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Abstract 

The present research describes the study of droplet transport in a high Reynolds 

number turbulent flow in the wake of a disk. A dilute two-phase flow was produced 

using a liquid atomizer nozzle inserted in the wake flow. The air velocity and droplet 

size ranges used in this study produced a range of Stokes number from 5 < Stk < 

100. A Phase Doppler Interferometer was used to simultaneously measure the size 

and velocity of droplets. Results include mean and fluctuation concentration field, 

turbulent flux of concentration, gas phase and droplet velocimetry, and droplet size 

spectra. 

An important part of the current study was focused on identification of appropri

ate statistical processing methods for the temporal and spatial structure of droplets 

in a turbulent flows. A close investigating of modeling droplet phase as a point pro

cess was performed and the limitations of these models and their differences with 

the experimental data were discussed. Two point statistics of point processes were 

reviewed and their relation with the physical phenomena, i.e. clustering, scales of 

turbulence scales and and structure were investigated. 
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Chapter 1 

Introduction 

1.1 Motivation 

In many engineering and environmental problems dispersed two-phase flows play an 

important role. These applications include areas such as agricultural spraying, com

bustion, cloud physics, etc. For example, delivery of pesticide to the target organism 

is very important in forestry and agricultural spraying and predictive methods of 

this process requires models of droplet transport for planning and operation. 

A common form of two-phase flows is dispersed liquid sprays which usually take 

the form of a cloud of droplets randomly scattered in a gas flow. The liquid sprays 

are almost always poly-dispersed and the size distribution of droplets varies with 

the application. The knowledge of droplet size and velocity distribution has a great 

importance in achieving the desired goal in most of these applications. The carrier 

phase flow in most cases is turbulent. In the presence of a turbulent gas phase flow, 

the turbulence is an essential element of droplet formation and dispersion. 

A first step in studying two-phase flow is to establish the equations of motions 

for the continuous and dispersed phases. The equations of motion for the dispersed 

phase have two major forms of representation. The Lagrangian model uses droplet 
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motion equations in the carrier phase to describe the trajectories of droplets. The 

velocity, mass, temperature and other physical properties of the droplets are defined 

along the particle trajectories. The second model is the Eulerian model which uses 

the volume-averaged properties of the droplets to describe the droplet phase. In 

many engineering applications, the final form of the results should be in the form of 

volume averaged quantities. For this reason statistical averaging must be performed 

on the results of many Lagrangian simulations to acquire the Eulerian form. This 

makes a direct Eulerian method a desirable objective. 

In both Lagrangian and Eulerian frames, an important criterion to categorize nu

merical modeling of liquid sprays is the effects of droplet and carrier phase on each 

other. The size of droplets varies between different engineering applications, but 

in practice the size of droplets is usually in a range where the motion of droplets is 

mostly controlled by the motion of the gas phase flow. At the same time the presence 

of droplets in a flow can affect the properties of the gas phase turbulence. Depending 

on the level of interaction between the carrier and dispersed phase, the two-phase 

flows are classified as one-way, two-way or four-way coupled flows. In one-way cou

pling the presence of droplets has insignificant effect on the carrier phase motion. 

In two-way coupling the momentum exchange between the droplets and the carrier 

phase becomes important. In four-way coupling the particle-particle interaction also 

plays an important role in prediction of the two-phase flow characteristics. The pres

ence of particle-particle interaction can be evaluated using the volume fraction of the 

dispersed phase. Using this criterion, the liquid sprays may be divided into dilute 

and dense sprays. In dilute sprays the interaction between droplets is insignificant 

and the probability of collision is very low and vice versa for dense sprays. The 

focus of this study is on dilute and non-reacting liquid sprays where the interaction 

between droplets and carrier phase turbulence is one-way or two-way coupled. The 

reason for this choice is because these types of sprays appear more commonly in 
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agricultural spraying which was a primary motivation of the work. 

The study of two-phase flows has been the focus of many experimental and nu

merical works. A recent review of numerical and experimental methods for turbulent 

dispersed multiphase flow is provided by Balachandar and Eaton [6]. This review 

shows the engineering methods for the analysis of such flows are increasingly tak

ing the form of Reynolds Averaged Navier-Stokes (RANS), Large Eddy Simulation 

(LES) or Direct Numerical Simulation (DNS) based Computational Fluid Dynamics 

( CFD). But it also draws attention to the need for accurate measurements of droplet 

properties and velocity stresses to evaluate and develop such numerical models. 

The development of new instruments for spray velocimetry and sizing provides 

new capabilities to investigate complex two-phase flows. Methods such as particle 

velocimetry tracking, particle image velocimetry and phase Doppler interferometry 

are powerful tools to study two-phase flows. The 3D-Phase Doppler Interferome

ter simultaneously measures droplet size and 3 components of its velocity which is 

especially useful in poly-disperse flows. 

One characteristic of the two phase flows which seems to be overlooked in ex

perimental works is the stochastic behavior of the dispersed phase. When this is 

combined with the fact that, in most cases, the dispersed phase is so dilute that no 

analogy to the continuum assumption can be invoked, it suggests that the proper 

statistical treatment of two-phase data deserves much more attention in interpreta

tion of results. In practice, experimental results for two-phase flow represent only a 

limited number of realizations of a stochastic process. This means that in order to 

infer the characteristics of the process from the experimental results, a clear frame

work of Bayesian statistical inference should be used. This will have an important 

role in performing comparison between experimental and numerical studies. 

The primary challenge in modeling two-phase flows is understanding and modeling 

the interaction of the droplets and the continuous phase. This puts a limit on the 
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inaccuracy of the numerical simulation and this is where most recent DNS works 

are focused. These works mainly model mono-dispersed sprays as geometric points 

with droplets smaller than the smallest scales of turbulence and relaxation times 

comparable to the Kolmogorov time scale of the carrier phase turbulence. In cases 

where droplets are larger than Kolmogorov scales, fully resolved approaches [6] must 

be used. This has been performed for single droplets [4] but the available computing 

power is not sufficient for a practical number of droplets in a simulated flow. For this 

reason, experimental investigation is still necessary due to the complex interaction of 

droplets of different sizes with the ranges of turbulence eddy length and time scales. 

In this study a liquid spray dispersed in a disk wake flow is investigated. This 

is an idealization of flow that occurs in many agricultural spraying scenarios [5, 73] 

when a nozzle or rotary atomizer is used. The single phase turbulent wake flow 

has been studied for many years and turbulence properties of these flows are well 

characterized [41, 46, 47, 57]. 

The two-phase flow, however, has not been studied throughly. The emphasis in 

this work is on the spatial and temporal distribution and transport of droplets in the 

wake of a disk. Also the results are presented in a way useful to Eulerian-Eulerian 

simulations of the two phase flows. In order to make the results relevant to typical 

spraying scenarios, the range of droplet size and velocity, gas phase velocity and 

volume concentration were chosen to be comparable to the agricultural applications. 

1.2 Overview and Objectives 

The purpose of this research is to perform a comprehensive measurement of dispersed 

phase properties in a high Reynolds number shear flow. The experimental results 

are analyzed to present estimates of important terms appearing in the Eulerian

Eulerian set of equations describing two phase flow. Emphasis is put on accurate 
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representation of droplet statistics to avoid ambiguity in presenting the experimental 

results of the two-phase flows ( e.g. this ambiguity was investigated for agricultural 

spraying in [5]). For example a detailed statistical framework is included in Chapter 

3. 

The following are the objectives of the research 

• Measuring ensemble and concentration-weighted averages of droplet velocity 

and size for a dilute liquid spray in a high Reynolds axisymmetric wake flow. 

This includes clearly distinguishing between Reynolds, Favre and ensemble 

averages of droplet velocity and size. 

• Representing spray data in the form of marked point processes, including a 

detailed joint probability density functions of droplet velocity and size and 

their marginal distributions. 

• Performing analysis of spray data to fit known point process models (i.e. Cox 

process). 

• Measuring single point autocorrelation functions of droplet velocity and inter 

droplet spacing. 

• Measuring average and fluctuating values of droplet concentration using Bayesian 

statistical inference. 

• Measuring the turbulent transport of concentration fluctuations and evaluate 

Eulerian models 

1.3 Thesis Outline 

The general outline of the thesis is as follows: Chapter 2 is a review of the literature 

on the description of two phase flows and the motion of droplets in a turbulent flow. 
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In Chapter 3, statistical models for sprays are presented and the relation between the 

models and physical properties of sprays are defined. Chapter 4 includes a description 

of the experimental apparatus used for data acquisition. Single phase flow results 

are presented in Chapter 5. Two phase flow results are presented in Chapters 6, 7 

and 8. Chapters 6 and 7 include the data from a hydraulic nozzle with a focus on the 

measurement of velocity covariance and turbulent diffusion of droplets. Chapter 8 

includes data from rotary sprayers and the main focus is on droplet size measurement 

using PDI and LD devices. Chapter 9 includes the discussion on the presented results 

and in Chapter 10 a summary of the work and some recommendations for future work 

can be found. 
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Chapter 2 

Spray Dynamics 

In this chapter the equations of motion for a isothermal dispersed phase in La

grangian and Eulerian frames will be discussed and for each frame a brief review will 

be given. 

2.1 Single Droplet Dynamics 

Different forms of steady and unsteady forces control the motion of droplets in a tur

bulent flow [19]. However, when the density ratio of dispersed phase to carrier phase 

is high, Pd/ Pc » 1, the droplets are spherical, and in the absence of droplet breakup 

and evaporation, the inter-facial drag and gravity forces are the most important in 

determining the motion of a droplet. By these assumptions the equation of motion 

for a droplet with diameter d is 

where 

dV = l8µc CvRe (u _ v) ..... 
dt Pdd2 24 + g 

PcdirJ- vi 
Red = ----'----~ 

µc 

7 

(2.1) 

(2.2) 



and CD is the steady state drag coefficient, 0 and V are the gas phase and droplet 

instantaneous velocity, µc and Pc are the viscosity and the density of the gas phase 

and Pd is the density of the droplets. In order to have an accurate approximation of 

the droplet Reynolds number, measurements of instantaneous droplet velocity and 

gas phase velocity should be performed. Since this was not possible in this work, an 

estimation of average velocity difference, IU - VI, was used to estimate the average 

Reynolds number of droplets, Red. 

Based on experimental data, several correlations have been proposed to relate 

the drag coefficient of a sphere to the droplet Reynolds number. For 1 < Red <800 

the drag coefficient can be determined reasonably well by Schiller and Naumann's 

correlation [19] 

(2.3) 

By substituting equation 2.3 into equation 2.1 the velocity of a droplet can be 

determined as a function of time, t. 

The momentum response time is defined as the time required for the relative 

velocity 1-0-vl to decrease to 37% (e-1
) of its initial value. For Red<< 1, 

CDRed/24-+ 1 and the response time can be calculated as 

(2.4) 

For higher Reynolds numbers (1 <Red< 800) momentum response time becomes 

Pdd2 1 
Td=--

l8µc 1 + 0.15Re/·687 (2.5) 

As equation 2.4 and 2.5 show, larger droplets have a larger response time, and vice 

versa. It should be noted that other parameters, i.e. gas phase turbulence, might 

also impact the momentum response time [19] depending on the scales of the flow. 
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Droplet response time specifies the rate at which a droplet responds to a change in 

carrier phase velocity. It is also important to know how fast the velocity of the carrier 

phase changes relative to the droplet velocity. For this purpose, Stokes number can 

be defined as the ratio of the dispersed phase time scale to the characteristic time 

scale of continuous phase. The time scale of an eddy (lifetime) is the time that 

an eddy exists before it breaks up to the smaller eddies or its energy dissipates by 

flow instabilities. As there are a wide spectrum of time scales in a turbulent flow, 

different Stokes numbers can be defined using different time scales of the gas phase. 

Two important times scales that are used to describe the time scale of turbulent 

flows are the Kolmogorov time scale of the dissipative eddies, Tk, and time scale of 

energy containing eddies Te. By using these time scales two Stokes numbers can be 

defined as: 

Stk = Td 
Tk 

Td 
Ste= -

Te 

(2.6) 

(2.7) 

where Tk is the Kolmogorov time scale and Te is the integral time scale of the turbu

lence. 

In a turbulent flow the interaction between droplets and the gas phase depends 

also on the length scale of the turbulent eddies. Xu and Bodenschatz (91] suggest 

that for droplets with sizes larger than the Kolmogorov length scale, lk, using the 

Kolmogorov time scale is not appropriate; and a time scale should be defined based 

on the size of the droplet diameter. This time scale is defined as the time scale of 

an eddy with the same size as the droplet diameter 

(2.8) 
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where c is the dissipation rate1 of the carrier phase turbulence. Using this time scale 

the Stokes number is defined as 

(2.9) 

In this study, the Stokes number of droplets was calculated based on TD and Stokes 

number of droplets shown as St refers to Stv. 

2.2 Lagrangian Description of Droplet Transport 

In Lagrangian description of droplet motion, equations of droplet position, X, and 

velocity, V, for a droplet with diameter, d, and density, Pd will be 

dX -
-=V 
dt 

(2.10) 

(2.11) 

where Vis the droplet velocity vector and Fd is the total force on the droplet. These 

equations can be integrated in order to track the particles' positions and momen

tum along their trajectories in the carrier phase. The important challenge in solving 

Lagrangian equations of motions is to specify the inter-phase forces accurately. Spec

ifying these forces depends on the accuracy of the model that is used for the carrier 

phase. For this reason DNS and LES models of carrier phase are preferred because 

they can describe the unsteady behavior of turbulence velocity fluctuations. 

Lagrangian equations can be used to simulate two-phase flows with a wide range of 

Stokes numbers and droplet sizes. When droplets are smaller than the Kolmogorov 

1 An approximation of c was based on the homogeneous isotropic expression 

A more accurate approximation for a disk wake was not found in the literature. Lefeuvre et al. [53] 
showed that for a square cylinder wake flow this approximation is in agreement with the value of 
c when x/D > 40. 
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length scale, d/lk < l, they can be treated as geometric points in the flow. This 

assumption is called "point-particle" [6]. But when d/lk > l then the turbulent 

scales introduced by the droplets should also be considered. This is called a fully 

resolved approach. 

Lagrangian modeling is a powerful tool and can be very accurate for individual 

droplets and can be used to gain valuable information about two-phase flows. For 

example, Fevrier et al. [31] used an ensemble average of droplet positions and veloc

ities conditional on realization of the carrier flow to establish an Eulerian formalism 

for droplet velocities. In this frame they showed that the ensemble average velocity 

of droplets can be described as two parts: the mesoscopic Eulerian particle velocity 

field (MEPVF) and the quasi-Brownian velocity distribution (QBVD). Such efforts 

lead to a simplification in modeling the kinetic stresses of the dispersed phase. 

The results produced by Lagrangian models are the position and velocity of indi

vidual droplets and a statistical averaging must be performed to convert the results 

into the Eulerian frame. This is necessary since the engineering applications com

monly use data in an Eulerian frame where the boundaries of the problem are most 

easily defined. This means that in each position or cell in the numerical domain, 

enough droplets should be available to be considered statistically representative of 

the dispersed phase at that position. This can become a serious limitation when 

the number of droplets in the domain becomes large and the flow is unsteady. In 

order to avoid this limitation, instead of tracking a single droplet, packets of parti

cles are often tracked. This approach can introduce errors in Lagrangian numerical 

simulations and the number of droplets per packet is an important variable. 
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2.3 Eulerian Description of Droplet Transport 

The idea behind the Eulerian description of the dispersed phase is that the dispersed 

phase can be described as a second "fluid". The equations of motions for the dis

persed phase can be written in the form of Navier Stokes equations and this is the 

basis of two-fluid ( or Eulerian-Eulerian) models. Another approach is to describe the 

dispersed phase using kinetic equations similar to kinetic theory of gases. The ki

netic equations are used to solve for the probability distribution function of droplets' 

properties, f(W(xi, vi, t)). These properties are defined as phase space variables, i.e. 

position, velocity, size and etc. 

2.3.1 Two-fluid model 

In the two-fluid model, both the dispersed and carrier phases are treated as fluids 

with their own properties. In each volume of space, part of the volume is the carrier 

phase and the rest is the dispersed phase. The volume of each phase in a unit of 

space is defined as volume fraction. The volume fraction of the continuous phase is 

defined as 
. c5Vc 

a = hm -
c 8V -+8V0 c5V 

(2.12) 

where 6V0 is the limit volume where the continuum assumptions holds for any volume 

larger. By the definition of the volume fraction for a two-fluid model the summation 

of volume fractions for all phases should be one 

(2.13) 

O'.d is equal to volume concentration of dispersed phase shown here by Cv. 

The starting point for deriving the two-fluid equations is the time dependent 

Navier-Stokes equations. In the case of an incompressible carrier phase the continuity 
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and momentum equations can be described as [56, 11] 

(2.14) 

(2.15) 

(2.16) 

where the subscript d is used for dispersed phase and c for the continuous phase. 

Cn is the drag coefficient, Cv is the volume concentration and d32 is Sauter mean 

diameter of the dispersed phase. The proportionality factor Kcd is assumed to be 

constant in time, Kcd = K cd· The volume concentration of the dispersed phase, Cv, 

is assumed to be small and for this reason the volume fraction of the carrier phase 

is assumed to be one. Also no body force other than gravity is present. 

The equations of dispersed phase in the Eulerian frame for poly-dispersed droplets 

and with high density ratio are 

(2.17) 

8(CvYi) fJ(CvVJYi) __ Cv8P C 8
2
Yi K Pc6Cv(U·-V.) C (. ) 

at + n - n + V Vd n a + cd d i i + v9 ei .eg 
UXj Pd UXi UXj Xi Pd 32 

(2.18) 

where Ui, Yi, P and Cv are instantaneous values of carrier phase velocity, dispersed 

phase velocity, carrier phase pressure and volume concentration of the dispersed 

phase. ei and eg are the ith and gravity unit vector, respectively. The momentum 

transfer between two-phases is the drag force. The drag force is the dominant force 

because of the large density ratio of dispersed phase and low volume fraction. The 
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Reynolds decomposition or ensemble sampling is shown as 

(2.19) 

The Reynolds averaged carrier phase equations are 

(2.20) 

(2.21) 

The Reynolds averaged equations of dispersed phase are 

(2.22) 

(2.23) 

Similar to single phase flows an important part of the solution is to develop equa

tions to determine unclosed terms. These include droplet velocity covariances, vivj 

( which is common with single phase turbulent flow), multiple correlations, droplet 

dispersion by turbulence, etc. Several turbulence models have been developed for 

two-phase flows e.g. Mostafa & Elghobashi [60], Lain & Aliod [50], Benavides & 

Wachem [7] and Eaton [22]. Elghobashi and Abou-Arab [28] developed an Eulerian 
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two-fluid model that used the k- E turbulence model for simulating two-phase flows. 

These model use isotropic eddy-viscosity approaches and treat the droplet flux as 

passive scalars. 

2.3.1.1 Modeling the droplet velocity covariances 

A common method to model the particle velocity covariances, vivj which appears 

in Equation 2.23, is using the Boussinesq or eddy-viscosity method. This method 

assumes that the particle velocity covariances can be calculated using the gradient 

of the mean velocity of particles. 

(2.24) 

A theory due to Tchen [84], related the velocity covariances of the dispersed phase 

to gas phase as 

(2.25) 

where TL is the Lagrangian time scale of the carrier phase. When the velocity gradient 

of the dispersed phase is close to the carrier phase, as occurs at low Stokes numbers, 

then the eddy viscosity of dispersed phase will be 

VT 
V -

d,T - l + !JJ.. 
TL 

(2.26) 

Several studies, e.g. [28, 79, 69], focused on understanding the mechanisms that 

help to model particle velocity covariances more accurately. For example Reeks [69] 

suggests that the particle velocity covariance is not only a function of the velocity 

gradient of the dispersed phase but also is dependent on the mean shear rate of the 

carrier phase and turbulence properties. 

Eddy viscosity methods have been shown to be a reasonably good model for some 
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applications but have failed to predict the highly anisotropic behavior of dispersed 

phase. This anisotropy was shown by Simonin et al. [79] using a Large Eddy 

Simulation of a two-phase turbulent shear flow. They found that the anisotropy of 

particle fluctuations increases with Stokes number. They developed a second order 

moment set of equations using an anisotropic eddy viscosity model for the dispersed 

phase and compared the results of this model with LES. The LES simulations showed 

good agreement to the closure model used. The closure was achieved using 

(2.27) 

The earlier work by Elghobashi [27] reviewed the challenges that numerical methods 

face in simulating the particle-laden turbulent flows. He suggested that eddy viscosity 

methods used in two-fluid models don't describe the physics of interaction between 

turbulence and the dispersed phase. He advocated for the use of more rigorous 

methods such as PDF equations for this purpose. 

2.3.1.2 Modeling the turbulent droplet flux and concentration 

Previous attempts at modeling the turbulent flux of particles, cvvi, appearing in 

Equation 2.23 has taken the form of Fick's law [32] for passive scalars and was 

modeled as a function of the mean gradient of droplet concentration. The parameter 

that links these two values is called eddy diffusivity or dispersion coefficient of the 

particles 

(2.28) 
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Eddy diffusivity can be a scalar which means that the turbulent flux is always aligned 

with the concentration gradient. Corrsin [16] discusses the limitation of this assump

tion and points out that the diffusion should have the form of a second order tensor 

with a scalar component. 

(2.29) 

Daly and Harlow [21] proposed a tensorial dispersion coefficient which is a function 

of velocity covariance tensor 

(2.30) 

Where Td is a time scale of the particle. A modified method of this model has been 

tested by several studies, e.g. Horender & Hardalupas [43]. 

2.4 Droplet Spatial Distribution and Dispersion 

An important part of experimental and numerical research on two-phase flow has 

been on the spatial distribution ( or concentration) of droplets in the flow. Con

sequently, the mechanisms in turbulence responsible for transfer of droplets and 

changing the initial distribution of droplets have also gained attention. The simplest 

model to predict the flux of droplets in a turbulent flow is to assume that it follows 

a generalized Fick's law. This means that where a gradient of concentration exists, 

a flux proportional to the gradient will exist. However some serious differences has 

been reported between the transport of gas molecules and the transport of particles 

in turbulent flow. Reeks [68] described the conditions that Fick's law can be applied 

to the particles in a homogeneous turbulence. These conditions are necessary to 

make sure the particles' motions are statistically similar to the Brownian motion. 

These two conditions are that the particle relaxation time should be much greater 
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than the Eulerian integral time scale of the turbulence and much smaller than the 

particle diffusion time. 

The conditions above only predict the mass flux when the flow is homogeneous 

and isotropic. Reeks [68] showed that for inhomogeneous flows, even when these con

ditions are met, an extra term exists in the diffusion current, called "Turbophoresis". 

This current is proportional to the gradient of local turbulence velocity correlation 

and causes the heavy particles to migrate from high turbulent regions to low turbu

lence areas. 

Now if we consider the simple case of homogeneous and isotropic turbulence Fick's 

law predicts that the concentration field should become uniform. This kind of two

phase flow was analyzed carefully and it was found that even in the absence of vari

ation in turbulence energy ( consequently Turbophoresis is absent), and the absence 

of initial concentration gradient, the spatial distribution of droplets is not homoge

neous. This has been called preferential concentration or clustering of droplets which 

refers to the accumulation of particles in certain areas of a turbulence flow. 

One of the earliest works on preferential concentration was performed by Wang 

and Maxey [88]. They were interested in effect of preferential concentration on the 

settling velocity of heavy particles. They performed a DNS simulation to investigate 

the concentration distribution of small and heavy particles in homogeneous isotropic 

turbulence. They showed that heavy droplets accumulate in the areas of high strain 

rate and low vorticity. They also used a measure of preferential concentration as a 

function of normalized particle inertial time scale (Stokes number) and showed that 

the maximum level of particle accumulation occurs for droplets with Stokes number 

around 1.0. 

It should be mentioned that in order to quantify the degree of clustering different 

methods can be used. Some of these methods are reviewed by Monchaux et al. [59] 

including: visualization, clustering index, box counting methods, pair correlation 
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function (pcf) ( or radial distribution function - rdf) and Voronoi diagrams. The 

main goal of all these methods is to compare the distribution of droplets with a 

maximally random distribution of droplets (which for dilute phases can be shown 

is a Poisson distribution). The use of pcf has become popular because it directly 

appears in droplet collision rate kernels [80, 67, 89]. 

Based on the pcf of heavy (pd/ Pc > > l) and small ( d / l k < < l) particles shown 

by Wang and Maxey [88], two mechanisms have been proposed for preferential con

centration. For low to moderate Stokes numbers the particles are flung out of the 

high rotation rates and accumulate in high strain areas. For large Stokes num

bers (St < 0(100)) the particles are swept by large turbulence motions into the 

acceleration stagnation points [14]. Chen et al. [14] described this mechanism by 

implementing a 2D high-Reynolds DNS simulation. They concluded that there is a 

correlation between position of clustered droplets and the points of zero-acceleration 

in the carrier phase. 

2.5 Experimental Measurement Techniques 

Balachandar & Eaton [6] reviewed different experimental approaches used to investi

gate turbulent two-phase flows. The most common instruments are laser-based tech

niques which are non-intrusive. One of these techniques is Laser Doppler Anemome

ter (LDA) which has been used in several experiments to measure the velocity of 

small tracer particles and large particles in dispersed phase flows. The gas phase 

velocity is inferred from the tracer particle velocity. Therefore, it is very important 

to discriminate between the signal produced by tracer particles and dispersed phase. 

Some signal analysis methods have been developed to resolve this issue. The devel

opment of the Phase Doppler Interferometer (PDI) [2, 3] made this procedure by 

measuring the size and velocity of spherical particles simultaneously. This capability 

19 



has made PDI a popular device for measuring two-phase flow properties. 

One limitation is that the PDI is a single droplet counter device and the size of 

two droplets in its measurement volume cannot be measured at the same time. This 

capability is necessary to find velocity correlation between the dispersed phase ve

locity and gas phase velocity. To solve this problem Prevost et al. [65] reconstructed 

the velocity of continuous phase at the point of a large particle using the discrete 

velocity of the tracer particles in the neighborhood. 

