 

covariates in BSI data. 
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6.3.1 Simulating Data from Compound Poisson Model 

with Covariate-dependent Random Effects 

In this section, we first generate clustered semi-continuous data using the 

TMCDRE method. Then, we use TMCDRE and CTMM techniques to ana

lyze these simulated semi-continuous data. Our objective is to compare the 

performance of TMCDRE and CTMM when the true data set is generated 

under a TMCDRE. The data generation procedure is discussed below: 

• We first generate 269 samples (u1, ... , u269) using Gamma(µi, cr2) where, 

µi = exp(/37 Treatment + /38Parent Gender + /39Parent age) 

• In the second step, we generate ni samples ( vil, ... , Vini and ni varies 

µii = exp(/34Base age+ /38Hispanic + /31Gender). 

• Finally, we generate nij samples (~jl, ... , ~i% and nij varies from 1 to 

17) for each Vij using ( VijTwp(µijk, ~)), where 

µijk = exp(f3o + /31True month+ /32Spring + /33Summer). 
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The BSI data was analyzed in Section 5.3 above by a compound Poisson 

model with covariate-dependent random effects. Parameter estimates using 

the TMCDRE method in Table 5.11 are used as true model parameters in 

this simulation study. 

Summary Statistics 

We present the regression and random effect parameter estimates and their 

corresponding estimated bias using TM CD RE and CTMM techniques in Ta

ble 6.13. Parameter estimates of cluster level covariates are less biased for 

TMCDRE than for CTMM. Parameter estimate of the sub-cluster level con

tinuous covariate Adolescent base age is less biased under the TM CD RE than 

under the CTMM. TMCDRE produced less biased estimates for observation 

level binary covariates Spring and Summer than CTMM. All dispersion pa

rameters are overestimated by the TMCDRE, whereas only a 2 and T 2 are 

overestimated by CTMM. The simulation study shows that p2 is underes

timated by the CTMM approach. Dispersion parameters are more biased 

under the CTMM than under the TMCDRE. 

Table 6.14 shows the Sim SE, Est SE and the difference between Sim SE 

and Est SE of parameter estimates. Clearly, differences between Sim SE and 

Est SE of parameter estimates of observation level covariates (True month, 

Spring and Summer) are less for TM CD RE technique than those from the 
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Table 6.13: Averages of parameter estimates over 400 simulations from 
Tweedie model with covariate-dependent random effects. 

Estimate Bias 
Level Name 'frue TMCDRE CTMM TMCDRE CTMM 
~ Intercept /3o -1.2114 -1.2352 -1.2260 -0.0238 -0.0146 0 ...... 

'frue month /31 -0.0503 -0.0497 -0.0499 0.0006 -0.0004 ..µ 

~ 
$,-f Spring /32 0.0880 0.0872 0.0865 -0.0008 -0.0015 
Cl) 
00 

Summer /33 -0.0173 -0.0175 -0.0169 0.0002 -0.0004 ..0 
0 

$,-f Base age /34 0.0403 0.0413 0.0415 0.0010 0.0012 Cl) 
..µ 
00 Hispanic /35 0.1148 0.1157 0.1155 0.0009 0.0007 :::::, 

.......t 

Gender /36 0.4058 0.4120 0.4120 0.0062 0.0062 C,) 

,..6 
:::::, 

en 

$,-f 'freatment /31 0.0110 0.0186 0.0191 0.0076 0.0081 
Cl) 

..µ Gender /3s 0.2310 0.2400 0.2413 0.0090 0.0093 00 
:::::, 

.......t Base age /39 -0.0165 -0.0169 -0.0172 -0.0004 -0.0007 C) 

(!2 0.1050 0.1084 0.1068 0.0034 0.0018 
72 0.3844 0.3961 0.5715 0.0117 0.1871 
p2 0.6794 0.7070 0.5323 0.0270 -0.1471 
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CTMM technique. Differences between Sim SE and Est SE for regression 

parameter estimates of all sub-cluster level covariates (Adolescents base age, 

Hispanic, Gender) and cluster level covariates (Treatment and Parent base 

age) are less for the TMCDRE than for CTMM. The only covariate that 

shows the exception is /38. 

Table 6.14: Simulated and estimated standard errors. 

TMCDRE CTMM TMCDRE CTMM 
Level Sim SE Est SE Sim SE Est SE Diff Diff 
~ /3o 0.4354 0.4439 0.4463 0.4401 -0.0085 0.0062 0 -~ 

/31 0.0073 0.0086 0.0075 0.0088 -0.0013 -0.0013 .+;) 

~ 
~ /32 0.0296 0.0309 0.0303 0.0317 -0.0013 -0.0014 
Cl) 
00 

/33 0.0317 0.0312 0.0318 0.0312 0.0005 0.0006 .1:J 
0 

~ /34 0.0233 0.0219 0.0234 0.0218 0.0016 0.0016 
Cl) 

.+;) /35 0.0897 0.0895 0.0906 0.0899 0.0002 0.0007 00 
:;j ....... /36 0.0871 0.0845 0.0887 0.08515 0.0026 0.0035 u 

..6 
:;j 

00. 

