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ABSTRACT 

Flexural design of fibre reinforced polymer (FRP) reinforced concrete members can be an 

iterative and time-consuming approach. Recommended minimum member thicknesses 

are available for design, but often lead to overly thick members. The research in this 

document presents an evaluation of member thickness requirements for FRP reinforced 

concrete flexural members ( one way slabs and beams). 

A review of design requirements from applicable North American design standards for 

FRP reinforced concrete is presented and compared with design requirements for steel 

reinforced concrete. Formulations for member span-to-depth (L/h) ratios are developed 

for flexural strength, incremental and live load deflection, crack control, creep rupture 

requirements, and compressive stress limits in the concrete. Shear strength and 

development length are not considered. 

An extensive parametric study is carried out to investigate all pertinent design criteria and 

show their effects on the applicable design requirements. Results show that flexural 

members designed for strength typically do not satisfy serviceability. Design is controlled 

mostly by serviceability related to either deflection (slabs and beams) or crack control 

(beams using FRP with poor bond). L / h ratios based on incremental deflection 

requirements provide a good starting point for design, and are used to establish 

recommended values of minimum member thickness as a design aid. Design examples 

are presented to demonstrate an efficient design procedure for FRP reinforced concrete. 
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Ye - unit weight of concrete, kg/m3 (lb/ft3
) 

A - multiplier for additional long-term deflection 

Ac - modification factor reflecting the reduced mechanical properties of lightweight 

concrete, all relative to normal weight concrete of the same compressive strength 

fl - factor used in the determination of span-to-depth ratio formulations for deflection 

<p - member strength reduction factor 

(fJ c - material resistance factor for concrete 
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<p F - material resistance factor for non-prestressed FRP reinforcing bars 

</Js - material resistance factor for non-prestressed steel reinforcing bars 

t/Jc - curvature at a section when the moment is Mc, mm-1 (in-1
) 

t/Ju - curvature at a section when the moment is Mu, mm-1 (in-1
) 

p - reinforcing ratio,% 

Pb - balanced reinforcing ratio,% 

Pb,n - nominal balanced reinforcing ratio,% 

Pb,r - factored balanced reinforcing ratio,% 

Pt - FRP reinforcing ratio, % 

Pt,ts - FRP reinforcing ratio for temperature and shrinkage,% 

Ptb - FRP balanced reinforcing ratio, % 

Ptb,n - FRP nominal balanced reinforcing ratio,% 

Ptb,r - FRP factored balanced reinforcing ratio, % 

Pmax - maximum reinforcing ratio for steel reinforced concrete,% 
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1 INTRODUCTION AND OBJECTIVES 

1.1 Introduction 

The flexural design of steel reinforced concrete members is well understood, and has 

been streamlined and simplified by extensive application. However, the design of 

concrete reinforced with fibre-reinforced polymers (FRP's) is relatively new (with design 

applications beginning in the l 990's), and as such is typically much more iterative and 
,, 

time-consuming. This is due to the fact that, unlike steel reinforced concrete, where 

design of beams for strength and the use of minimum thickness requirements for slabs 

will typically yield an effective and efficient design, serviceability typically governs the 

design of most FRP reinforced concrete members. An effective design methodology, or 

efficient minimum thickness requirements have yet to be determined for FRP reinforced 

concrete. The purpose of this research is to examine each design criterion for FRP 

reinforced flexural concrete members, to determine which criterion will yield the 

governing case under different design conditions, and to provide appropriate minimum 

thickness requirements to facilitate the design process. 

1.2 Objectives 

The following are the main objectives for this research project: 

Develop expressions for minimum thickness requirements needed to satisfy 

strength, serviceability, and creep rupture of flexural members. 



Carry out an extensive parametric study to determine revised minimum thickness 

requirements for FRP reinforced concrete, according to both ACI and CSA 

requirements. This is intended to give a proper starting point for design. 

Provide modification factors for minimum thickness requirements which will 

allow designers to take account of design conditions that are either more or less 

favourable than those under which the minimum thickness requirements are 

based. 

Determine what limit states tend to govern under different conditions, so as to 

show where design emphasis should be placed. 

1.3 Scope 

The scope of this research will be limited to flexural design of concrete beams and one

way slabs, with FRP reinforcement, designed according to either CSA or ACI 

requirements. Focus for FRP reinforced concrete will be placed on ACI 440 

requirements, with comparisons made to CSA S806. For all codes and standards, there 

are of course other design criteria, such as shear and development requirements; however 

this research is focused on flexural design requirements only. 

1.4 Thesis Layout 

The thesis is organized in eight chapters and four appendices. Chapter I provides a brief 

introduction to the thesis and specifies the scope and objectives of this study. Chapter 2 

provides the background information on flexural design of steel and FRP reinforced 

concrete according to ACI and CSA requirements. Chapter 3 explains the stages of 
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development of span-to-depth ratio formulations. Chapter 4 outlines the parameters to be 

covered in the Parametric Study, and discusses the selected upper and lower limits. 

Chapter 5 presents the results of the Parametric Study, and includes discussion of these 

results. Chapter 6 presents recommended minimum thickness requirements for FRP 

reinforced flexural concrete members designed according to either ACI 440 or CSA 

S806. Chapter 7 consists of design examples to demonstrate the application and 

effectiveness of the recommended minimum thicknesses. Chapter 8 provides conclusions 

and recommendations for future research. Appendix A presents detailed material 

properties taken from manufacturers' data, which has been averaged for use in this 

research. Appendix B consists of long-hand derivations of formulations discussed in 

Chapters 3 and 4. Appendix C contains all of the results generated in the parametric 

study. Appendix D contains the modification factors discussed in Chapter 6. 
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2 BACKGROUND 

2.1 Reinforcement 

2.1.1 Steel 

The use of steel as reinforcement in concrete members has a long history of design and 

research. The well-defined yield plateau of the steel reinforcement, giving steel

reinforced concrete flexural members ductility, as well as the similar coefficients of 

thermal expansion between the concrete and the steel have led to what is perceived to be 

a harmonious relationship between the two materials. However, potential problems with 

durability arising from corrosion of the steel reinforcement have led to increased support 

and use of FRP as reinforcement in concrete. 

An increase in steel strength has led to more efficient design requiring less steel than 

previously required. In most cases, the design yield strength of conventional steel is taken 

as 400 MPa, with a yield strain of 2000 µs; however, steels with a variety of yield 

strengths are available. The design codes and standards available for steel reinforced 

concrete include CSA A23.3-04 (for buildings) and CSA S6-06 (for bridges) in Canada, 

and ACI 318-08 (for buildings) in the United States. 

2.1.2 Fibre Reinforced Polymers (FRP) 

Fibre-reinforced polymers used as concrete reinforcement usually consist of two parts: a 

polymer resin and longitudinal strands of fibre. These fibre strands are commonly 
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composed of glass, carbon, or aramid, with basalt fibres becoming available recently. 

Each fibre type exhibits different material strength and behaviour. The type of polymer 

resin binding the fibres can also affect the bar behaviour and durability. Table 2-1 gives 

the range of available tensile strengths and elastic moduli for glass fibre-reinforced 

polymer (GFRP), carbon fibre-reinforced polymer (CFRP), aramid fibre-reinforced 

polymer (AFRP), and steel reinforcing bars, based on manufacturer's data (Appendix A). 

Information is also provided on available bar sizes. AFRP properties are provided, but 

bars with this type of fibre are not currently commercially available in North America. 

Due to the behaviour of the FRP fibres in the resin, the strength of the bar is dependent 

on the bar size for most cases (see Appendix A for detailed manufacturer information), 

with the larger bars having a lower strength. Bar sizes in US units are given in 1/8 inch 

increments (for example, a #3 bar has a nominal diameter of 3/8 in.). 

Table 2-1 Sampling of Bar Properties for FRP and Steel Reinforcement 

Steel GFRP CFRP AFRP 

Elastic Modulus 200 GPa 40.8 - 43.4 GPa 122 - 134 GPa 61.7 GPa 
Eb (29000 ksi) (5920 - 6300 ksi) (17695 - 19435 ksi) (8949 ksi) 

Tensile Strength 400 MPa 482 - 882 MPa 1351 - 2068 MPa 1414 MPa 
[y or fru (60 ksi) (70 - 128 ksi) (196 - 300 ksi) (205 ksi) 

Available bar lOM - 55M #2 - #10 #2-#4 NIA 
sizes (#3-#18) ( 6.4 - 31. 8 mm) (6.4- 12.7 mm) 
f/u = characteristic (guaranteed) tensile strength defined as mean tensile strength minus 
three times standard deviation 

There are several key differences in the behaviour and design of steel and FRP reinforced 

concrete members. The first, and most evident, is the difference in stiffness between the 

two reinforcing materials, with FRP bars having a lower stiffness than steel. Figure 2-1 

shows the effect of this difference on the flexural response of a member. It is clear that, 
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although the FRP bars have a higher tensile strength, they exhibit much more 

deformation than steel for the same load level , and this results in designs that tend to be 

governed by serviceability limit states (related to either deflection or cracking) rather than 

strength requirements. 

p 

Service Load 
Pa 

P/2 P/2 

High Deflection 

Figure 2-1 Behaviour of Steel and FRP Reinforced Concrete Members 

The next obvious difference between the two types of reinforcement is the behaviour up 

to failure. While a steel reinforced concrete member exhibits ductility due to the flat yield 

plateau of the reinforcement (provided the flexural member is under-reinforced), an FRP 

reinforced member has little ductility because of the brittle nature of an FRP bar. FRP 

reinforcing bars do not yield and exhibit linear-elastic behaviour until failure in tension. 

This leads to failure in a flexural member by either rupture of the FRP bar (under

reinforced) or failure of the concrete in compression before the bar has ruptured ( over-
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reinforced). Both failure modes have little ductility or indication of imminent failure. 

Nevertheless, FRP reinforced concrete members are typically designed to be over

reinforced, with failure initiated by concrete crushing rather than rupture of the bar, as 

this failure mode is considered to be slightly more desirable. Having an over-reinforced 

member also allows the designer to use the same rectangular stress block factors as used 

for steel reinforced concrete, which would not be applicable if failure were initiated by 

bar rupture for an under-reinforced member. 

The same basic assumptions for flexural design of a steel reinforced concrete member are 

applicable to FRP reinforced concrete; namely that perfect bond exists between the 

concrete and reinforcement, the strain in the concrete and reinforcement is proportional to 

the distance from the neutral axis (plane sections remain plane), and the maximum usable 

concrete strain in compression is the same as for steel reinforced concrete. FRP 

reinforcing bars in the concrete compression zone are assumed to have zero compressive 

strength and stiffness. The guideline used for design of FRP-reinforced concrete in the 

United States is ACI 440.1 R-06 (ACI 2006) for buildings, and the applicable Canadian 

Standards are CSA S806-12 (CSA 2012) for buildings and CSA S6-06 (CSA 2006) for 

bridges. All of these documents have specific requirements for strength and 

serviceability. The focus of the FRP component of this research is on ACI 440.IR-06 

(ACI 2006) and its recent revisions (successfully balloted at the ACI Spring 2010 

Convention in Chicago) regarding serviceability, with comparisons made to design using 

CSA S806-12 (CSA 2012). 
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2.2 Design of Steel Reinforced Concrete Members in Flexure According to 

ACI 318-08 and CSA A23.3-04 

The flexural design of steel reinforced concrete members is covered by ACI 318-08 in the 

United States, and by CSA A23.3-04 in Canada. These documents are very similar in 

content, as the design of steel reinforced concrete has a long history and has been the 

subject of much research and code development. 

2.2.1 Design for Flexural Strength 

In terms of strength design, both documents require that the design flexural strength be 

greater than the sum of the factored applied loads. For the ACI code, the load factors are 

applied to the unfactored moments (Mu = avMv + aLML), while a member resistance 

factor is applied to the nominal flexural capacity ( <pMn = <pRnbd 2
). For the CSA 

standard, the load factors are applied in the same way (M1 = avMv + aLMi), but the 

resistance factors are applied to the material properties, rather than to the nominal 

member resistance (Mr = Krbd 2 where Kr is a function of the material resistance factors 

((Jc and <p5 for the concrete and reinforcing steel bar respectively, as well as the concrete 

strength, amount of reinforcement and stress in the reinforcement at failure). Apart from 

this difference, the designs using either document for flexural strength are carried out by 

the same method. The ultimate limit state is described in both documents as a failure by 

the crushing of the concrete in compression, after the steel has yielded (tension-controlled 

or transition failure). Flexural members are required to be under-reinforced to ensure 

ductility. For the CSA standard, the ultimate concrete strain is taken as 3500 µE, while the 
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value used by ACI code is 3000 µ1=:. This condition gives the moment capacity, which is 

factored according to the method described above to give the factored moment capacity. 

2.2.2 Serviceability Requirements Related to Deflection 

The method for checking deflection for both the ACI and CSA documents is carried out 

using the same basic methodology; giving the designer the option of using prescribed 

minimum member thicknesses, or the use of general elastic deflection equations to 

compute immediate member deformations with an effective moment of inertia, le, that 

accounts for nonlinearity after cracking and tension stiffening in the member. These 

immediate deflections are separated by the effect of the sustained loads and remaining 

transient (live) loads. The sustained load deflections are multiplied by a long-term 

deflection multiplier, A, to obtain the long-term deflection in the member. The long-term 

deflection from the sustained loads plus the immediate deflection from the remaining live 

load gives the incremental deflection occurring after the attachment of the non-structural 

elements, and this deflection value is checked against prescribed limits (L/240 or L/480 

depending on whether the non-structural elements are susceptible to damage from large 

deflections). The computed deflection due to transient (live) loading is also checked 

against prescribed limits (L/360 for floors). This methodology is discussed in detail in 

Section 2.3.2 for FRP reinforced concrete. The different approaches to computing le are 

presented in Section 2.6. It is important to note that for both ACI 318 and CSA A23.3, 

the maximum long-term deflection multiplier is 2.0 (for loads sustained for five years or 

more), and the approach prescribed for computing le is the Branson equation. 
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2.2.3 Serviceability Requirements Related to Crack Control 

The CSA A23.3 standard prescribes a method for crack control using the Gergely-Lutz 

approach (Gergely and Lutz, 1968), expressed in terms of a z factor related to an 

acceptable crack width (Eq. 2-1). This approach was also used by ACI 318 prior to 1999. 

The z factor indirectly limits the maximum spacing between bars (see Section 2.3.3). The 

stressfs in the steel reinforcement at service load can be taken as 0.6/y· 

z = f/,.JdcA (2-1) 

The ACI 318 Code controls cracking by limiting the bar spacing directly using Eq. 2-2, 

based on a maximum bar spacing relationship developed by Frosch ( 1999). The stress fs 

in the steel reinforcement at service load is taken as (2/3)/y· 

(
7000) (7000) 

Smax = 15 T - 2.5cc ~ 12 T (2-2) 

2.2.4 Other Design Requirements for Flexure 

Both ACI 318 and CSA A23.3 have limits on the minimum clear spacing between bars 

(db but not less than 1 in. (25.4 mm) for ACI 318, and 1.4db for CSA A23.3), and 

maximum bar spacing for principal (minimum) reinforcement in walls and one-way slabs 

(3h or 18 in. ( 457 mm) and 3h or 500 mm centre-to-centre respectively). 
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There are also minimum required clear covers for the concrete. For interior exposure 

conditions (not exposed) ACI requires a minimum of% in. ( 19 mm) for slabs with # 11 

(35 mm) bars and smaller, and 1-Yi in. (38 mm) for beams (stirrups and primary 

reinforcement). Slabs and beams in exterior exposure conditions (exposed) require a 

minimum clear cover of 1-Yi in. (38 mm) for #5 (16 mm) and smaller bars, and 2 in. (51 

mm) for #6 (19 mm) and larger bars. CSA A23.3 requires a clear cover of 20 mm for 

slabs and 30 mm for beams (stirrups and primary reinforcement) for interior exposure, 

and 40 mm for slabs and beams in exterior exposure. For CSA A23.3, there are also 

minimum cover requirements related to the diameter of the bar, db, and the maximum 

aggregate size in the concrete; but for the purpose of this research, it is assumed that the 

covers listed above will govern as this is typical for 35M bars and smaller. 

The limits on minimum reinforcement for ACI 318 and CSA A23.3 are given below as 

Equations 2-3a and 2-3b for slabs 

ACI 318: A5 ~ 0.0018A9 for 400 MPa (60 ksi) steel (2-3a) 

CSA A23.3: (2-3b) 

and Equations 2-3c and 2-3d for beams. 
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ACI 318: 
(2-3c) 

CSA A23.3: 
(2-3d) 

The limits on maximum reinforcement are related to balanced strain conditions where the 

tension reinforcement yields at the same time the concrete crushes and reaches its 

assumed value of ultimate strain Ecu (0.003 for ACI 318 and 0.0035 for CSA A23.3). The 

nominal value of the balanced reinforcing ratio 

(2-4a) 

ACI 318 limits the tensile strain in the flexural reinforcement at nominal strength to 

0.004 to give a maximum reinforcing ratio Pmax· For an assumed ultimate strain of the 

concrete Ecu = 0.003 and Grade 60 reinforcement with a yield strength of 60 ksi ( 414 

MPa), this gives 

(3) (a1Pif /) 
Pmax = 7 {y = 0. 724Pb,n 

(2-4b) 

CSA A23.3 limits the tensile strain in the reinforcement to the yield strain &y when 

computing the factored moment resistance Mr. This gives 
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(2-4c) 

2.3 Design of FRP Reinforced Concrete Members in Flexure According to 

ACI 440.lR-06 

Chapter 8 of ACI 440. lR-06 (ACI 2006) provides guidance on the design of FRP 

reinforced concrete members in flexure. The first section of Chapter 8 discusses two 

important considerations for the design: why it is considered more desirable to design a 

flexural member to be over-reinforced, and what assumptions are appropriate regarding 

the interaction between the concrete and the reinforcement. It is explained that by 

choosing to have failure initiated by crushing of the concrete, the member exhibits some 

plastic behaviour before failure (ACI 2006); while allowing the reinforcement to rupture 

first would provide very little warning of imminent failure. It should also be noted that 

choosing a member that is under-reinforced could lead to problems with creep-rupture 

failure, especially for GFRP reinforcement (Veysey and Bischoff, 2013). The focus of 

this research was on over-reinforced members with FRP reinforcement; however it is 

important to note that ACI 440.IR-06 (ACI 2006) does allow the designer the option of 

designing either an under- or over-reinforced member, although only an over-reinforced 

member can be designed using the rectangular stress block factors ( a 1 and /Ji). For 

comparison, CSA S806-12 (CSA 2012) requires that FRP reinforced concrete members 

be over-reinforced. 
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The following sections address the various sets of requirements which are the focus of 

this project. These requirements can be separated into two groups: flexural strength and 

serviceability related to deflection and crack control. 

2.3.1 Design for Flexural Strength 

The main requirement with respect to flexural strength is that the design flexural strength 

((f)Mn) of the member be equal to or greater than the factored applied moment (Mu). This 

is shown in Eq. 2-5, where Mn is the nominal moment capacity, (fJ is the strength 

reduction factor, and Mu is the factored applied moment equal to avMv + aLML. 

(2-5) 

The factored applied moment is obtained using the ASCE load factors av and aL for the 

applied load (1.2 and 1.6 for the dead and live load respectively), while (fJ depends on the 

reinforcing ratio Pt in relation to the balanced reinforcing ratio, Ptb,n· Values for (fJ are 

shown below (Equation 2-6), and depend on whether failure is controlled by concrete 

crushing (Pt 2::: 1.4Ptb,n) or FRP rupture (Pt ~ Ptb,n). A linear transition is provided 

between the two modes of failure. Ptb,n is given by Equation 2-7. 

{ 

0.55 for Pt ~ Ptb,n } 

(fJ = 0.3 + 0.25.-ft_ for Ptb,n <Pt< 1.4Ptb,n 
Ptb,n 

0.65 for Pt 2::: 1.4ptb,n 
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fd [ EtEcu ] 
Ptb,n = 0.85P1 7 E F 

Ju tEcu + Jtu 
(2-7) 

where Ecu is the ultimate concrete strain, taken as 3000 µE for ACI 440. IR-06, and P1 is 

the rectangular stress block factor relating the equivalent stress block depth to the neutral 

axis depth . Because the ultimate concrete strain is reached at failure, the equivalent stress 

block factors a1 and p1 may be used to compute the moment capacity ( a1 = 0.85 and 

P1 = 0.85 - 0.05 (fd - 27.6)/6.9 ~ 0.65). The design tensile strength of the bar ftu is 

taken as the characteristic tensile strength multiplied by an environmental reduction 

factor. ACI 440.IR-06 (ACI 2006) provides an equation for computing the stress in the 

reinforcement, ft, for an over-reinforced member based on the strain distribution at the 

ultimate limit state. This is given by Eq. 2-8, which is then used to compute the nominal 

capacity of the member, Mn, using Eq. 2-9. 

fr= ( (2-8) 

( a ) ( 0.59pt ft) 2 Mn= Atft d - /z = Ptft 1 - fd bd (2-9) 

where a is the equivalent stress block depth, and Pt = At /bd. The strength reduction 

factor, <p, is then determined with Eq. 2-6 using Pt and Ptb,n, after which Eq. 2-5 is 

checked to ensure that the member has adequate flexural capacity. If satisfied, then 
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strength requirements are satisfied. No consideration is given to placement of the 

reinforcement in multiple layers. Other requirements that would fall under strength, but 

which are not considered for this investigation, are shear strength and development 

length. 

2.3.2 Serviceability Requirements Related to Deflection 

The section of ACI 440.IR-06 (ACI 2006) that deals with the requirements related to 

deflection control for FRP reinforced concrete members states that there are currently two 

methods prescribed in ACI 318-08 (ACI 2008) for checking the deflection of steel 

reinforced concrete flexural members. The indirect or "deemed to comply" method 

assumes a steel reinforced concrete member is deemed to comply with deflection 

requirements if minimum member thicknesses from Table 2-2 are satisfied. Table 2-2 is 

only applicable when the non-structural elements being supported are not likely to be 

damaged by large deflections. The direct or explicit method requires computed values of 

deflection to be less than code prescribed limits. 

For ACI 440.IR-06 (ACI 2006), it is required that deflection be computed explicitly for 

all cases, and the minimum thickness values given in Table 8.2 of the ACI 440 guideline 

(given below as Table 2-3) are intended only as starting values for establishing 

preliminary member proportions. It should be noted that the minimum thickness 

recommendations for slabs are much too conservative and often result in an uncracked 

member (Veysey and Bischoff, 2013). 
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Table 2-2 Minimum Member Thicknesses for Steel Reinforced Concrete (ACI 318-08) 

Minimum thickness h 

Simply One end Both ends 
Supported continuous continuous 

Solid one-way slabs L/20 L/24 L/28 
Beams L/16 L/18.5 L/21 

Table 2-3 Recommended Minimum Member Thicknesses for 

FRP Reinforced Concrete (ACI 440.lR-06) 

Minimum thickness h 

Simply One end Both ends 
Supported continuous continuous 

Solid one-way slabs L/13 L/17 L/22 
Beams L/10 L/12 L/16 

Cantilever 
L/10 
L/8 

Cantilever 
L/5.5 
L/4 

Equation 2-10 gives a generalized elastic deflection equation used · to compute the 

immediate deflection /J.i due to the service load moment for a uniformly loaded member. 

