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Abstract 

Intraguild predation combines two fundamental interactions between species: 

predation and competition, and is very common in nature. The intraguild 

predation module contains an intraguild predator, an intraguild prey and 

their shared resource. Both predation and competition occur between the 

intraguild predator and intraguild prey since the intraguild predator preys 

on the intraguild prey, and they both compete for their shared resource. It 

has been recognized that intraguild predation has significant impacts on the 

distribution, abundance, persistence and evolution of the species involved. 

In this dissertation, the dynamics of three intraguild predation models are 

investigated. I show that intraguild predation models can undergo a new 

global bifurcation, basin boundary bifurcation, and a torus bifurcation. I also 

show that the time delay in interguild predation models can induce stability 

switches and chaos. 

A review of the existing work on intraguild predation is given in Chapter 1. 

For convenience, some basic mathematical concepts and results on dynamic 

systems are also given in Chapter 1. 

ii 



By assuming a constant intraguild predator population size, a two-dimensional 

intraguild predation system is proposed and studied in Chapter 2. I show 

that the simple system exhibits the phenomena of bistability and tristabil

ity. Besides local bifurcations including transcritical, saddle-node and Hopf 

bifurcations, a global bifurcation, which I call a basin boundary bifurcation, 

also occurs in the model. Homoclinic orbits, heteroclinic orbits, and limit 

cycles with relaxation oscillation are found to present in the model as well. 

My theoretical and numerical results show that the intraguild predator may 

push the intraguild prey to undergo sudden collapse, to switch from one 

equilibrium level to another equilibrium level, or to vary cyclically. 

A three-species food web model involving intraguild predation is investigated 

in Chapter 3. I show that the model undergos bifurcations of equilibria 

including saddle-node, transcritical and Hopf bifurcations. Bifurcations of 

limit cycles including saddle-node, Neimark-Sacker and homoclinic bifurca

tions have also been numerically detected. These bifurcations result in very 

rich dynamics leading to the occurrence of multi-type bistability and trista

bility. The phenomena of multistability exhibited in the model suggest that 

intraguild predation can promote several combinations of alternative stable 

states. In particular, it is shown that one stable state is a stable invariant 

torus. This has not been observed in an intraguild predation model. 

Dynamics of a delayed intraguild predation model are considered in Chapter 

4. Unlike many predator-prey models where delay has a destabilizing effect 

and induces oscillations or many competition models in which delay docs 
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not induce oscillations, my intraguild predation model exhibits, very com

plex dynamics induced by the delay. More specifically, the delay can induce 

stability switches exhibiting a destabilizing role as well as a stabilizing role. 

In addition, three types of bistability arc possible: one stable equilibrium 

coexists with another stable equilibrium (Node-Node bistability); one sta

ble equilibrium coexists with a stable limit cycle (Node-Cycle bistability); 

one stable limit cycle coexists with another stable limit cycle ( Cycle-Cycle 

bistability). Numerical simulations suggest that delay can also induce chaos. 

Some concluding remarks and some possible future work on intraguild pre

dation models are presented in Chapter 5. 
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Chapter 1 

Introduction 

1.1 Introduction 

Predation and competition arc two fundamental ecological relationships that 

have been studied extensively [31, 60, 81]. There is a substantial mathemat

ical literature dealing with these two relationships separately: predation is 

the main ecological process considered in predator-prey models [31, 81], while 

competition is the central process concerned in competition models [60]. 

The earliest predator-prey model was proposed by Lotka in 1925 and inde

pendently by Volterra in 1926, and is now referred to as the Lotka-Volterra 

(LV) predator-prey model [31, 81]. During the development of predator-prey 

models, Holling proposed the idea of a functional response, which I define 

for my purposes as the dependence of the consumption rate per predator 

on prey density, and derived the well known Holling Type-I, Type-II and 
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Type-III functional responses [37, 38]. Later, combining the logistic growth 

for the prey in the absence of the predator and Holling Type-II functional 

response, Rosenzweig and MacArthur proposed the Rosenzweig-MacArthur 

(RM) model [69]. Most predator-prey models that have been studied can 

be regarded as generalized RM models. Sec, for example, [2, 14, 51, 58, 75]. 

Predator-prey models involving multiple species are referred to as the food 

chain models ( see Figure 1.1-( a)) for a diagram describing the relation in a 

three species food chain model), which exhibit complex dynamics including 

chaos [9, 25, 32, 41, 54, 66]. 

Competition models assume that two or more species in the same environ

ment compete for the same resource (see Figure 1.1-(b) for a diagram demon

strating this relation). The very basic competition model, known as the LV 

competition model, is described by 

R: = riR (1 -t a,;R;) , i = l, 2, ... , n. 
J=l 

(1.1) 

Here R denotes the population density of the i-th competing species and 

ri denotes its growth rate, i = 1, 2, ... , n. The constant aij denotes the 

competition strength between species i and j. The LV competition model 

and its generalizations have been extensively studied in the literature; see, 

for example, [30, 44, 53, 57]. 

In food webs, predation and competition are often present simultaneously 

[73]. Intraguild predation (IGP) probably is the simplest interaction in-
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Figure 1.1: (a) food chain relation; (b) Exploitive competition; and (c) IGP 
relation. The arrows denote the trophic flow. 

volving both predation and competition [65]. In IGP, the predator ( the 

IG predator) and the prey (the IG prey) compete for a common resource 

(see Figure 1.1-(c) for the interaction among the three species in IGP). By 

assessing the frequency of IGP among 763 potential IG prey and 599 po

tential IG predators, Arim and Marquet found that IGP is very common 

in nature [3]. In fact, IGP has been widely observed in many ecosystems 

[13, 22, 62, 72, 77, 86, 88, 92]. One IGP example is the interaction among 

the three key species in the Bay of Fundy: the mud snail N assanios obsoleta 

/ Ilyanassa obsoleta as an IG predator, the mudshrimp Corophium volutator 

(Pallas) as an IG prey and diatoms as the resource [17]. Another IGP exam

ple in marine systems is, seastars and snails which both share molluscan prey, 

and snails are also prey of seastars [15]. IGP also exists among mammalian 

carnivores, such as coyotes, gray foxes and bobcats [21]. 

IGP has been increasingly recognized as a widespread interaction in many 

ecological communities [3, 21]. It has been shown that IGP greatly influences 

3 



the distribution, abundance, persistence and evolution of many species, and 

thus affects the structure of many ecosystems [3, 10, 11, 17, 59, 64, 65). 

There are two types of IGP: asymmetrical and symmetrical interactions [65). 

An asymmetrical IGP occurs when one of the species is always the predator 

of the other one; and a symmetrical IGP occurs when the IG predator and 

IG prey feed on each other. Also, IGP can also be age structured, which 

means ontogenetic changes in size can lead to the adult IG predator prey on 

the juvenile IG predator. 

An early theoretical framework for I G predation was developed by Polis and 

his collaborators [64, 65). Since their pioneering work, a growing number of 

biological papers on IGP have been published, demonstrating the ubiquity 

and the importance of this interaction. 

Recently, progress has been made with experimental studies ofIGP systems. 

For example, Diehl and FeiBel performed an experiment using mixed bac

teria as the resource, ciliates Tetrahymena as the IG prey and Blepharisma 

as the IG predator [16). They studied the effect of the carrying capacity of 

the resource on the interaction between the IG predator and IG prey, and 

compared observed scenarios from their experiments with established math

ematical results of System (1.3). Janssen et al. studied the influence of the 

habitat structure on IGP and concluded that the habitat structure has a 

negative effect on interaction between IG predator and IG prey [46). Finke 

and Denno showed that the density of an IG predator can significantly alter 

the function of an ecosystem [23). 
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Despite the growing interest in the role of IGP within ecosystems, the mathe

matical modeling work and relevant analyses are relatively limited compared 

to predator-prey models and competition models. In the following, I will 

review some of the existing works from mathematical perspective. 

One of the very first general mathematical models describing IGP was devel

oped by Holt and Polis (40]. Their model takes the following form: 

R' = b(R)-fi(R,N,P)N-h(R,N,P)P, 

N' = g1(R, N, P)N - h(R, N, P)P- d1(N), 

P' = g2(R, N, P)P + g3 (R, N, P)P - d2(P), 

(1.2) 

where R, N and Pare the densities of the basal resource, the IG prey, and 

the IG predator, respectively. The function b(R) describes the growth of R in 

the absence of N and P, the functions Ji, i = 1, 2, 3 are functional responses, 

and the functions gi, i = 1, 2, 3 arc numerical responses. The indices refer 

to the three predator-prey interactions: (1) and (2), predation on the basal 

resource by the IG prey and predator respectively, and (3), predation on the 

IG prey by the IG predator. The functional responses model the dependence 

of the rate of consumption of prey by a single predator on prey density[87], 

and the numerical responses model the dependence of the corresponding per 

capita increases in predator densities on the respective prey densities. The 

functions d1 and d2 are the death functions of the I G predator and prey, 

respectively. 
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Holt and Polis incorporated IGP into the LV model [40] by assuming linear 

functions for Ji and gi, i = 1, 2, 3. That is, they considered the following 

system 

R' = R (r(l -:) -a1N - a2 P), 

N' = N (b1a1R - a3P - mi), 

P' = P(b2a2R + b3a3N - m2), 

(1.3) 

where r > 0 is the intrinsic growth rate of the resource, and K > 0 is 

the resource's carrying capacity, ai > 0, i = 1, 2, 3 arc the predation rates, 

bi > 0, i = 1, 2, 3 are conversion rates, m1 and m2 are the death rates of the 

IG prey and IG predator, respectively. By analyzing System (1.3), Holt and 

Polis concluded that the IG prey and IG predator can coexist either at an 

equilibrium level or in an oscillatory manner. If one or more species arc at low 

densities, the populations may exhibit transient oscillations. Holt later stated 

that simple IGP models are often unstable despite that many persistent IGP 

models are observed in nature [39]. Based on the same model, Tanabe and 

Nameba showed that IGP can induce chaotic behavior [80]. Ruggieri and 

Schreiber [71] later provided a complete mathematical analysis for System 

(1.3) and they showed that there are six possible dynamic scenarios: (i) 

extinction of one or both species; (ii) coexistence at a globally stable positive 

equilibrium; (iii) contingent exclusion in which the first established species 

prevents the establishment of the later species; (iv) contingent coexistence 

in which coexistence or displacement of the IG prey are initial condition 
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dependent; (v) exclusion of the IG prey; and (vi) exclusion of the IG predator. 

Further, they concluded that IGP promotes several alternative stable states 

and the composition depends on the species' arriving order. 

Verdy and Amarasekare [82] analyzed an IGP model assuming Holling Type

II functions for Ii, i = 1, 2, 3. More precisely, they assumed 

(1.4) 

where ai > 0, i = 1, 2, 3 are the maximum predation rates and hi > 0, i = 

1, 2, 3 are the handling times of predation. The numerical responses gi arc 

assumed to be proportional to the corresponding functional responses Ji, 

i = 1, 2, 3. From their analysis, Verdy and Amarasekare identified three 

alternative stable state configurations: (i) survival of IG prey or IG predator; 

(ii) survival of IG predator or coexistence; and (iii) survival of IG prey or 

coexistence. 

Later Abrams and Fung further added immigration of the resource to Verdy 

and Amarasekare's model and studied the effect of the immigration of the 

resource on the interaction of IG prey and IG predator [1]. Recently, Kang 

and Wedekin considered two IGP models, one is referred to as the IGP 

model with a generalist predator and the other is referred to as the IGP 

model with a specialist predator [50]. Both of their models assumed linear 
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functional responses for predation on the basal resource and a Holling-Type 

III functional response for predation on the IG prey by the IG predator. They 

showed that (i) both models admit multiple attractors; (ii) the IGP model 

with a specialist predator exhibits bistability of a boundary equilibrium and 

an interior equilibrium; and (iii) coexistence is more likely in the IGP model 

with a generalist predator. 

The aforementioned models only consider ideal populations and assume that 

the predator population can instantaneously convert the consumption to its 

growth. In the dynamics of real populations, there are reaction-time lags in 

the response of predators [55, 83], which appear as delays in the numerical 

response functions. It has been shown that such time delays can destabi

lize an otherwise stable equilibrium and induce oscillations in predator-prey 

models [20, 70, 90] and food-chain models [56]. In contrast, similar delays 

do not cause sustained oscillations in competition models with monotone re

sponse functions [89]. Note that the IGP models involve both predator-prey 

interactions and competition. Hence, it is of great interest to explore the role 

of delay in determining the dynamics of IGP models. Yamaguchi et al. [91] 

have begun this by considering an IGP model with stage structure of the IG 

predator. In their analyses, they establish conditions for the permanence of 

the IGP system and a delay can stabilize an IGP system. 

It is known that no periodic orbit exists in a 2-dimensional LV competition 

model; thus, all bounded solutions converge to some equilibrium [94]. Smale 

[76] proved that dynamics such as equilibria, limit cycles, tori and chaos are 
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possible in an-dimensional LV competition model when n ~ 5, while Hirsch 

[33, 34, 35] proved that competitive LV model cannot exhibit a limit cycle 

for n < 3, or any torus or chaos for n < 4. In this dissertation, I show 

that a 3-dimensional IGP model can admit a stable invariant torus. In 

many competition models, especially chemostat competition models, when 

two or more species are competing for one single resource, only one species 

can survive driving the others to extinction [4, 29, 67], which is supported by 

experiments [7, 28, 93]. In contrast, I demonstrate that coexistence of two 

species is possible in an IGP model. 

In the literature, bifurcations of limit cycle for IGP models have not been 

studied. Furthermore, for IGP models admitting multiple stable states, to 

the best of my knowledge, no work on the basins of attraction has yet been 

conducted. In this dissertation, I explore these two topics as well. 

Essentially, three IGP models with assuming an asymmetrical IGP module 

are analyzed in this dissertation. In Chapter 2, I incorporate predation by the 

IG predator on the IG prey and the resource into a two-dimensional IG prey

resource system by assuming that the IG predator population is constant. 

My focus is to investigate how the IG predator population size affects the 

dynamics of the resource-IC prey interaction. In Chapter 3, I will consider 

a three-dimensional IGP model and show that IGP promotes very complex 

alternative stable states that have not been discussed in the literature. For 

the first time, I show that an invariant torus attractor can coexist with two 

stable equilibria. The dynamics of a delayed IGP model are discussed in 
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Chapter 4. I show that, unlike many predator-prey models where delay has 

a destabilizing effect and induces oscillations, or many competition models 

where delay does not induce oscillations, delay in IGP models promotes very 

complex dynamics. The delay can induce stability switches exhibiting a 

destabilizing role as well as a stabilizing role. I show that three types of 

bistability are possible: one stable equilibrium coexists with another stable 

equilibrium (Node-Node bistability); one stable equilibrium coexists with a 

stable limit cycle (Node-Cycle bistability); one stable limit cycle coexists 

with another stable limit cycle ( Cycle-Cycle bistability). I then give some 

concluding remarks and propose a possible future project in Chapter 5 to 

end this dissertation. 

1.2 Mathematical preparation 

For convenience, I introduce some basic concepts and some fundamental 

results in dynamical systems, which will be frequently used in later Chapters. 

Consider an autonomous system 

x' = f(x), (1.5) 

where f = (!1, ... , fnf: E--+ Rn is continuous (i.e., f E C(E)) and Eis an 

open subset of Rn. 

Definition 1.2.1. A function x is a solution of System (1.5) on an interval 
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I 3 0 if x is differentiable on I and if for all t E J, x E E satisfying ( 1. 5). 

Given x0 E E, x is a solution of the initial value problem 

x' = f(x), x(O) = xo (1.6) 

on an interval I 3 0 if x(O) = x 0 and x is a solution of (1.5) on the interval 

I; x(O) = x 0 is then called an initial condition of System (1.5). 

Definition 1.2.2. /63} Let ¢(t, x 0 ) denote the solution of the initial value 

problem {1.6) defined on its maximal interval of existence, I(x0 ), then for 

t E J(xo), the set of mapping </Jt defined by 

</Jt(xo) = ¢( t, xo) 

is called the flow of the differential equation ( 1. 5); <Pt is also referred to as 

the flow of the vector field f(x). The set 

r = {¢(t,x0): t ~ O} 

is called the trajectory in the phase space through the initial point Xo. 

Definition 1.2.3. /63} A set S C E is called invariant with respect to the 

flow </Jt if </Jt(S) C S for all t E JR. Further, S is called positively invariant 

with respect to the flow <Pt if <Pt(S) C S for all t ~ 0. 

The following theorem is the fundamental existence-uniqueness theorem for 
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the differential equation (1.5). 

Theorem 1.2.1. /63} Let E 3 x0 be an open subset of JR.n and assume that 

f is continuously differentiable on E, then there exists an a > 0 such that 

the initial value problem {1.6) has a unique solution on the interval [-a, a]. 

Definition 1.2.4. /85} An equilibrium solution {point) or simply an equilib

rium of System ( 1. 5) is a particular point x E JR.n such that 

f(x) = 0. 

Definition 1.2.5. {Liapunov Stability) /85} An equilibrium x is said to be 

Liapunov stable if for E > 0, there exists a 8 = b(E) > 0, such that, for any 

solution x(t, xo) of {1.5), llxo - xii < 8 implies llx - xii < E fort > 0, An 

equilibrium, which is not stable, is called unstable. Here and in the sequel, 

II· II is a norm in JR.n. 

Definition 1.2.6. ( Asymptotic Stability) /85} An equilibrium x is said to be 

asymptotically stable if it is Liapunov stable and if there exists a constant 

8 > 0 such that I lxo - xi I < 8 implies 

lim llx - xii= 0. 
t-+oo 
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A Jacobian matrix associated with an equilibrium xis the matrix given below 

fu(x) 

J = Df(x) = 

fnn(x) 

where fiJ is the partial derivative of the i-th component off with respect 

to the j-th variable. The following theorem gives a criterion to determine if 

an equilibrium is stable. 

Lemma 1.2.2. /85} If all eigenvalues of the Jacobian matrix D f(x) have neg

ative real part, then the equilibrium x is asymptotically stable, and if there is 

at least one eigenvalue with positive real part, then the equilibrium is unstable. 

If n = 2 in (1.5), then the stability of the corresponding equilibrium x is 

determined by the trace and the determinant of the Jacobian matrix. This 

is stated in the following lemma which is summarized from the conclusions 

in [78, Chapter 5.2]. 

Lemma 1.2.3. Consider (1.5} with n = 2. Let T denote the trace of Df(x) 

and let D denote the determinant of Df(x). Then the equilibrium xis locally 

asymptotically stable if D > 0 and T < 0 and is unstable if D > 0 and T > 0 

or D < 0 and the equilibrium x is a saddle point. 

Definition 1.2. 7. /63} For a 2-dimensional system, if all eigenvalues of the 

Jacobian matrix D f(x) are negative and real, then the equilibrium x is called 
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a stable node. Further, if all the eigenvalues are complex numbers with nega

tive real part, then the equilibrium i is called a stable spiral; if all eigenvalues 

of the Jacobian matrix D f(x) are positive and real, then the equilibrium i is 

called an unstable node. Further, if all the eigenvalues are complex numbers 

with positive real part, then the equilibrium i is called an unstable spiral; if 

at least one of the eigenvalues of the Jacobian matrix D f (x) has positive real 

part and at least one has negative real part, then the equilibrium i is called 

a saddle point. 

Definition 1.2.8. /63/ A point p is called aw-limit point of a trajectory r 
of system ( 1. 5} if there is a sequence tn ~ oo such that 

lim x(tn) = p. 
n-too 

Similarly, a point q is called a a-limit point of a trajectory r of system ( 1. 5) 

if there is a sequence tn ~ oo such that 

lim x(tn) = q. 
n-t-oo 

Further, the set of all w-limit point of a trajectory r is called the w-limit set 

of r and the set of all a-limit point of a trajectory r is called the a-limit 

set of r. 

Definition 1.2.9. /78/ The basin of attraction of an equilibrium i is the set 

of initial conditions x 0 such that x ~ i as t ~ oo. 
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Definition 1.2.10. /85] Consider a system x' = f(x, µ), where x E Rn and 

µER is a parameter. Suppose that f(x*,µ*) = 0, i.e., x* is an equilibrium 

when µ = µ*. If on one side ofµ = µ*, say µ < µ*, the system has no 

equilibrium and on the other side ofµ = µ*, there are two equilibria, then 

this type of bifurcation is called a saddle-node bifurcation and I call (x*, µ*) 

a saddle-node bifurcation point and µ = µ* the saddle-node bifurcation value. 
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Chapter 2 

Dynamics of a 

T-wo-Dirnensional lntraguild 

Predation Model 

In this chapter, a mathematical analysis is combined with numerical simula

tions to study the impacts of the intraguild predator (IG predator) population 

size on the dynamics of the intraguild prey (IG prey) and the resource in

teraction. To this end, the predation of the IG predator on the IG prey and 

the resource is incorporated into a two-Dimensional IG prey-resource system 

by assuming that the predation rate follows a Holling Type II functional 

response with a constant IG predator population size. This is a reasonable 

assumption if the population size of the IG prey and the resource change on 

a much faster time scale than the IG predator population size does. This is 

16 



the case in many IGP systems. For example, in mudflat ecology, diatoms can 

reproduce very quickly, while the number of adult mud snails docs not vary 

too much in one season [17]. We show that the simple system exhibits the 

phenomena of bistability and tristability. Besides local bifurcations including 

transcritical, saddle-node and Hopf bifurcations, a global bifurcation, which 

we call a basin boundary bifurcation, also occurs in the model. Homoclinic 

orbits, heteroclinic orbits, and limit cycles with relaxation oscillation may 

be present in the model as well. Our theoretical and numerical results show 

that the intraguild predator may push the intraguild prey to undergo sudden 

collapse, to switch from one equilibrium level to another equilibrium level, 

or to vary cyclically. 

2.1 The model and its well-posedness 

Assuming logistic growth for the resource, and Holling type-II functional 

response for predation by the IG predator on the IG prey and the resource, 

and by the I G prey on the resource in ( 1. 2), we can model the interaction 

of the IG prey and the resource by the following system of two differential 

equations 

R'(t) = rR(t) (l _ R(t)) _ c1R(t)N(t) _ c2R(t)P(t) 
K l + k1R(t) 1 + k2R(t) 

N'(t) = Ec1R(t)N(t) _ c3N(t)P(t) _ mN(t). 
1 + k1R(t) 1 + k3 N(t) 

(2.1) 
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Here, the prime ' indicates a derivative with respect to the time t; the pa

rameter K > 0 is the resource's carrying capacity; r > 0 is the resource's 

intrinsic growth rate; c1 > 0 and c2 > 0 are the killing rates of the resource 

by the IG prey and the IG predator, respectively; c3 is the killing rate of the 

IG prey by the IG predator; bi (i = 1, 2, 3) is the associated half saturation 

rate of predation; E > 0 is the conversion rate of the IG prey upon consuming 

the resource; d > 0 is the death rate of the IG prey independent of predation 

by the I G predator. 

Setting 

t* = rt, 

C2 
0'2 = -, 

C3 

C1EK 
CT1 = --, 

r 
m 

µ=-
r 

/32 = k2K, 

/33 = k3r, 
C1 

simplifies System (2.1) to the dimensionless system 

with 

X
1 

( t) = X ( t) j ( X ( t), y ( t)) 

y' ( t) = y(t)g(x(t), y(t)) 

y Q'2Z 
j(x, y) = l - X - l /3 - l /3 + 1X + 2X 

18 
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and 

The associated initial conditions are (x(O), y(O)) EX := {(u, v) : u ~ 0, v > 

0}. Note that here and in what follows, t* is replaced by t whenever no 

confusion arises. 

When z = 0, System (2.2) reduces to a 2-dimensional predator-prey model 

with a Holling type II functional response, whose dynamics are completely 

understood [42]. For convenience, we summarize these previous results below. 

Theorem 2.1.1. Consider (2.2) with z = 0. Then the following statements 

are true: 

(i) The trivial equilibrium (0, 0) is always a saddle point. 

(ii) The boundary equilibrium (1, 0) is globally asymptotically stable with 

respect to the set {(x, y) E JRt : x > O} provided thatµ ~ 1~1
1

, while if 

µ < 1~1
1

, then (1, 0) is a saddle point. 

(iii) The unique interior equilibrium E 1 = ( x 1, YI) = ( 
171 

!µ 131 , e1i f ;: =::: )-;µ)) 

exists if and only ifµ < 1~1
1

• Moreover, if 

µ < µ/31 
0"1 - µ/31 µ/31 + 0"1' 

(2.3) 

then E 1 is globally asymptotically stable, while if 

(2.4) 
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then E I is unstable and there exists a globally asymptotically stable limit 

cycle with respect to the set {(x, y) E IlI : x > 0 and y > 0}. 