Prevost et al. [65] used the phase Doppler instrument to measure the particle size 

and velocity in the far field of a particle-laden free circular jet. The exit Reynolds 

number based on the jet diameter was ReD=l3,100. The gas phase velocity was 

inferred by measuring the motion of very small drops of alcohol. Their experiment 

had a very low volume loading of particles (dilute) to avoid the effects of particle 

interactions in the flow. They presented the streamwise and radial mean velocity 

and fluctuations of gas phase and the particles. The particles with diameters be

tween 10-45 µm, were classified into 4 different groups according to Stokes number. 

The integral length scale and streamwise fluctuation of the gas phase was used to 

calculate the turnover time scale of the energy containing eddies, Te. The Stokes 

number of particles, Ste = Td/Te, where Td is the response time of the droplets to 

viscous drag varied at different downstream locations of the jet and were in the range 

of 0.02< Td/Tk < 8. The correlations between the fluid velocity and droplet velocity 

were determined using the reconstruction method. The calculated droplet veloc

ity correlations verified Tchen's theory ( equation 2.25) for the transverse particle 

velocity covariance. 

Ferrand et al. [30] in a study similar to Prevost et al. [65] used phase Doppler and 

a laser induced fluorescence technique to measure fluid-particle velocity correlation 

and particle velocity covariances in the downstream of an axisymmetric jet flow 

laden with particles. They investigated the effect of fluid-particle correlations on the 
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interphase momentum transfer. 

Sakakibara et al. [7 4] used a digital particle image velocimetry instrument to 

measure the extra dissipation term in the transport equation of turbulent kinetic 

energy of the gas phase for a particle laden jet flow. The Reynolds number of the 

flow at the exit was Rev=9300. The jet flow was excited periodically to produce 

a phase locked vortex structure in the core jet shear layer. They used small tracer 

particles to measure the gas phase velocity and two sets of larger particles (55 µm and 

86 µm glass beads). The Stokes numbers of particles were calculated as the ratio of 

particle response time to the period of the excitation. They were Ste=3.4 and 7. 7 for 

55 µm and 86 µm particles respectively. In order to measure the correlation between 

particle and gas velocity they used two different methods. A direct method in which 

the velocity of gas phase at the droplet position was interpolated using the velocity 

of tracer particles close to the droplet. They explain that this method creates lower 

values of correlation due to the random error that is created due to the estimating the 

gas phase velocity. For the second method the phase-averaged velocities of gas-phase 

and particles were used. This method only measures the correlation between vortex 

structures that are periodically excited at the inlet and omits the effect of small 

turbulence structures which are not in-phase with the excitation. For this reason the 

correlation values calculated by the second method are much higher than the results 

of the first method. It was claimed that the values of first and second method will 

create upper and lower limits for the correlation values in this flow. A result of this 

experiment was that the correlation of the particle velocity and gas phase were higher 

for the large particles. This was associated with the smaller difference between the 

velocity of 86µm particles and the convective velocity of vortex rings. 

Hishida et al. [42] investigated the dispersion of particles in a turbulent two di

mensional shear layer. They used 42, 72 and 135 µm particles giving Stokes numbers 

in the range 0.5<Ste<2.5, 2.5<Ste<4 and Ste>4 (The time scale of large eddies was 
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used to calculate Stokes number). A Laser Doppler instrument was used to measure 

two components of droplet velocity. They calculated the particle number density 

using the size of the measurement volume and number of droplets detected in mea

surement time interval. They found that the dispersion rate of smaller particles was 

higher than values measured for the carrier phase. It was concluded that the disper

sion of particles was mainly controlled by the motion of large eddies. Therefore, the 

time scale of large eddies was suggested to be the proper scale to calculate Stokes 

number of the droplets. 

Yang et al. [93] also tested plane wake flow with two different sizes of particles, 10 

and 30 µm. The main objective of this work was to identify the different response of 

droplets to the motion of large-scale vortex structures of the flow. They employed a 

digital image analysis to measure particle velocity and concentration of the particles. 

They concluded that the particles with Ste=l.4±44% have much larger dispersion 

levels than the particles with Ste=0.15±44%. 

2.6 Axisymmetric Disk Wake 

Since the flow that will be discussed in this work is an axisymmetric disk wake flow we 

have expanded the continuity and momentum equations in cylindrical coordinates. 

The azimuthal velocity and gradients are assumed to be negligible. With these 

assumptions the carrier phase equations become 

DUx la (rUr) 
-+- =0 
ax r ar 

(2.31) 

momentum equation in x direction will be 

[Jx f)(Jx + Ur f)(Jx =_.!_DP+ V [a
2
Ux + ~~ (ra(Jx)] - auxUx _ l a(ru;u:;:) 

ax ar Pc ax ax2 r ar ar ax r ar 
6Kcd- (- - ) 6Kcd __ 

- -d-Cv Ux - Vx - -d- (UxCv - VxCv) + g (ex,eg) 
32 32 

(2.32) 
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and momentum equation in r direction is 

[Jx a-Dr + a/)[Jr = _]:__ 8P + V [82 tJr + ~~ (r {)[Jr)] - OUrUx - ~ D (ru;:u;) 
ox or Pc or 8x2 r 8r 8r Dx r Dr 

6Kcd- (- - ) 6Kcd __ 
- -d-Cv Ur - v;. - -d- (urCv - VrCv) + g (er.e9 ) 

32 32 
(2.33) 

and dispersed phase equations are 

Vx 8Cv + Vr DCv + Cv DVx + Cv D (rVr) = _ OVxCv _~a (rv;Tv) 
ox Dr 8x r 8r 8x r or 

(2.34) 

and the momentum equation for dispersed phase in x direction 

o(CvVxVx) I8(rCvVrVx) Cv8P l ~ ---- + - = ---- - -ev-
Dx r or Pd 8x Pd 8x 

- [8
2
Vx 1 8 ( 8Vx)] + vdCv 8x2 + -;.ar r 8r 

[
8

2
vx 1 8 ( 8vx)] +vdCv --+-- r-

ox2 r 8r 8r 

a[ - - - J - Dx CvVxVx + CvVxVx + Vx CvVx + Vx CvVx 

- :r [r ( C,,VxVr + CvVxVr + Vx C,,Vr + V,. C,,Vx)] 

Pc 6Cv (- - ) + Kcd--d Ux - Vx 
Pd 32 

+ KcdPc d
6 

(cvUx - CvVx) + g (ex.eg) 
Pd 32 

and the momentum equation for dispersed phase in r direction 

(2.35) 

D (CvVxVr) + ~ 8 (rCvVrVr) = _ Cv 8P _]:__Cv 8p +vdCv [D
2
Vr + ~~ (rDVr)] 

8x r Dr Pd or Pd 8r Dx2 r Dr Dr 

(2.36) 
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In this set of equations, the correlations that need to be solved for the closure of 

the momentum equations are categorized as [28]: 

• The correlation between dispersed phase velocity and volume concentration, 

e.g. CvVi 

• The velocity covariance tensor of the dispersed phase, e.g. v1vi, and continuous 

phase, uiuj 

• Multiple correlations between dispersed phase velocity components and volume 

fraction, e.g. CvViVj 

• Correlation between the volume fraction and gradient of dispersed phase ve

locity fluctuations, e.g. Cv ~ 
J 

• The correlations between volume fractions and pressure, e.g. cv-i;; 

2.6.1 Wake Characteristics 

A schematic of the wake flow created downstream of the atomizers is shown in 

Figure 2.1. Different downwind positions ( constant x) can be surveyed to measure the 

velocity profile and turbulence characteristics of the flow. The Cartesian coordinates, 

(x, y, z), and its cylindrical transformation, (x, r, c), has been used interchangeably 

throughout the thesis. 

In order to compare the results of the current experiments and previous works 

on wake flows, similar variables have been used to normalize the radial profiles. A 

common variable defined in axisymmetric wake flows is the momentum thickness, (), 

that is defined using the momentum balance of the wake. The momentum deficit 

due to drag is 
00 

Drag=~ J U(U00 ~ U)21rrdr 
0 
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Figure 2.1: Wind tunnel spray testing arrangement 

to define a length scale we can write 

pU! 1rfi2 = Drag (2.38) 

where e is defined as 
00 

2 l J e = U
200 

U(U00 - U)rdr (2.39) 

0 

e is a transverse length scale which represents the momentum deficit of the wake 

and is proportional to the drag coefficient of the obstacle. Another choice of length 

scale is 8 defined as 

00 

2 l J 8 = - (U00 - U)rdr 
Uo 

(2.40) 

0 

where its correlation with momentum thickness is 

(2.41) 

The axial velocity scale is usually considered to be the maximum velocity deficit 

U0 ( Johansson&George [46]) 
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(2.42) 

A key characteristic of flows behind a disk is the periodic vortex shedding mo

tions [57]. These motions can be seen clearly in the power spectrum of gas phase 

velocity [46]. Vortex shedding frequency, !sh, is normally defined in terms of Strauhal 

number, Sr = fshD/U00 , where D is the disk diameter and U00 is the free stream 

velocity. The Strauhal number is shown to be Sr~ 0.13 - 0.135 for a turbulent disk 

wake flow [46, 57]. These vortex structures are important in this study because they 

create periodic motions that might affect the way droplets are distributed in the flow 

field. 

2.6.2 Mass Balance 

The mass of gas phase and droplet phase should be conserved at different cross sec

tions of the flow. Assuming that there is no condensation, evaporation and deposition 

of droplets in this flow the conservation can be written as 

r=R 

min = J 21rrpd'f>vdr 
0 

where <I>v is the volume flux of droplets. 
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Chapter 3 

Statistical Description of Sprays 

3.1 Introduction 

This chapter discusses the physical properties of sprays and their statistical descrip

tion. In many flow models physical properties such as density are defined based on 

a continuum hypothesis1 . However, in the case of dilute sprays2 , properties of the 

spatial distribution do not satisfy the continuum hypothesis and alternative models 

must be used. This has a significant effect on the methodology for measured quanti

ties made in sprays. The problem is further complicated by gas phase turbulent flow 

which is itself a stochastic process. The focus here is to review the available statistical 

descriptions of sprays of discrete droplets and relate them to the measured quantities 

such as droplet inter-arrival time, diameter and velocity. The statistical description 

used is based on the framework introduced by Edwards and Marx [23, 24, 25, 26] to 

model sprays as point processes [26]. Important assumptions considered by Edwards 

and Marx were 

• The spray is a stochastic process. In probability theory, a stochastic process is 

1The assumption that a material can be treated as a continuous medium as opposed to isolated 
point masses. 

2 Average distance between droplets is larger than the representative physical length scale of 
the problem. 
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usually used as the counterpart of a deterministic process3 • In a more simplistic 

form it can be asserted that there is an uncertainty in the position of a droplet 

and the information it carries at a given time. 

• Every particle carries some information with it such as its diameter, velocity, 

temperature, etc. This information or marks can be used to create classes of 

droplets which might have different statistics than other classes. 

• There is no interaction between droplets such as collision, coalescence, etc. 

A primary objective of this chapter is to create a method for calculating the 

Reynolds average of spray properties and their transport by turbulence that will be 

used in the following chapters. 

Dilute sprays are defined as sprays in which the inter-droplet distance is compa

rable to the smallest length scales of the turbulence. Therefore we need to define 

droplet velocity, concentration and other properties based on the discrete droplets in 

time and space. In the theory of probability, this type of process, where information 

is stored in isolated points, is called a "point process" (37, 20]. 

An important distribution that is used to describe point processes is the Poisson 

process which corresponds to the maximally random distribution of isolated events 

in time or space. Most of the time the droplet distribution in a spray deviates 

significantly from what a homogeneous Poisson process predicts ( and this is the case 

for the current work). But this simple model can be used to create more sophisticated 

models. 
3It should be emphasized that most of the time, if not always, the distribution of spray droplets 

is not completely random. In other words, there is always some determinacy in the spatial and 
temporal distribution of spray droplets. The level of determinacy depends on many criteria such 
as the turbulence structure of the carrier phase, droplet response time and droplet concentration. 
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3.2 Poisson Point Processes 

A primary characteristic of practical sprays is that the droplets are randomly dis

tributed over space in an unsteady pattern. Therefore, the first step to characterize 

a spray is to describe the probability of a droplet being located in a particular region 

of space, bt.xbt.ybt.z, during a given time interval. The probability of this event can 

be related to an intensity function of the point process, A (x, y, z, t), as 

, ( ) _ z · p (l droplet in [x, x + bt.x, y, y + bt.y, z, z + bt.z, t, t + bt.t]) 
/\ X, y, Z, t - 'l ffi At 

-6.t---tO u 

(3.1) 

The intensity function for a given position (x, y, z) will be represented by .\(t), 

and will be called temporal intensity function. The probability of finding 1 droplet 

(probability of success) in the interval bt.t is p = .\bt.t and probability of having no 

droplet (probability of failure) is q = l - p. Now consider the time interval (ti, t2); 

the probability of finding k droplets in this time interval is given by the Poisson 

distribution (referred to as Pois(A)) [62] 

(3.2) 

which is an approximation of the binomial process with expected value parameter, 

A=np. 

Figure 3.1 compares the Poisson and binomial distribution ( which represents the 

maximally random distributions) for n = 100 and p = 0.1. 

The Poisson parameter, A, for a non-uniform distribution of intensity over a finite 
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Figure 3.1: A comparison between Binomial distribution, B(l00,0.1), and its Homo
geneous Poisson approximation, Pois(lO). 

time interval ( t 1 , t 2 ) is related to temporal droplet intensity, .\, as 

t2 

A= j >. (t) dt (3.3) 

t1 

The expected value and variance of a Poisson distribution are described by E(Pois(A)) 

and var(Pois(A)). 

The index of dispersion for a Poisson process is defined as 

I= E(Pois(A)) 
var(Pois(A)) 

The probability density function (pd!), f ( v ), of the Poisson distribution is 

oo Ak 
f (v) = e-A L k!8 (v - k) 

k=O 

(3.4) 

(3.5) 

where v is the random variable, 8 is the Dirac delta function and k is the number of 

discrete occurrences (" events" or arrivals). 
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The cumulative distribution function (cdf), F(v), which corresponds to the prob

ability that v < v, is found from summation 

LvJ Ak 
F (v) = e-A L k! 

k=O 

(3.6) 

In general, the assumption that an observed distribution of droplets is Poisson is 

overly restrictive since it implies a maximally random distribution with the index of 

dispersion, I= l. 

An important class of point process is the Homogeneous Poisson Process (HPP) 

for which the variation of its intensity in time, var(>.) = 0. In addition, for an HPP 

the expected value and variance of the number of events, f:J.N, in a given interval are 

equal, E(fl.N) = var(fl.N) so that I= l. 

The distribution of time interval between sequential events of an HPP has an 

exponential distribution. To show this, consider the probability of having no droplets 

in time interval (ti, ti+1); where ti is the arrival time of droplet i and ti+1 is the 

arrival time of droplet i + 1 and T = ti+1 - ti is called the inter-arrival time. Using 

the definition of HPP 

P(no droplets in the interval [ti, ti + T]) = e-AT (3.7) 

By normalizing this, the probability density function of the inter-arrival times will 

be 

(3.8) 

As an example, the inter-arrival times for a simulated HPP is drawn in Figure 3.2. 

The dashed line is a fitted exponential distribution. In order to test the hypothesis 

that the pdf of the measured inter-arrival times is exponential, the goodness of fit 

can be evaluated (see Appendix A). It is emphasized that if the inter-arrival times 
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of a point process deviates significantly from the exponential distribution, it can't 

be modeled as an HPP. This is usually the case for sprays. The most important 

difference between an HPP and a spray is that; for HPPs the events are memoryless 

and there is no correlation between the events. This is not true for the distribution 

of droplets in many sprays. 
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Figure 3.2: Probability distribution function of inter-arrival times for an HPP. The 
dashed line shows the exponential distribution fitted on the data. 

A situation that commonly occurs in experimental measurements is the need to 

estimate the intensity, A, of a point process. The experiment can be described as a 

counting processes, N(t), where N is the number of events counted between time 0 

and t. In this way N(t) is a realization of an HPP with temporal intensity of A (shown 

as NE Pois(-Xt)). If we want to use N to estimate the mean of the population, -Xt, 

the standard error associated with this measurement can be identified using the 

statistics of an HPP. Patil and Kulkarni [63] recommended Garwood's method [36] 

to calculate the confidence interval of a Poisson process in conditions where N(t) > 4. 
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The method give the 95% confidence interval as 

(3.9) 

where fx-2 is the inverse-chi-squared distribution. For large values of N(t) the con

fidence interval can be estimated similar to a normal distribution 

(,\t) E [N - l.96Jiv, N + l.96Jiv] (3.10) 

If we define the estimator, .X, as 

(3.11) 

then, using Equations 3.10 and 3.11, the confidence interval of .X can be shown as 

(3.12) 

This shows that to get an accurate estimation of the intensity of an HPP, the mea

surement time, t, must be long enough such that in the limit 

lim ~ = 0 
t -too t 

(3.13) 

and lim .X = A, where .X is an unbiased estimator of A. The variance of this sample 
t-too 

mean estimator is 
A A .x 

var(,\)= E[(,\ - ,\)2
] = -

t 
(3.14) 

The large inherent variance of .X makes it difficult to establish whether a process is 

in fact an HPP or not. 
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3.3 Doubly Stochastic Point Processes 

Although Poisson processes have been used to model data from a wide range of 

applications such as computational neuroscience [38], forestry [58], spray analysis [24, 

25, 71], a Poisson process model with a constant intensity, ,\, is not appropriate. This 

is normally because the intensity of the Poisson process varies with time or position 

of the events. This can occur when the Poisson intensity is correlated with other 

random variables. In these situations the process (if possible at all) can be modeled 

as a Poisson process with variable intensity. 

A doubly stochastic Poisson process, also called a Cox process, is a Poisson process 

where the intensity of the process is a random variable. This model is not restricted 

to a memoryless property of the events, or in other words, the successive events 

don't need to be independent. The events are distributed randomly conditional on 

the intensity of the process. This can be shown as 

(XIA) E Pois(A) (3.15) 

For a spray, this can be interpreted as a condition where the droplets are locally dis

tributed as a Poisson distribution but their intensity follows a structure imposed by 

the carrier phase (or any other property). The schematic in Figure 3.3 is a demon

stration of this model where droplets are randomly distributed at a given position, 

but the intensity changes according to the spatial concentration and velocity. Note 

that the concentration, C(t), and velocity, V, are also be random variables in a 

turbulent flow. 

An example of a doubly stochastic point process is a log-Gaussian Cox process 

with a parameter A that has a log-normal distribution. For example a random 

variable, X, can be modeled as an LGCP, if the conditional distribution of X given 
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Figure 3.3: A schematic of droplets moving in a horizontal cylinder. 

A is a Poisson process with intensity function A 

where 

A= eY, YE N(µ,k) (3.16) 

and N is a multivariate Gaussian process with mean matrix, µ, and covariance 

function k. 

A characteristic of the Cox processes is that the index of dispersion is higher than 

one. This follows from the "law of total variance": if X and A are two random 

variables on the same probability space then 

var(X) = var(E(XIA)) + E(var(XIA)) (3.17) 

where E(XIA) is conditional expectation of X given A and var(XIA) is conditional 

variance of X given A. 

Considering a Cox process with a parameter, A 

(~NIA) E Pois(A) (3.18) 

where ~N is the number of events in an interval ~t and A is a random variable with 

the mean and variance of E(A) and var(A). The variation in the number of events, 
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var( ~N) can be calculated as 

var(~N) = var(E(~NIA)) + E(var(~NIA)) 

var(~N) = var(A) + E(A) 
(3.19) 

It then follows that the index of dispersion for a doubly stochastic Poisson process 

is larger than one 

I= var(~N) = 1 var(A) > 1 
E(~N) + E(~N) -

(3.20) 

A process is called stationary if the statistics of a sample interval gathered at a 

position do not change with position along time axis. A process is weakly stationary 

if only mean and variance are constant in time. 

3.4 Statistical Hypothesis Test for an HPP 

Edwards and Marx [24, 25] defined a spray as steady when the arrival of droplets at 

a point can be modeled as an HPP. In order to define a criterion to distinguish a 

steady (HPP) from a Poisson process with a random intensity, they used the prob

ability density function of Inter-arrival times, f(T). If f(T) matches the exponential 

distribution described by Equation 3.8, then it is an HPP. The goodness of the match 

can be checked by the chi-squared (x2
) test. The null hypothesis in this case is that 

f ( T) has an exponential distribution. For example, requiring a significance level of, 

a < 0.05, the distribution shown in Figure 3.4 rejects the null hypothesis and there

fore it cannot be modeled as an HPP. Heinlein and Fritsching [40] used this method 

to rank the unsteadiness of sprays based on their deviation from a steady spray. 

They related the unsteadiness based on the significance level calculated in the x2 

method. This method has the drawback that simulations can show a huge variation 

in x2 parameter between the cases where the structure of.,\ is similar (see Table 3.1). 

In order to test the effectiveness of the method of Edwards and Marx [24, 25], a 
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Figure 3.4: Probability distribution function of inter-arrival times for a Cox process. 
The dashed line shows the fitted exponential distribution. The chi-square rejects the 
match between f ( T) and the exponential distribution. 

numerical simulation was designed in MATLAB@. The temporal intensity of the 
T 

Poisson process was chosen with a mean value of, ~ = ~ J >..( t)dt = 240 ( # / s) and a 
0 

standard deviation, s.d.(>..), that varied from 0% (equivalent to HPP) to 60%. The 

probability distribution function was chosen to have the same power spectrum and 

autocorrelation function as a turbulent velocity field. 

Table 3.1: Results of x2 test for the distribution of inter- arrival times 

test No. s.d.(>..)/~ x2 parameter x2 result 

I. 0% 0.44 (0.10-0.98) failed to reject (97.5%) 

II. 10% 0.42 (0.02-0.98) failed to reject (90%) 

III. 15% 0.2 (3x 10-5-0.88) failed to reject ( 67%) 

IV. 20% 0.005(1x10-9 - 5x10-2 ) failed to reject (2.5%) 

V. 40% 1 X 10-95 (1 X 10-133 - 3X 10-94 ) failed to reject ( 0%) 

Table 3.1 gives the results of a chi-squared test for variance level of s.d.(>..). The 
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average x2 parameter for 40 time records is shown in the fourth column together 

with the probability that the observed histogram is an exponential distribution. It 

can be seen from the forth column, as the relative standard deviation of ,\ increases, 

a higher percentage of x2 tests reject the null hypothesis. These results suggest that 

the x2 test is capable of detecting the difference between a HPP with a low level of 

variation in ,\ and a highly unsteady .\. But is not capable of ranking the Poisson 

processes based on s.d.(.\). 

3.5 Second Order Statistics of Poisson Processes 

It is common in turbulent flows to describe stochastic variables (i.e. velocity, temper

ature and concentration) based on the moments of their probability density function 

(i.e. mean, standard deviation, skewness). For this reason it is of interest to see if 

the same can be done for a Cox process. Edwards and Marx (25] suggested methods 

to estimate standard deviation and coefficient of skewness for the intensity distri

bution function, f(.\), using the histogram of the inter-arrival time for an unsteady 

but deterministic spray. This method was not found to be very accurate because its 

performance is highly dependent on the variation of the intensity, number of data 

points and performance of the measuring system when two droplets have very small 

inter-arrival time. The results for this method are shown in Appendix A. 

A more accurate diagnostic method for the characteristics of the Cox process 

which has been used widely in processing spatial and temporal point processes is 

second order characteristics. Three such second order characteristics are: Ripley's K

function, Besag's L-function and the pair correlation function (44, 58]. Among these, 

the pair correlation function (pcf), sometimes called radial distribution function 

(rdf), has been used often in fluid mechanics literature [78, 80, 94]. 
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The pair correlation function, g( T ), is defined as 

(3.21) 

P7 (1, 2) is the probability of finding a droplet in time interval D.t2 at distance T from 

a droplet in time interval D.t1 . For an HPP we have 

(3.22) 

where the assumption that intervals D.t1 and D.t2 are small enough that the proba

bility of having more than one droplet in them is close to zero has been used. The 

pair correlation function, g ( T), can be used as a measure of deviation from the ho

mogeneous Poisson distribution of droplets in time or space. For an HPP g(T) = l, 

whereas g( T) > 1 indicates clustering or aggregation of points and g( T) < 1 indi

cates periodicity of points possibly due to repulsion between them. Pair correlation 

functions for various processes are shown in [44]. Often for the case of droplets the 

pair correlation function shows a combination of these two effects ( clustering and 

regularity) as a function of T. If we assume the particles have a radius of r0 then 

two events can't get closer than 2r0 . In this situation g( T < ~) = 0. For T > ~ 

clustering creates a pcf > 1. A power law, g( T) = CT-a:, is a common form used to 

describe a pcf in clustered distributions. More complex forms of g( T) can be found 

in [44]. 

In a recent study, Binder and Simpson [10] emphasize the need to choose a proper 

bin width for constructing a pair correlation function. Choosing a large bin width 

results in a pair correlation with insufficient information and choosing a very small 

bin width results in pair correlation function dominated by fluctuations. They sug

gested using the power spectrum of the pair correlation function to find the best 

candidate for the bin width. 

39 



Different methods can be used in order to calculate the pair correlation. The 

most straight forward method is to divide the measurement interval, (0, T] into 

small intervals of ( t, t + 6t]. These intervals should be small enough that the number 

of events in them is either O or 1. Then if we show the number of events in interval 

(to, t0 + 8t] as b..N(t0 ) the pair correlation function will be calculated as [78] 

g(r) = b.N(t)b.N(t + r) 

b..N(t)
2 (3.23) 

This method of calculating the pcf often needs a very long record of data and can be 

time consuming. Figure 3.5 shows an implementation of this method and it can be 

seen that the probability of having two droplets with inter-arrivals less than 10-5 s 

approaches zero. This is a characteristic of the distribution of hard-core particles. 