(2-10) 

In this equation, Ma is the service moment at the critical section determined using the 

ACI moment coefficients (from Table 2-4), Ee is the elastic modulus of the concrete 

(taken as 4730.J1l in MPa or 57000.J1l in psi) for normal weight concrete, according to 

ACI), and le is the effective moment of inertia, discussed in Section 2.6. The critical 

section for the service load moment is taken at midspan for simply supported and 

continuous members, and at the support for cantilevers. 
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The ratio Ma IM0 (with Ma determined from the ACI moment coefficients) and K 

parameter are related to the support conditions; values for both are given in Table 2-4, as 

reported in Bischoff and Scanlon (2009) for a uniformly distributed load. M0 = wl2 /8 is 

the total static moment for a uniformly distributed load. 

Table 2-4 Values of Kand M0 / M0 for Various Support Conditions 

Support Conditions Ma K* Ma/Mo 
Simply Supported wLL/8 1.0 1.0 

One End Continuous wLL/14 0.85 0.5714 
Both Ends Continuous wLL/16 0.8 0.5 

Cantilever wLL/2 2.4 4.0 
* K = 1.2 - 0.2(M0 f Ma) except for cantilevers 

Immediate deflection is made up of two parts: deflection from the sustained loads (both 

dead and sometimes live) and deflection from the additional live or transient loads. This 

is given in Eq. 2-11. 

(2-11) 

where the live load deflection LlL = LlL,sus + LlL,add· For long term deflection, the 

deflection due to sustained loads is multiplied by a long term deflection multiplier A, 

which is used to account for long term deflection effects due to creep and shrinkage. This 

gives Lllt = ALlsus = A(Llv + LlL,sus). For steel reinforced concrete, the maximum value 

of A is 2.0 for loads sustained over a period of five years or more. For FRP reinforced 

concrete, ACI 440.1 R-06 (ACI 2006) recommends using 60% of the values prescribed 

18 



for steel reinforced concrete. This gives a maximum value of 2 equal to 1.2 for FRP 

reinforced concrete members. 

The incremental deflection given in Eq. 2-12 is defined as that part of the total deflection 

that occurs after the installation of non-structural elements. In other words, the long-term 

deflection from the sustained loads plus the immediate deflection from any additional live 

load. This value of computed deflection is checked against prescribed limits. 

(2-12) 

In addition, the deflection due to additional live loads (Eq. 2-13) is checked against the 

appropriate limit. 

(2-13) 

For incremental deflection (Llincr ), the deflection limit is dependent on the susceptibility 

of attached partitions in the structure to damage from large deflections. If these partitions 

are not susceptible to damage from excessive deflections, the limit is set at L/240. For 

partitions sensitive to damage from excessive deflection, the incremental deflection limit 

is set at L/ 480. For live load deflections, the limit is L/360 for floors and L/180 for flat 

roofs. 
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Due to the non-linear nature of deflections in reinforced concrete members, there are two 

different conditions under which deflection can be computed: (1) deflection under virgin 

loading where the stiffness continues to decrease with increasing load once the member 

has cracked, and (2) deflection in a member which has been preloaded up to a predefined 

load level (usually during construction and equivalent to the full dead plus live service 

load) where the stiffness remains constant up to the preload level. Figure 2-2 shows a 

member under virgin loading, with tension stiffening included. In this case, the 

proportion of deflection from live load (Llv+L - Llv) is greater than that of a member 

which has been preloaded (Figure 2-3) because of the change in stiffness as the member 

is loaded. The deflection is computed using the generalized elastic equation with le ~ Icr· 

The tri-linear curve representing the member response without tension stiffening 

Ue = Icr) has been included in Figures 2-2 and 2-3 for reference (with round markers). 

Once a member has been preloaded up to the full service load (Figure 2-3), subsequent 

loading results in a greater proportion of deflection from dead load (L:\0 ) when compared 

to a member under virgin loading. The dashed line shown is governed by the effective 

member stiffness (Ecle,v+d corresponding to a member that has been loaded up to the 

full dead plus live load. 

For incremental deflection, the preloaded case results in a larger deflection from the 

sustained loads, which is then multiplied by the long term deflection multiplier, A, to give 

a larger computed value of deflection overall. For live-load deflection, a member under 

virgin loading is more critical since it gives a higher value of computed deflection; 
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Figure 2-2 Moment Deflection Response Under Virgin Loading 
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Figure 2-3 Moment Deflection Response Under Preloaded Conditions 

however, since this case will only arise once over the course of the full service life of the 

member, both cases (virgin loading and preloaded) should be computed and evaluated for 

live load deflection. 
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2.3.3 Serviceability Requirements Related to Crack Control 

In addition to deflection, the maximum crack width or maximum bar spacing of the 

member needs to be checked for crack control. In the past, a modified version of the 

Gergely-Lutz equation (Gergely and Lutz, 1968) was used by ACI 440 (ACI 440.IR-03) 

for estimating crack widths as given by Equation 2-14. 

(2-14) 

ACI 440.IR-06 (ACI, 2006) computes crack width with a modified version of the Frosch 

equation (Frosch, 1999) applicable for FRP reinforced concrete (Equation 2-15). Both of 

these approaches have been used to compute the crack width, w. 

(2-15) 

In these equations, ft s is the bar stress under service load and E1 is the elastic modulus of 

the reinforcing bar. The parameter kb is related to bond between the concrete and the 

reinforcement. In the absence of test data, kb may be taken as 1.4, while FRP bars having 

similar bond behaviour to uncoated steel reinforcing bars have a kb value of 1.0. The 

variable A is effective tension area of concrete surrounding the flexural tension 

reinforcement and extending from the extreme tension fibre to the centroid of the flexural 

tension reinforcement and an equal distance past that centroid, divided by the number of 

22 



bars. The factor {3 corresponds to the ratio of the distances from the neutral axis to the 

tension face of the cross-section and from the neutral axis to the centroid of the 

reinforcement [(h - c)/(d - c)]. Finally, Cc is the clear cover, defined as de - db/2, 

where de is the cover from the tension face to the centre of the nearest bar. The terms is 

defined as the centre-to-centre bar spacing. Equation 2-15 can be re-arranged to give the 

maximum bar spacing (centre-to-centre), Smax, in terms of the allowable crack width as 

given in Equation 2-16. 

s=2 
wz 

•-----2-d~ 

[21;pkbl (2-16) 

The same re-arrangement can be carried out for the Gergely-Lutz approach to determine 

a maximum bar spacing, with one simplifying assumption. For slab members, if the bars 

are assumed to be evenly distributed along the cross section, the term A in Eq. 2-14 can 

be taken as 2dcns/n = 2dcs. Re-arranging Equation 2-14 then gives 

w3 
s=-------3 

2dl [2.21; pkb l 
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The limits on crack width recommended by ACI 440.IR-06 (ACI 2006) are taken from 

CSA S806-02 (CSA 2002), which sets the maximum allowable crack width to 0.5 mm for 

exterior exposure and 0. 7 mm for interior exposure. Concrete members with computed 

crack widths less than these limits are assumed to satisfy serviceability requirements with 

respect to crack control. 

A balloted revision to the ACI 440.IR-06 document gives a new approach for control of 

cracking by calculating the maximum bar spacing, Smax· This is done with a simplified 

design equation (Eq. 2- l 8a) intended to closely match the results given by the modified 

Frosch equation (Eq. 2-16). 

(2-l 8a) 

Equation 2- l 8a is subject to a limit on de as well, given by Eq. 2- l 8b. 

(2-l 8b) 

Figure 2-4 compares results obtained from Equations 2-16, 2- l 8a, and 2- l 8b for three 

different levels of service load strain ( Et = ftsl Et). Maximum bar spacing in this figure 

is based on a crack width value equal to 0.50 mm and a bond factor kb equal to 1.4. 

Calculations for the clear cover (cc = de - db/2) assume a #6 (19 mm diameter) bar and 
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f3 = 1 + 0.003dc. It is clear that the proposed approach gives crack spacings comparable 

to the original Frosch equation for the range of service load strains considered. 

300 

- Frosch Design 

250 --- Frosch 

200 
Et= 0.0020 

,,-.., 
6 
6 150 
'-' 
r,i 

100 
Et= 0.0015 

50 
Et= 0.0025 

0 
0 20 40 60 80 100 120 

de (mm) 

Figure 2-4 Comparison of Frosch Equation and Frosch Design Equation 

2.3.4 Creep Rupture 

For FRP reinforcement, there is an additional limit on the stress in the reinforcement due 

to sustained loads to avoid creep rupture failure. FRP bars under a constant or sustained 

load can fail after an extended period of time. The creep rupture stress limit, ftsus , 

proposed by ACI 440.lR-06, is given as 0.2ftu for GFRP, O.SSfru for CFRP, and 

0.35ftu for AFRP. 
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2.3.5 Other Criteria and Limits 

In addition to the criteria outlined above, there are other specific limits that need to be 

considered for flexural design according to ACI 440. lR (ACI 2006). 

The centre-to-centre spacing of longitudinal bars, s, has a lower limit of 2db, and the 

spacing of reinforcement in slabs has an upper limit of 3h or 300 mm (12in.). 

For under-reinforced members (Pt < Ptb,n), the minimum flexural reinforcement 

requirements from ACI 440.IR are given below. 

(2-19) 

For over-reinforced members (Pt ~ Ptb,n), there is no requirement to check At,min, as 

the reinforcement ratio is already greater than Ptb,n· However, for over-reinforced slabs, 

there is another lower limit for reinforcement that must be checked from Chapter 10 of 

ACI 440.1 R for temperature and shrinkage reinforcement, given below as Equation 2-20. 

Note that this reinforcement is perpendicular to the direction of the primary flexural 

reinforcement, and is used to control cracking. 

414E5 
Pt,ts = 0.0018 X -;-E ~ 0.0014 

Jtu t 
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Finally, the minimum required cover is found in ACI 440.5-08 (ACI 2008), and is 

specified as follows: for slabs,%" (19 mm) to the primary reinforcement, and for beams 

1-1/2" (38.1 mm) to the stirrups and 2" (50.8 mm) to the primary reinforcement. 

Another parameter considered for this study is the stress in the concrete. While there is no 

limit for cast-in-place concrete slabs and beams in North America ( except for prestressed 

concrete), there are limits on the allowable concrete stress in other codes, for both the full 

service load and under sustained loads. For the purposes of this research, the limits are 

taken as 0.45/; for sustained stress and 0.6/; for total service load stress. 

2.4 Design of FRP Reinforced Concrete Members in Flexure According to 

CSA S806-12 

Strength design according to CSA S806-12 (CSA 2012) is very similar to that of 

ACI 440. lR-06 (ACI 2006) with two important exceptions: first, all members are 

required to be over-reinforced (p1 ~ Ptb,r) rather than giving the designer the option, and 

second, rather than having a member resistance factor, the resistance factors are applied 

to the material strengths (<pc = 0.65 and <pF = 0.75), as discussed in Section 2.2 for steel 

reinforced concrete designed according to CSA A23.3-04. Therefore, rather than 

calculating a nominal moment capacity (Mn) and then factoring to obtain a reduced 

design strength ( <pMn), the factors are applied within the capacity calculation to give a 

factored moment capacity directly (Mr). The load factors are slightly different, with 

av = 1.25 for dead load and aL = 1.5 for live, load. Rectangular stress block factors a1 

and P1 are computed using Equations 2-21 and 2-22 respectively. 
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a1 = 0.85 - 0.0015[/ ~ 0.67 (2-21) 

P1 = o.97 - o.0025f/ ~ o.67 (2-22) 

There is also an additional requirement that the factored moment resistance Mr be greater 

than or equal to 1.5 times the cracking moment Mer· For CSA S806, the design tensile 

strength of the bar ftu is taken as the characteristic tensile strength ( and is not reduced by 

an environmental factor as with ACI 440.lR). 

In terms of deflection requirements, CSA S806 requires deflection to be calculated by 

integrating curvature. Curvature is determined using a tri-linear member response which 

assumes no tension stiffening (see Figs. 2-2 or 2-3). Deflection equations are provided for 

common loading cases of simply supported members in lieu of integrating curvature. 

Section 2.6 demonstrates how deflection can also be computed with the use of an 

effective moment of inertia based on integration of the member response. Long-term 

deflection is computed with a deflection multiplier, A, having a maximum value of 2.0 

( compared to 1.2 for ACI 440.1 R). Computed values of deflection are checked against 

the same limits prescribed for steel reinforced concrete and by ACI 440. lR. 

Rather than checking the computed crack widths for members, Eq. 2-14 is rearranged 

slightly to give Equation 2-23, which calculates a z factor value (equivalent to wE5 / 

2.2p) for the member which is related to crack control (similar to A23.3). 
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(2-23) 

Control of cracking is required when the maximum strain in the FRP tension 

reinforcement exceeds 0.0015 under the full service load. z is limited to 45000 N/mm for 

interior exposure (corresponding to a maximum crack width of 0.6 mm and assuming 

p = 1.2), and to 38000 N/mm for exterior exposure (corresponding to a maximum crack 

width of 0.5 mm assuming p = 1.2). This standard allows the designer to assume a value 

for kb = 1.2 in the absence of test data, and an upper limit of 50 mm is placed on the 

effective clear cover (for calculating de and A). 

CSA S806 (2012) limits the overall bat stress under service load for all types of FRP 

reinforcement (0.25ftw 0.6Sf1u, and 0.35ftu for GFRP, CFRP, and AFRP respectively), 

with an additional limit on the strain in GFRP reinforcement due to sustained loads of 

Etsus ::;; 2000 µs. The limiting overall bar stresses listed above may also be used in lieu 

of the actual bar stress in Equation 2-23. It should be noted that the design tensile 

strength ftu defined by ACI 440.IR is based on the guaranteed tensile strength f/u 

multiplied by an environmental reduction factor CE that varies between 0.7 to 1.0 

( depending on the bar type and exposure conditions). The guaranteed or characteristic 

tensile strength f/u is defined as the mean tensile strength minus three times the standard 

deviation. For S806, ftu is defined as the characteristic tensile bar strength given by the 
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mean tensile strength minus three times the standard deviation ( and is not reduced by an 

environmental factor). 

Like ACI 440.IR (ACI 2006), there are other specific limits on design parameters which 

must be satisfied. The centre-to-centre spacing of longitudinal bars has a lower limit of 

2.4db. For slabs, the bar spacing has an upper limit of 3h or 300 mm. The minimum area 

of reinforcement required for slabs is given by Eq. 2-24. 

(
400) 

Af,min = Et A9 ~ 0.002SA9 (2-24) 

The minimum cover required by CSA S806 (CSA 2012) is the greater of 2db and 30 mm 

to the primary reinforcement. The 2db cover is to prevent cracking of the concrete from 

transverse thermal expansion of the FRP bar (B. Benmokrane, personal communication, 

2014 ). As with ACI 440 (ACI 2006), there are no limits on concrete stress. The same 

limits of 0.45/( for sustained stress and 0.6/( for total service load stress are used in 

this study. 

2.5 Design of FRP Reinforced Concrete Members in Flexure According to 

CSA S6-06 

As with the CSA S806-12 standard, the CSA S6-06 Canadian Highway Bridge Design 

Code uses material resistance factors for determining the factored moment capacity of a 

member, rather than a member resistance factor, but with different load and material 
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resistance factors than CSA S806- l 2. It is also of note that, unlike CSA S806-12, CSA 

S6-06 has different material resistance factors for different types of FRP reinforcement, 

and for different applications. As with S806-02, there is a requirement that the factored 

moment capacity Mr be greater than or equal to 1.SMcr· For determination of deflections, 

CSA S6-06 does not require an alternative to Branson's equation for the effective 

moment of inertia le. As with ACI 440.IR-06, CSA S6-06 uses the modified Frosch 

equation to compute the crack width (Eq. 2-15). The crack width w is limited to 0.5 mm 

for aggressive environments, and 0. 7 mm for other environments. The clear concrete 

cover Cc is once again limited to 50 mm when computing de, as with CSA S806-12, and 

the values given for kb in the absence of test data are 0.8 for sand-coated bars and 1.0 for 

deformed bars. Finally, with respect to creep rupture criteria, CSA S6-06 sets limits on 

fts (the total service load bar stress) to 0.2Sftu for GFRP, 0.6Sftu for CFRP, and 

0.3Sftu for AFRP. As with CSA S806-12 and ACI 440.IR-06, there are several other 

specific design parameters to be considered. The minimum cover required is 35 mm ± 10 

mm, the maximum and minimum centre-to-centre bar spacings are 300 mm and 2.5db 

respectively, and the minimum reinforcement area is 0.0015h mm2/mm, where h is the 

thickness of the slab. 

Finally, there is one additional design requirement that must be satisfied, which is the 

deformability of the member, ] . Used as an analogy to ductility in a steel reinforced 

concrete member, this factor is given by Mu t/Jul Met/Jc . Mu and t/Ju are the moment 

capacity and corresponding section curvature at ultimate, while Mc and t/Jc are the 
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moment and section curvature corresponding to a maximum compressive strain of 1000 

µE. The J factor is intended to ensure that an over-reinforced member exhibits an 

adequate amount of deformation prior to failure, and shall be at least 4.0 for rectangular 

sections and 6.0 for T-sections. This factor is not examined explicitly in this research. 

2.6 Effective Moment of Inertia 

This investigation considers three different approaches for determining the effective 

moment of inertia for reinforced concrete sections: the current approach based on a 

modified form of the Branson equation for le, an approach initially proposed by 

Bischoff, and an approach where tension stiffening effects are neglected (as in CSA 

S806- l 2). The two latter approaches determine deflection by integrating curvature and 

can be used to derive an effective moment of inertia that accounts for the change in 

stiffness along the member length (one with tension stiffening and the other without 

tension stiffening). 

2.6.1 Branson's le 

CSA A23.3-04 and ACI 318-08 use Branson's equation for le to compute deflection of 

steel reinforced concrete flexural members. ACI 440.lR-06 (where deflection is to be 

computed explicitly) uses a modified form of Branson's equation to compute deflection 

of FRP reinforced concrete. The original equation proposed by Branson was derived 

empirically, and represents a transition from an uncracked section to a section which is 

fully cracked. This expression works well for steel reinforced concrete members with a 

reinforcing ratio between 1 % and 2% (Bischoff, 2007). 
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Branson' s empirical equation was calibrated for a specific range of steel reinforced 

concrete members and underestimates deflection for FRP reinforced concrete (Bischoff, 

2005). Hence, it was necessary to modify this expression with a correction factor pd for 

computing deflection of FRP reinforced concrete. The original Branson equation is given 

by Eq. 2-25. and the modified equation found in ACI 440.IR-06 (ACI 2006) is given as 

Eq. 2-26. 

(Mcr)3 

[ (Mcr) 3

] le = Ma lg + 1 - Ma lcr ::; lg (2-25) 

(2-26) 

with 1(Pt) pd = - - ::; 1.0 
5 Ptb (2-27) 

2.6.2 Bischoff's I e 

A new approach for calculating the effective moment of inertia was proposed by Bischoff 

(Bischoff, 2005, 2007). Although Branson's equation works well for the range of steel 

reinforced concrete members that it was calibrated for, it consistently overestimates 

member stiffness for members having less than I% reinforcement, and for members 

using reinforcing materials with a low elastic modulus such as FRP (Bischoff, 2007). 

Bischoff s approach is analytical in nature, and can model the effective stiffness of a 
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member with a selected level of tension stiffening. If the selected level of tension 

stiffening is taken as Merf Ma , the resulting equation for le is given below as Eq. 2-28 

with T/ = 1 - ler/lg. 

ler 
le = 1 - (M /M )2 ~ lg T/ er a 

(2-28) 

Deflection can also be computed by integrating curvature using Bischoffs equation for le 

to determine the section curvature along the length of the member. This is equivalent to 

using an equivalent moment of inertia 1; for the member (Bischoff and Gross 2011 ). 

I 
I' - er < I 
e - 1 - T/Y(Merf Ma)2 - g 

(2-28) 

with y = 1.72 - 0.72Mer/Ma for a simply supported member with a uniformly 

distributed load. 

2.6.3 Effective Moment of Inertia with No Tension Stiffening 

Finally, a more conservative approach used to compute deflection is to neglect tension 

stiffening effects entirely in the cracked regions of the member. The result is a simple 

one: at sections where the service load moment is less than the cracking moment 

(Ma < Mer), the moment of inertia of the gross section Ue = lg) is used to compute 

curvature. In regions where the service load moment is greater than or equal to the 
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cracking moment (Ma 2:: Mer), the moment of inertia of the cracked section Ue = Ier) is 

used to compute curvature. This results in the tri-linear moment-curvature response 

shown in Figure 2-5. CSA S806-12 (CSA 2012) requires that deflection for FRP 

reinforced concrete be computed using this approach. Integrating curvature to compute 

deflection accounts for the change in stiffness along the member length, and can be used 

to derive an overall effective moment of inertia (Bischoff and Gross 2011 ). 

Curvature 

Figure 2-5 Assumed Moment-Curvature Response According to CSA S806-12 

2. 7 Summary of Design Requirements 

Table 2-5 summarizes the flexural design requirements for steel reinforced concrete (ACI 

318 and CSA A23.3) and for FRP reinforced concrete (ACI 440. lR and CSA S806). The 

requirements for FRP reinforced concrete are used as the basis for establishing minimum 

thickness requirements in the form of span-to-depth (L/h) ratios. Formulations and 

calculations are based on a rectangular section and can be easily extended to T-shaped 

sections if needed. 
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Table 2-5 Summary of Design Requirements (ACI 318, CSA A23.3, ACI 440.lR, and CSA S806) 

ACI Design 
Strength (ACI 318-08 and ACI 440.lR-06): <pMn ~ Mu 

Mu = avMv + aiMi 
av = 1.2 and ai = 1.6 

ACI 318-08: Steel 

Mn= Rnbd2 

P :s; Pmax 

Rn = p [y ( 1 -
2
:~;;) for rectangular section 

a1 = 0.85 

P1 = 1.05 - 0.00725fd ~ 0.65 and :s; 0.85 

Pb,n = ( a1
i;tJ) C~:EJ 

Pmax = (D ( a 1:;tJ) = 0. 724Pb,n for 

Grade 60 reinforcement (fy = 60 ksi). 
Tensile strain in reinforcement Et = 0.004. 

