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Abstract
Redundancy in parallel manipulators occurs when the number of active joints
is greater than the total degrees of freedom of the manipulator. Redundancy
in parallel manipulators has been discussed for the cases of kinematic, actuation, and branch redundancy. Some advantages of these redundant manipulators include the reduction or elimination of some types of kinematic
singularities and/ or an increase of their reachable and dexterous workspaces,
to name a few. Internal redundancy, first introduced for serial manipulators, refers to the concept of adding redundant masses to some links so as
to allow of control the centre of mass and other dynamic properties of some
links. This concept has also been referred to as variable geometry. This work
investigates the effects of internal redundancy in two different applications.
Firstly, the effect of the internal redundancy is studied on the dynamic properties of a planar parallel manipulator while performing a family of trajectories. More specifically, this research investigates the possibility of following
a desired trajectory that contains direct kinematic singularity configurations
using internal redundancy in parallel manipulators. To illustrate the concept,
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internal redundancy is first applied to a 2-RPR planar parallel manipulator
by adding a redundant mass to each of its two branches. The dynamic model
of this internally redundant manipulator is developed using the principle of
virtual work. The model is then used to compute the required displacement,
velocity, and acceleration of the redundant masses over time as to allow the
manipulator to successfully cross singular configurations. Secondly, the 3RRR planar manipulator, where a redundant mass has been added to the
distal link, is allowed to trace trajectories with rounded corners of different
radii. The proposed method uses the manipulator's dynamic model to actively optimise the location of the redundant masses at every point along the
trajectory to improve the dynamic performance of the manipulator. Numerical examples are presented to support the idea.
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Chapter 1
Introduction
Parallel manipulators are closed-loop mechanisms which consist of a fixed
base and a moving platform that are connected by separate serial chains
called limbs. Actuators can be mounted at the fixed base, and each actuator
controls the corresponding limb. Typically, the number of actuated joints is
equal to the total degrees of freedom (DOF) of the manipulator. Compared
to their serial counterparts, parallel manipulators have advantages such as
higher speed capabilities, more precise motion, greater stiffness, greater load
bearing, and lighter weight.

However, they have smaller workspaces due

to the kinematic chains' constraints. Also, parallel manipulators normally
have singular configurations inside the workspace which makes the useful
workspace of the manipulators even smaller. These configurations need to
be avoided since the degrees of freedom of the manipulator change once the
manipulator encounters the singular configurations.
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Serial manipulators have two types of singularities: when the end-effector
meets the boundary of the workspace (boundary singularity) or workspaceinterior singularities where two or more joint axes line up [12]. While boundary singularities (the end-effector meets the external or internal boundaries
of the workspace) are possible in parallel manipulators, there is a second type
of singularity that occurs inside the workspace where the end-effector gains
one or more degrees of freedom thus becoming uncontrollable. Consequently,
trajectory planning for parallel manipulators is a challenging task since many
singular configurations often exist within the workspace.
Another challenge of the trajectory planning of manipulators occurs when
the manipulator is tracking a reference trajectory with a sharp corner. This
is due to the drastic change of acceleration at a sharp corner since the motion
direction of the end-effector changes immediately. The sudden change of the
direction of the motion requires large torques or forces at the main actuators
which may exceed the torques or force limits of the actuators. Consequently,
the task will suffer from tracking error.
When the number of actuated joints is greater than the degrees of freedom
of a parallel manipulator, the manipulator is said to be redundant. These
extra actuators are added to the manipulator to increase dexterity and avoid
singular configurations or obstacles. This research aims to apply a new concept called internal redundancy in parallel manipulators and to study if the
dynamic parameters of the manipulators can be modified to allow the ma-
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nipulator to cross singular configurations and to improve their performance
when following a trajectory with sharp corners.
This chapter presents the background of the topics that are related to this
research and is organized as follows: Section 1.1 presents a comprehensive
review of the most applied dynamic modelling methods of parallel manipulators. Section 1.2 introduces the singular configurations of parallel manipulators and different trajectory planning methods to avoid them. Redundancy
in parallel manipulators is discussed in Section 1.3 while the research conducted on issues related to tracking trajectories with sharp corners and singular configurations are discussed in Section 1.5 and 1.6, respectively. Finally,
the background of internal redundancy is presented in Section 1. 7.

1.1

Dynamics of Parallel Manipulators

Dynamic modelling of parallel manipulators is a complicated task due to
the existence of more than one closed-loop kinematic chain as well as a large
number of passive joints. In the context of mathematical modelling of parallel
manipulators, the dynamic model can be used to solve either the inverse or
the forward dynamics problem. The goal of the inverse dynamic problem is
to obtain the time histories of the torques when the manipulator reference
trajectory is specified ( i. e, the displacement, velocity, and acceleration of
the end-effector). The forward dynamic problem addresses the solution of
computing the time histories of the actuated joint variables when the time
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histories of the torques or forces have been provided [38]. An inverse dynamic
modelling approach is used in this research since the reference trajectory of
the manipulator is known (it is either a trajectory with a sharp corner or a
trajectory that contains one or more singular configurations).
Two approaches have been traditionally used in the dynamic modelling of
parallel manipulators: Newton-Euler (NE) and Lagrange-Euler (LE) formulations. In the NE method, the closed-loop mechanisms are cut (typically at
passive joints) and then the equations of motion of the resultant branches
(tree-structured) are developed separately. Thereafter, the solutions of the
equations of motion have to satisfy a set of additional constraints to close
the opened loops. The LE method is not an intuitive dynamic modelling approach since the equations have been derived based on the derivatives of the
kinetic and potential energies of the rigid bodies to calculate the torques. In
addition, the closed loops of a parallel manipulator impose constraint equations on the LE method [53, 68]. Consequently, explicit motion equations
need to be derived.
In the NE dynamic modelling formulation, the manipulator is decomposed
considering each limb as an open loop. Then, the Newton and Euler's equations of motion ( i. e, the resultant moment and forces of every branch) are
developed for every branch about its fixed point. Thereafter, the Newton
and Euler's equations of motion are written for the end-effector. Finally, the
equations of motion of the branches and the end-effector form a set of simultaneous equations which result in the actuator torques [14]. The NE algorithm
4

is computationally less expensive in comparison with the LE method since it
is applied to the links directly and avoids the computation of the Lagrangian
function [13, 46].
Another time-efficient methodology for solving the inverse dynamic problem
of parallel manipulators is based on the Principal of Virtual Work, PVW ( i. e,
the sum of the work of internal and external forces or moments done by virtual displacements is zero where the virtual displacement is an infinitesimal
change in the position). The general formula for PVW for a parallel manipulator is written as [73, 69]:

(1.1)

where b"q, b"xP and b"xi are vectors presenting the virtual displacement of
the actuated joints, the end-effector, and the centre of mass of the link i,
respectively. Also,

FP

represents the sum of the forces and the moments

exerted at the centre of the mass of the end-effector,

Fi

represents the sum

of the forces and the moments exerted at the centre of the mass of link i and T
describes the forces or torques of the actuators [68]. The virtual displacement
of the actuated joints can be related to both the virtual displacement of the
end-effector and the virtual displacement of the links as follows:

(1.2)
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where JP and Ji are the manipulator Jacobian matrix and link Jacobian
matrix, respectively.

Substituting equation (1.2) into (1.1), the dynamic

equation of the parallel manipulator is obtained as follows:

(1.3)

Using the PVW method for dynamic modelling of a parallel manipulator, the
constraint forces and the constraint moments are eliminated which reduces
the computational time [65, 69]. In this research, the PVW method is applied to obtain the inverse dynamic model of the manipulators studied. The
dynamic equation of the 3-RRR (without internal redundancy) is developed
in [79] using the PVW.
It should be noted that all dynamic modelling methods are equivalent to

each other [67, 82]. However, the criteria for the selection of the dynamic
modelling method may vary with respect to the nature of the problem. In this
work, the developed dynamic model will be used in the objective function
of an optimisation problem ( Chapter 4) where the objective function has
to be evaluated repetitively. Consequently, having a computationally less
expensive objective function is a very important decision factor for choosing
the dynamic modelling method. Therefore, the PVW is applied in this work
as the dynamic modelling method.
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1.2

Kinematic Singularity

A closed-loop kinematic chain can be characterized with an n-dimensional
vector describing the displacement of the actuated joints (denoted here by q)
and an m-dimensional vector describing the end-effector pose (denoted here
by xp). The Jacobian matrices are derived from differentiating the loopclosure equations

f (q, xp) =

0 of the q and

Xp

variables, with respect to

time, i.e.

(1.4)
where A

= t!_P

and B

= - ~~.

Also, Xp and q represent the end-effector and

actuated joints velocities, respectively.
Three types of singularities are reported for general closed-loop kinematic
chains [29]. A singularity of type I (also known as an inverse kinematic
singularity) occurs when det(B)

= 0. This configuration occurs when a

chain meets either the boundary of the workspace or the limits of the internal sub-regions. In other words, the solutions of the inverse displacement
problem of the chain become identical. · In this configuration, the motion of
the end-effector can not be maintained in at least one direction through the
displacement of the actuators (the end-effector loses one or more degrees of
freedom). A singularity of type II (also known as a direct kinematic singularity) occurs when det(A)

= 0 and is a configuration where different

solutions

of the forward displacement problems of a chain meet at a point. Once the
manipulator encounters the singularity of type II, the end-effector gains at
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least one degree of freedom. Consequently, the end-effector cannot resist one
or more forces or moments even if all the actuators are locked (this is also
called a force singularity), and the robot is uncontrollable. A singularity
of type III (or combined singularity) occurs at certain configurations where
both A and B are singular.
The condition number of a square matrix D associated with a linear system
of equations measures how a perturbation in D affects the solutions to D6

=

µ [31]. The condition number of a matrix varies between 1 and+ oo. Having
a relatively large condition number indicates that small changes in D will
produce relatively large changes in the solution of 6. In the field of robot
kinematics, the condition number of the Jacobian matrix is sometimes used to
measure the closeness of the manipulator to a singular configuration. Having
a relatively large condition number indicates that the manipulator is close to
singular configurations.
The condition number of a matrix D is defined as the ratio of the maximum
singular value of D to the minimum singular values of D. Due to the structure
of the formulation of the condition number, there is no closed form solution
to calculate the condition number of a matrix.
The condition number of the Jacobian matrix of a manipulator is a local
property that depends on the configuration of the manipulator. It is recommended to have a condition number as small as possible where the minimum
value of the condition number is 1 [49].
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1.3

Redundancy in Parallel Manipulators

Redundancy in parallel manipulators is normally divided into kinematic redundancy, actuation redundancy, and branch redundancy [41, 48, 83]. Actuation redundancy consists of replacing passive joints with active ones [8,
9, 52, 83] where the number of degrees-of-freedom or mobility of the manipulator does not change. Although actuation redundancy can help either
eliminate or reduce singular configurations, issues such as force interference
make the manipulators more complex to analyze, design, and control [22, 25].
The second type of redundancy is called branch redundancy, where an extra
actuated branch is added to the manipulator [23]. Branch redundancy can
improve the force capabilities of the manipulator and reduce the number of
singular configurations. The third type of redundancy is called kinematic
redundancy, where active joints and links are added to one or more branches
of the manipulator [48, 74]. This type of redundancy can enhance the dexterity of the manipulator as well as enlarge the workspace. Mechanisms with
kinematic redundancy have an infinite number of solutions to the inverse
displacement problem. It is thus possible to choose a configuration that is
far from a singularity. This is beneficial for trajectory planning to avoid singular configurations [19]. Redundant parallel manipulators have been widely
used to design the trajectories of parallel robots. For instance, Cha et al.
showed that kinematically redundant manipulators can effectively avoid sin-
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gular configurations, thus increasing the singularity-free workspace of the
parallel manipulator [5].
Ruggiu and Carretero proposed a kinematically redundant parallel manipulator to minimize the acceleration of the actuators while following certain
trajectories [61]. The method was applied on a kinematically redundant parallel manipulator following square paths with rounded corners. They showed
that the accelerations of the actuated joints on the kinematically redundant
manipulator are significantly less than the ones needed for a non-redundant
manipulator.
In this thesis, the concept of internal redundancy is applied to a planar
parallel manipulator and will be discussed later.

1.4

Trajectory Planning for Robotic Manipulators

Trajectory planning for robotic manipulators deals with determining a robot's
motion when an end-effector path is defined between an initial and a final
position. The time history of the position, velocity and acceleration of the
end-effector are defined in the Cartesian space between the initial and final points (the jerk and snap might need to be calculated depending on the
task). The designed trajectory in Cartesian space can be mapped into a set
of angular displacements, angular velocities and angular accelerations of the
active joints of the robotic arm. The mapping is done through the inverse
10

displacement problem where the position of the end-effector maps to the joint
space [12].
The trajectory planning for robotic manipulators can be divided into two
main groups, i.e., pick-and-place and continuous path [I]. In the case of a
pick-and-place task, the robotic arm picks the workpiece from a given initial
position and places it at a final position. Consequently, the trajectory of the
end-effector between the initial and final positions is immaterial.
Sometimes the end-effector trajectory needs to be specified in more detail,
rather than only initial and final points. This can be done through adding
intermediate Cartesian positions ( via points) between the initial and final
points. Thus, the number of conditions to be satisfied by the function that
is used to determine the joint angles increases. As an example, via points
can be defined to avoid a collision between the robot or end-effector and
an obstacle in the Cartesian space. Polynomial functions are often used to
model trajectories of joint displacement.
As an alternative, Cycloidal motion can be used to plan trajectories between
initial and final positions [26]. This method produces zero velocity and acceleration at the beginning and end of the trajectory and is used for designing
pick-and-place tasks.
In operations such as welding or flame-cutting, the end-effector is meant to
track a continuous trajectory in Cartesian space at a pre-defined velocity.
For these tasks, the end-effector trajectory is described as a function of time
in the Cartesian space.
11

Once the trajectory is designed, it will be discretized where the continuous trajectory equation is transformed into a discrete model (n points). This
discretization is undertaken to make the problem suitable for numerical analysis. Once the generated trajectory in the Cartesian space is discretized, the
inverse displacement problem is used to determine the trajectory in the joint
space. Then, the motion of active joints at (t

=

with respect to the trajectory components at (t

i, i

=

= 1, ... , n) is decided

i - 1). This is called

point-to-point motion planning.
In general, the discrete model of a function is a series of the function values
evaluated at discrete points of time. The time length between two consecutive points is called the time step. Choosing a relatively large time step may
increase the discretization error. However, having a very small time step results in a computationally expensive process. A common way of determining
the time step is defining a limit for the discretization error and choosing the
largest time step that satisfies the constraint on the discretization error [17].

1.4.1

Smooth Trajectory Planning

The planned trajectory for a robotic manipulator should be as smooth as
possible, i.e., any sudden changes in the position, velocity and acceleration
should be avoided since any sudden motion requires large forces or torques at
the actuators. For this purpose, functions with continuous and smooth first
and second derivatives (and often continuous higher derivatives) are often
used to design the trajectory between the initial and final points [1]. These
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functions can be applied to design a trajectory between the initial and final
positions in both joint space and Cartesian space.
There are many choices that may be used to specify a smooth trajectory. Any
smooth function of time that satisfies the boundary conditions can be used
for trajectory planning purposes [45, 54]. Among those, polynomial functions
have attracted the researchers' attention due to their flexibility on handling
boundary conditions [3]. The order of the polynomial is a function of the
number of boundary conditions that such a polynomial needs to satisfy.

1.4.2

Smooth Trajectory Planning Using Polynomials

Assume a robotic manipulator is meant to accomplish a pick-and-place task
where the initial and final conditions of each active joint are defined as follows:
1. The initial and final positions are specified.
2. The initial and final velocities are set to be zero.
3. The initial and final accelerations are set to be zero.
In order to design a smooth trajectory between the initial and final positions,
a fifth order polynomial is suggested to satisfy all six boundary conditions [1].
Since the applied polynomial can be differentiated twice, the displacement,
velocity and acceleration vary continuously.