Before investigating the dynamic behavior of (2.2) with z > 0, we first show 

that System (2.2) is well posed. 

Proposition 2.1.2. For any initial condition (x(O), y(O)) E X, there is a 

unique solution, which is ultimately bounded and thus exists globally. Further, 

the subset of X: Xsub := {(u, v) : 0 ~ u ~ l, v ~ O} is positive invariant. 

Proof. Note that the vector field defined by System (2.2) is smooth with 

respect to X. Therefore, for any initial condition (x(O), y(O)) E X, there 

exists a unique solution [63]. This, together with the fact that x'(t)lx=O = 0 

and y'(t)ly=O = 0, immediately implies that Ii! is positively invariant. By 

the first equation of (2.2), we have 

x' (t) ~ x(t)(l - x(t)) for t ~ 0. 

Thus 
x(O) 

x(t) ~ x(O) + (1 - x(O))e-t fort~ 0, 

which shows that 

limsupx(t) ~ 1. 
t--+oo 

Thus x(t) is ultimately bounded. Moreover, let M1 = max{x(O), 1}, then 
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x(t) S M1 fort~ 0. Since x(t)(l - x(t)) s l, we obtain 

0"1 
a1x'(t) + y'(t) S 4 - µy(t). 

This gives 

0"1 
y'(t) + µy(t) S 4 - a1x'(t). 

Multiplying eµt to both sides of the above equation yields 

Consequently, 

Since x(t) E [O, M1), we have 

Therefore, 

This shows that y( t) is also ultimately bounded. In addition, let M2 = 
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This shows that Xsub is positively invariant. Boundedness of the solution 

implies the solution exists globally. D 

2.2 Equilibria 

Clearly E0 = (0, 0) is a trivial equilibrium of System (2.2). It is straight

forward to show that E0 is locally asymptotically stable if z > -1.. and is a 
a2 

saddle point with a one-dimensional stable manifold and a one-dimensional 

unstable manifold if z < -1... Next we consider the existence of boundary 
0:2 

equilibria and interior equilibria. By a boundary equilibrium, we mean an 

equilibrium of the form of (x, 0) with x > 0 or (0, y) with y > 0. An interior 

equilibrium is an equilibrium with two positive components. 

2.2.1 Boundary equilibria 

Note that System (2.2) does not admit a boundary equilibrium in the form 

of (0, y) with y > 0. We only need to consider the existence of boundary 

equilibria of the form (x, 0) with x > 0. We define 

(2.5) 
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such that Zc > 0 and then we have the following result concerning the exis

tence of boundary equilibria of System (2.2). 

Lemma 2.2.1. System (2.2) can have at most 2 boundary equilibria. More 

specifically, 

(i) there is no boundary equilibrium if either 

/32 > 1 and z > Zc 

or 

holds; 

(ii) there is exactly one boundary equilibrium if either 

or 

holds; 

1 
O<z<-

- a2 

/32 > 1 and z = Zc 

(iii) there are two boundary equilibria if 

1 
/32 > 1 and - < z < Zc 

a2 

23 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 



holds. 

Proof. For (x, 0) to be an equilibrium, x > 0 must satisfy f (x, 0) = 0. That 

is, 

(2.11) 

Since x > 0, this is equivalent to 

(2.12) 

which is a quadratic equation with discriminant 

If (2.6) holds, then L'.l < 0 and Equation (2.12) has no real solutions. If (2.7) 

holds, then H(x) is increasing in x for x > 0 and H(O) = a2z - 1 ~ 0. 

Therefore, there is no positive solution to Equation (2.12). Thus, there is no 

boundary equilibrium if either (2.6) or (2.7) holds. If (2.8) holds, then L'.l > 0 

and H(O) < 0. In this case, Equation (2.12) has exactly one positive solution 

(the other solution is negative), which we denote by xt(z) to emphasis its 

dependence on z, 

(2.14) 
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If (2.9) holds, then ~ = 0 and 

(2.15) 

is the unique solution to (2.12). Thus, there is exactly one boundary equilib

rium if (2.8) or (2.9) holds. If (2.10) holds, then~ > 0 and Equation (2.12) 

has two positive solutions, given by xt(z) and x,;(z) with xt(z) defined in 

(2.14) and x,;(z) defined as 

(2.16) 

This shows that System (2.2) admits two boundary equilibria if (2.10) is 

satisfied. D 

Next, we study the stability of the boundary equilibria, whose existence 

depends on the magnitude of z. We first set 

1 
ztom = [O, Zc) if /32 > 1 or ztom = [O, - ) if /32 ~ 1 (2.17) 

CT2 

and 

(2.18) 

Then, the sets 

Et= {(xt(z), 0) : z E ztom} (2.19) 
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and 

E,; = {(x;;(z), 0) : Z E ZDom} (2.20) 

contain all possible boundary equilibria. We define two curves in the z - x 

plane as follows 

Eu := { (xt(z), z)lz E z°tJ0 m} (2.21) 

and 

Et := { (x;;(z), z)lz E ZDom}. (2.22) 

Then, Eu and Et form two branches of the x-components of boundary equi

libria. For convenience, we call Eu the upper branch and Et the lower branch. 

These two branches are joined by the point (xc, zc), where Xe is defined in 

(2.15). Moreover, the following can be verified by direct calculation. 

Proposition 2.2.2. For (xt(z), z) E Eu, !3;ii1 < xt(z) ::; 1 and axiz(z) < 0, 

while for (x;;(z), z) E Et, 0 < x;;(z) < 13;ii1 and axiz(z) > 0. That is, as z 

increases, the value of the x-component of the boundary equilibria in E: is 

decreasing and the value of the x-component of the boundary equilibria in 

E,; is increasing. 

We next examine the stability of each boundary equilibrium. Linearizing 

System (2.2) at a boundary equilibrium (x, 0), we obtain the associated char

acteristic equation 

(2.23) 
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Thus, the two eigenvalues are given by 

(2.24) 

and 

(2.25) 

By virtue of (2.11), we can rewrite A2 as 

If (x, 0) E E:, then x = xt(z) for some z E ztom, it follows from Propo

sition 2.2.2 that X > 13r;/' which implies that 1
1
:~

2
x < 2. Hence A2 < 0. 

Similarly, we can show that A2 > 0 if (x, 0) E E,;. When z = Zc, for the 

unique boundary equilibrium (xc, 0), the corresponding A2 = 0. Therefore, 

we have the following lemma. 

Lemma 2.2.3. For any boundary equilibrium (x, 0) of System {2.1}, if (x, 0) E 

E:, then A2 < 0, while if (x, 0) EE,;, then A2 > 0. If z = Zc, then A2 = 0. 

To completely understand how the stability of each boundary equilibrium 

changes as the parameter z varies, we need further examine the sign of the 

eigenvalue A1. For convenience, we write A1 = A1(z) as A1 is essentially a 

function of z. For a boundary equilibrium (xt(z), 0) E E:, 
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and we have the following result. 

Lemma 2.2.4. For (xt(z),O) EE:, we have a>.J;z) < 0 and ;\1(z) changes 

its sign at most once. More precisely, we have 

(a) if 1~~
1 

- µ < 0, then A1(z) < 0 for all z 2:: O; 

(b) if 1 ~~1 - µ > 0 and /32 ~ 1, then there exists a Ztc E ( 0, ;
2 

) such that 

A1(z) > 0 for z E (0,Ztc) and A1(z) < 0 for z E (Ztc, ..!..); 
02 

( c) if 1~~
1 

- µ > 0, /32 > 1 and A1 (zc) < 0, then there exists a Ztc E (0, zc) 

such that A1(z) > 0 for z E (0,Ztc) and A1(z) < 0 for z E (ztc,Zc); 

(d) if 1~~
1 

- µ > 0, /32 > 1 and A1(zc) > 0, then A1(z) > 0 for all z 2:: 0. 

Proof. Note that 

(2.26) 

This, together with Proposition 2.2.2, immediately shows that 81;z) < 0. 

Thus, ;\1 (z) is decreasing in z. Note that when z = 0, then xt(O) = 1 and 

;\1 (0) = 1~~
1 

- µ. If /32 ~ 1, then as z changes from O to ;
2

, xt decreases 

from 1 to O with ;\1(;
2

) = -µ - ;
2 

< 0. If /32 > 1, then xt(z) changes from 

1 to Xe= 13;-;;/ as z increases from Oto Zc. Thus, (a)-(d) follow directly from 

these facts and the monotonicity of ;\ 1 ( z) in z. D 

Lemmas 2.2.3 and 2.2.4 immediately give the following result on the stability 

of a boundary equilibrium in E:. 
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Corollary 2.2.5. If (x, 0) E Ei; is a boundary equilibrium of System (2.2), 

then it is stable under the condition of (a) in Lemma 2.2.4; it is a saddle 

point under the condition of (d) in Lemma 2.2.4; and under the condition of 

(b) or ( c) in Lemma 2. 2. 4, there exists a critical value Ztc such that it is a 

saddle point for O ~ z < Ztc and it is stable for z > Ztc· 

Lemma 2.2.3 indicates that each boundary equilibrium in the set E; must 

be unstable. To determine if the unstable equilibrium is a saddle point or an 

unstable node, we check the sign of the eigenvalue A1 . To this end, we first 

define 

(2.27) 

Then, H1 (0) = /32 - 1 > 0 and H1 (xc) = 0. 

Lemma 2.2.6. If (x, 0) EE;, then the associated eigenvalue A1(z) changes 

sign at most three times on the interval l / o:2 < z < Zc. 

Case (i) Assume that 

/32 
fJi < /32 - 1 · (2.28) 

If A1(zc) ~ 0, then A1(z) < 0 for all z E (;
2
,zc) and if A1(zc) > 0, then 

there exists a Ztc E (;
2

, zc) such that A1(z) < 0 for z E (;
2

, Ztc) and 

A1(z) > 0 for z E (Ztc, Zc). 

Case (ii) Assume that 

(2.29) 
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(1) Suppose that~ - 1 < 0 or~ - 1 > 0 and~ - 1 > 0 
,82-l /32-l - H1 (xr) ' 

where H1(x) is defined in {2.27) and 

(2.30) 

If A1(zc) ~ 0, then A1(z) < 0 for all z E (;
2

, Zc) and if A1(zc) > 0, 

then there exists a Ztc E ( ;
2

, zc) such that ,.\1 ( z) < 0 for z E 

(;
2

, Ztc) and A1(z) > 0 for z E (Ztc, Zc). 

(2) If ~~~1 - 1 ~ 0 and ;
1
1(~!) - 1 < 0, then ,.\1(z) changes its sign at 

most 3 times. 

Proof. Since (x, 0) E E,;, then x = x,;(z) for some z E zDom· This implies 

that /32 > 1 and z E (;
2
,zc) and x = x,;(z) = J3ri13~..JK E (O,xc). Moreover, 

the associated eigenvalue ,.\1 ( z) is given by 

Differentiating both sides of Equation (2.12) with respect to z yields 

ax,;(z) 
8z 

Substituting the above expression into (2.26) gives 
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It can be easily verified that if (2.28) holds, then H1(x) is decreasing for 

x > 0. If, on the other hand, (2.29) holds then H1(x) is increasing for 

0 < x < Xr and is decreasing for x > Xr. If (2.28) holds, then either 

;';!f~ -1 ~ 0 or ;';~(6) -1 < 0. Note that xis increasing with respect to z and 

.-\1 ( .1...) = -µ - .1... < 0. Hence, either .-\1(z) is increasing in z for z E ( .1..., zc) 
02 02 02 

or .-\1(z) is decreasing first and then increasing. In either case, the sign of 

.-\1 ( z) is determined by 

More specifically, if .-\1(zc) ~ 0, then .-\1(z) < 0 for all z E (;
2

,zc) and 

if A1(zc) > 0, then there exists a Ztc E (;
2
,zc) such that A1(z) < 0 for 

z E (;
2

,Ztc) and A1(z) > 0 for z E (Ztc,Zc). This proves case (i). 

Assuming (2.29) holds, it follows from the property of the function H1 that 

if ~;~1 - 1 < 0, then there exists a zc1 such that a.x~y) < 0 for z E (;
2

, zc1) 

and a.xJ;z) > 0 for z E (zc1, zc). Therefore, >.1(z) decreases for z E (;
2

, zc1) 

and increases for z E (zc1, zc). As in case (i), if A1(zc) ~ 0, then >.1(z) < 0 

for all z E ( ;
2

, zc) and if .-\1 ( zc) > 0, then there exists a Ztc E ( ;
2 

, zc) such 

that A1(z) < 0 for z E (;
2

,Ztc) and A1(z) > 0 for z E (Ztc,zc). If ~;~1 -l ~ 0 

and H
0 "J(02 ) - 1 > 0, then >.1(z) is increasing for z E ( .1..., zc). Again, if 

1 Xr - a2 

.-\1(zc) ~ 0, then .-\1(z) < 0 for all z E (;
2
,zc) and if A1(zc) > 0, then there 

exists a Ztc E (;
2

, zc) such that A1(z) < 0 for z E (;
2

, Ztc) and A1(z) > 0 for 

Z E (Ztc, Zc). 
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If ~~~1 - 1 ~ 0 and J;
1
1c~!) - 1 < 0, then there exists zc2 and Zc3 such that 

8>.1 (z) 0 c ( 1 ) ( ) d 8>.1 (z) 0 c ( ) N ~ > 10r Z E a
2

, Zc2 U Zc3, Zc an -a;- < 1or Z E Zc2, Zc3 . otc 

that .X1C~) < 0, then the sign of .X1(z) changes at most 3 times which occurs 

D 

Remark 2.2. 7. If (x, 0) EE-,;, then it is always unstable. Moreover, as the 

parameter z changes from ..l.. to zc, there exist at most three critical values 
0'.2 

at which (x, 0) may switch from a saddle point to an unstable node. 

It can be drawn from the above analysis that zero-eigenvalue bifurcations 

including saddle-node bifurcation and transcritical bifurcation occur for Sys

tem ( 2. 2). This is summarized as below. 

Corollary 2.2.8. Consider System (2.2). Regarding z as the bifurcation 

parameter, then there exist several critical values of z at which zero-eigenvalue 

bifurcations occurs. More specifically, we have the following observations. 

(I) A transcritical bifurcation occurs at (0, 0) when z = ;
2

• 

(II) If /32 > 1, then a saddle-node bifurcation occurs at the boundary equi

librium (xc, 0) when z = Zc > ..l... 
0'.2 

(III) There exists one boundary equilibrium in E: at which a transcritical 

bifurcation occurs if the condition of (b) or (c) in Lemma 2.2.4 holds. 

(IV) There exist at most three equilibria in E-,; at which transcritical bifur

cations occur. 
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Note that if a transcritical bifurcation occurs at a boundary equilibrium, 

then an interior equilibrium will emerge. In the next subsection, we explore 

the existence of interior equilibria for System (2.2). 

2.2.2 Interior equilibria 

An interior equilibrium of System (2.2) is a positive solution to the following 

system of two equations: 

f(x,y) 0, 

g(x, y) = 0. 

Solving each equation for y in terms of x yields 

(2.33a) 

(2.33b) 

(2.34a) 

(2.34b) 

In order for System (2.2) to admit at least one interior equilibrium, that is, 

for System (2.34) to have at least one positive solution, several conditions 

are necessary. 

Lemma 2.2.9. The following conditions are necessary for System (2.2) to 

admit at least one interior equilibrium. 
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(a) 

(b) 

{ 

Z < Zc, 

z < ...1.. 
012' 

if /32 > 1 

if /32 ::; 1. 

(2.35) 

(2.36) 

Proof. It follows from (2.34b) that in order for y2 (x) > 0 for x > 0, it is 

required that (a1 - µ{31)x - µ > 0. Thus, a1 > µ{31 and x > x, where 

(2.37) 

By (2.34a), it follows that x = ---1!:_(3 < 1, which leads to (2.35). 
C11-µ 1 

Note that y1(x) can be rewritten as y1(x) = (1 + {31x)f(x, 0). Then, (b) is 

derived from the conditions ensuring f (x, 0) > 0. D 

Remark 2.2.10. The above lemma implies that an interior equilibrium is 

possible only if at least one boundary equilibrium exists. Further, if ( x*, y*) 

is an interior equilibrium, then x;;(z) < x* < xt(z). If System {2.2} does 

not admit any boundary equilibrium, then there is no interior equilibrium. 

Though (2.33) cannot be solved explicitly, bearing Lemma 2.2.9 in mind, 

an interior equilibrium of System (2.2) corresponds to an intersection point 

of the two graphs of y1 (x) and y2(x) in the first quadrant with x > x. By 

exploring the properties of the two functions Y1 ( x) and y2 ( x), we can show 

that there are at most two interior equilibria. 
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Theorem 2.2.11. System (2.2} admits at most two interior equilibria. 

Proof. From the expressions of y1(x) and y2(x), we obtain 

y~ (x) 
a2z(/32 - /31) 

/31 - 1 - 2/31x + (l + ,82x)2 , (2.38a) 

yr(x) = -2/31 -
20:2/32z(,82 - /31) 

(2.38b) 
(1 + /32x) 3 ' 

y;(x) 
0"1Z 

(2.38c) 
/33[(0-1 - µf31)x - µ]2' 

y~(x) = 
2a1z( 0-1 - µ/31) 

(2.38d) 
/33[(a1 - µf31)x - µ]3 · 

This shows that for x > x, y~(x) < 0 and y~(x) > 0. Hence, y2(x) is 

decreasing and is concave up for x > x. There are two cases to consider: (i) 

/32 ~ /31 and (ii) /32 < /31. 

In case (i), yr(x) < 0 and y~(x) > 0. Hence, (y1(x) -y2(x))" < 0. Suppose 

that Y1(x) - y2(x) has three distinct zeros, say, x1, x2 and X3 with x < X1 < 

X2 < X3. Then Rolle's Theorem indicates that there exist i1 E (xi, x2) and 

Again, by Rolle's Theorem, there exists x E (x1, i 2) such that (y1(i) -

y2(x))" = 0, which is a contradiction. Thus, there are at most two distinct 

zeros of y1 ( x) - y2 ( x), and there are at most two interior equilibria. 

In case (ii), it follows from (2.38b) that y1(x) has only one inflection point 

given by 
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with 

y~(x) < 0 for x > Xinf· (2.39) 

Note that 

lim Y1(x) = +oo and lim Y1(x) = -oo. 
x~-i+ x~+~ 

/32 

Then, Y1 ( x) either has no local extrema or has exactly one local minimum, 

Xm, and one local maximum XM satisfying -J
2 

< Xm < Xinf < XM· In the 

former case, y1 ( x) is decreasing in ( - J
2 

, +oo). Notice that y1 ( - J
1 

) = 0 and 

- J
1 

E (- ,B~, +oo ). Thus, Y1 (x) < 0 for x > 0. This shows that there is no 

interior equilibrium. In the latter case, y1(x) is increasing for x E (xm, XM) 

and decreasing for x E (-J
2

, Xm) U (xM, oo). Since Y1(-J) = 0, Y1(xm) < 0. 

Hence, there is no x such that y1 ( x) = y2 ( x) > 0 satisfying x > x and 

x < Xm. Since y1 ( x) is increasing for x E ( Xm, x M), either there is exactly 

one x E (max(xm, ±), XM] such that y1(x) = y2(x) > 0 or there is no x such 

that Y1(x) = y2(x) > 0 for x E (max(xm, x), XM]. For the former case, we 

have Y1(xM)-y2(xM) ~ 0. This, together with the fact that yr(x)-y~(x) < 0 

for x > XM, implies that there exists exactly one value of x in (xM, +oo) such 

that y1(x) = y2 (x) > 0. That is, there are exactly two interior equilibria. 

For the latter case, we have y1(xM) - y2(xM) < 0. This, together with 

the fact that Y1(+00) - Y2(+00) = -oo and yr(x) - y~(x) < 0 and Rolle's 

Theorem, shows there exist at most two values of x E (xM, oo) such that 

y1(x) = y2(x) > 0. Hence, there are at most two interior equilibria. D 

Note that both components of an interior equilibrium (x, y) depend on z. To 
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examine how the interior equilibria and their stability change with respect 

to the bifurcation parameter z, we define two sets and two curves as below 

Et= {(x,y) is an interior equilibrium of (2.2): y;(x) > y~(x)} (2.40a) 

E1 = {(x, y) is an interior equilibrium of (2.2): y;(x) < y~(x)} (2.40b) 

E~ = { (x(z), z) : (x(z), y(z)) E Et} (2.40c) 

E{ = {(x(z),z): (x(z),y(z)) E E1}. (2.40d) 

Remark 2.2.12. From the proof of Theorem 2.2.11, it is seen that if (2.2) 

has exactly two interior equilibria (xi ( z), y t ( z)) and ( x 1 ( z), y 1 ( z) )for some 

z, then (x;(z), z) E Et and (x1(z), z) E E{ with x1(z) < x;(z). Moreover, 

inf(x;(z)) = sup(x1(z)). 

By applying the chain rule for derivatives, it is straightforward to obtain the 

following fact. 

Proposition 2.2.13. If (x;(z), z) EE~, then axl;z) < 0 and if (x1(z), z) E 

E I th ox1 (z) Q 
l, en az > · 

For stability of the interior equilibria of System (2.2), we have the following 

result. 

Theorem 2.2.14. If (x, y) E Et, then (x, y) is a saddle point, while if 

( x, y) E E1, then ( x, y) is either stable or unstable. Moreover, ( x, y) is stable 

if xfx + ygy < 0 and is unstable if xfx + ygy > 0. 
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Proof. If (x, y) is an interior equilibrium of System (2.2), then the associated 

Jacobian matrix takes the form 

J = [ xfx xfy] 

Y9x Y9y 

with its trace given by Tr( J) = x f x + ygy and its determinant given by 

Det(J) = xy(Jxgy- fygx). It follows from f(x, Y1(x)) = 0 and g(x, Y2(x)) = 0 

that fxgy - fy9x = fygy(y~(x) -y~(x)). Note that at any interior equilibrium 

(x, y), fy < 0 and gy > 0. Thus, 

sgn(Det(J)) = sgn(Jxgy - fygx), 

= sgn(fygy(y;(x) -y~(x))), 

= sgn(y~(x) - y;(x)). 

(2.41) 

Therefore, by Theorem 1.2.3, if (x,y) E Ej, then Det(J) < 0 and hence 

(x,y) is a saddle point, while if (x,y) E E1, then Det(J) > 0 and the 

stability of ( x, y) is determined by the sign of Tr( J). If x fx + ygy < 0, then 

(x, y) is stable and if xfx + ygy > 0, then (x, y) is unstable. D 

Remark 2.2.15. {i} If inf xt(z) = supx1(z) = x(z:) for z = zt, then 

y~ (x(z:)) = y~(x(z:)) and a saddle-node bifurcation occurs at the in

terior equilibrium SN1 = (x(zt), y(z:)). Further, (x(z:), z:) joins E~ 

and E{. 

{ii} An interior equilibrium in Ei is either stable or unstable, but cannot 

38 



be a saddle point. A Hopf bifurcation is possible only at some interior 

equilibrium (x, y) E E"i with xfx + ygy = 0. 

(iii} If there exists a z such that xt := xt(z) = x;(z) or x; := xi:(z) = 

x 1 ( z), then a Transcritical bifurcation occurs. Denote these critical 

values of z as zt Note that zt;, if it exists, is unique. In contrast, 

there may be up to 3 values for Ztc. In the z - x plane, the curves Et 
and Eu can intersect at most once, while the curves E{ and Ez can have 

three intersection points. 

2.3 Numerical results 

In combination with the analyes on existence and stability of boundary equi

libria and interior equilibria, we numerically explore possible dynamics for 

System (2.2) in this section. As our main concern is to investigate the im

pact of IG predator population size on the dynamics of the IG prey and 

the resource, we use z as the bifurcation parameter to numerically obtain a 

sequence of bifurcation diagrams demonstrating various possible dynamics 

behaviors. We present our results for two separate cases: /32 > 1 and /32 ~ 1 

as both Eu and Ez exist for the former case while only Eu exists for the later 

case. 
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2.3.1 The case with (32 > 1 

For /32 > 1, as z changes between O and Zc, both branches, Eu and Et exist. By 

Lemma 2.2.9, ifµ ~ 1~~
1

, then System (2.2) has no interior equilibria. Next, 

we only explore possible dynamic scenarios under the condition µ < 1~~
1

• 

By choosing different combinations of parameter values, we obtain 5 different 

bifurcation diagrams (BD) described below ( of course, we cannot conclude 

there are only such 5 bifurcation diagrams). 