<p = 0.9 (tension controlled) 

for p :s; (D ( a 1:;tJ) = 0.634Pb,n 

Tensile strain in reinforcement Et ~ 0.005 

Ecu = 0.003 

Es = 29000 ksi (200 GPa) 

_ 0.25 Jij 1.4 
As,min - --bwd ~ -bwd (for beams) ty ty 

As,min = 0.0018A9 (for slabs with Grade 60 
reinforcement) 

ACI 440.1 R-06: FRP 

Mn= Rnbd2 

for Pt ~ Ptb,n 

( 
Ptt f) 

Rn= Ptft 1- 2aif; 

a1 = 0.85 

for rectangular section 

P1 = 1.05 - 0.00725fd ~ 0.65 and :s; 0.85 

<p = 0.65 for Pt ~ 1.4Ptb,n 
<p = 0.3 + 0.25pt / Ptb,n 

for Ptb,n < Pt < 1.4Ptb,n 
<p = 0.55 for Pt :s; Ptb,n 

Ecu = 0.003 

414 E 
Pt ts = 0.0018 X -t 2.. ~ 0.0014 (for slabs) 

' tu Et 
:s; 0.0036 (for slabs) 

(Pt,ts based on gross concrete area) 

Creep Rupture: (under sustained loads) 
ftsus :s; 0.20 ftu (GFRP) 
ftsus :s; 0.55ftu (CFRP) 
ftsus :s; 0.35ftu (AFRP) 

Design tensile strength ftu = CEf/u where 

fiu = characteristic tensile strength and CE= 
environmental reduction factor (0.7 to 1.0). 
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Crack Control (ACI 318-08 and ACI 440. lR-06): 

ACI 318-08: Steel 

fs = (2/3)[y 

Exterior exposure (slabs and beams): 
Cc = 2 in. (SO mm): #6 (19 mm) and larger 

bars 
Cc = 1.5 in. (38 mm): #5 (16 mm) and 

smaller bars 
Interior exposure (slabs): 
Cc = 0.75 in. (19 mm): #11 (35 mm) and 

smaller bars 
Cc= 1.5 in. (38 mm): #14 (44.5 mm) and 

larger bars 
Interior exposure (beams): 
Cc = 1.5 in. (38 mm): stirrups and primary 

reinforcement 

Smin = db (clear) ~ 1.0 in. (25 mm) 
Smin = 2db (centre-to-centre) 
Smax = 3h or 18 in. (460 mm) for slabs 

ACI 440.IR-06: FRP 

de = Cc + db/2 (for longitudinal bar) 
fts = bar stress under service load 
p = (h - c)/(d - c) 
kb = 1.4 unless measured 
kb = 1.0 for bond behaviour similar to 

uncoated steel 
bar 

Balloted Revision: 
_ Etw Etw 

Smax - 1.15
1
-k - 2.5cc ~ 0.92-

1 
k 

fs b fs b 

Etw 
and de ~ -1 /Jk based on 

2 fs b 

w2 2 
S = 2 2 - de 

[2(! tsfE f )/Jkb] 

' 
w = 0.5 mm (exterior) and 0.7 mm (interior) 

Slabs: 
Cc = 0.75 in. (19 mm) 

Beams: 
Cc = 1.5 in. (38 mm): stirrups 
Cc = 2.0 in. (51 mm): primary reinforcement 

Smin = db ( clear) 
Smin = 2db (centre-to-centre) 
Smax = 3h or 12 in. (300 mm) for slabs 

Deflection Control (ACI 318-08 and ACI 440.1 R-06): 
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Lli = Llsus + LlL,add = (Av + LlL,sus) + LlL,add and LlL,add = Llv+L - Llsus 

!liner= illlsus + llL,add ~ L/240 (damage not likely) or L/480 (damage likely) 

LlL = Llv+L - Llv ~ L/360 (floors) or L/180 (roofs) 

Deflection calculation required for ACI 440. IR-06 

ACI 318-08: il = 2.0 (5 years or more) 

/ = (Mcr)3 / + [l _ (Mcr)3] / < / 
e Ma g Ma er - g 

CSA Design 

ACI 440. IR-06: il = 1.2 (5 years or more) 

Balloted Revision: 

/' - fer < / 
e - l-17Y(Mcr1Ma) 2 - g and rJ = 1 - ler/19 

y = 1.72 - 0.72Mer/Ma for a uniformly 
distributed load 

Strength (CSA A23.3-04 and CSA S806-12): Mr~ Mt 

Mt = avMv + aLML 

av = 1.25 and aL = 1.5 

CSA A23.3-04: Steel 

Mr= Krbd 2 

K - f, (1 - P(f)sty ) .&'. t 1 r - P<fJs y 
2

a
1 
<pcf; 1or rec angu ar 

section 
<p5 = 0.85 

<fJe = 0.65 

a1 = 0.85 - 0.0015[; ~ 0.67 

/31 = o.97 - 0.00251; ~ o.67 

P ~ Pb,r 

CSA S806-12: FRP 

Mr= Krbd 2 

K _ F ( l _ P f(f) t ft ) .&'. t 1 r - Pt<fJt, t 2a
1 
<pcf; 1or rec angu ar 

<fJt = 0.75 

<fJe = 0.65 

section 

al = 0.85 - 0.0015[; ~ 0.67 

38 



Ey = [y/Es 

Ecu = 0.0035 

Es= 200 GPa 

_ o.2[ti 
As,min -Tbth (for beams) 

As,min = 0.002A9 (for slabs) 

P1 = 0.97 - 0.002Sfd ~ 0.67 

Pt ~ Ptb,r (unless Mr ~ 1.6M1) 

Ecu = 0.0035 

Mr ~ 1.SMcr unless Mer > 1.SMr 

(400) Af,min = Er A9 ~ 0.002SA9 (for slabs) 

Maximum stress in FRP bars under service loads: 
fts :5 0.25 ftu (GFRP) 
ft s :5 0.65 ftu (CFRP) 
fts :5 0.35fru (AFRP) 

ftu = characteristic tensile strength of reinforcing 
bar 

Strain limit under sustained loads: 
Etsus :5 0.002 (GFRP) 

Crack Control (CSA A23.3-04 and CSA S806-12): 

CSA A23.3-04: Steel 

z = fs3.J dcA :5 30000 N /mm (interior) 

z = fs3./dcA :5 25000 N /mm (exterior) 

fs = 0.6[y 
Cc :5 50 mm for computing de and A 

Exterior exposure (slabs and beams): 
Cc = 40 mm and 1.Sdb 

Interior exposure (slabs): 
Cc= 20 mm and 1.0db 

Interior exposure (beams): 
Cc = 3 0 mm and 1.0db: stirrups and 

primary 
reinforcement 

Smin = 1.4db ( clear) 

CSA S806-12: FRP 

for Ets ~ 0.0015 (under full service load) 

z = kb :;trs3.JdcA :5 45000 N /mm (interior) 

z = kb Es firs3.JdcA :5 38000 N /mm (exterior) 
Et 

(equivalent to s = w 3 
/ [2d~(2frsPkb/Er )3]) 

de = Cc+ db/2 (for longitudinal bar) 
Cc :5 50 mm for computing de and A 
fts = bar stress under service loads 
kb = 1. 2 for deformed or sand covered rods 

unless measured 

fts :5 0.2Sfru (GFRP) 
fts :5 0.65fru (CFRP) 
fts :5 0.3Sfru (AFRP) 
E SUS :5 2000 µE (GFRP) 
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Smin = 2.4db (centre-to-centre) 
Smax = 3h or 500 mm for slabs Cc = 30 mm and 2db 

Smin = 1.4db ( clear) 
Smin = 2.4db (centre-to-centre) 
Smax = 3h or 300 mm for slabs 

Deflection Control (CSA A23.3-04 and CSA S806-12) 

Ee= 4500.fiZ 

fr= 0.6.ff! 

Ll i = Ll SUS + Ll L,add = ( Ll D + Ll L,sus) + Ll L,add and Ll L,add = Ll D + L - Ll SUS 

!liner= Allsus + lli,add ~ L/240 (damage not likely) or L/480 (damage likely) 

Lli = Llv+L - Llv ~ L/360 (floors) or L/180 (roofs) 

Deflection calculation required for CSA S806-12 

CSA A23.3-04: il = 2.0 (5 years or more) 

/ = (Mcr)3 / + [i _ (Mcr)3] / < / 
e Ma g Ma er - g 

CSA S806-12: il = 2.0 (5 years or more) 

Deflection calculation required by integration of 
curvature at sections along member span ( using 
lg for uncracked sections and fer for cracked 
sections). 

Alternatively: 

1.6(3-0.6(4 

y=---
(Mcr/Ma)2 

/' = Icr < / 
e 1-11y(Mcr/Ma)2 - g 

, { = 1-)1-M~/Ma, 

and 1] = 1 - /er/ I g 
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3 L/H FORMULATIONS 

Strength and serviceability design criteria are used to develop mm1mum member 

thickness requirements in the form of span-to-depth (L/h) ratios. These span-to-depth 

ratios are expressed in terms of either the reinforcing ratio p or the specified service load. 

Loading is assumed to be uniformly distributed, but could be easily extended to other 

types of loading. Both simply supported and continuous members are evaluated. 

Development of the L/h formulation is carried out in three stages, referred to as the first, 

second, and third generation of L / h formulations. 

3.1 First Generation of L /h Formulations 

The first generation of L/h formulations was proposed by Bischoff and Scanlon (2009) 

for steel reinforced concrete beams and one-way slabs designed according to ACI 318 

(2008). There were two design criteria considered directly: flexural strength and long 

term deflection. Full derivation of these formulations is provided in Appendix B to give a 

relationship between L / h and p. 

Satisfying strength ( <pMn 2:'.: Mu = av+LMa) gives 
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B(<p/av+L)Rn d 

(Ma/M0 )(w/b) h 
(3-1) 



for a slab strip of width b subjected to a uniformly distributed load w, and 

L 3 8((()/ av+L)Rn(d/h)3 
3 

-< = 
h - (Ma/M0 )(d/b)(w/L) 

8(<p/av+L)Rn d 

(Ma/M0 )(d/b)(w/L) h 
(3-2) 

for beams with a given d / b aspect ratio and distributed load-to-span length w / L. Both 

w/b and w/L are expressed as a force per unit area (eg. kPa). For slabs, w/b represents 

a uniformly distributed load W acting on a unit area of the floor or roof slab. The ratio 

Ma/ M0 depends on the support conditions of the flexural member (Table 2-4 ), and the 

flexural resistance factor Rn is controlled by the reinforcing ratio p. Based on Mn = 

(3-3) 

The rectangular stress block factor a1 = 0.85 and fb is the stress in the bar at failure ([y 

for an under-reinforced section using steel reinforcement). For an FRP reinforced 

concrete member that is typically over-reinforced (with failure occurring by crushing of 

the concrete before the tensile strength fu of the bar is reached), the stress in the 

reinforcing bar at failure is computed using Equation 3-4 (see Section 2.3.1 ). 

(3-4) 
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Satisfying incremental deflection (L\incr~ L\au) gives 

(3-5) 

for a prismatic member of any cross-sectional shape. Assuming a rectangular cross

section gives 

~ < [ 0.8Ec( Ie,v+d 19 ) l [L1aul 
h - Kfl(<p/av+L)(d/h)2Rn L 

(3-6) 

where K is a restraint factor depending on the support conditions of the flexural member 

(Table 2-4). The factor fl = [ 1 + y(A - 1)(Ie,v+d Ie,sus)] accounts for long-term effects 

using the long-term deflection multiplier A for a given ratio y of sustained to full service 

load. 

Figure 3-1 demonstrates the interaction of strength and incremental deflection 

requirements for steel reinforced concrete beams (B 1 and B2) and one-way slabs (S 1, S2, 

and S3) over a practical range of loadings (3.6 to 14.4 kPa). The beams are assumed to 

have a d/b aspect ratio between 1.0 and 2.0. For this generation of L/h formulations, the 

curve (either strength or deflection) which gives the lowest value of L/h at the selected 

reinforcing ratio is the governing case as it results in a thicker member for a particular 

span. 
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Figure 3-1 L/h vs. p Curves for Strength and Incremental Deflection of a Simply Supported Steel 
Reinforced Concrete Member According to ACI 318 (with Ma/Mn= <p/av+L) 

Results in Fig. 3-1 are presented for a simply supported member using concrete with a 

specified compressive strength f! of 27.6 MPa (4000 psi) and having a cross-section with 

an effective depth to height (d/h) ratio of 0.85 (values of d/h typically range between 

0.8 and 0.9). The deflection multiplier il is assumed to have the maximum value of 2.0 

(for loads sustained over a period of 5 years or more) together with a dead-to-live load 

ratio of 2.0 and allowable deflection limit !].all equal to L/240 for incremental deflection 

(see Section 2.3.2). None of the live load is assumed to be sustained. The reinforcing 

steel bars are assumed to have a yield strength [y of 400 MPa and elastic modulus Eb of 

200 GPa. Members with other support conditions ( one end continuous, both ends 

continuous and cantilever) can be evaluated by choosing the appropriate values of K and 

Ma/M0 from Table 2-4. 
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Figure 3-1 shows that thickness requirements are more stringent for beams than slabs, as 

expected. In other words, beams generally need to be deeper than slabs. The member 

thickness also increases for a higher level of service load and for a beam with a higher 

aspect ratio. 

For any given level of loading (slab or beam), the member thickness required for strength 

decreases as the reinforcing ratio is increased. Strength governs at the lower reinforcing 

ratios (where the member is relatively thick), but deflection will eventually govern as the 

member becomes thinner at the higher reinforcing ratios ( except for heavily loaded 

beams with a high aspect ratio, where strength always governs). The intersection of any 

strength curve with the deflection curve represents the point where both strength and 

deflection requirements are satisfied exactly. The determination of this point (defined for 

a particular level of service load and reinforcing ratio) is the basis for the second 

generation of L / h formulations. 

Behaviour is markedly different for an FRP reinforced concrete member. The same set of 

strength and deflection curves is generated in Fig. 3-2 for a simply supported GFRP 

reinforced concrete member designed according to ACI 440.IR. Adjustments are made i~ 

the formulation to account for the over-reinforced condition typical of an FRP reinforced 

concrete member (Veysey and Bischoff 2011 ). The GFRP reinforcement is assumed to 

have a design tensile strength of 550 MPa and elastic modulus of 41.4 GPa. All other 

design variables are the same as those used for the steel reinforced concrete example in 
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Fig. 3-1, except for the long term deflection multiplier which has a maximum value of 1.2 

for FRP reinforced concrete designed according to ACI 440. lR (2006). 
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Figure 3-2 L/h vs. p Curves for Strength and Incremental Deflection of a Simply Supported FRP 

Reinforced Concrete Member According to ACI 440.lR (with Mal Mn = <p / av+i) 

Note the distinct difference between Figures 3-1 and 3-2. Unlike the steel reinforced 

concrete members in Fig. 3-1 (where the deflection and strength curves intersect for most 

members and load levels), only one of the strength curves for the FRP reinforced 

concrete members intersects with the deflection curve. Hence, strength will typically only 

govern at lower reinforcing ratios (not shown in Fig. 3-2) corresponding to an under

reinforced member. Deflection clearly governs design in almost all cases for an over

reinforced member, as the strength curves lie above the deflection curve. Hence, the 

designer would have to design an FRP reinforced concrete member for deflection first, 

and then check that strength requirements are met afterwards, which is the opposite 
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procedure to what most designers are currently familiar with. This means that an over

reinforced FRP reinforced concrete member will typically be over-strength. The next step 

is to determine an approach to facilitate design of FRP reinforced concrete members so 

that it is more analogous to the design of steel reinforced concrete. 

3.2 Second Generation of Vh Formulations 

It is clear from the L/h vs. p curves for FRP reinforced concrete members (Fig. 3-2) that 

the design approach used for these members is different than that of steel reinforced 

concrete (mainly because strength rarely governs for an FRP reinforced concrete member 

that is over-reinforced). For the first generation of formulations, the level of service load 

used to plot both the strength and deflection curves corresponds to a member designed for 

strength where the service load moment Ma = (<p/ av+L)Mn. The first step in making 

the design process more similar to steel reinforced concrete design was to limit the 

service load to a lower value (Ma < (<p/ av+dMn). Figure 3.3 (also taken from Veysey 

and Bischoff 2011) shows the effect of limiting the service load in FRP reinforced 

concrete members to 0.24Mn. This is done by replacing <p / av+L with 0.24 in Equations 

3-1, 3-2, 3-5, and 3-6 (the ratio <p / av+L is typically between 0.4 to 0.5 depending on the 

reinforcing ratio and dead-to-live load ratio D: L). Decreasing the service load (in relation 

to the nominal moment capacity of the member) moves the deflection curve upwards and 

the strength curves downwards, thereby creating a scenario where the deflection curve 

now intersects with some of the modified strength curves. Modification of the strength 

requirement results in a member that is stronger than required. In other words, the 
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member is over-strength. Figure 3-3 plots the same curves as in Fig. 3-2, but with the 

service load moment Ma set equal to 0.24Mn. 
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Figure 3-3 L/h vs. p Curves for Strength and Incremental Deflection of a Simply Supported FRP 

Reinforced Concrete Member According to ACI 440.lR (with Ma/Mn= 0. 24) 

It becomes apparent that, at lower service loads (relative to the nominal member . 

capacity), an FRP reinforced concrete member can be designed to meet the incremental 

deflection and modified over-strength requirements simultaneously. The question then 

becomes at what critical level of service load do both criteria (strength and deflection) 

control at the same time? This leads to a second generation of L/h formulations, wherein 

a reinforcing ratio is first chosen in terms of the balanced reinforcing ratio Ptb,n (for 

example Pt = 2.0pfb,n). For any given level of service load (w /b for slabs and w / L for 

beams), the ratio of service load moment to nominal member capacity Ma /Mn is then 
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varied until the member thickness requirements (L/h) for both strength (Equation 3-1 or 

3-2) and deflection (Equation 3-5 or 3-6) are equal. This process is repeated for different 

levels of service load to generate a plot of L/h vs. service load (w /b or w /L in kPa) as 

shown in Figure 3-4 for GFRP reinforced concrete slabs and beams with Pt ranging from 

1.Spfb,n to Spfb,n· For this example, the member is again simply supported and subject 

to a uniformly distributed load. The beams are assumed to have a fixed d/b ratio of 1.5. 
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Figure 3-4 L/h vs. Service Load Curves for Strength and Incremental Deflection for a Simply 
Supported FRP Reinforced Concrete Member According to ACI 440.lR (1 = 1. 2) 

These were the initial L/h vs. service load curves generated: From this work, it became 

clear that serviceability requirements of slabs were satisfied at service loads that ranged 

from around 0.2Mn to 0.3Mn , while requirements for beams were at a higher service load 

that ranged from 0.35Mn up to the full service load (<p / av+L)Mn (Veysey and Bischoff 

2011 ). This transition from the first to second generation of formulations, as well as the 
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exploration of the effects of the various design parameters chosen, was carried out earlier 

by Veysey (2010) and forms the basis of this investigation. 

Recall that evaluation of member thickness requirements up to this point has considered 

strength and incremental deflection only. Following completion of a parametric study of 

the variables for strength and incremental deflection, the next step is to incorporate all of 

the other relevant design criteria: live-load deflection, crack control, limits on sustained 

and total bar stress, and for the sake of completeness, limits on the sustained and total 

stress in the concrete. Thus the initial scope for this project was to continue with the 

second generation formulations and derive L / h expressions for these criteria, which 

could then be compared with those from the existing incremental deflection and modified 

strength curves. However, further exploration of the second generation formulations 

revealed more appropriate and efficient formulations for strength and incremental 

deflection requirements. These revised formulations, as well as new formulations for live 

load deflection, crack control, and limits on sustained and total stress in the reinforcing 

bars and concrete are referred to as the third generation of L / h formulations. 

3.3 Third Generation of L/h Formulations 

While attempting to determine the L/h formulation for live load deflections, it became 

apparent that the current formulation, which contained the term <p / av+L, was 

inappropriate for incremental deflection, as this term was related to strength 

requirements, and therefore had no place in the formulation for deflection. In the first and 

second generation of formulations, one of the steps in the derivation of the long term 
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deflection equations (Equations 3-5 and 3-6) was to replace the service load, Mv+L = Ma, 

with (<p / av+L)Mn, which satisfies the strength requirement. 

An alternative approach used for the third generation of L / h formulations is to replace 

Ma with (Ma/ M0 )M0 (where Ma/ M0 is taken from Table 2-4 and depends on the 

support conditions) and then substitute M0 with wL2 /8. This results in a formulation for 

incremental deflection that is completely decoupled from the strength requirements (a full 

derivation is provided in Appendix B). However, the formulation becomes iterative, as 

L/h is dependent on the effective moment of inertia for the full dead plus live load Ie,D+L, 

which is dependent on Mal Mer, which in tum is dependent on L/h. It becomes 

necessary, therefore, to begin the procedure with an assumed value for L/h, and to then 

use an iterative approach to determine the correct value for L/h and Mal Mer such that 

the computed values of L/h equals the assumed value used to determine Ma/Mer· The 

iterative process is reflected below by showing the L / h formulation for deflection that 

includes an additional formula for Ma/Mer· 

Satisfying deflection requirements for slabs now gives 

L/h::; 3 [Ee(Ie,D+L/19 )(19 /b d
3
)(d/h)

3
] [Llaul 

K(S/384)fl(Ma/M0 )(w/b) L 
(3-7a) 
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with 
0.7S(Ma/ M0 )(w /b )(L/h) 2 

Ma/Mer= fr (3-7b) 

while deflection requirements for beams gives 

L/h::; 4 
[ Ee(Ie,v+dl9 )(19 /b d

3
)(d/h)

4 
] [L1aul 

K(S/384)fl(Ma/M0 )(w /L)(d/b) L 
(3-8a) 

with I 
_ 0.7S(Ma/M0 )(w/L)(d/b)(L/h) 3 

Ma Mer - fr(d/h) (3-8b) 

The term fl = 1 + (A. - 1)y(Ie,v+d Ie,sus) is for incremental deflection. For immediate 

live-load deflection, setting A = 0 gives fl1 = 1 - y(Ie,v+dle,sus). To compute the 

moment of inertia Ie,sus corresponding to the sustained loads, it is assumed that there is 

no sustained live load, therefore Ie,sus = Ie,D = f(Mv/Mer) and Mv/Mer = y(Ma/Mer) 

with y, the ratio of sustained load to total load, equal to D: L/(1 + D: L), where D: L is 

the dead-to-live load ratio. 

The original formulations for strength (Equations 3-1 and 3-2) are still valid for ACI 

strength requirements, but a new formulation is required for satisfying CSA strength 

requirements that use a material resistance factor as opposed to a member resistance 

factor. In other words, Mr ~ av+LMa instead of <pMn ~ av+LMa, with Mr = Krbd 2 and 

Mn = Rnbd 2
• For this investigation it was convenient to determine an equivalent 
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member resistance factor that can be used with Equations 3-1 and 3-2. Setting Mr = <pMn 

gives <p = Kr/Rn (derivation for this is provided in Appendix B) when determining 

member thickness for strength requirements satisfying either CSA S806-12 or CSA 

A23.3-04. 

Limits for crack control, sustained stress in the concrete and reinforcement, and total 

stress in the concrete and reinforcement are also used to evaluate minimum member 

thickness (L/h) requirements. Design limits for crack control (crack width or bar 

spacing), bar stress, and concrete stress are converted to equivalent limits of bar stress, 

fb, that are then plugged into the L/h formulations given by Equations 3-9 and 3-10 (see 

Appendix B for a full derivation of these formulations). Table 3-1 gives a summary of the 

bar stress limits for the criteria considered. 