This joint-based polynomial

interpolation method only needs the position, velocity and acceleration of the
active joints at the initial and final positions, i.e., the boundary conditions.
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The fifth-order polynomial Q( K) is written as follows:

(1.5)

where a, b, c, d, e and fare constants that are found through the boundary
conditions of the desired motion and

K

=

~ where

t is the actual time, in

seconds and T is the time the manipulator takes to fulfill the entire task.
is thus a non-dimensional time parameter (i.e., 0 ::;

K ::;

K

1).

To simplify the calculations for each of the joints, the polynomial in equation (1.5) is normalised, that is,

o::;Q::;1
As a result, the polynomial representing the evolution of joint j with respect
to the non-dimensional time parameter

K

is considered as:

(1.6)

where

BJ

and

Bf

are the initial and final positions of joint j (j

= 1 ... n,

the number of active joints) obtained by solving the inverse displacement
problem on the initial and final end-effector positions, respectively.
Also, the first and second derivative of equation (1.5) are used to calculate
the velocity and acceleration of the joints. The evolution of the joint velocity
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is written as follows:
(1. 7)
where Q("') is the first derivative of equation (1.5). Also, the acceleration of
the joint is written as follows:

(1.8)

where Q("') denotes the second derivative of equation (1.6).
In a typical pick-and-place operation, where conditions of zero end-effector
velocity and acceleration at the trajectory's end points need to be satisfied,
the velocity and acceleration at each joint are also equal to zero at the start
and end points of the operation. These boundary conditions are written as
follows:

Q(O) = 0,

Q(O) = 0,

Q(O) = 0

Q(l) = 1,

Q(l) = 0,

Q(l) = 0.

(1.9)

Consequently, with these boundary conditions set, equation (1.5) can be
written as:
(1.10)
which is called a 3 - 4 - 5 polynomial.
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The number of boundary conditions may increase depending on the task or if
via points are used. Consequently, the order of the polynomial will increase
accordingly.
In order to design a smooth path between the initial and final points, the
total time is first determined. This is often done by considering joint velocities and/ or accelerations as never exceeding the maximum threshold while
applying the equations to the joint with the largest displacement and/ or the
joint with the smallest velocity or acceleration limits. Once time Tis defined
for a specific trajectory, the sets of joint values which represent the joint
displacements are generated using equations (1.6) and (1.10).
The flow chart of the proposed algorithm is presented in Figure 1.1. The
algorithm starts by defining the boundary conditions followed by determining
the polynomial order and coefficients. Thereafter, the values of (}i(t), Bj(t)
and Bi(t) are calculated using the equations (1.6), (1.7) and (1.8).
The proposed polynomial method can be used to design a trajectory in the
Cartesian space 1 . For this purpose, equation (1.6) changes as follows:

(1.11)
where XiE and X.fE are the initial and final positions of the end-effector.
It should be noted that other methods are applied for trajectory planning in a
robotic manipulator such as the splines method (the via points are connected
1 It

should be noted that the polynomial Q(K-) can be used for both joint-space and
Cartesian-space trajectory planning.
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Yes

Figure 1.1: Flow chart of the smooth polynomial algorithm
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by splines and they assure the continuity of velocity) [70]. However, the
polynomial method is more flexible when dealing with a large number of
boundary conditions, i.e., position, velocity, acceleration, jerk, snap, etc.

1.5

Continuous Paths with Sharp Corners

Parallel manipulators have been used in the manufacturing industry where
continuous paths have to be followed with high tracking accuracy and high
velocity. These tasks include welding, laser cutting, assembly and deburring,
to name a few. In general, programing a machine tool to accomplish a task
consists of three steps: first, the geometry of the path is defined without
considering the required time to accomplish the task. Then, the trajectory
planning section commences where the velocity, acceleration and jerk profiles
of the machine tool are calculated. Finally, the geometric path and trajectory
are converted into the control signal and the machine tool accomplishes the
task in the required time [36, 35]. The typical objective of machine tools
trajectory planning is developing a time optimal trajectory [18, 64].
Unfortunately, manipulators may suffer from tracking error, i.e., the actual
tool motion deviates from the designed trajectory, when the trajectory has a
sharp corner [57, 84]. More specifically, when the manipulator enters a sharp
corner, the acceleration changes drastically (because the direction of the motion changes suddenly) which requires large torques at the actuators. Also,
the reference trajectories with a rounded corner and small radius suffer from
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the same problem due to the normal acceleration. Consequently, the sharp
corner trajectory turns to a rounded corner trajectory since the maximum
torque of the actuators is limited. The machining accuracy of trajectories
with sharp or rounded corners depends on the suitability of the reference
trajectory (i.e., smoothness of the trajectory), the control strategy and the
efficiency of the mechanical structure (the number of sensors). While the
mechanical structures (i.e., sensors) are limited by the budget, the control
strategy and reference trajectory planning method have been investigated by
researchers.
The issue with sharp corners in rapid machining has been raised by manufacturers. For instance, it has been suggested to avoid sharp corners for
rapid cutting since the corners slow down the process [85]. Also, it is recommended to slow down when approaching a sharp corner (to avoid overshoot)
in a welding operation with a two axis shape machine [86].
Weck and Ye used a feedforward based control method where the dynamic
behaviour information of the system is used to predict and compensate the
tracking error [75]. They used the inverse compensation filter which filters
away the high frequency signals which is effective on smoothing the discontinuities of the reference trajectory. The test results showed improvement on
tracking the reference trajectory. However, the method is highly dependent
on the physical limitations of the machine since the position control loop factor needs to be raised. A comprehensive study of different control strategies
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applied on machine tools to decrease the tracking error is conducted in [60].
The improvement of the control strategy is not in the scope of this project.
Another important factor of the accuracy of the machining process is the
smoothness and continuity of the reference trajectory. This would be highlighted when the workpiece has sharp or rounded corners which cause a discontinuity in the reference acceleration. Jouaneh et al. divided the reference
trajectory into two smooth paths between the tool and table (workpiece) [37].
Since the reference paths are smooth and continuous, the task of tracking the
sharp corner can be accomplished with constant speed. In the suggested algorithm, the tool and the table move in opposite directions where the tool
path consists of a straight line followed by a curve. The table path is a
straight line tangent to the curve. Although the proposed algorithm is an
off-line method and the system has at least one degree of freedom of redundancy, the issue of the singular configurations inside the workspace needs to
be considered. Erkorkmaz and Altintas presented a continuous path generation method in which the position displacement is constant and avoids any
fluctuation in velocity [20]. Also, the interpolating period varies (the distance
between fixed reference positions are interpolated with a quintic polynomial)
to maintain a smooth acceleration. Although the feasibility of the approach
is demonstrated by experimental results, the initial setup of the algorithm is
time consuming. lmani and Jahanpour used Pythagorean hodograph (P-H)
quintic curves to generate a smooth and continuous toolpath around sharp
corners (a P-H curve has a smooth arc length variation) [34]. Although the
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simulation results show accuracy improvement with respect to the previous
methods, the algorithm efficiency decreases when the sharp corner is acute.
Liu et al, modified the P-H to have a geometrically flexible path planning
algorithm called C 2 PH. The path planning algorithm is the connection of
several P-H curves while the jerk is limited [44]. Gauthier et al. used Lame
curves to smooth the corners of a square shape trajectory and eliminate the
discontinuities of the velocity and acceleration in the Cartesian space [27].
An optimisation algorithm was implemented to determine the curve parameters where the energy was minimised. The algorithm was tested on a SCARA
robot.

1.6

Trajectory Planning for Manipulators with
Singular Configurations

Trajectory planning for robotic manipulators deals with finding a path between the initial and final positions of the end-effector. Unlike serial manipulators, parallel mechanisms may have many singular configurations inside
the workspace which makes the trajectory planning of parallel manipulators
more complicated. Therefore, there is a need to develop a path planning algorithm that deals with the singular configurations. The conducted research
on path planning for parallel manipulators has been focusing on singularity avoidance. Dasgupta and Mruthyunjaya presented a path planing algorithm for the Stewart platform manipulator where the algorithm generates a
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singularity-free path between the initial and final positions. The path planning algorithm is subject to provide the shortest path while it guarantees that
all the points of the trajectory are well-conditioned. To deal with the complexity of the problem, a sequence of convenient and non-singular via points
are defined [15]. Dash et al. used a numerical method for singularity-free
path planning where all singular points inside the workspace are determined
and grouped as clusters of singularities [16]. Then, every cluster is estimated
as a polyhedron obstacle. Finally, an obstacle avoidance algorithm is applied to avoid the polyhedra. Li et al. introduced a method to obtain a
continuous singularity-free 6-D workspace for the Stewart-Gough platform.
First, an analytical solution is applied to obtain the singularity locus of
the Stewart-Gough platform. Then, the largest singularity-free hyper-sphere
is obtained for a given position. For this purpose, an optimisation problem is defined to find the closest point on the singularity manifold to the
centre point [42].

Khoukhi et al.

applied a multi-objective optimisation

method to design the robot trajectory considering the robot's kinematic and
dynamic models. The presented algorithm minimizes the time and necessary energy to achieve a trajectory between initial and final position while
avoiding singular configurations through maximizing the measure of manipulability [39]. Sen et al. constructed a Lagrangian function which consists
of two terms analogous to kinetic energy and potential energy. The kinetic
energy term tends to keep the trajectory short while the potential energy
term (also known as the penalty function) forces the path to remain inside
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the workspace as well as avoiding the singular configurations [62]. Chen and
Liao defined a hybrid optimisation algorithm to minimize travel time and the
total energy consumption of the manipulator where the maximum torque is
constrained [7]. Consequently, the singular configuration will be eliminated
from the workspace since the torque at the singular configuration increases
dramatically. Lin et al. presented an evolutionary optimisation algorithm
for path planning which keeps the singular points as far as possible from the
robot's trajectory [43].
Macho et al. defined the assembly modes of parallel manipulators as the
direct kinematic solutions that are separated with direct kinematic singularities [4 7] and showed graphically that the different solutions of the inverse
kinematic problem are overlapped. They claimed that, although crossing the
inverse displacement singular configuration restrains the moving platform, it
is not a problem from an actuation point of view and controllability will not
be lost. They proposed that the inverse displacement singular configuration
can be crossed as long as the assembly mode does not change.
Briot and Arakelian analyzed the forces and moments that are applied on the
end-effector by the legs and external forces when passing through a singularity [2]. They proposed that if the work of the forces along the uncontrollable
direction is equal to zero at a singular configuration, then the end-effector
can pass through singular configurations. They applied this concept on the
dynamic model of a parallel manipulator and found the necessary condition.
This condition appears as a constraint on the velocity and acceleration of
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the end-effector along the trajectory. In other words, they designed a path
between an initial and final position with a specific velocity and acceleration
profile. Then, the obtained velocity and acceleration profile will generate
specific inertial force and inertial moment profiles which result in satisfying the earlier condition. This method considers the dynamics of parallel
manipulators at singular configurations. However, it does not consider the
neighbourhood of singular configurations where the required forces or torques
increase exponentially.
Most of the conducted research on path planning for parallel manipulators
have focused on singularity avoidance where the workspace shrinks and the
complexity of the path planning algorithm increases.

This research aims

to modify the dynamic parameters of parallel manipulators at singular configurations and presents a new approach for parallel manipulators to cross
singular configurations.

1.7

Internal Redundancy

Recently, a new type of redundancy called internal redundancy has been the
focus of some attention in the context of serial manipulators [72]. Similar to
the types of redundancy described earlier, a new set of degrees of freedom is
added to the serial manipulator. However, in contrast with the redundant
actuators and/or links described earlier, the new DOF is used to change the
internal geometry of a link resulting in the change of the location of the link's
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centre of mass and its inertial mass distribution, i.e., its mass moment of
inertia. Since the changes are made within the internal members of the link,
the redundant DOF does not have a direct effect on the end-effector pose,
i.e., position and orientation. More specifically, in reference to Figure 1.2, the
position of the mass ms in link 2 can be moved without altering the pose of the
end-effector. This allows for different internal motions for a given trajectory
of the end-effector thus adding control to some dynamic parameters of the
manipulator to attempt to improve its dynamic performance.

Figure 1.2: Serial manipulator with internal redundancy in link 2
Vukobratovic et al. discussed the general form of the dynamic modelling for
a system with internal redundancy and conducted different tests [72]. In experiment one, two degrees of freedom of internal redundancy were applied on
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a two-link serial robotic manipulator. One portable mass is mounted on every link with a hydraulic actuator that changes the position of the redundant
mass. The role of the redundant actuators is to help in a critical situation
where the actuators meet their velocity and force limits. The manipulator
task is defined as a straight line in the Cartesian space with a triangular
velocity profile. The simulation results demonstrate that the forces and the
velocities of the actuators do not meet the limits while the internal redundancy is applied on the manipulator. Also, the internal redundancy is applied
to reduce the gravitational load of a heavy robotic arm in another simulation.
A robotic manipulator in which its shoulder joint carries out a strong gravitational load is considered ( a big portion of the motor torque is consumed
to compensate the gravity). An additional redundant mass is mounted on
the shoulder and is expected to create a counter-torque which reduces the
gravitational load and allows the static balance of the manipulator. The simulation results indicate that the gravitational load decreases for both slow
and fast motions of the manipulator when internal redundancy is applied.
Potkonjak and Vukobratovic reported more work and examples on internal
redundancy that they called variable geometry [59, 71]. They considered two
additional pivot points for a bridge where the position of the pivot points are
variable. Considering the fact that the loads are known, the adjustment of
the positions of additional pivot points is done so as to prevent resonance. In
another test, the concept of variable geometry is applied to the suspension
system of a car that is moving on a path with a sharp curve. As the car
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enters the curve, the cargo inside the car moves and causes perturbation. To
stabilize the car and avoid overturning, the wheel can be shifted in a lateral
direction which is considered as variable geometry.
The idea of using actuated masses to produce inertial forces and moments
has also been recently proposed by Gosselin et al. [30]. They simulated a 1DOF inertia generator device where an internal moving mass is actuated in
response to the external acceleration that is applied to the system. The theoretical results suggest that limited inertia force can be generated to modify
the effective inertia of the device. Also, they built a prototype of the 1-DOF
inertia generator and the experimental results confirm that the prescribed
inertial forces are generally well generated in order to reduce the total force
and moment exerted on the device. In the prototype, an internal moving
mass and a rail are mounted on a plate. The motion of the internal moving
mass is maintained through a DC motor (the connection is via a closedloop belt and a pulley). A force or torque sensor is attached to the plate
which measures the force applied on the plate by the user. The results of
the experimental test demonstrate that the prescribed inertia to minimize
or maximize the force is well generated. They also expanded the simulation
where four internal moving masses were mounted on a 3-DOF platform to
generate inertial forces and moments in a plane. Similarly to the 1-DOF
device, it was shown that a prescribed translational and rotational inertia
can be generated through strategically moving the masses. Also, they also
reported the limitation of the motion range, velocity and acceleration of the
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actuators that move the internal moving masses as the main limitations on
generating inertial forces.
Actuated masses have also been proposed for dynamic balancing

2

•

Van der

Wijk and Herder introduced the Active Dynamic Balancing Unit (ADBU)
method to dynamically balance a mechanism [76]. In this method, a balancing unit with separate actuators is added to the mechanism. The number of
actuators is equal to the DOF of the mechanism and every actuator carries
a mass. A control system is applied to actively control the spare actuators to balance the dynamic forces and moments of the mechanism. Also, it
was suggested that the balancing unit can be applied for handling variable
payloads.
In the literature, the disadvantage of the additional masses for dynamically
balanced mechanisms are discussed [33, 78]. The main disadvantage is considered as the inertia added to the system and the extra masses and actuators.
A mechanism with greater inertia will need more power to drive. Also, additional masses require more power to lift and control. On the other hand, the
advantages of dynamically balanced mechanisms are named as a reduction
of wear, fatigue and noise and an increase in accuracy [32, 33].
In general, it is not easy to judge the performance of a mechanism when
additional components and masses are added [40, 78]. In this research the
concept of internal redundancy is applied to parallel manipulators to ac2
A manipulator is called dynamically balanced when the sum of all dynamic reaction
forces and the sum of all dynamic reaction moments are zero [77].
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complish tasks that conventional parallel manipulators are not capable of
accomplishing. In other words, new abilities are added to the mechanism
through applying internal redundancy.
In the rest of thesis, the added moving masses will be referred to as the
actuated masses while their actuators will be referred to as the redundant
actuators.