(BD1) As shown in Figure 2.1, there is only one boundary equilibrium when 

z = Zc at which a saddle-node bifurcation occurs and there are two 

boundary equilibria when z < Zc. Each equilibrium in e-;; is a saddle 

point (indicated by a dashed curve Et in Figure 2.1), and there exists a 

Ztc such that each boundary equilibrium in E: is stable if z E (Ztc, zc) 

and is a saddle point if z E [O, Ztc) (The curve Eu is therefore consisting 

of a solid and a dashed parts). Moreover, there is only one interior 

equilibrium when z = zJ at which a saddle-node bifurcation occurs such 

that two interior equilibria exist for z < zJ. A transcritical bifurcation 

occurs at z = Ztc < zJ. The curve E! corresponds to interior equilibria 

for z E (ztc, z1) and each of them is a saddle point, while the curve 

E{ is associated with the interior equilibria for z E [O, zD and each of 

them is stable. 

(BD2) As shown in Figure 2.2, different from (BD1), there exists a critical 

value ZH such that each interior equilibrium in E1 is unstable for z E 
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[O, ZH) and is stable for z E (zH, z:). In addition, there exist two homo

clinic bifurcation values, ZHomI and ZHom2 such that a limit cycle enclos

ing an unstable equilibrium in E1 exists for z E [O, ZHom1)U(ZHom2, ZH ). 

Here, ZHomI is a critical value at which the limit cycle touches an in

terior equilibrium in Et resulting a homoclinic orbit. Another homo

clinic bifurcation occurs at ZHom2 where a limit cycle meets an interior 

equilibrium. 

(BD3) As illustrated in Figure 2.3 there exists a Hopf bifurcation value ZHI 

such that the interior equilibria in E1 arc stable for z E [O, zHI) and 

are unstable for z E (zHI, z:). Limit cycle appears as z > ZHI· As 

z increases from ZHI, limit cycle may exhibit relaxation oscillations. 

Limit cycle disappears at z = Ztc, where a transcritical bifurcation 

occurs and a new interior equilibrium emerges. 

(BD4) As seen in Figure 2.4, there exist two critical values of z, ZHI and 

zm, at which Hopf bifurcations occur. Each interior equilibrium in E1 

is stable for z E [O, zHI) U (zH2, z:) and is unstable and is enclosed by 

a limit cycle for z E (zHI, zm). 

(BD5) As shown in Figure 2.5, each boundary equilibrium in E: is a saddle 

point. For the interior equilibria, only E"i is not empty, and the curve 

E{ may consist of three pieces intersecting the curve Et three times. 
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Figure 2.1: Bifurcation diagram of (2.2) described in (BDl). For parameter 

values: {Ji = 0.5 , a2 = 1.5, /32 = 20, {33 = 20 , µ = 0.18 and a1 = 0.5, the critical 
values are: Ztc:::::: 0.151 , zc1 :::::: 0.597, ..1.... :::::: 0.667 and Zc :::::: 3.675. 
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Figure 2.2: Bifurcation diagram of (2.2) described in (BD2). For parameter 

values: /3i = 5, a2 = 1.5, /32 = 20, {33 = 20, µ = land a1 = 8, the computed critical 

values are: Ztc :::::: 0.32, ..1.... :::::: 0.667, ZHoml :::::: 0.872, ZH :::::: 2.300, ZHom2 :::::: 2.245, 
a2 

z{ :::::: 2.340 and Zc :::::: 3.680. 
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0 Zfll Ztc~ z} 

Figure 2.3: Bifurcation diagram of (2.2) described in (BD3). Parameter values: 
/3i = 0.5 , a2 = 1.5, /32 = 20, /33 = 20,µ = 0.105 and a1 = 1. The corresponding 
critical values are: ZH1 ~ 0.219, Ztc ~ 0.544, Zbb ~ 1.842 and z{ ~ 1.996. 
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Figure 2.4: Bifurcation diagram of (2.2) described in (BD4). Parameter values: 
/3i = 0.5, a2 = 1.5, /32 = 20, /33 = 20, µ = 0.18 and and a1 = 1. The critical values 
are Ztc ~ 0.471, ;

2 
~ 0.667, ZHl ~ 0.754, ZH2 ~ 1.556, z{ ~ 1.746 and Zc ~ 3.675. 
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Figure 2.5: Bifurcation diagram of (2.2) described in (BD5). Parameter values: 
/31 = 6, a2 = 2.4, /32 = 15, /33 = 0.0667, µ = 0.01 and a1 = 15. The critical values 
are: _l_ ~ 0.417, Zc l ~ 0.977, Zc2 ~ 1.534, Zc3 ~ 1.740 and Zc ~ 1.778. 

a2 

2.3.2 The case with /32 < 1 

If /32 ~ 1, then there is only one boundary equilibrium for each z E [O, ;J. 
Thus, only the upper branch Eu exists. We first establish a result concerning 

the global stability of the trivial equilibrium E0 and the boundary equilibrium 

(xt(z), 0) E Et. 

Theorem 2.3.1. Consider System (2.2) with /32 ~ 1. If z ~ ;
2

, then 

the trivial equilibrium E 0 is globally asymptotically stable. If z < _1._ and 
a2 

µ ~ 1:~1
, then there is a unique boundary equilibrium in E:, which is globally 

asymptotically stable with respect to JRt \ { ( 0, y) : y ~ 0}. 

Proof. If z ~ ;
2

, then E0 is the only equilibrium of System (2.2). It follows 
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from the first equation of (2.2) that for x > 0 

x'(t) < x (1 -x - _a_2z_) 
1 +/32x 

x(l - a2z + (fh - l)x - /32x2) 
1 + /32x 

= xf(x, 0). 

Since /32 ::; 1 and z 2:: ;
2

, we know that xf (x, 0) < 0 for x > 0. This implies 

that x(t) --+ 0 as t --+ oo. This, together with the second equation of (2.2), 

shows that y(t) --+ 0 as t--+ oo. Thus, E0 is globally asymptotically stable. 

If z < ;
2 

and µ 2:: 1:11
, then by Lemma 2.2.1 and the definition of Eu, we 

know that there is a unique boundary equilibrium in Et. Since µ 2:: 1:~1
, 

it follows from the second equation of (2.2) and the standard comparison 

theorem that y(t) --+ 0 as t --+ oo. Therefore, the limiting system of (2.2) is 

given by a single differential equation 

x' ( t) = x(t)f (x( t), 0). 

Under the given condition, as seen from the proof of Lemma 2.2.1, the equa

tion f(x, 0) = 0 has a unique positive solution xt(z) given in (2.14) with 

xf(x, 0) > 0 for x E (0, xt(z)) and xf(x, 0) < 0 for x > xt(z). This in

dicates that x(t) --+ xt(z) as t --+ oo. That is, the positive equilibrium in 

Et attracts all solutions of (2.2) with initial conditions (x(O), y(O)) satisfying 

x(O) > 0 and y(O) 2:: 0. The proof is complete. D 
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The above theorem shows that we only need to explore possible dynamic 

scenarios under the condition µ < 1~~
1

• We have the following bifurcation 

diagrams. 

(BD6) There arc three critical values: Ztc, zI and ;
2

• For z E [O, Ztc), 

there is one stable interior equilibrium in E1, one boundary equilibrium 

in E:, which is a saddle point, and the trivial equilibrium Ea is a 

saddle point. A transcritical bifurcation occurs at Ztc; For z E (Ztc, zD, 

there are 4 equilibria: both the boundary equilibrium and the interior 

equilibrium in E1 are stable, the interior equilibrium in Et and the 

trivial equilibrium Ea are saddle points. A saddle-node bifurcation 

occurs at z = zI; For z E (zI, ;
2 

), there are two equilibria: a stable 

boundary equilibrium in E: and the trivial equilibrium Ea, which is a 

saddle point. A transcritical bifurcation occurs at z = .1... and for z > 
0'2 

.1..., there is only one equilibrium, which is the stable trivial equilibrium 
n2 

(sec Figure 2.6). 

(BD7) As shown in Figure 2.7, there are five critical values: ZH, ZHom, Ztc, 

zI and ;
2

• For z E [O, ZH ), there are three equilibria: one stable interior 

equilibrium in E"i, one boundary equilibrium (a saddle point) in E:, 
and the trivial equilibrium Ea ( a saddle point). A Hopf bifurcation 

occurs at ZH. For z E (zH, ZHom), there arc three equilibria and a stable 

limit cycle: both the boundary equilibrium and the trivial equilibrium 

are saddle points, the interior equilibrium in Et is unstable, which is 
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surrounded by a stable limit cycle. A homoclinic bifurcation occurs 

at z = ZHom· For z E (zHom, Ztc), limit cycle disappears and all three 

equilibria arc unstable. 

(BD8) As seen in Figure 2.8, there arc two Hopf bifurcation values: ZHI 

and zm. For z E (zHI, zm), the interior equilibrium is unstable, and 

there is a limit cycle; A transcritical bifurcation occurs at z = Ztc and 

another interior equilibrium appears. For z E (ztc, zm), the interior 

equilibrium in Et and the trivial equilibrium arc both saddle points, 

the boundary equilibrium is stable and the interior equilibrium in E"i 

is unstable. For z E (zm, zn, there arc 4 equilibria: both the interior 

equilibrium in Et and the trivial equilibrium arc saddle points, the 

interior equilibrium in E"i and the boundary equilibrium arc stable. 

(BD9) As depicted in Figure 2.9, there arc three critical values: ZH, Ztc and 

;
2

• For z E (0, ZH ), there are three equilibria: the trivial equilibrium, 

which is a saddle point, a boundary equilibrium in E:, which is a saddle 

point and an unstable interior equilibrium in E1. There also exists a 

stable limit cycle which encloses the unstable interior equilibrium. For 

z E (zH, Ztc), the interior equilibrium is stable. 

(BD10) As shown in Figure 2.10, there arc four critical values: ZHI, zm, 

zI, Ztc and ;
2

• For z E (0, zHI), there are three equilibria: one stable 

interior equilibrium in E1, one boundary equilibrium in E:, which is 

a saddle point, and the trivial equilibrium E0 , which is also a saddle 
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point. Hopf bifurcations occur at zm and zH2. For z E (zm, ZH2), the 

unstable interior equilibrium is enclosed by a stable limit cycle. For 

z E (zmZtc ) , there are three equilibria: both the boundary equilibrium 

and the trivial equilibrium are saddle points, the interior equilibrium 

is stable. 

Ztc ...L 

"' 

Figure 2.6: Bifurcation diagram of (2.2) with /32 :S 1 described in (BD6). Pa
rameters used are: a2 = 1.5, /31 = 1 /32 = 0.1 , /33 = 20 µ = 0.1 , 0-1 = 1. The 
corresponding calculated critical values are: Ztc ~ 0.278, z{ ~ 0.425. 

2.3.3 Multistability 

The bifurcation diagrams obtained in Sections 2.3.1 and 2.3.2 suggest that 

as z changes, multistability including bistability and tristability may appear 

for System (2.2). Two types of bistability are possible for this system: Node

Node , two stable equilibria coexist and Node-Cycle, one stable equilibrium 

coexists with one stable limit cycle. An example with Node-Node bistability 
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Figure 2.7: Bifurcation diagram of (2.2) with /32 ::; 1 described in (BD7). Param
eters used are: a2 = 1.5, /31 = 1, /32 = 0.1 , /33 = 20, µ = 0.1 and 0-1 = 3. The 
corresponding calculated critical values are: ZH ~ 0.219, ZHom ~ 0.495 , Ztc ~ 0.51 
and zI ~ 0.55. 
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Figure 2.8: Bifurcation diagram of (2.2) with (32 ::; 1 described in (BD8). Param
eters used are: a 2 = 1.5 , f3i = 1, /32 = 0.1, /33 = 8 µ = 0.1 and 0-1 = 2.5. The 
corresponding calculated critical values are: ZH1 ~ 0.08, ZH 2 ~ 0.488 , Ztc ~ 0.479 , 
zI ~ o.502. 
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Figure 2.9: Bifurcation diagram of (2.2) with /32 ::; 1 described in (BD9). Param
eters used are: a2 = 2.4, /31 = 6, /32 = 0.2 , /33 = 0.2, µ = 0.9 and 0"1 = 15. The 
corresponding calculated critical values are: Ztc ~ 0.358, ZH ~ 0.27. 
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Figure 2.10: Bifurcation diagram of (2.2) with /32 ::; 1 described in (BDlO). 
Parameters used are: a2 = 2, /31 = 1, /32 = 0.01, /33 = 5, µ = 0.1 and 0"1 = 4. The 
corresponding calculated critical values are: Ztc ~ 0.425, ZH1 ~ 0.015, ZH2 ~ 0.402. 
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is shown in Figure 2.1, where a stable interior equilibrium in E"i coexists with 

a stable boundary equilibrium in Et for z E (ztc, z:) and for z E (;
2

, zc), 

a stable boundary equilibrium in Et coexists with the trivial equilibrium 

Eo = (0, 0). As shown in Figure 2.2, for z E (ztc, ZHom), a stable limit 

cycle enclosing an unstable interior equilibrium in EI coexists with a stable 

boundary equilibrium in Et, which gives rise to the Node-Cycle bistability 

phenomenon. 

We also observe two types of tristability: Node-Node-Node, three stable 

equilibria and Type-II, two stable equilibria and one stable limit cycle. As 

shown in Figure 2.4, Type-II tristability appears for z E (zm, zm), while 

Node-Node-Node tristability exists for z E (zm, zc). 

Multistability is very fascinating in ecological modeling. A consequence of 

multistability is that the limiting state of a solution is initial condition de

pendent. To determine the conditions that lead to an abrupt transition from 

one state to another, it is thus of great interest to find the basin of attraction 

for each stable state. Figure 2.11 portrays a numerical sketch of the basins 

of attraction of a stable boundary equilibrium and a stable limit cycle which 

encloses an unstable interior equilibrium located in EI. Figure 2.12 provides 

an example showing the basins of attraction of three stable equilibria. 
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Figure 2.11: Basin of attraction of System (2.2) with Node-Cycle bistability: 
the green-colored region is the basin of attraction of the boundary equilibrium 
E'f: E Eu , while the pink-colored region is the basin of attraction of the limit cycle 
that encloses the unstable interior equilibrium E; E E{. Parameter values used 
are: /31 = 5, a2 = 1.5, /32 = 20, /33 = 20, µ = 1 0-1 = 8 and z = 0.6. 

Figure 2.12: Basins of attraction of System (2.2) with Node-Node-Node tri
stability: the blue-colored region is the basin of attraction of the trivial equilibrium 
E0 ; the green-colored region is the basin of attraction of the boundary equilibrium 
E'f: E Eu; and the yellow-colored region gives the basin of attraction of the interior 
equilibrium E; E E{. Parameter values used are: /31 = 0.5, a2 = 1.5, /32 = 20, 
/33 = 20, µ = 1, 0-1 = 1 and z = 1.7. 
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2.3.4 Heteroclinic orbits and basin boundary bifurca

tion 

A hcteroclinic orbit connecting two equilibria is a special orbit whose a-limit 

set and w-limit set arc two distinct equilibria. For System (2.2), when there 

arc multiple equilibria and some of them arc saddle points, then hctcroclinic 

orbits become possible. It is very interesting to note that for our simple 

two-Dimensional model, the heteroclinic orbits play an important role in un

derstanding structural changes of the basins of attraction. As the bifurcation 

parameter changes, though the stability of the system's equilibria docs not 

change, the boundary of the basins of attraction docs change. If there exists 

a critical value at which the basin boundary undergoes a sudden change, 

then we say a basin boundary bifurcation occurs. Next, we use numerical 

simulations to demonstrate that basin boundary bifurcation docs occur in 

our System (2.2). 

Take parameters presented in Figure 2.3: (31 = 0.5, a 2 = 1.5, /32 = 20, 

/33 = 20, µ = 0.105 and a 1 = 1. As shown in Figure 2.3, when z E (;
2

, zD ~ 
(0.67, 2.00), System (2.2) admits 5 equilibria: the trivial equilibrium Eo = 

(0, O); two boundary equilibria, which we denote by E'/: EE: and Et E E-,;; 

two interior equilibria, which we denote by Ef E Et and Et E E1. Of these 

5 equilibria, E0 and E't arc stable, Et and Ef are saddle points, and Et is 

unstable. For z smaller than Zbb ~ 1.842, say, z = 1.8, Et is an unstable 

spiral, from which there are two hetcroclinic orbits, one connecting to the 
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saddle point Et and the other connecting to the saddle point EY. As shown 

in Figure 2.13, these two heteroclinic orbits form part of the boundary of the 

basins of attraction of E0 and E'/:. The basin boundary indeed is given by the 

stable manifolds of the two saddle points. At the critical value Zbb ~ 1.842, 

the stable manifold of Eb and the unstable manifold of Ef intersect. This 

results in a heteroclinic orbit from Ey to Et and generates part of structurally 

different basin boundary. This is depicted in Figure 2.14. As z is larger than 

zbb, as shown in Figure 2.15, the heteroclinic orbit from Ey to Et breaks and 

there is a heteroclinic orbit from Ef to E;:. 

Figure 2.13: Basins of attraction of System (2.2) with bistable equilibria and 
z = 1.8. Here, the basin boundary consists two spiral heteroclinic orbits from the 
unstable spiral interior equilibrium (E;) to two saddle points (Et and Ef) when 
z < Zbb and part of the stable manifold of Ef. 
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Figure 2.14: Basins of attraction of System (2.2) with bistable equilibria. Here, 
the basin boundary bifurcation occurs at z = Zbb ~ 1.842. The basin boundary 
consists of a heteroclinic orbit from one saddle point EJ: to the other saddle point 
Et and part of the stable manifold of EJ:. 

Figure 2.15: Basins of attraction of System (2.2) with bistable equilibria and 
z = 1.86 > Zbb · Here, the basin boundary is given by the stable manifold of the 
saddle point Et. 
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2.3.5 Homoclinic orbits 

For a saddle point , when its unstable manifold intersects its stable manifold , a 

special orbit appears such that the a-limit set and w-limit set are the saddle 

point. This special orbit is called a homoclinic orbit . From the bifurcation 

diagram, a homoclinic bifurcation is expected when the limit cycle branch 

touches an equilibrium. For System (2.2), as seen from Figure 2.2 , two 

types of homoclinic orbits are possible: one joins a boundary equilibrium 

Et E Ez and one connects to an interior equilibrium Ef E Et. A phase 

portrait of System (2.2) demonstrating the former type homoclinic orbit is 

sketched in Figure 2.16 and a phase portrait of System (2.2) with a homoclinic 

orbit connecting from and to the interior equilibrium Ef E Et is given in 

Figure 2.17. 

X 
E" b 

Figure 2.16: Phase portrait of System (2.2): the system has two stable equilibria 
( the trivial equilibrium Eo and the boundary equilibrium E'/: E Et) and a homo
clinic orbit from/to the saddle point Et E Eb. Parameter values used are: /31 = 5, 

a2 = 1.5, /32 = 20, /33 = 20, µ = 1, 0"1 = 8 and z = 0.872. 
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Figure 2.17: Phase portrait of System (2.2). The system has two stable equilibria 
( the trivial equilibrium Eo and the boundary equilibrium El: E Et) and a homo
clinic orbit from/to the interior equilibrium Ef E Et. Parameter values used are: 
/31 = 5, a2 = 1.5, /32 = 20, /33 = 20, µ = 1, cr1 = 8 and z = 2.245. 

2.3.6 Relaxation oscillators 

We also observe that System (2.2) admits cycles characteristic of relaxation 

oscillations: the IG prey population y(t) reaches the maximum value as a 

spike and decreases quickly to a very low level and stays at the low level for 

a relatively long time; while the resource population x( t) exhibits spikes at 

the minimum value and maintains at the maximum value for a long period of 

time. Such a phenomenon is illustrated in Figure 2.18. Rigorous mathemat

ical analysis on relaxation oscillation profile of limit cycles in predator-prey 

systems can be found in [42]. 

2.4 Discussion 

In this chapter, we investigated an IGP model with a constant IG predator 

population size based on the assumption that the population size of the IG 
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Figure 2.18: Plot of limit cycle of System (2.2) showing relaxation oscillations. 
Left: Solution curves; Right: Phase portrait. Parameter values used are: a2 = 1.5, 
/31 = 0.5, /32 = 20, /33 = 20m µ = 0.105, a1 = 1 and z = 0.5. The initial condition 
used is (x(O), y(O)) = (0.5, 0.5). 

prey and the resource change on a much faster time scale than the IG predator 

population size does. This model allows us to study how the IG predator 

influences the dynamics of the IG prey and the resource interaction. 

When no IG predator is introduced(i.e., z = 0 in our model), the model 

is simply a classical predator-prey model with Holling type II functional 

response [38, 43] and the dynamics of the resource and the IG prey is simple: 

if the death rate of the IG prey is high (µ ~ 1~],J, then the IG prey dies 

out and the resource maintains at its carrying capacity level; if the IG prey's 

death rate is lower than a threshold (µ < 1~1J, then the IG prey and the 

resource coexist either at the equilibrium level or in an oscillatory manner 

(Theorem 2.1.1). 

When the IG predator is introduced into the interaction of the IG prey and 

the resource at a constant population size, the resulting dynamics becomes 

very complex. The model may admit two boundary equilibria and two in-
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terior equilibria via saddle-node bifurcations and transcritical bifurcations. 

The system could have at most five equilibria. Due to the existence of mul

tiple equilibria, the system exhibits a phenomenon of multistability. Indeed, 

our simple two-dimensional differential equation model exhibits bistability 

and tristability. Both have two types: Node-Node (involving stable equilib

ria only) and Node-Cycle (involving stable equilibria and limit cycle). More 

specifically, bistability in our model could either be the case where a stable 

boundary equilibrium coexists with a stable interior equilibrium or a sta

ble limit cycle that encloses an unstable interior equilibrium or be the case 

where a stable boundary equilibrium coexists with the stable trivial equi

librium. This bistability phenomenon can be observed in (BD1)-(BD4) and 

(BD6) (see Figures 2.1-2.4 and 2.6. The former case induces two outcomes: 

(01) the resource always persists, while the IG prey goes extinct; (02) both 

the resource and the IG prey persist. To which outcome the system evolves 

depends on the initial abundances. The latter case also indicates two out

comes: (01) and (03) both the IG prey and the resource die out. These 

outcomes again are initial condition dependent. Tristability only appears in 

(BD2) and (BD4) (see Figures 2.2 and 2.4). Tristability suggests that for 

some combinations of parameter values, all three outcomes, (01)-(03), arc 

possible simultaneously and the limiting state of the IG prey and resource 

arc initial condition dependent. 

In general, the boundary of the basins of attraction of multiple stable states 

consists of curves which are stable manifold of saddle points. For example, in 
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Figure 2.11, the boundary of the basins of attraction of the stable boundary 

equilibrium and the stable limit cycle consists of two curves, which form the 

stable manifold of the saddle point, the interior equilibrium Ej. As parameter 

values change, the basin boundary may consist of heteroclinic orbits connect

ing two equilibria. If this happens, then a global bifurcation, which we call 

the basin boundary bifurcation, may occur. Figures 2.13-2.15 demonstrate 

how the basin boundary changes as the bifurcation parameter z increases. 

Note that in this case, the stability of the equilibria docs not change, but 

the basin structure undergos qualitative changes. As shown in Figure 2.13, 

any small neighborhood of the unstable spiral equilibrium Ef contains ini

tial states that evolve to two distinct final states. This phenomenon, to the 

best of our knowledge, has not been noticed in two-dimensional population 

models in the literature. 

We also observed the appearance of homoclinic orbits (Figures 2.16 and 2.17) 

and limit cycle with relaxation oscillation (Figure 2.18). Due to environmen

tal stochasticity, these two phenomena could trigger the sudden disappear

ance of the coexistence of both populations resulting in the collapse of the 

IG prey population. 

Depending on the parameter values, which give rise to different dynamic 

scenarios, the IG predator influences the interaction of the IG prey and the 

resource in various manners. For example, for (BD4), when the IG predator 

population level is relatively low, the system evolves to a stable coexistence 

interior equilibrium. As the IG predator population (the value of z) increases, 
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the stable interior equilibrium loses its stability first inducing a stable limit 

cycle and the amplitude of limit cycle increases, and then decreases and the 

interior equilibrium gains its stability again before it vanishes. The stability 

of the system is determined by one boundary equilibrium implying the IG 

prey goes extinct. If z is large enough (z > ...!.. ), both the IG prey and the 
0:2 

resource die out. 