For slabs 

(3-9) 

while for beams 

(3-10) 

where kcr = .J (np) 2 + 2np - np for rectangular sections. 
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Table 3-1 Summary of Limits on Bar Stress/b (under service load) 

Design Criteria Bar Stress Limit for f,, 
Crack Control: ACI 440.IR-06 wEb 
(Eq. 2-14) 

2{3 kb.J d~ + (smin/2)2 

Crack Control: A Cl 440.1 R . { 1.15Ebw 0.92Ebw Ebw } 
Balloted (Eq. 2-17a, 2-17b) Min , , 

(smin + 2.Scc)kb Sminkb 2dcf3 kb 

Crack Control: ACI 440.lR-03 wEb 
(Eq. 2-13) 

2.2{3 kb 3.J 2smin d~ 
Crack Control: CSA S806-12 z (b) 1 
(Eq. 2-22) kb Es 3.J2s · d 2 

mm c 
Service Load Bar Stress Limit: 0.25ftu (GFRP) 
CSA S806-12 0.3Sftu (AFRP) 

0.65ftu (CFRP) 

Creep Rupture: ACI 440.lR-06 ft,sus /y 
(bar stress) ft,sus = 0.2ftu (GFRP) 

ft,sus = 0.3ftu (AFRP) 
ft,sus = 0.SSftu (CFRP) 

Creep Rupture: CSA S806-12 ft,sus /y 
(bar stress) ft,sus = 0.002Eb (GFRP) 

(Ef,sus = 0.002) 
Total Concrete Stress [n(l - kcr)] 

fc,limit kcr 

Sustained Concrete Stress fc,sus limit [n(l -kcr)] 
Y kcr 

* w = allowable crack width 

This new (third) generation of formulations is used to generate and compare member 

thickness (Llh) curves for all design criteria in a single plot. Figure 3-5 plots this 

comparison for all design criteria for simply supported slabs with Pt = 2pfb,n and a dead 

to live load ratio of 8. Similar plots are shown in Fig. 3-6 for beams with an assumed d/b 

aspect ratio of 1.5. 
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Since results are difficult to interpret when all curves are plotted together in one graph, 

the curves are grouped into two sub-groups for comparison: (1) strength and deflections 

(short term and incremental), and (2) crack control and stress limits with the incremental 

deflection requirement also plotted as a point of reference. Examples of these plots for 

slabs are presented in Figures 3-7 and 3-8 respectively, and in Figures 3-9 and 3-10 

respectively for beams. Results in these Figures are shown for a simply supported slab 

member with a reinforcing ratio Pt = 2p1b, reinforcing with a ratio E1 / ftu = 63, a D: L 

ratio of 2, and a concrete strength of 27 .6 MPa ( 4000 psi). Similar behaviour is also 

observed for flexural members with different end supports. Notice how incremental 

deflection and sustained stress in the concrete govern member thickness requirements in 

this example. The next task is to carry out an extensive parametric study (Chapters 4 and 

5) using this new set of formulations to determine the effect of the different design 

parameters on member design. 
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4 PARAMETRIC STUDY 

Over the course of determining the various L / h formulations, it was necessary to use 

assumed values for the different variables required to carry out design of flexural 

members. These variables would be specific for each design, and could vary widely. For . 

the third generation of formulations, because there are now equations for all design 

criteria, the number of variables is even larger, and many have an effect on all 

formulations, while others are specific to one criterion. After determining the third 

generation formulations, it is necessary to determine the effect of each of these design 

variables, and the sensitivity of the results to changes in values. This Chapter will first 

review the variables considered, determine the range of values considered, and then give 

the rationale for choosing these ranges. This will be followed by a discussion of the 

results. 

4.1 Summary of Design Variables Considered 

Table 4-1 summarizes the upper and lower limits of the variables considered in the 

parametric study. It was also necessary to select a control or default value for each 

variable considered, which is used as a constant while examining the other variables 

being evaluated. These values are also included in Table 4-1. A brief explanation of the 

selection of the upper and lower limits, as well as default values follows the table. 
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Table 4-1 Summary of Parametric Study Variables 

Variable Code Lower Limit Upper Limit Default Notes 

ACI Ptb,n 5pfb,n 2Ptb,n 
Pt CSA Ptb,r 5pfb,r 2Ptb,r 

D:L Both 0.5 8 2 

d/h Both 0.8 0.9 0.85 
45 80 63 GFRP 

E1/f1u Both 45 80 63 CFRP 

35 63 35 AFRP 

r: ACI 4000 (27.6) 10000 (69) 4000 (27.6) psi (MPa) 

CSA 30 70 30 MPa 
Support 

Both SS, OEC, BEC, CANT ss 
Conditions 

Mer Both 0.8Mer Mer Mer 
ACI 90 (1442) 160 (2563) 150 (2400) lb/ftj (kg/mj) 

Ee = y/·5 35!fZ Ee US Units: 
= 570oo!fZ psi and lb/ft3 

Ye CSA 1500 2500 2400 kg/mj 

Ee Ee 
SI Units: = (3300!fZ = 4500!fZ MPa and kg/m3 

+ 6900)Cye/2300)1
·
5 

0.75 1 1 
Ac Both 

0.75 for Ye :::; 2000 kg/m3 (125 lb/ft3
) 

d/b Both 0.5 2.5 1.5 

ACI 0.8 2 1.2 
A CSA 0.8 2 2 

Both L/240 L/480 L/240 Incremental 
Llall Both L/360 Live Load 

ACI Branson Bischoff Bischoff 
le CSA S806 Bischoff S806 

ACI av = 1.2 and al = 1.6 
av,al CSA av = 1.25 and al = 1.5 

ACI 0.55 :::; <p ::;; 0.65 Eq. 2-6 
<fJ, <fJc, <fJb CSA <fJe = 0.65 and <fJb = 0.75 

ACI 1 1.4 --
kb CSA 1 1.2 --
L Both 6 12 6 m 
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4.1.1 Reinforcing Ratio (p) 

Since different member thicknesses and values of p can result in designs which satisfy all 

criteria for FRP reinforced concrete, values of p are chosen in proportion to the balanced 

reinforcing ratio, Ptb, with values ranging from Ptb to Spfb. The lower bound of Ptb 

would be the least amount of reinforcement allowed while still having an over-reinforced 

member, and an upper limit of Spfb is chosen as an upper bound. The default reinforcing 

ratio for FRP reinforced concrete members is 2Ptb· 

4.1.2 Dead-to-Live-Load Ratio (D: L) 

The lower and upper limits for the dead-to-live-load ratio are set at 0.5 and 8 (D: L = 

0.5:1 and 8:1) respectively. These limits represent a practical range of values expected in 

design of reinforced concrete. A lower limit of 0.5 governs live load deflection, and 

values less than this have a minimal effect on the member thickness ( L / h ) requirements 

for live load deflection. An upper limit of 5 to 8 governs incremental deflection 

requirements, and values greater than 8 have little effect on the member thickness. The 

effect of the D:L ratio on incremental deflection is more prevalent when the long term 

deflection multiplier A equals 2 (compared to a value of 1.2 recommended by ACI 

440.1 R). The default value chosen for the D: L ratio is 2, to give results that are roughly 

half-way between the upper and lower limits, all other things being equal. 
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4.1.3 Ratio of Effective Depth to Overall Member Height (d/h) 

For the purpose of this research, it is assumed that the member reinforcement is placed in 

one layer. As a result, the ratio of effective depth of reinforcement to ov~rall member 

height (d/h) has a narrow range between 0.8 to 0.9 that depends on the member 

thickness, cover requirements and bar size. Slabs typically have a value closer to 0.8, 

while beams have values that usually range from about 0.85 to 0.90. A default value of 

0.85 is used for the parametric study. 

4.1.4 Ratio of Bar Elastic Modulus to Bar Strength (E f / f fu) 

Table 4-2 presents the default values used in the parametric study for the mechanical 

properties of the FRP bar reinforcement. Values of the bar strength and elastic moduli 

vary, depending on the type of bar, manufacturer, and also size of the bar (with a larger 

bar typically having a lower strength). Manufacturers have been continually refining their 

products as well, with the result that the material properties often change. Hence, a 

representative average value was taken of the different properties for the reinforcing bars 

commercially available in North America. 

Table 4-2 Representative Design Tensile Strengths and Elastic Moduli for FRP Reinforcing Bars 

GFRP CFRP AFRP 

Elastic Modulus, E1 43439 MPa 137900 MPa 62745 MPa 
(6300 ksi) (18000 ksi) (9100 ksi) 

Tensile Strength, ftu 689.5 MPa 1965 MPa 1793 MPa 
(100 ksi) (285 ksi) (260 ksi) 

E1/f1u 63 63 35 
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The effect of bar strength (ftu) was originally investigated as part of the parametric 

study. However, it soon became clear that the ratio of Eb/ ftu (which affects the various 

criteria being considered) has the most significant effect of all the variables considered 

when the reinforcing ratio is expressed as a multiple of the balanced reinforcing ratio 

Strength design is determined using Rn = p1f b [ 1 - p1f b/(2aif/) ], which is a function of 

the reinforcing ratio Pt· When Pt is expressed in terms of Ptb,n (for example Pt = 

2Ptb,n), Rn is then directly related to Ptb,n· The last derivation in Appendix B shows that 

when Pt is expressed in terms of Ptb,n, the product of Pt fb (which is a main factor in 

determining Rn) is related to the Eb/ ftu ratio. Hence, flexural strength is affected by the 

Eb/ ftu ratio rather than either property (Eb or ftu) separately. 

For all other criteria ( deflection, cracking, bar stress, etc), the reason that the ratio of 

Eb/ ftu is most significant is more simplistic. The equation for Ptb is given below as 

Equation 4-1 a. When this equation is re-arranged in terms of Eb/ ftu (Equation 4-1 b ), 

there is an isolated ftu that puts more emphasis on the bar strength. However, all of the 

design criteria apart from strength are based on an effective or cracked section modulus, 

le or fer, which are both related to npt rather than Pt· When Equation 4-lb is multiplied 

by n = Eb/Ee, the resulting expression (Equation 4-2) is dependent on the Ebf ftu ratio 

(along with the concrete strength and elastic modulus). 
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(4-la) 

(4-lb) 

(4-2) 

Representative values of the Eb/ ftu ratio from Table 4-2 are taken as the default value in 

the parametric study (63 for GFRP, 63.2 for CFRP, and 35 for AFRP). Notice how the 

Eb/ ftu ratio is similar for both the GFRP and CFRP reinforcement. The lower and upper 

limits of the Eb/ ftu ratio given in Table 4-1 are determined by holding the representative 

value for Eb constant and then varying the value for bar strength ftu. The Eb/ ftu ratio 

ranges from 45 to 80 for GFRP and CFRP, and from 35 to 63 for AFRP. 

4.1.5 Specified Concrete Compressive Strength (/~) 

The default value for fd is taken as 4000 psi (27.6 MPa) for the ACI formulations, and 30 

MPa for the CSA formulations. These typical values are also used as a lower bound, with 

the upper bounds being 10000 psi (68.9 MPa) and 70 MPa for the ACI and CSA 

formulations respectively. 

4.1.6 Support Conditions 

In this research, the effect of different support conditions is taken into account using the 

values of K and Ma/ M0 , found in Table 2-4 of Chapter 2. It is important to note that this 
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methodology uses the moments, resulting deflections, flexural capacities, crack widths, 

and bar and concrete stresses that occur at mid-span for a simply supported, one-end

continuous, and both-ends-continuous member. The results for cantilevers are evaluated 

at the support. Although the maximum deflection in continuous members typically occurs 

close to mid-span, the maximum moments, stresses, and crack widths usually occur at the 

supports. Hence, the results obtained for continuous members can lead to a member 

thickness that meets all requirements at mid-span, but not necessarily at the supports. The 

default support case is taken as a simply supported member. 

4.1.7 Full or Reduced Cracking Moment (Mer or M~r) 

Scanlon and Bischoff (2008) proposed the use of a reduced cracking moment, M~r, for 

computing the effective moment of inertia. The reduced cracking moment accounts for 

tensile stresses that develop in a member from restraint to shrinkage, and leads to a 

member with less stiffness. A reduced cracking moment equal to 0.8Mcr is used for FRP 

reinforced concrete (Bischoff and Gross 2011 ). The default case for this variable is the 

full cracking moment, Mer· Neither ACI 440 (2006) nor CSA S806 (2012) require use of 

a reduced cracking moment. 

4.1.8 Unit Weight of Concrete (y c) 

The unit weight of concrete affects both the elastic modulus of concrete Ee and the 

rupture modulus of concrete fr· Both ACI and CSA provide equations for Ee in terms of 

the unit weight Ye, and modify the rupture modulus with a coefficient Ac to account for 

lightweight (low density) concrete. 
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For ACI formulations, the equation for Ee is given by Equation 4-3, with a range of Ye 

between 90 to 160 lb/ft3 (1440 to 2560 kg/m3). A factor of Ac = 0.75. is applied to the 

computed value of fr for concretes with a unit weight at or below 125 lb/ft3 (2000 kglm3). 

(4-3) 

The default value for Ee is taken as 57000.f1Z (allowed by ACI for normal weight 

concrete), and Ac as 1.0. 

For CSA formulations, Equation 4-4 is used to compute the elastic modulus, with a 

range of unit weights between 1500 to 2500 kg/m3. Ac is taken as 0.75 for concretes With 

a unit weight of 2000 kg/m3 or less. The default value for Ee is taken as 4500.f1l 

(allowed by CSA for normal density concrete with a compressive strength between 20 

and 40 MPa), and Ac is set at 1.0 for normal weight concrete. 

[ 
Yi ]1.5 

Ee = ( 3300.f1l + 6900) 
23

~
0 

(4-4) 

4.1.9 Beam Aspect Ratio (d/b) 

The beam aspect ratio d / b is required to determine the L / h requirement for each 

criterion considered. Typical d / b values fall in the range of 1.5 to 2.0; however a range 
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of 0.5 to 2.5 is taken to show the transition from slabs (which have a very low d/b ratio) 

to slender beams. The default value is taken as 1.5. 

4.1.10 Long Term Deflection Multiplier (l) 

For incremental deflection, the selection of an appropriate long term deflection multiplier 

is based on the duration of the applied load. For the purpose of this research, the most 

severe values of A are selected as defaults, with A = 2.0 for FRP reinforced concrete 

designed according to CSA S806-12 (CSA, 2012), and A= 1.2 for FRP reinforced 

concrete members designed according to ACI 440. lR-06 (ACI, 2006). In every case, the 

values of A are varied from 0.8 (which puts less emphasis on creep under sustained loads) 

to 2.0, the previously established upper limit. Since the effectiveness of the deflection 

multiplier depends directly on the D: L ratio, the effect and interaction of both variables is 

investigated specifically. 

4.1.11 Deflection Limit (Llau) 

As discussed in Chapter 2, there are two applicable incremental deflection limits, which 

are dependent on the susceptibility of the attached partitions to damage due to excessive 

deflection. The default limit is taken as L/240, but the limit of L/480 (for partitions 

susceptible to damage from large deflections) is also investigated. The limits for 

deflection due to live load are L/360 for floors and L/180 for roofs. For this study, the 

more stringent limit of L/360 is used. 
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4.1.12 Effective Moment of Inertia (I e) 

This topic is discussed in detail in Section 2.6, where it is shown that each code, standard, 

or guideline has its own approach to determine the effective moment of inertia. The 

applicable approach for each design methodology is compared to Bischoff s expression 

for le, in addition to an effective moment of inertia with no tension stiffening such as that 

used in CSA S806 (CSA, 2012), and an effective moment of inertia equal to fer· This 

latter comparison is included to show situations where the effective moment of inertia 

can be conservatively approximated with fer and also give a design that is similar to that 

which would result from using an effective moment of inertia. Results for incremental 

deflection are determined using an effective moment of inertia based on preloading from 

the full dead plus live load 

For live load, two cases are considered: live load deflection under virgin loading, with 

corresponding moments of inertia Ie,v and Ie,v+L (for the dead and full dead plus live load 

respectively), and live load deflection in a member which has been preloaded up to its 

full service load moment to give an effective moment of inertia equal to Ie,v+L. 

4.1.13 Load Factors 

The two sets of load factors considered are taken from ASCE/SEI 7-05 (ASCE, 2005) for 

ACI formulations (which set av to 1.2 and a1 to 1.6), and NBCC 2010 (NRC, 2010) for 

CSA formulations (which set av to 1.25 and a1 to 1.5). 
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4.1.14 Member and Material Resistance Factors 

For design according to ACI, a member resistance factor is applied to the nominal 

capacity of the member, and is specific to the nature of the load being resisted. As 

discussed in Chapter 2, the value of <p for a flexural member is dependent on the member 

reinforcing ratio, with the applicable values presented again as: 

{ 

0.55 for p ~ Pb } 
<p = 0.3 + 0.25 p/ Pb for Pb < p < 1.4pb 

0.65 for p ?: 1.4pb 

The resistance factors are applied to the material properties for the CSA standards, with a 

material resistance factor </Jc for concrete and <fJb for the reinforcing bar. As discussed in 

Chapter 2, the material resistance factors for CSA S806 (CSA, 2012) are given as 

</Jc = 0.65 and <fJb = 0.75. 

4.1.15 Bond Coefficient (kb) for Crack Control 

Cracking is controlled by either limiting the computed value of crack width or satisfying 

a maximum bar spacing. For both ACI 440 and CSA S806, the L/h curves are generated 

using the most recent and applicable crack control requirements. The maximum 

allowable bar spacings are generated for a number of applicable crack control 

computation methodologies that include the Frosch design equation proposed for ACI 

440, the original Frosch equation adapted for FRP (ACI 440.IR-06), the original 

Gergely-Lutz expression adapted for FRP (ACI 440. IR-03) together with a simplified bar 
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spacing assumption to give A = 2dcs (see Appendix B), and the z-factor approach (based 

on Gergely-Lutz) used by CSA S806. 

The bond coefficient kb is specific to FRP reinforced concrete, and is dependent on the 

surface finish of the bar. This value is usually taken from manufacturer's information, 

which is determined according to the appropriate ACI guideline or CSA standard. 

However, both the ACI and CSA design methods provide a conservative value for kb in 

the absence of manufacturer's test data. This value is different for each design method, 

and is given as follows: 

for ACI 440. lR-06 kb may be taken as 1.4. Values of kb equal to 1.0 and 1.4 are 

considered in the parametric study. 

for CSA S806- l kb may be taken as 1.2. Values of kb equal to 1.0 and 1.2 are 

considered. 

in the absence to test data, CSA S6-06 allows assumed values of kb equal to 0.8 

for sand-coated bars and 1.0 for deformed bars. This approach is not considered in 

the parametric study. Results from the parametric study are discussed in Chapter 

5. 

4.1.16 Member Length (for crack control requirements) 

As discussed in Appendix B, depending on the assumption used for the effective area A 

in the crack control calculations, a member length is required to determine and compare 

the maximum bar spacing limits for beams. The selection of a member length is also used 

to determine the required height of a section, which in tum gives a member width (for a 
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given d / b aspect ratio) that is used to evaluate the number and size of bars required to 

achieve the selected reinforcing ratio, and to determine if these bars need to be placed in 

more than one layer. The default member length selected is 6 m, and a member length of 

12 m is also used to evaluate bar spacing requirements for comparison. 
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5 RESULTS OF PARAMETRIC STUDY 

This parametric study is used to evaluate minimum member thickness ( L / h) requirements 

based mainly on ACI 440.IR design guidelines, and comparison is made with the CSA 

S806 design standard. Variables investigated include the reinforcing ratio (Pt/ Ptb), 

dead-to-live load ratio (D: L), compressive strength of concrete (f:}, d/h ratio of the 

member cross-section, beam aspect ratio ( d / b ), Et/ ftu ratio of the FRP reinforcement, 

long-term deflection multiplier l, reduced cracking moment, reduction in the concrete 

elastic modulus and rupture modulus when lightweight concrete is used, and support 

conditions. The different approaches used for crack control are also compared, and the 

effect of tension stiffening is evaluated for the different approaches used to compute an 

effective moment of inertia le. 

Results are presented mainly for a simply supported member (both slabs and beams) 

subjected to a uniformly distributed load. The FRP reinforcement has an assumed Et/ ftu 

ratio equal to 63, and the concrete has a specified compressive strength of 27.6 MPa. 

Other default values from Tables 4.1 and 4.2 are also applicable when not specified 

(Pt = 2Ptb, D: L = 2, d/h = 0.85, d/b = 1.5 for beams, l = 1.2, full cracking 

moment, normal weight concrete, and the deflection limit equals L/240 for incremental 

deflection and L/360 for live load deflection). Creep rupture stress limits depend on the 

type of bar and are based on a GFRP bar when not specified. Design is carried out 

according to ACI 440.1 R unless otherwise noted, with crack control and the effective 

moment of inertia based on accepted revisions to ACI 440.IR-06. 
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5.1 Reinforcing Ratio Pt I Ptb and Dead-to-Live Load Ratio 

The effect of changes in reinforcing ratio for one-way slabs and beams is observed in 

combination with changes in the dead-to-live load (D: L) ratio. Minimum thickness (L/h) 

requirements are evaluated separately for strength, deflection, crack control, creep 

rupture of the FRP bars, and allowable compressive stress in the concrete (Figures 5-1 to 

5-12). In all cases, the member thickness needed decreases as the reinforcing ratio is 

increased ( corresponding to an increase in the L / h ratio). Thickness requirements for 

beams are more stringent than slabs as expected. 

5.1.1 Effect on Strength Design 

Figure 5-1 shows the results for strength requirements at different reinforcing ratios. 

Changes in the D: L ratio can have an effect on strength requirements (particularly for 

slabs) via the combined load factor av+L = (1.2 x D: L + 1.6)/(D: L + 1). A higher 

D: L ratio decreases the combined load factor (as more load is factored by av than by ai), 

to give a higher value of L/h that decreases the required thickness of member. Increasing 

the reinforcing ratio also gives a higher allowable value for L/h as expected. It is 

important to note that, for ACI formulations, the shift from Ptb to 2Ptb has a greater 

effect than the shift from 2Ptb to Sp1b, due to the change in member resistance factor <p 

(from 0.55 for Ptb to 0.65 for 1.4pfb and greater). For example, L/h increases by about 

25% as the reinforcing ratio for slabs increases from Ptb to 2Ptb and then by another 

18% as the reinforcing ratio is increased to Spfb· For beams, L/h increases by 16% as the 
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reinforcing ratio increases from Ptb to 2Ptb and by another 12% as the reinforcing ratio 

is increased to Spfb. 
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Figure 5-1: L/h Results for Strength Design for Changes in Pt and D: L . 

5.1.2 Effect on Deflection (Incremental and Live Load) 

Figure 5-2 shows the results for incremental deflection based on ACI 440 requirements 

(using the balloted revisions) and the L/240 deflection limit. Varying the dead-to-live

load ratio has little effect on thickness requirements because the long term deflection 

multiplier A = 1.2 is close to unity. Incremental deflection requirements are more 

critical for the higher D:L ratio. The L/h limit decreases by about 1.5% for both slabs and 

beams when the D: L ratio is increased from 0.5 up to 8.0. As discussed later, the D: L 
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ratio has a greater effect on incremental deflection for higher values of A. Increasing the 

reinforcing ratio increases the required L / h ratio for incremental deflection as expected. 
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Figure 5-2: L/h Results for Incremental Deflection for Changes in Pt and D: L 

Figures 5-3 and 5-4 show the L/h requirements for live load deflections. As expected, 

changes in the dead-to-live load (D: L) ratio have a significant effect on both virgin live 

load deflections (Figure 5-4) and live load deflections with preloading (Figure 5-3), as the 

D: L ratio directly determines how much of the total deflection is attributed to the live 

load. Lower dead-to-live-load ratios result in lower required l/h values, and vice versa. 