Also it can be seen that when T --+ oo the pair correlation function g( T) --+ 1. 

This indicates that, as the distance between two droplets increases, the distribution 

of droplets have a random distribution compatible with an HPP. At intermediate 

values of T, g ( T) > 1 suggests clustering of droplets. 
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Figure 3.5: Pair correlation function calculated using Equation 3.23. 
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Kostinski and Jameson [49] and Shaw et al. [78] provide an efficient indirect 

method to calculate the pair correlation function using the average 

T 

(T) = ! J (t)dt = 1 var(~N) - E(~N) 
g T g + (E(~N)) 2 

0 

(3.24) 

where ~N is the number of droplets in time intervals of [t, t + T]. The estimator for 

g( T) is 

"( ) d(T g(T)) 
g T ~ d(T) (3.25) 

This method was used to find the pair correlation function from the same data used 

in Figure 3.5. The estimator g( T) shows that it predicts the shape and values of g( T) 

accurately; however, there is a slight shift of the maximum toward larger values of 

T. 

The relation between the pair correlation function and the autocorrelation func

tion, P>.>., defined for continuous variables is [78] 

var(~N) 
g(T) + 1 = P>.>.(T) E(~N)2 (3.26) 

Unlike a continuous property, this relation is not defined at T = 0 since a pair droplets 

cannot coexist on a given point. 

3.6 Fitting Point Process Models 

Once general properties of a point process are analyzed and are specified using ex

ploratory methods such as pair correlation function or the distribution of inter-arrival 

times; one can try to fit to an appropriate model to the point process data. Simi

lar to classical statistics, this consists of three separate steps: choosing the model, 

estimating the parameters of the model and estimating the goodness of fit [44]. 

41 



A model that is commonly used to describe point processes is the Gaussian pro

cess. A Gaussian Process (GP) is a stochastic process defined in domain S E Rd 

(Rd is a cl-dimensional space), shown as X rv GP(µ, k) where µ is the matrix of 

mean values and k is the covariance function. A realization of a GP, X, is a set of 

random variables associated with every point in S. Every realization X has a normal 

distribution. The covariance function of a GP plays an important role in defining 

the characteristics of the process. The covariance function can define several aspects 

of a GP such as stationarity, isotropy, smoothness and periodicity. 

The rate of droplet arrival to the PDI probe volume is directly related to concen

tration and flux measurement as shown in the following sections. Since concentration 

and flux are always greater than zero, the model chosen should meet this condition. 

A common choice in these situations is Log-Gaussian Cox Process (LGCP). The 

intensity of the LGCP is defined as 

A= eGP(µ,k) (3.27) 

where the relation between the covariance function and the pair correlation function 

of an LGCP is 

(3.28) 

A covariance function that is normally used to describe the position of a particle 

in a Brownian motion is the exponential covariance function 

(3.29) 

where T is the time interval between two random points in the domain and l is the 

characteristic time scale of the function. This is a stationary and isotropic covariance 

function since the function is only dependent on the distance between two points. 
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3. 7 Marked Point Processes 

In sprays, information other than the temporal or spatial distribution of points must 

be considered. This information includes the droplet diameter, velocity, temperature, 

etc. Such processes are called marked point processes (52] in which the marks are 

assumed to be continuous random fields with the Poisson process providing the 

sample taken from the random field4. 

The arrival of a droplet at a position and time associates a diameter ( di) and 

three components of velocity ("'J = [Vi, Vi, 1'3]1) to each droplet. If we assume the 

expected number of droplets in the time interval [O, t] is E[N(t)] then the expected 

number of droplets in this time interval with a given diameter, d = di, and velocity, 

V = VJ will be 

(3.30) 

where f ( t; d, V) is the joint probability density function of droplet velocity and 

droplet diameter in time interval [O, t]. If we assume the velocity and size of droplets 

are stationary processes then J(t; d, V) = J(d, v). The joint probability function, 

f (d, V), is defined as 

f (d V) = {)2F (d, V) 
' DdDV 

(3.31) 

where F is a joint cumulative probability distribution defined for the velocity, VJ, 

and size, di of a droplet population as 

(3.32) 

4It is true that the droplet velocity or diameter is only defined at the time that a droplet exists 
in the measurement volume, but since the probability of having a droplet is a continuous function 
in time and space, the probability of finding a droplet with a given velocity and diameter can be 
defined as a continuous function. 
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The marginal statistics of this joint probability density function are calculated as 

f (d) = f~J (d, V)dV 

f (V) = fa°° f (d, V) dd 
(3.33) 

An assumption that simplifies the analysis of marked Poisson processes is that 

each class of droplet size that have a given mark is a Poisson process. This means 

that the overall process is the superposition of independent Poisson processes. In 

this case we have 
m n 

,\(t) =LL ,\(t; di, Vt) (3.34) 
i=l j=l 

where ,\(t; di, Vf) is the temporal intensity, possibly random, for the droplets of size 

di and Vf. 

3.8 Concentration and Flux 

In this section the relation between the statistical description of a spray and the 

physical properties of sprays, i.e. velocity, flux and concentration will be discussed. 

The spatial number concentration, C, ( or number density) can be defined as 

C = lim <5N 
8V--+8V0 6V 

(3.35) 

where 6N is the number of elements of the material in volume, 6V and 6V0 is the 

limiting volume which the continuum assumption is valid [19]. For the carrier phase 

the elements are molecules and for the dispersed phase the elements can be droplets, 

particles or bubbles. 

The size of limiting volume can be determined knowing the spatial distribution of 

elements in the volume. Similar to the temporal distribution of droplets, a maximally 

random spatial distribution of droplets can also be represented by a Poisson process. 
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To do this, the concentration of the Poisson process is defined as 

C ( ) 
_ z · p (l droplet in [x, x + ~x, y, y + ~Y, z, z + ~z, t, t + ~t]) 

x,y,z,t - im ~ 
~x~y~z-tO X~Y ~z 

(3.36) 

where the spatial Poisson parameter, As, is defined as 

x2 Y2 z2 

A.= ff f C(x,y,z,t)dzdydx (3.37) 

x1 Yt z1 

One of the important properties of the two (or multi-phase) flows is the volume 

fraction of the phases. For spray flows, the droplets are commonly called dispersed 

phase and their volume fraction is shown by ad. The volume fraction of the carrier 

phase is shown by ac. The sum of volume fraction for all phases, ac +ad= l. The 

volume fraction, ai, (or volume concentration, Cv) of a continuum material (i) is 

defined as 

C 1
. ()~ 

vi= ai = Im .cv 
' 8V-t8V0 u 

(3.38) 

where 6~ is the volume of the continuum material i in the observation volume, 6V. 

For a dilute spray the limiting volume, 6V0 is much larger than the limiting volume 

for a single phase flow. As a result sprays cannot be represented as continuous in 

the scales that the carrier phase is continuous. Since the distribution of droplets 

in space is Poisson, the variation in the number of droplets in a given volume can 

be calculated from Poisson distribution (see more detail in [51] for calculation of 

limiting volume in single phase flows) 

s.d.(c5N) r-v 1 
E( c5N) - J E( c5N) 

(3.39) 

If the variation is set to be less than 1 % then the expected number of elements in 

the volume should be E(N) > 104 . This can give a rough estimate of the limiting 
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volume 

8Vo r-.J 104 
- C (3.40) 

For dilute sprays this limiting volume is comparable and sometimes larger than the 

length scales of interest. For this reason, in order to estimate a more accurate value 

for concentration using a measurement volume smaller than the limiting volume, 

8N should be replaced with E(8N). This is a significant complicating factor and 

Bayesian inference methods are currently used for this purpose. 

In sprays another variable of interest is flux ( either number flux, <$ N, or volume 

flux, <$v). Droplet number flux at an specific point is defined as 

(3.41) 

Concentration and flux of droplets in a spray are related through the temporal and 

spatial distribution of droplets in a spray. 

The relationship between the number concentration, C(t), and the temporal 

droplet intensity, A(t), of droplets at a given position in the flow is determined 

by the droplet trajectories. The joint distribution of droplets in space and time is 

determined by the kinematics of droplets and their random but continuous motion. 

Figure 3.6 shows the position, x, of droplets at time t > 0. Clearly the spatial and 

temporal intensity of droplets are correlated by the trajectory of droplets given by 

dx· d: = "vj (x, y, z, t) (3.42) 

in which the droplet velocity, "vj, is a random variable and a function of space and 

time. It is important to note that the droplets move continuously through space so 

that in a finite time interval a droplet has occupied every point along an interval of 

the real line. At any instant there will be a finite number of droplets in a spatial 
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Figure 3.6: Distribution of droplets in time-space in a turbulent flow with a contin
uous droplet motion. 

volume. 

The correlation between spatial and temporal intensity can be illustrated for the 

simplified example shown in Figure 3.3. The increment of displacement of each 

droplet is dxi = "vj dt. For a constant velocity, "Vj, the temporal droplet distribution 

crossing point x1 , A(x1 , t), in time interval (t1 , t2 ) is proportional to the spatial 

droplet distribution, C(x, t1), and the expected numbers of droplets in a finite interval 

(x1, x2) (with a cross section A perpendicular to (x2 - x1)) will be 

x2 t2 t2 t2 

A j C(t,, x)dx = j A(t, x,)dt =} A j C(t, x1 )V;dt = j A(t, x,)dt (3.43) 

Xl t1 t1 t1 

where dxi = Vidt. In turbulent flows the droplet velocity is a random variable but 

the droplet trajectory still constrains the relationship between spatial and temporal 
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distributions of droplets. 

Now to construct a model more relevant to actual sprays, consider a simple case 

of droplet flow where droplets move in a prism with a base area of dA. The con

centration and droplet velocity at time t = 0 are known as a function of x, C ( x) 

and V(x). The gas phase velocity is shown by U(x). The droplets are distributed in 

x direction with density C(x) (Figure 3.3). For simplicity at this stage we assume 

that there is no slip velocity between the droplets and the gas phase. Also, it has 

been assumed that dA is small enough that the concentration is constant in a cross 

section at a given x (see Figure 3.3). 

Now we want to estimate the number of droplets that move through a cross section 

of this cylinder at x = Xp during time interval (0, T). The flow rate of gas phase is 

calculated as 

(3.44) 

where U(t, Xp) is the velocity of gas phase in x direction. 

For the droplet phase we can write a similar equation 

T 

m,d = Pd J <l>v(t, Xp).dA dt 
0 

(3.45) 

where <I>N(t, xp) is the number flux of droplets. 

The average flux of droplets can be related to the number of detected droplets in 

time interval (t, t + ~t) as 

Nt:!,.t 

E( I: ev,i,edA) 
i=l 

ldAl~t 
(3.46) 
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where N 6.t is the number of droplets detected in time interval ( t, t + D.t) and ev,i is 

the unit vector for the velocity of ith droplet. 

or 

By using Equation 3.43, Equation 3.45 can be written as 

. 1rd~o -
md = Pd-

6
-<I>N(t, xp)AT 

T 

1rd~0 j = Pd_6_ C(t, Xp)V(t, Xp)Adt 

0 

md = Pd1->v ( t, Xp)AT 
T 

= Pd j Cv(t, Xp)V(t, Xp)Adt 
0 

(3.4 7) 

(3.48) 

These equations can be used to distinguish the average velocity of droplets weighted 

by flux, concentration or time. This is discussed in the following section. 

3.9 Reynolds Averaging and Concentration Weighted 

Velocity 

Navier-Stokes (NS) equations for turbulence flow are commonly used in the form 

of one-point averaged equations. There are different averaging procedures that are 

described here. 

The most common form of averaging is Reynolds averaging which can take the 

form of classical time averaging defined as 

T - lj V = T V(t)dt (3.49) 

0 

where the average value of the variable is indicated by an overbar, V. The instanta

neous variable then is shown as a summation of two parts, the average part, V and 
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the fluctuating part, v 

(3.50) 

by definition we have v = 0. 

Another form of averaging is Favre averaging [29]. Favre averaging can take the 

form of density weighted time averaging defined as 

T 

- 1 J V =--=- Cv(t)V(t)dt 
TCv 

(3.51) 

0 

where Cv is the volume concentration. This type of averaging was introduced for 

compressible flows but can also be applied to disperse phase. Similar to Reynolds 

averaging, the instantaneous variable can be shown as a summation of two parts, 

the average part, V and the fluctuating part, Vp 

V = V +vF (3.52) 

it should be emphasized that in general v F -=/- 0. 

The relation between Reynolds averaged and Favre averaged velocity in the case 

of sprays is [19] 
T 

V = --=- Cv(t)V(t)dt - 1 J 
TCv 

0 
T 

= l J (Cv + Cv(t)) (v + v(t)) dt 
TCv 

0 
T 

= l (CvVT + j (cv(t)) (v(t)) dt) 
TCv 

- CvV 
=V+=-

Cv 

which can be rearranged to give 

0 

50 

(3.53) 

(3.54) 



The term described here, CvV, is the turbulent mass flux which cannot be measured 

directly from PDI data. Therefore Equation 3.54 will be used in the following. 

Another average that appears when a PDI is used for velocity measurement is the 

number concentration wighted velocity, V 
T 

V = --== C(t)V(t)dt -- 1 J 
TC 

(3.55) 

0 

3.10 Statistical Evaluation of PDI Measurements 

3.10.1 Flux Measurements 

The number flux of droplets, ~N, is a vector with components 

(3.56) 

The available software provided with PDI is capable of measuring one component 

of flux parallel to the area of its measurement volume, IAml, with its direction, eAm· 

Knowing these, the number flux measured by PDI is 

(3.57) 

By aligning the measurement volume to the dominant direction of the flow, we have 

eAm = ex. Using these assumptions the flux measured by the PDI becomes 

(3.58) 

51 



The time averaged flux can be defined as 

t+T 

<I> _ _!_ J <I> ( )d _ E(N(T)) _ E(>..(T)) 
N,x - T N,x t t - TIAml - IAml (3.59) 

t 

where N(T) is the number of droplets that crossed the probe area Am in time interval 

( t, t + T) and >..(T) is the data rate at the given time interval. 

3.10.2 Weighted Velocity Sampling with PDI 

An important feature of PDI is that its data (either velocity or diameter) sampling 

rate is not constant in time and instead depends on the droplets moving through its 

measurement volume. For this reason the results sampled by PDI inherently contain 

additional information when compared to uniform temporal samples taken by devices 

such as hotwire or Particle Image Veolcimetry (PIV). To be specific, the number of 

samples, N, sampled in a given time duration, b.t, taken by a uniform sampling 

device is linearly proportional to the time, N(b.t) ex: b.t. The ratio between N and 

!1t is the sampling frequency, N(b.t)/ b.t = f 8 • On the other hand, for a counting 

device such as the PDI, N depends on flux, N(b.t) ex: c.pNb.t. It is highly important 

to distinguish between the results of these two different sampling methods. This 

difference has been identified in velocity measurements taken with LDA ( e.g. see 

section 11.1 in [1] for a review). 

To quantify the difference between the flux weighted result of PDI and a time 

weighted sample, assume that droplet velocities are a stationary random field with 

an average velocity in time, V. If we use a constant sampling rate method to measure 

the average velocity, the sample, {Vi, Vi, ... , VN }, will be an unbiased measure of V 

N 

I: Yi 
E(V) = i-~ = V = ~ j V(t)dt (3.60) 

T 
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where N = T x f 8 • For a PDI measurement, the expected value of the sample is 

Npv1 

~~ 1 J 1 J E(V)PDI = ; 1 = -= l<I>N(t)IV(t)dt = --= C(t)V(t)V(t)dt 
PD! Tl<I>NI TCV 

T T 

(3.61) 

where NpDJ ex Tl<I>NI· The only condition that results in E(V)PDI = E(V) is 

(3.62) 

In other words, the flux and velocity of droplets must be statistically independent, so 

that the average velocity measured by PDI, E(V)PDI, is an unbiased estimate of the 

Reynolds average velocity, E(V). Since the instantaneous values of flux, <I>(t), cannot 

be measured5 , direct testing of the independence between instantaneous velocity and 

instantaneous flux is not possible. One way to check this independence is to measure 

the conditional expectation of flux for a given value of velocity, E(<I>IV). If <I>(t) and 

V ( t) are independent then E ( <I> IV) = E (<I>). Most of the time this is not the case in 

practical sprays where velocity and flux are correlated to some degree ( this will be 

shown for the current spray in the following chapters.) 

For a spray where flux and velocity are dependent, there are methods to estimate 

the Reynolds averaged and Favre averaged velocity from PDI data. To do this we 

start with a simple case where the concentration is assumed to be homogeneous in 

time and space6 • With this assumption we will have 

Npv1 

; ~ 1 J 
E(V)PDI = N =--== V(t)V(t)dt 

PD! TV 
(3.63) 

T 

5This is an inherent issue and not a limitation of the measuring system. The rate of droplets can 
only be estimated accurately using a large number of samples at a given time duration of interest. 

6It has been shown in multiple works, which were reviewed in the previous chapter, that the 
particles with low Stokes numbers are not actually homogeneously distributed in the flow and are 
clustered. In other words, even if the flow is seeded homogeneously at a given time, the turbulence 
motions create clusters of droplets at later times. 
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The difference between E(V) and E(V)PDI in this case is due to a classical sam

pling bias called length bias7 [17] where the probability of sampling a value from a 

population is proportional to its value. For this type of sampling bias, the unbiased 

estimator of the mean value can be achieved by weighting every value, V by fl· For 

the case of PDI velocity measurement in a homogeneous concentration field, this can 

be performed as 
NPDI 

'"' Vi 
!--' Wii 1 1 i=l = - V(t)dt = E(V) 

NPDI T 
~ l~I T 
i=l 

(3.64) 

In a situation where concentration varies in time and space, this correction will result 

in the number concentration weighted velocity (see Equation 3.55 for definition) 

NPDI E v.-
. ~ 1 1 ........ ~=1 =-= C(t)V(t)dt = V 
PD[ l TC 
~ IVil T 
i=l 

To estimate a Favre averaged velocity we use 

NPDI d~\.'i 

.E~ 11 11 -; =1 
= --= d3(t)C(t)V(t)dt = ---= Cv(t)V(t)dt = V 

PDI d~ TCd3 TCv E ~ WT T 
i=l l\.'il 

(3.65) 

(3.66) 

To estimate the Reynolds average velocity from a flux weighted velocity measure

ment by PDI, a weight factor of, 
1

!
1

, should be used 

NPDI 

~ *' 1 l i=l = - V(t)dt = E(V) 
NPDI T 
~ l!I T 
i=l 

(3.67) 

A problem with this correction is that, as mentioned earlier, the instantaneous values 

of <I> are not available. For this reason, indirect methods should be used to apply 

7 Cox (17] used this term to describe the sampling bias in textile fiber sampling where the 
probability of fiber selection is proportional to its length. 
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the weight factor. Since we know there is a correlation between flux and inter

arrival times of droplets, T, and T is accurately measured by the PDI, the following 

correlation can be used 

E(.XIV) 1 
IE(<I>IV)I= IAI = IAI E(TIV) (3.68) 

Based on this relation, using T as a correction factor has been suggested which gives 

Npo1 Npo1 

~ Ti~ 
i=l 

~ Ti~ l 
•=1

T = T J V(t)dt = E(V) (3.69) 

T 

It should be mentioned that a variety of such correction methods have been proposed 

in the literature for LDA velocity measurements. Albrecht et al. [1) have provided 

comprehensive review of the proposed methods and have suggested that the correc

tion factor T gives a much better estimation of V compared to the weighting factor 

1t1 . They emphasized that these methods are only appropriate for the case of homo

geneously seeded flows and the effect of concentration variation were not discussed. 

Since it is known that the concentration variation is almost always present in two 

phase flows, one can speculate that the reason for the difference in the results of these 

two correction methods is that one gives the Reynolds averaged velocity ( using T) 

and the other results in the number concentration weighted average velocity ( using 

,t,). 
To investigate the performance of the correction methods shown in Equations 3.66 

and 3.69 a numerical simulation was performed. This simulation only considered the 

statistical aspect of sampling and the physical interaction of a turbulent fluid with 

droplets was not considered. The temporal distribution of droplets was simulated 

using a Log-Gaussian Cox process. The droplet injection rate was considered to 

be,,\ =1460 (#/s) and X/X = 25%. The droplet velocity was randomly chosen 
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from a velocity distribution with mean, V = 23 ( m/ s) and turbulence intensity of, 

v' /V = 20%. The simulation time was T = lOOs. 

When the simulation started, each particle was injected into the flow at an injec

tion time given by the Cox process and a velocity randomly chosen from a Gaussian 

velocity distribution with the parameters given above. The droplet velocity and 

arrival times were recorded at a point downstream of the injection point. 

The PDI-like average velocity (or to be more precise flux wighted average velocity) 

in this simulation was E(V)PDJ = 23.9986 (m/ s ). The bias relative to Reynolds 

averaged velocity was (E(V)pDJ - E(V))/ E(V) = 4.3%. The estimated Reynolds 

averaged velocity using the correction in Equation 3.69 was 

NPDI 

I: Ti~ 

i=l = 23.0065 (m/s) 
T 

(3.70) 

which has a 0.03% relative error. The estimated number concentration weighted 

velocity average, V had a relative error of 0.04%. This simulation was performed for 

several other conditions with different values of mean velocity, turbulence intensity 

and droplet rate variations, but the error was always less than 0.1 %. The results 

of these simulations show a very promising result which agrees with previous more 

sophisticated approaches where only the performance of the interarrival times for 

correction were considered [35]. 
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Chapter 4 

Experimental Apparatus and 

Methodology 

4.1 Wind Tunnel Facilities 

The experiments described in this thesis were performed at two wind tunnel facilities. 

The wind tunnel at the University of New Brunswick (see Figure 4.1) was used for 

preliminary tests at speeds up to 20m/ s. This wind tunnel is in an open-return wind 

tunnel which pulls air from the room using a fan powered by a l5kW DC motor with 

a variable speed drive. The tunnel test section length is 5m with square cross section 

of 58cm x 58cm. 

AIR FLOW> 

Fan Settling chamber ................ Test section 
····~ 

··. ··, Atomizer -··········· .. 

Figure 4.1: A schematic of UNB wind tunnel test apparatus. 
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The other wind tunnel was the wind tunnel at the Acadia Research Forest owned 

by Forest Protection Limited. The test section of the wind tunnel is lm in diameter 

and has a 5m length. A schematic of this tunnel is shown in Figure 4. 2. This is 

open loop suction wind tunnel that draws air from the atmosphere. The tunnel is 

powered by a 185 kW electric motor and is capable of producing speeds up to 80 

m/ s. Measurements using the PDI were taken using an optical access port at the 

end of the test section (see Figure 4.2). 

;;

Measurement plane 

/! i r Open Jet 
~IRFLOWI J 

Dl ___ :~=i~J:19~ tr(8 
~'-TT-r-~~~~~~~~~~~~~~~~,..,+--.-,~~~~ ~,,f~,,, ' "[==l 

Tunnel

0
's 

cross ' i y 
section .--J 

z 

, .. l !i I I ' J, J!! JJ / ii !, 

Atomizer 
~y 

Figure 4.2: A schematic of FPL wind tunnel test apparatus. 

Atomizers were mounted in the tunnel using a strut containing the fluid supply, 

see Figure 4.3 . The atomizer 's axial posit ion relative to the measurement location 

can be adjusted between 0.15m and 4.5 m. Fluid is supplied to the atomizer by a 

rotary-vane positive displacement pump and its flow rate is measured by a precision 

turbine flow meter. The flow rate and air temperature were monitored during the 

experiments. 
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Figure 4.3: Boom and disk installed in the FPL wind tunnel. 

4.2 Instrumentation 

The wind tunnel facilities have available a suite of instruments that includes: a 

Sympatec Helos Vario laser diffraction system, a 3D Artium Technologies Phase 

Doppler Interferometer and hot-wire anemometry. 

4.2.1 Hotwire Anemometry 

Hotwire probes respond quickly to changes in velocity and are suited to quantify 

fluctuations in high-turbulence flows such as the near-wake of the atomizer. Hotwire 

probes were used in the absence of droplets to prevent water droplet s breaking the 

delicat e wire. 

Two hotwire probes were used in these set of experiments. A single wire probe 

(DISA 55P01) and a cross wire probe (DISA 55P61 shown in Figure 4.4). Both 

were produced by Dantec 56Cl 7 CTA bridge circuit. The single wire probe has two 

prongs set 3mm apart with a 5µm diameter tungsten wire separated by 0.5mm. 

The cross wire has two set of prongs with two crossed 5µm diameter tungsten wires . 

Hotwire probes were calibrated before each usage using the modified King's law. 
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z 

55 P61 

Figure 4.4: A schematic of straight miniature X wire probe 55P61. Sensor plane is 
parallel to probe axis. The wire coordinate system is also shown. 

Air flow temperature was monitored during the measurements and a correction was 

applied [82]. For the cross wire probe, the yaw coefficients, k1 and k2 , were estimated 

using directional calibration. This was performed by using a gimbal unit at the UNB 

wind tunnel. This gimbal unit allows the probe to be rotated on an axis through the 

crossing point of the wires perpendicular to the wire plane. The yaw coefficients and 

the angle between the wires were used to decompose the calibration velocities U call 

and U cal2 from the X-probe into components parallel and normal to the probe axis . 

Air velocities without the atomizer in place were measured using hotwire anemom

etry to evaluate the mean flow uniformity and temporal variation. The hotwire was 

traversed through the tunnel's cross section in the measurement plane and the results 

are shown in Figure 4.5. The mean streamwise velocity in the core of the wind tun

nel is uniform and the turbulence intensity is lower than 0.5%. The boundary layer 

occupies the outer 25% of the cross section. The second purpose of using hotwire 

probes was to compare the results wi th the PDI velocity measurement in t he wake 

of a disk. The findings are shown in the results section. 