In the case when IG prey is absent, our model is reduced to a single species 

model with a logistic growth and a Holling Type-II functional response pre

dation. It is straightforward to show that the resource goes to extinction if 

z > ...!.. and /32 < 1, or z > Zc and /32 > 1; the resource persists if z < ...!.. ; 
0:2 - 02 

and bistability occurs if z E ( ...!.. , zc) and /32 > 1. This bistability is so-called 
0:2 

strong Allee effect in Ecology. Our analysis shows that when the resource 

has strong Allee effect, tristability (Node-Node-Node and Node-Node-Cycle) 

becomes possible after adding IG prey. 
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Chapter 3 

Dynamics of a 

Three-Dimensional Intraguild 

Predation Model 

In this chapter, we consider System (1.2) with the following specific functional 

forms: 

R 
b(R) = rR(l - K), f 1(R, N, P) = c1R, 
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That is, we study the following system 

R'(t) = rR(t}(l - ;;)) - c1R(t)N(t) - c2R(t}P(t), 

1 C3N(t)P(t) 
N (t) = c1e1R(t)N(t) - l + k

3
N(t) - m1N(t), (3.1) 

P'(t) = c2e2R(t)P(t) c3e3N(t)P(t) _ m P(t). 
1 + k2R(t) + 1 + k3N(t) 2 

Note that in (3.1) the functional responses of the intraguild prey (IG prey) 

and intraguild predator (IG predator) preying on the resource have a linear 

form, and the functional response of the IG predator on the IG prey has a 

Holling Type II form. The numerical responses 91 and 93 are proportional to 

the corresponding functional responses Ji and h, but 92 is not proportional 

to h unless k2 = 0. This indicates the case that sometimes in an ecosystem, 

the predator may kill the prey without eating them, and this can lead to a 

non proportional reproduction of the predator [26, 68]. 

We show that the model undergos various bifurcations including saddle-node, 

transcritical and Hopf bifurcations of equilibrium and saddle-node, Neimark

Sacker and homoclinic bifurcations of limit cycle. These bifurcations result 

in very rich dynamics leading to the occurrence of multi-type bistability and 

tristability. We show that intraguild predation can promote seven combina

tions of alternative stable states. In particular, one stable state is a stable 

invariant torus. 

Tori have been observed in Hamiltonian systems [6, 52] and some partial 

differential equation models [45, 61]. But, to the best of our knowledge, they 
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have not been noticed in IGP models. 

We proceed our work with a nondimcnsionalization of (3.1) and establish 

its well-posedness in Section 3.1. In Section 3.2, we determine conditions 

for the existence of equilibria. In Section 3.3, we present numerical results 

and discuss the existence of tori and multistability. We then conclude this 

chapter with a summary and discussion in 3.5. 

3.1 Nondimensionalization and well-posedness 

To simplify the analysis, we first nondimcnsionalize System (3.1) using the 

following rcscalling: 

R 
X= K' 

c1N 
y=--, 

r 
c3P 

z= , 
r 

t* = rt, 

C2 
a2= -, 

C3 

c1e1K 
CT1 = --, 

r 
c3e2K 

CT2 = --, 
r 

C3e3 
(T3 = -, 

C1 

The resulting dimensionless system reads as 

x' = xf(x, y, z), 

y' = yg(x, y, z), 

z' = zh(x, y). 
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!32 = k2K, 

(3 
_ k3r 

3--, 
C1 

tn1 
µ1 =-, 

r 
m2 

µ2=-. 
r 

(3.2) 



where 

f(x, y, z) = 1- x - y - a2z, 

z 
g(x, y, z) = 0"1X -

1 
+ (3

3
y - µ1, (3.3) 

0"20'.2X 0"3y 
h ( X, y) = l (3 + l (3 - µ2 · + 2X + 3Y 

Since the dependent variables represent scaled populations, initial conditions 

of System (3.2) are taken from X := JR!. 

Proposition 3.1.1. Consider System (3.2) with an initial condition 

(x(O), y(O), z(O)) EX. 

There exists a unique solution, which remains nonnegative for t > 0 and is 

bounded. 

Proof. With respect to X, System (3.2) defines a smooth vector field. Thus 

for any initial condition, there exists a unique solution [63]. This, together 

with the fact that x'(t)lx=O = 0 and y'(t)ly=O = 0, immediately implies that 

the solution remains non-negative. It then follows from the first equation of 

(3.2) that 

x' (t) ~ x(t)(l - x(t) ), t ~ 0, 

which yields 
x(O) 

x(t) < . 
- x(O) + (1 - x(O) )e-t 

Thus, x(t) < M1 for t ~ 0, where M1 = max{x(O), 1} and hence x(t) is 

bounded. 
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Combining the first two equations of (3.2) and using the bounds x(t)(l -

x(t)) ~ l and x(t) ~ M1 , yields the differential inequality 

Application of a standard comparison theorem then leads to the bound 

This shows that y(t) is bounded. 

Similarly, we can show that 

where M3 := max (CT2x(O) + CT3y(O) + z(O), 4e12 + e1ie1aMiM2 + CT2M1 + CT3M2). 
µ2 µ2 

This shows that z( t) is bounded. D 

Remark 3.1.2. It can be seen from the proof of the above Proposition that 

if O < x(O) < l, then O < x(t) < l for all t > 0 and limsupH(X) x(t) ~ l. 

That is, (0, 1) is positively invariant and attracting for x. 
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3.2 Equilibria 

To investigate the dynamic behavior of System (3.2), we first seek biologically 

feasible equilibria, which arc nonnegative constant solutions to (3.2). That 

is, an equilibrium (x, y, z) E IRt is a nonnegative solution to the system 

0 xf(x,y,z)=x(l-x-y-n2z), 

0 (3.5) 

0 

Once an equilibrium is identified, its local stability can then be determined 

by the associated Jacobian matrix 

J= 

f (x, y, z) + xfx(x, Y, z) 

Y9x(x, Y, z) 

zhx(x, y) 

xfy(x,y,z) xfz(z,y,z) 

g(x, y, z) + ygy(x, y, z) Y9z(x, y, z) 

zhy(x, y) h(x,y) 

3.2.1 Trivial equilibrium and resource-only equilibrium 

Clearly, Ea = (0, 0, 0) and E 1 = (1, 0, 0) are two constant solutions to System 

(3.5), which we call the trivial equilibrium and the resource-only equilibrium, 

respectively. It is straightforward to show that Ea is a saddle point and thus 

unstable. 

Lemma 3.2.1. The trivial equilibrium Ea = (0, 0, 0) is a saddle point with 
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a two-dimensional stable manifold and a one-dimensional unstable man if old. 

Proof. At E0 , the Jacobian matrix J reads as 

1 0 0 

JIEo = 0 -µ1 0 

0 0 -µ2 

which has three eigenvalues: .X1 = 1 > 0, .X2 = -µ1 < 0 and .X3 = -µ2 < 0. 

Thus, the conclusion of this lemma follows [63]. D 

Theorem 3.2.2. The resource-only equilibrium E1 is globally asymptotically 

stable if 

(3.6) 

Moreover, if µ 1 < a 1 and a 2 > µ 2 (1+,82
), then E1 is a saddle point with a 

<T2 

one-dimensional stable manifold and a two-dimensional unstable manifold. 

If one of the following conditions holds, then E1 is a saddle point with a 

two-dimensional stable manifold and a one-dimensional unstable manifold. 

(i) µ > a and a > µ 2 (1+,82 ) • 1 1 2 <T2 , 

(ii) µ < a and a < µ 2 (1+,82 ). 
1 1 2 <T2 

Proof. Evaluating the Jacobian matrix J at E1 immediately gives the three 

associated eigenvalues .X1 = -1 < 0, .X2 = a 1 - µ 1 and .X3 = ~t~; - µ2. The 

local stability and instability of E 1 follow directly from checking the signs of 

A2 and A3. 
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Next, we show that E 1 is globally asymptotically stable in IRt \ {O, 0, O} if 

(3.6) holds. Let 

V(t) = cr3y(t) + z(t). (3.7) 

Clearly, V ( t) ~ 0 if y ~ 0 and z ~ 0 and V = 0 if and only if y = z = 0. 

Calculating the time derivative of V(t) along a solution of System (3.2), we 

obtain 

(3.8) 

It follows from the proof of Proposition 3.1.1, that limsupt---+00 x(t) ~ l. 

Hence, for any E > 0, there exists a T1 > 0 such that x(t) < 1 + E fort~ T1. 

Since we have assumed µ 1 > cr1 and µ2 (1 + /32 ) > cr2a 2 , we arc free to choose 

an E > 0 for which cr1 (1 + E) < µ 1 and ~:~:g::~ < µ2 . This ensures that for 

t ~ T1, 

Note that V'l(3.2) = 0 only if y = 0 and z = 0. It is easy to verify that 

the maximal compact invariant set in the set V' I (3.2) = 0 is the singleton E1. 

Therefore, it follows from the Lyapunov-LaSallc Invariance Principle that E1 

is globally asymptotically stable in IRt \ {O, 0, 0}. D 
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3.2.2 lntraguild predator-absent equilibrium and In

traguild prey-absent equilibrium 

If Condition (3.6) does not hold, then the resource-only equilibrium E 1 is 

unstable. In fact, we have the following result on the existence of IG predator

absent equilibrium and IG prey-absent equilibrium. 

Theorem 3.2.3. The JG predator-absent equilibrium 

exists if and only if 

(3.9) 

holds, whereas the JG prey-absent equilibrium 

exists if and only if 

(3.10) 

Proof. The proof is straightforward and is thus omitted. D 

Remark 3.2.4. Note that Lemma 3.2.2 indicates that as µ 1 increases through 

cr1 , the resource-only equilibrium E 1 changes from being stable to being unsta

ble and the JG predator-absent equilibrium E 10 emerges. Thus, a transcritical 

bifurcation occurs at E 1 when µ 1 = a 1 . Similarly, another transcritical bi-
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Set 

am = (a1 + µif32)(µ2a1 + (µ2/33 - a3)(a1 - µ1)). (3.ll) 
JL1a2(a1 + /33(a1 - JL1)) 

If (3.9) and 

(3.12) 

hold, then am > 0. 

For the stability of E 10 , we have the following result. 

Lemma 3.2.5. The JG predator-absent equilibrium E 10 is locally asymptot

ically stable if (3.12} holds and o:2 E [O, o:81 ) and is a saddle point if either 

(3.13) 

holds or (3.12} and o:2 > o:m are satisfied. 

Proof. Evaluating the Jacobian matrix at E10, we find that one eigenvalue is 

given by .X1 = h (l!:1., CTi-µi) and the other two eigenvalues .X2 and .X3 arc the 
CTl CTl 

two eigenvalues of the following 2 x 2 matrix 

_µ1 ) CTl 

0 

Note that the trace of J1 is negative and the determinant is positive, thus 

both .X2 and .X3 have negative real parts. Next, we check the sign of .X1 . Note 
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that we can rewrite .X 1 as 

Thus, if (3.12) holds and o 2 E [O, O'.m), then .X1 < 0 and hence £ 10 is locally 

asymptotically stable. Otherwise, if either (3.13) holds or (3.12) and o 2 > 

o Bl are satisfied, then .X 1 > 0 and £ 10 is a saddle point. D 

Define 

The following lemma establishes the local stability of the IG prey-absent 

equilibrium E01 . 

Lemma 3.2.6. The JG prey-absent equilibrium E01 is locally asymptotically 

stable if o 2 > oB2 and is a saddle point if o 2 < oB2, where aB2 > 0 is defined 

in (3.14). 

equilibrium £ 01 = (x, 0, z) exists if (3.10) holds. For the Jacobian matrix 

evaluated at £ 10 , there are three eigenvalues: .X1 = g(x, 0, z), .X2 and A3 arc 

the two eigenvalues of the matrix 

12 = ( 
-x -:2X) . 

a2a.!z 
(1+,B2x)2 
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Since J2 has a negative trace -x and a positive determinant, the real parts 

of -\2 and -\3 must be negative. We then only need to check the sign of A1. 

Note that the sign of 

is determined by its numerator (since the denominator a 2(CT2a2 - f32µ2) is 

positive), which is a quadratic function of a 2 with a negative leading co

efficient. Moreover, a 2 = a 82 is a zero of the quadratic function. Thus, it 

follows from the property of the quadratic function that -\1 < 0 and therefore 

E01 is locally asymptotically stable if a 2 > a 82 , and E01 is a saddle point if 

3.2.3 Interior equilibria 

An interior equilibrium of System (3.2) is a positive solution to the system 

of three equations f(x, y, z) = 0, g(x, y, z) = 0 and h(x, y) = 0. From 

h(x, y) = 0, we can express yin terms of x as 

where 

Q1(x) 
y = y(x) := Q2(x)' 
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and 

We first give a lemma concerning the positivity of y defined in (3.15). 

Lemma 3.2.7. The function y = y(x) defined in {3.15) is positive for x E Sy, 

where the set Sy is defined as 

(0, 00 ), 

Proof. For y defined in (3.15) to be positive, it is required that both Q1(x) 

and Q2(x) have the same sign. Note that we can rewrite Q2(x) as Q2(x) = 

(J3(l + f32x) - f33Q1(x). Thus for x > 0, if Q1(x) < 0, then Q2(x) > 0. Thus, 

y > 0 requires both Q1(x) > 0 and Q2(x) > 0. From the definition of Q1(x), 

for any x > 0. From the expression of Q2 (x), it follows that Q2 (x) > 0 for 

x > 0 if (J3 > µ2/33. If (J3 < µ2/33, then Q2(x) > 0 for x > 13 f!:%
3

-(1"
3
µ 13 13 - 0"202 3 20"3- 2 2 3 

provided that (J2a2f33 + /32(]"3 - µ2/32/33 > 0, i.e., (J20'.2 > µ2/32 - 131;3
• 

The conclusion of this lemma then follows from combining the above analysis 

D 
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From g(x, y, z) = 0 we can express z as a function of x and y to get 

(3.16) 

Therefore, we immediately have the following lemma 

Lemma 3.2.8. Let z = z(x, y) be the function defined in (3.16}, then z > 0 

for x > ~ and y > 0. 
a1 

Set 

(3.17) 

-b + Jb2 - 4ac -b - Jb2 - 4ac 
X1 = 2a ' X2 = 2a (3.18) 

and 

Se= s,n (~>X)). (3.19) 

Then, we are now in the position to state the existence result for the interior 

equilibria of System (3.2). 

Theorem 3.2.9. System (3.2) admits at most two interior equilibria. More 

specifically, 
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(i) System (3.2) admits exactly two interior equilibria if b2 - 4ac > 0 and 

Xi E SE, i = 1, 2. 

(ii) System {3.2) admits exactly one interior equilibrium if one of the fol

lowing condition holds 

(ii.a) b2 - 4ac > 0, X1 ESE and X2 ~ SE; 

(ii.b) b2 - 4ac > 0, X1 ~ SE and x2 ESE; 

(ii.c) b2 
- 4ac = 0, - 2: ESE. 

(iii) System (3.2) admits no interior equilibrium if either b2 - 4ac < 0 or 

b2 - 4ac 2:: 0 with xi ~ SE, i = 1, 2. 

Proof. Plugging y defined in (3.15) and z defined in (3.16) into f(x, y, z) = 0 

yields a quadratic equation of x: 

ax2 +bx+ c = 0, (3.20) 

where a, band care defined in (3.17). Solving for x from (3.20) gives at most 

two positive roots. Thus, System (3.2) admits at most two interior equilibria. 

If x is a root of (3.20) satisfying x E SE, then by Lemmas 3.2.7 and 3.2.8, 

(x, y(x), z(x, y(x))) is an interior equilibrium. The rest of the proof then 

follows directly from considering the distribution of the roots of (3.20). D 

Remark 3.2.10. If b2 - 4ac = 0 and -
2
: ESE, then a saddle node bifurca

tion occurs as b2-4ac changes from negative to positive; there are at most two 
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transcritical bifurcations. One occurs at the JG predator-absent equilibrium 

when x = ~ is a root of {3.20), which is possible only when a 2 = nm. An

other trans critical bifurcation occurs at the I G prey-absent equilibrium when 

x = u
20

}!.:µ
2132 

> ~ is a root of {3.20), which is possible only if o-2n2 > µ2/32 

and n2 = G'.B2. This shows the existence of interior equilibria is linked with 

the instability of boundary equilibria E 10 and E01 . 

3.3 Numerical results 

It is almost impossible to analytically investigate the stability of the inte

rior equilibria and express the conditions in terms of system parameters for 

System (3.2). However, it is straightforward to numerically determine the 

local stability and the occurrence of Hopf bifurcation. In addition, we can 

use Matcont ( a Matlab package) to compute the first Lyapunov coefficient 

to determine whether the Hopf bifurcation is supercritical or subcritical [49]. 

In this section, we first numerically calculate the equilibria and determine 

their local stability, which involves locating the saddle-node bifurcation point, 

transcritical bifurcation points and Hopf bifurcation points. We then use 

numerical integration to investigate the global dynamic behavior and check 

the existence of limit cycles, the bifurcation of cycles, as well as the occurrence 

of tori. 

We present our numerical results mainly by bifurcation diagrams. As we arc 

particularly interested in the impact of the IG predation, we use a 2 as our 
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bifurcation parameter. 

We first consider the case where the model does not admit any interior equi

librium when a-2 = 0. As only the stability of the interior equilibria is not 

analytically analyzed, in the following we only discuss the existence of interior 

equilibrium and its stability. 

Using parameter values a 1 = 50, a 2 = 150, a3 = 0.4, /32 = 0.5, /33 = 0.2, 

µ 1 = 10 and µ2 = 1, we obtain the corresponding bifurcation diagram, shown 

in Figure 3.1. This shows that as a-2 increases, a unique unstable interior 

equilibrium emerges when a-2 = n82 , which disappears when 0::2 = 0::m. 

There exist two Hopf bifurcation values 0::m < 0::m, at which supercritical 

Hopf bifurcations occur. This is confirmed by the first Lyapunov coefficients: 

at 0::m, the first Lyapunov coefficient is -0.1396, and at 0::m it is -0.0056. 

Moreover, we obtain a global Hopf branch, which implies that there exists a 

limit cycle for 02 E (0::m, 0::m). 

Figure 3.2 depicts the scenario with 4 critical values of a-2: 0 < am < am < 

om < aB2. There exists a unique interior equilibrium for 0::2 E (am, aB2), 

which is stable for 0::2 E (am, am) U (am, a 82). The Hopf bifurcation oc

curring at am is supercritical as its first Lyapunov coefficient is -0.587 < 0, 

while the Hopf bifurcation occurring at am is subcritical as its first Lyapunov 

coefficient is 0.0085 > 0 . The Hopf branches continuated from these two 

Hopf bifurcation values meet at a 2 = aw. That is, a saddle-node bifurcation 

of limit cycles occurs at a2 = aLC· 

Figure 3.3 represents the possible dynamics of System (3.2) with 6 critical 
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Figure 3.1: Bifurcation diagram of System (3.2)with two Hopf bifurcations and 
a global Hopf branch. Parameter values taken as a-1 = 50, a-2 = 150, a-3 = 0.4, 
/32 = 0.5, /33 = 0.2 , µ 1 = 10 and µ2 = 1. The critical values are: aB2 ~ 0.0131, 
am ~ 0.0148, aH2 ~ 0.0218, aBl ~ 0.0265. 
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Figure 3.2: Bifurcation diagram of System (3.2) with two Hopf bifurcations and 
a global Hopf branch. Parameter values are taken as a-1 = 50, a-2 = 150, a-3 = 0.4, 
/32 = 9, /33 = 0.2, µ1 = 10 and µ2 = 1. The critical values are: aB2 ~ 0.0676, 
am~ 0.0689, aH2 ~ 0.0749, aLc ~ 0.0751, aBl ~ 0.0784. 
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values of a 2 : as a 2 increases, a saddle node bifurcation occurs at asN inducing 

two interior equilibria. The interior equilibrium with larger x-component 

is stable and disappears at a 2 = aB2 via a transcritical bifurcation; the 

interior equilibrium with smaller x-component is a saddle point for a 2 E 

(asN, am) U (am , aBI) and is an unstable node for a 2 E (am, am). A 

supercritical Hopf bifurcations occur at a 2 = am with the first Lyapunov 

coefficient -1.16 and a subcritical Hopf bifurcation occurs at a 2 = am 

with the first Lyapunov coefficient at am is 0.1732. A global Hopf branch 

connects these two Hopf bifurcations. Moreover, a saddle node bifurcation 

of limit cycles occurs at a2 = a Le. 

,,,,,,,,,,,',',:,,,,.,, 

Figure 3.3: Bifurcation diagram of System (3.2) with parameter values taken 

as 0-1 = 50, 0-2 = 150, 0-3 = 0.4, f32 = 2.8, {33 = 0.2, µ1 = 10, µ2 = 1. The 
critical values are: asN ~ 0.03155, aH1 ~ 0.03165 , aBl ~ 0.03175 , aH2 ~ 0.0348 , 

aLc ~ 0.03595 , aB2 ~ 0.03765. 

As shown in Figure 3.4, there are 8 critical values of a 2 . At a 2 = asN, a 

saddle-node bifurcation occurs and two interior equilibria emerge. At a 2 = 
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am and a 2 = aH2, Hopf bifurcations occur. Further, the first Lyapunov 

coefficient at am is 0. 7651 and the first Lyapunov coefficient at am is 0.2065. 

Thus , these two Hopf bifurcations are subcritical. At a 2 = aLc, a saddle 

node bifurcation of limit cycle occurs and the two Hopf branches starting 

from the two Hopf bifurcation values meet. As a 2 decreases from aLc, at 

a 2 = aLcNs, a Neimark-Sacker bifurcation occurs leading to the appearance 

of a torus. As a 2 continues to decrease , the amplitudes of the torus expand 

and at a 2 = aLcHc, a homoclinic bifurcation involving a limit cycle occurs, 

through which, the torus disappears. In addition, transcritical bifurcations 

occur as a 2 passes through aBl and aB2. 

a sN aHI aH2 aLCHC aBI a LCNS a 32 aLc 

a 2 

Figure 3.4: Bifurcation diagram of System (3.2) with two Hopf bifurcations and 
a saddle-node bifurcation of limit cycles. Parameter values taken as 0-1 = 50, 
a-2 = 150, a-3 = 0.4, /32 = 5, /33 = 0.2, µ1 = 10 and µ2 = 1. The critical values are 
asN ~ 0.04643, am ~ 0.04685, am ~ 0.04731, aLcHc ~ 0.04789, aB2 ~ 48275, 
aLCNS ~ 0.0485, aBl ~ 0.04873, O'.£C ~ 0.0497. 

Next, we consider the case where there is an interior equilibrium when a 2 = 0. 
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As shown in Figure 3.5, there is a transcritical bifurcation at a 2 = aB2 and 

Hopf bifurcations at a 2 = am and a 2 = am. The first Lyapunov coefficient 

at am is -0.0587 and the first Lyapunov coefficient at am is -0.0587. 

Therefore , both of the two Hopf bifurcations are supercritical. The interior 

equilibrium is stable for a 2 E [O , am) U ( am, aB2) and there is a stable limit 

cycle for a2 E (am , am). 

Hopf branch 

\ .......... . 
,,,,········ 

-~·::::·::.'.'.' ........ , .................. _:} 
#. •·· 

' •,,,, ,, ,., ,,, ,, , • ' 

0.1 

Figure 3.5: Bifurcation diagram of System (3.2) with a stable torus. Parameter 
values taken as 0-1 = 27, 0-2 = 40, 0-3 = 2, f32 = 1, {33 = 0.2 , µ1 = 10, µ2 = l. The 
critical values are aH1 ~ 0.0163, aH2 ~ 0.0541 , aB2 ~ 0.067. 

Figure 3.6 illustrates a sequence of the dynamics involving one Hopf bifurca

tion at a 2 = am and one transcritical bifurcation at a 2 = aB2. The interior 

equilibrium is unstable for a 2 E [O , aH1) and is stable for a 2 E (aH1, aB2). 

For a 2 E [O, am) , System (3.2) admits a limit cycle. 
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Figure 3.6: Bifurcation diagram of System (3.2) with parameter values taken as 
0-1 = 30, 0-2 = 35, 0-3 = 2, /32 = 1, /33 = 0.2 , µ1 = 10, µ2 = 1. The critical 
values are: aH1 ~ 0.0765 , aB2 ~ 0.0825. The first Lyapunov coefficient at aH1 is 
- 0.0721. 

3.3.1 Multistability 

As seen from Figures 3.1 , 3.3 and 3.4, multiple stable states are possible in 

System (3.2). The phenomenon of multistability exhibited in System (3.2) 

indicates that there are multiple alternative stable states. From our simula

tions , we observe three types of bistability: (I) two stable equilibria coexist; 

(II) one stable equilibrium coexists with one stable limit cycle; and (III) 

one stable equilibrium coexists with a stable torus. For instance, as shown 

in Figure 3.3, Node-Node bistability occurs for a 2 E (aLc, aBI) where two 

stable equilibria E 01 and E 10 coexist and for a2 E ( asN, am) in which the 

interior equilibrium coexists with the IG predator-absent equilibrium E10 . 