Dropping the D: L ratio from 8.0 down to 0.5 decreases the L/h limit by between 10 to 

39% for slabs and 29 to 40% for beams (depending on the level of reinforcement) when 
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there is no preload (virgin loading). When the member is preloaded, the L/h limit 

decreases by about 24 to 38% for slabs and 28 to 35% for beams. The L/h limit for a 

member that has not been preloaded (virgin loading) is more critical. Changes in the 

reinforcing ratio have the expected effect, with higher ratios resulting in higher required 

L/h values. 
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Figure 5-3: L/h Results for Live-Load Deflection with Preload for Changes in Pt and D: L 
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Figure 5-4: L/h Results for Live-Load Deflection Under Virgin Loading for Changes in Pt and D: L 

5.1.3 Effect on Crack Control 

Figure 5-5 shows the L/h results for crack control (determined by setting the required bar 

spacing s equal to the minimum allowable value of 2db). Results are based on a simply 

supported member using FRP reinforcement with an Eb/ ftu ratio of 63 and concrete with 

fd = 27.6 MPa (4000 psi). Varying the dead-to-live-load ratio has no effect on crack 

control , as requirements are based on the total bar stress under service load and take no 

account of the amount of load which is sustained. Changes in the reinforcing ratio have a 

significant effect, with more reinforcement resulting in a higher allowable value for the 

L/h limit (smaller member thickness). Increasing the reinforcing ratio from Ptb to 2Ptb 

increases the L/h limit by about 40% for slabs and 25% for beams, while a further 
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increase in the reinforcing ratio up to Spfb changes the L/h limit by another 56% for 

slabs and 34% for beams. The bond factor kb has a direct effect on member thickness 

requirements, with the member thickness increasing for larger values of kb. Recall that 

ACI 440. lR places an upper limit on kb of 1.4. 
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Figure 5-5: L/h Results for Crack Control for Changes in Pt and D: L 

Figure 5-6 shows the required bar spacings that result from design when using L/h based 

on the L/240 incremental deflection requirement. Results are shown for a slab and beam 

with D: L = 8 and Pt = 2Ptb The effect of changes in kb is significant, and the 

maximum spacing allowed decreases for a bar with poorer bond (having a higher value of 
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Figure 5-6: Required Bar Spacing for Slabs and Beams Designed According to ACI 440 Revisions 

(D:L = 8 and Pt! Pt,b = 2. 0) 

Spacing requirements are more severe for beams, and the maximum allowable spacing 

does not always satisfy the minimum bar spacing requirements when reinforcement is 

placed in a single layer, indicating that crack control governs in this case. Hence, the L/h 

requirement for incremental deflection does not necessarily satisfy crack control 

requirements as assumed (particularly when kb = 1.4). 

5.1.4 Effect on Creep Rupture (Bar Stress) and Concrete Stress Limits 

Other design criteria considered include creep rupture requirements for the FRP 

reinforcement and stress limits of the concrete in compression. 
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Predictably, the dead-to-live-load (D:L) ratio has a significant effect on creep rupture 

requirements. For GFRP reinforced concrete, the L / h limit for slabs decreases by about 

63% when the D: L ratio is increased from 0.5 to 8, while the corresponding L/h limit for 

beams decreases by about 39%. A higher D:L ratio results in a lower L/h limit (increased 

member thickness) because of the increase in sustained load and bar stress. Changes in 

the reinforcing ratio also have a significant effect on creep rupture requirements, with 

higher ratios giving a higher required L/h value. The L/h limit increases by about 40% 

for slabs and 25% for beams when the reinforcing ratio increases from Ptb to 2p1b, and 

by about 56% for slabs and 34% for beams when the reinforcing ratio increases from 

2Ptb to Spfb· Note that these creep rupture results are for GFRP only. A comparison of 

results for creep rupture of other types of FRP bar is discussed in Section 5.4. Figure 5-7 

shows the results for creep rupture results for GFRP reinforcement. 

With regard to the total concrete stress, the limit of 0.6{; under the full service load gives 

L/h results similar to incremental deflection at the lowest reinforcing ratio (p1 = Ptb) 

considered, and is unaffected by changes in the dead-to-live-load ratio. However, as the 

reinforcing ratio is increased, the total concrete stress limit deviates away from the 

governing cases to give higher L / h values. 

For the sustained concrete stress, the same tendency is observed with respect to increases 

in the reinforcing ratio. However, as expected, the dead-to-live-load (D: L) ratio has a 
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Figure 5-7: L/h Results for Creep Rupture of GFRP Reinforcement for Changes in Pt and D: L 

significant effect; the curves are grouped together by the dead-to-live-load (D: L) ratio , 

. and the critical design case is for a D: L ratio of 8. The l/h limit decreases by about 39% 

for slabs and 28% for beams when the D: L ratio is increased from 0.5 to 8. If the 

sustained concrete stress limit was considered a code requirement, this case could govern 

the design at certain service loads and levels of reinforcement. Figure 5-8 shows l/h . 

results for the total and sustained concrete stresses at a D:L ratio of 8. 
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Figure 5-8: L/h Results for Total and Sustained Concrete Stresses with D:L = 8 for Changes in Pt 

5.1.5 Governing Design Criteria 

Figures 5-9 and 5-10 compare the critical design requirements for slabs at Pt = 2Ptb and 

5pfb respectively, while critical design results for beams are presented in Figure 5-11 for 

Pt = 2Ptb and Figure 5-12 for Pt = Spfb. Incremental deflection typically governs for 

slabs with a D: L ratio of 8. However, live load deflection under virgin loading (no 

preload) begins to govern when the D: L ratio drops to 0.5 or less (although there is not 

much difference with incremental deflection at this ratio). For slabs with D: L = 8, creep 

rupture requirements can govern for a GFRP bar when the reinforcing ratio is low 

(p1 = Ptb) , but not for higher reinforcing ratios. 
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Member thickness for beams is typically controlled by crack control requirements at 

lower reinforcing ratios and depends on the bond factor kb of the bar. For a high D: L 

ratio of 8, incremental deflection will only govern when the reinforcing ratio is high 

(Pr = 5p1b). At lower reinforcing ratios (Pfb and 2p1b), design is governed by crack 

control when kb = 1.4, followed closely by creep rupture for a GFRP bar. For a low 

D: L ratio of 0.5, live load deflection under virgin loading governs design for members 

with a high reinforcing ratio of Pt = 5pfb and at lower reinforcing ratios when kb values 

are less than 1.4. Crack control governs at a lower reinforcing ratio of Pt = 2Ptb when 

kb = 1.4, and will always govern design for a low reinforcing ratio of Pt = Ptb. 

Strength will govern for beams for high service loads and a higher reinforcing ratio 

(Pr = 5p1b). Results for crack control are applicable to GFRP and CFRP reinforcement 

which typically has an E1 / ftu ratio of about 60. Crack control requirements are more 

severe for AFRP reinforcement having a lower E1 / ftu ratio. Note that creep rupture 

requirements shown in Figures 5-9 to 5.12 are for GFRP reinforcement only. 

Tables 5-1 and 5-2 present a summary of L/h values obtained for slabs and beams 

respectively designed according to ACI 440.IR at a service load w/b or w/L = 9.6 kPa. 

Values are given for two reinforcing ratios: Pt = 2pfb and Pt = 5pfb· The specified 

strength of concrete is 27.6 MPa (4000 psi) for a normal weight concrete, d/h = 0.85, 

incremental and live load deflection limits equal L/240 and L/360 respectively, 

E1 I ftu = 63, and a beam aspect ratio d/b = 1.5. For creep rupture, the AFRP is 

a~sumed to have an E1 / ftu ratio of 45. 
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Figure 5-10: Critical Design Results for Slabs with Pt = 5ptb 
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Table 5-1: Summary of L/h Results for Slabs ( Ptb and Spfb) 

D:L Deflections Cracking kh Creep Rupture 
<pMn 

Llincr LlL,vir.Q LlL,pre 1.0 1.4 GFRP CFRP AFRP 

2Ptb 
0.5 24.6 23.9 24.9 32.4 

46.0 38.9 
46.5 77.1 49.6 

8 24.3 31.7 35.9 35.1 28.5 47.2 30.3 

Spfb 
0.5 27.5 26.4 27.9 38.3 

71.7 60.6 
72.5 120.1 77.5 

8 27.0 42.9 44.9 41.6 44.4 73.5 47.5 

* corresponding to service load (w/b) equal to 9.6 kPa 

Table 5-2: Summary of L/h Results for Beams (2Ptb and Spfb) 

D:L Deflections 
<pMn 

Cracking kb Creep Rupture 

Llincr LlL,vir.a LlL,vre 1.0 1.4 GFRP CFRP AFRP 

2Ptb 
0.5 8.3 7.9 8.4 8.5 

8.5 7.6 
10.8 14.9 11.1 

8 8.2 12.2 12.4 9.0 7.8 10.8 8.0 

Spfb 
0.5 9.6 9.1 9.8 9.5 

11.4 10.2 
14.5 20.1 15.0 

8 9.7 14.9 15.0 10.0 10.5 14.5 10.8 

* corresponding to service load (w/L) equal to 9.6 kPa 

5.2 Specified Compressive Strength of Concrete f~ and d/h ratio 

This section examines the effect of the specified compressive strength of concrete, f ! , 

and the ratio of effective depth to overall height, d/h, of the cross-section on the member 

thickness requirements. Member thickness requirements are less stringent for concrete 

with a higher compressive strength and greater value of d/h for the member cross

section. Plots in this section are based on a dead-to-live load ratio D: L = 2 and Pt = 

2Ptb unless otherwise noted. 
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5.2.1 Effect on Strength 

As expected, changes in concrete strength have a significant effect on the results for 

.strength design criteria, as the concrete strength is a key factor in determining the flexural 

strength of an over-reinforced member. Figure 5-13 shows that the required member 

thickness decreases with an increase in compressive strength of the concrete. The L / h 

limit increases by about 58% for slabs and 38% for beams as the compressive strength f; 

increases from 4000 psi (27.6 MPa) to 10000 psi (68.9 MPa). The d/h ratio also affects 

member thickness, and is more pronounced for flexural strength than for the deflection 

criteria (see Section 5.2.2). 
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Figure 5-13: L/h Results for Strength Design (D: L = 2, Pt/ Ptb = 2) for Changes in/~ and d/h 
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5.2.2 Effect on Deflection (Incremental and Live Load) 

A change in concrete strength can have a large effect on the incremental deflection 

(L/240) criterion as observed in Figure 5-14. The effect is obviously less pronounced for 

smaller changes in concrete strength than those shown in Figure 5-14. Changes in the 

d/h ratio have a small effect on incremental deflection criteria. Higher values of either f; 

or d/h give a higher L/h limit which results in a smaller required member thickness. 
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Figure 5-14: L/h Results for Incremental Deflection (L/240, D: L = Z and ptf Ptb = 2) 

for Changes in/~ and d/h 

The effect of f; is similar for live load deflection to that of incremental deflection. 

However, unlike incremental deflection, the d/h ratio has a greater effect. Once again, 

higher values of either f; or d/h result in a higher L/h limit. Figure 5-15 shows the 
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results for live load deflection with preload, and Figure 5-16 shows the results for live 

load deflection under virgin loading. Live load deflection is more critical without a 

preload (virgin loading). 
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Figure 5-16: L/h Results for Live-Load Deflection Under Virgin Loading (D: L = 2 and ptf Ptb = 2) 

for Changes in/~ and d/h 

5.2.3 Effect on Crack Control 

Crack control requirements are significantly affected by the concrete strength. Figures 5-

17 and 5-18 show L/h results for crack control with kb equal to 1.0 and 1.4 respectively. 

The L/h limit increases by about 57% for slabs and 35% for beams as the compressive 

sttrength fd is increased from 4000 psi (27.6 MPa) to 10000 psi (68.9 MPa). The d/ h 

ratio has a less significant effect, where the L/h limit increases by about 12 to 15% for an 

increase in the d/h ratio from 0.8 to 0.9 . Higher values of fd and d/h give a higher L/h 

ratio. Hence, changes in the concrete strength and d/h ratio will have a significant effect 

on computed values of bar spacing required for crack control. 
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Figure 5-18: L/h Results for Crack Control with kb= 1.4 (D: L = 2 and Pr/ Ptb = 2) for Changes in 

/~ and d/h 

91 



5.2.4 Effect on Creep Rupture (Bar Stress) and Concrete Stress Limits 

The effect of concrete strength and the d/h ratio is evaluated for creep rupture 

requirements of the FRP reinforcement (GFRP in particular) and stress limits of the 

concrete in compression. 

L/h limits for creep rupture criteria are similar to those of strength requirements. 

Changes in t: have a significant effect for GFRP reinforcement, while changes in d/h 

are less significant. The L/h limit increases by about 57% for slabs and 35% for beams 

as the compressive t: increases from 4000 psi (27.6 MPa) to 10000 psi (68.9 MPa). The 

d/h ratio has a less significant effect; the L/h limit increases by about 12% as the d/h 

ratio is increased from 0.8 to 0.9. 

L/h results for total and sustained concrete stress are presented in Figures 5-19 and 5-20. 

The specified concrete strength has a clear effect on the L/h limit as expected, while the 

effect of changes in the d/h ratio is much less pronounced. 
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5.2.5 Governing Design Criteria 

Changes in the compressive strength of concrete affect all design criteria, as discussed 

above. In general, the requirements for strength, crack control, and creep rupture are 

affected more than those for deflection. Since deflections tend to govern at the lower 

limit for compressive strength, the observed governing criteria from Section 5.1 are still 

applicable at higher values of compressive strength. The same is true for changes in the 

d / h ratio, which effects all criteria to a similar extent. 

5.3 Beam Aspect Ratio d/b 

The influence of the beam aspect ratio, d/b, is examined for beam members only. Plots ' 

in this section are based on a dead-to-live load ratio D: L = 2 and Pt = 2Ptb unless 

otherwise noted. 

5.3.1 Effect on Strength 

Changes in the beam aspect ratio have a significant effect on strength requirements, with 

a lower aspect ratio giving a higher limit for L/h. The transition from a d/b ratio of 0.5 

to 1.0 is much more significant than changes in the value above 1.0 as shown in Figure 5-

21. 
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Figure 5-21: L/h Results for Strength Design (D: L = 2 and ptf Ptb = 2) for Changes in d/b 

5.3.2 Effect on Deflection (Incremental and Live Load) 

As with strength, the incremental deflection requirement for beams is strongly affected 

by changes in the d/b ratio. Once again, the change from 0.5 to 1.0 has the most 

significant effect. L/h results for incremental deflection are shown in Figure 5-22. 

L/h requirements for live-load deflection are similar to those obtained for incremental 

deflection, but yield slightly higher limits for L/h at a D: L ratio of 2. Results for live 

load deflection with preload are not presented, as they do not govern over virgin live load 

deflection. L/h results for virgin live load deflection are shown in Figure 5-23. 
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5.3.3 Effect on Crack Control 

Changes in the d/b ratio have a significant effect on crack control requirements (shown 

in Figure 5-24), with a lower d/b ratio resulting in the higher limit for L/h. As observed 

with other criteria, the transition from a ratio of 0.5 to 1.0 causes the largest change in 

results. 
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Figure 5-24: L/h Results for Crack Control (D: L = 2 and ptf Ptb = 2) for Changes in d/b 

5.3.4 Effect on Creep Rupture (Bar Stress) and Concrete Stress Limits 

Results from creep rupture criteria and concrete stress limits show that changes in d/b 

have a similar effect as observed for the crack control criteria. The effect is more 

pronounced for changes in low d/b ratios than for higher ratios. 

97 



5.3.5 Governing Design Criteria 

As changes in the d / b ratio have a similar effect on all design criteria, the critical design 

criteria observed in Section 5.1 still hold for changes in the d/b ratio, in general terms. 

For cases where the member thickness (L/h) requirement is based on an assumed d/b 

ratio of 1.5 for the beam, the member thickness needs to be revisited when the actual 

aspect ratio ends up being greater than 1.5 (since the required member thickness will 

increase). 

5.4 Er/f fu Ratio 

The influence of the Et/ ftu ratio is evaluated for each type of FRP reinforcing bar 

considered (GFRP, CFRP and AFRP). This is accomplished by fixing the elastic 

modulus, Et, to the default value from Table 4-2, and then varying the ultimate bar 

strength, ftw to obtain the desired ratio. The Et/ ftu ratio ranges from 45 to 80 for GFRP 

and CFRP, and from 35 to 63 for AFRP. Plots in this section are based on a dead-to-live 

load ratio D: L = 2 and Pt = 2Ptb unless otherwise noted. 

5.4.1 Effect on Strength 

The derivation in Appendix B shows that strength requirements are directly dependent on 

the Et/ ftu ratio ( when the reinforcing ratio is expressed as a multiple of the balanced 

reinforcing ratio), and this is clearly reflected by the results plotted in Figure 5-25. 

Identical results are obtained for GFRP, CFRP and AFRP bars having the same Et/ ftu 

ratio. Using an FRP bar with a higher Et/ ftu ratio gives a higher limit for L/h. 
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Figure 5-25: L/h Results for Strength Design (D: L = Z and Pr/ Ptb = 2) for Changes in 

Reinforcement Type and E f / f fu 

5.4.2 Effect on Deflection (Incremental and Live Load) 

30 

The incremental and live load deflection criteria are also dependent on the ratio of 

Et/ ftu ( discussed in Section 4.1.4 ). Figure 5-26 shows that incremental deflection 

(L/240) requirements are dependent on the Et/ ftu ratio and do not depend on the bar 

type. Higher values of the Et/ ftu ratio result in an increased value of the L / h limit. 

Similar trends are observed for the live load deflection (see Figure 5-27 for live load 

deflection with no preload). For a D: L ratio of 2, L/h requirements for live load 

deflection are very similar to those for incremental deflection. 
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Figure 5-26: L/h Results for Incremental Deflection (D: L = 2 and ptf Ptb = 2) for Changes in 
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Figure 5-27: L/h Results for Live-Load Deflection Under Virgin Loading (D: L = 2 and Ptf Ptb = 2) 
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5.4.3 Effect on Crack Control 

The L / h requirement for crack control is strongly affected by the Er/ fru ratio because 

the bar stress in the crack control formulations is dependent on np. The effect of changes 

in the Er/ fru ratio is more pronounced for crack control than for the criteria related to 

strength and deflection control. Figure 5-28 presents L/h results for crack control for 

reinforcement with a bond factor kb = 1.0. 
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Figure 5-28: L/h Results for Crack Control with kb = 1. 0 (D: L = Z and ptf Ptb = 2) for Changes in 

Reinforcement Type and E f / f fu 

5.4.4 Effect on Creep Rupture (Bar Stress) and Concrete Stress Limits 

L/h requirements for creep rupture depend on the Er/ fru ratio and type of FRP bar 

(Figures 5-29 for slabs and 5-30 for beams) because the creep rupture stress limits (Table 
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2-5) are specific to the type of FRP bar being used. In other words, identical results are 

not obtained for GFRP, CFRP and AFRP bars having the same Et/ ftu ratio. Figures 5-29 

and 5-30 show that CFRP gives the highest L/h values (as CFRP has the highest bar 

stress limit under sustained loads), and hence does not have an effect on design. 
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Figure 5-29: L/h Results for Creep Rupture for Slabs (D: L =Zand ptf Ptb = 2) for Changes in 

Reinforcement Type and E f / f fu 

The stress limits for concrete under sustained and total load are typically not critical to 

the design. At low Et/ ftu ratios, L/h requirements give values similar to those for 

incremental deflection, but as the Et/ ftu ratio increases, the corresponding limits for L / h 

are higher than for incremental deflection. 
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Figure 5-30: L/h Results for Creep Rupture for Beams (D: L = 2 and Pt/ Ptb = 2) for Changes in 

Reinforcement Type and E f / f fu 

5.4.5 Governing Design Criteria 

Changes in reinforcement type only have an effect on creep rupture requirements 

provided the Et/ ftu ratio does not change. As the requirements are most stringent for 

GFRP, use of other reinforcement types will make creep rupture less critical for the same 

Et/ ftu ratio. However, creep rupture of AFRP with a low Et/ ftu ratio of 35 1s more 

critical than creep rupture of GFRP with Et/ ftu = 63. 

Changes in the Et/ ftu ratio have more effect on crack control requirements than on other 

design criteria in general. As a result, at lower Et/ ftu ratios, crack control will become 

more critical, while at higher Et/ ftu ratios it becomes less critical. 
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5.5 Long-Term Deflection Multiplier A and Incremental Deflection Limits 

This section examines the effect of the long term deflection multiplier, A, along with 

changes in the dead-to-live load (D:L) ratio and selected deflection limit (L/240 or L/480) 

on L / h requirements related to incremental deflection. Plots in this section are based on 

Pt = 2Ptb unless otherwise noted. 

5.5.1 Effect on Incremental Deflection 

In Section 5 .1, it was observed that changes in the dead-to-live-load ratio had very little 

effect on the results for incremental deflection at a value of A = 1.2 (ACI 440.1 R 

requirement for loads sustained over a period of five years or more). When looking at the 

range of values for the long term deflection multiplier A, it is clear that changes in the 

dead-to-live-load ratio have different effects for different values of A. For lower values of 

A, including the default value of 1.2, the dead-to-live-load ratio has less effect on the 

results. However, as the value of A increases towards 2.0 (CSA S806 requirement for 

loads sustained over a period of five years or more) the effect from changes in the D:L 

ratio becomes more significant, particularly at high dead-to-live-load ratios. Hence, for 

members designed with A= 2, incremental deflection is more likely to govern design, 

especially at high dead-to-live-load ratios. L/h results for incremental deflection are 

shown in Figure 5-31 for different values of A at a D:L ratio equal to 0.5, while results in 

Figure 5-32 are plotted for different values of A at a D:L ratio of 8. 
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Figure 5-31: L/h Results for Incremental Deflection for Changes in 1 (D: L = 0. 5,Ptf Ptb = 2) 

30 

25 

20 

.c 
~ 15 

10 

5 

0 
0 

,-.. 
' ·. ' ·. ' .. ' ~··. ' ··. 

',~ ···· Slabs 
, .... ······ 

Beams 

"-. ····· ............ ....... ....... . .. -- ... ········ . ..... __ ·········· 
-----

.. 

..... :.: :.: ... 
--=:.: ······· .. -... ..: :.: :.: :.: :.: :.: ............ . ------.: :.: :.: :.: :.: :.: :.: :.: :.: :.: 

5 10 15 20 25 

w/b or w/L (kPa) 

- ')..,=0.8 

• • • • • • ').., = 1.2 

--- ')..,= 2.0 

D:L = 8 

30 

Figure 5-32: L/h Results for Incremental Deflection for Changes in 1 (D: L = 8,Pr/Ptb = 2) 
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Figure 5-33 shows L/h results for incremental deflection for the two prescribed 

incremental deflection limits (L/240 and L/480). The effect of using the more stringent 

L/480 limit is clear, with the L/h limit decreasing by about 7% for slabs and 9% for 

beams. Hence, required member thicknesses would increase by not more than 10%. 
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Figure 5-33: L/h Results for Incremental Deflection with Different Deflection Limits (1 = 1. 2 and 

Ptf Ptb = 2) 

5.5.2 Governing Design Criteria 

As discussed above, the use of a higher long-term deflection multiplier and a more 

stringent incremental deflection limit can make the incremental deflection requirement 

more critical to design than for the default values considered in Section 5.1. Conversely, 

a reduction in A can result in incremental deflection being less critical. 
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5.6 Reduced M~r 

This section examines the effect of using a reduced cracking moment M;r to account for 

tensile stresses that result from restraint to shrinkage of the concrete. Reducing the 

cracking moment increases deflection through a change in member stiffness characterized 

by a decrease in le. Other requirements for strength, crack control, creep rupture and 

stress in the concrete are not affected by a change in the cracking moment. 