4.2.2 Phase Doppler Interferometer 

In this study the Artium Technologies PDI300 is used. The PDI300 is capable of 

measuring droplet size and 3-components of droplet velocity simultaneously. Two 

transmitters units produce three pair of green (532 nm), blue (473 nm) and yellow 

(561 nm) laser beams. The beam spacing is 60 mm for all the transmitters and the 
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Figure 4.5: Axial velocity, U x, and turbulence intensity, u~/U x, across the FPL wind 
tunnel 

receiver unit houses 3 light detectors to collect refracted light at a forward angle 

of 20-40°. The focal length of lenses used for the transmitters and the receiver 

was 1 m (see Figure 4.6). The software provided with the system is capable of 

detecting typical errors that might be available in the data such as slit effect [66], 

burst splitting [90], etc. The common method used in PDI systems is the dual beam 

configuration (Figure 4. 7) which uses two incident laser beams. When a particle 

crosses the intersection of the two beams the frequency of t he scattered light recorded 

at the receiver can be calculated as 

( 4.1) 

In this equation Ab is the laser wavelength. The velocity of the particle in the x 

direction is then determined as : 

j. _ 2sin ~ I I 
D - Vp cos a 

Ab 
(4.2) 

61 



Spray plume ..... ,,__----. 

Figure 4.6: A schematic of PDI installed on the traverse system and the measurement 
grid. 

In a PDI system A& and (} are known from the optics. Therefore by determining the 

frequency of the scattered light UD) , the velocity can be calculated . 

.\' 

L,........- -----~J~,: 
/ ~"/-- ~-~-

... .-:c..--·~ Measurement 
volume 

II =· e1 = l'2 

= 2sin(~/2t!x 

---,., ...... 

\ Particle 

Figure 4. 7: Velocity measurement with PDI using Dual beam configuration [85] . 

In order to measure the diameter of a spherical part icle the phase difference of 

signals at the photo-detectors can be used. In practice at least 2 photo-detectors 

are necessary are shown in Figure 4.8. Signals at the det ctors can be shown as 
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Equation 4.3 [1] 

i1 (t) rv ceE5 (1 + cos (21r fvt + ¢1)) 

i2 (t) rv ccE5 (1 + cos (21r fDt + ¢2)) 
(4.3) 

In this equation ccE5 is the peak amplitude of the energy intensity at the cross 

section of the laser beams. The phase difference of i 1 (t) and i 2 (t) is a function of 

position of the detectors ('Pr), relative index of refraction of the droplets and the 

diameter of the beam. 

:_/, _ _:~a1·· B )',_\ . : \ C) ; 
' • , 
\ ,I ' • .. 

' ' ' , :: .. , , 
' , 

Transmitter 
front lens ·: 

... - ... - .- <· 

Receiver frorit lens 

M~fl .1;~ . am ow u,uecuon 

Figure 4.8: Transmitter and photo-detectors' configuration in PDI 

By knowing the index of refraction and receiver off angle 'Pr a linear relation 

between diameter and the phase difference /J.<p can be found. In order to do this a 

non-dimensional number called slope (S) is defined as [45]: 
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S = [receiver8 ~<PAB = m 

SAs360°d V [ V J 22(1+cos 'Pr) l+m2 -m2(1+cos 'Pr) 

!receiver = receiver focal length 

<5 = interference fringe spacing at the probe volume 

m=np/nm (np, nm: index of refraction for particle and gas phase) 

S AB = detector separation for AB 

/),.<p AB = phase measured between detectors A and B . 

d = droplet size 

By using equation 4.4 the particle diameter can be calculated as 

d = freceiverO /),.r.p AB 

SAB360°S 

(4.4) 

(4.5) 

It should be mentioned that photo-detectors in a PDI system have a specific range 

of light intensity of that can be detected. Weaker or stronger intensities than the 

lower and upper intensity limit cannot be used for the velocity and size calculation. 

The number of droplets that PDI can detect is limited by the speed of the process

ing unit and also the probability of multiple occurrence of droplets in measurement 

volume. Roisman and Tropea [71] suggested a method to estimate the number of 

rejected droplets based on a Poisson distribution of interarrival time of the droplets 

in the measurement volume. For situations that the volume fraction of droplets is 

high this rejection can create biases in velocity distributions of the flow. 

4.2.3 Spray Nozzle 

The flows studied in this work included the wake behind a disk which were designed 

as an idealization of the flows downstream of commercial atomizers. Behind the 

disk a hydraulic nozzle (Spraying Systems Co., 1/4LNN-S8W and 1/4LNN-S14) was 
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installed. In addition measurements were made downstream of a Micronair AU4000 

rotary atomizer. The disk and nozzle setup is shown in Figure 4.9. This setup was 

mainly used to reproduce a flow similar to classical disk wake flows and minimiz 

the flow disturbance due to the existence of the atomizer. 

Figure 4.9: 14cm di k installed on a strut at the center of wind tunnel's cross section. 

Two phase flow measurements were made in the wind tunnel shown in Figure 4.2. 

All velocity and droplet size measurements were made using a 3-component Phase 

Doppler Interferometer (Artium PDI300) . Gas phase velocities were inferred from 

a homogeneously seeded droplets with a Stokes number , Ste < 0.4 which should 

be sufficient for tracking the energy containing scales of turbulence. The droplets 

were formed by condensation of saturated atmospheric air being drawn into the wind 

tunnel. The flow conditions of the tests presented in this chapter are summarized 

in Table 4.1. The atomizer was centered in the tunnel cross section for all te t to 

minimize unwanted interference by th wind tunnel walls. 
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Table 4 1 · Test conditions .. 
test atomizer inlet measurement axial distance ReD 

velocity device 

1 SS14 + disk 20 m/s Hotwire 1.4 m 2.3E5 

2 SS14 + disk 68 m/s PDI 1.59 and 2.80 m 6.2E5 

4.3 Uncertainty Analysis 

The uncertainty analysis is mainly focused on estimating error in measurement of 

droplet velocity, size and arrival rate and their moments. 

4.3.1 Statistical Uncertainty 

Part of the uncertainty in any measurement ( or sampling) of a random process is 

due to the limited number of samples. An estimation for this type of uncertainty has 

been made for measurement of velocity moments in a turbulent flow by Benedict and 

Gold [8] and a similar estimation can be performed for droplet size measurements 

made in this study. The resulting uncertainty in mean velocity, velocity fluctuation, 

mean diameter, mean area and volume diameter were calculated using estimated 

variance shown in table 4.3. 

Table 4.2: Estimator variances multiplied by N [8] 
Statistic Valid for any distribution Normal assumption 

X ~ ~ 

[x4 - (x2)2]/4x2 

4.3.2 Instrumentation Uncertainty 

4.3.2.1 Hotwire Anemometry 

The major source of error in the current setup of hotwire measurement was estimated 

to be the propagation of error due to uncertainty of wire angles in the velocity trans-
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formation. The axial and radial velocities are defined based on effective velocities 

measured by each wire, Uefi and Ueh, and the angles between the wire and the hor

izontal axis, 81 and 82 . Using the rules of uncertainty propagation the error in axial 

and radial velocities can be calculated for axial velocity as 

(4.6) 

The corresponding uncertainty in Ux can be calculated as 

8(Ux) 
......------------------------------
( 8 ( U e 1i) sin (81)) 2 + (8(Ue12)sin((h)) 2 + (Ue1icos(81)8(81))2 + (Ue12cos(82)8(82))2 

(4.7) 

The relative error in both wires was estimated to be 8(Ue1J/Uefi < 0.3%. The 

uncertainty in determining the angles of the wires was estimated to be 8(8i) ~ 2 

degrees. By putting the values of 8(Ue1J,8(8i) and 81 = 48.1° and 82 = 44.7° into 

Equation 4. 7, the overall error in the axial velocity was estimated to be on average 

8(Ux)/Ux < 4.7%. 

4.3.2.2 Phase Doppler Interferometer 

Chuang et al. [92] and Saw [75] made a thorough analysis of droplet size and velocity 

measurement with PDI. The data processing procedure and accompanying software 

of the PDI system are similar to the PDI system used in this work. The results are 

shown in Table 4.3. 

Table 4.3: Measurement accuracy for PDI 
Artium Saw [75] 

Droplet arrival time accuracy n/a < 3.5µs 
Droplet Size accuracy < ±0.5µm < ±2-5µm 
Droplet Velocity accuracy < ±1% rv ±1%-3% 
Volume Flux accuracy < ±15% n/a 
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A further analysis of the PDI settings such as slit aperture, photo-detector gain 

setting and processing settings was performed with the current system. These were 

found to be responsible for uncertainties much smaller than reported in Table 4.3 

for droplet size and velocity. 

The maximum uncertainty occurs in estimation of the volume flux. An estimation 

of error in flux measurement using a cross sectional mass balance technique was 

< 25% [5]. It should be mentioned that this overall error includes sources of error 

such as the uncertainty in flux measurement ( due to uncertainty in estimation of the 

probe volume area), the spatial sampling of spray with a limited number of points 

across the spray plume and the assumption that the spray flow is axisymmetric. 
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Chapter 5 

Single Phase Results 

5.1 Single-phase and Gas Phase Velocimetry 

Preliminary experiments were designed to investigate the mean velocity and tur

bulence structure of single phase flow. Single-phase hotwire measurements were 

conducted in the research wind tunnel at UNB and the PDI measurements were 

performed at the larger research wind tunnel at the Acadia Research Forest (FPL 

wind tunnel) where the spray equipment and PDI instrument were installed. The 

same disk and supporting strut were used in both tunnels but the approach veloc

ity was different; in the UNB wind tunnel the approach velocity, Uin = 20 m/ s 

and in FPL wind tunnel, Uin = 68 m/ s. This resulted in Reynolds number of 

Re= U00 D /v = 2.3 x 105 and 6.2 x 105 respectively. 

For measuring two components of flow velocity, a miniature X-array hotwire probe 

55P61 (Dantec Dynamics) (Figure 4.4) was used. The data acquisition rate of the 

hotwire, unlike PDI, does not depend on the seeding in the flow. The hotwire probes 

were calibrated for each experiment and the room temperature was monitored and 

recorded during the experiment. The hotwire measurements were performed at a 

distance of 140cm from the disk (x/ D = 10) on the measurement grid shown in 
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Figure 5.1 with a sampling rate of 25kHz and data record intervals, T = lOs . Data 

acquisition included a low pass filter set at 12.5kHz. 

Hotwire measur ments of the axial component of gas phase velocity in the wake 

of the disk at x/ D = 10 is shown in Figure 5.1. The measurement grid is shown as 

dots and the disk and strut are shown by black lines . The minimum velocity was . 

coincident with the disk center although the wake of the strut in the flow distorted the 

circular disk wake. This distortion was substantially lower in high speed fiow (high 

Re number). In high speed flow the current thickness was required to prevent disk 

vibration. In order to avoid the effect of the strut on the velocity results attention 

was focused on the upper and lower measurement regions of the wake and points 

within 30° from the horizontal plane were not considered fur ther. The wake of strut, 

being 2-dimensional, was also persistent relative to the 3-dimensional wake of th 

disk and this limited the downwind distance to which measurement could be taken 

at this Reynolds number. 

15 · 
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- 20 · 

-20 - 10 0 10 
z (cm) 

20 

19.8 
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18 .8 

18.6 

18 .4 

18 .2 

20 U(m/ s) 

Figure 5.1: Contours of mean axial velocity in a plane at x/ D = 10, measured by 
hotwire at the UNB wind tunnel. Measurement grid is shown as black dots. Disk 
was 14 cm in diameter and strut had a NACA0012 profile and chord of 2cm. 
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Measurement of the gas phase velocity with PDI was performed with the uniform 

small liquid droplets that resulted from condensation of saturated ambient air. The 

condensation occurs as the air is drawn from outside into the FPL tunnel on a day 

with a saturated atmosphere. These droplets had a mean diameter, d10 < 8µm, with 

a Stokes number of Ste < 0.4. The arrival rate of such droplets was in the range of 

500-2000 ( # / s) and 25,000 samples were taken at each position on the measurement 

grid shown in Figure 5.2. The data was analyzed and corrected for concentration 

bias. The PDI measurements were performed at two positions downwind of the disk, 

x / D = ll and x / D = 20. 

PDI measurements of the axial component of the gas phase velocity at x / D = 11 

are shown in Figure 5.2. The PDI measurement region was restricted due to the 

fact that the PDI system had lm focal length. This meant only a little more than 

a quarter of the wake could be measured. The high Reynolds number wake, is more 

axisymmetric than observed in Figure 5.1. The minimum velocity of the wake has 

been lowered relative to the disk center. The wake velocity minimum was always 

found below the disk center by approximately 6cm at distances of x / D = 11 and 

20 from the disk in the FPL tunnel. In all PDI measurements (both single and two 

phase), the position of minimum velocity was chosen as the origin of the coordinate 

system. 

Radial profiles of the axial mean velocity, U x, measured with hotwire and PDI in 

single phase flow are shown in Figure 5.3. The mean velocity profile is normalized 

by the maximum velocity at each cross section, U 00 • The radial coordinate is nor

malized by the wake half-width, r1, which is defined as the radius where the velocity 
2 

deficit is 50% of its maximum centerline value. As expected, the velocity deficit, U0 , 

diminishes with downwind distance from the disk. The scatter in hotwire data is 

mainly due to lack of axisymmetry (as observed in Figure 5.1) and the weak nature 

of the deficit which amounts to less than 10% of U00 • 
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Figure 5.2: Contours of mean axial velocity measured at x/ D = ll , at FPL wind 
tunnel. Flow was seeded with mono-dispersed droplets. The origin of the coordinate 
system is placed at the point where the axial velocity is minimum. 
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Figure 5.3: Normalized axial velocity profile in the wake of the disk. Hotwire data 
were taken at UNB wind tunnel (Re = 2.3 x 105

) and PDI data was taken FPL 
tunnel (Re= 6.2 x 105

) . 
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A comparison of the present wake flow measurements , both hotwire and PDI, 

to the experimental data from reference [46) (called JG2006 here after) is shown 

in Figures 5.4 and 5.5. The mean velocity deficit has a shape consistent with the 

literature ( 6 and U0 are defined in section 2.6.1). The profiles of u~ have the correct 

0.8 

~ 
------ 0.6 ,.---.__ 

H 

I~ 
I 

J 
0.4 

'---" 

0.2 

0.0 
0 1 

x / D = 10 (Hot wire ) 
6 x/D=ll(PDI) 
o x /D = 20 (PDI) 

- x/ D = 10 (JG2006) 
- x/ D = 20 (JG2006) 

2 

r/b 
3 4 

Figure 5.4: Radial profile of normalized axial velocity measured with hotwire and 

PDI in the wake of the disk. Solid lines show the velocity profiles from [46). 

magnitude relative to U0 however the values of t he current dat a near the centerline 

( r / 6 < l) exceeds values reported in [46]. 

Figure 5. 6 shows the radial profile of mean radial velocity, Ur. The radial velocity 

is very low relative to the axial velocity component and comparable in magnitude 

to the measurement uncertainty. Figure 5. 7 shows measurements of the rms velocity 

fluctuations in radial and azimuthal directions, u~ and u~. Consistent with [13), u~ 

and u~ are of equal magnitude and larger than u~ on the wake centerline. 
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Figure 5.5: Radial profile of normalized u~ measured with hotwire and PDI in the 
wake flow. Solid lines show the values from [46]. 
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Figure 5.6: Normalized profile of radial velocity, Ur , measured with hotwire and 
PDI. 

Skewness, S, and kurtosis, K, of velocity distribution are commonly used to quan

tify the deviation of the velocity pdf from a Gaussian distribution. For a Gaussian 
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Figure 5.8: Radial profiles of skewness measured with hotwire and PDI in the wake 
flow. 

distribution S and K are zero. Skewness and kurtosis of axial velocity, Bx and Kx, 
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Figure 5.9: Radial profiles of kurtosis measured with hotwire and PDI in the wake 
flow. 

are defined as 
E [ (Ux - Ux/] 

Bx= 3/2 

E[(ux - Ux)
2

] 

(5.1) 

E [ (Ux - Ux)4] 
Kx = 2 - 3 

E[(Ux-Ux)
2

] 

(5.2) 

Radial profiles of skewness and kurtosis obtained from hotwire and PDI are shown 

in Figures 5.8 and 5.9. The skewness and kurtosis values are nearly zero at the 

centerline, implying a normal velocity distribution, but deviate strongly from zero 

in the shear layer, 1 < r / 6 < 1.5, and beyond. High values of kurtosis is a known 

feature of intermittent turbulence regions in free shear layers. 
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5.2 Turbulent Momentum Transport 

In order to quantify the momentum transfer due to turbulence, components of the 

Reynolds stress tensor were measured. The Reynolds shear stress component, UxUr 

and shear correlation coefficient , uxur/u~u~ are measured in this work and are shown 

in Figures 5.10 and 5.11. These are consistent in shape with [13] but the maximum 

value is somewhat less than Uxur/U5 rv 0.5 reported by [13]. The difference in values 

shown here is greater than experimental uncertainty; however, it is noted that the 

present measurements include both hotwire and PDI at two different experimental 

faci lities and two different Reynolds numbers. 
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Figure 5.10: Radial profile of normalized turbulence shear stress, Uxur/U5, measured 
with hotwire and PDI. 

Radial profiles of shear correlation coefficient , Ux Ur/ u~ u~, are shown in Figure 5 .11 . 

There is good agreement between measurements obtained by PDI and hotwire. The 

absolute value of the shear correlation coefficient is zero on the centerline and reaches 

a maximum value of rv-0.4, typical of axisymmetric wake flows [55] . 

The eddy viscosity tensor for sheared turbulence consists of components in differ-
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Figure 5 .11: Radial profile of shear correlation coefficient , Ux Ur/ u~ u~, measured with 
hotwire and PDI at different axial positions. 

ent directions. Here the focus was mainly on measurement of turbulent momentum 

transfer in the radial direction and vr represents one component of the eddy viscos

ity tensor, vr ,xr · The calculation of eddy viscosity component in the radial direction 

requires the radial gradient of axial velocity and the radial shear stress . Since the 

value of axial velocity gradient is highly sensitive to small variations in radial ve

locity profile, smoothed velocity profiles were used to calculate the gradient of axial 

velocity in radial direction, shown in Figure 5.12. The dashed line shows an average 

velocity gradient. 

The turbulent eddy viscosity, vr, derived from Figures 5.10 and 5.12 is shown 

in Figure 5.13. As one might expect there is a considerable scatter with the value 

based on the hotwire data being the largest . The maximum value can be traced 

to the value of the gradient of mean velocity in this region. The average velocity 

gradient was also used to calculate an averaged value for eddy viscosity. The result 

is shown in Figure 5.13 by a dashed line. 
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Figure 5.12: Radial gradient of mean axial velocity. The dashed line shows the 
average velocity gradient. 
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Figure 5.13: Radial profile of eddy viscosity. 

The autocorrelation of the axial and radial fluctuating velocity components, Pxx(t) 

and Prr(t) are shown in Figures 5.14 and 5.15 for a point at the centerline and a point 

in the shear layer of the wake. The time axis is normalized with the integral time 

79 



Scales, Txx and Trr · 

0.8 

0.6 

0.4 

0.2 

0.0 

-0.2 
0 2 4 

' ---· · ' r / 5 = 0 (Hotwire) 
-- r/5 = 0 (PDI) 
- r /5 = l (Hotwire) 
----- r /5 = l (PDI) 

6 

t/rxx 
8 10 

Figure 5.14: Autocorrelation functions of axial velocity at x/ D 
centerline and shear layer in the wake flow. 
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Figure 5.15: Radial autocorrelation functions at x/ D = 10 and 11 at centerline and 
shear layer in the wake flow. 

Figures 5.16 and 5.17 show the radial profiles of integral length scales l xx = TxxUx 
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and lrr = Trr[Jx using the Taylor's frozen flow hypothesis 1
. In general 0.25 < ~ < 

0. 75. Hereafter L e and Te are used to show the integral length and time scales instead 

of lxx and Txx· The time and spatial resolution in the experiments was not adequate 
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Figure 5.16: Normalized length scale of axial velocity, l xx, measured by hotwire and 
PDI. 

to measure the Kolmogorov length and time scales, lk and Tk , using hotwire or PDI. 

For this reason they were estimated using equations derived from Kolmogorov 's 

similarity hypotheses. The relationship between lk and L e is [41] 

where R eL = u' Le. 
1/ 

(5 .3) 

An alternative method to estimate Kolmogorov length and time scales is using 

the Taylor microscale h ,uu · The Taylor 's time scale, T>..,uu , was derived from the 

analysis of the rate of zero-crossing of the axial velocity fluctuations measured with 

the hotwire [85) and the length scale, h ,uu = UT>.. ,uu · The Kolmogorov length scale 

1 For the disk wake where u' /U < 10%, Taylor's hypothesis is valid for the range of time and 
length scales discussed here. 
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Figure 5.17: Normalized length scale of radial velocity, lrr, measured by hotwire and 
PDI. 

was then estimated as [41] 

h / lk = 151
/
4 Re>.. 112 (5.4) 

u' l , 
where Re>.. = ~- Comparing the two methods, it was found that lk estimated from 

the Taylor microscale was approximately two t imes that estimated from the integral 

length scale. This may to be due to the low sampling rate of data acquisition relative 

to Taylor 's t ime scale, where F8 T>.. ,uu '.::::' 3. 

Figure 5.18 shows the power spectrum of axial velocity in the shear layer, r/b = 1, 

of the wake. The hotwire measurements were equally sampled at 25kH z . The 

PDI velocity measurements did not have a uniform spacing and in order to perform 

fast Fourier t ransform on these records a Sample and Hold (S+ H) method [1] was 

used. Taylor 's frozen flow hypothesis was used here to transform the frequency to 

dimensionless wavenumber, K,x/ b. The power spectra from both hotwire and PDI 

agree well in the wavenumber range, 0.1 <K,x6<10. Both power spectral densit ies 

show a peak at the Strouhal number of S r '.::::' 0.14. This agrees with t he findings of 
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Johansson and George [46] and Cannon et al. [12]. 

Overall, good agreement between the gas phase results measured with PDI and 

hotwire was obtained. 
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Figure 5.18: Power spectra of axial velocity measured by PDI and hotwire at r / 6 = 1. 
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Chapter 6 

T-wo Phase Results 

6.1 Introduction 

In this section the results on two-phase flow are presented. The sprayer used for all 

experiments was a hydraulic nozzle that produces a poly-dispersed spray and that 

was installed on the lee side at the disk center. The water flowrate of the spray was 

3.0 < Q < 3.6 l/min and the gas phase velocity was 66(m/ s) < Uin < 68(m/ s). 

In each experiment, measurements of droplet size and velocity components were 

made at several points on the measurement grid shown in Figure 5.2 across the 

spray plume. Measurements were performed at two positions downwind of the disk, 

x/ D = ll and x/ D = 20. In cases where diameter, concentration and axial velocity 

are required; the data from the three measurement volumes of the PDI need not 

to be coincident. However, where the droplet radial and azimuthal velocities are 

required the PDI data from its three measurement volumes must be coincident, i.e. 

the intersection of the 3 pairs of beam must simultaneously measure the size and 

velocity of the same droplet. The acceptance rate for the 3-component coincidence 

was rv30% of data gathered at best and even this required time consuming 3 beam 

alignment procedure that increased the setup time at each position. As a result 
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multidimensional velocity data was very time consuming to obtain and was therefore 

necessary to limit it to vertical lines through the origin. 

To investigate the effect of the inertia on the transport characteristics, the data 

was categorized into 3 groups of Stokes numbers. Since concurrent velocity mea

surement of the gas phase and carrier phase was not performed, estimating the 

instantaneous Reynolds number of droplets, Red, was not possible. For this reason 

the average velocity of gas phase, U, and average velocity of droplet groups, V, at 

a given position was used to estimate Red. The average Reynolds number was used 

to estimate the drag coefficient, Cv, of droplets from Equation 2.3. The droplet 

time scales measured using this method was normalized using integral time scale, Te, 

and Kolmogorov time scale, Tk (and modified Kolmogorov time scale, TD, see equa

tion 2.8). The integral time scale was estimated from the autocorrelation function 

of axial velocity. Other time scales were estimated using an assumption of isotropic 

homogeneous turbulence. 

At x/ D = 11 these three groups have the stokes number of Stk,d = 25 ± 8.2, 

40 ± 9.1 and 95 ± 30.4. The corresponding Stokes numbers based on the integral 

times scale, Ste was 3.5, 7.4 and 22.7. At x/ D = 20, the Stokes numbers chosen 

were Stk,d = 14 ± 5.1, 29 ± 11.3 and 61 ± 28.7 and Ste =1.6, 4.6 and 17.2. 

6.2 Spatial Concentration of Spray Plume 

The study of volume concentration of droplets helps to quantify the dispersion of 

droplets at different axial positions in the wake. Immediately behind the disk at 

the wake center, where the spray is injected into the flow, it can be considered as 

a point source of droplets. These droplets move in different paths based on their 

initial velocity, position and size. The way droplets migrate into other parts of the 

flow is a function of the turbulence mechanisms that disperse them. 
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The PDI instrument counts the number of droplets , N, that move through its 

probe volume in a given time interval , T [92] . This can be us d to determine average 

droplet number rate at each position defined as , >. = N / T which is a fundamental 

quantity for determination of droplet flux and concentration fields. In the current 

exp riments , the number rates were in the range of X = 500 - 2000 ( # / s) on the 

centerline of the spray plume. The edge of the plume is defined to be the point 

where, X/Xmax < 1 %. 

Figure 6.1 shows the contours of volume concentration, Cv, measured at x/ D = 

20. The coordinates are normalized by the disk radius, D / 2. The maximum con

centration was coincident with the minimum axial velocity at this position. The 
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Figure 6.1: Contour of average volume concentration, Cv, at x/ D = 20. The dashed 
line shows the location of the vertical line that the radial profile of concentration 
was extracted. 

contours show that the concentration profiles deviate slightly from axisymmetric 

form . The lack of axi ymmetry in the concentration contours may arise from the 

presence of gravity force (in negative y direction) , the presence of the strut in t he 

flow and misalignment of the disk plane and tunnel axis ( the misalignment is esti-
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mated to be less than 1 °). In addition, the number of detected small droplets can be 

affected significantly by PDI settings. For this reason these settings were carefully 

monitored during the experiments, and adjusted at each measurement position. 