Node-Cycle bistability occurs in Figure 3.4 for a2 E ( a Le NS, a Le). See also 

in Figure 3.4, for a 2 E (aBI , aLcNs), that Type-III bistability occurs. 
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System (3.2) also exhibits the phenomenon of tristability, which has two 

types: (I) two stable equilibria and one torus; and (II) two equilibria and 

one stable limit cycle. Node-Node-Torus tristability, as shown in Figure 3.4, 

occurs for a 2 E (aLcHc, aBI)- Figure 3.7 illustrates this type of tristability, 

where three solutions with different initial conditions may approach three 

different stable states. Node-Node-Cycle tristability is observed in Figure 

3.4 for a2 E (am , aLcHc). 

~o:~ ii · : : : i ····~ 
0 10 20 30 40 50 60 70 80 90 100 

t (a) 

100 150 200 250 

t (b) 

~::~~•wr•nmcf-
0 50 100 150 200 250 300 

t (c) 

Figure 3. 7: Numerical solutions of (3.2) with three different sets of initial con
ditions demonstrating Node-Node-Torus tristability. Parameter values used are 

0"1 = 50, 0"2 = 150, 0"3 = 0.4, /32 = 5, /33 = 0.2 , µ1 = 10, µ2 = 1 and a2 = 0.048. 
In panel (a) , with initial conditions (0.8, 0.8, 0.8) , the solution converges to the IG 
predator-absent equilibrium E 10 = (0.2, 0.8, 0) ; in panel (b) , with initial conditions 
(0.3, 0.5 , 1) , the solution tends to the interior equilibrium, (0.407, 0.088, 10.524); in 
panel (c), the initial condition is (0.2, 0.2, 4) and the trajectory is approaching a 
torus. 
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3.4 Dynamics of the Poincare map and a torus 

attractor 

Over a range of parameter values, the model exhibits a Node-Node-Torus 

tristability between two equilibria and an invariant torus. As illustrated in 

Figure 3.8, the invariant torus consists of a chaotic solution that wraps around 

a torus. These solutions follow close to lines of latitude of the torus; they 

oscillate rapidly parallel to the x-y plane, while drifting slowly southward 

( decreasing z) on the outside of the torus, and returning northward along 

the inside. Thus, the IG prey and resource oscillate quickly, while the IG 

predator cycles on a slower time scale. There are two unstable limit cycles: 

one inside the torus and the other above the torus. The unstable manifold 

of the second cycle separates the basins of attraction of the IG prey-absent 

equilibrium and the torus. 

To characterize the bistability and basins of attraction, we construct a Poincare 

section S defined below 

1 - X - y - Q2Z = 0, 

S = (x,y,z) x > O,y > O,z > 0, 

z > (a1x - µ1)(1 + {33y) 

This is the section of the x-nullcline on which y is decreasing. System (3.2) 

induces a map P : S ---* S as follows: for any ~ E S, let ¢(t, ~) denote the 

solution of System (3.2) with initial condition ~; let T(~) be the smallest 
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Figure 3.8: A torus attractor of System (3.2). The blue-colored orbit is a torus 
(here the initial transitions are omitted). The two red-colored cycles are the two 
unstable limit cycles of System (3.2). The parameters used are o-1 = 50, 0-2 = 150, 
0-3 = 0.4, /32 = 5, /33 = 0.2 , µ1 = 10, µ2 = 1, a2 = 0.048. The torus is obtained by 
using the initial condition (0.2 , 0.3, 4). 

positive time, t , for which </>(t, e) E S, and define P by P(e) = </>(T(e) , e). 

The map Pis referred to as the Poincare map on S. Since x' = 0 on S, and 

y' = 0 defines the boundary of S, every equilibrium of System (3.2) is on the 

boundary of S. Further, any limit cycle solution of System (3.2) is a fixed 

point of the Poincare map, with the stability of the fixed point matching that 

of the limit cycle. 

As shown in Figure 3.9, when a 2 = aLcHc , the Poincare map admits a 

homoclinic orbit indicating the occurrence of a homoclinic bifurcation of 

limit cycle for (3.2). As a 2 increases , a limit cycle appears on the Poincare 

section S leading to the appearance of a torus for System (3.2). A numerically 

simulated torus is presented in Figure 3.8. 
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a2 = 0.047888 

E 
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0 
ro 6 "O 
Q) 
I... 
a. 
(9 4 

2 

0.2 0.4 0.6 
IG prey (y) 

Figure 3.9: The phase portrait of the Poincare map with a2 = O'.£CHC at which 
a homoclinic bifurcation occurs. The two circles LC1 and LC2 on the Poincare 
section correspond to two unstable limit cycles of System (3.2). The 4 stars on the 
Poincare section are the 4 equilibria of System (3.2). The parameter values are 
0-1 = 50, 0-2 = 150, 0-3 = 0.4, /32 = 5, (33 = 0.2, µ1 = 10, µ2 = 1, 0'.2 = 0.047888. 

As a 2 increases, the torus disappears via the occurrence of a Neimark-Sacker 

bifurcation at a 2 = O'.LCNS· As shown in Figure 3.10, the limit cycle shrinks 

into a stable fixed point on the Poincare section S when a2 = O'.£CNS · Con

sequently, for System (3.2), the torus shrinks into a stable limit cycle. For 

a 2 E ( O'.£CNS , a Le) , System (3.2) admits two limit cycles: one is stable and 

the other is unstable. These two limit cycles disappear through a saddle-node 

bifurcation of limit cycle at a 2 = O'.£C· 

Figure 3.11 shows the phase portrait of the Poincare map for the case a = 

0.48 , and corresponds to the solutions in Figure 3.8. The stars in Figure 3.11 

are the equilibria of System (3.2) and the two circles are the two unstable 

limit cycles. The curves in Figure 3.11 are the stable and unstable manifolds 
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IG prey (y) 

Figure 3.10: The phase portrait of the Poincare map at a2 = aLcNS· The two red 
circles LC1 and LC2 are two unstable limit cycles of System (3 .2). The parameter 
values are: 0"1 = 50, 0"2 = 150, 0"3 = 0.4, /32 = 5, /33 = 0.2 , µ1 = 10, µ2 = 1 and 
a2 = 0.0488. 

of these fixed points, and the arrows denote the direction of flow along each 

manifold. Note that the limit set of the lower branch of the unstable manifold 

of cycle L2 , denote~ by a dash-doted line is the invariant torus, which appears 

as a limit cycle on the Poincare section. 

There are several very interesting changes in the stable attractors of System 

3.2 and their basins of attraction as a 2 increases through the bifurcations 

shown in Figure 3.4. In Figure 3.12, we present some numerically computed 

basins of attraction on the Poincare section for various attractors. 

Figure 3.11-(a) and (b) depict the phase portraits of the Poincare map when 

a 2 E (as2 , aLcsc). In these two figures, the dashed curves are the unstable 

manifolds of LC2 . As shown in Figure 3.11-(a) , when a 2 = 0.0474, the 

unstable manifold of LC2 goes towards the boundary fixed point Ef and 
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then as the a 2 increases to a 2 = 0.04 76, this unstable manifold goes towards 

the interior fixed point E2- Moreover, for any initial condition taken in the 

pink-colored region~ the solution flow approaches the interior fixed point E2 
eventually, and the trajectories start from the initial conditions located in 

the yellow-colored region approach the boundary fixed point Et. 

For a2 E (aH2 , O'.£cHc), bistability occurs with the same type of attractors. 

However, the structures of the basins of the attraction are different. As shown 

in Figure 3.12-(a), the basin of the interior equilibrium is spiral shaped, while 

in Figure 3.12-(b), this spiral shaped basin disappears. 

3.5 Summary and discussion 

In this chapter, we have investigated the dynamics of a three-dimensional 

intraguild predation model where the dynamics of the three organisms ( re

source, IG prey and IG predator) are on the same temporal scale (in contact 

to the system studied in Chapter 2). It has been shown that the model 

can have at most two interior equilibria. Bifurcations of equilibria including 

transcritical, saddle-node and Hopf may occur in this model as the bifurca

tion parameter a 2 varies. In addition, via a Poincare map, we numerically 

explored the occurrence of saddle-node, Neimark-Sacker and homoclinic bi

furcations of limit cycle. These observed bifurcations lead to very rich dy

namics in the simple IGP model. The phenomena of multi-type bistability 

and tristability exhibited in System (3.2) suggest that IGP can promote very 
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complex alternative stable states. To be specific, we observed the follow

ing combinations of alternative stable states: (i) IG prey or IG predator 

survive with Node-Node bistability; (ii) coexistence or IG predator survive 

with Node-Cycle bistability; (iii) coexistence or IG prey survive with Node

Node bistability or Node-Cycle bistability; (iv) coexistence or IG predator 

or IG prey survive with Node-Node-Torus tristability; and (v) coexistence 

or IG predator or IG prey survive with Node-Node-Cycle tristability. Of 

these states, the combinations of (iv) and (v) have not been reported in the 

literature. These observed rich characters of alternative stable states arc of 

fundamental importance in understanding and management of ecosystems 

[24, 36, 79). 

It is of particular interest that a stable invariant torus exists in System (3.2) 

as the bifurcation parameter a 2 changes in an interval ( a2 E ( a Le He, a Le NS) 

in Figure 3.3). Though tori have been observed in many models in Physics 

[6, 52), to the best of our knowledge, it is the first time to report the existence 

of tori in a deterministic three dimensional IGP model. 

Note that when k2 = 0, then g2 is proportional to h in System (3.1), therefore 

when /32 = 0, the corresponding functional response and numerical response 

are proportional in System (3.2). It can be verified that all the lemmas and 

theorems for the case when k2 =I= 0 also hold for the case when k2 = 0. 

Further, it can be checked that a stable torus also exists when fJ2 = 0 (sec 

Figure 3.13). 
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Figure 3.11: These 6 subfigures are the the phase portrays on this Poincare 
section with different values of a2. In (a), a2 = 0.0474. In (b), a 2 = 0.0476. In 
(c), a2 = 0.047888. In (d), a2 = 0.048. In (e), a2 = 0.0488. In (!), a2 = 0.05. 
The dash curve in (a), (b), (c), (d) and (e) is the unstable manifold of the limit 
cycle LC2. 
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Figure 3.12: These 6 subfigures provide the basins of the attractors in Figure 
3.11. The same with Figure 3.11, in (a), a 2 = 0.0474. In (b) , a 2 = 0.0476. In 
(c), a2 = 0.047888. In (d) , a2 = 0.048. In (e), a2 = 0.0488. In (!) , a2 = 0.05. 
Color red denotes the basin of the stable interior fixed point. Color green denotes 
the basin of the torus in (c) and (d) , and denote the basin of the stable limit cycle 
in (e). Color blue denote the basin of the boundary fixed point. In (a), (b), (c) 
and( d), the blue color is the basin of Ef, and in ( e) and (!), it is the basin of E!j. 
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Figure 3.13: This is an example of a stable torus when /32 = 0. The parameter 
values are: a-1 = 60, a-2 = 19.2, a-3 = 0.4, /32 = 0, /33 = 0.4, µi = 10, µ2 = 1 and 
0'.2 = 0.2343. 
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Chapter 4 

Dynamics of a Delayed 

lntraguild Predation Model 

In this chapter, we include a time delay in the intraguild prey's (IG prey) 

numerical response and examine how such a delay affects the number and 

types of alternative stable states in the intraguild predation (IGP) model. 

The case where the delay appears in the numerical response of the IG preda

tor is considered by Yamaguchi ct al. (91]. It has been shown that delay has 

a destabilizing effect and induces oscillations in many predator-prey models 

and delay does not induce oscillations in many competition models. How

ever, for an IGP model, it is still unknown whether or not the delay has a 

destabilizing effect or dcstablizing effect. To characterize the impact of delay, 

we select the simplest functional and numerical responses in Eq. (1.2) and 
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consider the following system of delay-differential equations: 

R'(t) = rR(t) ( 1 - ~)) - c1R(t)N(t) - c2R(t)P(t), 

N'(t) = e1c1R(t - T)N(t -T) - c3N(t)P(t) - m1N(t), (4.1) 

P'(t) = e2c2R(t)P(t) + E3c3N(t)P(t) - m2P(t). 

Here the delay T > 0 is the time needed for the intraguild prey (IG prey) to 

convert its consumption to its growth. We focus on the role played by this 

delay and try to explore the new dynamics can occur for this three species 

system when IG prey needs longer or shorter time to convert its consumption 

to its biomass. We will show that the delay in Model ( 4.1) promotes very 

complex dynamics. More precisely, we show that delay can induce stability 

switches. In addition, we show that delay can induce three types of bistability 

(Node-Node, Node-Cycle and Cycle-Cycle) and even chaos. 

Model ( 4.1) can be rescaled to simplify the analysis. We introduce the new 

variables x = R/ K, y = c1N/r, z = c2P/r, and define new parameters 

f31 = e1c1K/r, f32 = e2c2K/r, 11 = mi/r, 12 = m2/r, a = c3/c2 and (33 = 

e3c2/ c1 . In addition, we rescale t and T by r, but for simplicity, keep the 

same notation. With these rescalings, Model ( 4 .1) becomes 

X
1 

( t) = X ( t) ( 1 - X ( f)) - X ( t) y ( f) - X ( f) Z ( f) , 

y'(t) = (31x(t - T)y(t - T) - ,11y(t) - ay(t)z(t), (4.2) 

z'(t) = /32x(t)z(t) - r12z(t) + /330:y(t)z(t). 
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The parameter a is a rescaled predation rate and the parameters /3i, i = 1, 2, 3 

are rescaled conversion efficiencies. 

We organize the rest of this chapter as follows. Section 4.1 provides some 

preliminary results concerning the well-posedness of System ( 4.2) and the 

existence of equilibria. The stability analysis and bifurcation analysis arc 

presented in Section 4.2. Some numerical simulations are reported in Section 

4.3. We summarize and discuss our work in Section 4.4. 

4.1 Well-posedness and existence of equilib-

. 
r1a 

For any T > 0, let C := C([-T, O], JR.) be the Banach space of continuous 

functions on [-T, O] with the norm defined by 114>11 = sup_T~o~o 1¢(B)I, V¢ E 

C. The nonnegative cone of C is c+ := C([-T, O], lR+), where lR+ is the set 

of nonnegative real numbers. Let X := c+ X c+ X lR+, Ut(B) = u(t + B), e E 

[-T, O] for u EC. Since the dependent variables represent scaled populations, 

the associated initial conditions for System ( 4.2) are 

(xo, Yo, z(O)) EX. (4.3) 

Our next result shows that our model is well posed. 

Proposition 4.1.1. Consider System (4-2) with any initial condition (xo, Yo, z(O)) E 

X with x0 (0) > 0, y0 (0) > 0 and z(O) > 0. There exists a unique solution, 
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which is positive for t > 0 and is ultimately bounded. 

Proof. The existence and uniqueness of the solution (xt, Yt, Zt) follows from 

the method of steps [27]. From the first and the third equations of System 

(4.2), it follows that 

x(t) = x0(0) exp (l (1 - x(/1) - y(/1) - z(/i))d/1) > 0 

and 

z(t) = z(O) exp (l (fhx(/1) - ')'2 + /J3ay(/i)) di/) > 0 

fort~ 0. 

We next show that y(t) remains positive fort > 0. Suppose, on the contrary, 

there exists a time t1 > 0 such that y(t) > 0 for t E (0, t1) and y(t1) = 0. 

Then, it follows from the second equation of System (4.2) that on (0, t1) 

y'(t) ~ -(11 + az(t))y(t) 

with z(t) > 0 and y(O) = y0 (0) > 0. Thus by a standard comparison theorem, 

y(t) 2'. Yo(O) exp (-l (1'1 + az(/i))d/1) . 

Now since z(t) is continuous on (0, t1), there is some M0 > 0 such that 
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z(t) < M0 fort E [O, t1]. Hence, 

y(t) ~ Yo(O) exp (-(11 + aMo)t) fort E [O, t1). 

Again invoking continuity of y(t), it follows that y(t1) > O; this is a contra

diction. Thus, y(t) > 0 fort ~ 0. 

We now show that all solutions of System ( 4.2) are ultimately bounded. Note 

that every solution (x(t),y(t),z(t)) of System (4.2) is positive fort~ 0. It 

follows from the first equation of ( 4.2) that 

x'(t) ~ x(t) (1 - x(t)), t ~ 0, (4.4) 

which yields 

lim sup x(t) ~ l. (4.5) 
t---++oo 

Thus, for any E > 0, there exists a T1 > 0 such that O < x(t) ~ 1 + E for 

t ~ T1 . This, together with the first two equations of System (4.2), shows 

that fort~ T1 , 

(f31x(t) + y(t + r))' ~ f31x(t) (1 - x(t)) -11y(t + r) 

1 
~ 4,81 + 11,81(1 + E) -11 (,81x(t) + y(t + r)). (4.6) 
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Since E can be arbitrarily small, we get 

Hence, limsupt-+00 y(t) ~ M1. Similarly, for any E > 0, there exists a T2 > T1 

such that O < x(t) ~ 1 + E and O < y(t) ~ M1 + E for t ~ T2• Thus, for 

t ~ T2 + T, we have 

(/J2x(t) + /J3y(t) + z(t))':,; ~
2 + /J3/J1(l + <)(M1 + <) - /J3'YtY(t) - r2z(t) 

:,; ~ + /J3/J1M1 + <o + /12µ - µ (/J2x(t) + /J3y(t) + z(t)), 

whereµ= min {,'1 , 12} and Eo = /33/31 ((1 + M 1)E + E2) + µ(32E. This implies 

that 

and hence limsupt-+00 z(t) ~ M2. D 

Remark 4.1.2. It is seen from the proof of the above Proposition that if 

0 < x 0 < 1, then O < x( t) < 1 for all t > 0. With l as the carrying capacity, 

-4
1 is the maximum units of the basal resource arising from the logistic growth 
1'1 

over the expected lifetime of an JG prey. The bound O < (31x(t) + y(t) ~ 

M1 = /31 (1 + -41 
) bounds the sum of basal units and JG prey numbers as 

1'1 

JG prey equivalents. Similarly, 4~ (Hereµ = min{,'1 , 12}) is the maximum 
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units of the basal resource arising from the logistic growth over the expected 

lifetime of either the JG prey or intraguild predator (JG predator), whichever 

is longer. Using M1 as an upper bound for the JG prey population, 131:!1 is 

the maximum number of JG prey produced from conversion of basal resource 

over the same expected lifetime. The bound O < /32x(t)+/33y(t)+z(t) ~ M2 = 

/32 ( 1 + 4~) + f33 /3~M1 bounds the sum of basal units and JG prey and predator 

numbers as JG predator equivalents. Note that we are not able to bound y(t) 

independently of x(t) or to bound z(t) independently of x(t) and y(t). Hence, 

we can only prove a loose bound on the JG prey population: 0 < y(t) ~ M1 

and on the JG predator population: 0 < z(t) ~ M2 . 

4.1.1 Equilibria of System (4.2) 

Clearly, System ( 4.2) admits two trivial equilibria: E0 := (0, 0, 0) and E1 := 

(1, 0, 0). At E 1, we can define the reproduction numbers for the IG prey and 

IG predator, respectively, as 

i = 1, 2. (4.7) 

Our next result on the existence of boundary equilibria can be easily estab

lished. 

Lemma 4.1.3. System (4.2) admits JG prey-only and JG predator-only equi

libria under the following conditions. 

100 



(i) The JG prey-only equilibrium 

E10 := (X,i],O) = (~,' (1- ~J o) 
is a boundary equilibrium of System {4,2) if and only if 

(4.8) 

(ii) The JG predator-only equilibrium 

E01 := (X,O,Z) = (~
2

, 0, (1- ~J) 
is a boundary equilibrium of System ( 4. 2) if and only if 

(4.9) 

System ( 4.2) admits a positive equilibrium E* := (x*, y*, z*) if E* is a positive 

solution to the following linear system of three equations: 

X +y + Z = l, 

(31x - az = 1'1, 

f32x + /33ay = 1'2· 
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In the nonsingular case, System (4.10) has the unique solution 

E* ( * * *) (D1 D2 D3) = x ,y ,z = D'aD'aD ' 

where 

D 

(4.11) 

( 4.12a) 

(4.12b) 

( 4.12c) 

(4.12d) 

In contrast, if System ( 4.10) is singular, then System ( 4.2) may admit multi

ple positive equilibria. These results are summarized in the following lemma. 

Lemma 4.1.4. System (4-2} admits a unique positive equilibrium E* if and 

D· 
only if D -=f=. 0, a > 0 and ; > 0, for i = l, 2, 3. Moreover, System (4-2} 

admits a line of non-isolated equilibria if one of the following conditions holds: 

(a) if a = 0 and R 1 = R 2 > 1, then System ( 4 .10} has a line of positive equi

libria defined by x* = 1/R1, y* = (1 - 1/R1)- z*, 0 < z* < (1 - l/R1); 

(b} if R 1 > R 2 > 1 and E.. = a/33 = (R1 - R2) / (R1 - 1), then System 
'Yl 'Y2 

(4.10} has a line of positive equilibria defined by y* = -;ff;, (1 - R2x*), 

z* = 11. (R x* - l) ...l.. < x* < ...l... 
a 1 ' R1 R2 

Note that the existence of a positive equilibrium for System ( 4.2) implies 
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the existence of both boundary equilibria. Geometrically, the set of positive 

equilibria is the line segment connecting the two boundary equilibrium points 

E 10 and E01 excluding the two end points (see Figure 4.2). 

4.2 Dynamics of System (4.2) 

4.2.1 Stability of E0 and E1 

We first consider the stability of E0 and E1 and summarize the stability 

results of the two trivial equilibria of System ( 4.2) as follows. 

Theorem 4.2.1. Consider System {4,2). The trivial equilibrium Eo is un

stable, while the trivial equilibrium E1 is locally asymptotically stable if 

Ri < 1, i = 1, 2 (4.13) 

and unstable if either R1 > 1 or R2 > 1. 

Proof. Linearizing System ( 4.2) about E0 , we obtain the following charac

teristic equation 

(.,\ - 1)(.,\ + ,1)(.,\ + ,2) = 0, 

which gives three eigenvalues, namely, ..\1 = 1 > 0, A2 

.,\3 = -,2 < 0. Thus, E0 is unstable. 

(4.14) 

-')'1 < 0 and 

The characteristic equation obtained from linearizing System ( 4.2) about E1 
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is given by 

(4.15) 

where 

( 4.16) 

Clearly, ..\1 = -1 < 0 and ..\2 = (/32 - -y2 ) are two real characteristic roots, 

and the remaining roots are the zeros of h1(..\). It follows from Lemma A.1 

that if R 1 < 1, then all zeros of h1 (..\) have negative real parts for T ~ 0. 

However, if R 1 > 1, then h1 (..\) admits a positive real zero. Note that ..\2 < 0 

if and only if R 2 < 1. Therefore, E 1 is locally asymptotically stable if Ri < 1 

for i = 1, 2, but, if either R 1 > 1 or R 2 > 1, then E 1 is unstable. D 

Remark 4.2.2. If the trivial equilibrium E1 is stable, then neither of the two 

boundary equilibria, E 10 and E01 exist; and when E1 loses its stability, one or 

both boundary equilibria emerge. In the case where either R 1 = 1 or R 2 = 1, 

the characteristic equation of E1 has an eigenvalue..\= 0, and the remaining 

eigenvalues all have negative real parts. If R 1 = 1 and R 2 = 1, then System 

(4-2) has only two equilibria, E0 and E1 . As a special case, if c3 = 0 and 

R 1 = R 2 > 1, then x* = 1L = J
2

, and there are infinitely many positive 

equilibria which farm a line segment connecting the two boundary equilibria 

E01 and E10. 

Indeed, by the theory of asymptotically autonomous systems (see Castillo

Chavez and Thieme [8]) to Eq. ( 4.2), we can show that E 1 is globally asymp

totically stable if R 1 < 1 and R 2 < 1. 
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Lemma 4.2.3. Consider System (4.2}. If R1 < 1, then limHoo y(t) = 0. 

Proof. It follows from the proof of Proposition 4.1.1 that for any E > 0, there 

exists a T1 such that x(t) ~ 1 + E fort> T1. Then, we have 

y'(t) ~ ,81(1 + E)y(t - T) - 'Y1Y(t), fort> T1 + T. 

Since R 1 < 1, we can choose an E > 0 such that /31(1 + c) < 'Y1, which, 

following from [48, Example 5.1] implies that limHoo y(t) = 0. 

Lemma 4.2.4. Consider the following predator-prey system 

x' (t) = x(t)(l - x( t)) - x( t)z( t), 

z'(t) = z(t) (f32x(t) - 'Y2). 

D 

( 4.17) 

If R2 < 1, then the equilibrium ( 1, 0) is globally asymptotically stable, whereas 

if R 2 > 1, then the positive positive equilibrium ( J
2

, (Rk~l)) is globally 

asymptotically stable. 