~ /37 0.0906 0.0906 0.0920 0.0909 0.0004 0.0011 
Cl) 

.+;) /3s 0.1232 0.1254 0.1247 0.1229 -0.0022 0.0018 00 
:;j ....... /39 0.0098 0.0094 0.0100 0.0091 0.0004 0.0009 0 

(J'"l, 0.0551 0.0561 
'T2 0.1170 0.1000 
p2 0.1201 0.0718 

Diff: Simulated SE-Estimated SE 

Table 6.15 show the MSEs for both TMCDRE and CTMM. According to the 

MSEs, TMCDRE performed slightly better than the CTMM, as TMCDRE 

produces smaller MSE for all covariates than CTMM. 

113 



Table 6.15: Mean square errors over 400 simulations. 

Level TMCDRE CTMM 
0 bservation /3o 0.19014 0.19939 

/31 0.00005 0.00006 

/32 0.00088 0.00092 

/33 0.00100 0.00101 
Sub-cluster /34 0.00054 0.00055 

/35 0.00805 0.00820 

/36 0.00762 0.00791 
Cluster /37 0.00827 0.00852 

/3s 0.01526 0.01563 

/39 0.00010 0.00010 
(}'2 0.00304 0.00314 
T2 0.01382 0.04501 
p2 0.01515 0.02679 

6.3.2 Simulating Data from Conventional Compound 

Poisson Mixed Model 

In this section, we first generate clustered semi-continuous data using CTMM 

method. Then, we analyze these simulated data by using TM CD RE and 

CTMM methods. Our objective is to compare TMCDRE and CTMM's per

formances when the true data set is generated based on CTMM. We discuss 

the data generation technique below: 

• We will generate 269 samples (u1, ..• , u269 ) using Gamma(l, (}'2 ). 

• In the second step, we will generate ni samples ( vil, ... , Vini and ni varies 

from 1 to 5) for each ui using Gamma( ui, r
2
ui -

1 
). 
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• Finally, we will generate nii samples (Iijl, ... , fijniJ and nij varies from 

1 to 17) for each vii using ( VijTwp(µijk, f)), where 

T 
µijk = exp(/3 X). 

The fixed effect and random effect parameter estimates in Table 5.11 using 

CTMM technique($= (-1.15, -0.047, 0.086, -0.020, 0.044, 0.122, 0.401, 

0.0149, 0.230, -0.019), a 2 = 0.10, T
2 = 0.59, and p2 = 0.53) are used as true 

parameter values. 

Summary Statistics 

We present the regression and random effect parameter estimates and their 

corresponding estimated bias using TM CD RE and CTMM techniques in Ta

ble 6.17. The regression parameters are reasonably estimated by TMCDRE 

and CTMM techniques. Though data are generated from CTMM, parame

ter estimates from TMCDRE for observation level continuous covariate True 

month is less biased than the corresponding parameter estimate from CTMM. 

TMCDRE parameter estimate for the cluster level binary covariate Parent 

gender is also less biased than the corresponding parameter estimate from 

CTMM. CTMM gives less biased estimates for all other covariates than does 

TMCDRE. Dispersion parameters a 2 and p2 are overestimated by both con

ventional and covariate-dependent approach, whereas , 2 is underestimated 
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by CTMM and TMCDRE. Dispersion parameters are more biased for TM

CDRE than those from CTMM are. 

Table 6.16: Averages of parameter estimates over 400 simulations from con
ventional Tweedie mixed model. 

Estimate Bias 
Level Name True TMCDRE CTMM TMCDRE CTMM 

l=l Intercept f3o -1.1574 -1.1574 -1.1521 -0.0001 -0.0053 
0 True month f31 -0.0473 -0.0473 -0.0473 0.0001 -0.0001 •..-4 

-+,,J 

~ Spring f32 0.0866 0.0862 0.0864 -0.0004 -0.0002 
1-1 
Cl) 

Summer {33 -0.0204 -0.0208 -0.0207 -0.0004 -0.0003 00 
,.D 

0 
1-1 Base age {34 0.0444 0.0428 0.0430 -0.0016 -0.0014 
Cl) 

-+,,J Hispanic {35 0.1226 0.1195 0.1197 -0.0031 -0.0029 00 
;::::! - Gender {36 0.4017 0.4045 0.4037 0.0028 0.0020 u 
li 

;::::! 
U) 

1-1 Treatment {37 0.0149 0.0163 0.0159 0.0014 0.0010 
Cl) 

Gender f3s 0.2305 0.2258 0.2253 -0.0047 -0.0052 -+,,J 
00 
;::::! 