The total flow rate at each cross section was determined by integrating the volume 

flux of droplets measured across the plume. Since only a quarter of the spray plume 

was surveyed, the overall flow rate was estimated assuming the flow was symmetric 

about the vertical and horizontal planes through the region. Using this assumption, 

the relative error in total volume flow rate was 10.8% at x/ D = ll and 16.0% 

at x/ D = 20. The main sources of error has been determined to be the error in 

estimating the probe area of the PDI, the limited number of samples across the 

plume and assumption of flow symmetry. 

Radial profiles of volume concentration along the vertical line shown in Figure 6.1 

at x/ D = 11 and 20 are plotted in Figure 6.2. The volume concentration is equivalent 

to the volume fraction of the dispersed phase. The values of volume concentration 

and droplet Stokes number suggest that the interaction of the particles and the flow 

can be assumed to have a weak two-way coupling [18]. This means the interaction 

between the particles is negligible but the interaction between the particles and flow 

might affect the turbulence characteristics of the flow. 

The radial profile of axial volume flux, <I>v,x, at two axial positions are shown in 

Figure 6.3. The volume flux is defined as 

<I> _ 1r N d~0 

v,x - 6TAx (6.1) 

where d30 is the volume mean diameter. 

Profiles of the average volume concentration along a vertical line, are also shown 

in Figure 6.4, for three groups of Stokes numbers at x/ D=ll and 20. 
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Figure 6.2: Radial profiles of average volume concentration, Cv. 
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Figure 6.3: Radial profile of average volume flux , <I>v,x · 

6.3 Droplet Size Measurement 

6 

The PDI simultaneously records the diameter and three components of velocity of 

each droplet that passes through the measurement volume( s). The result is an 
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Figure 6.4: Radial profile of average volume concentration, Cv, at x/ D = ll for 3 
ranges of Stokes number. 

irregularly spaced time series of droplet size and velocity components . Figure 6.6 

shows an interval of the droplet size time series measured at the center of the wake 

at x/ D = ll. Longer samples of this type can be used to estimate the probability 

density function of droplet size, f(d). The PDFs shown in Figures 6.7 and 6.8 

correspond to positions on the wake centerline, r / 6 = 0, and in the shear layer at 

r/6 = 1, both at x/D = 11. The droplet distributions are significantly different from 

log-normal with the centerline being the narrower of the two. Figure 6.9 shows f(d) 

in the shear layer at x/ D = 20. At this position there is a distinct population of 

large and small droplets making the distribution bi-modal. 
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Figure 6.5: Radial profile of average volume concentration, Cv, at x/ D = 20 for 3 
ranges of Stokes number. 
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Figure 6.6: Time series of droplet diameter measured on the centerline of the wake 
at x/ D = 11. Record length is equal to 800 Te . 

The first three moments of droplet size distribution, f ( d): t he number , area and 
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volume mean diameters are calculated according to 

00 

d10 = J df(d) dd 
0 
00 

d~0 = j d2 J(d)dd 
0 
00 

d~0 = j d3 f(d)dd 
0 

(6.2a) 

(6.2b) 

(6.2c) 

Radial profiles of d10 , d20 and d30 at x/ D = 11 and 20 are shown in Figures 6.10 

and 6.11. It is evident that the smaller droplets are concentrated at the center of 

the wake and shear layer (r/b < 2), while larger droplets are concentrated toward 

the edge of the wake. The droplet distribution in the region (r/b < 2) seems to be 

uniform. 
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Figure 6.7: Probability density function , f(d), of droplet size, d, measured at x/ D = 
11 on the centerline. The dashed line shows the log-normal distribution fitted to 
f(d). 
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Figure 6.8: Probability density function, f(d), of droplet size, d, measured at x/ D = 
11 in the shear layer, r / 6 = l. The dashed line shows the log-normal distribution 
fitted to f(d). 
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Figure 6.9: Probability density function , f(d) , of droplet size, d, measured at x/ D = 
20 in the shear layer , r / 6 = 1. 
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Figure 6.10: Radial profiles of d10 , d20 , and d30 at x/ D = 11. 
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Figure 6.11: Radial profiles of d10 , d20 , and d30 at x/ D = 20. 

6.4 Droplet Velocimetry 

A time series of the axial component of droplet velocity, Vx, from the wake center and 

in shear layer , r/5 = l , are plotted in Figures 6.12 and 6.13. Figures 6.14 and 6.15 
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show the corresponding probability density function , f(Vx). At the center of the 

wake f (Vx) is approximately Gaussian but in the shear layer the velocity is strongly 

skewed toward higher velocities. 
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Figure 6.12: Time series of droplet axial velocity measured on the centerline of the 
wake at x / D = 11. Record length corresponds to 800 Te . 

Radial profiles of skewness and kurtosis, Sx and Kx, are plotted in Figures 6.16 

and 6.17 for droplet phase at two axial positions, x/ D = ll and 20. The gas phase 

profiles, determined without the spray, are also shown for comparison. The gas 

phase and droplet phase statistics are similar for r / 6 < 1.5; but at the edge of the 

plume the droplet phase axial velocity has lower skewness and flatness than the gas 

phase. The high values of skewness and kurtosis can be hypothesized to be due to 

the presence of two clusters of droplets that are mixed together. 
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Figure 6.13: Time series of droplet axial velocity measured in the shear layer , r/6 = 1, 
of the wake at x / D = 11. Record length corresponds to 600 Te . 
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Figure 6.14: Probability density function , f (Vx), of droplet velocity, Vx, measured 
at x/ D = 11 on the centerline. The dashed line shows the normal distribution fitted 
to f(Vx) . 
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Figure 6.15: Probability density function, f (Vx), of droplet velocity, Vx, measured at 
x / D = 11 in the shear layer, r / o = 1. The dashed line shows the normal distribution 
fitted to f( Vx ). 
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Figure 6.16: Radial profiles of axial velocity skewness measured for gas phase and 
droplet phase in the wake flow. 

We now consider the statistics of droplet velocity grouped into three ranges of 

Stokes number . The two dominant components of Reynolds-average mean velocity of 
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Figure 6.17: Radial profiles of axial velocity Kurtosis measured for gas phase and 
droplet phase in the wake flow. 

droplets, Vx and Vy, at x/ D = 11 , are shown in Figures 6.18 and 6.19. Figure 6.18 

shows that there is good agreement between the droplet phase and the axial gas 

phase velocity for droplets with lower Stokes numbers. Droplets with higher Stokes 

number show lower velocities than the gas phase. This is thought to be associated 

with the inertia of droplets in this range. Radial profiles of the vertical component 

of Reynolds averaged droplet velocity, Vy , is shown in Figure 6.19. The gas phase 

vertical velocity component, Vy, is essentially zero but the spray droplets have a small 

downward velocity near the center of the wake. This is thought to be associated with 

gravitational effects on the spray plume. The transverse Reynolds averaged velocity 

component , V z, is nearly zero as one would expect from symmetry (not shown here). 

Profiles of rms droplet velocity, v~ and v;, are shown in Figures 6.20 and 6.21 

together with the gas phase profiles. The 3 normal components of velocity variance 

of all droplet sizes is less than that of the gas phase near the center of the wake. 
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Figure 6.18: Mean axial velocity of droplets with different Stokes numbers compared 
with the gas phase velocity at x / D = 11. 

0.08 

0.04 

0.0 ~ 
·,,.:, 

I~ 
-.........___ 

;,:, 

I~ -0.04 

-0.08 
& Gas phase 
A St=25 
o St=40 
o St=95 

-0.12 
-1 0 1 2 3 

y/fJ 

Figure 6.19: Radial profile of Reynolds averaged mean vertical velocity of droplets 
with different Stokes number ranges compared for the gas phase velocity at x/ D = 
11. 

The values of VxVr of the droplets are comparable with the gas phase values and 

become smaller as the Stokes number increases. 
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Figure 6.20: Radial profile of Reynolds averaged axial component of droplet rms 

velocity fluctuations, v~/V x, at x/ D = 11. 
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Figure 6.21: Radial profile of Reynolds averaged radial component of droplet rms 
velocity fluctuations, v;/V x, at x/ D = 11. 

At x / D = 11 the average ratio between the Reynolds stress of the droplet phase 

and the gas phase, (vxvr )droplet phase/ (uxur)gas phase, in the shear layer (1 < 
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r / b < 1.5) is 1.35, 1.07 and 0.90 for St = 25 , 40 and 95, respectively. At x/ D = 20 

this ratio is 1.53, 1.18 and 0. 70 for St = 14, 29 and 65 . 
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Figure 6.22: Radial profile of VxVr at x/ D = 11 . 
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Figure 6.23: Radial profile of VxVr at x/ D = 20. 
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The Reynolds averaged correlation coefficient, vxvr/v~v~, is shown along with the 
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gas phase results at x/ D = 11 and 20 in Figures 6.24 and 6.25. The values of 

vxvr/v~v~ are significant ly higher for all the three droplet size classes t han the gas 

phase values . 
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Figure 6.24: Radial profile of correlation coefficient between axial and radial velocity 
of droplets at x/ D = 11 . 

In analogy with eddy viscosity of gas phase, we can calculate an eddy viscosity 

representing t he momentum t ransport of droplets of different size classes. The radial 

gradients of axial Reynolds averaged velocity, V x, are shown in Figures 6.26 and 6.28 

together with the gas phase velocity gradient . The eddy viscosity of t he droplet phase 

is shown in Figures 6.27 and 6.29. The eddy viscosity of smallest Stokes number 

has values close to t he gas phase values. The eddy viscosity of t he larger droplets is 

smaller than t he gas phase. 

101 



-0.8 

-0.6 

-0.4 

ltl';; 1-l, tl 
~ ~ 

-0.2 

0.0 

0.2 
0 1 

r/6 
2 

A St=14 
o St=29 
<> St=65 
• gas phase 

3 

Figure 6.25: Radial profile of correlation coefficient between axial and radial velocity 
of droplets at x/ D = 20. 
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Figure 6.26: Gradient of axial velocity at x/ D = 11. 
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Figure 6.27: Radial profile of eddy viscosity in the disk wake at x/ D = ll. 
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Figure 6.28: Gradient of axial velocity at x/ D = 20. 
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Figure 6.29: Radial profile of eddy viscosity in the disk wake at x/ D = 20. 
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Chapter 7 

Concentration Statistics 

In this section the temporal and spatial distribution of droplets will be investigated. 

As described in Chapter 2, if the arrival times of droplets in the measurement volume 

are well described by the Poisson model then the distribution is considered maximally 

random and therefore can be described by an HPP. For an HPP the inter-arrival time 

has an exponential distribution. If the inter-arrival time cannot be described by an 

HPP, it is hypothesized that the inter-arrival time is distributed as a Cox process 

and a distribution for the droplet intensity can be fitted. 

Figures 7.1 and 7.2 show the inter-arrival times at the center of the wake, r / 8 = 0, 

and in the shear layer, r / 8 = l. An exponential distribution corresponding to an 

HPP is shown for comparison. There is a difference between the histograms and 

the exponential distribution fitted on them. In order to verify if the difference is 

significant a test for "goodness of fit" can be done. Here a x2 test was performed 

for the inter-arrival distributions at different positions in the spray to determine 

if this deviation is significant. The results shown in Figure 7.3 demonstrate that 

at only a few points near the edge of the plume, the droplet distribution can be 

modeled as an HPP with the majority of measurements requiring an NHPP or a Cox 

process description. An important feature of the NHPP or Cox processes is that the 
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Figure 7.1: Probability density function of inter-arrival times for a measurement at 
the center of wake, r / 8 = 0. The dashed line shows the exponential distribution 
fitted to the histogram. 
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Figure 7.2: Probability density function of inter-arrival times for a measurement in 
the shear layer, r / 8 = l. The dashed line shows the exponential distribution fitted 
on the histogram. 
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Figure 7. 3: Radial profiles of Chi-squared test values at two axial positions, x / D = 11 
and x/D = 20. 

droplets are not distributed in a maximally random way. This means one can expect 

a dependency between the arrival rate of droplets and other physical properties of the 

flow, e.g. droplet size and velocity. This dependency might be due to various reasons, 

a simple example would be when an stream of droplets with high concentration and 

high velocity is mixed with droplet stream of low concentration and low velocity. 

In this case a clear dependency between data rate and velocity will be expected 

and this means the droplets are not maximally distributed in time. To test the 

dependency between A and droplet size and velocity, the conditional expectation 

for the droplet rate, for a given droplet diameter or velocity, E(-Xld) or E(-XIVx), is 

shown in Figures 7.4 and 7.5 at the wake center. The value of E(-Xld)/ E(.X) '.::::'. 1 and 

this suggests that the rate of sampling is independent of droplet diameter. On the 

other hand E(-XIVx) depends on Vx and E(-XIVx) -=f. E(.X). This is an important result 

because it reveals that there is dependency between the rate of sampling, A, and 

the droplet axial velocity, Vx that is being sampled. This result implies that a flux-
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Figure 7.4: Conditional expectation of data rate for a given diameter. The data 
shows a measurement at the wake center at x/ D = 11 and x/ D = 20. 

weighted, concentration-weighted (Favre) and time-weighted (Reynolds) averages of 

droplet velocity are not equal (see chapter 3 for more details). 
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Figure 7.5: Conditional expectation of data rate for a given velocity. The data shows 
a measurement at the wake center at x / D = 11 and x / D = 20. 
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As shown, the temporal distribution of the droplets is not an HPP. Therefore, 

to describe the temporal droplet distribution a Cox process will be used. To fit a 

Cox process to the data an assumption on the distribution of ,\ must be made. A 

common distribution that has been used to model rate of events in many applications 

is the log-normal distribution since it ensures ,\ > 0. A Cox process with log-normal 

intensity distribution is called a Log-Gaussian Cox Process (LGCP). In order to fit 

an LGCP model to the arrival t imes of droplets, a Bayesian modeling toolbox in 

MATLAB [87] was used and the resulting pdf is shown in Figure 7.6. 
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Figure 7.6: Fitted log-normal Cox process model to t he temporal distribution of 
droplets on the centerline at x / D = 11 

By fitting the LGCP PDF to the spatial distribut ion of droplets, the standard 

deviation of concentration can be calculated at each position. The result ing radial 

profile of concentrat ion fluctuation is shown in Figures 7.7 and 7.8 at x/ D=ll and 

20. The variance in the concentration is very high and it increases to levels above the 

average concentration near the edge of the plume. It can be seen that the normalized 

concentration fluctuation, c' /C, is only slightly smaller for larger Stokes numbers . 
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Figure 7. 7: Radial profile of concentration fluctuation in the disk wake at x / D = 11. 
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Figure 7.8: Radial profile of concentration fluctuation in the disk wake at x/ D = 20. 

7.1 Two-Point Statistics of Droplet Distribution 

In order to study the spatial distribution of droplets we transform the time axis 

to distance traveled parallel to the downwind axial direction using the equivalent 
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of Taylor 's frozen turbulence hypothesis. The primary assumption in transforming 

time to distance is that the droplet's transverse velocity components are much smaller 

than the axial velocity and the droplet velocity does not change significantly during 

the measurement time. The first assumption is valid since Vy , V z < < V x · The 

validity of the second assumption can be tested by comparing the inter-arrival times 

of droplets, T, with the integral time scale of the flow , Te. This comparison shows 

that p(T < 0.5Te) ~ 0.77 and p(T < Te)~ 0.90. To study the two-point statistics of 

the droplet distribution, the pair correlation function was used. The Pair Correlation 

Function, or PCF, represents the probability of finding a droplet within distance ~ x 

from a given droplet . This probability is normalized by the probability of finding a 

pair of droplets with a Poisson distributed inter-droplet distance ~ x with t he same 

density. 

Figure 7.9 shows a PCF at x/ D = ll , r/8 = 0.6. The spatial separation , ~ x, 

is normalized using the Kolmogorov length scale, lk. The P CF shown here, has 

3 

1 
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Figure 7.9: Pair correlation function measured in disk wake at x/D = ll ,r/8 = 0.6. 
The horizontal axis is normalized using the Kolmogorov scale, lk. 

characteristics consistent with a soft- core process [44]. The P CF of a soft- core pro-
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Figure 7.10: Probe length , lpv, plotted versus droplet diameter. The probe volume 
increases as droplets become larger . 

cess shows a maximum, 9max, which is commonly interpreted as the most frequent 

inter-droplet distance, i::1x9m ax . At larger spatial separations than 6.x9max we have 

lim g(6.x) = 1 which suggest that it approaches an HPP. For distances smaller 
~ X-t(X) 

than 6.x9max, the PCF approaches zero meaning no pair of droplets were recorded 

closer than this distance. For a PDI measurement the limiting separation is the size 

of probe volume. This imposed fil tering effect is a function of droplet diameter as 

shown in Figure 7.10. The length of the probe volume, lpv, is in the range of 5-40 

times of the Kolmogorov length scale over the full range of droplet sizes and therefore 

the shape of PCF in the range O < 6-x / lk < 40 can be explained as an artifact of 

the measurement . 

Following up the discussion in Binder and Simpson [10] for finding clustering 

scales from a PCF and considering that the vortex shedding structure is an important 

characteristic of wake flows, it is worthwhile to further investigate clustering at the 

scales of vortex shedding. To do this , the power spectrum of the pair correlation 

function was determined as shown in Figure 7 .11. There is a peak near the shedding 
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Figure 7 .11: Power spectrum of pair correlation function. 

frequency, f sh, and looking more closely at t he PCF, specifically at the t ime scales 

of the vortex shedding, we can see a periodicity in the pair correlation function. 

Figures 7.11 and 7.12 indicate that droplets are clustered part ly due to the presence 
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Figure 7.12: Power spectrum of pair correlation function. 
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of vortex shedding structure in the wake of the disk. Further investigation is needed 

to understand the effects of clustering at other scales of the turbulence. 

It has been shown that the PCF has the form of a power law function [76 , 77] in 

the range ~ x/lk < 10 for Stokes numbers in the range 0.01 < St < 1.2. These works 

report that the power-law-like region is followed by a plateau region ~ x/lk > 50 , 

followed by a decrease at larger separations as observed in the current flow. Other 

researchers have also found that the PCF is a function of Stokes number and Reynolds 

number [15]. 

Figure 7.13 shows t he PCF for droplets for three ranges of Stokes number. The 

level of clustering in the plateau region appears to decrease as the Stokes number 

increases. 
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Figure 7.13: The pair correlation function, g(~x), as a function of stokes number in 
the shear layer , r / 6 = l at x/ D = 11 . A power law function is fitted to the PCF of 
each group of droplets . 

The pair correlation function shows similar or even higher values at x/ D = 20 

compared to that observed at x/ D = 11 as shown in Figure 7.14. This means the 

level of clustering is higher at greater distances from the disk. The PCF of Figure 7.13 
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Figure 7.14: Radial distribut ion of 9 max at two axial positions. 

wit h separations normalized by the energy containing scales of turbulence is shown 

in Figure 7.15. The shape of the PCF in this figure suggests that the large scale 

structure of the droplet distribut ion, ~ x » Le, can be described by an HPP. 
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Figure 7 .15: The pair correlation function variation in time and space. The horizontal 
axis is normalized using time scale of energy containing eddies . 
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A characteristic length scale, (, can be defined for the pair correlation function 

of droplets as following 

g(t6.x) - l = e-~x/<;, 
g(O) - 1 

(7.1) 

where, (, is the correlation distance, or the average distance that the position of two 

droplets remain correlated. Where the distance between two droplets is larger than 

the correlation length, '6.x > (, their positions can be assumed to be uncorrelated. 

The radial profile of ( is shown in Figure 7.16. It can be seen that this scale of 

droplet aggregation has a value about 0.6 of the integral length scale, Le, in the 

shear layer. 

2.5 
A 

2.0 

1.5 
Q) 

~ 
-........ 
V 

1.0 

0.5 

0.0 
0 1 2 3 

r/b 

Figure 7.16: Radial profile of correlation length, (, at x/ D = ll. 
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In order to evaluate the spatial distribution of droplet clustering in the spray for 

different Stokes numbers, radial profiles of the maximum value of PCF, 9max, were 

plotted in Figure 7.17. The values of 9max is greatest for the smallest Stokes numbers 

and in the regions on the edge of the wake reaches values as high as 7 at x / D = 11. 

At x/ D = 20 this trend persists and even higher values of 9max can be seen. The 

large droplets at both positions have 9max rv 1 across the entire spray suggesting 

that the distribution of these droplets can be described by an HPP. 

10 

5 

0 
0 

A St=25 
o St=40 
<> St=95 

I 

1 2 3 

r/b 

Figure 7.17: Radial profiles of maximum of PCF as a function of Stokes number at 

x/D = 11. 
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Figure 7.18: Radial profiles of maximum of PCF, 9max, as a function of Stokes 
number at x / D = 20. 
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7.2 Turbulent Droplet Transport 

In this section the turbulent transport of droplets in radial direction of the plume 

will be discussed. The transport of droplets in a turbulent flow is normally modeled 

similar to the transport of scalars and assumed to follow Fick's law. This means 

that the transport is proportional to the gradient of mean concentration with the 

proportionality being dependent on Stokes number. As shown in Equation 2.29, the 

diffusion coefficient can be modeled as a second order tensor, Dii. 

VxCv Dxx Dxr Dxe 8Cv/8x 

VrCv Drx Drr Dre 8Cv/8r (7.2) 

VeCv Dex Der Dee 8Cv/8() 

In order to evaluate the diffusion tensor a few assumptions should be made. First 

we assume the flow is axisymmetric in () direction 1 . This means there is no gradient 

or net flux in this direction, ~ ~ 0 and vecv ~ 0. Also we assume that gradients 

in radial direction are much higher than the axial direction %x « %r. For the axial 

and radial components we can write 

(7.3) 

0 0 0 Dee 

Using these assumptions, two components of the diffusion tensor can be evaluated 

(7.4) 

1 It was shown before that the droplet flow is not fully axisymmetric. However the measurement 
here were performed on a vertical line where the flow can be considered to be locally a axisymmetric. 
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Figure 7.19: Radial profile of correlation coefficient between axial velocity and vol
ume concentration, VxCv /( v~c~ ), at x /D = 11. 

The first step to evaluate the diffusion tensor is to measure the correlation between 

velocity and concentration fluctuations. The values of correlation were calculated 

using the estimated Favre and Reynolds average of the droplet velocity. The profile 

of correlation coefficient of droplet volume concentration fluctuation, c~, and axial 

and radial velocity fluctuations, v~ and v;, at x/ D=ll are shown in Figures 7.19 

and 7.20. These correlation coefficients are also plotted at x/ D = 20 in Figure 7.21 

and 7.22. The correlation coefficients are not significant and are in the range of 

( -0.2, 0.2) substantially less than could be expected for seeding t ransport. 

The volume concentration gradients shown in Figure 7.23 were used to calculate 

two components of the eddy diffusivity tensor , Drr and Dxr · The eddy diffusivity 

components are shown in Figures 7.25 to 7.28. At most positions Dxr is negative 

which means a transport against the gradient of the mean concentration. This 
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Figure 7.20: Radial profile of correlation coefficient between radial velocity and vol
ume concentration, Vrcv/(v;c~), at x/ D = ll. 
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Figure 7.21: Radial profile of correlation coefficient between axial velocity and vol
ume concentration, Vxcv /( v~c~ ), at x/ D = 20. 

counter-gradient diffusion values have been reported in several studies such as [83] 

and [86]. The cause of this behavior has been attributed to inhomogeneity. A 
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Figure 7.22: Radial profile of correlation coefficient between axial velocity and vol

ume concentration, Vrcv/(v;c~), at x/ D = 20. 
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Figure 7.23: Normalized concentration gradient at x/ D 
concentration at the center of the wake. 
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11. Cv0 is the volume 

discussion on the values of diffusion tensor will be shown in the discussion chapter. 
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Figure 7.24: Normalized concentration gradient at x/ D = 20. C v0 is the volume 
concentration at the center of the wake. 
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Figure 7.25: Eddy diffusivity component , Drr, at x/ D = ll. 
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Figure 7.27: Eddy diffusivity component , Dxr, at x/ D = 11. 

124 



0.1 

<> A St=14 
o St=29 
<> St=61 

0.05 
0 ,,...--..__ 

CF:! 

----<N 

~ 0.0 '--"' 

~ I 
H 

I Q 
-0.05 'n_.A/ 

-0.1 
0 1 2 3 

r/fJ 

Figure 7.28: Eddy diffusivity component, Dxr, at x/ D = 20. 
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Chapter 8 

Droplet Sizing and Velocirnetry in 

the Wake of Rotary Cage 

atomizers 

Rotary-cage atomizers are commonly used in forestry and agricultural applications 

because they produce a narrow spectrum of droplets that is well suited for forestry 

insecticide application. An important characteristic of agricultural sprayers is their 

statistical distribution of droplet sizes. Knowledge of the droplet size distribution is 

particularly important for pesticide applications because droplet size affects trajec

tory, probability of contact with the target pest, and the biological dose. 

The study on rotary atomizers in this work was mainly focused on proper rep

resentation of droplet size statistics. Specifically the intrinsic difference between 

sampling method used by laser diffraction (LD) and phase Doppler interferometry 

(PDI) was investigated. The results of this study were published in [5] and are 

presented in Appendix B1 . 

1 In this work, the data acquisition was performed by Ian McLeod and I. I was responsible for 
analyzing the data and preparing the manuscript. Analyzing the results, manuscript correction and 
proof reading was performed by Dr. Holloway, Ian McLeod and I. 
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Chapter 9 

Discussion 

9.1 Particle Velocity Correlations 

The components of The particle velocity covariance for the axisymmetric case reduces 

according to symmetric constraints 

v2 
X VrVx 0 

[vivJ] = VxVr v2 
r 0 (9.1) 

0 0 v2 
(J 

In this study all components were measured with the exception of vi which required 

coincident velocities from three components of the PDI. This was not measured due 

to difficulties in getting an adequate number of data. 