Proof. The proof follows similarly to that of [50, Proposition 1]. D 

Theorem 4.2.5. If R 1 < 1 and R 2 < 1, then E1 is globally asymptotically 

stable. 

Proof. The conclusion follows directly from Lemmas 4.2.3 and 4.2.4 and the 

theory of asymptotically autonomous systems [8]. D 
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4.2.2 Stability of the boundary equilibria: E01 and E10 

We first consider the boundary equilibrium E01 and we have the following 

result. 

Theorem 4.2.6. Consider System (4.2). If 'R2 > 1, then the boundary equi

librium E01 exists. If, in addition, D2 > 0, then E 01 is locally asymptotically 

stable, and if D2 < 0, then E01 is unstable. 

Proof. Linearizing System ( 4.2) about E01 gives the characteristic equation 

where 

( 4.18) 

(4.19a) 

(4.19b) 

The assumption 'R2 > 1 implies O < 1/'R2 < 1, which shows that the two 

zeros of h2().) must have negative real parts. Then, the stability of E01 is 

determined by the sign of the real part of the zeros of h3 (A). It follows 

from 'R2 > 1 and D2 > 0 that a('R2 - l)/('R2) + 'Y1 > 'Y1 Ri/'R2. Thus, 

Lemma A.I applies and all zeros of h3 ().) have negative real parts. Hence, 

E01 is locally asymptotically stable. On the other hand, if D2 < 0, then 

a('R2 - l)/('R2) +'Yi< 'Yi'Ri/'R2. By Lemma A.I, h3 ().) admits one positive 

real zero and hence E01 is unstable. D 
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Remark 4.2.7. Given R 2 > 1, it is interesting to note that if R 1 < R 2 , 

i.e., the reproduction number of JG predator is larger than that of JG prey, 

then the JG predator-only equilibrium E01 is always stable since in this case 

we can easily show that D2 > 0. 

Remark 4.2.8. If D2 = 0, then by Lemma A.1, the characteristic equation 

( 4-18) has a simple zero eigenvalue and all other eigenvalues have negative 

real parts. In this case, a transcritical bifurcation occurs and a positive equi

librium emerges as D2 varies from positive to negative. 

Our next result establishes the global stability of E01 . 

Theorem 4.2.9. If R 1 < 1 < R 2 , then E01 is globally asymptotically stable 

in X. 

Proof. In view of Remark 4.2.7, local stability of E01 is obvious since R1 < 

1 < R 2 . We then just need to show that E01 is globally attractive. Since 

R 1 < 1, by Lemma 4.2.3, we have limt-too y(t) --+ 0. Thus, the conclusion 

follows immediately from Lemma 4.2.4 and the theory of asymptotically au

tonomous systems [8]. D 

Theorem 4.2.10. Consider System {4-2) with R 1 > 1. 

{a) If D3 < 0, then E 10 is unstable; 

{b) If D3 > 0 and l < R 1 ::; 3, then E 10 is locally asymptotically stable for 

all T ~ O; 
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(c) If D3 > 0 and R 1 > 3, then there exists To > 0 such that E 10 is locally 

asymptotically stable for T E [O, To) and is unstable for T > To. Moreover, 

there is an increasing sequence of delays, Tj, j = 0, 1, · · · , at which E 10 

undergoes Hopf bifurcations. 

Proof. For the boundary equilibrium E 10 , the characteristic equation is given 

by 

H(>.) (P(>.) + Q(>.)e->.r) = 0, 

with 

H has the single zero 

Thus, case (a) follows immediately from case (a) of Lemma B.5. 

To establish case (b) and (c), we also apply Lemma B.5. Note that 

(4.20) 

( 4.21) 

( 4.22) 

(4.23) 

Since we have assumed R 1 > 1, both zeros of P + Q have negative real 
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parts. Thus, condition Sp of Appendix B holds for all parameter values. 

The function G of Lemma B.l with P and Q given in Eqs. (4.22) and (4.23) 

is found to be 

G(u) = u2 + (~J 2 

u + en 2 

(3 - R 1)(R1 - 1) = 0. (4.24) 

Note that G is a quadratic whose coefficients are all positive if 1 < R 1 < 3, 

but whose last coefficient is negative otherwise. Hence, G admits a unique 

positive root if the last coefficient is negative, but has no positive roots 

otherwise. That is, condition Sa0 of Appendix B holds if 1 < R 1 < 3, and 

condition Sa1 holds if R 1 > 3. Hence, case (b) and ( c) follow immediately 

from Lemma B.5. 

If R 1 > 3, Eq. ( 4.24) has the unique positive root 

It is not difficult to show that substituting w0 into (B.4) with P and Q as 

defined above yields 

. _ _!_ { ((1 + 1'1 - l/R1)w5 - (1 - 2/R1)?f;) . } 
T1 - arccos ( 2 ( 2/-n )2 ) + 2J7r , 

wo 1'1 w0 + l - '"1 
( 4.26) 

for j = 0, 1, 2, · · ·. By Lemma B.1, since G'( u0 ) > 0, E10 undergoes a 

sequence of destabilizing Hopf bifurcations as T increases through Tj. D 
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We next sketch the stability diagram of System (4.2) in R 1-R2 plane to 

reflect the stability of boundary equilibria and the existence of a positive 

equilibrium. Note that in the R 1-R2 plane, D2 = 0 defines a straight line 

with Rrintercept a/(a+')'i) E (0, 1) and slope 'Yi/(a+'Yi) E (0, 1). Similarly, 

the condition D3 = 0 defines a line with Rrinterccpt (/33a)/'Y2 > 0 and slope 

1 - (/33a) / ( ')'2 ) in the R 1 - R 2 plane. Both lines pass through the point ( 1, 1). 

As illustrated by Fig. 4.1, several possible cases arise depending on the slope 

of the line defined by D3 = 0. 

If (33a > ')'2 ( cases I and II) then the slope of D3 = 0 is negative. D1 < 0 

follows from j33a > ')'2 • If D2 < 0, then D < 0. This implies that there 

is always a unique positive equilibrium provided that (R1 , R 2 ) is located 

between the two lines D2 = 0 and D3 = 0. If additionally, (33a < (3/2)')'2, 

then the region with D3 > 0 and R 1 > 3 is nonempty and by Theorem 4.2.10, 

E10 is unstable for sufficiently large T. 

If a/ ( a + ')'2 ) < 1330 < 1, ( case III) then both lines have positive slope, and 
1'2 

the line D2 = 0 lies above the line D3 = 0 for R 1 > 1. Further, ~! > 
0
:,,

1 

implies D1 < 0. Also, it follows from D2 < 0 and & > -+1 that 
1'2 0: 1'1 

that is, D < 0. Therefore, if (R1, R2) lies between the two lines D2 = 0 and 

D3 = 0, then D < 0 and Di < 0, i = 1, 2, 3 and hence Eq. ( 4.2) admits a 

unique positive equilibrium. 
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Case I: /33
0: > 3/2. 

'Y2 
Case II: 1 < /33

0: < 3 /2. 
'Y2 

1.5 (a) 

'R.2 1 

0.5 

(d) (k) (e) 

00 
'R., 

Case III: _a_ < /33 0: < 1. Case IV: /33 0: < _a_. 
o:+,2 'Y2 'Y2 o:+,2 

1.7r---,--~--~--. 
2.5 

1.6 o, = 0 

1.4 (a) 
2 (a) (b) \ 

'R.2 
1.2 

(k) (e) (/) (k ) (e) (/) 

(a) E01 is globally asymptotically stable. 
(b) E01 is locally asymptotically stable, and E 10 is unstable; 
( c) E 01 and E 01 are unstable. A unique positive equilibrium E* exists. 
( d) E 01 is unstable, and a unique positive equilibrium E * exists. 
( e) E 01 is locally asymptotically stable. 
( f) E 10 is locally asymptotically stable for T < To 

and is unstable for T > To , 

(g) E10 is locally asymptotically stable , and E 01 is unstable; 
(h) E 01 is unstable and E 10 is locally asymptotically stable for T < To 

and is unstable for T > To. 

(i) Both E 10 and E01 are locally asymptotically stable, 
and a unique positive equilibrium E* exists. 

(j) A unique positive equilibrium E* exists and is unstable by 
Theorem 4.2.11. E 01 is locally asymptotically stable , while E 10 

is locally asymptotically stable for T < To and unstable for T > To. 

(k) E 1 is globally asymptotically stable. 

Figure 4.1: Stability regions for boundary equilibria of System (4.2). The 
stability of the boundary equilibria are determined by the parameter combi
nations R 1 , R2 , D2 and D3 . The boundary equilibrium E10 exists for R 1 > 1, 
and the boundary equilibrium E 01 exists for R2 > 1. 
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If ~! < 1 / ( a + 12), ( case IV) then the line D2 = 0 lies below the line D3 = 0 

for R1 > 1. The only possible region in which Eq. ( 4.2) has a unique positive 

equilibrium is the region between the two lines D 2 = 0 and D3 = 0. Note 

that fh < -+1 implies D 1 > 0. Also, it follows from D2 > 0 and /33 < -+1 . 
)2 0 ~1 ~2 0 )1 

that 

that is, D > 0. This shows that (R1 , 1?.,2 ) lies between the two lines D2 = 0 

and D3 = 0, then D > 0 and Di > 0, i = l, 2, 3 and hence Eq. (4.2) admits 

a unique positive equilibrium, which is unstable as shown later in Theorem 

4.2.11. 

If 133 = 1/(a + 12), then both D2 = 0 and D3 = 0 give the same line. It 
~2 

is easy to show that D 1 = 0 and D = 0. In this case, Eq. ( 4.2) admits 

infinitely many positive equilibria lying on the line segment connecting the 

two boundary equilibrium points E10 and E01 excluding the two end points 

(sec Fig. 4.2). 

4.2.3 Stability of the positive equilibrium E* 

Linearizing System ( 4.2) about E* yields the following characteristic equation 

P(>..) + Q(>..)e-,\r = 0, (4.27) 
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where 

with 

ao = (c.?/33 - o:f32)x*y*z* + {3if32(x*) 2z*, 

bo = /31 x* z* ( o:/33y* - f32x*), 

a1 = /31(x*) 2 + o:2/33y*z* + f32x*z*, a2 = (1 + /31)x*, 

In this analysis we assume that P and Q have no zeros in common. 

( 4.28) 

( 4.29) 

Notice that a2 + b2 = x* > 0, a1 + b1 = o:2 /33y* z* + f32x* z* + f31x*y* > 0, 

ao + bo = -o:Dx*y* z* and (a2 + b2)(a1 + b1) - (ao + bo) = 0/;jy3 · [o:f31D1D2 + 

/32D1D3 + ( o:2 /33 + o:D)D2D3]. 

Theorem 4.2.11. If D > 0, Di > 0, i = l, 2, 3, then the positive equilibrium 

E* exists and is unstable. 

Proof. Suppose D > 0. Then by Lemma 4.1.4, E* exists if and only if Di > 0, 

i = 1, 2, 3. Further, if Di > 0, i = l, 2, 3, a0 + b0 < 0 and P + Q has exactly 

one positive zero. Clearly, the characteristic equation ( 4.27) has a exactly 

one root with positive real part when T = 0. As discussed in Appendix B, 
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as T increases, the number of roots with positive real part changes only as 

pairs of roots cross the imaginary axis. It follows that the number of roots 

with positive real part must be odd for all r ~ 0. Hence, E* is unstable for 

allr~O D 

If D < 0 and Di < 0, i = 1, 2, 3. Then a0+b0 > 0, which shows that Eq. ( 4.30) 

has at least one negative real root and has no positive real roots. Applying 

the Routh-Hurwitz stability criterion, we know that if the inequality 

( 4.31) 

holds, then all roots of Eq. ( 4.30) have negative real parts and hence E* is 

locally asymptotically stable. If 

( 4.32) 

then Eq. ( 4.30) has a negative real root and a pair of purely imaginary roots, 

and if 

(4.33) 

then Eq. ( 4.30) has one negative real root and a pair of complex roots with 

positive real parts and E* is unstable. Moreover, a Hopf bifurcation occurs 

when Eq. ( 4.32) holds. 

We regard the time delay T as the bifurcation parameter. As T increases, 

Eq. ( 4.27) may have a pair of purely imaginary roots inducing Hopf bifurca-
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tions. By Lemma B.1, ,,\ = iw is a pure imaginary root of Eq. (4.27) only if 

w2 is a positive root of the polynomial G defined by 

( 4.34) 

with 

Here, ai, bi, i = 0, 1, 2 are given in Eq. (4.29). 

Theorem 4.2.12. Suppose that D < 0, Di < 0, i = 1, 2, 3, and that the 

coefficients p 1 , p2 , andp3 given by Eq. (4-35} satisfy one of the three condi

tions (i.a}-{i.c} in Lemma C.1. Then E* is locally asymptotically stable for 

all T 2:: 0 if Eq. (4.31} holds, and E* is unstable for all T 2:: 0 if Eq. (4.33} 

holds. 

Proof. If D < 0, Di < 0, i = 1, 2, 3, then E* exists by Lemma 4.1.4. The 

restrictions on Pi, i = 1, 2, 3, then G has no nonnegative zeros. If in addition 

Eq. ( 4.31) holds, then P + Q has no zeros with positive real part. Hence, case 

(b) of Lemma B.5 applies and E* is stable for all r 2:: 0. If instead, Eq. ( 4.33) 

holds, then P + Q has a pair of zeros with positive real part. Hence, case (a) 

of Lemma B.5 applies and E* is unstable for all T 2:: 0. D 

Theorem 4.2.13. Suppose that D < 0, Di< 0, i = 1, 2, 3. Suppose that the 

coefficients p1, p2 , p3 given by Eq. { 4-35} satisfy one of the three conditions 
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(ii.a}-(ii.c} in Lemma C.1. If Eq. (4,33} holds, then E* remains unstable for 

all T ~ O; if Eq. {4,31} holds, then there is a sequence O < To < T1 < ... such 

that E* is locally asymptotically stable for T E (0, To), unstable for T > To and 

Hopf bifurcations occur at E* when T = Tj, j = 0, 1, .... 

Proof. If D < 0, Di < 0, i = 1, 2, 3, then E* exists by Lemma 4.1.4. The 

restrictions on Pi, i = 1, 2, 3, imply that G has exactly one simple positive 

zero and no other zeros with nonnegative real parts. If in addition Eq. ( 4.31) 

holds, then P + Q has no zeros with positive real part. Hence, case ( c) of 

Lemma B.5 applies. If instead, Eq. (4.33) holds, then P + Q has a pair of 

zeros with positive real part. Hence, case (a) of Lemma B.5 applies and E* 

is unstable for all T ~ 0. D 

Theorem 4.2.14. Suppose that D < 0, Di < 0, i = 1, 2, 3, and the coeffi

cients p1 , p2 , p3 defined in Eq. {4,35} satisfy one of conditions (iii.a} or (iii.b} 

of Lemma C.1. then there exists a sequence { Tj} ~o satisfying O ~ Tj ~ Tj+1, 

j = 0, 1, 2, ... for whzch Hopf bifurcations occur at E* when T = Tj, j = 

0, 1, .... If, in addition, Eq. (4.31} holds, then there is an integer N for which 

E* is locally asymptotically stable for TE (0, To) U (T1, T2) U · · · U (TN-2: TN_i) 

and unstable for TE (To, T1) U (T2 , T3) U .. · U (TN-1, oo) If, instead, Eq. (4,33} 

holds, then either E* remains unstable for all T > 0, or there is an integer N 

such that E* is locally asymptotically stable for T E (To, T1) U ( T2, T3) U · · · U 

(TN- 2 , TN-i) and is unstable for TE (0, To) U (T1, T2) U · · · U (TN-1, oo). 

Proof. If D < 0, Di < 0, i = 1, 2, 3, then E* exists by Lemma 4.1.4. The 
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restrictions on Pi, i = 1, 2, 3, imply that G has at least two simple positive 

zeros and no other zeros with nonnegative real parts. If in addition Eq. ( 4.31) 

holds, then P + Q has no zeros with positive real part. Hence, case ( d) of 

Lemma B.5 applies. If instead, Eq. (4.33) holds, then P + Q has a pair of 

zeros with positive real part. Hence case ( e) of Lemma B.5 applies. Since 

we have not assumed that the rj defined in Eq. (B.4) are distinct, it is 

possible that Tj = Tj+1 for some values of j. However, since there is only one 

sequence arising from an even zero of G it can be shown that Tj < Tj+1 for 

j < N -2. D 

4.3 Numerical simulations 

In this section, we present some numerical simulations to demonstrate our 

analytical results and in particular to illustrate how the delay T in ( 4.2) 

induces stability switches, bistability of Node-Node, Node-Cycle, Cycle-Cycle 

and chaos. 

We first take parameter values T = 5, ')'1 = 1/5, ')'2 = 4/5, /31 = 4, /32 = 3/2, 

(33 = 2/3. With these values, it is easy to verify that D = D1 = 0, R2 > 1 

and a > 0, thus by Lemma 4.1.4, the set E, given by the line segment 

joining E01 = (2/3, 0, 1/3) and E 10 = (1/4, 3/4, 0), contains infinitely many 

non-isolated positive equilibria. Numerical simulations suggest that the equi

librium set E attracts all solutions with positive initial conditions and the 

outcome is initial condition dependent. This is illustrated in Figure 4.2. 
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Figure 4.2: The positive equilibrium set E of System ( 4.2) and numerical so
lutions. Each point ( except the two end points) on the line segment connecting 
the two boundary equilibria Eo1 = (2/3 , 0, 1/3) and E10 = (1/4, 3/4, 0) is a pos
itive equilibrium. Four sets of initial conditions were used: (1) x0 = 0.2 , y0 = 
0.3 , z(O) = 0.5; (2) xo = 0.3, Yo = 0.3, z(O) = 0.5; (3) xo = 0.3 , Yo = 0.5, z (O) = 0.6 ; 
( 4) xo = 0.6 , Yo = 0.8 , z(O) = 0.3. 

4.3.1 Stability switches 

Theorems 4.2.12-4.2.14 deal with the stability of E* when the equation 

G( u) = 0 admits up to three positive roots. We first give an example to 

show that it is possible for the equation G(u) = 0 to have no positive roots, 

exactly i (i = 1, 2, 3) simple positive roots. Fix the parameter values a= 1, 

/33 = 1, 71 = 0.19, 72 = 0.8. Based on Theorems 4.2.12-4.2.14, we numerically 

sketch the stability regions of positive equilibrium E* for System ( 4.2) in the 

/31-/32 space in Figure 4.3. 

It follows from Theorem 4.2.14 that System (4.2) undergos a finite number 

of stability switches at E* when the equation G(u) = 0 admits two or three 
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f31 

Figure 4.3: Diagram of stability regions of System (4.2). R(i): E* is locally 
asymptotically stable for all T ~ 0, corresponding to the case where G( u) = 0 
has no positive roots (Theorem 4.2.12); R(ii): E* is locally asymptotically 
stable for T E [O, To) and unstable for T > To, corresponding to the case where 
Eq. (4.31) holds and G(u) = 0 has 1 simple positive root (Theorem 4.2.13); 
R(iii): E* is locally asymptotically stable for TE [O, To) and undergoes a finite 
number of stability switches, corresponding to the case where Eq. ( 4.31) holds 
and G(u) = 0 has exactly 2 simple positive roots (Theorem 4.2.14); R(iv): E* 
is locally asymptotically stable for T E [O, To) and undergoes a finite number 
of stability switches, corresponding to the case where Eq. ( 4.31) holds and 
G(u) = 0 has exactly 3 simple positive roots (Theorem 4.2.14); R(v): E* is 
unstable for all T ~ 0, corresponding to the case where Eq. ( 4.33) holds and 
G( u) = 0 has exactly 1 simple positive root; R(vi): E* is unstable for all 
T ~ 0, corresponding to the case where Eq. (4.33) holds and G(u) = 0 has 
exactly 2 simple positive roots with CTo = +l (Theorem 4.2.14); R(vii): E* is 
unstable for T E [O, To) and undergoes a finite number of stability switches, 
corresponding to the case where Eq. ( 4.33) holds and G( u) = 0 has exactly 
two simple positive roots with CTo = -1 (Theorem 4.2.14). 
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positive roots. 

We first take /31 = 3.2 and /32 = 2. In this case, (/31 , /32 ) is in the region R(iii) 

of Figure 4.3. Direct computations show that D < 0, Di < 0, i = l, 2, 3, 

E* ~ (0.177,0.445,0.377), and condition (4.31) holds. In addition, G(u) = 0 

has exactly two positive roots giving w1 ~ 0.678 and w2 ~ 0.37 4. The two 

sequences of Hopf bifurcation values arc calculated as 

{ T}1)}f=0 = {0.329, 9.601, 18.872, 28.143, 37.414, · · ·} 

and 

{ Tj2)}j=O = { 4.163, 20.952, 37.741, 54.530, 71.319, · · · }. 

Thus, 

{ Tj }j=o = {0.329, 4.163, 9.601, 18.872, 20.952, 28.143, ... }. 

Note that a0 = 0, a;1) = + l and a;2) = -1. It is easy to find out 

that N = 3 such that a(T) = 0 for T E (0, To) U (71 , 7 2 ) and a(T) > 0 

for T E (To, 7 1) U (72 , oo). Theorem 4.2.14 applies: the positive equilib

rium E* is locally asymptotically stable for T E [O, To) U (71, 72), and is 

unstable for T E (To, T1) U (72 , oo). The global Hopf branches computed 

by using a Matlab package DDE-BIFTOOL developed by Engclborghs ct al. 

(18, 19] arc depicted in Figure 4.4. Figure 4.4 confirms the stability of E* for 

TE (0, To) U (71, 72) and indicates the existence of periodic solutions when E* 
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is unstable. 
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Figure 4.4: Global Hopf branches of System ( 4.2) with parameter values: 
/31 = 3.2 , /32 = 2, ,'1 = 0.19, ,'2 = 0.8 , a= 1 and /33 = 1. 

We now take /31 = 6, /32 = 3.5 such that (/31, /32) E R( vii) in Figure 4.3. 

Then D < 0, Di < 0, i = 1, 2, 3, the condition ( 4.33) holds, and G( u) = 0 

admits two simple positive roots yielding w1 ~ 0.815 and w2 ~ 0.375. The 

corresponding two T sequences are: 

{ T}1)}.i=0 = {7.687, 15.392, 23.097, · · ·} 

and 

{ Tj2)}j=o = {5.045, 21.809, 38.573, · · · }. 

Thus , 

{ Tj }j=o = {5.045, 7.687, 15.392, 21.809, 23.097, 38.573 ... }. 

In this case a0 = 2 and N = 2. Again , Theorem 4.2.14 applies: E* is locally 
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asymptotically stable for T E ( To , T1) and is unstable otherwise. In particular, 

E * is unstable when T = 0 (there exists a stable limit cycle , see Figure 4.5) 

and becomes stable when TE (To,T1 ) (see Figure 4.6). Figure 4.7 gives the 

first few global Hopf branches. 

0.25 
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~ 
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0.05 

0 
900 925 950 975 1000 

t 

Figure 4.5: A periodic solution of System ( 4.2) with T = 0 (initial transient 
oscillations are omitted). Parameter values used are: f]1 = 6, f]2 = 3.5 , , 1 = 
0.19, , 2 = 0.8 , a= 1 and fJ3 = 1. The initial condition is: (x(O) , y(O) , z(O)) = 
(0.19 , 0.5 , 0.3). 

4.3.2 Bistability of Node-Node, Node-Cycle and Cycle

Cycle 

For System ( 4.2) , three types of bistability are possible. In fact , it follows 

from Theorem 4.2.10 that if D1 > 0, D2 > 0, D3 > 0 and 1 < R 1 < 3 (see 

region (i) in Figure 4.1: Case IV) , then the two boundary equilibria E10 and 

E01 are both locally asymptotically stable and Node-Node bistability occurs 

for all delay T ~ 0. If D1 > 0, D2 > 0, D3 > 0 and 3 < R 1 (see region (j) 

in Figure 4.1: Case IV) , then the Node-Node bistability occurs for small T 
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Figure 4.6: A numerical solution of System ( 4.2) with T = 6. The positive 
equilibrium E* ~ (0.11 , 0.41 , 0.48) is locally asymptotically stable and the 
parameter values are: /31 = 6, /32 = 3.5 , ')'1 = 0.19 , ')'2 = 0.8 , a= 1 and /33 = 
1. The initial condition is: (x(s), y(s) , z(O)) = (0.19, 0.5 , 0.3) for s E [-6, O]. 

and the Node-Cycle bistability occurs when T is large. This delay induced 

Node-Cycle bistability has also been discovered recently in [74]. Figures 4.8 

and 4.9 demonstrate these types of initial condition dependent outcomes. In 

Figure 4.8, depending on the initial states, either the IG prey, y , or the IG 

predator, z survives and the stable equilibrium E 01 coexists with the stable 

equilibrium E10 . In Figure 4.9, contrast to Figure 4.8 , the IG prey survives in 

an oscillatory manner and the stable equilibrium E 01 coexists with a stable 

periodic solution. 