5.6.1 Effect on Incremental and Live Load Deflection 

Changes in the L / h requirements are evaluated for a reduction in the cracking moment 

from Mer to 0.8Mcr· Results are presented in Figure 5-34 below for incremental 

deflection (with preload) and live load deflection with no preload (virgin loading). 

Decreasing the cracking moment to 0.8Mcr reduces the L/h limit by about 6% for slabs 

and 2% for beams. 
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Figure 5-34: L/h Results for Incremental Deflection and Virgin Live Load Deflection (D: L = 
2, Pr! Ptb = 2) for Full and Reduced Cracking Moment 

5.7 Lightweight Concrete (Unit Weight of Concrete) 

This section evaluates L/h requirements for lightweight concrete compared to a normal 

weight concrete. Lightweight concrete is characterized by changes to the unit weight Ye 

and a modification factor Ac that affect the elastic modulus Ee and modulus of rupture fr 

of the concrete. Hence, deflection is affected by use of a lightweight concrete. Crack 

control , creep rupture and stress in the concrete are also affected. Results are examined 

over a range of dead-to-live-load ratios. It is of note that changes in the unit weight of 

concrete have an indirect effect on all requirements, as a lower unit weight would result 

in a lower dead and service load. However, this effect is not included in this study. 
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5. 7.1 Effect on Incremental and Live Load Deflection 

Results for incremental deflection are shown for D:L = 8.0 as changes in the dead-to-live

load ratio have little effect on incremental deflection requirements when A = 1.2. Figure 

5-35 shows the effect of changes in the concrete unit weight on the incremental deflection 

limits for L/h. Decreasing the unit weight of concrete from 160 lb/ft3 (2563 kg/m3
) to 90 

lb/ft3 (1442 kg/m3
) results in a decrease of about 12% in the L/h ratio for slabs and 6% 

for beams. 
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Figure 5-35: L/h Results for Incremental Deflection (D: L = 8, ptf Ptb = 2) for Changes in Concrete 

Unit Weight 

L/h results are plotted in Figure 5-36 for virgin live load deflection ·for D: L ratios of 0.5 

and 8.0. Changes in the unit weight of concrete typically cause a negligible change in the 
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required L/h ratio except for slabs with a D: L ratio of 0.5. A decrease in the concrete 

unit weight from 160 lb/ft3 (2563 kg/m3
) to 90 lb/ft3 (1442 kg/m3

) results in a decrease in 

the L/h ratio of about 1.5% for slabs and 2.5% for beams when D: L = 8, and about 11 % 

for slabs and 5% for beams when D: L = 0.5. 
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Figure 5-36: Results for Live-Load Deflection Under Virgin Loading (prf Ptb = 2) for Changes in 

Concrete Unit Weight and D: L 

5.7.2 Effects on Crack Control 

As discussed previously, changes in the D: L ratio have no effect on crack control 

requirements. Changes in the unit weight of concrete result in small changes to the 

required L/h values for crack control because of changes in the modular ratio n via Ee. 

Figure 5-37 shows the L/h results for crack control. 
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Figure 5-37: L/h Results for Crack Control for Changes in Concrete Unit Weight 

5.7.3 Effect on Creep Rupture (Bar Stress) and Concrete Stress Limits 

L/h curves for creep rupture and sustained concrete stress are significantly impacted by 

changes in the D: L ratio, as discussed previously, but show negligible changes to the L/h 

limits from changes in the concrete unit weight. Total concrete stress results also show 

negligible sensitivity to changes in the concrete unit weight, and no impact due to 

changes in the D: L ratio. 
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5. 7 .4 Governing Design Criteria 

Changes in the concrete unit weight have a similar effect on all considered design 

criteria, and therefore the observations from Section 5 .1 · are applicable for lightweight 

concrete. 

5.8 Support Conditions 

This section examines the effect of different support conditions. Values of Kand Ma/M0 

are taken from Table 2-4 for simply supported, one-end continuous, both-ends 

continuous, and cantilever support conditions. Plots in this section are based on Pt = 

2Ptb and D: L = 2 unless noted otherwise. 

5.8.1 Effect on Strength Design 

Changes in support conditions produce changes in the L / h ratio needed to satisfy strength 

requirements. Figure 5-38 shows that cantilevered members give the lowest required 

value of L/h, while a member with both ends continuous has the highest required value 

of L/h. 

112 



80 

70 

60 

50 

~ 40 
~ 

30 

20 

10 

0 
0 

\ ---- ss 
·' • \ • •• •• • OEC 
·. ' ·. ' •• , --- BEC 

·. ' •. , - - CANT .. ' ··. ', .. ' ·-.. ~ ... ... ~ ........ 
··· .. :: -- ....... 

······ ---······ :'::-::-----·······=-==- -----',,... ········7 Slabs 

.......... -.,... - - -.... ....................... --------- .................................. .. 
- - - - - - - - - - Beams 

5 10 15 20 25 30 

w/b or w/L (kPa) 

Figure 5-38: L/h Results for Strength Design for Different Support Conditions 

5.8.2 Effect on Incremental and Live Load Deflection 

Figure 5-39 plots L/h requirements needed to satisfy incremental deflection (L/240) for 

the different support conditions, and Figure 3-40 presents the results for virgin live load 

deflection. In both cases, requirements for a cantilever are the most critical, while 

requirements for a member with both ends continuous are least critical. 
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Figure 5-39: L/h Results for Incremental Deflection for Different Support Conditions 
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Figure 5-40: L/h Results for Live-Load Deflection Under Virgin Loading for Different Support 
Conditions 
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5.8.3 Effect on Crack Control 

Changes in support conditions have a significant effect on the required values of l/h for 

crack control (Figure 5-41 ). Cantilever members have the lowest limit for L / h and a 

member with both-ends-continuous has the highest limit. 
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Figure 5-41: L/h Results for Crack Control for Different Support Conditions 

5.8.4 Effect on Creep Rupture (Bar Stress) and Concrete Stress Limits 

As with all other criteria, changes in the support conditions have a significant effect on 

creep rupture and stress in the concrete, with the lowest L / h ratios required for a 

cantilever member and the highest coming from a member with both ends continuous. 
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5.8.5 Governing Design Criteria 

For all support conditions considered, the governing design criteria observed in Section 

5.1 are applicable, as all criteria are affected in a similar way for all support conditions. 

5.9 Effective Moment of Inertia I e 

This section examines the effect of using the code prescribed methods for determining 

the effective moment of inertia (Branson's modified expression used by ACI 440. lR-06 

(ACI, 2006) and the tri-linear integration approach used by CSA S806 (CSA, 2012) 

which does not account for tension stiffening). Both of these approaches are compared to 

Bischoff's expression for le (which has been adopted by ACI 440.IR) and for deflection 

computed using fer· 

5.9.1 Effects on Deflection 

L/h results for incremental deflection (Pt = 2Ptb, D: L = 8, A= 1.2, and L/240) are 

compared in Figures 5-42 and 5-43 for FRP reinforcement with Et f ftu = 63 and 35 

respectively. Bischoff's expression gives results comparable to the Modified Branson 

equation for reinforcement with Et/ ftu = 63 (typical for GFRP and CFRP). However, 

Branson' s modified equation overestimates the member stiffness and gives a higher limit 

for L/h compared to Bischoff's equation when Et lftu = 35 (typical for AFRP). For 

example, Branson's modified equation gives a value for L/h that is about 5% greater for 

slabs and 7% greater for beams at a service load ( w / b or w / L) equivalent to 9 .6 kPa. 
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Hence, member thickness is underestimated with the modified Branson equation for le 

when E1lftu < 60. 

Figures 5-42 and 5-43 also show results for deflection computed using either the S806 

approach or cracked section response with le = ler· Both of these approaches ignore 

tension stiffening and, as a result, overestimate deflection to give a limit for LI h less than 

that obtained with either Bischoff's equation or Branson's modified expression. This then 

gives a member potentially thicker than required. Differences are greater for slabs 

because tension stiffening is more significant in slabs than beams. The Mal Mer ratio 

controls the amount of tension stiffening present in a member, and slabs tend to have a 

lower Mal Mer ratio. For loads less than 9.6 kPa, little difference is observed between the 

S806 response and ler response. 
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Figure 5-42: L/h Results for Incremental Deflection for E 1 / f fu = 63, l = 1. 2 
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Figure 5-43: L/h Results for Incremental Deflection for E 1 / f fu = 3 5, l = 1. 2 
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L/h results are plotted for virgin live load deflection (Pr = 2Prb) with a D: L ratio of 0.5 

and 8. Figure 5-44 shows results for reinforcement with Er/ fru = 63 and Figure 5-45 

shows results for reinforcement with Er/ fru = 3 5. There is little difference between 

Bischoff s approach for le and the modified Branson equation regardless of the Er/ ftu 

ratio, except for slabs when D: L = 8 and Erf fru = 35. 
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Figure 5-44: L/h Results for Live-Load Deflection Under Virgin Loading for E1/f fu = 63 

For incremental deflection, both the Modified Branson equation and Bischoffs 

expression give L/h values that are higher than those obtained by the CSA S806 model 

which does not include tension stiffening ( except for the uncracked regions of the 

member). The Modified Branson equation is affected by changes in the Er/ fru ratio and 

gives values for L/h greater than those obtained with Bischoff s expression for 
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Figure 5-45: L/h Results for Live-Load Deflection Under Virgin Loading for Er/f fu = 35 

reinforcement with low values of Et/ ftu (that is, Et/ ftu < 60). The actual L/h limit for 

CSA S806 is even lower than that shown in Figures 5-42 to 5-45 because of the higher 

value used for the long term deflection multiplier A (a maximum value of 2.0 compared to 

a value of 1.2 for ACI 440). The end result is a thicker member when design is carried 

out to CSA S806 requirements. Incremental deflection requirements for CSA S806 are 

also more sensitive to higher D: L ratios because of the higher value used for A. 

The same tendencies are observed for live load deflection, with the Modified Branson 

equation and Bischoff's expression giving higher L/h values than the CSA S806 

approach. For slabs with a low D: L ratio and Et/ ftu = 35, there is little difference 
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between the results for the Modified Branson equation and Bischoff s expression because 

the members are mostly uncracked under the dead load alone and have a similar value for 

the computed effective moment of inertia at the full service load. 

5.10 Comparison of Crack Control Approaches 

Three crack control approaches are compared for slabs and beams: the Frosh equation 

(ACI 440.IR-06), the Frosch design equation (ACI 440 Rev.), and the Gergely-Lutz 

equation (ACI 440.IR-03). CSA S806 uses the z-factor approach for crack control, which 

is a re-arranged form of the Gergely-Lutz equation. Results are evaluated for a bond 

factor kb = 1.0 and kb = 1.4. 

Figure 5-46 compares the required bar spacing for the three approaches considered. 

Results are presented for a member thickness based on satisfying incremental deflection 

requirements. In general, the Frosch equation and Frosch design equation tend to give a 

smaller bar spacing than the Gergely-Lutz approach for slab members. It is of note that 

the bar spacing using Gergely-Lutz for kb = 1.0 is greater than 300 mm and not shown 

in this Figure. 

For beams, the opposite is true: the Gergely-Lutz expression tends to give the smallest 

bar spacing of the methods considered when kb = 1.0. There are some cases (low 

reinforcing ratios, low d/h ratios, and high service loads, for example) where the Frosch 

and Frosch design equations tend to be more critical, but in general it is the Gergely-Lutz 

approach that controls bar spacing. The required bar spacing for beams using either the 
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Figure 5-46: Required Bar Spacings for Members with Pt = Zpfb and D: L = B 

Frosch equation or Frosch design equation cannot be determined when crack control 

governs design for a member with the thickness based on satisfying incremental 

deflection requirements (typical when kb = 1.4). In this case, the member thickness 

needs to be adjusted to satisfy crack control. 

When looking at the crack control expression for CSA S806, the bar spacing is solved 

directly for slabs as the effective concrete area in tension (for a single bar) is given by 

A = 2dcs. However, this simplification is not completely accurate for beams since the 

area A is affected by the beam width, concrete cover, and number of bars (which controls 

the bar spacing). The beam width b is controlled by the specified aspect ratio d/b , d/h 
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ratio , and assumed value of the member span L for a given L / h ratio needed to satisfy 

deflection [b = L(d/h)/( L/h)/(d/b)]. Figure 5-47 shows the required bar spacing for 

the two member spans shown (L = 6 m and 12 m) based on reinforcement placed in a 

single layer, and compares results with the simplification used for slabs. Note that the 

actual required spacings tend to oscillate due to changes in the number of bars placed in 

the cross-section. Changes in the member length, L, have a significant effect on the 

required bar spacings for CSA S806 (CSA, 2012), with an increase of 17% when the 

member span is increased from 6 m to 12 m. 
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Figure 5-47: Required Bar Spacing in Beams for CSA S806 Using Simplified and Actual Bar Spacing 
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5.11 Comparison with CSA S806 

5.11.1 Strength Requirements 

For strength design according to CSA S806 (CSA, 2012), the balanced reinforcing ratio 

Pb,r is less than the nominal computed value Pb,n because resistance factors are applied to 

the material properties. In other words, Pb,r = ( ((Jc/ <pl )Pb,n = 0.867 Pb,n for ((Jc = 0.65 

and <p1 = 0. 75. Hence, reinforcing ratios expressed as a multiple of the balanced 

reinforcing ratio are less for CSA S806 than for ACI 440.lR. Hence, the L/h limit for 

strength is lower for CSA S806 and this will give a thicker member. Differences in 

determining the concrete stress block factors a1 and {31 for the two approaches (CSA and 

ACI), as well as different load factors av and aL, also lead to minor differences in the 

computed L/h ratios. The lower reinforcing ratios obtained with CSA S806 affects all 

design criteria (strength and serviceability) to give a required L/h ratio slightly lower 

than the ACI formulations in general. 

5.11.2 Deflection Requirements 

The dead-to-live-load ratio has a more significant effect on CSA S806 results for 

incremental deflection because of the higher deflection multiplier used for long term 

deflection (A ~ 2 for S806 compared to A ~ 1.2 for ACI 440). A higher value of A also 

gives a lower limit for L/h (see Section 5.5). CSA S806 also does not include tension 

stiffening in the formulation for le (aside from taking account of the uncracked stiffness 

in the regions where the member is not cracked), leading to deflection requirements that 
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are more critical than ACI 440.IR. Figure 5-48 compares the difference in L/h results 

between CSA S806 and ACI 440 for incremental deflection. Curves are presented for the 

same parameters: f; = 27.6 MPa, Erf ftu = 60, D: L = 8, GFRP, L/240, simply 

supported, d/h = 0.85, djb = 1.5, and Ptf Ptb,r = 2.31 (Prf Ptb,n = 2). The long term 

multiplier is 1.2 for ACI 440 and 2.0 for CSA S806, and le is determined using 

Bischoff s expression for ACI 440 and the tri-linear response without tension stiffening 

for CSA S806. It is clear that the L/h requirements are lower for CSA S806. 
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Figure 5-48: Comparison of Incremental Deflection Requirements for ACI 440 and CSA S806 

Note also that the CSA method gives a slightly lower value of Ee for a concrete with the 

same strength and unit weight, resulting in a slightly lower required L/h value, all other 

things being equal. 
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5.11.3 Crack Control 

For CSA S806 (CSA, 2012) crack control requirements, the required Llh values are 

lower. This is partly . due to different cover and minimum allowable bar spacing 

requirements, in addition to the difference in reinforcing ratios discussed previously. The 

CSA S806 (CSA 2012) approach for crack control is also different and based on the 

Gergely-Lutz approach. For the worst case, the upper limit of kb = 1.2 improves the 

required Llh ratio slightly (compared to an upper limit of kb = 1.4 for ACI 440.IR), but 

still results in Llh ratios that are less than ACI 440. lR (ACI, 2006). 

5.12 Discussion of Results 

After reviewing the results from the parametric study, it is clear that, even when it is not 

the governing case, design requirements and resulting minimum span-to-depth ratios 

from incremental deflection give a good starting point for design of reinforced concrete 

flexural members with internal FRP reinforcement. Deflection results are influenced by 

the Mal Mer ratio, as it determines the level of tension stiffening in the member (the 

lower the ratio, the higher the level of tension stiffening for a cracked member). Figure 5-

49 shows the Mal Mer ratio for slabs and beams with a reinforcing ratio of 2Ptb and a 

D: L ratio as shown for live load and incremental deflection. As expected, slab members 

have more tension stiffening than beams because of the lower Mal Mer ratio. 
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Figure 5-49: Mal Mer Results for Incremental and Live Load Deflection 

The cases where incremental deflection does not govern are discussed below, along with 

potential ramifications of choosing values from incremental deflection as a starting point. 

5.12.1 Crack Control in Beam Members 

As observed from the earlier sections, crack control often governs design of FRP 

reinforced concrete beams with kb = 1.4; however the use of this value for kb is only 

required when there is an absence of test data for the FRP reinforcement being used. It is 

more likely that FRP bars from reliable sources will be used, and will have kb values 

available. Manufacturer' s data presented in Appendix A suggests that values of kb are 

typically closer to, if not less than, a value of 1.0. If the data is reviewed with this in 
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mind, the results from incremental deflection give a good starting point for design, as the 

L / h values are often very similar to, or more critical than, the resul_ts from crack control 

with kb = 1.0. 

5.12.2 Beam Members Under Heavy Loading 

Serviceability criteria usually govern design in most cases to give a member that is 

overstrength. However, strength requirements for beams can become a critical design 

criteria for heavily loaded members (20 kPa and above) as observed when comparing w 

vs. L/h curves for different design criteria (Figure 5-12 in Section 5.1.5). 

5.12.3 Members with Low Reinforcing Ratios 

Comparison of results in Section 5.1 demonstrates that design is controlled by limits to 

the bar stress (related to crack control and creep rupture) for members with a low 

reinforcing ratio of Ptb. The stress in a reinforcing bar for an over-reinforced member 

increases as the reinforcing ratio decreases and approaches the balanced reinforcing ratio 

limit. While ACI 440.1 R allows members to be under-reinforced, CSA S806 requires 

flexural members to be over-reinforced (unless Mr > 1.6Mt ). Using a reinforcing ratio 

Pt ~ 2Ptb avoids problems with creep rupture for GFRP reinforcement, as well as other 

design criteria. Member thickness is also reduced with a higher reinforcing ratio, but can 

lead to problems with congestion of reinforcement in beams with too high of a ratio. 

Since incremental deflection often governs when Pt ~ 2Ptb, this provides a good starting 

point for design. 
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5.12.4 The Effect of the Dead-to-Live-Load Ratio 

Creep rupture and live-load deflection are sensitive to changes in the D: L ratio, while 

incremental deflection is not affected much by changes in the D: L ratio (when A = 1.2). 

Incremental deflection is often the governing criteria or quite close to the governing 

criteria unless a bar with poor bond is used. In this case, crack control will govern 

member thickness of a beam. Creep rupture criteria should not govern ( even at a high 

D: L ratio) provided that Pt ~ 2Ptb. The designer may also choose to neglect the overly

conservative criteria for live-load deflection under virgin loading. 

5.12.5 The Effect of Variation in Bar Mechanical Properties 

Due to the nature of the FRP reinforcement industry, available bar properties are 

constantly changing. In order to complete the parametric study, and determine 

appropriate minimum thickness recommendations, representative values were determined 

using bar properties from suppliers available at the time (Appendix A). While the elastic 

modulus is typically constant for a particular type of bar, the bar strength often depends 

on the size of bar (with larger bar diameters giving a lower strength). To compare the 

design of a member with reinforcement from different suppliers (and accompanying bar 

properties), the Et/ ftu ratio should be compared, rather than each bar property 

individually. To incorporate any change in bar properties into the design, the use of a 

modification factor for the Et/ ftu ratio, applied to the appropriate minimum thickness, 

would yield an appropriate starting point for design. 
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5.12.6 Potential Problems with Using Incremental Deflection Results as a Starting 

Point for Design 

If the designer were to choose incremental deflection as a starting point, and it was not 

the controlling criteria, the design would likely have to be revised to meet the governing 

criteria. As discussed throughout this section, incremental deflection gives similar results 

to the other governing criteria. However, if there were a significant difference, depending 

on the governing criteria, different steps can be taken. In most cases, an increase in either 

member depth or amount of reinforcement would likely yield an adequate design. For 

crack control, this study considered reinforcement in one layer only. Increasing the 

number of bars and changing to multiple layers can help; however the subsequent 

decrease in d could result in other criteria becoming more critical (through changes in the 

d/h ratio and d/b ratio for beams). In any case, using a minimum thickness or span-to

depth limit determined by incremental deflection should give a good starting point for 

design, and will help optimize design time for FRP reinforced concrete members. 

It · is recommended that minimum thickness requirements be evaluated based on 

incremental deflection results from the default case (f / = 4000 psi (27.6 MPa), 

Er lfru = 63, D: L = 2, GFRP, L/240, simply supported, d/h = 0.85, d/b = 1.5, 

Pr I Prb,n = 2, A = 1.2). Modification factors can be determined and provided to adjust 

the member thickness based on conditions which differ from those present in the default 

case. 
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6 RECOMMENDED MINIMUM THICKNESS 

REQUIREMENTS 

Recommended values of minimum member thickness are provided as a design aid for 

FRP reinforced concrete. Minimum member thickness (L/h) tables are provided for a 

revised version of ACI 440.IR-06 (ACI 2006) and for CSA S806-12 (CSA 2012). 

Results are based on incremental deflection requirements for an assumed set of values 

that include a 9.6 kPa service load, dead-to-live-load (D: L) ratio of 8, long-term 

deflection multiplier A = 1.2 for ACI 440.IR (A = 2 for CSA S806), reinforcing ratio 

Pt = 2.0pb, FRP reinforcement with Etf ftu = 60, 30 MPa (or 4000 psi) concrete 

strength, d/h = 0.85, and beam aspect ratio d/b = 1.5. Modification factors are 

available to account for deviation of any changes from the default set of conditions, such 

as a higher service load or use of an FRP bar with a lower Et/ ftu ratio (both cases that 

will increase the required member thickness). 