The variation of the particle velocity covariance tensor has been studied using 

experimental and analytical methods, i.e. [70, 84]. For the radial component of the 

velocity covariance, v;, both Tchen [84] and Reeks [70] derived analytical expressions 

for long-time particle velocity covariances in a uniform shear flow. Reeks [70] showed 

that the diagonal terms depend on the shear rate of the gas phase velocity, the 

particle inertia, and the Lagrangian time scale of the continuous phase. 
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Here components of the velocity covariance tensor are normalized using u; 

v2 
X VrVx 0 

ViVj 1 
v2 (9.2) 

u2 u2 
VxVr r 0 

r r 

0 0 v2 
{) 

The normalized tensor was evaluated and averaged in the shear layer in the vicinity 

of the point where av/ or is maximum, ( r / 6 ~ 1). The normalized stress tensor for 

the gas phase at x / D = 11 is shown here for comparison 

1.26 -0.42 0 
UiUj 

-0.42 1.0 0 
u2 r 

(9.3) 

0 0 

At x / D = 20 the measured tensor is 

1.19 -0.34 0 
UiUj 

-0.34 1.0 0 
u2 r 

(9.4) 

0 0 

In the shear layer the axial velocity fluctuation is larger than the radial component 

and the shear component is negative. This agrees with gas phase data from axisym

metric single phase wakes [64] where the ratio between the axial and radial velocity 

fluctuation, u';/u;, in an axisymmetric wake, near r/6 = 1, has been shown to be in 

the range of 1.2 < u;/u; ~< 1.4. 

The normalized values of the velocity covariance for each St number at x/ D = ll 

are 

1.30 -0.57 0 
( ViVj) St=25 

-0.57 1.10 0 (9.5) 
u2 r 

0 0 
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( ViVj) St=40 _ 

u2 
r 

( ViVj) St=95 

u2 
r 

The normalized values at x / D = 20 are 

( ViVj) St=l4 

u2 
r 

(V(i]]") St=29 

u2 
r 

(V(i]]") St=65 

u2 
r 

0.98 

-0.45 

0 

0.93 

-0.38 

0 

1.59 

-0.52 

0 

1.00 

-0.40 

0 

0.56 

-0.24 

0 

-0.45 0 

0.73 0 (9.6) 

0 

-0.38 0 

0.48 0 (9.7) 

0 

-0.52 0 

1.16 0 (9.8) 

0 

-0.40 0 

0.76 0 (9.9) 

0 

-0.24 0 

0.36 0 (9.10) 

0 

It can be seen that the velocity covariance for smaller Stokes numbers is larger than 

the gas phase values. This unexpected result may be due to mixing of droplets in 

the inhomogeneous wake over scales larger than the gas phase; producing higher 

variation in the velocity of droplets. 

In order to compare the results with Tchen's theory (see Equation 2.25) and Reeks' 

model, the ratio between droplet velocity covariances and the gas phase velocity 

covariance are plotted in Figure 9.1. The horizontal axis shows the Stokes number 

of droplets based on the integral time scale. It should be mentioned that in Tchen's 
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equation the fluid time scale is a Lagrangian time scale. Since the value of Lagrangian 

time scale is not known here, we have used the Eulerian time scale instead. The ratio 

of stresses between the values measured and the values estimated by Tchen's theory is 

about 6. The Reeks' model were not significantly different than the values predicted 

by Tchen's equation and for this reason are not shown here. 

The significant difference between the experimental results and the models could 

be caused by two factors: First, these models are developed based on the assump

tion that the flow is homogeneously seeded with the droplets. This is not true 

in the present experiments. Second, the models use Stokes numbers based on the 

Lagrangian time scale of the velocity and therefore it is critical to know the ratio 

between Eulerian and Lagrangian time scales of the flow. 

1.5 0 11 v 2 r/u2 r 

• v 2 x/u2 x 0 • 0 VxVr/UxUr 

11 0 - Tchen's theory 

l;l"' 
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1.0 • 
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11 
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0 5 15 20 

Figure 9.1: Comparison between the velocity covariance of droplets normalized by 
gas phase velocity covariance measured in this work and Tchen's theory. 
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9.2 Droplet Diffusion 

In the Section 7.2, two components of the diffusion coefficient tensor, Drr and Dxr, 

were presented at 2 axial positions. Here we compare these measured values with 

available models and theoretical results for the long-time limit diffusion of scalars 

in homogeneous sheared turbulence. In this case the components of the diffusivity 

tensor were estimated by Tavoularis and Corrsin [83] as 

2 +(- )( ~) Ux Txx UxUrTxr Txr dr UxUrTxr 0 

[DiJ]est = - + (2 ) ( ~) UxUrTrx Ur Trr Trr dr 
2 UrTrr 0 (9.11) 

0 0 U~T()() 

where TiJ are the Eulerian time scales. The mean shear can be seen to have a 

substantial effect on Dxr and Drx with Drx probably having negative values. 

In the case of particle diffusion, we extend Equation 9.11 by using the particle 

velocity covariance, vivj, instead of the gas phase velocity covariance, uiuj and the 

Eulerian time scales of the particle velocities. The particle velocity covariance and 

velocity time scales are functions of the particle Stokes number. 

2 +(- )( ~) Vx Txx VxVrTxr Txr dr VxVrTxr 0 

[Dij]est = - + (2 ) ( £) VxVrTrx Vr Trr Trr dr 2 VrTrr 0 (9.12) 

0 0 viT()() 

The present shear flow is not homogeneous but we will compare measured values 

to the estimate for homogeneous flow using values of Drr and Dxr normalized by 

Drr,est = Trrv;. Profiles of Drr/ Drr,est at x/ D = ll and x/ D = 20 are shown in 

Figures 9.2 and 9.3. It can be seen that the ones with the largest St numbers have 

lower values of this ratio. There are negative values of Drr and Dxr at both positions. 

These negative values are commonly attributed to the inhomogeneous character of 
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the flow. 
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Figure 9.2: Normalized eddy diffusivity component, Drr , at x/ D = 11. 
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Figure 9.3: Normalized eddy diffusivity component, Drr, at x/ D = 20. 
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Values of Dxr/Trrv; , at x/ D = 11 and x/ D = 20 are shown in Figures 9.4 and 9.5. 

Here the droplets with larger St numbers showed larger values of Dxr /Trrv;. 
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Figure 9.4: Normalized eddy diffusivity component, Dxr, at x/ D = 11. 
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Figure 9.5: Normalized eddy diffusivity component, Dxr, at x/ D = 20. 
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At x/ D = 11, the average values of Drr/Trrv; and Dxr/Trrv;, at averaged in the 

shear layer (1 < r/6 < 1.5), were 

( 
DiJ) 

TrrV; St=25 

(
fl .. ) 

7rr~; St=40 

( 
DiJ) 

TrrV; St=95 

-0.06 

0.19 

-0.01 

0.13 

-0.05 

0.09 

(9.13) 

(9.14) 

(9.15) 

For all three groups of droplets at x/ D = 20, Dxr/Trrv; values are negative and the 

absolute values of all the components are less than unity. 

( 
DiJ) 

7rrV; St=l4 

( 
DiJ) 

7rrV; St=29 

( 
DiJ) 

7rrV; St=6l 

-0.31 

0.35 

-0.12 

0.14 

-0.10 

0.12 

At x / D = 20 the ratios have increased as the Stokes number decreases. 
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Figure 9.6: Normalized values of Drr measured in the wake of a disk. The solid line 
shows a model developed in [72]. 

As mentioned earlier Drr for a scalar in homogeneous turbulence can be estimated 

as Trru;. Here the values of the radial components of the droplet dispersion show 

much smaller values compared to Trrv; . Once again it should be mentioned that we 

have used the Eulerian t ime scale in here with the assumpt ion that the Lagrangian 

t ime scale has the same order of magnitude. 

Ryan in [72] derived a model to predict the diffusion rate of droplets in an axisym

metric plume in homogeneous turbulence. This model sp cifies that the diffusivity 

is a function of the dimensionless number , K , defined as 

(9.19) 

where R ed is the droplet Reynolds number, T e is the integral t ime scale, and tis the 

elapsed diffusion time from injection. 

The normalized values of droplet diffusion coefficients from [72] are shown together 

wit h the results of the current work in Figure 9.6. 
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By comparing the results in Figure 9.6 we see that values are somewhat smaller 

than the values predicted by the model. 
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9.3 Production of Particle Concentration Fluctu-

ation 

The profile of the variance of volume concentration, c~, is shown in Figures 9.7 and 9.8. 

A distinguishing feature of the profiles is a maximum which is migrating toward 

the centerline with downstream distance. The lowest St having the highest rate of 

diffusion. The variance of concentration fluctuation, c~, by a balance equation which 
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Figure 9.7: Radial profile of concentration fluctuation in the disk wake at x/ D = ll. 

can be derived in an analogous manner to a passive scalar [81] 

(9.20) 

where in the case of droplets and particles , cc = 0, due to the absence of any 

significant molecular action. The remaining terms on the RHS of this equation 

are the production, P~2, and the turbulent diffusion of concentration. The role of 
V 

equation 9.20 in determining t he profile of concentration fluctuation will be the focus 
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Figure 9.8: Radial profile of concentration fluctuation in the disk wake at x/ D = 20. 

of this section. The production is the product of the turbulent flux of concentration 

in the radial direction given in Figures 7.20 and 7.22 and the radial gradient of 

mean concentration given in Figures 7.23 and 7.24. Figures 9.9 and 9.10 show the 
JP-,,, 

normalized profile production, _ c~ , measured at x/ D = 11 and 20. The profiles 
Vr Cv Q v o 

of gradient of mean concentration are shown in Figures 7.23 and 7.24 to compare 

against the areas of significant production areas . Two areas of maximum generation 

can be observed in Figures 9. 9 and 9 .10. One area is near the center of the wake 

and the other area is near the wake shear layer . These regions coincide with the 

locations where the magnitude of concentration gradient is maximum. In both axial 

positions, x/ D = ll and 20 , the normalized values of the production term reduce 

as the Stokes number increases . The maximum production occurs for droplets of 

St= 14 at x/ D = 20. 
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Figure 9.9: Normalized production term in the Reynolds-averaged equation for the 
concentration variance evaluated at x/ D = 11. C vo and VrCvo are the values of 
volume concentration and turbulent flux on the wake centerline for St= 25. 
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Figure 9.10: Normalized production term in the Reynolds-averaged equation for the 
concentration variance evaluated at x/ D = 20 . C vo and VrCvo are the values of 
volume concentration and turbulent flux on the wake centerline for St= 14. 
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Chapter 10 

Summary and Future Works 

In this chapter, an overall summary of the thesis will be presented. The main purpose 

of this thesis was to establish a framework for performing experimental measurement 

in dilute turbulent two phase flows with a focus on evaluating terms that appear in 

Eulerian description of dispersed two phase flows. These include the turbulent flux 

of droplets, concentration fluctuations and eddy diffusivity. 

The experiments were performed in single phase and two phase disk wake flows. 

The single phase flow measurements were performed downstream of a 14cm disk 

using a hotwire anemometer and a PDI system. The velocity and turbulence intensity 

profiles had a good agreement to the available experimental results in the wake of a 

disk. The comparison between the hotwire and PDI results showed good agreement 

in measurement of mean velocity, turbulence intensity and power spectrum. Velocity 

distributions in single phase wake flow showed high values of skewness and kurtosis 

indicating a high deviation from a normal distribution. 

For the two phase flow, several important flow properties were measured. First 

and second moments of droplet size, velocity and volume concentration were mea

sured across the spray plume. These values were evaluated for three groups of 

Stokes numbers at each axial measurement position. Size and velocity distribution 
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of droplets were determined across the spray plume. Similar to gas phase velocity 

results, the droplet velocity distribution deviated significantly from a normal distri

bution. An extensive investigation was performed on the measurement of droplet 

size in the wake of rotary atomizers. This work and the results were presented in 

Appendix B. 

Velocity covariance components were also measured for gas phase and particle 

phase. All the components showed a negative correlation with the Stokes number 

in the shear layer. Using the moments of axial and radial droplet velocities, an 

estimation of radial component of turbulent viscosity tensor was determined. The 

value of vr also decreased as the St number increased. 

A thorough investigation was performed to characterize the temporal and spatial 

distribution of droplets in the flow. It was shown that the temporal droplet distri

bution deviates from a maximally random Poisson process. Bayesian methods were 

used to fit a Log-Gaussian Cox Process (LGCP) on the droplet distribution. Fur

thermore, the pair correlation function was used to quantify the degree and scales 

of clustering in the flow. It was shown that the shedding frequency in the wake 

of the disk has an important role in creating droplet clusters in spite of the strong 

turbulence. 

A method for estimating the turbulent flux for droplets was proposed and was 

used to estimate the turbulent flux across the wake. Using these results, two terms of 

droplet diffusion tensor, Drr and Dxr were evaluated. The values of eddy diffusivity 

were normalized by an estimation of gas phase eddy diffusivity in radial direction. 

Recommendations for Future Works 

• An important goal of this study was to provide a statistical structure to es

timate temporal fluctuations of droplet concentration using data taken with 
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PDI. The treatment of concentration measurements as a Cox process was pro

posed as a plausible model for the distribution of droplets in time and space. 

More rigorous methods can be used to verify the capability of Cox processes in 

describing and predicting the temporal distribution of droplets in a turbulent 

flow. Furthermore, the estimation of model properties for a Cox process from 

the experimental data is another area that needs to be improved. Simulation 

methods such a Monte Carlo methods can be used to test the goodness of fit 

for a Cox process fit. More information for such tests can be found in [44]. The 

estimation of concentration fluctuation creates high uncertainty values. More 

investigation is required to find more accurate estimations. 

• A limitation in this study was the difficulties in measurement of coincident data 

using the PDI system. In order to estimate more accurate values of particle 

velocity moments, turbulent flux of droplets and droplet velocity time scales, 

very long time records of coincident data were needed. By improving the PDI 

processing capabilities, this can be achieved in future. 

• The values of volume concentration and the droplet Stokes number play an 

important role in the behavior of the dispersed phase. Testing the effect of mass 

loading and the droplet Stokes number in a broader range seems to be necessary 

for better understanding of their role in turbulent momentum transfer and 

turbulent flux of droplets. 

• A method for estimating the turbulent flux of droplets was proposed. We used 

a somewhat simple simulation to test this method and its accuracy. A more 

advanced treatment of fluid turbulence is needed to quantify the uncertainty 

of this method in more realistic flows. 
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Appendix A 

Estimating of Second Moment of 

Poisson Density 

A.1 Intensity Estimation 

One method to measure standard deviation of ,\ for a Cox process or an NHPP is to 

find how ,\ changes in time. 

A generic experimental data from PDI is in the form of a series of arrival times, 

(t0 , t1 , ... , ti, ti+I, ... , tn-l, tn). Figure A.1 shows a schematic of the signals produced 

by droplets from a PDI measurement. 

C 
Figure A.l: Schematic of produced signals by droplets arriving to the PDI measure
ment volume. 

A common method to estimate the temporal density of Poisson data is to bin the 

arrival times into small time intervals [tj, tj + !::,.t]. This is shown in Figure A.2. The 

number of events in each bin, !::,.Nj, is commonly used to estimate ,\ in that time 
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interval [tJ, t j + ~ t]. This estimated density will be shown as \. 

signal burst 1t 

~~ 
Figure A.2: Binning arrival t imes into discrete t ime bins. 

One of the simplest estimating methods suggested by Hardalupas and Horen

der [39] is to estimate ~J as ~J = ~ NJ/ ~t. The accuracy of this method greatly 

depends on the value of each ~ NJ because the standard error for ~ NJ is ~ - If 

one wants to achieve a confidence interval of ±20% for AJ then each interval should 

have more than 100 events (e.g. ~ NJ > 100). In the experiments performed in this 

work the t ime scale of variation in A is estimated to be smaller than 0.01 second. 

This exposes a limit on length of t ime interval ( !::it < O.Ol s). In most experiments 

of this work, the expected number of droplets in this t ime interval is less than three, 

~~t < 3. This means confidence level of this method in current experiments will be 

±100%. This will justify the search for more reliable methods. 

More reliable methods have been developed for Poisson intensity estimation such 

as Bayesian methods, wavelet shrinkage estimator, kernel smoothing methods (see 

e.g. [48, 34, 9] for a review and comparison of methods) . These methods were focused 

on estimating t he intensity of an NHPP as a cont inuous function of time. Besbeas 

et al. [9] and Fryzlewicz and Nason [34] compared the performance of a number 

of classical and Bayesian wavelet shrinkage estimators in their studies . The results 

didn 't show a significant difference between methods that they tested. But it was 

shown t hat some methods performed better on specific types of functions. The 

functions that were tested in Besbeas et al. [9] were ( Smooth) Clipped Blocks7 Bumps7 

A ngles7 Spikes7 Bursts) . 

Here we perform a study on methods introduced in [9] and [34]. The methods 
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were made available in software packages in MATLAB and R [33 , 61) . Our focus 

is mainly on the estimation of the second moment of >..(t). In order to evaluate 

the methods, we use two types of simulated NHPPs. The first simulation used 

the temporal density shown in Equation A.l and Figure A.3. Figure A.4 shows a 

simulated realization of Poisson process with temporal density of >..(t) generated by 

using thinning algorithm [54). Also, to test the methods on a more relevant intensity 

function, another function for >..(t) was used. This is shown in Figure A.5. 

120 (#/s) 

115 (#/s) 
>..(t) = 

125 (#/s) 

120 ( #/ s) 

160 I I I I 

140 

Cl) -~ 120 
...., 
..-<:: 

100 

80 ~~~~~~~~~~~~~ 
0 128 256 384 512 640 768 896 1024 

T ime (s) 

Figure A.3: Poisson density, >.. (t ), used 
to simulate the realization shown in Fig
ure A.4. 

Os< t < 256s 

257s < t < 512s 
(A.1) 

513s < t < 768s 

769s < t < 1024s 

160 

140 

% 
;; 120 

<1 

100 

80 ~~~~~~~~~~~~~ 
0 128 256 384 512 640 768 896 1024 

T ime (s) 

Figure A.4: A realization of a Poisson pro
cess with intensity >..(t) shown in Equa
tion A.1. flt was chosen to be 1 second. 

Table A. l shows the list of methods that were tested. For more information on 

these methods refer to [9) and [34). 

In order to evaluate the accuracy of the methods, two criteria were used. For 

each method a normalized root mean squared error (NRMSE) was calculated. This 

is common for evaluation of intensity estimation methods and shows how the root 
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Number Method's Name 

1 hard minimax threshold 
2 soft minimax threshold 
3 hard universal threshold 
4 soft universal threshold 
5 hard cross validation threshold 
6 soft cross validation threshold 
7 translation invariant hard minimax threshold 
8 translation invariant soft minimax threshold 
9 translation invariant hard universal threshold 
10 translation invariant soft universal threshold 
11 translation invariant hard cross validation threshold 
12 translation invariant soft cross validation threshold 
13 hard minimax threshold 
14 soft minimax threshold 
15 hard universal threshold 
16 soft universal threshold 
17 hard cross validation threshold 
18 soft cross validation threshold 
19 translation invariant hard threshold 
20 translation invariant soft threshold 
21 hard threshold 
22 soft threshold 
23 translation invariant hard threshold 
24 translation invariant soft threshold 
25 Modulation Estimator 
26 Translation Invariant Bayesian Multiscale Method 
27 Translation Invariant Bayesian Multiscale 

Multiplicative Innovations Model 
28 11-Penalised Likelihood Method 
29 Haar-Fisz algorithm for Poisson intensity estimation 

Table A.1: List of the methods used for intensity estimation. 
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Figure A.5: Poisson density, A(t) , used 
to simulate the realization shown in Fig
ure A.6. 

Figure A.6: A realization of A( t) shown 
in Figure A.5. ,6.t was chosen to be 0.01 
second. 

mean square of (>. - A) compares to standard deviation of A (standard deviation of 

A is shown as s.d.(A) or X). NRMSE is defined as 

v~ (~- >.)' 

NRMSE = A'n (A.2) 

Also as a second criterion, we compared the standard deviation of estimated 

rate, >.' , to the standard deviation of simulated rate, X. The results are shown in 

Figure A.7. The methods that show values of NRMSE and J ~'~>-' J closer to zero give 

a better estimation of A. In this test the " 29: Haar-Fisz algorithm" was consistently 

giving the best estimation based on these two criteria. 

The results for the second simulation are shown in Figure A.8. Again " 29: Haar

Fisz algorithm" gives one of the best estimations along with " 21&22: threshold" 

and " 23&24: translation invariant threshold" methods. The most promising method 

was found to be the Haar-Fisz algorithm by Fryzlewicz and Nason(Gaussian wavelet 

shrinkage method, [34]) . It should be mentioned that it was observed that the 

accuracy of the methods in estimating X was dependent of the choice of i6.t. 

After performing several rounds of simulations and testing these methods, it was 
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Figure A.7: Deviation in estimation of X and NRMSE values for methods shown in 
Table A.l. 
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Figure A.8: Deviation in estimation of X and NRMSE values for methods shown in 
Table A. 1. 

decided that these methods are not appropriate for estimating the properties of X 

for a Cox process . For this reason they were not used in estimating the concentration 
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fluctuations. 

A.2 Estimating >...' from Histogram of Inter-Arrival 

Times 

Edwards and Marx [25] developed a method to estimate standard deviation and co

efficient of skewness for the intensity distribution function, JP.,), using the histogram 

of the inter-arrival time for an unsteady/ deterministic spray 

T 

J .-\2 (t) dt 
f (T = 0) ~ _OT __ (A.3) 

f .-\ (t) dt 
0 

T 

df ( T) I ~ - [ A 3 ( t) dt 
dT - T 

(r=O) J A (t) dt 
(A.4) 

0 

where f ( T) is the probability density function of droplet inter-arrival times. They 

derived these expressions by relating the autocorrelation function of .-\(t) to the pdf 

of inter-arrival times, f(r). For a steady spray f(r = 0) = A and df /dr(r = 0) = .-\2 . 

It should be noted that the estimated value for zero-delay intercept, f(r = 0), is 

greatly dependent on the number and size of the bins used to calculate the inter

particle time distribution and the number of droplets in each bin. Also the smallest 

time interval that can be detected by PDI is limited to the system settings and the 

processing power of the data acquisition system. 

In order to estimate the error associated with this method a simulation was de

signed. NHPPs were simulated with different ranges of variation in .-\(t). This is 

shown in Table A.2. Each simulation was 180 seconds long and 5. = 100(#/s). f(r) 

at T = 0 was estimated by applying a linear fit to the first 7 points of the histogram. 
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The estimation of )..' appeared to be very sensitive to the bin size that was used to 

calculate f ( T) and the number of points that was used to estimate f ( T) at T = 0. 

Each test was repeated 20 times and the average relative error is shown in the last 

column of Table A.2 along with the minimum and maximum values of observed er

rors in the brackets. The estimates become more accurate when the variation in .X(t) 

increases. 

Table A.2: Estimating the variation of .X using the zero crossing. 

test No. s.d.(.X)/~ s.d.(j)/~ mean relative error 
I. 0% 12.5% -

II. 10% 14.1% 67.9% (7.6%-187.0%) 

III. 15% 14.7% 32.9%(3.9%-78.1 %) 

IV. 20% 20.8% 18.4% (2.2%-77.1 %) 

V. 40% 44.8% 12.1% (2.0%-25.9%) 

By performing these simulations it was found that the )..' estimated using the method 

described by Edwards and Marks [25] contains large values of uncertainty. Therefore 

it was decided not to use this method to estimate the concentration fluctuations. 
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DROPLET SIZING AND VELOCIMETRY 

IN THE WAKE OF ROTARY-CAGE ATOMIZERS 

A. Bagherpour, I. M. McLeod, A.G. L. Holloway 

ABSTRACT. An important characteristic of liquid sprays is the statistical distrihulion of droplet si=es that they produce. 
Knowledge <?f the droplet si=e distrihution is particularly important ji>r pesticide applications hecause droplet si=e affects 
trajectory, prohability of contact with the target pest, and the hiological dose. l11is article descrihes an experimental study 
of the spray plume of a rotary-cage atomi=er in a wind tunnel environment with an air speed typical of aerial application 
(60 to 70 m s·1

). Comparative measurements <?{droplet velocity and diameter were made using phase Doppler inter_ferome
ter (PD/) and laser d/f!raction (/,D) instruments. 711e present study is unique hecause ii reports full droplet velocity and 
si=e data over a range ofstreamwise distancesfrom the atomi=er. High droplet concentrations and strong.flow recircula
tion in the near wake (xD · 2) were fiJund lo have a significant effect on the UJ measurements. At greater downwind dis
tances (xD · 8), droplet velocities werefound to be more uniform, and droplet si=e measurements using U) and PD/ in
struments werefound to be in close agreement. 

Keywords. Atomi=ers, Droplet si=e. Droplet velocity, Laser d/ffraction, Phase Doppler interferometer. Sprayer. 

R
otary-cage atomizers are commonly used in for
estry and agricultural applications because they 
produce a narrow spectrum of droplets that is 
well suited for forestry insecticide application. 

The spray plumes in the immediate vicinity of a rotary-cage 
atomizer tend to be spatially segregated, with droplet size 
varying along the plume axis and over its cross-section as a 
result of breakup, evaporation, settling, and inertial effects. 
For example, the largest droplets are spun farther out before 
aerodynamic forces can turn them in line with the air 
stream. As a result, the plume characteristically contains a 
core of small droplets surrounded by a ring of larger drop
lets. This segregation persists far downwind of the atomizer 
in the wind tunnel. In addition to spatial segregation by 
size, there are also gas phase velocity gradients due to the 
flow obstruction caused by the sprayer that, when com
bined with droplet size segregation, produce a highly non
uniform velocity distribution across the droplet size spec
trum. These aerodynamic effects require that special pre
cautions be taken to ensure that droplet size distributions 
(DSD, indicating either the cumulative number or volume 
distributions) are from a flux-sensitive sample. 