1.8

Objectives

The main objective of this work is to study the effect of applying internal
redundancy on the dynamics of parallel manipulators. More specifically, the
dynamics of parallel manipulators are studied while the manipulator tracks
trajectories that contain singular configurations and trajectories with sharp
corners.
To date, the conducted research on the path planning of parallel manipulators
tends to avoid direct kinematic singular configurations inside the workspace.
This makes path planning a difficult task. Also, some parts of the workspace
may not be used.
The motion of the actuated masses can generate inertial forces and inertial
moments. Hypothetically, these forces can be used to control the manipulator when tracking a trajectory that contains direct kinematic singularity
configurations. The dynamic model of a 2-RPR planar parallel manipulator
with internal redundancy is developed and different trajectories that contain
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singular configurations are designed in Cartesian Space and are set as the
reference trajectories. The model is then used to investigate the feasibility
of the suggested method.
Currently, the machining industry is suffering from the lack of a mechanism or
algorithm for machining a sharp-cornered-workpiece with a high and constant
velocity. This deficiency is due to the sudden change of the acceleration
which demands high torques on the actuators.

The discontinuity in the

reference trajectory demands large forces or torques at the main actuators
which might not be feasible due to the force or torque limitation of the
main actuators. Since the actuators cannot provide the required forces or
torques, the trajectory that the tool follows will differ from the reference
trajectory [58].
A common way of machining a workpiece with a sharp corner is pausing the
machine right at the sharp corner [66, 89]. Although the sharp corner is
assured by stopping the tool, the manufacturing time increases significantly.
This research aims to apply internal redundancy in the 3-RRR planar parallel manipulator to overcome the actuator torque limits once the robot faces
a sharp or rounded corner with small radius. Internal redundancy is applied
to the distal links. The kinematic and dynamic equations are derived. Then,
an optimisation problem is formulated where the displacement of each of the
actuated masses at every point throughout a trajectory is sought to mini-:
mize the torques at the base actuators. Trajectories with rounded corners
(different radii) are considered.
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Chapter 2
Kinematics and Dynamics
In this chapter, the kinematic and dynamic model of the mass-less 2-R.ER
planar parallel manipulator is presented. Figure 2.1 shows the manipulator
without internal redundancy. The manipulator with internal redundancy is
presented in Figure 2.2 where two actuated masses are mounted on each
branch. Also, the concept of internal redundancy is applied to a 3-DOF planar parallel manipulator. The 3-RRR manipulator with internal redundancy
in all three branches is described and its kinematic and dynamic equations
are derived.
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2.1

Modelling of a 2-RPR Manipulator with
Internal Redundancy

The 2-DOF 2-RPR planar parallel manipulator shown in Figure 2.1 is modified to include internal redundancy as shown in Figure 2.2. The manipulator
is a symmetrical 2-RPR manipulator with base A 1 and A 2 and end-effector

B. The two revolute joints at the base points are passive joints. The two
prismatic actuators are located between the base joint of each branch (Ai)
and the end-effector (B).
In order to study the concept of internal redundancy, a linear track is mounted
on each branch (i.e., at

Ei

for i

=

1, 2) where the actuated mass

msi

can

slide. The position of the actuated mass relative to the branch is given by
si.

Since the masses

ms

are mounted on tracks or prismatic joints, their

position can be actively controlled. More specifically, the distance
to the centre of mass

msi

si

from

Ei

can be actively controlled thus changing the overall

dynamic properties and effects of links AiB.
To simplify the dynamic analysis, the manipulator presented in Figure 2.1
is considered mass-less. Also, the actuated masses are considered as point
masses and each assigned a mass

msi

(for i

=

1, 2). The distance between

the base points and the redundant actuators are denoted by Li (i
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=

1, 2).

B

Figure 2.1: 2-R.E_R planar parallel manipulator

y

Figure 2.2: 2-RPR planar parallel manipulator with internal redundancy
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2.1.1

Kinematics

The base coordinate frame 0-xy (denoted by { 0}) shown in Figure 2.2 is
fixed on point A 1 . The length of AiB is denoted by di (for i

=

1, 2) and is

defined as follows:

2
d; = (x - xoi) + (y - Yoi)2

for

i

= 1, 2

(2.1)

where (x, y), (x 0 1, y 0 1) and (x 0 2, y 0 2) are the Cartesian coordinates of the
position of B, A 1 and A2 , respectively.

2.1.2

Velocity and Acceleration

Taking the time derivative of equation (2.1) leads to

(2.2)

where (±, iJ) denotes the Cartesian velocity of the end-effector and

di

repre-

sents the linear velocity of the actuator i. Equation (2.2) can be re-arranged
to yield the Jacobian matrix of the manipulator

(2.3)
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The linear acceleration of the prismatic actuators is derived through the time
derivative of equation (2.2) as

·2

di

+ didi.. = X""( X -

Xoi

)

+ X·2 + Y.. ( Y -

Yoi

)

+ Y·2

(2.4)

where di denotes the linear acceleration of the actuator i and (x, ii) represent
the Cartesian acceleration of the end-effector.
The Cartesian velocity of the end-effector with respect to the base coordinate
frame is written as follows:

(2.5)

where

(Ji

is the angular velocity vector of link i, di is the position vector from

Ai to B and ui is the unit vector in the direction from Ai to B. Matrix N is
defined as follows [63]:

(2.6)

Taking the cross product of ui with both sides of equation (2.5), allows to
compute Bi, the angular velocity of the passive joint i when the velocity of
the end-effector is known

(2.7)
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where (Ji is the angular displacement of passive joint i.
The acceleration of the end-effector can be expressed as

where

iii is the angular acceleration of the passive joint i and is calculated as

follows:

/j. _
i

2.1.3

-x sin (Ji + jj cos (Ji di

-

2Bidi

(2.9)

Link Jacobian Matrix

The Principle of Virtual Work is applied to develop the dynamic model of
the 2-RPR. When the end-effector is subjected to a virtual displacement, the
link Jacobian sub-matrix related to the linear velocity provides the virtual
displacement of a point on a link, while the link Jacobian sub-matrix related
to angular velocity produces the virtual angular displacement of a link (also
referred to as partial velocity and partial angular velocity matrices by some
authors [80]). Points Ei (for i

=

1, 2) are considered as the pivotal points of

the actuated masses 1 and 2.
The Cartesian velocities of any point on the branches can be computed by
multiplying the distance from Ai to the point by the angular velocity of the
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branch. The Cartesian velocity of point Ei is written as follows:

- L; sin B: cos B;l [:] .
Li cos ()i

(2.10)

y

Considering equation (2.7), the link Jacobian sub-matrix related to the angular velocity of the branch i is written as follows:

G;

=

;i [-

sin B; cos B;]

(2.11)

and the link Jacobian sub-matrix related to the linear velocity is written as
follows:

(2.12)

2.1.4

Inertial Force and Inertial Moment

The Newton-Euler formulation is applied to develop the inertial forces and
the inertial moments of each actuated mass which are considered as point
masses. The inertial forces are transferred to the pivotal points (i.e., points
E 1 and E 2 ) with the corresponding moment. The inertial force of m 81 is
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written as follows:
2

F 1 = -ms1 ( si [- sin 81 cos 81f - 81 [£1 cos 81 - S1 sin 81 L1 sin 81
T

··

+s1 cos 81] + 81 [- L1 sin 81 - s1 cos 81 L1 cos 81 - s1 sin 81]

T

-281s1 [cos 81 sin 81f)

(2.13)

The inertial moment of m 81 about pivotal point E 1 is written as follows:

(2.14)

where F 1x and F 1 y are the x and y components of F 1 .
The inertial force of m 82 is written as follows:

F2

= -ms2 ( S2 [sin 82 T

cos 82f -

8/ [L2 cos 82 + S2 sin 82 L2 sin 82

..

-s2 cos 82] + 82 [-L2 sin 82 + s2 cos 82 L2 cos 82 + s2 sin 82]

T

+282i2 [cos 82 sin 82f)

(2.15)

also, the inertial moment of m 82 about pivotal point E 2 is written as follows:

(2.16)

where F2 x and F2 y are the x and y components of F 2 .
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2.1.5

Dynamic Model

The dynamic equation of the 2-RPR is written as follows:
2

JT r

+

L [Hf

Gf] [Ff Mi( = 0

(2.17)

i=l

where J is the Jacobian matrix of the manipulator,

T

presents the forces of

the main actuators, Hi is the link Jacobian sub-matrix related to velocity
and Gi is the link Jacobian sub-matrix related to the angular velocity of the
links, and Fi and Mi are inertial forces and moments of the actuated masses,
respectively. Note that the negative values in equations (2.13) and (2.15) for

F 1 and F2 are used to apply d'Alembert's principle for these terms to be
added to equation (2.14), (2.16) and (2.17).

2.2

Modelling of a 3-RRR Manipulator with
Internal redundancy

The 3-RRR planar parallel manipulator shown in Figure 2.3a will be discussed in this section. The manipulator is symmetrical with base (G 1 G 2 G 3 )
and end-effector (A 1 A 2 A 3 ) as equilateral triangles. The three revolute actuators to move the manipulator's end-effector are located at Gi, the base
joint of each branch.

The length of the proximal links, i.e., links GiBi

(i = 1, 2, 3), has been denoted by li while the length of the distal link,
i.e., BiAi (i

= 1, 2, 3) has been denoted by l2 •
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In order to study the concept of internal redundancy, a portion of the distal

link (the portion from Bi to A~) protrudes on the opposite side of the revol u te
joint at Bi and creates a linear track from Ai to A~ on which the actuated
mass ms can slide (see Figure 2.3b ). The position of the mass relative to the
elbow joint Bi is given by si and is measured in the direction of Ai. Since
the masses ms are mounted on tracks or prismatic joints, their position along

AA~ can be actively controlled.

More specifically, the distance

Si

from elbow

joint Bi to the centre of mass ms can be actively controlled thus changing
the overall dynamic properties and effects of links A~ Ai.
To help complete the dynamic model, each element has been given a mass
while symmetry has been assumed to simplify the analysis. Moreover, the
links have been modelled as slender rods. The proximal links have all been
assigned a mass m 1 with their centre of mass located halfway between Gi
and Bi while all three distal links have been assigned a mass m 2 with their
centre of mass located halfway between A~ and Ai. The moving platform has
been assigned a mass me with its barycentre located at the centroid of the
moving platform.
The dynamic model of a 3-RRR planar parallel manipulator with 3-DOF of
internal redundancy is developed in this section. The dynamic model is obtained using the Principle of Virtual Work as well as d'Alembert's principle.
The derivation is similar to that presented in [80]. For this purpose, a complete kinematic model of the manipulator needs to be developed to derive
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Figure 2.3: 3-_RRR planar manipulator: a) basic kinematic parameters and b)
location of the centre of mass of each component (li are fixed values while Si are
variable).
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the velocity and acceleration equations. In addition to that, inertial forces
and moments of all the links need to be calculated.
Note that in what follows, the equations are derived for each of the three legs.
Therefore, index i in the equations that follow is assumed to respectively take
the values 1, 2 and 3 when deriving the equations for legs 1, 2 and 3.

2.2.1

Kinematics

The inverse and forward displacement problems of the 3-RRR planar manipulator, as well as its Jacobian matrices, have been developed in [29]. The
base coordinate frame 0-xy (denoted by { O}) shown in Figure 2.3 is fixed
on point G 1 . Also, a moving coordinate frame P-XNYN (denoted by {N}) is
attached to the barycentre of the moving platform. The position vector of

Bi in the base coordinate frame is defined as follows:

(2.18)

where rBi describes the position vector of point Bi, rai is the position vector
of point Gi and (}i is the angle link GiBi makes with the x axis (i.e., the
actuation variable for the motor located at Gi). The position vector of Ai is
expressed as follows:

= rp+Rr~I
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(2.19)

where r Ai is the position vector of point

A, /3i

describes the angle of link

Bi Ai with respect to the horizontal x direction, rP is the position vector of
point P and

r1i

is the position vector of Ai expressed in frame N. The

rotation matrix R describing frame { N} relative to frame { O} is defined as
follows:

R=

[c~a -sin al .
sma

(2.20)

cosa

The constraint equation of motion is written as follows:

(2.21)

where l2 is the portion of the distal link from Bi to Ai.

2.2.2

Inverse Displacement Problem

The inverse displacement problem of the 3-RRR planar manipulator is written as follows:
(2.22)
where 1i is defined as follows:

(2.23)

where atan2 is the quadrant corrected inverse tangent function, while x Ai
and

YAi

are the Cartesian components of the position of Ai relative to Gi
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and are written as follows:

(2.24)

(2.25)

where x and y are Cartesian positions of point P, l 3 is the radius of the
moving platform (i.e., the distance between P and Ai) and <Pi is given by
7r

7r

¢1

= O'. + 6

</)3

= O'. - 2·

(2.26)

The equation for 'l/Ji is written as follows:

(2.27)

2.2.3

Velocity and Acceleration

Taking the time derivative of equation (2.18) leads to

(2.28)
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where (}i is the angular velocity of actuator i. The linear velocity of point Ai
is written as follows:

(2.29)

where

Vp

is the vector describing the linear velocity of point P.

The angular velocity of link BiAi is derived from equation (2.29) and is
written as follows:

(2.30)

The linear acceleration of points Bi and Ai is obtained as the time derivative
of equations (2.28) and (2.29):

(2.31)

(2.32)

where

ap

is the linear acceleration of point P. The time derivative of equa-

tion (2.30) leads to
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In order to generate the Jacobian matrix, the time derivative of equation (2.21)
yields

J=

-a1
c1

.=h

=!!1.

Cl

c1

-a2
c2

-b2

-d2

c2

c2

=!!.a

=h

=!!a.

C3

C3

C3

(2.34)

where the elements of this Jacobian matrix are as follows [28):

(2.35)
(2.36)

(2.37)

(2.38)

where xci and Yci are the Cartesian components of the position of point Gi
while h 1

2.2.4

=

ht , h2 = k and h3 = k.

Link Jacobian Matrices

Since the Principle of Virtual Work is applied to develop the dynamic model
of the 3-RRR manipulator, link Jacobian matrices have to be derived. Points

Gi, Bi and P are considered as the pivotal points of links GiBi, BiAi and
the moving platform, respectively. The link Jacobian sub-matrix related to

46

the angular velocity of link GiBi is written as follows:

G il. --

[-a·

-d·]

____!!I.

___!1

-b·

____!!I.

Ci

Ci

Ci

(2.39)

•

The link Jacobian sub-matrix related to the linear velocity of point Gi is zero
since the velocity of that point is zero. The link Jacobian sub-matrix related
to the linear velocity of point Gi is thus written as:

Hil

=0

(2.40)

The link Jacobian sub-matrix related to the linear velocity of point Bi and
the link Jacobian sub-matrix related to the angular velocity of link BiAi are
obtained from J (equation (2.34)) and from equation (2.30), respectively and
are written as follows:

(2.41)

where

e1 =

[1 0

of, e2 =

[O 1

of and e3 =
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[O O

if.