6.1 Revised Minimum Thickness Requirements for ACI 440.lR 

Table 6-1 presents the existing minimum thickness recommendations taken from ACI 

440.1 R-06 (ACI, 2006), while Table 6-2 presents the revised values of recommended 

minimum thickness. Revised values are provided for an incremental deflection limit of 

L/240 and L/480. Comparison of the two tables shows that existing recommendations 

for slabs are much too conservative and can overestimate the required member thickness 

by up to 100% or more. Existing recommendations for beams are more reasonable, and 

underestimate the member thickness (except for cantilevers) by between 25 to 60%. 
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Table 6-1: Existing Recommended Minimum Member Thickness According to ACI 440.lR-06 

Simply One end Both ends 
Cantilever 

supported continuous continuous 

Slabs L/13 L/17 L/22 L/5.5 

Beams L/10 L/12 L/16 L/4 

Table 6-2: Revised Recommended Minimum Thickness Requirements for ACI 440.lR 

Incremental 
Simply One end Both ends 

Deflection Cantilever 
Limit 

supported continuous continuous 

Slabs 
L/240 L/24.1 L/31.4 L/33.6 L/12.8 
L/480 L/22.5 L/29.5 L/31.6 L/11.9 

Beams 
L/240 L/8 L/9.6 L/10 L/5 
L/480 L/7.2 L/8.7 L/9.1 L/4.6 

- L /240 deflection limit for construction attached to non-structural elements not likely to 
be damaged by large deflections 
- L / 480 deflection limit for construction attached to non-structural elements likely to be 
damaged by large deflections 

Recommended minimum thickness values are based on the following assumed values: 

w/b = 9.6 kPa (for slabs) and w/L = 9.6 kPa (for beams), d/h = 0.85, Ptf Ptb,n = 

2.0, Etf ftu = 60, D: L = 8.0, d/b = 1.5, .,l = 1.2, and f/ = 27.6 MPa (4000 psi). 

Modification factors are provided for design parameters other than the assumed default 

values and can be found in Appendix D. These modification factors are obtained by 

fitting equations to the results from the parametric study and involve some error because 

of this (-±5% for most variables, -±10% for E1 lftu and d/b), especially when more 

than one of the modification factors is applied. 
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6.2 Recommended Minimum Thickness Requirements for CSA S806 

Minimum thickness requirements for CSA S806-12 (CSA 2012) are summarized in Table 

6-3, and are based on the following assumed values: w /b = 9.6 kPa (for slabs) and 

w/L = 9.6 kPa (for beams), d/h = 0.85, Ptf Ptb,r = 2.0, E1/f1u = 60, D: L = 8.0, 

d/b = 1.5, A= 2.0, and t: = 30 MPa. Modification factors (found in Appendix D) are 

provided for design parameters other than the assumed default values. The modification 

factors are approximate and the error increases when more than one factor is applied. 

Minimum thickness values for CSA S806 are surprisingly similar to the recommended 

values for ACI 440.IR despite using a larger multiplier for long-term deflection (A = 2.0 

for CSA S806 vs A = 1.2 for ACI 440.IR) and neglecting tension stiffening in the 

cracked regions of the member. Required L/h values for CSA S806 are more 

conservative and give a member thickness up to 15% greater than ACI 440.1 R-06. 

Table 6-3: Recommended Minimum Thickness Requirements for CSA S806 

Incremental 
Simply One end Both ends 

Deflection Cantilever 
Limit 

supported continuous continuous 

Slabs L/240 L/21.5 L/28.4 L/30.3 L/11.1 
L/480 L/21.3 L/28.2 L/30.2 L/10.8 

Beams 
L/240 L/6.9 L/8.3 L/8.7 L/4.4 
L/480 L/6.4 L/7.8 L/8.1 L/4.2 

- L/240 deflection limit for construction attached to non-structural elements not likely to 
be damaged by large deflections 
- L / 480 deflection limit for construction attached to non-structural elements likely to be 
damaged by large deflections 
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Recommended values of minimum member thickness are based on the incremental 

deflection limit. Requirements for crack control and creep rupture need to be checked as 

these conditions can sometimes control serviceability. 
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7 DESIGN EXAMPLES 

7.1 Design Approach 

The design approach used in this Chapter is as follows: 

Choose the L/h ratio from either Table 6-2 (ACI 440.IR) or Table 6-3 (CSA 

S806) to determine member thickness based on the member span. 

Confirm applicability of the values in Tables 6-2 and 6-3 based on the given 

design parameters, and then select the reinforcing ratio. 

Apply modification factors to L/h value if design limits are exceeded. 

Carry out detailed checks for each design criteria to confirm that all requirements 

are satisfied, and confirm which criteria controls. 

7.2 Design Examples 

Two design examples, one for beams and the other for slabs, are presented to demonstrate 

the effective application of the minimum thickness requirements and modification factors 

provided in Chapter 6 and Appendix D respectively. Design is carried out according to 

ACI 440.IR and CSA S806, with cross-section sketches and a comparable steel design 

provided for comparison. 

7.2.1 Example 1- Flexural Design of an FRP Reinforced Concrete Beam 

A simply supported beam with a 6 m span is subjected to a uniformly distributed load of 

wv = 21 kN /m (including the beam self-weight) and wL = 36.6 kN /m. 
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Design parameters include: GFRP reinforcement with Et = 43439 M Pa and ftu = 

724 MPa (Etf ftu = 60), f/ = 30 MPa (4350 psi), member aspect ratio d/b ~ 1.5, 

kb = 1.0, interior exposure (for cover requirements and crack width limit), a live load 

deflection limit of L/360 and an incremental deflection limit of L/240. 

Check limits for application of minimum member thickness tables (Tables 6-2 and 6-3). 

Otherwise modification factors may need to be applied to the member thickness values. 

Wo+L = 21.0 + 36.6 = 57.6 kN /m 

Wo+dl = 57.6/ 6 = 9.6 kPa ~ 9.6 kPa :. ok 

f/ = 30 MPa ~ 27.6 MPa (for ACI 440) or 30 MPa (for CSA S806) :. ok 

Etf ftu = 60 ~ 60 :. ok 

D: L = w0 /wL = 0.574 ~ 8.0 (for incremental deflection) :. ok 

Live load deflection may govern design for D: L ~ 0.6 

Beam Design According to ACI 440: 

From Table 6-2: L/h = 8.0 

:. h = 6000/8 = 750 mm 

a1 = 0.85 and /31 = 1.05 - 0.00725// = 1.05 - 0.00725(30) = 0.8325 

Etu = ftuf Et = 0.01667 

Ptb n = (a1f3if/) ( Ecu ) = (0.85(0.8325)(30 )) ( 0.003 ) 
' ftu Ecu + Etu 724 0.003 + 0.01667 

= 0.4472% 

Choose Pt = 2Ptb,n = 0.8944% (pt ~ 2Ptb,n :. ok) 
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Cover: 3 8 mm to stirrups or 51 mm to primary reinforcement 

For #3 stirrups, 51 mm to the primary reinforcement controls :. Cc = 51 mm 

:. d = h - Cc - db/2; try #8 bars with db = 25.4 mm (1.0 in.) : 

d = 750 - 51 - 25.4/2 = 686.3 mm and d/h = 0.915 ~ 0.85 :. ok 

For d/b = 1.5: b = 457.5 mm :. use b = 450 mm 

At= Ptbd = 0.008944(450)(686.3) = 2762 mm2 

Try 6 - #8 bars: At = 6(506.7) = 3040.2 mm2 and Pt = 0.9844% = 2.2ptb,n 

Member Strength: 

EtEcu = ( 43439)(0.003) = 130.32 MPa 

2 (130.32) 2 0.85(0.8325)(30) 
ft = 

4 
+ 0.

009844 
(130.32) - 0.5(130.32) = 468.95 MPa 

Ptft = (0.009844)(468.95) = 4.616 MPa 

( 
P ft ) ( 4.616 ) 

Rn= Ptft 1 - 2aif! = 4.616 1- 2(0.85)(30) = 4.20 MPa 

Mn = Rnbd2 = 4.2( 450)(686.3) 2 X 10-6 = 890.2 kN-m 

For Pt/ Ptb,n = 2.2, <p = 0.65: <pMn = 0.65(890.2) = 578.6 kN-m 

aD = 1.2 and aL = 1.6 

wt= 1.2(21) + 1.6(36.6) = 83.76 kN /m 

Mu = WtL2 /8 = 83.76(6) 2 /8 = 376.92 kN-m 
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Mu 
:. cpMn = 578.6 kN-m ~ Mu = 376.92 kN-m and U = -M = 0.65 

cp n 

Deflection: 

Ee= 4730fil = 4730v'3Q = 25907 MPa 

n = E1 /Ee = 43439 /25907 = 1.6767 and np = 1.6767(0.009844) = 0.0165 

ker = ,J(np)2 + 2np - np = -Jco.0165)2 + 2(0.0165) - 0.0165 = 0.1659 

Cer = kerd = 0.1659(686.3) = 113.88 mm 

bcJr 
2 

450(113.88) 3 
2 ler = -

3
- + nA1(d - Cer) = 

3 
+ 1.6767(3040.2)(686.3 - 113.88) 

= 1892 x 106 mm4 

bh3 450(750) 3 

I = - = = 15820 x 106 mm4 

g 12 12 

(Wv+dL2 (21 + 36.6) 62 

Ma = Mv+L = 
8 

= 
8 

= 259.2 kN-m 

fr = 0.62fil = 0.62v'3Q = 3.40 M Pa 

_ frig _ 3.40(15820 X 106
) _ 6 _ 

Mer -Yt - (750/ 2) X 10 - 143.3 kN-m 

Ma > Mer :. Cracked and le < lg 

Y = 1.72 - 0.72(Merf Ma) = 1.72 - 0.72(143.3/259.2) = 1.322 

ler 1892 X 106 

rJ = l -1g = l - 15820 X 106 = 0·880 

ler 1892 X 106 
_ 6 4 

le,D+L = 1 - 17y(Merf Ma)2 = 1 - 0.880(1.322)(143.3/259.2) 2 -
2936 

X lO mm 
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Incremental Deflection: 

K = 1 for a simply supported member 

A = 0.6(2.0) = 1.2 for loads sustained over five years or more 

( 
5) MaL2 

( 5) 259.2 X 106 (6000) 2 

Llv+L = K 48 Ecle = l.O 48 25907(2936 X 106) = 12·78 mm 

Llv = (wv/Wv+L)Llv+L = (21/57.6)(12.78) = 4.66 mm 

L11 = 12.78 - 4.66 = 8.12 mm 

L 
Llincr = lLlv + L11 = 1.2(4.66) + 8.12 = 13.71 mm ::; 

240 
= 25 mm 

fl. 
and U = ~ = 0.55 

llall 

Live Load Deflection: 

With Preload: L11 = 8.12 mm ::; L/360 = 16.67 mm and U = 0.487 

Virgin Loading: Mv = WvL2 /8 = 21(6)2 /8 = 94.5 ::; Mer= 143.3 kN-m 

Therefore the member is uncracked under the dead load alone: Ie,D = 10 

5 MvL2 
( 5) 94.5 X 106 (6000) 2 

Llv = K 48 Eclg = 1.0 48 (25907)(15820 X 106 ) = 0·865 mm 

:. L11 = Llv+L - Llv = 12.78 - 0.865 = 11.92 mm ::; L/360 = 16.67 mm 

ll1 
and U=~=0.72 

all 

The live load deflection requirement (no preload) would typically govern for a low dead

to-live load ratio of D: L = 0.574. However, the high ratio of d/h = 0.915 for this beam 

139 



( compared to the default value of 0.85) increases the member stiffness sufficiently to 

avoid problems with live load deflection. 

Crack Control: 

Crack width limit w = 0. 7 mm, kb = 1.0, and Cc = 51 mm 

nMa(d - Ccr) 1.6767(259.2 X 106)(686.3 - 113.88) 
fts = fer = 1892 X 106 = 131.5 MPa 

h - Ccr 750 - 113.88 
/3 = = = 1.11 

d - Ccr 686.3 - 113.88 

25.4 E1w ( 43439)(0.7) 
de = 51 + -2- = 63.7::; 2ftsf3kb = 2(131.5)(1.11)(1.0) = 104.1 mm :. ok 

(43439)(0.7) (43439)(0.7) 
Smax = 1.15 (131.5)(1.0) - 2.5(51) ::; 0.92 (131.5)(1.0) 

Smax = 138.4 ::; 212.7 mm :. Smax = 138.4 mm 

b - 2c - db 450 - 2(51) - 25.4 
s = N _ 

1 
= · (

6 
_ l) = 64.5 mm< Smax = 138.4 mm :. ok 

s 64.5 
and U = -- = 

138 4 
= 0.47 

Smax · 

For minimum spacing between bars of db : 

s = 64.5 mm> smin = ?db (centre-to-centre) = 2(25.4) = 50.8 mm :. ok 

Note that for exterior conditions with w = 0.5 mm, the crack control requirement would 

not be satisfied (s = 64.5 > Smax = 62.4 mm ). In this case, using 8 - #7 bars gives the 
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same area of reinforcement (A1 = 3100 mm2
) with a reduced spacing of s = 

46.5 mm ::; Smax = 62.4 mm and ~ Smin = 2db = 44.4 mm. 

Creep Rupture: 

Wv ( ) 21 ft,sus = -- fts = 
57 6 

(131.5) = 47.94 MPa:::;; 0.2ftu = 0.2(724) 
Wv+L · 

ft,sus 47.94 
= 144.8 MPa :. ok and U = 

0
_
2

ftu = 144_8 = 0.33 

Live load deflection with no preload governs the design in this example. Optimizing the 

design for live load deflection (L1L = L/360 = 16.67 mm) gives a smaller beam cross

section that is 425 mm wide by 700 mm deep (L/h = 8. 57 and d/b = 1.5). Six #8 

(25.4 mm) bars with an effective depth d = 636.3 mm are used to reinforced the beam. 

Beam Design According to CSA S806: 

From Table 6-3: L/h = 6.9 

:. h = 6000/6.9 = 869.5 mm ~ 875 mm 

a1 = 0.85 - 0.0015 f/ = 0.85 - 0.0015(30) = 0.805 

/31 = 0.97 - 0.0025// = 0.97 - 0.0025(30 MPa) = 0.895 

Etu = f1uf E1 = 0.01667, <fJc = 0.65, and <fJf = 0.75 

Ptbr = (a1f11<fJcf/) ( Ecu ) = (0.805(0.895)(0.65)(30 )) ( 0.0035 ) 
' <fJ/ ftu Ecu + Etu 0.75(724) 0.0035 + 0.01667 

= 0.4490% 
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Choose Pt = 2Ptb,r = 0.8980% (p1 ~ 2Ptb,r :. ok) 

Cover: 30 mm or 2db 

for #8 bars with db = 25.4 mm, 2db = 51 mm to the main reinforcement controls 

:. Cc = 51 mm and d = h - Cc - db/2 = 875 - 51 - 25.4/2 = 811.5 mm 

d/h = 0.927 > 0.85 :. ok 

For d/b = 1.5: b = 541 mm :. use b = 550 mm 

A1 = p1bd = 0.008980(550)(811.5) = 4008 mm2 

Try 7 - #8 bars: A1 = 7(506.7 mm2
) = 3547 mm2 

Pt = 0. 795% = 1. 77 Ptb,r < 2Ptb,n 

( choosing 8 bars violates minimum bar spacing requirements when the bars are arranged 

in a single layer) 

Member Strength: 

E1Ecu = (43439)(0.0035) = 152.04 MPa 

2 (152.04) 2 0.805(0.895)(0.65)(30) 
= 

4 
+ 

0
_
75

(0.00
795

). (152.04) - 0.5(152.04) = 527.4 MPa 

<pt Ptft = 0.75(0.00795)(527.4) = 3.144 MP a 

( 
(()1 Pt ft) ( · 3.144 ) 

Kr= (()1 Ptft 1 - 2<pcaif! = 3.144 1 - 2(0.65)(0.805)(30) = 2.83 MP a 
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Mr= Krbd2 = 2.83(550)(811.5)2 x 10-6 = 1024.6 kN-m 

av = 1.25 and ai = 1.5 

w1 = 1.25(21) + 1.5(36.6) = 81.15 kN /m 

w1L2 81.15(6) 2 

Mt = -
8

- = 
8 

= 365.2 kN-m 

M 
:. Mr = 1024.6 kN-m ~ M1 = 365.2 kN-m and U = J = 0.356 

r 

Deflection: 

Ee= 4500lfZ = 4500v'3cf = 24648 MPa 

n = E1 /Ee= 43439 /24648 = 1.7624 and np = 1.7624(0.00795) = 0.0140 

ker = .J(np)2 + 2np - np = .Jc9.0140)2 + 2(0.0140) - 0.0140 = 0.1539 

Cer = kerd = 0.1539(811.5) = 124.93 mm 

bclr 
2 

550(124.93) 3 
2 fer= -

3
- + nA,(d - Cer) = 

3 
+ l.7624(3547)(811.5 - 124.93) 

= 3304 x 106 mm4 

bh3 550(875)3 

I = - = = 30705 x 106 mm4 

g 12 12 

(Wv+dL2 (21 + 36.6)(6) 2 

Ma = Mv+L = 
8 

= 
8 

= 259.2 kN-m 

fr = 0.6ffZ = 0.6-v'30 = 3.29 MPa 

frig 3.29(30705 X 106
) 

Mer = Yt = (875/ 2) = 230.6 kN-m 

Ma > Mer :. Cracked and le < lg 
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~ = 1 -,Jl - Mer/Ma= 1-,jl - 230.6/259.2 = 0.6678 

1.6(3 - 0.6~4 1.6(0.6678)3 - 0.6(0.6678)4 

Y = (Merf Ma) 2 = (230.6/259.2) 2 = 0.
4513 

fer 3304 X 106 

T/ = l -~ = l - 30705 X 106 = 0·8924 

fer 3304 X 106 
_ 6 4 

fe,D+L = 1 - rJy(MerfMa) 2 = 1 - 0.892(0.4513)(230.6/259.2) 2 -
4852 

X lO mm 

Incremental Deflection: 

K = 1 for a simply supported member 

A = 2.0 for loads sustained over five years or more 

( 
5) MaL2 

( 5) 259.2 X 106 (6000) 2 

.dv+L = K 48 Eefe = l.O 48 (24648)(4852 X 106) = 8·13 mm 

.dv = (wv/Wv+LMv+L = (21/57.6)(8.13) = 2.96 mm 

.dL = 8.13 - 2.96 = 5.17 mm 

. L 
.diner = A.dv + .dL = 2.0(2.96) + 5.17 = 11.09 mm ~ 

240 
= 25 mm 

f::.. 
and U = .....!:!!E!. = 0.444 

!::.all 

Live Load Deflection: 

With Preload: .dL = 5.17 mm ~ L/360 = 16.67 mm and U = 0.310 

Virgin Loading: 

Mv = WvL2 /8 = 21(6) 2 /8 = 94.5 kN-m ~ Mer = 230.6 kN-m 
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Therefore member is uncracked under dead load alone: Ie,D = 19 

5 Mvl2 
( 5) 94.5 X 106(6000) 2 

L1v = K 48 Eclg = 1.0 48 (24648)(30705 x 106) = 0·47 
mm 

:. L11 = L1v+L - L1v = 8.13 - 0.47 = 7.66 mm :5; L/360 = 16.67 mm 

ll1 
and U = ~ = 0.460 

all 

Crack Control: 

Zmax = 45000 N /mm (for interior exposure) and kb = 1.0 

Cc = 51 mm (but need not be taken greater than 50 mm when calculating de and A) 

nMa(d - Ccr) 1.7624(259.2 X 106)(811.5 - 124.93) 
Its= Icr = 3304 X 106 = 94.9 MPa 

z = kb(Esf Et )lt/.JdcA, A= 2dcbf N, and de= Cc+ db/2 

de= 50 + 25.4/2 = 62.7mm and A= 2(62.7)(550)/7 = 9853 mm2 

(
200000) 3 :. z = (1.0) 
43439 

(94.9)V(62.7)(9853) = 37213 N/mm 

z 
Zmax = 45000 N /mm :. ok and U = -- = 0.827 

Zmax 

b - 2c - db 550 - 2(50.8) - 25.4 
s = N _ 1 = (7 _ l) = 70.5 mm 

s = 70.5 mm > Smin = 2.4db (centre-to-centre)= 2.4(25.4) = 61.0 mm :. ok 

Creep Rupture: 

Its = 94.9 MPa =5; 0.25ftu = (0.25)(724) = 181 MPa 
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and U = fts = 0.524 
fts,max 

ft.sus = Wo/Wo+L Ct,.)= (s~~6) (94.9) = 34.6 MPa 

ft,sus 34.6 
:. Et,sus = T = 

43439 
= 0.0008 :5 0.002 for GFRP 

f 

and U = Et,sus = 0.398 
Et,sus,max 

Design is complete with crack control being the most critical to the design (z/Zmax = 

0.83). The number of bars is controlled by the minimum bar spacing requirement when 

the reinforcement is arranged in a single layer for a beam with a given width equal to 

550mm. 

Optimizing the design gives a smaller beam cross-section that is 550 mm wide by 740 

mm deep (L/h = 8.1 and d/b = 1.23). Seven #8 (25.4 mm) bars with an effective 

depth d = 676.5 mm are used to reinforced the beam (giving Pt = 0.95% = 2.1pfb,r ). 

This gives z/Zmax = 1.0, llincrlllau= 0.89 and lldllau= 0.93. The crack control 

requirement for S806 is more stringent for this beam than ACI 440.1 (using ACI 440.1 

gives s = 70.5 mm :5 Smax = 179 mm). 

Results for the beam design are summarized below, and Figure 7-1 presents the design 

cross-sections including a comparison with the optimized design. CSA S806 provides a 

more conservative design with a larger cross-section (43% greater) and 17% more 
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reinforcement. Optimizing the design reduces the cross-section size by 12% for ACI 440 

and 16% for CSA S806. Live load deflection controls the beam design with ACI 440, 

while crack control governs the . beam design with CSA S806. In comparison, a steel 

reinforced concrete beam designed according to CSA A23 .3 gives a smaller cross-section 

400 mm wide by 600 mm deep and fewer bars with 4 - 25M bars ( comparable in size to a 

#8 bar). For the steel reinforced concrete beam, Mt /Mr = 0.90, Llinerl Llau = 0.61, 

Lli/ Llau = 0.45, and z/Zmax = 0.62. 

Minimum Thickness Tables (6-2 and 6-3): 

ACI 440: L/h = 8 and Ma/Mer= 1.8 
- h = 750 mm, b = 450 mm 
- 6 - #8 bars (p = 0.98% = 2.2pf,bn) 

- Mu/ <pMn = 0.65 
- /J.incr//J.au= 0. 55 
- Lld Llall = 0. 72 (Controls) 

- s/smax = 0.47 and s/smin = 1.27 

- ft,susf0.2ftu = 0.33 

CSA S806: L/h = 6.9 and Ma/Mer= 1.1 
- h = 875 mm, b = 550 mm, 
- 7 - #8 bars (p = 0.80% = 1.8pf,br) 

- M1/Mr = 0.36 

- /J.incr//J.au= 0. 44 
- Lli/ Llall = 0.46 
- z/Zmax = 0.83 (Controls) 

and s/smin = 1.16 

- ft,sf ft,s(max) = 0.52 

- Et,susf Et,sus(max) = 0.40 

Optimized Design: 

ACI 440: L/h = 8.57 and Ma/Mer= 2.2 
- h = 700 mm, b = 425 mm, 
- 6 - #8 bars (p = 1.12% = 2.5pf,bn) 

- Muf <fJMn = 0.76 

- /J.incr//J.au= 0. 76 
- Lld Llall = 0.99 (Controls) 

-s/smax = 0.50and s/smin = 1.17 

- ft,susf0.2ftu = 0.36 

CSA S806: L/h = 8.1 and Ma/Mer= 1.6 
- h = 740 mm, b = 550 mm, 
- 7 - #8 bars (p = 0.95% = 2.lpf,br) 

- M1f Mr= 0.48 

- /J.incr//J.au= 0. 89 
- Lld Llau = 0.93 
- z/Zmax = 1.0 (C.ontrols) 

and s/smin = 1.16 

- ft,sf ft,s(max) = 0.63 

- Et,susf Et,sus(max) = 0.48 
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Figure 7-1: Design Results for Beam Design Example 
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7.2.2 Example 2 - Flexural Design of an FRP Reinforced Concrete Slab 

A simply supported one-way slab with a 6 m span is subjected to a uniformly distributed 

live load wL = 3.6 kPa and superimposed dead load Wv,super = 1.0 kPa in addition to 

the self-weight of the slab. 