Optical techniques of spray droplet measurement are 
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generally preferred because they are non-intrusive. Howev
er, different optical instruments use different sampling 
methods and consequently can arrive at different DSD for 
the same spray. For example, the characterization of aerial 
sprays requires that the DSD be based on a flux-sensitive 
sampling method, as opposed to a concentration-sensitive 
sampling method, so that rates of spray release can be re
lated to ground coverage (Picot and Kristrnanson, 1997). 
Flux-sensitive instruments are those that count the number 
of droplets that cross their measurement plane (or volume). 
Examples of flux-sensitive instruments are the optical array 
probe (OAP; Knollenberg, 1981) and phase Doppler inter
ferometer (POI; Bachalo and Houser, 1984). (Alternately 
referred to as PDA or POPA by different manufacturers, 
here the term POI will be used for all phase Doppler in
struments.) Concentration-sensitive instruments sample a 
finite volume of space containing a large number of drop
lets. Examples of concentration-sensitive instruments are 
image analysis (particle/droplet image analysis, PDIA; 
Kashdan et al., 2003) and laser diffraction (LO; Swithen
bank et al., 1977). The POI and POIA methods offer simul
taneous droplet velocity measurements using laser Doppler 
velocimetry (LDV; Albrecht et al., 2003) and particle im
age velocimetry (PIV; Hesselink, 1988), respectively. Ex
tensive comparative studies of sprays using the optical 
techniques described above over the past 30 years have 
confirmed the effects of sampling methodology as well as 
other inherent uncertainties in each of these methods 
(Young and Bachalo, 1987; Chapple et al., 1995; Herbst, 
2001; Dodge, 1987). In addition, approximate methods of 
relating the flux-sensitive droplet size spectrum, represent
ed by DSDF, to the concentration-sensitive droplet size 
spectrum, DSDc, have been developed and confirmed ex
perimentally for simple cases (Young and Bachalo, 1987; 
Chapple et al., 1995). The transformation requires the aver-
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age droplet velocity in each droplet size class for its im
plementation. In the case of sprays, velocity data must 
come from PDI and PDIA instruments, which add com
plexity above and beyond an OAP or LO based study. An 
important special case of the transformation between flux
sensitive and concentration-sensitive sampling methods is 
where the velocities of all droplets are equal; in this case, 
both samples yield equivalent results: DSDF = DSDc. In 
spite of all the previous work on this subject, comprehen
siv~ droplet velocity data in the wake of a rotary-cage at
omizer have not been reported in the literature, and this will 
be the primary contribution of the present article. 

The two optical techniques used in the present study are 
laser diffraction (LO) and phase Doppler interferometry 
(PDI). LO gathers scattered light from a volume formed by 
the intersection of a laser beam transect and the spray 
plume. The laser beam must be traversed through the spray 
to measure the DSDc of the whole plume. LO does not 
measure individual droplet sizes but rather infers the DSDc 
from the pattern of scattered light incident on a detector ar
ray. LO is often used for spray characterization because of 
its large measurement volume and high sampling rate. 
However, as noted earlier, LO uses concentration-sensitive 
sampling and is only useful for aerial spray characterization 
if the result can be transformed to a flux-sensitive result. 
PDI provides the size and velocity of the droplets that pass 
through a small measurement volume that must be trav
ersed over the cross-section of the spray. PDI has the ad
vantage of directly measuring the DSD,.., and recent ad
vances in signal processing have improved the speed and 
robustness of PDI instruments. 

This article describes comprehensive measurements of 
the droplet size and velocity of the spray plume from a Mi
cr~nair AU4000 atomizer (Micron Group, Bromyard, U.K.) 
usmg PDI and LO systems to compare the effect of various 
sampling methods and test conditions on the results. These 
instruments have their own unique uncertainties of meas
urement, but they should be expected to give similar results 
for droplet size spectra in a spatially uniform spray with 
uniform droplet velocity across all size classes. One of the 
primary results of this work is the identification oftest con
ditions that produce approximate equivalence of DSDc and 
DSDF and how such conditions can be met through the de
sign of the test facility and procedures. 

REVIEW OF PREVIOUS TEST RESULTS 

FOR ROTARY-CAGE ATOMIZERS 
Picot and Goguen (1995) and Picot and Kristmanson 

( 1997) measured DSDc of the spray produced by a Mi
cronair AU4000 atomizer (the atomizer is shown in figure 4 
of AU4000 Manual, 2011) in a circular cross-section wind 
tunnel ( 1.02 m in diameter) using a Malvern 2605C laser 
diffraction instrument. The airspeed was 45 m s·1

, and the 
test fluid was a mixture of water and isopropyl alcohol. 
Chordal samples were taken from the top of the spray 
plume to the bottom with a vertical spacing ranging from 
2.5 to 5.1 cm. The measurements were typically conducted 
1.85 m downwind of the atomizer. The droplet velocity was 

Table I. Volume median diameter of droplets produced by AU4000 ac
cording to Picot and Kristmanson (1997). 

Air Rotation Test Fluid and 
Speed Rate Surface Tension 
(m s·1

) (rpm) (dynes cm·') 
45 3500 9"/o isopropanol in water, 40 
45 7900 9"/o isopropanol in water, 40 
45 10400 9"/o isopropanol in water, 40 
56 2700 29"/o isopropanol in water, 31 
45 2600 29% isopropanol in water, 31 
45 5500 29"/o isopropanol in water, 31 
45 7000 29"/o isopropanol in water, 31 

49.2 9000 20% isopropanol in water, 40 

Flow 
Rate 

(Lmin.1
) 

12.6 
12.6 
12.6 
7.5 
7.2 
38 
38 
7.8 

Dm, 
(µml 
212 
95 
69 
221 
369 
166 
Ill 
96 

not measured, but the LO results for DSDc were transformed 
to flux-sensitive data using the droplet velocities derived 
from an analytical model that accounted for the air drag on 
the droplets (Picot and Kristmanson, 1997). As a check of 
consistency, the volume flow rate of liquid for each chordal 
measurement was calculated and summed for comparison to 
the liquid flow rate provided to the atomizer. The comparison 
indicated that mass flow rate could be estimated from the 
DSD within ±20%. Table I summarizes the results of the ex
periments provided by Picot and Kristmanson ( 1997). 

Hewitt et al. ( 1994) measured the DSDc of the spray 
produced by a Micronair AU4000 rotary-cage atomizer us
ing an LO instrument. The experiments were conducted in 
a 56 cm x 56 cm wind tunnel, and the airstream velocity 
was 36 m s·1

• The distance between the atomizer and the 
measurement plane and the sampling protocol (e.g., center
line only or multiple chordal positions) were not reported. 
Table 2 shows the volume median diameters (Drns) meas
ured in this study. 

In another study, Hewitt (2002) described the measure
ment of DSD produced by electrically and hydraulically 
driven Micronair AU5000 using POI and LO techniques. 
The wind tunnel test speed was 10.5 m s·', and the distance 
between atomizer and measuring plane was 18 cm for all 
tests. This study addressed the spatial segregation of drop
let sizes in the spray and tested different measurement pro
tocols for the LO instrument that included centerline 
chords, multiple chords, and continuous traverse of the 

Table 2. Volume median diameter of droplets produced by AU4000 ac
cording to Hewitt et al. (1994). 

Air Rotation Test Fluid 
Speed Rate (dry) (surface tension 
(m s·'l (rpm) not reported) 

36 4000 Water 

36 5000 Water 

36 6000 Water 

36 4000 Insecticide 
(RH 5992 2F) 

36 5000 Insecticide 
(RH 5992 2F) 

36 6000 Insecticide 
(RH 5992 2F) 

Flow 
Rate 

(Lmin'1) 

12 

6 
9 
12 
3 
6 
12 
3 

12 
3 
12 
3 
12 

Dm, 
(µml 
162 
176 
125 
128 
127 
135 
141 
150 
94 
95 
118 
106 
115 
138 
95 
122 
77 
Ill 
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beam across the spray. The PDI samples were taken at the 
individual points in one quadrant of the plume (measure
ments right and below the center with spacing !).x = ~Y = 

5 cm). Average DSD for the whole spray was obtained 
from LO by weighting chordal samples by beam obscura
tion (as an indication of droplet concentration through the 
laser beam). Significant differences between the DSDc and 
DSDF for different chordal locations were observed. It was 
also concluded that, for spatially segregated sprays, a DSD 
derived from a centerline chordal sample does not represent 
the whole spray plume. Hewitt recommended that DSDc 
for the whole spray be calculated by weighting chordal av
erages with the average volume concentration as deter
mined from beam obscuration. The relationship between 
obscuration and concentration will be explored in a later 
section (see eqs. 12 and 13). 

Teske et al. (2005) reported a summary of wind tunnel 
DSDc measurements (LO based) for Micronair AU4000 
and AU5000 atomizers and developed correlations for the 
dependence of Dm25, Drn5 , and Dm1s on air speed ( U), ro
tation rate (0), tank mix, flow rate (Q), and blade angle. 
For example: 

Dvo.5 = 

50.258 -- -- --
( 

[/ )-0.327 ( Q )0.056 ( Q )-0.714 

(! max Qmax Qmax ( 1) 

Details of the measurement procedures, such as the 
number of chordal measurements and distance from the at
omizer to the measurement plane, were not reported, but 
they were indicated to be similar to the stud~ by_ Hewitt et 
al. (1994 ). The validity range of the correlation 1s summa
rized in table 3. Figure 1 shows the correlation contours of 
Drns at Q = 12 L min·' together with the data from Hewitt 
et al. ( 1994) and Picot and Kristmanson ( 1997) at Q = 12 to 
12.6 L min·'. The difference between the results from these 
three studies is significant, with the correlation indicating 
smaller values of Drns than the datasets considered. 

Collett et al. (2009) reported measurements of droplet 
size and velocity in the spray plume of an electrically driv
en Micronair AU6600 operating at 15,000 rpm in an air
stream of up to 51 m s·1

• The atomizer was placed at the ex
it of a 30 cm diameter jet (no confining wind tunnel test 
section was present), and the measurements were made at a 
distance of 25 cm downwind of the atomizer using a PDI 
instrument. Water was used as the test fluid at a flow rate of 
1 L min·'. Data were reported for single radial lines in the 
horizontal and vertical directions. Both pointwise and area
integrated DSDF and mean droplet velocity profiles were 
reported. The mean velocity on the centerline of the plume, 
25 cm from the atomizer, was found to be about 45% of the 
free-stream air speed. 

Table l. Ranae ofvalidity for the Micronair AU4000 droplet size cor
relations produced by Teske et al. (2005), 

Air Rotation Test Fluids and 
Speed Rate (dry) Surface Tension 
(ms·') (rpm) (dynes cm·') 
22.4 2480 to Water, water+ Hasten, 
to 76 11200 water + Sta-Put, and 

Foray 768, 61. 7 to 72. 4 
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Flow 
Rate 

(Lmin"1
) 

3.75 
to45 

IJ,u.s 
(µm) 
eq. I 

10500 

8500 

i' 
t 6500 
a 

35 

.a. Htwilt<taLIUI 

45 55 65 75 
U (mis) 

Figure I. Volume median diameter (D10.5) of droplets prod~ced b~ a 
Micronair AU4000 atomizer from various sources as a function of air
stream velocity and rotation speed. Solid lines are according to the 
correlation of Teske et al. (2005) at Q= 12 L min·'. 

THEORY 
DROPLET SAMPLING 

The spatial droplet concentration, C,{xJI,=), can be relat
ed to the probability that a droplet of a given sized; will be 
found in the volume !).x~y.1= centered on the point (xJI,=) at 
time t. Similarly, the number rate, or temporal droplet den
sity (A.;), is related to the probability that a droplet of sized; 
will be in the vicinity of point (x,y,=) during the interval ~t 
(see Edwards and Marx, 1996, for a complete s_ingle~point 
statistical description of ideal sprays). The relat1onsh1p be
tween temporal density and spatial concentration is deter
mined by the kinematics of the droplets. In the case where 
droplets are moving parallel to the x axis at a constant ve
locity l f;, the spatial and temporal intervals L; a_nd 7' are 
simply related as L; = U;T or V; = U;p;l: where p; 1s th_e op
tical probe area normal to the direction of ll;, and V; 1s t~e 
measurement volume. This implies that the droplet spatial 
concentration and temporal density are related as: 

(2) 

This result requires that U; have a constant value; therefore, 
equation 2 may be regarded as an approximation valid only 
for low turbulence intensity flows. 

The number flux of droplets of size d; in the x direction 
is calculated from the temporal number density (A.;) and the 
component of the probe area (p;) normal to the flow direc
tion (x) as: 

<P; = A.; P; (3) 

The accurate determination of the PDI probe area is essen
tial for the aggregation of multiple point measurements, as 
required to determine whole spray DSD or volume flux. 

RELATING POINT, LINE, AND PLUME STATISTICS 

The overall droplet flux of the entire spray plume is of 
the greatest practical importance; however, neither LD nor 
PDI can provide total spray plume characteristics without 
aggregation of measurements made over subvol~mes. S_pe
cifically, LD is a line-of-sight method and PDI 1s a pomt-



by-point method, so any comparison of the results from the 
two instruments, or determination of plume-averaged val
ues, must be based on intrinsic quantities, such as the drop
let flux and droplet concentration. 

Consider the mean droplet velocity to be parallel to the x 

axis, as illustrated in figure 2. We define J\;(x ,y1,.::k) as the 
number rate of droplets through area A1k centered on posi
tion (xJli,.::k)- By using the PDI measurement of flux (<p;)_ at 
point (x,Jl,, ,.::k), the number rate of droplets for different size 
classes can be calculated at this point as A;(XJli,.::k) = 
cp;(x,y1,.::k)A1k, and the number rate for a line at streamwise 
position x and y = Yi can be calculated as: 

A; (x. y.i ) = L(P; (x ,yj ,.::k ) A.ik 
k (4) 

The total droplet number rate of size class i for the entire 
plume cross-section at streamwise position x, A;(x), can be 
calculated as: 

A; (x) = LL<J); (x ,y1 ,.::k )AJk 
k j (5) 

The LO instrument provides the cumulative droplet vol
ume distribution, F,,(d;.,x,y1), and the value of beam obscura
tion, Obs(y1), at each line y = Yi and streamwise position x. 
The method to find the plume-averaged cumulative distri
bution of droplets uses average volume concentration C 
(Hewitt, 2002): 

f~ (d;,x)= 

L1;;, (d;, x,y.i )cv(y.i )(M).i 

L cv (Yj )(L'1 V).i 
(6) 

where (L'i/1)1 = L1,D,,(L'iy); , L'iy is the LO measurement incre
ment in the y direction, and L1, and D1, are the laser beam 
length and diameter, respectively. A method to calculate the 
average number concentration (C,,) and average volume con
centration (C,,) from LO measurement will be described in 
the next section. Alternatively, the plume-averaged cumula
tive distribution is sometimes calculated by obscuration 
weighting (Picot and Kristmanson, 1997; Hewitt et al. , 
1994): 

LI\ , (d;,x ,y.i )Obs( y.i )(L'1V).i 

LObs (y.i )(t1V).i 

(7) 

This method (eq. 7) must be regarded as an approximation 
to equation 6 and is only valid when the obscuration level 
is low and Sauter mean diameter (d32 ) is constant for all po
sitions within the spray (see eqs. 12 and 13 ). 

Finally, a method of calculating the total liquid flow rate 
of the spray from LD measurements using the droplet ve
locity of each size class was suggested by Picot and 
Kristmanson ( 1997): 

(8) 

Figure 2. Contiguous cross-stream measurement volumes for particle 
sampling. 

RELATIONSHIP BETWEEN OBSCURATION 

AND NUMBER CONCENTRATION 

The obscuration (or more precisely the extinction) of the 
laser beam of the LD instrument by the spray droplets is re
lated to the droplet concentration through an extinction law 
that accounts for the light scattering along the length of the 
beam: 

(9) 

where.:: is the distance along the beam, and K is the extinc
tion coefficient, which is estimated as 

00 

[ d2 l K(.::)=2C(.::)[f(d,.::) ~ dd 
(10) 

where C(.::) is the number concentration profile and ./(d,.::) is 
the OSOc profile along the beam. Consider a beam leaving 
the transmitter with intensity I, and reaching the receiver 
with intensity /, .. The distance between the transmitter and 
receiver is .::,. - .::, = L1,, and the obscuration is defined as Obs 
= I - !,) !,. In the case of a spatially homogeneous spray, K(.::) 
= K, equation 9 gives the Beer Lambert law. However, the 
sprays under consideration in this study are very non
homogenous both with respect to concentration and droplet 
size. 

A linear approximation of equation 9 (valid for low ob
scuration; Picot and Kristmanson, 1997) is : 

Ohs [] f K(.::)d.:: 

(II) 

Equations 9 and 11 may be evaluated approximately us
ing the POI data aggregated along a beam transect and 
compared to the obscuration measured directly with the LD 
instrument. Equation 9 can also be rearranged to calculate 
the average number concentration of droplets in the LO la
ser beam: 

-ln(l-Obs) 

'!!:. / ,b (dio) 
2 avg (12) 
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where (d20 ) 0 ,g is the mean area diameter of droplets along 
the transect. The average volume concentration can similar
ly be calculated as: 

n:(ulo) 
avg 

6 en= 
1 ln(1 -0hs)(d32 )

0
vg 

J,b (13) 

where (di2 )avg = (dio )0 ,,gf(d20)0 .,g is the average Sauter mean 
diameter of droplets in the beam vo lume. 

EXPERIMENTAL APPARATUS 
WIND TUNNEL 

The test section of the wind tunnel used in this work was 
1 m in diameter and 5 m in length (fig. 3). All droplet 
measurements were taken through a glass optical access 
port at the end of the test section. The unobstructed tunnel 
airstream is highly uniform and has a turbulence level of 
less than 1 % up to a wind speed of 85 m s-1

• Full-scale at-

Figure 3. Schematic of wind tunnel facility. 

Figure 4. Micronair AU4000 rotary atomize,· (AU4000 Manual, 2011). 

Wind Tunnel's Wall 
Vdc,ci tl' Prc,files 

Figure 5. Wind tunnel spray testing arrangement. Gas phase velocity 
profiles are drawn to scale. 
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omizers are attached to a streamlined strut on the tunnel 
centerline. The atomizer position relative to the measure
ment location can be adjusted between 0.15 and 4.5 m. 

The Micronair AU4000 turbine-driven rotary atomizer 
(fig. 4) used an EX2665 blade kit and blade angle settings 
of approximately 55°, 45°, and 35°, which produced meas
ured rotation speeds of 5100, 6000, 9000, and 12,950 rpm at 
wind speeds of U,,, = 60, 66, and 70 m f 1

• (The 12,950 rpm 
rotation speed was beyond manufacturer's "upper limit" 
recommendation of 10,000 rpm, but it should be noted that 
the rotation speed described in the AU4000 manual for this 
blade kit, blade angle, and air speed was only 8200 rpm.) 
Tap water was supp lied to the atomizer at rates of 2, 4, 7.3 , 
or 8.6 L min-1

• Fluid was supplied to the atomizer by a rota
ry-vane positive displacement pump, and the flow rate was 
measured with a turbine tlowmeter. Atomizer rotation 
speed was measured using a stroboscope. The air speeds, 
flow rates, and rotation speeds chosen were selected to rep
resent actual appl ication scenarios on ai rcraft typically used 
in the aerial forest application industry. Measurements of 
the spray plume were made at streamwise positions 0.22, 
0.50, 1.0, 1.96, and 4.0 m downwind of the atomizer. The 
atomizer remained centered in the tunnel cross-section for 
all tests to minimize unwanted interference by the wind 
tunnel walls (fig. 5). Test conditions are illustrated in figure 
5 and summarized in table 4. 

INSTRUM ENTATION 

Phase Doppler instruments simultaneously measure the 
size and velocity of droplets passing through a probe vol
ume at the crossing point of two laser beams (Bachalo and 
Houser, 1984 ; Bachalo, 1980). Results at the point of inter
est are unaffected by any intervening droplets along the 
transmitter or the receiver beams on either side of the cross
ing point. All PD! measurements reported in this article 
were made using a PDl300 phase Doppler interferometer 
(Artium Technologies, Inc ., Sunnyvale, Cal.). The PDl300 
is capable of simultaneously measuring droplet size and 
three components of droplet velocity. Two transmitter units 
produce three pairs of green (532 nm), blue (473 nm ), and 
yel low (561 nm) laser beams that were arranged as shown 
in figure 6. For all tests, 1 m focal length lenses were used 
for both the transmitters and the receiver. Measurements of 
droplet size and velocity were made on a grid in the plane 

Table 4. Test conditions. 
Wet Rotation Flow Measurement 

Speed Speed Rate Plane Blade 
Test (rem) (m s· ') (Lmin'1

) x(m) An!;lle 
A 5 100 70 7.3 0.22 55° 
B 5100 70 73 1.96 55° 
C 6000 60 8.6 0.22 55° 
D 6000 60 8.6 1. 96 55° 
E 8547 66 0.22 45° 
F 8547 66 1.96 45° 
G 12,950 66 0 22 35° 
H 12,950 66 0.22 35° 
I 12,950 66 0.5 35° 
J 12,950 66 0.5 35° 
K 12,950 66 35° 
L 12,950 66 1. 96 35° 
M 12,950 66 1.96 35° 
N 12,950 66 35° 



Figure 6. PDI setup and scanning pattern . 

of the spray plume cross-secti on. At each position, either 
I 00,000 droplets were measured or I 00 s of data were 
gathered, whichever occurred first. In the center of the 
plume, I 00,000 samples were gathered in 3 to IO s. Near 
the edges of the plume where droplet density was lower, 
I 000 samples were gathered in I 00 s. 

In order to measure the flux of dropl ets or aggregated 
OSO fo r the spray plume using POI , the probe area must be 
known fo r each droplet size in the spray. Thi s is normally 
deri ved by the system software from the transit times of the 
droplets through the probe volume and the size of the re
ceiver aperture (Chuang et al. , 2008). However, in the pre
sent optical arrangement, which used a relati vely long foca l 
length of I 111 , the normal method of probe area determina
tion was fo und to underestimate the probe area. Thi s would 
have the direct effect of overestimating the droplet flux at a 
given measurement pos ition in the spray. To determine the 
correct relationship between aperture size and probe area 
fo r our particular optica l arrangement, test M in table 4 was 
repeated using aperture sizes of I 00, 200, and 400 µm . The 
results for overall volume fl ow rate and aggregated OSO are 
shown in fi gures 7 and 8. From this study, we can conclude 
that the probe area, and hence the vo lume flux, can only be 
accurately estimated for aperture sizes above 200 µm . Con
sequently, all experimental results presented here used a 
probe area based on a 200 µm aperture size. It was also 
concluded, on the bas is of fi gure 8, that if the aperture size 
is held constant for all measurements across the spray 
plume, then the aggregated OSO is practicall y independent 
of the aperture size used. The photomultiplier gain was also 
fo und to have very little effect on OSO measurements. 

All LO measurements reported in thi s article were made 
with a Helos Vario laser diffrac ti on sensor (Sympatec, 
Clausthal-Zellerfeld , Gemiany) equipped with a 0.5/9- 1750 
µm range optic, and data were processed using the Fraun
hofer scattering theory algorithm (Crowe et al. , 1998). The 
system employs a laser tra nsmitter that directs a 26 mm di
ameter, 5 mW red laser (632 .8 nm) beam across the spray 
plume. The receiving optic was 1.2 m from the transmitter 
at the opposite side of the plume. 

The LO system was traversed across the plume ( fi g. 9) 
and stopped for measurement at regular intervals while the 
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Figure 7. Effect of aperture size on the flu x value measured by the 
PD1300. The correct volume flow rate is 4 L min·'. 
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Figure 8. Plume-averaged DSD for test M using different aperture 
sizes . 

atomizer and plume pos ition were fi xed within the tunnel. 
The OSOc calculated from measurements at each transect 
were weighted by obscuration to obtain a OSOc value that 
described the entire plume. The beam transect spacing was 
5 cm or 2 cm, and the duration of each measurement was 3 
s. A sampling rate of2000 Hz was used to produce 6000 in
stantaneous samples that were averaged for each transect. 
At each position, a reference measurement was made to 
record the sensor values when no spray droplets were pre
sent. This accounted fo r extinction created by lens fogging, 
dust particles, viewport surface inconsistency, and contribu
tions from electrical interference. A time delay was incor
porated between the reference and measurement phases of 
the LO procedure at each pos ition to allow time for the 
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Figure 9. Traversing method for LD measurements. Each transect 
represents a physical beam line across the spray plume cross-section. 
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spray plume to fully develop after restarting. The meas
urement for a single plume cross-secti on required a total 
time of approximate ly IO min. 