The link Jacobian sub-matrix related to the angular velocity of the moving
platform and the link Jacobian sub-matrix related to the linear velocity of
point P are written as follows:

-

e T3

(2.43)

(2.44)

2.2.5

Inertial Force and Inertial Moment

Here, the Newton-Euler formulation is applied to develop the inertial forces
and the inertial moments of each moving body about its centre of mass.
Then, these inertial forces and moments are calculated about pivotal points

(i.e., points Ai, Bi and Gi). The inertial force and moment of link GiBi about
pivotal point Gi are written as follows:

T

.
ii · 2 [cosB· sm
.
ii ·· [- smB·
B·]i
cosB·]i - -B·
F-i 1 = -m 1 ( -B·
i
2 i
i
2 i

T)

(2.45)

(2.46)

where ei, ei and iii are the angular displacement, angular velocity and angular
acceleration of actuator i, and

Iii

is the moment of inertia of link GiBi about
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point Gi. Note that the negative values are for the application of d'Alembert's
principle.
The influence of internal redundancy appears in the inertial force and moment
of the distal links where the moment of inertia and mass centre of the links
vary with respect to the position of ms. The equations for the inertial force
and moment about point Bi of the distal links are written as follows:

Fi2

= -m2tot

.
(aBi + ri2/3i· [- srn/3i

T

·

2

.

cosf3i] - ri2/3i [cosf3i sm/3i]

T)

-mss"i [cosf3i sin/3if - 2mssi~i [- sin(/3i) cos(/3i)f (2.47)

(2.48)

where /3i, /Ji and ~i are the displacement, angular velocity and angular acceleration of the passive joints and m2tot is the total mass of link A~Ai, i.e.,

m2tot

= m2 + ms. Also,

aBi

describes the linear acceleration of point Bi, ri 2

is the distance between the centre of mass of link A~Ai and point Bi while Ji 2
is the moment of inertia of the distal link with respect to Bi. The distance
from point Bi to the barycentre of the actuated mass is si while si and si
describe the velocity and acceleration of ms. The position of the centre of
mass of the distal link and its moment of inertia vary with respect to the
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position of the actuated mass and are written as follows:

mssi + m2ra 2
m2+ms

(2.49)

(2.50)

where ra 2 is the position of the centre of mass of the distal link (excluding

ms) and is equal to zero for the case when Bi Ai is equal to Bi A~, and JA~Ai is
i

the moment of inertia of link A~Ai about its centre of mass (excluding ms).
The inertial force and moment of the moving platform about point P is
written as follows:

(2.51)

(2.52)

where

ap

and ii are the linear acceleration of point P and the angular accel-

eration of the moving platform, respectively while mn and JN represents the
mass and the moment of inertia of the moving platform.

50

2.2.6

Dynamic Model

The dynamic equation of the 3-RRR is written as follows:
3

JT T

+

2

LL [H&

G&] [Fij

Mijf

i=l j=l

(2.53)

where J is the Jacobian matrix of the manipulator,

T

presents the torque

vector, Hij are the link Jacobian sub-matrices related to velocity and

Gij

are

the link Jacobian sub-matrices related to the angular velocity of the links,
HN and GN represent the link Jacobian sub-matrix related to velocity and

the link Jacobian sub-matrix related to the angular velocity of the moving
platform, F ij and Mij are inertial forces and moments of the robot links and

F N and G N represent the inertial force and moment of the moving platform.
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Chapter 3
Applying Internal Redundancy
to Cross Direct Kinen1atic
Singularities
In this chapter, the concept of internal redundancy is applied to a planar
parallel manipulator.

The 2-R.ER manipulator with internal redundancy

presented in Chapter 2 is used. A straight line trajectory and a circular path
with singular configurations are designed as the reference trajectories. Then,
the implementation of internal redundancy for following the trajectories is
discussed (Section 3.1). The architectural parameters and trajectory planning algorithm are explained through numerical examples in Section 3.2 and
then discussed in more detail in Section 3.3.
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3.1

Implementation of Internal Redundancy

Following a path with a robotic manipulator starts with the definition of the
displacement, velocity and acceleration of the end-effector in Cartesian space.
Thereafter, the position, velocity and acceleration of the main actuators can
be computed using the equations developed in Chapter 2. The dynamic
equations can then be used to compute the main actuator forces required to
track the designed path.
Conventional parallel manipulators are unable to follow trajectories that go
through end-effector poses that result in singular configurations. This can
be mathematically explained through equation (2.17). In order to calculate
the actuation forces, equation (2.17) needs to be multiplied by the inverse of

JT. However, the Jacobian matrix is not invertible when the manipulator is
in singular configurations.

It should be noted that, if J is singular but the sum of the other terms of
equation (2.17) is a vector in the order of magnitude of JT T, the finite values
of T exist that can take the robot thorugh the singular configuration.
Since the necessary forces to move the end-effector are a function of the
manipulator pose as well as the position, velocity and acceleration of the
actuated masses, moving the actuated masses (i.e., changing si, si and s·i for
i

=

1, 2) will also have a direct effect on the forces of the main actuators.

For parallel manipulators with internal redundancy, trajectories with singular
points can be tracked if the main actuators turn off at singular configurations
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and the required inertial forces and inertial moments are provided through
the motion of the actuated masses. Turning off the main actuators in AiB at
singular configurations eliminates the effect of the singular Jacobian matrix
in the dynamic equations. To achieve this, the following steps are proposed
and will be explained in more details later. In the text that follows, the
condition number refers to the condition number of the Jacobian matrix.
1. Define the reference trajectory (point-to-point): The desired

trajectory is planned in Cartesian space and the displacement, velocity
and acceleration of the main actuators are obtained using the corresponding inverse kinematic solutions.
2. Calculate the forces in the main actuators with the actuated

masses fixed: The main actuator force values of the manipulator are
calculated for the defined reference trajectory using equation (2.17).
3. Determine when the condition number reaches a pre-defined

value: As the manipulator approaches a singular configuration, the
condition number increases. The condition number is calculated along
the trajectory and the time at which it reaches the pre-defined threshold
when approaching the singularity and the time at which it becomes less
than the threshold after crossing the singularity are determined.
4. Turn off the main actuators: The main actuators are smoothly
turned off such that they are zero when the condition number reaches
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its pre-defined thereshold when approaching the singularity. This is
undertaken using a polynomial to guarantee a smooth transition of
forces to zero while the redundant actuators turn on to assure that
internal forces are provided to cross the singular configuration.
5. Move the actuated masses: While the condition number is greater
than the threshold, the forces of the main actuators remain zero. The
actuated masses move to maintain the desired trajectory. The motion
profile of the actuated masses are obtained through solving a set of
simultaneous equations, i.e., equation (2.17) with r

=

0 (i.e., a set

where s 1 and s 2 are the unknowns).
6. Bring the actuated masses to the rest condition: Once the manipulator is far enough from the singular configuration, the main actuators smoothly turn back on. Simultaneously, the actuated masses
need to be returned to their respective initial or datum positions. Since
any sudden changes in the acceleration of the actuated masses results
in a spike in the forces of the main actuators, a polynomial method is
implemented again to bring the actuated masses to their initial positions.
7. Turn off the redundant actuators: Once the actuated masses arrive
at their respective initial position (i.e.,
i

=

si

=

0,

si

=

0 and

§i

=

0 for

1, 2), the redundant actuators are turned off and the motion of the

manipulator is maintained using the main actuators.
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When

T

=

0, equation (2.17) still has to be satisfied for the trajectory.

Matrices Hi and Gi are known when the trajectory is specified, while Fi and

Mi depend on the motion of the actuated masses. A numerical solution is
used to obtain

si, si

More specifically,
si

and

si

si

and

§i (

the algorithm is explained in Section 3.1.1).

is considered as the unknown of the equation (2.17) and

are computed numerically.

Additional details of the different steps are provided in the next section.
Also, a flow chart of the algorithm is presented in Figure 3.1.

Numerical Solution of the Dynamic Equation

3.1.1

Equation (2.17) is solved in Matlab using the function /solve, which is used
to solve a set of nonlinear equations [11]. A system of equations is presented
as follows:

f(x) = 0, f(x) = (/1(x), h(x), ... , fn(x))
where

(3.1)

Ji represents an equation, x is the system variable, and n is the number

of equations. The function /solve minimises the following sum of squares:
n

mJn B(x)

=

L (Ji(x))

2

.

(3.2)

i=l

The system of equations is solved when the minimisation problem converges
to zero.
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Figure 3.1: Flow chart of the algorithm
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To solve the minimisation problem, an approximation of the objective function 3 is calculated in the neighbourhood of point

Xk ( trust

region method).

Then, a step has to be calculated over the neighbourhood to minimise the
new approximated objective function. The approximated objective function
is a quadratic function and is calculated by using the first two terms of the
Taylor approximation 1 . By minimising the quadratic objective function, xk+l
is calculated. If 3(xk+I) > 3(xk) the algorithm needs to start from a new
starting point [50].

3.1.2

Mathematical Presentation of the Algorithm

Following the algorithm presented in Section 3.1, the first step is to determine the initial and final positions of the path and the velocity of the end
effector along the trajectory. Then, the reference trajectory in the Cartesian
space is calculated (block a of Figure 3.1). The output of this block is the
displacement, velocity and acceleration of the end effector, i.e., X,

X.

X

and

Thereafter, the designed trajectory in the Cartesian space is mapped to

the joint space using the equations in Section 2.1.2 (block b of figure 3.1).
The output of this section is the displacement, velocity and acceleration of
the active joints (i.e., d,

d and d).

Once the reference trajectory is calcu-

lated in both Cartesian space and joint space, the required forces to follow
the reference trajectory are calculated for the manipulator with the actuated
1

The degree 2 Taylor Polynomial approximation off (x) for x near a is written as

J(x) ~ J(a)

+ f'(a)(x -

a)+ f"Ja)(x - a) 2 [10].
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masses fixed (block c of Figure 3.1). The dynamic equation of the 2-RPR
manipulator with the actuated masses fixed is written as:
2

Jrr+L[Hf Gf][Ff Mi]T=O

(3.3)

i=l

where H, G, F, M and J are functions of the reference trajectory. The
redundant actuators start moving q time steps prior to attaining the predefined threshold of the condition number. The value of q is determined
heuristically depending on the trajectory. Prior to this, si, Si and
i

si

for

= 1, 2 are zero in the equations (2.13), (2.14), (2.15) and (2.16).

Once the required forces for following the designed trajectory are calculated,
the condition number needs to be calculated and monitored along the trajectory (this is undertaken in block c of Figure 3.1). Then, the time when
the condition number exceeds the pre-defined threshold when approaching
the singularity (i.e., t

=

t 1 ) and the time when the condition number be-

comes less than the pre-defined threshold after crossing the singularity (i.e.,

t = ti+z) are recorded.
A smooth force profile needs to be calculated to turn off the main actuators
(block e of Figure 3.1). The interpolating polynomials method presented in
Section 1.4.1 can be used to generate a smooth polynomial for the forces in the
main actuators. The polynomial method requires the boundary conditions
at the beginning (t = tj-q) and at the end (t = ti).
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The forces of the main actuators at the start of transition are the force
values that occur at t

=

tj-q as well as the first and second derivatives of

the forces at that instance (calculated numerically). The final value of the
force in each actuator at the end of the transition when the actuators are
turned off is zero, with the first and second derivatives equal to zero. The
first and second derivatives of the forces are considered to plan a smooth
transition from the initial to the final positions. Similar to equation (1.6),
the main actuator force profile in the section in which they are turned off
can be written as follows:

Tj,(t) = Tj,

where

Tj,

and

Tf,

(here

Tf, =

of the main actuator j' (j'

+ (T!, -

Tj,)Q(v)

(3.4)

0) are the initial and final values of the forces

= 1 ... 2).

Since there are 6 boundary conditions

to be satisfied, Q is a 3-4-5 polynomial as described in Section 1.4.1. The
coefficients of 3-4-5 polynomial are calculated with respect to the boundary
conditions of the forces. Also, v represents the elapsed time in the interval
(tj-tj-q) divided by the total time of the interval (i.e., T'

= tj-tj-q) of the

section in which the actuators are turned off. A flow chart of this section is
presented in Figure 3.2 where k is the total time of tracking the trajectory
and i is the counter of the loop.
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Figure 3.2: Flow chart of the section in which the main actuators are turned
off
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The dynamic equation of the manipulator with internal redundancy in the
section in which the main actuators are turned off is written as follows:
2

+ L [Hf Gf] [F(s1, s2)f M(s1, s2)ir = 0

JT r'

(3.5)

i=l

where r' is the force profile of the main actuators between t

= tj-q and t = ti.

At the same time, the redundant actuators move to change the inertial forces
and moments to satisfy the dynamic equation, i.e., equation (3.5) is solved
numerically to calculate the positions of s 1 and s 2 . Once the positions of the
actuated masses are calculated, their velocity and acceleration are calculated

si =

numerically, i.e.,

si- ~i-I

8

and

si =

Si-ii-I

where 8t is the time step.

The difference between the dynamic model of the manipulator with internal
redundancy and equation (3.3) appears in the inertial forces and inertial
moments of the manipulator's links. The inertial forces and inertial moments
of the manipulator with internal redundancy are function of the position,
velocity and acceleration of the actuated masses.
A graphical presentation of the torques is presented in Figure 3.3. A smooth
profile is designed from A (tj-q) to B (ti) to bring the forces of the main
actuators to zero.
Once the main actuators are turned off, i.e.,

Ti

=

0 for ti E [ti ti+z], the

dynamic equation changes as follows:
2

(3.6)

L[Hf
i=l
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Figure 3.3: Graphical presentation of the algorithm
where the effect of the Jacobian matrix has been removed from the dynamic
equation. While the condition number is greater than the pre-defined threshold, equation (3.6) is used to calculate the required motions of the actuated
masses to follow the designed trajectory. It should be noted that the link
Jacobian matrices in the dynamic equation are calculated with respect to the
reference trajectory (Section 2.1.3). Thus, the reference trajectory would be
followed by the manipulator as long as equation (3.6) is satisfied. This section
is shown in Figure 3.3 as the distance between points B and C (t

= tz).

Block f of Figure 3.1 represents both the section in which the main actuators
are smoothed to zero and when

T

= 0, i.e., ti

E

[tj-q tj+z]. The output

of this block is the displacement, velocity and acceleration of the actuated
masses, i.e., s, sands. The Dynamics (1) block represents equation (3.5) for

ti

E

[tj-q tj] and equation (3.6) for ti

E

[tj tj+z].

A detailed flow chart for calculating s, s and s is presented in Figure 3.4. The
forces of the main actuators that are calculated in equation (3.3) (in block c
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of Figure 3.1) are replaced by new values as follows:

When the condition number becomes less than the pre-defined limit, the
main actuators are turned back on. The actuated masses need to return to
their initial conditions. For this section, the dynamic equation is written as
follows:
2

JT T

+ L [Hf GT] [F(s~, s;)T M(s~, s;)i( = 0

(3.7)

i=l

where

s~ and s; denote smooth displacements for the actuated masses 1 and

2 to return to their initial positions (shown in block g of Figure 3.1). It
should be noted that equation (3. 7) is similar to equation (3.3). However, s 1
and s 2 remain at rest when equation (3.3) is used.
The designed trajectories for

s~

and

s;

are input into equation (3.7), and

the required forces of the main actuators are calculated by multiplying equation (3. 7) by the inverse of the Jacobian matrix. Since the manipulator has
passed the singular configuration, the Jacobian matrix is invertible. This
section is shown in Figure 3.3 as the distance between points C and D.
In order to return the actuated masses to their initial condition, the polynomial method described in Section 1.4.1 is applied. The boundary conditions
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No

Figure 3.4: Flow chart of the algorithm - Calculating s, s ands

65

are specified as the displacement, velocity, acceleration and jerk of the actuated masses at both the initial and final positions. The zero jerk condition
is considered to eliminate any sudden changes of the acceleration of the actuated masses when they are returned to their initial positions. Since the
initial and final conditions of the jerk of the actuated masses are taken into
account, there are eight boundary conditions and a seventh order polynomial is required. The coefficients of the polynomial can be found in the same
manner as that explained in Section 1.4.2.
The initial position used in the polynomial is where the manipulator has
passed the singular configuration and the condition number becomes less than
the pre-defined threshold, i.e., ti+z and the final condition is at ti+z+zi where
si

= 0.