It is seen in Figure 4.4 that after a finite number of stability switches , the 

unique positive equilibrium becomes unstable for any T > T2 ~ 9.601 and 

there may exist two Hopf branches when Tis in some intervals, for example, 

there are two branches for T E ( T3 , T4 ) U ( Ts, T6 ). This suggests that two stable 

periodic solutions may coexist leading to the occurrence of bistability of 

123 



0.45 

0.4 

0 35 
JS \ i:::i 0.3 

-~ 0.25 

JS 0.2 
\ 

>< S 0.15 

0.1 

0.05 

0 
0 5 10 15 20 25 

T 

Figure 4. 7: Global Hopf branches of System ( 4.2) with parameter values: 
/31 = 6, /32 = 3.5, 1'1 = 0.19, 1'2 = 0.8, a= 1 and /33 = 1. 
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Figure 4.8: The occurrence of bistability of Node-Node: numerical solu
tions of System ( 4.2) with parameter values /31 = 0.5 , /32 = 1.2, ')'1 = 0.19, 
12 = 0.8, a = · 0.5, /33 = 0.25 and T = 3. This set of parameters is lo
cated in the region (i) in Figure 4.1: Case IV). Two sets of initial condi
tions are: (x0 , y0 , z(O)) = (0.48, 0.40, 0.10) (the green solution trajectory) 
and (x0 , y0 , z(O)) = (0.7667, 0.010, 0.4333) (the blue solution trajectory). 

Cycle-Cycle. Figure 4.10 demonstrates such type of bistability. In Figure 4.10 

where T = 31 E (Ts , T6 ), we observe two stable periodic solutions obtained 

from two sets of initial conditions. To clearly display the two stable periodic 
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Figure 4.9: The occurrence of bistability of Node-Cycle: numerical solu
tions of System (4.2) with parameter values /31 = 1, /32 = 1.5, ')'1 = 0.19, 
')'2 = 0.8, a = 0.5, /33 = 0.25 and T = 3. This set of parameters is lo
cated in the region (i) in Figure 4.1: Case IV). Two sets of initial conditions 
are: (x0 ,y0 ,z(O)) = (0.29,0.505,0.10) (the green solution trajectory) and 
(x(s),y(s),z(O)) = (0.6333,0.10,0.5667) (the blue solution trajectory) for 
s E [-3, O]. 

solutions, we simulate the solutions up to t 

transitions. 

4.3.3 Chaos 

5000 and omit the initial 

Besides the aforementioned three types of bistability, after a finite number 

of stability switches, the unique positive equilibrium becomes unstable and 

the bifurcated periodic solutions may become unstable. Complex dynamics 

becomes possible when neither a positive equilibrium nor a periodic solution 

is stable. We use parameter values for Figure 4. 7 and let the delay T be the 

bifurcation parameter to obtain the bifurcation diagram in Figure 4.11. As 

shown in Figure 4.11, there are windows for the delay T in which the solutions 
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Figure 4.10: The occurrence of bistability of Cycle-Cycle: numerical so
lutions of System ( 4.2) with parameter values (31 = 3.2, /32 = 2, , 1 = 
0.19, 12 = 0.8 , a = 1, (33 = 1 and T = 31. This set of parameters 
is located in the region R(iii) of Figure 4.3. Two sets of initial condi
tions are: (x0 , y0 , z(O)) = (0.6 , 0.8 , 0.4) (the green solution trajectory) and 
(x0 , y0 , z(O)) = (0.2 , 0.15 , 0.13) (the blue solution trajectory) . 

0.5 ,----,----~----.---~--~ 

T 

Figure 4.11: Bifurcation diagram of System (4.2) with parameter values (31 = 
6, /32 = 3.5 , 11 = 0.19, , 2 = 0.8 , a = 1 and (33 = 1, which are located in 
Region R(vii) of Figure 4.3. 
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of System ( 4.2) behave chaotically. For instance, we take T = 10 and use 

two sets of undistinguishable initial conditions to obtain chaotic attractors 

in Figure 4.12 (initial transitions are also omitted). 

0.6 

y(t) 0 0 x(t) 

Figure 4.12: Chaotic attractors of System ( 4.2) with parameter values: /31 = 
6, /32 = 3.5, 1'l = 0.19, 1'2 = 0.8 , a= 1, /33 = 1 and T = 10. Two sets of initial 
conditions are used: (a) (x0 , y0 , z(O)) = (0.201 , 0.5 , 0.3) (the red trajectory); 
(b) (x0 , y0 ,, z(O)) = (0.19, 0.5, 0.3) (the blue trajectory). 

4.4 Summary and discussion 

In this chapter we have considered a rather simple intraguild predation model, 

System ( 4.2), that incorporates a reaction delay in the growth of IG prey. For 

this model, we have established stability and instability results of the equilib

ria, obtained the critical values at which Hopf bifurcations occur and derived 

criteria to determine the occurrence and number of stability switches. Our 

results show that, unlike the predator-prey models or competition models , 
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time delay promotes very complex dynamics in intraguild predation mod

els that combine predator-prey and competition interactions. If the positive 

equilibrium of the non-delayed model ( T = 0 in System ( 4.2)) is stable, then 

the time delay can destabilize the stable positive equilibrium inducing oscil

lations; if the positive equilibrium is unstable and oscillations arc observed 

in the non-delayed model, then the time delay can have a stabilizing role, 

and as the delay increases, the oscillations disappear and the positive equi

librium gains its stability (Figures 4.5 and 4.6). After undergoing a finite 

number of stability switches, when the delay is sufficiently large, the positive 

equilibrium becomes unstable and oscillations are observed again. 

We have shown that delay can induce three types of bistability. In particular, 

Cycle-Cycle bistability allows for a stable periodic solution to coexist with 

another stable periodic solution. There are regimes in which chaotic behav

ior can also be induced by delay. Biologically, possible outcomes include: (i) 

in the regime where E 1 is (globally) stable (Theorem 4.2.5), both IG prey 

and IG predator become extinct; (ii) in the regime that only one boundary 

equilibrium exists, then either the IG prey excludes the IG predator (the 

case where only E10 exists) or the IG predator excludes the IG prey (the 

case where only E 01 exists); (iii) in the case of bistability of Node-Node, still 

the exclusion of alternate states exists, but the outcome is initial condition 

dependent; (iv) in the case of bistability of Node-Cycle, either the IG preda

tor excludes the IG prey and the IG predator population maintains around 

a constant level (E01 is stable) or the IG prey excludes the IG predator, but 
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the IG prey population exhibits fluctuations (E10 is unstable and a Hopf 

bifurcation occurs at E10 ); (v) in the case of bistability of Cycle-Cycle, co

existence of alternative periodic states occurs, both the IG predator and the 

IG prey coexist and undergo sustained fluctuations, and the magnitude of 

fluctuations are initial condition dependent; (vi) in the case of chaos, both 

the IG prey and the IG predator coexist and exhibit irregular oscillations. 

In addition, the population sizes are sensitive to the initial conditions. 
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Chapter 5 

Concluding remarks and future 

-work 

The dynamics of three intraguild predation (IGP) models arc investigated 

in this dissertation. The first model is a two-Dimensional ordinary differen

tial equation model presented in Chapter 2 and is useful for the situation 

when the resource and intraguild prey (IG prey) dynamics grow arc faster 

than those of the intraguild predator (IG predator). The second model is a 

three-Dimensional ordinary differential equation model presented in Chap

ter 3 and has the resource, IG prey and IG predator dynamics occurring on 

similar time scales. The third model is a three-Dimensional delay differential 

equation model presented in Chapter 4 and incorporates a time lag between 

the consumption of resource and the corresponding increase in the I G prey 

density. Our study shows that IGP models may undergo various bifurcations, 
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including saddle-node bifurcations, transcritical bifurcations, Hopf bifurca

tions and homoclinic bifurcations of equilibrium. In addition, bifurcations 

of limit cycles, including saddle-node, Neimark-Sackcr and homoclinic bifur

cations arc also possible in IGP models. Moreover, IGP models can also 

undergo a global bifurcation, which we refer to as a basin-boundary bifurca

tion (sec Chapter 2). With this bifurcation, the boundaries of the basins of 

attraction undergo a sudden change, yet the number and stability of equilib

ria do not change as the bifurcation parameter varies. This is of particular 

importance in understanding the dynamics of ecological systems allowing 

multiple alternative stable states. Complex attractors such as tori and chaos 

have also been detected in our IGP models. This results in aperiodic oscilla

tions for IG predator and IG prey populations. 

The rich dynamics of IGP models include multiple types of bistability and 

tristability. This shows that IGP can switch between very complex alter

native stable states. Indeed, eight combinations of alternative stable states 

have been identified: (i) IG prey or IG predator with Node-Node bistability; 

(ii) Coexistence or IG predator with Node-Cycle bistability; (iii) Coexistence 

or IG prey with Node-Node bistability or Node-Cycle bistability; (iv) Coex

istence or I G predator or I G prey with Node-Node-Torus tristability; ( v) 

Coexistence or IG predator or IG prey with Node-Node-Cycle tristability; 

(vi) Coexistence with Cycle-Cycle bistability and (vii) Coexistence with ir

regular oscillations (chaos). We point out that the combinations of (iv)-( vi) 

have not been reported in the literature. 
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Our results also show that the time delay in IGP models is an important 

factor in predicting the limiting states of the IG predator and IG prey. In 

fact, time delay can induce a finite number of stability switches so that 

unlike many predator-prey models where delay has a destabilizing effect and 

induces oscillations or many competition models in which delay docs not 

induce oscillations, delay in IGP models exhibits a destabilizing role as well 

as a stabilizing role. 

There are still many aspects of complex IGP models requiring further in

vestigation. For example, we need to consider other functional responses 

such as Holling Type-III, which is used to describe prey refuge (47]. We can 

also incorporate additional delays such as time lags between consumption 

of resource or IG prey and production of IG predator biomass. We have 

numerically identified the existence of basin boundary bifurcation and torus 

bifurcation. However, we have not given any rigorous mathematical anal

ysis on these two bifurcations. It is very challenging to derive conditions 

analytically under which these bifurcations can occur. 

132 



Bibliography 

[1] P. A. Abrams and S. R. Fung, Prey persistence and abundance in sys

tems with intraguild predation and type-2 functional responses, Journal 

of Theoretical Biology, 264 (2010), no. 3, 1033-1042. 

[2] N. Apreutesei and G. Dimitriu, On a prey-predator reaction-diffusion 

system with Holling Type III functional response, Journal of Computa

tional and Applied Mathematics, 235 (2010), no. 2, 366-379. 

[3] M. Arim and P. A. Marquet, Intraguild predation: a widespread in

teraction related to species biology, Ecology Letters, 7 (2004), no. 7, 

557-564. 

[4] R. A. Armstrong and R. McGehee, Competitive exclusion, American 

Naturalist, (1980), 151-170. 

[5] V. I. Arnol'd, Ordinary Differential Equations, Springer-Verlag, 1992. 

[6] M. Berti, Variational methods for Hamiltonian PDEs, Hamiltonian Dy

namical Systems and Applications, Springer, (2008), 391-420. 

133 



[7] J. H. Brown, Mechanisms of competitive exclusion between two species 

of chipmunks, Ecology, 52 (1971), no. 2, 305-311. 

[8] C. Castillo-Chavez and H. R. Thieme, Asymptotically autonomous epi

demic models, in: 0. Arino et al. (Eds.) Mathematical Population 

Dynamics: Analysis of Heterogeneity, I. Theory of Epidemics. Wuerz, 

Winnipeg, Canada, (1995), 33-50. 

[9] C. Chiu and S. Hsu, Extinction of top-predator in a three-level food

chain model, Journal of Mathematical Biology, 37 (1998), no. 4, 372-

380. 

[10] M. Coll and M. Guershon, Omnivory in terrestrial arthropods: mixing 

plant and prey diets, Annual Review of Entomology, 47 (2002), no. 1, 

267-297. 

[11] J. S. Cory and J. H. Myers, Direct and indirect ecological effects of 

biological control, Trends in Ecology and Evolution 15 (2000), no. 4, 

137-139. 

[12] K. L. Cooke and P. van den Driessche, On zeroes of some transcendental 

equations, Funkcialaj Ekvacioj, 29 (1986), 77-90. 

[13] T. E. Cottrell and K. V. Yeargan, Intraguild predation between an intro

duced lady beetle, Harmonia axyridis (Coleoptera: Coccinellidae), and 

a native lady beetle, Coleomegilla maculata ( Coleoptera: Coccinellidae), 

Journal of the Kansas Entomological Society, 71 (1998), 159-163. 

134 



[14] J. H. P. Dawes and M. 0. Souza, A derivation of Holling's Type I, II and 

III functional responses in predator-prey systems, Journal of Theoretical 

Biology, 327 (2013), 11-22. 

[15] P. K. Dayton, Processes structuring some marine communities: are they 

general, Ecological communities: conceptual issues and the evidence. 

Princeton University Press, Princeton, New Jersey, USA (1984), 181-

197. 

[16] S. Diehl and M. FeiBel, Effects of enrichment on three-level food chains 

with omnivory, American Naturalist, 155 (2000), no. 2, 200-218. 

[17] D. Drolet, M. A. Barbeau, M. R. S. Coffin, and D. J. Hamilton, Ef

fect of the snail Ilyanassa obsoleta (Say) on dynamics of the am phi pod 

Corophium volutator (Pallas) on an intertidal mudflat, Journal of Ex

perimental Marine Biology and Ecology, 368 (2009), no. 2, 189-195. 

[18] K. Engelborghs, T. Luzyanina and G. Samaey, DDE-BIFTOOL v. 2.00: 

A Matlab package for bifurcation analysis of delay differential equations, 

Technical Report TW-330, K. U. Leuven, Belgium, 2001. 

[19] K. Engelborghs, T. Luzyanina and D. Roose, Numerical bifurcation 

analysis of delay differential equations using DDE-BIFTOOL, ACM 

Trans. Mathematical Software, 28 (2002), 1-21. 

135 



[20] G. Fan and G. K. Wolkowicz, A predator-prey model in the chcmostat 

with time delay, International Journal of Differential Equations, 2010 

(2010). 

[21] J. M. Fcdriani, T. K. Fuller, R. M. Sauvajot, and E. C. York, Compe

tition and intraguild predation among three sympatric carnivores, Oe

cologia, 125 (2000), no. 2, 258-270. 

[22] D. L. Finke and R. F. Denno, Intraguild predation diminished in 

complex-structured vegetation: implications for prey suppression, Ecol

ogy, 83 (2002), no. 3, 643-652. 

[23] D. L. Finke and R. F. Denno , Predator diversity dampens trophic cas

cades, Nature, 429 (2004), no. 6990, 407-410. 

[24] C. Folke, S. Carpenter, B. Walker, M. Scheffer, T. Elmqvist, L. Gun

derson, and C. S. Holling, Regime shifts, resilience, and biodiversity 

in ecosystem management, Annual Review of Ecology, Evolution, and 

Systematics 35 (2004), 557-581. 

[25] H. Freedman and P. Waltman, Mathematical analysis of some three

species food-chain models, Mathematical Biosciences, 33 (1977), no. 3, 

257-276. 

[26] W. M. Getz, A unified approach to multispecies modeling, Natural Re

source Modeling, 5 (1991), 393-421 

136 



[27] J. K. Hale, Introduction to Functional Differential Equations, vol. 99, 

Springer, 1993. 

[28] E. R. Hall, Mammals of Nevada, (1946). 

[29] G. Hardin ct al., The competitive exclusion principle, Science, 131 

(1960), no. 3409, 1292-1297. 

[30] M. P. Hassell and H. N. Comins, Discrete time models for two-species 

competition, Theoretical Population Biology, 9 (1976), no. 2, 202-221. 

[31] A. Hastings, Population Biology: Concepts and Models, Springer, 

(1996). 

[32] A. Hastings and T. Powell, Chaos in a three-species food chain, Ecology, 

72 (1991), 896-903. 

[33] M. W. Hirsch, Systems of differential equations that are competitive 

or cooperative II: Convergence almost everywhere, SIAM Journal on 

Mathematical Analysis, 16 (1985), 423-439. 

[34] M. W. Hirsch, Systems of differential equations which are competitive 

or cooperative: III. Competing species, Nonlinearity, 1 (1988), 51-71. 

[35] M. W. Hirsch, Systems of differential equations that arc competitive or 

cooperative. IV: Structural stability in three-dimensional systems, SIAM 

Journal on Mathematical Analysis, 21 (1990), 1225-1234. 

137 



[36] R. J. Hobbs and D. A. Norton, Towards a conceptual framework for 

restoration ecology, Restoration Ecology, 4 (1996), no. 2, 93-110. 

[37] C. S. Holling, Some characteristics of simple types of predation and 

parasitism, The Canadian Entomologist, 91 (1959), no. 7, 385-398. 

[38] C. S. Holling, The components of predation as revealed by a study of 

small-mammal predation of the European pine sawfly, The Canadian 

Entomologist, 91 (1959), no. 5, 293-320. 

[39] R. D. Holt and G. R. Huxel, Alternative prey and the dynamics of in

traguild predation: theoretical perspectives, Ecology, 88 (2007), no. 11, 

2706-2712. 

[40] R. D. Holt and G. A. Polis, A theoretical framework for intraguild pre

dation, American Naturalist, 149 (1997), 745-764. 

[41] S. Hsu, T. Hwang, and Y. Kuang, A ratio-dependent food chain model 

and its applications to biological control, Mathematical Biosciences, 181 

(2003), no. 1, 55-83. 

[42] S. B. Hsu and J. Shi, Relaxation oscillation profile of limit cycle in 

predator-prey system, Discrete and Continuous Dynamical Systems, 11 

(2009), 893-911. 

[43] S. B. Hsu, On global stability of a predator-prey system, Mathematical 

Biosciences, 39 (1978), 1-10. 

138 



[44] J. Huisman and F. J. Weissing, Biodiversity of plankton by species os

cillations and chaos, Nature, 402 (1999), no. 6760, 407-410. 

[45] A. R. Ives and V. A. A. Jansen, Complex dynamics m stochastic 

tritrophic models, Ecology, 79 (1998), no. 3, 1039-1052. 

[46] A. Janssen, M. W. Sabelis, S. Magalhaes, M. Montserrat, and T. Van der 

Hammen, Habitat structure affects intraguild predation, Ecology, 88 

(2007), no. 11, 2713-2719. 

[47] A. Kempf, J. Floeter and A. Temming, Predator-prey overlap induced 

Holling type III functional response in the North Sea fish assemblage 

Marine Ecology Progress Series 367 (2008), 295-308. 

[48] Y. Kuang, Delay Differential Equations with Applications in Popula

tion Dynamics, The series of Mathematics in Science and Engineering, 

Academic Press, 191 1993. 

[49] Y. A. Kuznetsov, Elements of applied bifurcation theory, Springer

Verlag, (2004). 

[50] Y. Kang and L. Wedekin, Dynamics of a intraguild predation model 

with generalist or specialist predator, Journal of Mathematical Biology 

(2012), 1-33. 

[51] Y. Lamontagne, C. Coutu, and C. Rousseau, Bifurcation analysis of 

a predator-prey system with generalised Holling Type III functional 

139 



response, Journal of Dynamics and Differential Equations, 20 (2008), 

no. 3, 535-571. 

(52] E. Lerman and S. Tolman, Hamiltonian torus actions on symplectic 

orbifolds and toric varieties, Transactions of the American Mathematical 

Society, 349 (1997), no. 10, 4201-4230. 

(53] R. Levins and D. Culver, Regional coexistence of species and compe

tition between rare species, Proceedings of the National Academy of 

Sciences, 68 (1971), no. 6, 1246-1248. 

(54] Z. Lin and M. Pedersen, Stability in a diffusive food-chain model 

with michaelis-menten functional response, Nonlinear Analysis: The

ory, Methods & Applications, 57 (2004), no. 3, 421-433. 

(55] N. MacDonald, Time Lags in Biological Models, Springer-Verlag, Hei

delberg, 1978. 

(56] A. Maiti, A. K. Pal, and G. P. Samanta, Effect of time-delay on a food 

chain model, Applied Mathematics and Computation, 200 (2008), no. 1, 

189-203. 

(57] R. M. May and W. J. Leonard, Nonlinear aspects of competition between 

three species, SIAM Journal on Applied Mathematics, 29 (1975), no. 2, 

243-253. 

[58] W. W. Murdoch, Stabilizing effects of spatial heterogeneity in predator

prey systems, Theoretical Population Biology, 11 (1977), no. 2, 252-273. 

140 



(59) W. W. Murdoch, J. Chesson, and P. L. Chesson, Biological control in 

theory and practice, American Naturalist, (1985), 344-366. 

(60) J. D. Murray, Mathematical Biology: I. An Introduction, vol. 2, 

Springer, ( 2002). 

(61) M. Pascual, Diffusion-induced chaos in a spatial predator-prey system, 

Proceedings of the Royal Society of London. Series B: Biological Sci

ences, 251 (1993), no. 1330, 1-7. 

(62) J. K. Pell, J. Baverstock, H. E. Roy, R. L. Ware, and M. E. N. Majerus, 

Intraguild predation involving Harmonia axyridis: a review of current 

knowledge and future perspectives, From Biological Control to Invasion: 

the Ladybird Harmonia axyridis as a Model Species, Springer, (2008), 

147-168. 

(63) L. Perko, Differential Equations and Dynamical systems, third edi

ton, Texts in Applied Mathematics, vol. 7, Springer-Verlag, New York, 

(2001). 

(64) G. A. Polis and R. D. Holt, Intraguild predation: the dynamics of com

plex trophic interactions, '!rends in Ecology and Evolution, 7 (1992), 

no. 5, 151-154. 

(65) G. A. Polis, C. A. Myers, and R. D. Holt, The ecology and evolution of 

intraguild predation: potential competitors that eat each other, Annual 

Review of Ecology and Systematics, 20 (1989), 297-330. 

141 



(66] M. E. Power, A. Sun, G. Parker, W. E. Dietrich, and J. T. Wootton, 

Hydraulic food-chain models, BioSciencc, 45 (1995), no. 3, 159-167. 

(67] A. Rescigno and I. W. Richardson, On the competitive exclusion princi

ple, The Bulletin of Mathematical Biophysics, 27 (1965), no. 1, 85-89. 

(68] R.E. Ricklefs, The Economy of Nature, Macmillan, (2010). 

(69] M. Rosenzweig and R. MacArthur, Graphical representation and sta

bility conditions of predator-prey interaction, American Naturalist, 97 

( 1963), 209-223. 

[70] S. Ruan, On nonlinear dynamics of predator-prey models with discrete 

delay, Mathematical Modelling of Natural Phenomena, 4 (2009), no. 2, 

140-188. 

[71] E. Ruggieri and S. J. Schreiber, The dynamics of the Schoener-Polis-Holt 

model of intra-guild predation., Mathematical Biosciences and Engineer

ing, 2 (2005), no. 2, 279-288. 

[72] S. Sato and A. F. G. Dixon, Effect of intraguild predation on the sur

vival and development of three species of aphidophagous ladybirds: con

sequences for invasive species, Agricultural and Forest Entomology, 6 

(2004), no. 1, 21-24. 

[73] Q. J. Schmitz, P.A. Hambaack and A. P. Beckerman., Trophic cascades 

in terrestrial systems: a review of the effects of carnivore removals on 

plants, American Naturalist, 155 (2000), 141-153. 

142 



[7 4] H. Shu, L. Wang and J. Watmough, Sustained and transient oscillations 

and chaos induced by delayed antiviral immune response in an immuno

suppressive infection model, Journal of Mathematical Biology, 68(2014), 

477-503. 

[75] G. T. Skalski and J. F. Gilliam, Functional responses with predator 

interference: viable alternatives to the Holling Type II model, Ecology, 

82 (2001), no. 11, 3083-3092. 

[76] S. Smale, On the differential equations of species in competition, Journal 

of Mathematical Biology, 3 (1976), no. 1, 5-7. 

[77] W. E. Snyder, G. M. Clevenger, and S. D. Eigenbrode, Intraguild preda

tion and successful invasion by introduced ladybird beetles, Oecologia, 

140 (2004), no. 4, 559-565. 

[78] S. H. Strogatz, Nonlinear Dynamics and Chaos (with Applications to 

Physics, Biology, Chemistry, Perseus Publishing, (2006). 

[79] G. Takimoto, T. Miki, and M. Kagami, Intraguild predation promotes 

complex alternative states along a productivity gradient, Theoretical 

Population Biology, 72 (2007), no. 2, 264-273. 