RESULTS 
PHASE DOPPLER INTE RFERO METER MEASUREMENTS 

The number rate of droplets from all size classes at each 
measurement point is defined as A= N,0 / T, where N,0 1 is the 
number of detected droplets in measurement time interval 
T. When single droplets transit the probe volume of the 
POI , they exhibit a signature signal. In cases where the re
ceived signal's pattern does not match the typical pattern 
for a single droplet (e.g., when two or more droplets transit 
the probe volume simultaneously), the POI system auto
matically excludes, or rejects, the signal from the sample 
statistics. Corrections for rejection were made to all data 
based on the assumption that the temporal distribution was 
Poisson and that the accepted data (when only one droplet 
was present in the measurement volume) is an unbiased 
sample (see Roisman and Tropea, 200 I, for details). In the 
near wake (x/D - I), the rejection rates are high enough (/? 
- 40% to 50%) that the corrected results might include sig
nificant bias; however, in far wake (x/D - 8), the rejection 
rate was much lower (/? < I 0% ), and any corrections had a 
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Figure 10. Gas phase mean velocity profiles inferred from small drop
let velocities (d< 10 µm ). Rotation speed was n = 12,950 rpm. 
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Figure 11 . Turbulence intensity profiles inferred from sma ll droplet 
velocities (d< 10 µm). Rotation speed was n = 12,950 rpm. 
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small impact on the final results. 
The air velocity, or gas phase in the presence of liquid 

spray, was in ferred from the velocity of the small droplets 
(d < 10 µm ) measured with the POI system. This estimate 
of gas phase velocity has the potential to be biased toward 
the velocities of the wake region (A lbrecht et al. , 2003); 
however, the velocity and turbulence intensity profiles ob
tained in this way were confirmed for test N using a hot
wire anemometer with the rotating atomizer in place, sp in
ning, but without liquid flow. Radia l profiles of the mean 
stream wise component ( U) of the gas phase velocity at dif
ferent streamwise positions are shown in fi gure I 0. In the 
near wake, U is significantly lower than the free-stream ve
locity; at x = 1.96 m, the ve locity profile has become more 
uni form , with a velocity difference across the plume of less 
than 20%. A similar velocity deficit in the near wake of a 
rotary atomizer was reported by Collett et al. (2009). Pro
fi les of turbulence intensity of the gas phase velocity in fig 
ure 11 show that in the near wake (x = 0.22 m) the turbu
lence intensity is very high, u'/ U = 50%, and that it reduced 
to 10%atx = 1.96m. 

The number and vo lume DSD are shown in figures 12 
and 13 for the center of the circular plume cross-section (r 
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Figure 12. Droplet size probability density functions at x= 0.22 m, Q= 
2 L min·', n = I 2,950 rpm, and r = 0 cm. Solid line represents a log
normal distribution. 
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Figure 13. Droplet size probability density functions at x= 0.22 m, Q = 
2 L min·', n = 12 ,950 rpm, and r = 13 cm. Near the outer edge of the 
spray, the DSD shows a wide range of droplet sizes. 



= 0 cm) and near the plume cross-section edge (r = 13 cm). 
At the plume center, .fid) is nearly log normal , as indicated 
by the so lid line. However, at r = 13 cm , .fid) is clearly bi
modal , representing a mixture of large and small droplet 
distributions. The presence of these large dropl ets was also 
detected by LO in transects on the spray fringe, as shown in 
figure 16. Comparing the droplet number and volume dis
tributions, we see that 50% of all droplets produced are 
small er than D, 0 1. 

The mean correlation lines defined by the conditional 
probability of the droplet velocity and diameter, L:"(u ld = d;), 
at different streamwise positions are shown in figure 14. It 
can be seen that the correlation between size and velocity is 
very strong in the near wake but is substantially diminished 
at x = l .96 m. Note that the correlation between droplet size 
and velocity is strong for the aggregated data because of the 
compound ing effects of spatial size segregation and veloci
ty non-uniformity, e.g., small droplets were concentrated in 
low-velocity regions and large droplets were concentrated 
in high-velocity regions. In fact , a ll droplets were nearly in 
equi librium with the local gas phase velocity. 

Figure 15 shows the variation of D, 0 1, D, 05 , and D, o9 

for the centerline transect at three different measurement 
locations downwind of the atomizer. If a spray were fully 
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Figure 14. Mean correlation lines for aggrega ted PDI data corre
sponding to the centerline transect at various slrea mwise positions. 
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Figure 15. Development of centerline average of D,o.i, D,o.s, and D, 0.9 

with downwind distance from the atomizer as determined by PDI at 
flow rate of Q= 2 L min·' and rotation speed fl = 12 ,950 ,·pm. 

developed, the plume-averaged OSOF measured at a ll three 
positions wo uld be the same due to the conservation of liq
uid vo lume. 

LASER DIFFRACTION MEASUREMENTS 
Figure 16 shows the obscuration and D, 05 values deter

mined by LO for each transect across the spray plumeat 
five downwind distances from the atomizer: 0.22 , 0.5, 1.0, 
2.0, and 4.0 111. The obscuration levels in the near wake are 
very high (Ohs > 50%), but these decrease rapid ly with 
downwind distance from the sprayer. The profiles of /) 105 

show that the droplets were segregated spatially according 
to size, with the largest droplets at the outer edge of the 
plume, a result verified by POI measurements . 

The stream wise profiles of D, u 1, D, 05 , and Dm9 for the 
centerline transect of the plume and for the entire plume 
(obtained by obsc uration weighting) are shown in figure 
17. These results make it clear that the LO-derived OSOc is 
affected by the streamwise position of the measurements. 
Thi s result was expected due to the dense cloud of small 
droplets with near-zero average velocity immediately 
downwind of the atomizer. Another contributing factor may 
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Figure 16. Obscuration and D,o.s (VMD) profiles for transects across 
the spray plume as determined by LD. The flow rate and rotation 
speed were Q= 4 L min·' and fl = 12,950 rpm. 
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Figure 17. Developmen t of D'°·" D10.s, and D'°·' with downwind dis
tance from the atomizer as determined by LD. Plume-averaged results 
were calculated by obscuration weighting of each transect. The flow 
rate and rotation speed were Q = 4 L min·' and fl = 12,950 rpm. 
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Table 5. Summary of LD results. 
Wet Meas ure- Equation I 

Rotati on Flow ment (Teske at al. , 

Speed Speed Rate Plane Centerl ine DSDc Plume-Averaged DSDc 2005) 
Test (rpm) (m s·') (L min·' ) x(m) D,u., Dm2s Dms Drn.9 D,u., D in.is Drn.s Drn.9 D10.2s Dms 

A 5100 60 7.3 0.22 20.7 34.9 74.3 168.0 28 . 1 51.7 96.2 176.5 55 .0 86.0 
B 5 100 60 7.3 1. 96 28.6 45.6 72.1 149.4 34.4 57.7 94.5 170.9 55 .0 86.0 
C 6000 70 8.6 0.22 163 27. 1 53 .7 126.9 21.6 38.2 71.7 138 .5 45 .2 73 .5 
D 6000 70 8.6 1. 96 24.6 40.0 63 .7 120.9 28 .5 48. 1 77.2 138 .6 45 .2 73 .5 
E 8547 66 4 0.22 II.I 19.6 35.4 96.5 16. 1 28.0 50.1 105 .2 30.0 55.7 
F 8547 66 4 1.96 17.5 29.7 46.3 87.3 21.2 35.4 56.5 103 .9 30.0 55.7 
G 12,950 66 2 0.22 4.7 11.7 23.4 68.2 18.5 39.9 
H 12,950 66 4 0.22 5.8 12.8 22.8 54.7 9.3 17.2 29.6 65.5 19.9 41.4 
I 12,950 66 2 0.5 9.5 16.7 28.6 67.0 18.5 39.9 
J 12,950 66 0.5 13.8 20.2 30.6 63 .5 16.2 24.2 37.7 73.0 19.9 41.4 
K 12,950 66 I 17.8 25.4 37.3 68.0 18.3 28.0 42.7 75 .0 19.9 4 1.4 
L 12,950 66 1.96 17.6 24 .5 36.0 63 .2 18.5 39.9 
M 12,950 66 1.96 19.8 28.8 41.6 70.6 18.3 30.0 45.2 763 19.9 4 1.4 
N 12,950 66 20.0 32.7 47.2 77.4 19.5 32.9 49.0 82. 1 19.9 4 1.4 

Table 6. Summary of PDI results. 
Wet Measure- Equation I 

Rotation Flow ment (Teske at al. , 

Speed Speed Rate Plane Centerlin e DSDc Plume-Averaged DSDc 2005) 
Test (rpm) (m s·') (L min.1

) x(m) Dm, D111.2s 
A 5 100 60 7.3 0.22 
B 5100 60 7.3 1.96 33 49 
C 6000 70 8.6 0.22 
D 6000 70 8.6 1. 96 36 53 
E 8547 66 4 0.22 
F 8547 66 1.96 40 55 
G 12,950 66 0.22 17 25 
H 12,950 66 0.22 17 24 
I 12,950 66 0.5 18 26 
J 12,950 66 0.5 2 1 3 1 
K 12,950 66 4 I 

L 12,950 66 2 1. 96 18 26 
M 12,950 66 1. 96 2 1 3 1 
N 12,950 66 4 27 39 

be the high obscuration levels (Ohs > 50%) in this region, 
which are known to cause significant multiple scattering. 
Multiple scattering has the effect of mak ing a spray appear 
fi ner than it actually is (Triballier et al. , 2003). 

A summary of LD and POI measurements is provided in 
tables 5 and 6 together with the results of the D1 02s and 
1)105 correlation from Teske et al. (2005). The entries in 
the~e tables suggest that the fine portion of the droplet size 
spectrum is most affected by the streamwise location of the 
measurement plane. This manifests in reduced values of all 
measures of the spectrum (D1 o.1, D, o.s, and D, u.9). However, 
as one would expect, the difference is most significant in 
1)10 1. The effect is also more significant for the centerline 
beam transect, which passes through the widest part of the 
near wake that is filled with fine droplets. For the coarser 
sprays, the effect of measurement position on D, 0.1, D, us, 
and D1u9 is less because the small droplets, which are af
fected by the position of the measurement plane, constitute a 
smaller fraction of the total volume. However, it should be 
noted that this agreement for coarser sprays does not imply 
that the number of fine droplets has been measured any more 
accurately than in the case of a fine spray. The correlation 
from Teske et al. (2005) generall y agrees with the present 
LD measurements; however, the LD estimates of DY0.5 for 
the whole plume are up to 20% less than those determined 
using POI measurements. 

55(3) 

Drn.s Drn.9 Drn., D,u.2s Dms D,u.9 D,u.,s D,n.s 
55.0 86.0 

76 158 45 72 107 170 55.0 86.0 
45.2 73 .5 

78 137 42 63 9 1 144 45.2 73 .5 
30.0 55.7 

71 104 33 50 72 107 30.0 55 .7 
39 7 1 18.5 39.9 
38 74 19.9 4 1.4 
39 70 18.5 39.9 
49 77 19.9 4 1.4 

19.9 41.4 
36 6 1 18.5 39.9 
43 74 29 43 59 78 19.9 41.4 
54 88 19.9 4 1.4 

DISCUSSION 
NUMBER CONCENTRATION AN D OBSCURATION 

The use of either beam obscuration or average droplet 
concentration, calculated from equation 12, to weight the 
DSD C measurements for each transect depends on the as
sumpt ions about the di stribution of dropl ets. To test the ac
curacy of these assumptions, the beam obscuration and 
droplet concentration were deduced from the POI meas
urements by aggregating data along the beam transect to 
determine average values of d_20 and d_30. Figure 18 
shows a comparison of the obscuration levels measured 
wi th the LD instrument and those deduced from POI data 
for a series of horizontal beam transects across the plume 
using equation 9. The obscuration va lues determined by the 
two methods are surprisingly similar for the spray regions 
with larger droplets, and even for the regions with smaller 
droplets the relative difference in obscuration is only 20%. 

The average droplet number and volume concentration m 
the laser beam volume were deduced from the LD obscura
tion values using equations 12 and 13 and independent from 
aggregated POI measurements. Figure 19 compares profiles 
for different horizontal beam transects as determined from 
the two instruments. It can be seen that the average values 
of C., are similar in shape, but (:,, is substantially different. 
The difference is mostly due to the difference in the pro
fi les of d20 and of d32 as determined by LD and PD!. 
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Figure 18. Profiles of obscuration levels for horizontal transects at dis
tances <.n from the center of the sprny plume for test F. 
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Figure 19. Profiles of number concentrntion , volume concentration, 
and surface mean diameter d20 for horizontal transects at distances 
(y) from the center for test F. 

SAMPLING EFFECTS 
A compari son between the POI and LO derived DSD 

measurements can be made by first transforming the flux
sensitive PD! data at each point to concentration-sensitive 
samples according to equation 2 (using droplet velocity da
ta) and then aggregating the transformed POI data along the 
LO beam centerline. The results for centerline transects at 
two streamwise positions are shown in fi gures 20 and 21. 

At x = 0.22 m, the velocity of droplets is strongly corre
lated to droplet size, and the transformation to concentra
tion-sensitive sampling signi fi cantly alters the flux
sensiti ve DSDF. However, at thi s pos ition, the DSDc ob
tained from the PD! measurements by transformation is 
significantly coarser than the LO-derived DSDc This dif
ference might be due to a combination of effects ari sing 
from ( I) high turbulence levels (> 30%) that invalidate the 
transformation, (2) high obscuration levels that result in 
multiple scattering, or (3) bias of the POI measurements 
due to high rejection rates. At greater di stances from the at
omizer (x = 1.96 111), the POI and LO measured DSD values 
are quite similar, although the transformati on from flu x
sensitive to concentration-sensitive sampling has a negligi
ble effect in this agreement since the droplet velocity corre-
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Figure 20. Volumetric probability density function s, /,(d), and cumu
lative di stributions, F,(d), based on flux-sensitive and equivalent con
centration-sensitive samples of the data obtained using PDI and LD at 
x = 0.22 m, fl = 12,950 rpm, and Q = 2 L min·'. 
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Figure 21. Volumetric probability density functions, /,(d), and cumu
lative distributions, F,(d) , based on flux-sensitive and equivalent con
centration-sensitive samples of the data obtained using PDI and LD 
at x= 1.96 111 , fl = 12 ,950 rpm, and Q = 2 L min·'. 

lation is much weaker. A summary compari son of the dis
tribution at the two streamwise positions is shown in table 
7. The agreement in D,u 1, DJU.s, and Dni 9 values measured 
for a centerline transect at x = 1.96 m with the LO and POI 
instruments is surpri singly good. 

SPATIAL SEGREG ATION EFFECTS 

Spati al segregation of droplet size for rotary atomizer 
sprays has been demonstrated in earlier studies and by the 
present LO and POI results. The ax isymmetri c patterns can 
be seen most clearl y in fi gure 22 , which shows the POI
determined contours of DJU.s for test M. 

A detailed comparison of the spati al segregation report
ed by the PD! and LO instruments is shown in fi gure 23 in 
the form of volumetric DSD C from two hori zontal tran
sects at x = 1.96 111 : y = 0 and- 15 cm. The PD! results were 
transformed to concentration-sensitive samples, although 
the adjustment is very slight. For the centerline transects, 
the di stributions agree quite closely; however, at 15 cm 
from the centerline, the di stributions are qualitati ve ly di f
ferent, with the LO-deri ved DSD ri sing sharply in the small 

TR/\NS/\CTIONS OF Tl IE AS ABE 



Table 7. Droplet size statistics (centerline transect) measured using concentration-sensitive and nux-sensitive sampling methods. Rotation speed 
is 12,950 rpm, Q= 2 L min·'. 

Dm,(µm) 
Distance Concentration Flux 

(x) In strumen t Sensi tive Sensitive 
0.22 m POI 15 17 

LO 
1. 9 m POI 18 18 

LO 18 

size range. This difference has a strong effect on moments 
of the droplet size spectrum, such as the d32 profile, as 
shown in figure 19. 

For the transect at y = 15 cm the DSDc measured with 
LO indicated that up to 20% of the spray volume is con
tained in droplets smaller than 20 µm in diameter, and thi s 
corresponds to approximately 99% of all the droplets in the 
spray. It was hypothesized that the large volume of small 
droplets reported by LO may be due to refraction of light 
through the large droplets, that were identified by the PD! 
at this position, being misinterpreted by the Fraunhofer data 
processing algorithm. However, the LO measurements 

30 

10 

- 10 -211 
z (cm) 

if 
40 

- JO 

-30 

Figure 22. Contour of vo lume median diameter 0 10., at x = 1.96 m, 
0 = 12,950 rpm, and Q = 4 L min ·' (test M). 
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Figure 23. Concentration-sensitive volumetric probability density 
function s, f.(d), measured with PDI and LD at different horizonta l 
lines (y= 0 and 15 cm) in test F. 
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Dms (µm) D 1119 (µm) 
Concentration Flux Concentration Flux 

Sensiti ve Sensiti ve Sensitive Sensit ive 
30 39 67 7 1 
23 68 
35 36 60 6 1 
36 63 

were repeated with a Sympatec R Series instrument using 
the same R6 lens, and the data were processed with both 
Fraunhofer and Mie scattering algorithms. Despite the 
changes in process ing method , the peak in the small size 
range persisted. This anomaly affects the first five droplet 
size bins. 

A closer examination of individual snapshots from the 
LO instrument was done using data gathered at a rate of 
2000 Hz. Each data point corresponds to a IO µs image. 
These individual frames showed an intermittency of both 
0 1u I and obscuration values (fig. 24) for test F at y = 
15 cm. The most naive interpretation of these time series is 
that there are packets of small droplets (embedded in a field 
of substantially larger droplets) that pass through the LO 
beam with high frequency. Alternative explanations include 
instrument instability, errors in the LO signal processing, or 
data reduction. A careful search for the small droplets re
ported by LO was made by adjusting the gain and aperture 
of the POI instrument, but this did not reveal small droplets 
in sufficient numbers to justify the large volume fractions 
reported. 

Figures 25 and 26 show DSD values for the entire plume 
and the centerline beam transect. Measurements from both 
instruments show significant differences, with the number 
of large droplets (d > 50 µm ) being significantly greater for 
the entire plume as compared to the centerline. However, 
the POI measurements for the entire plume are coarser than 
those derived from LO, and thi s can be traced to the small 
droplet size range anomaly shown in fi gure 23. Determin
ing the reason for thi s difference between the PD! and LO 
results in the small size range is beyond the scope of thi s 
study, but it has a significant effect on the volumetric 
plume-averaged stati sti cs because the obscuration of the af
fected transects is in some cases 15%. 
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Figure 24. Time series of 0, 0. 1 and obscuration levels. 
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Fiaure 25. Probability density fundions f.(d) and F,(d) based on con
centration-sensitive samples of the data obtained using PDI at r= 1.96 
m, 0 = 12,950 rpm, and Q= 4 L min·' (test M). Aggregated on the cen
terline and entire plume. 

MASS CLOSURE 
The total mass ( or volume) flux of droplets moving 

through a cross-section of the spray plume should be a con
stant independent of the measurement plane and equal to 
the liquid flow rate supplied to the sprayer. One can evalu
ate the spray volume directly from the PD! flux measure
ments using equation 14: 

Q= LLLq>n,;~[A_;k 
; .i k 6 

(14) 

or using equation 9 in conjunction with LD measurements 
of the droplet spectrum and obscuration, and droplet veloci
ties obtained from the PD!. A summary of the mass balance 
results for both instruments is provided in table 8. 

The PD! results were based on a detailed traverse of one 
quadrant of the spray plume, while the LD results were 
based on full plume surveys. We can conclude that the 
droplet spectrum measured at x = I. 96 m by either LD or 
PD! provides a reasonable estimate of the volume supplied 
to the sprayer, a finding similar to that of Picot and 
Kristmanson ( 1997). 

SUMMARY AND CONCLUSIONS 
This study presents comprehensive droplet velocity and 

size data gathered in the wake of a rotary-cage atomizer. 
Droplet size distributions (DSD) were determined using 
both LD and PDI instruments. These instruments derive 
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Figure 26. Probability density functions f.(d) and F.(d) based on con
centration-sensitive samples of the data obtained using LD at r= 1.96 
m, 0 = 12,950 rpm, and Q= 4 L min·' (test M). A1grqated on the cen
terline and entire plume. 

DSD from concentration-sensitive and flux-sensitive sam
ples, respectively, and the results therefore are inherently 
different quantities. The characterization of sprays for aeri
al application requires a DSD as determined from a flux
sensitive sample. However, the present study demonstrates 
that in the case of rotary-cage atomizers, LD measurements 
and PDI measurements of DSD are approximately equiva
lent, provided that the LD measurements are taken far 
enough downwind of the atomizer that all droplets within 
the spray reach the cross-sectional average gas phase veloc
ity and beam obscuration is reduced sufficiently. This re
quires (for example, see fig. 17) that measurements be tak
en at a streamwise distance of xi D > 8, where x is the 
distance from the sprayer and D is the diameter of the 
sprayer, including blades. LD measurements of the spray 
plume that are taken too close to the atomizer or have ex
cessive beam obscuration levels will result in significant 
overestimation of the number of fine droplets in the spray. 
While this has minor effects on estimation of total mass 
flow rate, it could have significant effects on drift estima
tion. A detailed summary of the findings in this study is 
provided in the following paragraphs. 

The gas phase velocities in the near wake of the atomiz
er (xi/)< 2) near the wake center (2r//) < 0.5) are signifi
cantly lower than the free-stream velocity ( U/ lf- < 50% ), 
and the turbulence levels range from 20% to 50%. This 
near wake region contains high concentrations of small 
droplets (d < 50 µm) that produce high levels of beam ob
scuration. These droplets make a substantial contribution to 

Table 8. Total volume rate measured at r= 1.96 m usin1 PDI and LD. 
Wet Rotation Air Flow Measurement PDI LD 

Speed Speed Rate Plane Flow Rate Relative Flow Rate Relative 
Test (!Em) (ms·'! (Lmin"'! x(m) (Lmin·'! Error (Lmin·'l Error 
M 12,950 66 4 1.96 4.48 12.0% 3.70 7.6% 
F 8547 66 4 1.96 5.00 25.0"lo 3.33 16.6% 
D 6000 70 8.6 1.96 10.78 25.3% 740 13.9% 
B 5100 60 7.3 1.96 8.84 21.1% 6.87 5.8% 
H 12,950 66 4 0.22 3.66 8.6% 
E 8547 66 4 0.22 3.75 6.2% 
C 6000 70 8.6 0.22 8.55 0.6% 
A 5100 60 7.3 0.22 8.25 13.0"/o 
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the DSDc determined with the LO instrument; however, 
because of the low time-averaged velocity of these drop
lets, they do not contribute significantly to a flux-sensitive 
DSDp measurement. As a result, LO and POI measure
ments of DSD taken in the near wake deviate significantly 
in the droplet size range d < 50 µm. For a fine spray, the 
plume-averaged Drn. 1 value from LO may be as low as 5 
µm, compared to a value of 20 µm determined by the flux
sensitive POI measurement. Corresponding differences in 
Drns (VMD) are 35 and 50 µm. Differences in centerline 
transects are even greater because they contain fewer of the 
large droplets located in the outer rings of the spray. 

At streamwise positions of x/D > 8, the non-uniformity 
of gas phase velocity profiles and turbulence levels de
creased to less than 20%. Non-uniformity of the droplet ve
locities were also reduced to less than I 0%, and the correla
tion between droplet size and velocity is weak. LO 
measurements of Drn1, Drns, and Drn.9 over a range of 
streamwise positions show that these parameters increase 
rapidly with distance from the sprayer in the near wake, 
xi D < 2, approaching values that are consistent with those 
determined by the POI instrument for x/1) > 8. 

Significant spatial segregation of droplets over the spray 
cross-section according to size was observed at all stream
wise positions considered in this study ( I < xi D < 17.5). 
Because of this spatial segregation, it is necessary to aggre
gate sample data over the entire cross-section of the plume. 
Methods of data aggregation for the POI are relatively 
straightforward since it is a point-by-point method that av
erages over a very small volume of space. Methods of data 
aggregation for LO measurements may be done by 
weighting the DSD of each beam transect by the average 
droplet concentration or beam obscuration. The differences 
between weighting coefficients calculated from the obscu
ration profiles and concentration profiles (measured by LO) 
were relatively small. 

It was shown that even at large streamwise distances 
from the sprayer (x/1) = 8) qualitative differences remain in 
the DSD measured near the edges of spray by the POI and 
LO instruments. The LO results indicate packets of small 
droplets (d < 20 µm) moving through the beam volume at 
high frequency, accounting for 20% of the volume and 99% 
of the droplets at these positions. The result was the same 
for both Fraunhofer and Mie scattering based data pro
cessing algorithms. Droplets of this size were not recorded 
by the POI instrument. The beam obscuration levels for 
transects affected in this way was generally less than 15%, 
and it was seen to have a small but important effect on re
ducing the plume-averaged Drns. 

A calculation of the overall liquid flow rate in the spray 
from the droplet size spectrum (determined from either LO 
or POI) and droplet velocities (from POI) was found to be 
within ±25% of the liquid flow rate supplied to the sprayer 
for all of the cases considered in the present study. 
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NOMENCLATURE 
C, Cn = droplet number concentration (m-3

) 

C = volume concentration (m3 m-3
) 

D = atomizer diameter, including blades (m) 
Db = laser beam diameter ofLD instrument (m) 
Drn., = drop diameter such that 10% of the total liquid 

volume is in droplets of smaller diameter (µm) 
Dm25 = drop diameter such that 25% of the total liquid 

volume is in droplets of smaller diameter (µm) 

14 

Drn 5 = volume median diameter (VMD) (µm) 
Drn.9 = drop diameter such that 90% of the total liquid 

volume is in droplets of smaller diameter (µm) 
DSDc = concentration-sensitive droplet size distribution 
DSD1.- = flux-sensitive droplet size distribution 
F = cumulative probability density function 
/<~. = volumetric cumulative probability density function 
I = laser beam intensity (W sf 1) 

J,b = laser beam length (m) 
Ohs = obscuration (extinction) 
N,01 = number of droplets in all droplet size classes 
Q = flow rate (L min-') 
R = rejection rate 
T = measurement time interval (s) 
U = gas-phase velocity in the x direction (m s- 1

) 

d = droplet diameter (µm) 
d20 = area mean diameter (µm) 
d30 = volume mean diameter (µm) 
d32 = Sauter mean diameter (µm) 
f = probability density function 
j~ = volumetric probability density function 
p = measurement probe area (m2

) 

r = radial position (m) 
u' = gas phase velocity fluctuation (m s- 1

) 

x = distance downwind of the atomizer along the tunnel (m) 
y = vertical distance to the center of the wind tunnel (m) 

K = extinction coefficient (m-1
) 

I\ = droplet number rate (f 1
) 

A. = droplet number rate (temporal droplet density) through 
probe area (s-1

) 

<p = droplet number flux (m-2 s- 1
) 

n = rotation speed (rpm) 
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