The number of time steps z 1 , specified to bring the actuated masses

back to their initial positions, is an input parameter of the algorithm and is
determined heuristically. Considering there are eight boundary conditions, a
4 - 5 - 6 - 7 polynomial is used to design a trajectory to bring the actuated
masses back to their initial positions (Section 1.4.1). It should be noted that
the choice of total time to return the actuated masses to their initial positions
can affect the simulation results. For instance, having a small time period for
this section requires the actuated masses to move with a high acceleration
and velocity toward their initial positions which imposes forces on the main
actuators. These additional forces can be reduced if the total time increases
since the acceleration and velocity of the actuated masses decrease.
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Finally, the dynamic equation changes to equation (3.3) when the portable
masses return to their initial positions and the manipulator follows the rest of
the trajectory. Block h of Figure 3.1 presents the application of equation (3. 7)
for returning the actuated masses to rest and equation (3.3) for the last part
of the trajectory.

Numerical Examples

3.2

Architectural Parameters

3.2.1

The manipulator's architectural parameters for the current example are as
follows: the distance between A 1 and A2 is 0.5 m and Li

=

0.1 m. Also,

a track is attached to each link AiB to allow the actuated mass to move
from -0.2 to 0.2 m from point
0.2 m).
msi

=

Ei

(that is, the range for

si

is -0.2 ::;;

Si ::;;

The links and the end-effector are assumed to be massless and

1 kg. Regardless of the architectural and dynamic parameters, the

2-RPR manipulator is at singular configurations whenever points A 1 , Band
A 2 are collinear.
A massless manipulator was chosen as proof of concept to cross a singularity.
The influence of the different acceleration terms of the actuated masses can
then be more easily analysed. If the actuated masses are large compared to
the masses of the links, the results presented here would represent well the
dynamics problem that would include the masses of the links.
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Figure 3.5: 2-RPR at a singular configuration

3.2.2

End Effector Trajectories

The procedure has been applied on trajectories in Cartesian space that contain points at which the manipulator is in a singular configuration. A singular
configuration of the 2-RPR manipulator is shown in Figure 3.5 where both
linear actuators provide forces along the same line. Consequently, manipulator can not resist a force applied to the end-effector in the direction perpendicular to the links, no matter how large are the actuator forces. In other
words, the manipulator can not leave this configuration through applying
forces by the linear actuators.

Circular Trajectory
The first trajectory is a circle with the centre at [0.25 0.185] m and a radius

r

= 0.2 m. The end-effector moves from [0.05 0.185] m starting from rest
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and accelerates until it reaches a pre-defined maximum velocity (0.5 m/s in
0.2 s). The manipulator decelerates during the last 0.2 s of the trajectory
to come to a stop. The norm of the acceleration and the velocity of the
trajectory are presented in Figure 3.6. The accelerating and decelerating
sections are designed through application of the polynomial method described
in the Section 1.4.1 (the acceleration section occurs between t

t

= 0.2 s and the deceleration section is from

t

= 2.48 s to

t

=

0 s and

= 2.68). First,

a smooth trajectory is designed in the Cartesian space between the initial
position (rest) and the point where the end-effector reaches the pre-defined
velocity. Then, the end-effector traverses on the circle with a constant linear
velocity of 2 m/s).

The polynomial method is used to design a smooth

trajectory for the last 0.2 s of the trajectory.
The circular trajectory is shown in Figure 3. 7 and one can see that the manipulator goes through singular configurations at [0.175 OJ m and [0.33 OJ m as
A 1 , Band A2 are collinear at those poses. The 2-R:ER manipulator (without
internal redundancy) and the assigned trajectory is presented in Figure 3. 7
where the red circles at [O OJ m and [0.5 OJ m present the passive joints
connecting the manipulator to the ground. The blue squares are the linear
actuators of the manipulator and the red circle connected to the two branches
(green lines) represents the end-effector.
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Figure 3.6: Velocity and acceleration profile - Circular path

Straight Line Trajectory
The second trajectory is a straight line that starts from [0.15 0.4] m and ends
at [0.25 - 0. 7] m. The end-effector moves on a straight line starting from
rest. As the tracking velocity reaches a user defined velocity in a specific
time (0.1 m/s in 1 s), the end-effector tracks the trajectory with constant
velocity. The norms of the acceleration and the velocity of the trajectory
are presented in Figure 3.8. The end-effector decelerates at the end of the
trajectory and comes to a stop. The 2-RPR manipulator (without internal
redundancy) and the assigned trajectory is presented in Figure 3.9.
In order to control the manipulator to track the above trajectories, the forces
of the main actuators need to be computed using equation (2.17). However,
this is not feasible when the manipulator is tracking these trajectories since
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the Jacobian matrix is not invertible at [0.175 O] m and [0.33 O] m for the
circle and at [0.19 O] m for the straight line (the elements of the second column
of the Jacobian matrix presented in equation (2.3) are equal to zero).
To follow these trajectories the 2-R.E_R manipulator with internal redundancy
(as presented in Figure 2.2) is proposed. The required forces to accomplish
the above reference trajectory are computed using the steps in Section 3.1
and the results are reported in the next section.
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Results and Discussion

3.3

The limit on the condition number threshold can be determined heuristically. The profile of the condition number for the circle trajectory and the
three heuristically selected thresholds for the numerical examples are shown
in Figure 3.10 where the condition number of the Jacobian matrix (equation (2.34)) is calculated at every step. The cond command of Matlab is
used to calculate the condition number of the Jacobian matrix.
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Figure 3.10: Condition number of the Jacobian matrix for 2-RPR manipulator - Circular path

The first results show the effect of the threshold chosen for the condition
number. For an end-effector maximum velocity of 0.5 m/s, Figures 3.11,
3.13 and 3.14 present the required forces in the main actuators for condition
numbers of 5, 10 and 20, respectively. In these tests, the end-effector tracks
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the desired trajectory until the condition number threshold is attained where
the forces of the main actuators are decreased to zero (a polynomial method is
used to reduce the forces smoothly and the time length for reducing the forces
is set to be 0.03 s). Simultaneously, the actuators of the moving masses move
the actuated masses. Once the forces are set to zero, they remain nil until
the condition number is less than the threshold. Then, the main actuators
are turned back on and the actuated masses return to their initial conditions.
Figure 3.11 demonstrates the required forces to follow the designed trajectory
where the limit of the condition number is set to 5. The condition number
of the Jacobian matrix meets the threshold at t

=

0.38 s where the force of

the actuator 1 is -2.6 N and the force of the actuator 2 is -3 N. Also, at

t = 0.97 s the condition number becomes less than the threshold where the
force of the actuator 1 turns to -0.2 N and the force of the actuator 2 turns
to -0.23 N (they were both zero at the previous time step). This is due to
switching from the dynamic equation with F

= 0 to the dynamic equation

with F as a variable (the effect of the inverse of the Jacobian matrix appears
in the dynamic equation). The displacement, velocity and acceleration of the
actuated masses are presented in Figure 3.12.
The forces of the main actuators are presented in Figure 3.13 where the
condition number threshold is set to 10. At t

= 0.42 s the condition number

meets the pre-defined limit where the force of the main actuator 1 is -5.4 N
and the force of the main actuator 2 is -5. 7 N. The main actuators turn
back on at t

= 0.93 s where the forces of the main actuators increase to 1 N.
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The effect of the inverse of the Jacobian matrix is more noticeable in this
test in comparison with Figure 3.11 since the limit of the condition number
is relatively a greater number.
Figure 3.14 illustrates the forces of the main actuators with the condition
number limit set to 20. The condition number exceeds the pre-defined limit
at t

=

0.4 7 s when the force of the main actuator 1 and its counterpart are

-7.9 N and -8.1 N, respectively. Once the manipulator crosses the singular
configurations, the main actuators turn on at t

=

0.89 s where the force of

the main actuators increase to -2.4 N. Since the condition number threshold
has a greater value with respect to the former tests, the effect of the inverse
of the Jacobian matrix is greater (i.e., once the main actuators are turned
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Figure 3.14: Forces of the main actuators and the condition number - CN =20
and velocity = 0.5 m/s
back on, the value of the forces are greater). The displacement, velocity and
acceleration of the actuated masses are presented in the Figure 3.15.
It is noticed as the limit of the condition number increases, the value of the
forces of the main actuators increase before turning the main actuators off.
Consequently, the selection of the limit of the condition number can be done
with respect to the maximum forces that the actuator can provide.
Figure 3.16 demonstrates the required forces in the main actuators to track
the same trajectory when the velocity is 50% greater (0. 75 m/s) while the
limit on the condition number is set to 5. The condition number of the
Jacobian matrix meets the threshold at t

= 0.26 s when the force of actuator

1 is -4.2 N and the force of actuator 2 is -5 N. At t
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= 0.67 s, when the main
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Figure 3.15: Displacement, velocity and acceleration of actuated masses CN=20 and velocity = 0.5 m/s
actuators are turned on, the force of the actuator 1 increases to -0.46 N and
the force of the actuator 2 increase to -0.5 N. The displacement, velocity
and acceleration of the actuated masses are presented in the Figure 3.17.
It is noticed that in Figure 3.11, Figure 3.13, Figure 3.14 and Figure 3.16
that the forces of the main actuators increase while the actuated masses are
returning to their initial conditions. This is due to the reverse motion of the
actuated masses when they return to their initial positions.
Figure 3.18 presents the condition number of the straight line trajectory.
The required forces to follow the trajectory are shown in Figure 3.19. The
condition number of the Jacobian matrix meets the threshold at t

=

3.5 s

where the forces decrease to O (a polynomial method is to reduce the forces
smoothly). It should be noted that the length of time of the force reducing
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Figure 3.18: Condition number - velocity= 0.1 m/s
section is chosen to be 0.36 s. As it was explained before, the time period
is chosen heuristically. The displacement, velocity and acceleration of the
actuated masses are presented in Figure 3.20.
The required forces to track the straight line trajectory with greater velocity
(0.2 m/s) is presented in Figure 3.21 where the limit of the condition number
is set to 4. Also, the result of setting the condition number limit to 15 while
the end-effector velocity is 0.2 m/s is presented in Figure 3.22. It is noticed
as the condition number limit increases, the maximum required force of the
main actuator increases as well. Also, it is apparent that increasing the
end-effector velocity requires higher forces in the main actuators.
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3.4

Summary of the Results

The results of following trajectories that contain singular configurations of
the manipulator were presented in this chapter. Firstly, a circular trajectory
was designed which contained two singular configurations, a trajectory that
cannot normally be followed. Then, the 2-RfR planar manipulator with
internal redundancy was used to follow the designed trajectory. As the manipulator approached the singular configurations, the main actuators were
gradually turned off and the redundant actuators were turned on to provide
the required forces and moments for the manipulator to follow the designed
trajectory.
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Figure 3.22: Forces of the main actuators - CN=15 and velocity= 0.2 m/s
The second trajectory, was a straight line containing a singular configuration.
Similar to the circular trajectory, once the manipulator was close to the
singular configuration, the main actuators were gradually turned off and the
redundant actuators were turned on. The required forces and moments for
the manipulator to follow the designed trajectory were produced through the
motion of the actuated masses.
Both end effector trajectories were designed with different Cartesian velocities to investigate the performance of the suggested algorithm with different
values of velocity. It was noticed that the manipulator with internal redundancy could follow the trajectories with singular configurations. It should
be noted that the manipulator with internal redundancy satisfies the dis-
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placement, velocity and acceleration of the designed trajectory at singular
configurations.
It should be noted that the required inertial forces and moments for passing
the singular configurations of the presented examples are relatively small.
Consequently, the redundant portable masses do not need to have great velocity and acceleration. Therefore, the limits of the motion of the redundant
actuators are not considered in this example.

3.5

Feasibility of Force Profiles

Analysing the required forces it is possible to see that in some cases forces as
low as 10- 2 (N) are required for the straight line trajectory. Although these
seem rather low, it is important to note that what is being controlled are
the velocity and acceleration of the active masses. Based on the conducted
research on the available linear actuators in the market, it is noticed that
some of the linear actuators have displacement precision (or resolution) as
low as 10-6 m [87, 88]. Considering the control sampling time as 10- 1 s,
velocity in the order of 10- 5 m/ s and acceleration in the order of 10- 4 m/ s2
can be provided by linear actuators.
Assuming that the controller is well designed and is equipped with high
precision sensors i.e., position, velocity and/or acceleration transducers, the
proposed scenario would be feasible.
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Chapter 4
Internal Redundancy to
Improve the Dynamic
Paran1eters of a Parallel
Manipulator Around Corners
In this chapter, the concept of internal redundancy is applied to a planar
parallel manipulator. A 3-RRR manipulator with internal redundancy in
all three branches was described and its kinematic and dynamic equations
were derived in Section 2.2. An optimisation problem is formulated where
the displacement of each of the actuated masses at every point throughout
a trajectory is sought to minimise the torques at the base actuators in Section 4.1. The architectural parameters and trajectory planning algorithm are
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explained through a numerical example and are presented in Section 4.2 and
then discussed in more detail in Section 4.3. The presented results in this
chapter have been reported in [55, 56].

4.1

Implementation of Internal Redundancy

When planning a trajectory in Cartesian space, the displacement, velocity
and acceleration of the end-effector are known. These can be used to calculate the kinematic properties of all active joints for every point in the
trajectory while the dynamic equations can be used to compute the actuator
torques. Since the necessary torques to move the end-effector are a function
of the position, velocity and acceleration of the actuated masses, moving the
actuated masses (i.e., changing si,

si

and

si

for i

=

1, 2, 3) will also have a

direct effect on the torques at the base-mounted actuators.
Here, variables si are optimised to minimise the manipulator's total torque
at a specific time step within the trajectory. The optimisation problem is
written as follows:
3

Il;~n
i

L(

Ti ( si) -

Afi)

2

(4.1)

i=l

(4.2)
(4.3)

(4.4)
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where

Ti

refers to the optimised torque of actuator i at every time step,

Ti

is the torque value obtained when a similar manipulator without internal
redundancy is used and A is a coefficient between O and 1 which makes
the objective function flexible on the percentage of the optimised torque
value with respect to the torques of the non-redundant manipulator. The
optimisation variable (i.e., si) is the distance from joint Bi to the centre
of mass of the actuated mass. In equation (4.2), the value of si has been
constrained so as to keep it within track A~Ai (Figure 2.3). Also, the rate
of change of si (i.e., si) is bounded in the positive and negative directions
to a maximum absolute value Smax (with Smax > 0). In addition to that,
the rate of change of si (i.e., si) is bounded to a maximum absolute value
Smax· These limits prevent any sudden changes in the motion of the actuated

masses. The choice of the objective function will be clearer when the results
are presented.
During the optimisation procedure, the position of msi, i.e., variable si,
changes to minimise the sum of the squared actuator torques within that
specific time step. To achieve this, the following steps are followed and are
also presented in Figure 4.1.
1. Define the reference trajectory (point-to-point): The desired
trajectory is planned in Cartesian space where the displacement, velocity and acceleration of the end effector is calculated (block a of Figure 4.1). Then, the angular displacement, velocity and acceleration of
the main actuators are obtained using the corresponding inverse kine-
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matic solutions (block b of Figure 4.1). The equation of the inverse
displacement problem is developed in Section 2.2.2.
2. Calculate the torques of the non-redundant manipulator: The
actuator torque values of the manipulator without internal redundancy
are calculated for the defined reference trajectory. Firstly, the inertial
forces and moments of the proximal links, distal links, and end-effector
are calculated using the equations in Section 2.2.5.

Then, the link

Jacobian matrices are calculated using the equations in Section 2.2.4.
Finally, equation (2.53) is multiplied by the inverse of the Jacobian
matrix to calculate the required torques of the manipulator without
internal redundancy to follow the designed trajectory. This section is
presented as block c in Figure 4.1.
3. Monitor the acceleration of the reference trajectory: The criteria for turning on the optimisation algorithm is the acceleration of the
reference trajectory which is monitored along the trajectory. The endeffector trajectories tested in this chapter consist of constant-velocity
straight-line motion followed by sharp corners. While the end-effector
is tracking the straight portion of the trajectory, the reference acceleration is zero and the actuated masses do not move (i.e., the optimisation
is turned off). However, when the reference acceleration changes to a
non-zero value, the end-effector has entered the rounded corner and the
optimisation algorithm needs to be turned on to find the best location
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for the actuated masses to reduce the torques of the main actuators.
Applying a search method on the norm of the reference acceleration,
the times when the reference acceleration turns to a non-zero value from
zero are recorded (ti'). Also, the times when the reference acceleration
goes back to zero from a non-zero value are recorded (tz' ). This part
is presented in block d of Figure 4.1.