Base age {39 -0.0199 -0.0194 -0.0196 -0.0005 -0.0003 -0 

(J2 0.1007 0.1153 0.1043 0.0104 0.0036 
72 0.5921 0.3485 0.5631 -0.2436 -0.0294 
p2 0.5316 0.6892 0.5346 -0.1576 0.0030 

Table 6.18 shows the Sim SE, Est SE and the difference between Sim SE 

and Est SE of parameter estimates. Differences between Sim SE and Est SE 

for parameter estimate of observation level binary covariate (Spring) are less 

for TMCDRE than the CTMM. One important feature of TMCDRE is that 

covariates are separated in their corresponding level. The simulation study 

shows that the differences between Sim SE and Est SE of parameter estimates 

corresponding to binary covariates (Hispanic, Gender) in sub-cluster level are 
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less for TMCDRE than for CTMM. Differences between Sim SE and Est SE 

for all other covariate are less for CTMM than TMCDRE. 

Table 6.17: Simulated and estimated standard errors. 

TMCDRE CTMM TMCDRE CTMM 

Level Sim SE Est SE Sim SE Est SE Diff Diff 
~ f3o 0.4193 0.4455 0.4170 0.4373 -0.0262 -0.0203 
0 

•.-4 

/31 0.0072 0.0070 0.0071 0.0071 0.0002 0.0001 -+;I 

~ 
1-4 /32 0.0331 0.0320 0.0332 0.0318 0.0011 0.0016 
Q) 
00 

/33 0.0342 0.0324 0.0342 0.0326 0.0018 0.0016 ...0 
0 

1-4 /34 0.0205 0.0219 0.0205 0.0217 0.0014 0.0012 
Q) 

-+;I 

/35 0.0848 0.0897 0.0836 0.0893 -0.0049 -0.0057 00 
:::1 - /36 0.0840 0.0845 0.0833 0.0846 0.0005 0.0013 C) 

..6 
:::1 rn 

1-4 /31 0.0891 0.0908 0.0892 0.0902 0.0017 0.0010 
Q) 

-+;I f3s 0.0091 0.0094 0.0091 0.0090 -0.0003 0.0001 00 
:::1 - /39 0.1232 0.1262 0.1240 0.1221 -0.0030 0.0019 0 

a2 0.0552 0.0544 
72 0.1397 0.1029 
p2 0.1001 0.0305 

D1ff: Simulated SE-Estimated SE 

Table 6.19 show the MSEs for both TMCDRE and CTMM are very close 

(maximum difference is 0.0002). CTMM produces smaller MSE than CTMM 

for all parameter estimates, except (37 and /39 • 
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Table 6.18: Mean square errors over 400 simulations. 

Level TMCDRE CTMM 
0 bservation f3o 0.17581 0.17392 

/31 0.00005 0.00005 
/32 0.00110 0.00110 
/33 0.00117 0.00117 

Sub-cluster /34 0.00042 0.00042 

/35 0.00720 0.00700 
/36 0.00706 0.00694 

Cluster /31 0.00794 0.00795 

/3s 0.00010 0.00010 
/39 0.01517 0.01537 

.2 
(}' 0.00316 0.00297 
72 0.07885 0.01145 
p2 0.03485 0.00094 

6.4 Overall Comparison 

We performed simulations for continuous, semi-continuous and count data. 

We found that when the data are generated from TMCDRE, according to 

MSEs, TMCDRE always performs better. However, CTMM performs better 

if the data are generated based on CTMM. One important thing to report is 

when data are generated from TMCDRE, dispersion parameter estimates for 

CTMM are always more biased than those from TMCDRE, and the inverse 

is also true. 
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Chapter 7 

Discussion 

We illustrated the applications of Tweedie models with covariate-dependent 

random effects (TMCDRE) to count, continuous and semi-continuous data 

in transportation, education and health studies. We compared our results 

from TM CD RE with those from conventional Tweedie mixed model ( CTMM) 

and found TMCDRE and CTMM often led to different conclusions about 

the significance of covariates. For example, in the analysis of the Kentucky 

data, district level Socio-economic status was significant for TMCDRE, but 

insignificant for CTMM at the conventional significance level of 0.05. 

We also compared TMCDRE and CTMM through extensive simulations. 

Our simulation studies show that TMCDRE perform slightly better than 

the CTMM for count, continuous and semi-continuous responses when ran-

119 



dom effects are covariate-dependent. In terms of mean square errors (MS Es), 

TM CD RE also gave reasonable regression parameter estimates when simu

lated data were generated from CTMM. According to mean square errors, 

sometimes TMCDRE gave slightly better results for cluster level covariates 

than CTMM although the data were generated from CTMM. 

In comparison with CTMM, TMCDRE has more flexible parametric interpre

tation since the cluster-specific covariates can be incorporated into random 

effects. Similar to CTMM, orthodox BLUP approach to TMCDRE does not 

require inverse calculation of large variance matrices; therefore it is in general 

computationally more efficient than other methods in the literature. 

It is of interest to extend our TMCDRE for clustered data to models for 

longitudinal data. Observations of each individual are likely to be serially 

correlated for longitudinal data since subjects are followed over a period 

of time. It is therefore of interest to investigate if the serially correlated 

random effects can be incorporated into Tweedie generalized linear models 

for longitudinal data. 
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