[80] K. Tanabe and T. Namba, Omnivory creates chaos in simple food web 

models, Ecology, 86 (2005), no. 12, 3411-3414. 

[81] P. Turchin, Complex Population Dynamics: a Theoretical/Empirical 

Synthesis, Princeton University Press, (2003). 

143 



[82] A. Verdy and P. Amarasekare, Alternative stable states in communities 

with intraguild predation, Journal of Theoretical Biology, 262 (2010), 

no. 1, 116-128. 

[83] P. J. Wangersky and W. J. Cunnigham, Time lag in prey-predator 

population models, Ecology, 38 (1957), 136-139. 

[84] J. Wei and S. Ruan, On the zeros of a third degree exponential polyno

mial with applications to a delayed model for the control of testosterone 

secretion, Journal Mathematical Medicine and Biology, 18 (2001), 41-

52. 

[85] S. Wiggins Introduction to Applied Nonlinear Dynamical Systems and 

Chaos, vol. 2, Springer, (1990). 

[86] S. Wissinger and J. McGrady, Intraguild predation and competition 

between larval dragonflies: direct and indirect effects on shared prey, 

Ecology, 74 (1993), 207-218. 

[87] , M. C. Wong, M. A. Barbeau, M. Dowd, K. R. Richard Behavioural 

mechanisms underlying variable functional responses of blue crabs, Call

inectes sapidus feeding on juvenile oysters, Crassostrca virginica, The 

Journal of Animal Ecology, (1990), 615-630. 

[88] G. Woodward and A.G. Hildrew, Body-size determinants of niche over

lap and intraguild predation within a complex food web, Journal of 

Animal Ecology, 71 (2002), no. 6, 1063-1074. 

144 



[89] G. S. K. Wolkowicz and H. Xia, Global asymptotic behavior of a chcmo

stat model with discrete delays, SIAM Journal on Applied Mathematics, 

57 (1997), 1019-1043. 

(90] D. Xiao and S. Ruan, Global analysis in a predator-prey system with 

nonmonotonic functional response, SIAM Journal on Applied Mathe

matics, 61 (2001), no. 4, 1445-1472. 

(91] M. Yamaguchi, Y. Takeuchi, and W. Ma, Dynamical properties of a 

stage structured three-species model with intra-guild predation, Journal 

of Computational and Applied Mathematics 201 (2007), no. 2, 327-338. 

[92] H. Yasuda, T. Kikuchi, P. Kindlmann, and S. Sato, Relationships be

tween attack and escape rates, cannibalism, and intraguild predation in 

larvae of two predatory ladybirds, Journal oflnsect Behavior, 14 (2001 ), 

no. 3, 373-384. 

[93] T. M. Zaret and A. S. Rand, Competition in tropical stream fishes: 

support for the competitive exclusion principle, Ecology, 52 (1971), 336-

342. 

[94] M. L. Zeeman, Hopf bifurcations in competitive three-dimensional lotka

volterra systems, Dynamics and Stability of Systems, 8 (1993), no. 3, 

189-216. 

145 



Appendix A 

Distribution of the zeros of a 

first degree exponential 

transcendental polynoinial 

Lemma A.1. Consider the transcendental polynomial given by 

91(.A) =.A+ a - be->.r, (A.l) 

where a> 0, b > 0, T 2'.'. 0. For the distribution of the zeros of 91(.A), we have 

Case ( i): a < b. Then 91 (.A) admits one positive real zero and all other zeros 

are complex numbers; 

Case (ii): a = b. Then .A = 0 is the only real zero of 91(.A) and all other 

zeros of 91 (.A) are complex numbers with negative real parts; 
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Case (iii): a > b. Then g1 ( ,\) has a unique negative real zero, and all other 

zeros have negative real parts. 

For ,\ E R, g~ (.\) = 1 + bre->.T > 0 and hence g1 (.\) is increasing in A. Thus 

the conclusion of case (i) follows easily from g1 (0) = a - b < 0. 

Now we consider case (ii): a = b. Clearly, ,\ = 0 is the only real zero of 

g1 (.\) and all other zeros must be complex numbers. Suppose to the contrary 

that ,\ = µ + iw is a zero of g1 (.\) satisfying µ ~ 0 and w > 0. That is, 

µ + iw + a - a(e-µT-iwT) = 0, which implies Iµ+ a+ iwl = lae-w e-iwTI. Thus 

A contradiction. Therefore, the conclusion of (ii) holds. 

Next we consider case (iii). Note that g1 (0) = a - b > 0 and 91 (-oo) = -oo. 

Clearly, the only real zero of g1 ( ,\) must be negative and all other zeros of 

g1(.\) are complex numbers. Suppose that,\=µ+ iw is a zero of 91(.\) with 

µ ~ 0 and w > 0. Then it follows from g1(µ + iw) = 0 that 

µ+a= be-µT COS WT. 

This yields b <µ+a= be-µT coswT ~ b,a contradiction. Thus the conclusion 

of (iii) holds and the proof is complete. 
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Appendix B 

Distribution of the zeros of a 

general transcendental 

polynomial 

In this section we consider the transcendental characteristic equations of the 

form 

(B.1) 

where H, P and Q are polynomials with real coefficients and the degree of 

P is larger than that of Q. In particular, we are interested in characteristic 

polynomials arising from the stability analysis of delay-differential equations 

such as Eq. (4.2). Without loss of generality, we may assume P and Q have 

no zeros in common. We further assume that H has no zeros with zero 

real part. In the following, we follow the approach of Cooke and van den 
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Driessche [12) and summarize their results in our setting. 

We regard the time delay, T, as the bifurcation parameter, and we arc only 

interested in T ~ 0. When T = 0, the roots of Eq. (B.l) consist of the 

zeros of H and (P + Q). For T > 0, a simple argument shows that as 

T changes, any changes in the number of roots of Eq. (B.1) with positive 

real part correspond to pairs of roots crossing into or out of the right half 

plane. If the transcendental equation Eq. (B.1) arises as a characteristic 

equation of a delay differential equation, then these crossings correspond to 

Hopf bifurcations of solutions in the delay differential equations. 

Substituting .,\ = iw (w > 0) into Eq. (B.1), we obtain 

F(w) = IP(iw)l2 - IQ(iw)l2 = 0, (B.2) 

and 
1 

T = - arg (-Q(iw)/ P(iw)). 
w 

(B.3) 

If w satisfies Eq. (B.2) then Eq. (B.3) defines a sequence of delays, 0 S To < 

r 1 < ... , spaced at intervals Tj+1 -Tj = 27r /w, j = 0, 1, 2, .... Since P and Q 

are polynomials with real coefficients, F is an even polynomial, and we can 

define a polynomial G such that F(w) = G(w2
). Hence, in order for .,\ = iw 

to be a nonzero root of Eq. (B.1), the equation G(u) = 0 must have at least 

one positive root. In the case where this root is simple, we can further show 

that there is a sequence of Hopf bifurcations as T increases. 

Lemma B.1. Suppose an equilibrium solution of a system of delay-differential 
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equations has a characteristic equation of the form Eq. (B.1) with P and Q 

polynomials. Define G(u) = IP(iJu)l2 - IQ(iJu)l2. If Uk > 0 is a simple 

zero of G, then as r increases, the equilibrium undergoes a series of Hopf 

bifurcations at values of rjk given by Eq. (B.3) with w = wk = fo,.. The 

associated pair of eigenvalues crosses the imaginary axis from left to right if 

G'(wi) > 0, or right to left if G'(wi) < 0. If G has no positive zeros, then 

the number of roots of Eq. (B.1) with positive real part is independent of r. 

Proof. Suppose Uk is a simple zero of G, let wk = fo,., and let rj be the 

sequence defined by 

j = 0, l, 2, ... (B.4) 

where the range of Arg is taken to be the interval (0, 2rr). Thus we obtain 

a sequence of critical values, rjk, j = 0, l, ... , for r, at which Eq. (B.1) 

admits a pair of simple purely imaginary roots, ±iwk. These critical values 

are Hopf bifurcation values if the transversality condition is further satisfied. 

Differentiating Eq. (B.1) with respect to r, one gets 

P'(>..)e>..r + (Q'(>..) - rQ(>..)) 
>..Q(>..) 

Evaluating this expression at the root ,\ = iwk with r = rj yields 
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and it follows from the definitions of F and G that 

Note that for any nonzero complex number --\, sgn(Re(--\)) = sgn(Re(±)). 

This shows that 

(B.6) 

Since uk was assumed to be a simple zero of G, with G'( uk) =/- 0, the transver

sality condition is satisfied at each rf. Hence, Hopf bifurcations occur at the 

critical values. Further, if G'(wi) > 0, then the eigenvalues cross the imag

inary axis from left to right, and the dimension of the unstable manifold 

increases by two, leading to a loss of stability or continued instability. If, 

on the other hand, G'(wi) < 0, then the dimension of the unstable manifold 

decreases by two, possibly leading to the stability of the equilibrium. D 

In the case where G arises from a characteristic equation of a delay-differential 

equation, the degree of Pis larger than the degree of Q. The following result 

follows immediately and is useful in ordering the zeros of G. 

Lemma B.2. Suppose P and Q are polynomials with deg(P) > deg(Q). 

Further, suppose that the leading coefficient of P is one and that P and Q 

have no common zeros. Then the function G defined by G(u) = IP(ivu)l2 
-

IQ( iJu)l2 is a polynomial with the same degree as P and leading coefficient 
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one. 

If G has more than one positive simple zero then there will be a sequence of 

Hopf bifurcations associated with each such zero. This leads to the possibility 

of stability switching as T increases through the critical values. Denote the 

positive zeros by uk, k = l, ... , n, with uk+I < uk. By Lemma B.1, for each 

positive simple zero uk, there is a sequence, { TJk} 7:
0

, defined by Eq. (B.4), 

with wk = VU,., giving values of T at which Hopf bifurcations occur. In 

the case where all positive zeros of G are simple, the slopes at these zeros 

will alternate in sign. Specifically, G'(uk) > 0 for k odd and G'(uk) < 0 

for k even. Hence, by Lemma B.1, the Hopf bifurcations arc stabilizing if 

k is even and destabilizing if k is odd. That is, at rj, for k even, a pair of 

complex eigenvalues cross the imaginary axis from the right hand side to the 

left hand side ( the number of eigenvalues with positive real parts is reduced 

by two), while at rj, with k odd, a pair of complex eigenvalues cross the 

imaginary axis from the left hand side to the right hand side ( the number of 

eigenvalues with positive real parts is increased by two). To characterize the 

possible stability switches at these bifurcations, we define a function a(r), 

which gives the number of eigenvalues of Eq. (B.1) with positive real part. 

Define the sequences aj as 

if k is even, 
(B.7) 

if k is odd. 
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The function a is then defined as follows: 

a(T) = O"o + 2 L 
j,klrj<r 

(B.8) 

where a0 denotes the number of zeros of H(P + Q) with positive real part. 

Note that if Tf = T:n for some k -=/= l, then there will be more complicated 

bifurcations occurring, but the net change in the number of eigenvalues with 

positive real parts is still determined by the jumps in a( T) 

To simplify the remaining lemmas to be presented in this section, we define 

several sets, or conditions. 

• Let SH be the condition that all zeros of H have negative real parts. 

• Let S~ be the condition that H has at least one zero with a positive 

real part. 

• Let Sao be the condition that G has no nonnegative zeros. 

• Let SGl be the condition that G has exactly one simple positive zero 

and no other nonnegative zeros. 

• Let Sa2 be the condition that G has at least two simple positive zeros 

and no other nonnegative zeros, with the further restriction that the 

critical delays associated with these zeros are distinct: specifically, Tf = 

Tt only if j =land k = m. 

• Let Sp be the condition that all zeros of P + Q have negative real parts. 
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• Let S~ be the condition that P + Q has at least one zero with a positive 

real part. 

Note that the conditions sharing common latin subscripts are mutually ex

clusive. Hence, combinations of these conditions give rise to twelve possible 

cases. The conditions are not exhaustive; however, when viewed as sets in a 

parameter space, their closure encompases all of parameter space. 

Lemma B.3. Suppose all the positive zeros of the function G defined in 

Lemma B. 2 are simple, and that G has n such zeros, with n 2: 1. Denote 

these positive roots by uk, k = l, ... , n with uk+l < uk as described following 

Lemma B.2, and define sequences Tjk, k = l, ... , n by Eq. (B.4) with wk = 

.Jiik. Then the following holds for the function a defined by Eq. (B.8). Either 

(]"( T) > Q for all T 2: 0, Or there are integers j and k such that a( Tn = Q and 

(]"(T) > Q for all T > Tr 

Proof. First, note that (j( T) is a step function with positive jumps at critical 

values of T corresponding to odd zeros of G and negative jumps at even zeros 

of G. If the critical values of T arising from different zeros overlap, then 

the jump in a corresponds to the net number of roots of Eq. (B.1) whose 

real parts change sign as T increases. Since the spacing between delays in 

the sequence { TJ} :
0 

is 21r / wk and Wk+1 < wk, positive jumps of a( T) as T 

increases are more frequent than negative jumps. Hence, regardless of the 

orderings of Tt, (j must remain positive after some finite T. D 
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Lemma B.4. Suppose one of conditions Sa1 or Sa2 hold, and denote the 

positive zeros of G and their associated sequences of critical delays as in 

Lemma B. 3. Then either 

(i) a(r) > 0 for all T ~ 0, or 

(ii) there exists a set of N positive real numbers O < To < r 1 < · · · < TN-2 S 

TN-1 such that a(r) > 0 for TE [O, To) u (r1, T2) ... (TN-3, TN-2) u (TN -

1, oo) and a(r) = 0 for TE (To, r1) U (r2, 73) ... (rN-2, TN-1), or 

(iii) there exists a set of N positive real numbers OS To < T1 < · · · < TN-2 S 

TN-1 such that a(r) > 0 for TE (To, T1) u (T2, T3) ... ( TN-3, TN-2) u (TN -

1, oo) and a(r) = 0 for TE [O, To) U (r1, T2) ... (TN-2, TN-1). 

Proof. If either S~ or S'p holds, then a(O) > 0. In contrast, if both SH and 

Sp hold, then a(O) = 0. Suppose first that a(O) > 0. Then either case 

(a) holds, or there is some T > 0 for which a ( T) = 0. Since a is piecewise 

constant, there must be a largest delay, To, for which a(r) > 0 on [O, To). 

Further, it must be that To = Tjk for some even k. Note that it must also 

be that To > 0, since it was assumed that Eq. (B. l) has zeros with positive 

real part for T = 0 and the zeros of Eq. (B.l) arc continuous functions of T. 

Let r 1 denote the next largest element in the sequences rJ. Since the critical 

delays, rJ, j = 0, 1, 2, ... , k = l, ... , n are assumed distinct, it follows that 

r1 = rJ for some k odd, and that a(T) = 0 on (r0, r1). That is, on the 

interval (r0 , r1) there are no zeros of Eq. (B.1) with positive real part, a pair 

of zeros crosses from the right to the left half complext plane as T increases 
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through To, and a pair of zeros crosses from the left to the right half complex 

plane as T increases through T1. The process can be repeated to produce a 

subset {To, ... , TN-1} of delays satisfying O < To < T1 < · · · < TN-2 ~ TN-1 

for which a(T) > 0 for TE [0,To) u (T1,T2) ... (TN-3,TN-2) and a(T) = 0 for 

T E (To, T1) U (T2, T3) ... (TN-2, TN_ 1). By Lemma B.3, there must be some 

positive integer N for which a( T) > 0 for T > TN. We have shown that if 

a(O) > 0, then either case (i) or case (ii) holds. Now suppose a(O) = 0. By 

Lemma B.3 there is some T > 0 for which a( T) > 0. Hence, there must be 

some largest delay, To, for which a(T) = 0 for TE [O, T0 ). As before, To= Tf 

for some odd k. Note that in this case, it is possible that To = 0. Now either 

(T(T) > 0 for all T > To, or there is some T > 0 for which a(T) = 0. We can 

thus proceed as before to construct a set of N critical delays for which case 

(iii) holds. 

D 

Lemma B.5. Suppose an equilibrium solution of a system of delay-differential 

equations has a characteristic equation of the form (B.1) with P and Q poly

nomials. Further, let G be defined as above, and suppose one of the 12 

mutually exclusive conditions defined above holds. Then the equilibrium will 

undergo stability switches at the critical delays in one of the following man-

ners. 

(a) Under conditions S~, SH n S'p n Seo or SH n S'p n Sc1 , the equilibrium 

is unstable for all T ~ 0. 
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{b) Under conditions SH n Sp n Seo, the equilibrium is locally asymptotically 

stable for all T ~ 0. 

{ c) Under conditions SH n Sp n SCI, there is a positive real number To such 

that the equilibrium is locally asymptotically stable for T E [O: r0 ) and 

unstable for T > To with To. 

{d) Under conditions SHnSpnSc2 , there is a set of N positive real numbers 

0 S To < T1 < · · · < TN-2 S TN-l such that the equilibrium is locally 

asymptotically stable for TE [O, r 0 ) U (r1, r2) ... (rN-2, TN-l) and unstable 

for TE (ro, 71) U (r2, 73) ... (rN-1, oo). 

(e) Under conditions SH n S~ n Sc2 , there remain two possibilities. Either 

the equilibrium is unstable for all T ~ 0, or there exists a set of N 

positive real numbers O S To < r 1 < · · · < TN- 2 S TN-l such that the 

equilibrium is unstable for T E [O, r0 ) U ( r 1 , r 2 ) ... ( TN- 2 , TN-l) and locally 

asymptotically stable for T E (To, T1) U ( T2, T3) ... ( TN -1, oo). 

Proof. An equilibrium of a delay differential equation is locally asymptoti

cally stable if all of its eigenvalues have negative real part, and unstable if any 

eigenvalue has positive real part. Hence, if H has zeros with nonnegative real 

part, then the equilibrium is unstable. If P + Q has zeros with positive real 

part, then the equilibrium is unstable for T = 0. The equilibrium will be sta

ble for some T > 0 only if sufficient eigenvalues cross from the left half plane 

to the right half plane as T increases. This can only occur under condition 

Sc2 , where G has a positive zero for which G' is negative. This establishes 
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case (a). For case (b), there are no zeros with positive real part for T = 0, 

and since G has no positive zeros, by Lemma B.1, there can be no values of 

T at which eigenvalues cross into the right half plane. Hence all eigenvalues 

must remain in the left half plane and the equilibrium must remain stable 

for all T > 0. For case ( c), all eigenvalues have negative real part for T = 0. 

By Lemma B.2, we may assume G is increasing through its single positive 

zero. Then by Lemma B.1, a pair of eigenvalues crosses the imaginary axis 

from left to right as T increases through To. All subsequent bifurcations as T 

increases also involve eigenvalues crossing in the same direction. Hence, the 

equilibrium remains unstable for all T > To. 

The remaining two cases allow for a possibility of stability switches as T 

increases. In case (d), the equilibrium is stable for T = 0. Hence, result (iii) 

of Lemma B.4 must hold. Finally, in case ( e), the equilibrium is unstable 

for T = 0 and so result (i) or (ii) of Lemma B.4 must hold. The existence of 

stability switches depends on the ordering of smallest critical delays, T;. 
D 
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Appendix C 

Distribution of simple positive 

zeros of cubic polynomials 

The local stability and Hopf bifurcation analysis of the positive equilibrium 

E* critically rely on the existence and distribution of positive zeros of the 

cubic polynomial G(u) defined in Eq. (4.34). In the literature, there has 

been some work studying the distribution of zeros of cubic polynomials. For 

example, conditions on the existence and nonexistence of positive zeros of 

cubic polynomials are given in [84]. But, to the best of our knowledge, 

no detailed conditions have been given in the literature for the existence 

of exactly m (m = 0, 1, 2, 3) positive zeros of cubic polynomials. In what 

follows, we give a complete description on the distribution of positive zeros 

of cubic polynomials. 
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We consider a cubic polynomial given as 

(C.1) 

where P1,P2,p3 are real numbers. Note that p'(x) = 3x2 + 2p1x + p2, which 

has the discriminant ~ = 4(Pi - 3p2). There arc two cases to consider. 

Case i: Pi :::; 3p2, i.e., ~ :::; 0. In this case, p'(x) ~ 0 and p(x) is nondecreas

ing. It is easily seen that p( x) has a unique simple positive zero if and only 

if p(O) = p3 < 0 and p(x) has no positive zero if p3 ~ 0. 

Case ii: Pi > 3p2, i.e., ~ > 0. In this case, p'(x) has two zeros, x1 = 

-lft - ~VPi - 3p2 and X2 = -lfr + ~VPi - 3p2, and p(x) is increasing for 

x E (-oo,x1) U (x2,oo) and decreasing for x E (x1,x2). Depending on the 

relation between zero and x1 and x2, there are three subcases to consider. 

Case ii.1: x1 :::; 0 < x2. In this case, if p(O) = p3 :::; 0, then p(x) has exactly 

one simple positive zero since p(x) is decreasing for x E [O, x2) and increasing 

for x > X2 and limx--tooP(x) = oo; if p3 > 0, then depending on the value 

of p(x2 ), the cubic polynomial p(x) can have no positive zero provided that 

p(x2 ) > 0, or one positive zero provided that p(x2 ) = 0 (note that this zero 

is not simple and its multiplicity is 2), or two simple positive zeros provided 

that p(x2 ) < 0. Case ii.2: x1 < x2 :::; 0. In this case, noting that p(x) is 

strictly increasing for x > 0, thus if p3 < 0, then p(x) has exactly one positive 

zero, which is simple, and if p3 ~ 0, there is no positive zero for p(x). Case 

ii.3: 0 < x1 < x2. In this case, if p3 ~ 0, then p(xi) > 0 and as in Case 
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ii.1, the cubic polynomial p(x) has no positive zero provided that p(x2) > 0, 

or one positive zero with multiplicity of 2 provided that p(x2 ) = 0, or two 

simple positive zeros provided that p(x2 ) < O; if p3 < 0, then p(x) has exactly 

one positive zero provided that p(x1 ) < 0, two positive zeros provided that 

p(x1) = O; in the case that p(x1) > 0, the polynomial p(x) can have one 

simple positive zero if p( x2) > 0 is further satisfied, two positive zeros ( one 

is simple, the other is a repeated zero) if p(x2 ) = 0, and three simple positive 

zeros if p(x2 ) < 0. Note that for Case ii.3, if p3 < 0, then the result on the 

distribution of positive zeros of p(x) can be summarized as: if p(x1)p(x2 ) > 0, 

then there is one positive zero, if p(x1)p(x2 ) = 0, then there are two positive 

zeros, and if p(x1)p(x2 ) < 0, then there are three positive zeros. 

Define 

and 

Note that ~ 3(p1,p2,p3) is the discriminant of the cubic polynomial p(x). 

If Pi > 3p2, then cp1 (P1, P2) and cp2 (P1, P2) arc real numbers satisfying 

cp1(P1,P2) < cp2(P1,P2), and p(x1)p(x2) = - 2\~3(p1,P2,p3), where X1 = 

cp1(P1,P2) and X2 = cp2(P1,P2). 

As we are only interested in the distributions of simple zeros, the above 

analysis gives the following result. 
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Lemma C.1. Consider the cubic polynomial p(x) = x3 + p1x2 + p2x + p3 

with Pi E JR, i = 1, 2, 3, cp1(P1,P2) and cp2(P1,P2) defined in Eq. (C.2), 

~3(p1,P2,p3) defined in Eq. (C.3). Then the distribution of simple positive 

zeros of p( x) is completely described as below. 

(i) p(x) has no nonnegative zeros if one of the following conditions is satis

fied: 

(i.a) Pi ~ 3p2 and p3 > O; 

( i. b) Pi > 3p2, cp2 (P1, P2) < 0; 

(i.c) Pi > 3p2, cp2(P1, P2) ~ 0, p3 < 0 and ~3(p1, P2, p3) < 0. 

(ii) p( x) has one simple positive zero and no other nonnegative zeros if one 

of the following conditions is satisfied: 

(ii.a) Pi ~ 3p2 and p3 < O; 

(ii.b) Pi> 3p2, cp1(P1,P2) ~ 0 and p3 < O; 

(ii.c) Pi> 3p2, 0 < cp1(P1,P2), p3 < 0 and ~3(p1,P2,p3) < 0. 

(iii) p( x) has at least two simple positive zeros and no other zeros with non

negative real parts if one of the following conditions is satisfied: 

(iii.a) Pi> 3p2, 0 < cp2(P1,P2), p3 > 0 and ~3(p1,P2,p3) > 0; 

(iii.b) Pi> 3p2, 0 < cp1(P1,P2), p3 # 0 and ~3(p1,P2,P3) > 0. 
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