It should be noted that the reference acceleration is not zero while the
manipulator is at the beginning and the end of the trajectory since the
end effector starts and ends at rest (i.e., the end effector accelerates
at the beginning and decelerates at the end of trajectory). Because
of these acceleration and deceleration phases, the optimisation algorithm is also applied to reduce the torques of the main actuators at the
beginning and the end of the trajectory.
4. Start the optimisation section: In this section the manipulator with
internal redundancy follows the designed trajectory. In this scenario,
the actuated masses are located in the middle of their tracks at t

= 0.

Once the reference acceleration turns to a non-zero value (i.e., the
first value in vector ti'), the optimisation algorithm commences to find
the best position for the actuated masses to minimise the torques of
the main actuators. The optimisation algorithm turns off when the
reference acceleration turns to zero (the first value in vector tz,). The
optimisation steps will be explained later in detail.
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5. Return the actuated masses to their initial conditions: Once
the end-effector exits the rounded corners, the actuated masses have to
return to their initial positions. Otherwise, the actuated masses may
reach their displacement limits after going through two consecutive
rounded corners. The polynomial method explained in Section 1.4.1 is
used to design a smooth trajectory for the actuated masses to return
to their initial conditions. Also, the actuated masses return to their
initial conditions after the accelerating section. This section of the algorithm is presented in block f of Figure 4.1. The output of this section
is recorded as s~, s;, and s; and their corresponding velocity and accelerations. It should be noted that it is not necessary to return the
actuated masses to their initial positions after the deceleration section
at the end of the trajectory since the manipulator stops and the positions of the actuated masses are not important. However, the velocity
and acceleration of the actuated masses are slowly decreased to zero to
avoid the generation of unnecessary forces on the base actuators.
The initial position used in the polynomial is where the acceleration of
the reference trajectory is turned to zero from a non-zero value, i.e.,

t: and the final condition is at tz'+zi where si = 0 and the actuated
masses are at rest. The number of time steps z~, specified to bring the
actuated masses back to their initial positions is an input parameter of
the algorithm and is determined heuristically. There are eight boundary
conditions i.e., displacement, velocity, acceleration and jerk at both
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tz' and tz'+z~. Thus, a 4 - 5 - 6 - 7 polynomial is used to design a

trajectory to bring the actuated masses back to their initial positions
(Section 1.4.1).
It should be noted that the choice of total time to return the actuated
masses to their initial positions can affect the simulation results. For
instance, having a small time period for this section requires the actuated masses to move with a high acceleration and velocity toward their
initial positions which imposes forces on the main actuators. These
additional forces can be reduced if the total time increases since the
acceleration and velocity of the actuated masses decrease.
6. Calculate the torques of the main actuators when the actu-

ated masses are returned to their initial positions: Once the
trajectories are designed to return the actuated masses to their initial
positions, the torque of the main actuators need to be calculated from

t z' to t z' +zi,. The dynamic equation that is used for this section is
identical to equation (2.53). However, the inertial forces and moments
of the distal links are function of the displacement, velocity and acceleration of the actuated masses. The dynamic equation is written as
follows:
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3

JTr'

+

2

LL [H&

G&]

[F(s~,s;,s;)ij

M(s~,s;,s;)ijf

i=l j=l

(4.5)

4.1.1

Optimisation Steps

The optimisation steps of the algorithm are as follows:

1. Define the search space: The displacements of the redundant actuators through the trajectory are used as the design variables for the
optimisation process. Once the suitable position of the actuated masses
are obtained by the optimisation algorithm, their velocity and acceleration are calculated numerically.
2. Define the bounds: Based on the current position of the actuated
masses and a user-defined maximum velocity and maximum acceleration of the redundant actuators, the upper and lower bounds of the
optimisation variables are determined. The positions of the actuated
masses are calculated by the optimisation algorithm at every time step
( at t

= 0 the actuated masses are at rest). Consequently, the velocity

and acceleration can be computed numerically (i.e.,

si =

si =

si-lti-i

and

si-ii-I ) . Knowing the limit of the velocity and acceleration (i.e.,
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Figure 4.1: Flow chart of the algorithm
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Bmax and Smax), the displacement of the actuated masses are bounded
as follows:

3. Define the initial conditions: The initial positions of the actuated
masses need to be adjusted as it affects the optimisation results. It
is suggested to locate the actuated masses in the middle of their track

(i.e., between AA'), so the actuated masses can move in both directions
equally. If the masses are located at either end of the track, they loose
the ability of moving in one direction as the optimsation algorithm
turns on.
4. Define the optimisation stopping criteria: The difference between
two consequent optimisation search variables (i.e., displacement of the
actuated masses) as well as the difference between their objective function values are monitored at every iteration of the optimisation. Once
they have met the pre-defined user threshold, the optimisation procedure stops.
5. Optimise the positions of the actuated mass: A non-linear multivariable constrained optimisation is conducted to minimise the active-
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joint torques in equation (4.1). The fmincon function of Matlab is used
to this end (this function will be explained in Section 4.2).
• The displacement, velocity and acceleration of the base actuators
are calculated at every step of the optimisation procedure.
• The current velocity and acceleration of the redundant actuators
are calculated using the time history of the redundant actuators.
• The value of the objective function presented in equation (4.1) is
determined while the value of Ti(si) is calculated through equation (4.5).

4.2
4.2.1

Numerical Example
Architectural Parameters

The manipulator's architectural parameters for the current example are as
follows: all proximal link lengths are set to 1 m (i.e.,
Also, all distal link lengths are set to 1 m (i.e., 12

=

li = 1 m for all legs).

1 m for all legs) where

a track has been attached to every distal link to allow the actuated mass to
move from si

=

-1 m to 1 m. The base and moving platforms are equilateral

triangles inscribed in circles of 1 m and 0.25 m in radius, respectively. The
mass m 1 of each of the proximal links is 1 kg while the distal links have a
mass m 2

=

1 kg (including the mass of the track) and the end-effector has

mass me = 0.5 kg and m 8 = 3 kg.
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4.2.2

Trajectories

The procedure has been studied on two trajectories with rounded corners
which have been planned in the Cartesian space. The trajectories' initial
position is p 1

=

[1 0.4]T. Each trajectory starts from point p 1 and goes in the

positive Y direction. Once the end-effector moves 0.07 min the Y direction,
the rounded corner commences (the rounded corner is a quarter of a circle).
Thereafter, the end-effector travels 0.07 min the negative x direction. Also,
the radii of the round corners are r

= 0.025 m and r = 0.013 m. The

trajectories with different radii are schematically shown in Figure 4.2.
For both trajectories, the end-effector moves on a straight line with an initial
velocity of O m/ s while keeping the end-effector with constant orientation.
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Figure 4.3: Reference trajectory r = 0.025 m
As the tracking velocity reaches a user defined velocity in a specified time
(0.2 m/s in 0.4 s), the end-effector tracks the trajectory with a constant
velocity.

The abrupt acceleration change between t = 0.8 and t = l.Os

occurs when the end-effector enters the rounded corner segment and normal
acceleration occurs. The end-effector decelerates in (0.4 s) to come to a stop
at the last point of the trajectory. However, the radii of the rounded corners
of the trajectories are different. The norm of the Cartesian velocity and the
acceleration of the end-effector is presented in Figure 4.3 and Figure 4.4.
Since the radii of the rounded corners are different, the total length of the
trajectories are not the same.
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Figure 4.4: Reference trajectory r = 0.013 m
The procedure has also been studied on a square-shaped trajectory with
rounded corners which has been planned in the Cartesian space (Figure 4.5).
The end-effector moves on a straight line starting from rest while keeping the
end-effector with constant orientation. When the tracking velocity reaches a
user-defined velocity in a specified time (0.2 m/s in 0.2 s), the end- effector
tracks the trajectory with a constant velocity. The end-effector decelerates
in 0.2 s to come to a stop at the last point of the trajectory.
The trajectory's initial position is p 1

=

[1 0.4f m where the side length of

the square is 0.17 m and the radius of the round corners is r

=

0.025 m.

The trajectory starts from point p 1 and goes in the positive Y direction.
Once the end-effector finishes the last rounded corner, the decelerating phase
commences and the end-effector stops at the point p 1 . The displacement of
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Figure 4.5: Schematic of the square shaped trajectory
the moving platform in both the X and the Y directions are presented in
Figure 4.6. Also, the norm of the Cartesian velocity and acceleration of the
end-effector are presented in Figure 4. 7.
The optimisation problem was implemented in Matlab. The function fmin-

con was used to perform the constrained local optimisation in equations (4.1)
to (4.3). More particularly, the Sequential Quadratic Programming (SQP)
with Hessian update option within fmincon was used. The SQP method
is an alternative approach for handling inequality constraints in non-linear
programming where SQP finds the minimum of a sequence of quadratic programming sub-problems.
The objective function is estimated with a quadratic function and is minimised subject to the linearised constraints. In this method, the Hessian of
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the Lagrangian function is estimated at every iteration using a quasi-Newton
update method. This approximation is used to create a quadratic programming sub-problem and its solution is applied to generate a search direction
for the line search procedure [24].
In the current numerical example, the velocity of the actuated masses is al-

lowed to vary in the range between -1 m/ s and + 1 m/ s. The maximum
absolute value of the acceleration of the actuated masses is considered as
7 m/s2 and

msi

= 3 kg for i = 1, 2, 3. In this research, the selected limits on

the acceleration and velocity of the redundant actuators are chosen considering the available linear actuators in the market. According to [87], linear
actuators with maximum velocity of 2.5 m/s and maximum acceleration of
10 m/s 2 are available in the market. The weight of this actuator is 0.65 kg
per 100 mm of stroke.

4.3

Results and Discussion

Figure 4.8 illustrates the comparison between the torque values obtained from
the optimisation routine and the manipulator without internal redundancy

(i.e., m 8 i =

IBiA~

= 0) for the trajectory with r = 0.025 mas the radius of the

rounded corner and,\= 0. As shown in Figure 4.8, the manipulator with internal redundancy can follow the reference trajectory with significantly lower
torques (approximately 10- 1 Nm) in both the accelerating and decelerating
phases as well as the rounded corner area. However, the optimised torque for
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joint two is greater than the non-optimised one at t

= 0.65 s.

As can be seen

in Figure 4.9, the acceleration of the actuated mass is zero at t = 0.65 s which
means the velocity of the actuated mass meets the limits. Consequently, the
effect of si is eliminated from the dynamic equation at that instant. Also,
the optimised torque for joint two at t

=

0.9 s is slightly greater than the

optimised torque of actuators one and three at the same time instant. As it
is shown in Figure 4.9, the acceleration of the second actuated mass meets
the limit at t

=

0.9 s. Consequently, the inertial force that is produced due

to the motion of the actuated mass remains constant.
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Figure 4.8: Base joint torque for r = 0.025 m and,\= 0

In the first preliminary simulations to investigate the feasibility of the algorithm, the actuated masses are not returned to their initial conditions for the
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Figure 4.9: Acceleration of actuated masses for r = 0.025 (m) and,\= 0
trajectories shown in Figure 4.2. Thus, the actuated masses do not return
to their initial conditions after the accelerating section at the beginning of
the trajectory and after leaving the rounded corners. Also, the optimisation
algorithm is active along the trajectory and does not stop when the reference
acceleration is zero. However, the velocity and acceleration of the actuated
masses return to zero at the decelerating section to avoid any sudden changes
in the velocity and acceleration of the actuated masses.
Figure 4.10 presents the result of the optimised torques against non-optimised
ones for the trajectory with a smaller rounded corner radius (i.e., r

=

0.013 m). As can be seen in the torque plot of joints 2 and 3, the optimised value of the torques are greater than the non-optimised value when
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Figure 4.10: Base joint torque for r = 0.013 m and .X = 0
the end-effector goes through the rounded corner. This is due to the acceleration of the actuated mass (i.e.,

§1)

which meets the pre-defined threshold

(see Figure 4.11). At this point, the accelerations of the actuated masses
remain constant. Similar to the results for the trajectory with r
the velocity of the actuated mass two meets the limit at t

=

= 0.025 m,

0.4 s and the

corresponding acceleration drops to zero. It has been noticed that the optimised values of the torques of joints 2 and 3 will be less than non-optimised
ones if the limit of the acceleration of the actuated mass is increased to
12 m/s2 . Also, there is a small jump at the optimised torque value of joint 1
at t

= 0.8 s. This is due to the acceleration of the actuated mass that meets

the limit.
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(m)and .X = 0

Figure 4.12 shows the result of optimisation of the torques for the trajectory
with r

= 0.025 m wile A = 0.5. Since the optimised torque values need

to be as small as half of the torque values of non-redundant manipulator,
the actuated masses need to produce smaller inertial forces and moments in
comparison with the scenario with A

= 0 (Figure 4.8). Consequently, the

actuated masses move with smaller velocity and acceleration (Figure 4.14)
which prevents them from meeting the limits. As it is seen in Figure 4.14, all
actuated masses move with a relatively smaller acceleration in comparison
with Figure 4.9. Also, the second actuated mass does not meet the velocity
limit at t

=

0.65 s. The displacement of the actuated masses is shown in
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Figure 4.13 where they are initial at O and are allowed to move between
-1 and 1 m.
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Figure 4.12: Base joint torque for r
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m and .X
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The torque values of the joints are relatively small in all cases when the
end-effector moves with a constant velocity. When the acceleration of the
end-effector is zero, the inertial forces and moments of the links decrease,
and the inertial force of the end-effector is zero.
Figure 4.15 illustrates the comparison between the torque values obtained
from the optimisation routine and the manipulator without internal redundancy (i.e., m 8 i =

IBiA~
i

= 0) for the square shaped trajectory with A= 0.5.

As shown in Figure 4.15, the optimised torque is fifty percent less than the
non-optimised one in both the accelerating and decelerating phases at the

106

~J

0

I

I

0.2

0.4

11
0.6

0.8

!

1

!_'.I I ·· I ·· I I· · I
0

~J

0

0.2

I
0.2

ll··ll
1.2

!

0.8

1

1.2

I·· I··· · I·

I

I

1
0.8
time (s)

1.2

0.4

0.4

0.6

0.6

Figure 4.13: Displacement of actuated masses for r

1.4

! ·
1.4

1.6

1.8

!

l

1.6

1.8

I· .1
1.4

1.6

....

l
1.8

= 0.025 m and ). = 0.5

beginning and end of the trajectory as well as in the rounded comer areas. However, the torques of the manipulator with internal redundancy are
greater than those of the non-redundant one while the end-effector acceleration is zero. When the manipulator is in the acceleration or deceleration
portions at the beginning or end of the trajectory or in the rounded corner
areas, the actuated masses have to move in a certain direction (depending on
the manipulator configuration) to provide inertial forces and moments that
help to decrease the torques. Thereafter, the actuated masses are moved in
the opposite direction to return to their initial positions, hereafter referred
to as the initialization phase, when the end-effector is not accelerating or
decelerating. Consequently, the inertial forces and moments created by the

107

J-~~ P I l<j
l~t
I

I

0

0

0.2

0.4

0.6

0.8

1

1.6

1.4

1.2

···•IJ
1•.•••••••FJ••·••··•••i••••••••f
••····•1••··•····1•••··•••
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
time(s)

Figure 4.14: Acceleration of actuated masses for r

= 0.025 (m) and .X = 0.5

motion of the actuated masses in the initialization phase increase the torques
at the ground joints.
Also, it is noticed that the torques in the initialization phase have different
values which are due to the magnitude of the velocity and acceleration of the
actuated masses in the initialization phase. As it is shown in Figure 4.16, the
acceleration of the actuated masses 2 and 3 are greater than the acceleration
of the actuated mass 1 in the initialization phase at t

= 1.ls.

Therefore, the

inertial forces and moments of the actuated masses 2 and 3 are greater than
the counterparts of the actuated mass 1.
Figure 4.17 presents the torque of the manipulator with internal redundancy
compared to the one without internal redundancy while A
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Figure 4.15: Torque of main actuators for .X = 0.5
objective function coefficient is equal to zero, the optimisation algorithm decreases the torque as much as possible. Consequently, the actuated masses
need to provide greater inertial forces and moments in comparison with the
former scenario (i.e., ,\

=

0.5). This leads to greater values of the velocity

and acceleration in the optimisation search space. As it is shown in Figure 4.18, the accelerations of the actuated masses drop to zero at several
time instances (i.e., the actuated mass 1 at t
at t

=

0.2 s and the actuated mass 3 at t

= 2.11 s, the actuated mass 2

= 1 s)

because the corresponding

velocity meets the limit (1 m/s). The effect of s"i is thus eliminated from the
dynamic equation. It can be seen in Figure 4.17 that the torques of the manipulator with internal redundancy exhibit spikes at those instances and are
greater than the non-redundant counterpart. It has been determined that
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0.5

the optimised value of the torque will be less than the non-optimised one if
the velocity limit of the actuated mass changes to 1.2 m/s.

4.4

Summary of the Results

The concept of internal redundancy was applied on a three DOF planar
parallel manipulator. A square shaped trajectory with four rounded corners
was designed. The manipulator moves from the rest condition and tracks the
trajectory with a constant velocity. As the end-effector enters the rounded
corners, the actuated masses move to minimise the torques of the main actuators. The results show that the maximum required torques of the main
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Figure 4.17: Torque of main actuators for >. = 0
actuators at rounded corners can be minimised through the application of
internal redundancy and the actuated masses can assist the main actuators.

4.5

Feasibility of Acceleration Profiles

It should be noted that manufacturing companies of linear actuators were
contacted to determine the feasibility of the calculated force profiles. The
available linear actuators in the market have no barrier in providing linear
actuators with the calculated acceleration profile. That is, at the time of
this writing, linear actuators with a maximum acceleration of 20 m/ s2 , a
maximum velocity of 5 m/s moving a mass of 3 kg were indeed available [87,
88].
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Chapter 5
Conclusions and Future Work

5.1

Conclusions

The results for both cases (sorting singularities and sharp corners) show
promising results but additional work can be done. This section presents
the conclusions and suggested future work of this research. Firstly, the results when applying internal redundancy to cross singular configurations are
discussed. Then, observations when applying internal redundancy to track
trajectories with sharp corners are presented. Overall, the objectives that
were set out in the Section 1.8 are met. It is shown that internal redundancy
is capable of improving the dynamic parameters of a parallel manipulator
around corners and capable of crossing direct kinematic singular configurations. Finally, the potential future works are discussed.
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5.1.1

Applying Internal Redundancy to Cross Singular
Configurations

The dynamic model of a 2-RPR planar parallel manipulator involving an
actuated mass on each branch was developed. The concept of internal redundancy was tested on two trajectories with singular configurations. The
results of the conducted tests suggest that parallel manipulators can cross the
direct kinematic singular configuration when internal redundancy is applied.
The main contributions and conclusions are as follows:
• The proposed strategy turns off the main actuators when the manipulator gets close to singular configurations. Then, the redundant actuators turn on to provide the required inertial forces to track the reference
trajectory. Once the manipulator passes the singular configuration, the
actuated masses return to the initial positions and the main actuators
turn on.
• The manipulator requires two actuated masses to go through singular
configurations. When the main actuators are turned off, two redundant
actuators are required to maintain and control the motion of the endeffector since the number of degrees-of-freedom of the end-effector of
the 2-RPR is two.
• Since the actuated masses are required to return to the rest condition,
the time portion from the singular configuration to the end of the tra-
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jectory needs to be long enough. Otherwise, the return of the actuated
masses imposes large forces on the main actuators.
• The determination of the threshold of the condition number can be done
with respect to the maximum force/torque that the main actuators can
provide. Also, having a relatively large condition number threshold
results in large forces of the main actuators when they are turned on
after crossing the singular configuration (i.e., this is due to multiplying
equation (2 .1 7) by the inverse of the Jacobian matrix).
• The velocity and acceleration capabilities of the redundant actuators,
the mass of the actuated masses and the length of the tracks are considered design variables. Consequently, they should be designed with
respect to the desired tasks of the manipulator. It is suggested to design an optimisation problem to choose the optimum values for these
parameters.
In the literature, it was suggested that conventional types of the redundancy

can eliminate the singular configurations of a parallel manipulator. As an
example, the 2-RPR planar manipulator with actuation redundancy (i.e.,
the passive joints at Ai are replaced with active ones) will not have singular
configurations (Figure 2.1). This is due to the moments that are provided by
the redundant actuators and help the manipulator to move when 81

=

0.

However, four actuators need to be controlled simultaneously in case of actuation redundancy. But, a parallel manipulator with internal redundancy has
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only two redundant actuators once the main actuators of the manipulator
are turned off. Obviously, it is easier to control two actuators instead of any
task.

5.1.2

Applying Internal Redundancy to Improve the
Dynamic Parameters of a Parallel Manipulator
Around Corners

The dynamic model of a 3-RRR planar parallel manipulator involving actuated masses on the distal links was developed. The total of the squared
actuators torques was considered as the objective function. An optimisation algorithm was implemented to find the optimal position of the actuated masses while the end-effector undergoes an arbitrary trajectory with a
rounded corner. The main contributions and conclusion are as follows:
• The concept was tested on two trajectories with different rounded corners using the same Cartesian velocity. The results of the conducted
tests suggest that the motion of the actuated masses can improve (i.e.,
reduce) the ground actuator torques for both the accelerating and decelerating sections. However, when the corner radius is too small, the
optimised torques can be greater that the non-optimised ones. This is
the case as trajectories with sharper corners impose greater torque values on the ground joints. As such, the motion of the actuated masses
need to generate greater inertial forces and moments on the distal links
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to improve the torque values at rounded corner. However, the changes
in inertial forces and moments of the distal links are limited due to the
limits that have been defined for the velocity and acceleration of the
actuated masses.
• The objective function is flexible to determine the percentage of improvement of the optimised torques with respect to the torque values
of the same manipulator without internal redundancy. As greater improvement of the torques requires higher limits of the velocity and the
acceleration for actuated masses, the objective function can be adjusted
to keep the optimisation variables away from the limits.
• The obtained simulation results suggest that if a manipulator cannot
follow a trajectory with a rounded corner due to the torque limits of
the ground joints, it will be feasible through application of internal
redundancy (without altering the ground actuators). This is possible
as the dynamic forces required to perform the more demanding trajectories are shared by both the base actuators as well as the additional
actuators on the distal links.
• There are a few parameters that affect the simulation such as the
Cartesian velocity of the end-effector, the radius of the rounded corner
and the allowed limits of the velocity and acceleration of the actuated
masses. For instance, having a relatively large end-effector velocity demands greater torque values at the ground joints. Consequently, the
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actuated masses need to generate greater forces and moments on the
distal links which are proportional to the limits of the velocity and acceleration of the actuated masses. Moreover, due to the aforementioned
force sharing effect, the balance between the contribution of the two
sets of actuators to the specific task needs to be carefully considered
( e.g., using an objective function that considers both sets of actuators).

The conducted research has proven that a manipulator with internal redundancy can follow trajectories with singular configurations. It has also demonstrated that a manipulator with internal redundancy can perform trajectories
with sharper corners as compared to non-redundant manipulators. That is,
in spite of the extra masses, a parallel manipulator with internal redundancy
can accomplish tasks that were not feasible by conventional non-redundant
manipulators.

5.2

Future Work

The main objective of the work undertaken in Chapter 3 is to prove the
feasibility of the concept of applying internal redundancy to cross a singular
configuration. However, further investigation is required and the following
topics are suggested as future work.
• In Chapter 3, a two DOF massless planar manipulator was used to
demonstrate the application of internal redundancy for crossing direct
kinematic singularities.

The introduction of the link masses within
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the model will add complexity to the equation but will likely show
additional effects.
• Since the concept of internal redundancy has only been investigated in
planar manipulators, it is suggested that the same concept be tested
on a spatial parallel manipulator. In this case, the effect of gravity will
appear in the dynamic equations and will need to be considered.
• In this work, two different manipulators were used for two different
tasks: crossing a singular configuration and tracking trajectories with
sharp corners. The choice of the tracks has been done intuitively. In
the future it is suggested to look for a manipulator design, possibly
including optimal design of the track for the actuated masses, so as to
satisfy the requirements of both tasks with the same manipulator.
• It is suggested to analyse a parallel manipulator with two actuated
masses on the end-effector (the tracks are perpendicular). Having the
actuated masses moving on perpendicular tracks will help to generate
inertial forces in two perpendicular directions. Consequently, the inertial forces will have a better distribution and the actuated masses
may need shorter tracks. Also, having the actuated masses on the
end-effector may show different effects from having them on the links.
• The motion limits of the redundant actuators are not considered in the
crossing singular configuration algorithm. This is due to small required
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inertial forces and moment for the presented tests. However, this needs
to be investigated in further details.
• The acceleration of the redundant masses are presented in Chapters 3
and 4. This gives an idea about required forces of the redundant actuators. But, this can be calculated precisely as a future work.
• The use of rotating masses, as opposed to a mass on a linear track,
should be investigated. Hypothetically, an actuated mass with a circular track can generate normal and tangential forces simultaneously.
It is proposed to analyse a manipulator with circular tracks for the

actuated masses.
• Minimising/ eliminating the reaction forces and the reaction moments
of a manipulator (dynamic balancing) is crucial to preserve the momentum of the base platform of a manipulator [21, 81]. It is suggested
to investigate the application of internal redundancy to minimise/eliminate the reaction forces of a manipulator.
• Point-to-point path planning schemes are applied throughout this research to plan the trajectory in the Cartesian space. Consequently, the
motion of the actuated masses are planned in the same way. In [4],
overall motion planning (i.e., designing the path considering the whole
trajectory at once) has proven successful for kinematically redundant
parallel manipulators. This can be investigated for path planning of
the actuated masses for a manipulator with internal redundancy.
120

• The proposed algorithm is an off-line method which requires having
the knowledge of the trajectory and singular configurations or sharp
corners in advance. It is suggested to improve the algorithm for on-line
applications where the singular configurations or rounded corners are
not known in advance. So, when the manipulator faces a singular configuration (that is unknown prior to the operation), the main actuators
turn off smoothly and the redundant actuators turn on.
• The results should be validated experimentally. It is suggested to build
a prototype of a parallel manipulator with internal redundancy to investigate the efficiency of the mechanism. A 3-RRR planar parallel
manipulator has been designed which is suitable for having actuated
masses on its distal links. The mechanism has been manufactured by
3D printing. Also, initial studies have been undertaken to choose appropriate revolute joints, ball bearings, redundant actuators, etc. The
prototype manufacturing section is on-going.

121

Bibliograph y
[1] J. Angeles, Fundamentals of robotic mechanical systems, Springer, 2002.

[2] S. Briot and V. Arakelin, Optimal force generation in parallel manipulators for passing through singular positions, The International of Robotics

Research 27 (2008), 967-983.

[3] M. Boryga and A. Grabos, Planning of manipulator motion trajectory
with higher-degree polynomials use, Mechanism and Machine Theory 44

(2009), no. 7, 1400-1419.
[4] J. A. Carretero, I. Ebrahimi, and R. Boudreau, A comparison between two motion planning strategies for kinematically redundant parallel manipulators, Advances in Robot Kinematics: Analysis and Design,

Springer (2008), 443-452.
[5] S. Cha, T. A. Lasky, and S. A. Velinsky, Kinematically-redundant variations of the 3-RRR mechanism and local optimization-based singularity avoidance, Mechanism Based Design of Structures and Machines 35

(2007), 15-38.
122

, Determination of the kinematically redundant active prismatic

[6]

joint variable ranges of a planar parallel mechanism for singularity-free
trajectories, Mechanism and Machine Theory 44 (2009), no. 5, 1032-

1044.
[7] C-T. Chen and T-T Liao, A hybrid strategy for the time- and energyefficient trajectory planning of parallel platform manipulators, Robotics

and Computer-Integrated Manufacturing 27 (2011), 72-81.
[8] H. Cheng, G. F. Liu, Y. K. Yiu, Z. H. Xiong, and Z.X. Li, Advantages and dynamics of parallel manipulators with redundant actuation, Proceedings of the IEEE/RSJ International Conference on Intel-

ligent Robots and Systems (Maui, USA), October 29-November 3 2011,
pp. 171-176.
[9] H. Cheng, Y.-K. Yiu, and Z. Li, Dynamics and control of redundantly
actuated parallel manipulators, IEEE/ ASME Transactions on Mecha-

tronics 8 (2003), no. 4, 483-491.
[10] W. Cheney, and D. Kincaid Numerical mathematics and computing,
THOMSON, 2008.
[11] T.F. Coleman and Y. Li, An interior, trust region approach for nonlinear minimization subject to bounds, SIAM Journal on Optimization 6

(1996), 418-445.

123

[12] J.J. Craig, Introduction To Robotics Mechanics And Control, Pearson
Education, Inc, 2005.
[13] B. Dasgupta and P. Choudhury, A general strategy based on the NewtonEuler approach for the dynamic formulation of parallel manipulators,
Mechanism and Machine Theory 34 (1999), 801-824.
[14] B. Dasgupta and T. S. Mruthyunjaya, A Newton-Euler formulation for
the inverse dynamics of the Stewart platform manipulator, Mechanism
and Machine Theory 33 (1998), no. 8, 1135-1152.
[15]

, Singularity-free path planning for the Stewart platform manipulator, Mechanism and Machine Theory 33 (1998), no. 6, 711-725.

[16] A. K. Dash, I. Chen, S. H. Yeo, and G. Yang, Workspace generation and
planning singularity-free paths for parallel manipulators, Mechanism and
Machine Theory 40 (2005), 776-805.
[17] R. DeCarlo, Linear systems: A state variable approach with numerical
implementation, Prentice Hall, 1989.
[18] J. Dong and J .A. Stori, A generalized time-optimal bidirectional scan
algorithm for constrained feed-rate optimization, Journal of Dynamic
Systems, Measurement, and Control 128 (2006), 379-390.
[19] I. Ebrahimi, J. A. Carretero, and R. Boudreau, Kinematic analysis and
path planning of a new kinematically redundant planar parallel manipulator, Robotica 26(3) (2008), 405-413.
124

[20) K. Erkorkmaz and Y. Altintas, High speed CNC system design. part I:

jerk limited trajectory generation and quintic spline interpolation, Ma-

chine Tools & Manufacture 41 (2001), 1323-1345.
[21) A. Fattah and S. Agrawal, Design and simulation of a class of spatial

reactionless manipulator, Robotica 23 (2005), 75-81.
[22) F. Firmani and R. P. Podhorodeski, Force-unconstrained poses for a

redundantly actuated planar parallel manipulator, Mechanism and Ma-

chine Theory 39 (2004), no. 5, 459-476.
[23) F. Firmani, A. Zibil, S. B. Nokleby, and R. P. Podhorodeski, Force-

moment capabilities of revolute-jointed planar parallel manipulators with
additional actuated branches, Transactions of the Canadian Society for

Mechanical Engineering 31 (2007), no. 4, 469-481.
[24) R. Fletcher, Practical methods of optimization, John Wiley and Sons,
1987.
[25) V. Garg, J. A. Carretero, and S. B. Nokleby, A new method to determine

the force and moment workspaces of actuation redundant spatial parallel
manipulators, Journal of Mechanisms and Robotics 1 (2009), no. 3, 1-8.
[26) S. Garrido, L. Mureno, and D. Blanco, Robotic motion using harmonic

functions and finite elements, Journal of International Robot Systems
59 (2010), 57-73.

125

[27] J. F. Gauthier, J. Angeles, and S. Nokleby, Advances in robot kinematics:
Analysis and design: Analysis and design, Springer, 2008.

[28] C. Gosselin and J. Angeles, The optimum kinematic design of a planar three-degree-of-freedom parallel manipulator, Journal of Mechanism,

Transmissions, and Automation in Design 110 (1988), 35-41.
[29]

, Singularity analysis of closed-loop kinematic chains, IEEE
Transactions on Robotics and Automation 6 (1990), no. 3, 281-290.

[30] C. Gosselin, A. Lecours, T. Laliberte, and M. Fortin, Design and experimental validation of planar programmable inertia generators, The

International Journal of Robotics Research 33 ( 4) (2014), 489-506.
[31] G. H. Golub, and C. F. Van Loan Matrix Computations, The Johns
Hopkins University Press, 1996.
[32] K. Ishiad, and T. Matsuda, Performance characteristics and working
comfortableness of forest workers of a new non-vibrating chain saw utilizing perfectly balanced rotation-reciprocation device, The Proceeding

of the Fifth World Congress of Theory of Machines and Mechanisms,
ASME (1979), 951-954.
[33] G. G. Lowen, and R. S. Berkof, Survey of investigation into the balancing
of linkages, Journal of Mechanisms 3 (1968), 221-231.

126

[34] B. M. Imani and J Jahanpour, High-speed contouring enhanced with PH curves, International Journal of Advanced Manufacturing Technology
37 (2008), 747-759.
[35] E. Jamhour and P.J. Andre, Planning smooth trajectories along parametric paths, Mathematics and Computers in Simulation 41 (1996), 615626.
[36] G. Jianxin, Z. Qiang, and G. Xiao-Shan, Tracking error reduction in
CNC machining by reshaping the kinematic trajectory, Journal of Sys-

tems Science and Complexity 26 (2013), 817-835.
[37] K. M. Jouaneh, Z. Wang, and A. D. Dornfeld, Trajectory planning for
coordinated motion of a robot and a position table: Part 1-path specification, IEEE Transactions on Robotics and Automation 6 (1990), no. 6,
735-745.
[38] W. A. Khan, V. N. Krovi, S. K Saha, and J. Angeles, Modular and
recursive kinematics and dynamics for parallel manipulators, Multibody

System Dynamics 14 (2005), no. 3, 419-455.
[39] A. Khoukhi, L. Baron, and M Balazinski, Consfrained multi-objective
trajectory planning of parallel kinematics machines, Robotic and

Computer-Integrated Manufacturing 25 (2009), 756-769.

127

[40] I. S. Kochev, General theory of complete shaking moment balancing of
planar linkages: a critical revlew, Mechanism and Machine Theory 35
(2000), 1501-1514.
[41] S. Lee and S. Kim, Kinematic analysis of generalized parallel manipulator systems., Proceedings of the IEEE Conference on Decision and

Control, vol. 2, 1993, pp. 1097-1102.
[42] H. Li, C. M. Gosselin, and M. J. Richard, Determination of the maximal
singularity-free zones in the six-dimensional workspace of the general
Gough-Stewart platform, Mechanism and Machine Theory 42 (2007),
497-511.
[43] C-L. Lin, H-Y. Jan, J-R. Lin, and T-S. Hwang, Singularity characterization and path planning of a new 3 links 6-DOF parallel manipulator,

European Journal of Control 3 ( 2008), 201-212.
[44] I. H. Liu, M. Y. Cheng, M.C. Tsai, and K. H. Su, Planning and implementation of motion trajectory based on C 2 PH splines, Annual Confer-

ence on IEEE Industrial Electronics Society, 2011.
[45] T. Lozano-Perez, A simple motion planning algorithm for general robot
manipulators, IEEE Journal of Robotics and Automation, RA-3 (1987),

no. 3, 224-238.

128

[46] J. Y. S. Luh, M. W. Walker, and R. P. C. Paul, On-line computational

scheme for mechanical manipulators, Journal of Dynamic Systems, Mea-

surement, and Control 102 (1980), 69-76.
[4 7] E. Macho, 0. Altuzarra, C. Pinto, and A. Hernandez, Enlarging operational workspace in parallel manipulators by connecting working modes.
Application to the 3RSS robot, Robotica 31 (2013), 539-548.
[48] J. P. Merlet, Redundant parallel manipulators, Laboratory Robotics and

Automation 8 (1996), no. 1, 17-24.
[49] ___ , Parallel robots, Kluwer Academic Publishers, 2001.
[50] J.J. Mor and D.C. Sorensen, Computing a trust region step, SIAM Jour-

nal on Scientific and Statistical Computing 3 (1983), 553-572.
[51] N. S. Nise, Control system engineering, John Wiley and Sons, Inc., 2004.
[52] S. B. Nokleby, R. Fisher, R. P. Podhorodeski, and F. Firmani, Wrench

capabilities of redundantly-actuated parallel manipulators, Mechanism

and Machine Theory 40 (2005), no. 5, 578-599.
[53] R. M. M. Orsino, T. A. H. Coelho, and C. P. Pesce, Analytical mechan-

ics approaches in the dynamic modelling of Delta mechanism, Robotica

FirstView (2014), 1-21.
[54] E. Papadopoulos, I. Poulakakis, and I. Papadimitriou, On path planning

and obstacle avoidance for nonholonomic platforms with manipulators:
129

A polynomial approach, The International Journal of Robotics Research
21 (2002), 367-383.
[55] S. S. Parsa, J. A. Carretero, and R. Boudreau, Internal redundancy:

an approach to improve the dynamic parameters around sharp corners,

Mechanical Science 4 (2013), 233-242.
[56] - - - , Torque improvement of 3-RRR planar manipulator on a square-

shaped trajectory, Proceeding of CCToMM Mechanism, Machines, and

Mechatronics Symposium, 2013.
[57] V. Pateloup, E. Due, and P. Ray, Corner optimization for pocket ma-

chining, International Journal of Machine Tools and Manufacture 44
(2004), 1343-1353.
[58]

, Bspline approximation of circle arc and straight line for pocket

machining, Computer-Aided Design 42 (2010), 817-827.
[59] V. Potkonjak and M. Vukobratovic, Modelling and control of active sys-

tems with variable geometry, Part II: Case study and numerical examples, Mechanism and Machine Theory 35 (2000), 197-220.
[60] R. Ramesh, M.A. Mannan, and A.N. Poo, Tracking and contour error

control in CNC servo systems, Machine Tools & Manufacture 45 (2005),
301-326.
[61] M. Ruggiu and J. A. Carretero, Actuation strategy based on the accel-

eration model for the 3-PRPR redundant planar parallel manipulator,
130

Advances in Robot Kinematics: Analysis and Design (Piran-Portoroz,
Slovenia) (J. Lenarcic and M. M. Stanisic, eds.), Springer, June 27-July
1 2010.
[62] S. Sen, B. Dasgupta, and A. K. Mallik, Variational approach for
singularity-free path-planning of parallel manipulators, Mechanism and

Machine Theory 38 (2003), 1165-1183.
[63] R. Sinatra and J. Angeles, A new tool in the teaching of planar mechanism and machine theory, Proceedings of the Ninth world Congress on

the Theory of Machines and Mechanisms, vol. 4, 1995, pp. 3181-3186.
[64] T. S. Smith, R. T. Farouki, S. D. Timar, and G. L. Boyadjie, Algorithms for time-optimal control of CNC machines along curved tool
paths, Robotics and Computer Integrated Manufacturing 21 (2005), 37-

53.
[65] A. Sokolov and P. Xirouchakis, Dynamics analysis of a 3-DOF parallel
manipulator with R-P-S joint structure, Mechanism and Machine The-

ory 42 (2007), 541-557.
[66] Y-W. Sun, D-M. GUO, and Z-Y Jia, Spiral cutting operation strategy for
machining of sculptured surfaces by conformal map approach, Journal of

Materials Processing Technology 180 (2006), 74-82.
[67] H. D. Taghirad, Parallel robots: Mechanics and control, CRC Press,
2013.
131

[68] L. W. Tsai, Robot analysis: The mechanics of serial and parallel manipulators, Wiley-Interscience, 1999.

, Solving the inverse dynamics of a Stewart-Gough manipula-

[69]

tor by the principal of virtual work, Journal of Mechanical Design 122

(2000), 3-9.
[70] A. Visioli, Trajectory planning of robot manipulators by using algebraic
and trigonometric splines, Robotica 18 (2001), 611-631.

[71] M. Vukobratovic and V. Potkonjak, Modelling and control of active systems with variable geometry, Part I: General approach and its application, Mechanism and Machine Theory 35 (1999), 179-195.

[72] M. Vukobratovic, V. Potkonjak, and V. Matijevic, Internal redundancy
- the way to improve robot dynamics and control performances, Journal

of Intelligent and Robotic Systems 27 (2000), no. 1, 31-66.
[73] J. Wang and C. M. Gosselin, A new approach for the dynamic analysis of
parallel manipulators, Journal of Multibody System Dynamics 2 (1998),

317-334.
, Kinematic analysis and design of kinematically redundant par-

[74]

allel mechanisms, Journal of Mechanical Design 126 (2004), no. 1, 109-

118.
[75] M. Weck and G. Ye, Sharp corner tracking using ikf control strategy,
CIRP Annals - Manufacturing Technology 39 (1990), no. 1, 437-441.
132

[76] V. Wijk and J. L. Herder, Active dynamic balancing unit for controlled
shaking force and shaking moment balancing, Proceeding of the ASME

International Design Engineering Technical Conferences & Mechanisms
and Robotics Conference (Montreal, Quebec), August 2010.
[77] V. Wijk, J. L. Herder and B. Demeulenaere, Comparison of Various
dynamic balancing principles regarding additional mass and additional
inertia, Journal of Mechanisms and Robotics 1 (2009), no. 4, 1-9.

[78] V. Wijk, J. L. Herder, B. Demeulenaere and A. Gosselin, Comparative
analysis and optimization for low-mass and low inertia dynamic balancing of a rotatable link balanced by a counter-mass, Journal of Mechanisms

and Robotics 4 (2012), no. 3, 1-8.
[79] J. Wu, J. Wang, and Z. You, A comparison study on the dynamics of planar 3-DOF 4-RRR, 3-RRR and 2-RRR parallel manipulators, Journal of

Robotics and Computer Integrated Manufacturing 27 (2011), 150-156.
[80] ___ , A comparison study on the dynamics of planar 3-DOF 4-RRR,

3-RRR and 2-RRR parallel manipulators, Journal of Robotics and Com-

puter Integrated Manufacturing 27 (2011), 150-156.
[81] Y. Wu and C. Gosselin, Design of reactionless 3-DOF and 6-DOF par-

allel manipulators using parallelepiped mechanisms, IEEE Transaction

on Robotics 21 (2005), 821-833.

133

[82] Y. K. Yiu, H. Cheng, H. Z. Xiong, G. F. Liu, and Z. X. Li, On the

dynamics of parallel manipulators, International Conference on Robotics

& Automation, 2001.
[83] K. E. Zanganeh and J. Angeles, Instantaneous kinematics and design

of a novel redundant parallel manipulator., Proceedings of IEEE Conference on Robotics and Automation (San Diego, USA), May 1994,
pp. 3043-3048.
[84] Z. Y. Zhao, C. Y. Wang, H. M. Zhou, and Z. Qin, Pocketing tool path

optimization for sharp comers, Journal of Materials Processing Technology 192-193 (2007), 175-180.
[85] Drawing parts for rapid machining, Waterjets organization (2014), avail-

able at http:/ /waterj ets. org/index. php?option=com\_content\

&task=view\&id=55\&Itemid=54.
[86] Powerful Solutions For Welding And Cutting Automation, Weld Tooling Corp (2014), available at http://www. rapidwelding. com/files/

BO-MDS-1165. pdf.
[87] Thompson Linear Motion, Thomson Industries Inc. (2012), available at

http://www.thomsonlinear.com.
[88] ACT140DL Linear Actuator, Aerotech Inc. (2014), available at http:

//www.aerotech.com/product-catalog/actuators /act140dl.aspx.

134

[89] Training Materials for CNC, CNC CONCEPTS INC (2007), available
at https: //wwv. cncci. com/resources/tips/g61.htm.

135

Vita
Soheil Seyyedi Parsa:

Education
University of New Brunswick, 2014, PhD, Mechanical Engineering
University of Mazandaran, 2005, MSc, Mechanical Engineering
Azad University of Mashhad, 2003, BSc, Mechanical Engineering

Publications
Refereed Journal Publications
1. Soheil S. Parsa, Hamid M. Daniali, and and Reza Ghaderi. "Optimization of parallel manipulators trajectory for singularity and obstacle avoidance based on neural networks." International Journal of
Advanced Manufacturing Technology, 51:811-816, 2010.
2. Soheil S. Parsa, Juan A. Carretero, and Roger A. Boudreau. "Lengthoptimized smooth obstacle avoidance for robotic manipulators." Transaction of Canadian Society of Mechanical Engineering, 35( 4):505-514,
2011.

3. Soheil S. Parsa, Juan A. Carretero, and Roger A. Boudreau. "Internal redundancy: an approach to improve the dynamic parameters
around sharp corners." Mechanical Science, 4:233-242, 2013.
4. Soheil S. Parsa, Roger A. Boudreau, and Juan A. Carretero. "Reconfigurable mass parameters to cross direct kinematic singularities in
parallel manipulators." accepted with minor revision in Mechanism
and Machine Theory, 2014.

Conference Presentations
"Application of internal redundancy to fulfil trajectories with singular configuration." Proceeding of the Ninth Mechanical Engineering Graduate Students Conference, Fredericton, New
Brunswick, Canada, October 2013.

1. Soheil S. Parsa.

2. Soheil S. Parsa, Juan A. Carretero, and Roger A. Boudreau. "Torque
improvement of 3-RRR planar manipulators on a square-shaped trajectory." Proceedings of the CCToMM Symposium on Mechanisms, Machines and Mechatronics, Montreal, Quebec, Canada, June 2013.
3. Soheil S. Parsa, Juan A. Carretero, and Roger A. Boudreau. "A
study of the effects of internal redundancy on the dynamic performance
of the 3-RRR manipulator." Proceedings of the 2nd IFToM Asian Conference on Mechanism and Machine Science, Tokyo, Japan, November
2012.
4. Soheil S. Parsa, Juan A. Carretero, and Roger A. Boudreau. "Example of internal redundancy to improve the dynamics performance of
parallel manipulators." Proceedings of the ASME International Design
Engineering Technical Conference, Chicago, Illinois, August 2012.
5. Soheil S. Parsa, Juan A. Carretero, and Roger A. Boudreau. "Lengthoptimized smooth obstacle avoidance for robotic manipulators." CCToMM Symposium on Mechanisms, Machines and Mechatronics Montreal, Quebec, Canada, June 2011.
6. Abbas Khoram, Soheil S. Parsa, and Chakravartini Saaj. "Trajectory
planning and control of robot arm for planetary surface sample mis-

sions. " Proceedings of the 60Th International Astronautical Congress,
Daejeon, Republic of Korea, October 2009.

7. Soheil S. Parsa, and Chakravartini Saaj. "Robot assisted satellite
servicing: Novel motion control algorithm using sliding mode control."
Proceedings of the International conference of space technology, Thessaloniki, Greece, August 2009.
8. Soheil S. Parsa, Chakravartini Saaj, Hamid M. Daniali, and Reza
Ghaderi. "On-orbit servicing: novel algorithm for motion control of
robot manipulators." Proceedings of the 10th ESA workshop on Automation and Robotics, Noordwijk, Netherlands, November 2008.

Poster Presentations
1. Soheil S. Parsa, Juan A. Carretero, and Roger A. Boudreau. "Appli-

cation of internal redundancy for torque optimization of parallel manipulators." Proceedings of the ninth Mechanical Engineering Graduate
Students Conference, Fredericton, New Brunswick, Canada, October
2013 ( Awarded as the best poster presentation).