Design parameters include: GFRP reinforcement with E1 = 43439 M Pa and ftu = 

543 M Pa (E1 / ftu = 80), f/ = 35 M Pa (5076 psi), kb = 1.0, interior exposure, a live 

load deflection limit of L/360 and an incremental deflection limit of L/240. 

Check limits for application of minimum member thickness tables (Tables 6-2 and 6-3). 

Modification factors may need to be applied to the member thickness values when limits 

are exceeded. 

E1f ftu = 80 ~ 60 :. ok 

f/ = 35 MPa ~ 27.6 MPa (for ACI 440) or 30 MPa (for CSA S806) :. ok 

Using concrete with a higher strength (greater than the default value) increases the 

cracking moment. This in tum gives a greater stiffness (less deflection) and increases the 

likelihood of the member being uncracked under service loads (unless the member 

thickness has been decreased accordingly). 
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Slab Design According to ACI 440: 

From Table 6-2: 

L/h = 24.1 :. h = 6000/24.1 = 249 mm ~ 250 mm 

:. Wv,self weight = 24(0.250) = 6.0 kPa (with y = 24 kN /m3
) 

Wv = 6.0 + 1.0 = 7.0 kPa 

Wv+L = 7.0 + 3.6 = 10.6 kPa > 9.6 kPa (but should be okay) 

D: L = wvfwL = 1.94 :5 8.0 (for incremental deflection) :. ok 

a1 = 0.85 and /31 = 1.05 - 0.00725{; = 1.05 - 0.00725(35) = 0.796 

Etu = ftuf Et = 0.0125 

_ (a1{3if;) ( Ecu )- (0.85(0.796)(35)) ( 0.003 ) _ 0 Ptbn - - - 0.844Yo 
' ftu Ecu + Etu 543 0.003 + 0.0125 

Choose Pt = 2pfb,n = 1.688% (p1 ~ 2Ptb,n :. ok) 

Cover: Cc= 19mm :. d = h- Cc - db/2 

try #6 (19 mm diameter) bars: d = 250 -19 -19/2 = 221.5 mm 

d/h = 0.89 > 0.85 :. ok 

Design for a one metre (I m) wide representative slab strip: 

At.bar= 285 mm2 for a #6 (19 mm diameter) bar 

A1 = p1bd = 0.01688(1000)(221.5) = 3740 mm2 /m 

. 1000 1000 1000Abar 1000(285) 
Bar spacmg s = # b = A /A = A = 3 0 = 76.2 mm 

ars . f bar f 7 4 
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Select s = 75 mm 

1000 
:. At = 75 (285) = 3800 mm2 and Pt = 1.716% = 2.0ptb,n 

Member Strength: 

EtEcu = (43439)(0.003) = 130.32 MPa 

2 (130.32) 2 0.85(0.796)(35) 
ft = 4 

+ O.Ol 7
16 

(130.32) - 0.5(130.32) = 364.0 M Pa 

Ptft = (0.01716)(364.0) = 6.246 MPa 

( 
Pt ft) ( 6.246 ) 

Rn= Ptft 1 - 2aif! = 6.246 1 - 2(0.85)(35) = 5.59 MPa 

Mn = Rnbd2 = 5.59 (1000)(221.5 ) 2 = 274.2 kN-m/m 

For Ptf Ptb,n = 2.0,<p = 0.65: :. <pMn = 0.65(274.2) = 178.3 kN-m/m 

av = 1.2 and aL = 1.6 

Wu = 1.2(7) + 1.6(3.6) = 14.2 kPa 

w L2 

Mu = + = 14.2(1)(6)2 /8 = 63.7 kN-m /m 

:. <pMn = 178.3 kN-m/m ~Mu= 63.7 kN-m/m 

Mu 
and U = -- = 0.357 

<pMn 
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Deflection: 

Ee= 4730Jll = 4730-ill = 27983 MPa 

n = E1/Ee = 43439 /27983 = 1.552 and np = 1.552(0.01716) = 0.0266 

ker = .J (np ) 2 + 2np - np = .J (0.0266) 2 + 2(0.0266) - 0.0266 = 0.2057 

Cer = kerd = 0.2057(221.5 mm) = 45.56 mm 

_ bclr 2 _ 1000( 45.56) 3 
2 fer - -

3
- + nA1(d - Cer) -

3 
+ 1.552(3800)(221.5 - 45.56) 

= 214.1 x 106 mm4 /m 

bh3 1000(250)3 

I = - = = 1302 1 x 106 mm4 /m 
g 12 12 . 

Wv+LL2 (10.6)(6) 2 

Ma = Mv+L = 
8 

= 
8 

= 47.7 kN-m/m 

fr = 0.62Jll = 0.62-ill = 3.67 MPa 

frig 3.67(1302.1 X 106
) 

Mer = Yt = (
25012

) = 38.2 kN-m/m 

Ma > Mer :. Cracked and le < lg 

y = 1.72 - 0.72(Merf Ma) = 1.72 - 0.72(38.2/47.7) = 1.1433 

TJ = 1 - lcr/lg = 1 - 214.1 X 106 /1302.1 X 106 = 0.8356 

fer 214.1 X 106 

I - = -----------
e,D+L - 1 - r7Y(Merf Ma) 2 1 - 0.8356(1.1433)(38.2/47.7)2 

= 553.2 x 106 mm4/m 

Incremental Deflection: 

K = 1 for a simply supported member 
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A = 0.6(2.0) = 1.2 for loads sustained over five years or more 

( 
5) MaL2 

( 5) 47.7 X 106(6000) 2 

Llv+L = K 48 Ecle = l.O 48 27983(553.2 X 106) = 11·56 mm 

Llv = (wvfwv+L)Llv+L = (7 /10.6)(11.56) = 7.63 mm 

:. L1L = 11.56 - 7.63 = 3.93 mm 

L 6000 
L1incr = AL1v + L1L = 1.2(7.63) + 3.93 = 13.08 mm ~ 

240 
= 

240 
= 25 mm 

a. 
and U = ~ = 0.523 

aall 

Live Load Deflection: 

With Preload: L1L = 3.93 mm ~ L/360 = 16.67 mm and U = 0.235 

Virgin Loading: Mv = WvL2 /8 = 7.0(6)2 /8 = 31.5 < Mer = 38.2 kN-m/m 

Therefore member is uncracked under the dead load alone: Ie,D = /9 

5 MvL2 
( 5) 31.5 X 106(6000) 2 

Llv = K 48 Eclg = 1.0 48 27983(1302.1 X 106) = 3·24 mm 

:. L1L = Llv+L - Llv = 11.56 - 3.24 = 8.31 mm ~ L/360 = 16.67 mm 

aL 
and U = - = 0.499 

aall 

Crack Control: 

w = 0.70 mm (for interior exposure), kb = 1.0, and Cc= 19 mm 

nMa(d - Ccr) 1.552(47.7 X 106)(221.5 - 45.56) 
fts = fer = 214.1 X 106 = 60.8 MPa 
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h - Ccr 250 - 45.56 
fJ = d - Ccr = 221.5 - 45.56 = 1'16 

19 E1w (43439)(0.7) 
de = 19 + 2 = 28.5 :5 2frs/Jkb = 2(60.8)(1.16)(1.0) = 215.1 mm :. ok 

(43439)(0.7) (43439)(0.7) 
Smax = 1.15 (60.8)(1.0) - 2.5(19) :5 0.92 60.8(1.0) 

Smax = 527.6 :5 459.8 mm :. Smax = 459.8 mm 

s 
s = 75 mm :5 Smax = 459.8 mm :. ok and U = -- = 0.163 

Smax 

s = 75 mm > smin = 2db (centre-to-centre) = 2(19) = 38.0 mm :. ok 

Creep Rupture: 

ft,sus = (wv/Wv+L)(/rs). = (7.0/10.6)(60.8) = 40.2 MPa :5 0.2ftu = 0.2(543) = 

ft,sus 
108.6 MPa :. ok and U = -- = 0.370 

0.2fu 

Design is complete with incremental deflection ( U = 0.52) and live load deflection 

(U = 0.50) being the most critical requirements. The slab design can be optimized by 

reducing the slab thickness from 250 mm to 225 mm and using #6 (19 mm diameter) bars 

spaced at 85 mm on centre (Pr = 2.0pfb,n). In this case, both incremental deflection 

(U = 0.935) and live load deflection with no preload (U = 1.0) are critical to the design. 
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Alternatively, the member thickness can be optimized by using the modification factors 

(Appendix D) developed for the L/h values given in Table 6-2. 

Ljh = 24.1 X fEtff fu X ftf X fw X [dfh 

• ( (E1/f1u - 60)) ( (w/b - 9.6)) 
fEtff fu = 1 + 1384 , fw = 0.98 - 36.5 , 

( 
(f/ - 4000) ) ( (d/h - 0.85)) 

f ff = 1 + 25000 , and !d/h = 1 + 3 

For E1fftu = 80, f/ = 5076 psi (35 MPa), d/h = 0.89, and w/b = 10.6 kPa ~ 9.6 

( 
(80 - 60)) ( (10.6 - 9.6)) 

fEtfftu = 1 + 
1384 

= 1.015, fw = 0.98 -
36

.
5 

= 0.953 

( 
(5076 - 4000) ) ( (0.89 - 0.85)) ft: = 1 + 25000 = 1.043, !d/h = 1 + 3 = 1.013 

L/h = 24.1 X 1.015 X 1.043 X 0.953 X 1.013 = 24.6 

6000 
:. h = -- = 243 mm ~ 245 mm < 250 mm 

24.6 -

Slab Design According to CSA S806: 

From Table 6-3: L/h = 21.5 

:. h = 6000/21.5 = 279 mm ~ 280 mm 

:. Wv,self weight = 24(0.280) = 6.72 kPa (using y = 24 kN /m3
) 

Wv = 6.72 + 1.0 = 7.72 kPa 

Wv+L = 7.72 + 3.6 = 11.32 kPa > 9.6 kPa (may be okay) 
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D: L = wvfwL = 2.14 ::; 8.0 (for incremental deflection) :. ok 

a1 = 0.85 - 0.0015/; = 0.85 - 0.0015(35) = 0.798 

p1 = o.97 - 0.0025/; = o.97 - 0.0025(35) = o.883 

Etu = ftuf Et = 0.0125, <fJc = 0.65, and <fJt = 0. 75 

Ptb r = (a1P1<fJcf;) ( Ecu ) = (0.798(0.883)(0.65)(35 )) ( 0.0035 ) 
' <fJt ftu Ecu + Etu 0.75(543) 0.0035 + 0.0125 

= 0.8600% 

Choose Pt = 2Ptb,r = 1. 720% (Pt ~ 2Ptb,r :. ok) 

Cover: 30 mm or 2db 

for #6 (19 mm diameter) bars, 2db = 38 mm controls :. Cc = 38 mm 

:. d = h - Cc - db/2 and d = 280 - 38 - 19 /2 = 232.5 mm 

d/h = 0.83 < 0.85 :. criteria exceeded 

Design for a 1 m wide representative slab strip: 

At,bar = 285 mm2 for a #6 (19 mm diameter) bar 

At= Ptbd = 0.01720(1000)(232.5) = 3999 mm2 /m 

. 1000 1000 1000Abar 1000(285) 
Bar spacmg s = b = A /A = A = = 71.3 mm 

# ars t bar t 3999 
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Select s = 70 mm 

1000 
:. Ar= 7()(285) = 4071.4mm2 andp1 = 1.751% = 2.0pfb,r 

Member Strength: 

ErEeu = (43439)(0.0035) = 152.04 MPa 

2 (152.04) 2 0.798(0.883)(0.65)(35) 
fr= 

4 
+ 

0
_
75

(
0

.
01751

) (152.04) - o.5(152.04) = 361.2 

<f)rPtft = 0.75(0.01751)(361.2) = 4.743 MPa 

( 
<f)rPtft) ( 4.743 ) 

Kr = ({Jr Pt ft 1 - 2<peaif/ = 4.743 1 - 2(0.65)(0.798)(35) = 4.12 MP a 

Mr= Krbd 2 = 4.12(1000)(232.5 ) 2 X 10-6 = 222.9 kN-m/m 

a0 = 1.25 and aL = 1.5 

w1 = 1.25(7.72) + 1.5(3.6) = 15.05 kPa 

w L2 

M1 = + = 15.05(1)(6) 2 /8 = 67.7 kN-m/m 

Mr 
:. Mr = 222.9 kN-m ~ Mu = 67.7 kN-mm and U = M = 0.304 

r 

Deflection: 

Ee = 4500Jll = 4500vJ5 = 26622 MPa 

n = E1/Ee = 43439 /26622 = 1.632 and np = 1.632(0.01751) = 0.0286 
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ker = ..j(np)2 + 2np - np = ..j(0.0286)2 + 2(0.0286) - 0.0286 = 0.2122 

Cer = kerd = 0.2122(232.5) = 49.34 mm 

bcJr 
2 

1000( 49.34) 3 
2 ler = -

3
- + nAr(d - Cer) = 

3 
+ 1.632( 4071.4)(232.5 - 49.34) 

= 262.9 x 106 mm4/m 

bh3 1000(280)3 

I = - = = 1829 3 x 106 mm4 /m 
g 12 12 . 

Wn+1 L2 (11.32)(6) 2 

Ma = Mn+L = 
8 

= 
8 

= 50.95 kN-m/m 

fr = 0.6fil = 0.6v'35 = 3.55 MPa 

frig 3.55(1829.3 X 106
) 

Mer= Yt = (280/ 2) = 46.4 kN-m/m 

Ma > Mer :. Cracked and le < lg 

( = 1-..jl - Mer/Ma= 1-..jl - 46.4/50.95 = 0.7009 

1.6{3 - 0.6(4 1.6(0.7009)3 - 0.6(0.7009)4 

Y = (MerfMa) 2 = (46.4/50.95) 2 = 0·
4999 

11 = 1 - ler/lg = 1 - 262.9 X 106 /1829.3 X 106 = 0.8563 

ler 262.9 X 106 

I - = -----------
e,D+L - 1 - 17y(Merf Ma) 2 1 - 0.8563(0.4898)( 46.4/50.95) 2 

= 403.1 x 106 mm4 /m 

Incremental Deflection: 

K = 1 for a simply supported member 

A= 2.0 for loads sustained over five years or more 
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( 
5) MaL2 

( 5) 50.95 X 106(6000) 2 

L1v+L = K 48 Ecle = l.O 48 26622(403.1 X 106) = 17·80 mm 

L1v = (wv/Wv+1 )L1v+L = (7.72/11.32)(17.80) = 12.14 mm 

L11 = 17.80 - 12.14 = 5.66 mm 

L 6000 
.diner= ilL1v + L11 = 2.0(12.14) + 5.66 = 29.94 mm > 

240 
= 

240 
= 25 mm 

!liner 
:. no good and U =A= 1.199 

all 

Live Load Deflection: 

With Preload: L11 = 5.66 mm s; L/360 = 16.67 mm and U = 0.34 

Virgin Loading: Mv = wvL2 /8 = 7.72(6)2 /8 = 34.74 <Mer= 46.4 kN-m/m 

Therefore member is uncracked under the dead load alone: Ie,D = 19 

5 MvL2 
( 5) 34.74 X 106(6000) 2 

L1v = K 48 Eclg = 1.0 48 26622(1829.3 x 106) = 2·68 mm 

:. L11 = L1v+L - L1v = 17.80 - 2.68 = 15.12 mm s; L/360 = 16.67 mm 

ll1 
and U = - = 0.91 

llall 

Crack Control: 

Zmax = 45000 N /mm (for interior exposure), kb = 1.0, and Cc = 38 mm 

nMa (d - Ccr) 1.632(50.95 X 106)(232.5 - 49.34) 
fts = fer = 262.9 X 106 = 57.9 MPa 

de= 38 + 19/2 = 47.5 mm,s = 70 mm, 

and A= 2dcs = 2(47.5)(70) = 6650 mm2 
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Es 3 r;;-; (200000) ~ 
:. z = kb E frsv dcA = 1.0 43439 (57.9)47.5(6650) 

r 

N z = 18155 < 45000- :. ok and U = -- = 0.40 
mm Zmax 

s = 70 mm > Smin = 2. 4db = 2.4(19) = 45.6 mm :. ok 

Creep Rupture: 

frs = 57.9 MPa::; 0.25fru = (0.25)(543) = 135.8 MPa 

frs 
and U = E = 0.42 7 

1rs,max 

. ( 7.72) 
fr,sus = wv/Wv+L Ctrs) = 11.32 (57.9) = 39.5 MPa 

fr,sus 39.5 
:. Er,sus = ~ = 

43439 
= 0.0009 ::; 0.002 for GFRP 

r 

and U = Er,sus = 0.455 
Er,sus,max 

The requirement for incremental deflection is not satisfied (L1incr = 29.94 > L/240 = 

25 mm). Either decrease the bar spacing of the #6 (19 mm diameter) bars from 70 mm 

to 55 mm (Pr = 2.6prb,r) or increase the slab thickness to 290 mm with the #6 (19 mm 

diameter) bars spaced at 65 mm on centre (Pr = 2.1prb,r). 

Alternatively, the member thickness can be optimized by using the modification factors 

(Appendix D) developed for the L/h values from Table 6-3. 
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Ljh = 21.5 X fEtff fu X ft/ X fw X fd/h 

( 
(E1f ftu - 60)) ( (w/b - 9.6)) 

fEtff fu = 1 + 1250 ' fw = 0.98 - 36.5 ' 

( er: - 3o)) 
f1:= 1+ 172 . ' ( 

(d/h - 0.85)) 
and fd/h = 1 + 17.2 

For E1/f1u = 80, t: = 35 MPa, d/h = 0.83, and w/b = 11.32 kPa ~ 9.6 

( 
(80 - 60)) ( (11.32 - 9.6)) 

fEtff fu = 1 + 
1250 

= 1.016, fw = 0.98 -
36

.
5 

= 0.933 

( 
(35 - 30) ) ( (0.83 - 0.85)) 

ffi = 1 + 172 = 1.029, fd/h = 1 + 17.2 = 0.999 

L/h = 21.5 X 1.016 X 1.029 X 0.933 X 0.999 = 21.0 

6000 
:. h = -- = 286 mm ~ 290 mm > 280 mm 

21.0 -

Use of the modification factors results in a thicker slab which, as determined previously, 

is required to satisfy incremental deflection requirements. 

Results for the slab design are summarized below, and Figure 7-2 presents the resulting 

cross-section designs including comparison with the optimized design. CSA S806 

provides a more conservative design with a thicker slab (12% greater) and about 7% 

more reinforcement. However, incremental deflection requirements are not satisfied for 

the CSA S806 slab design. Optimizing the ACI 440 design reduces the slab thickness by 

10%. Optimizing the CSA S806 slab increases the slab thickness slightly (4%) to give a 
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slab that is about 30% thicker than the optimized ACI 440 slab and with 30% more 

reinforcement. Deflection controls the slab design in all cases. In comparison, a steel 

reinforced concrete slab designed according to CSA A23.3 gives a 300 mm thick slab 

with 15M bars spaced at 250 mm o/c (M1 /Mr = 0.98, Llinerf L1au = 0.23, LlL/ L1au = 

0.06, z/Zmax = 0.59). While the slab is thicker than an FRP reinforced concrete slab, the 

reinforcing bars are smaller and spaced further apart with a much larger spacing to give 4 

to 5 times less reinforcement. 

Minimum Thickness Tables (6-2 and 6-3): Optimized Design: 

ACI 440: L/h = 24.1 and Ma/Mer= 1.25 ACI 440: L/h = 26.7 and Ma/Mer= 1.45 

- h = 250 mm and #6 bars at 75 mm o/c 

(p = 1.72% = 2pf,bn) 

- Mu/ (()Mn = 0.36 

- Llincrf Llall = 0. 52 (Controls) 

- LlL/ Llall = 0.50 

- s/smax = 0.16 and s/smin = 2.0 

- ft,susf0.2ftu = 0.37 

CSA S806:L/h = 21.5 and Ma/Mer= 1.1 
- h = 280 mm and #6 bars at 70 mm o/c 

(p = 1. 75% = 2pf,br) 

- M1/Mr = 0.30 

- Llincrf Llau = 1. 20 (NOT SATISFIED) 

- Lld L1all = 0.91 

- z/Zmax = 0.40 and s/smin = 1.54 

- lt,sf ft.s(max) = 0.43 

- Et,susf Et,sus(max) = 0.46 

- h = 225 mm and #6 bars at 85 mm o/c 

(p = 1. 71 % = 2Pf,bn) 

- Mu/ <pMn = 0.43 

- !liner/ llau= 0. 94 
- Lld L1au = 1.0 (Controls) 

- s/smax = 0.22 and s/smin = 2.22 

- ft,susf0.2ftu = 0.43 

CSA S806:L/h = 20.7 and Ma/Mer= 1.05 
- h = 290 mm and #6 bars at 65 mm o/c 

(p = 1.81 o/o = 2. lp/,br) 

- M1f Mr= 0.28 

- Llincrf Llall = 0. 85 (Controls) 

- Lltf L1all = 0.61 

- z/Zmax = 0.36 
and s / Smin = 1.43 

- lt,sf ft,s(max) = 0.39 

- Et,susf Et,sus(max) = 0.42 
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[ 

L/h = 24.1, Ma/Mer = 1.25 j 
~ '-----~'n~c-re_m_e-nt_a_l_D_~_le-et-io_n_~-v-er-ns-(-52_%_.)----~~ - . . . . . . . . . . . . . 

6 (19 MM) BARS AT 75 MM 0/C 

ACI 440 - INITIAL DESIGN 

[ 

L/h = 26.7. Mo/Mer = 1.45 

~. ~.!---!.--~L-iv_e_L_o_ad--D-ef-le-ct-io_n_G_o_v-er-ns--(-100 __ %_) ________ ~ - . . . . . . . . 

• • 

• • 

6 {19 MM) BARS AT 85 MM 0/C 

ACI 440 - OPTIMIZED DESIGN 

L/h = 21.5, Mo/Mer = 1.10 
Incremental Deflection Governs { 120%) 

• • • • • • • • • • • • 
6 (19 MM) BARS AT 70 MM 0/C 

CSA S806 - INITIAL DESIGN 

L/h = 20.7, Ma/Mer = 1.05 
Incremental Deflection Governs (85%) 

• • • • • • • • • • • • • 
6 {19 MM) BARS AT 65 MM 0/C 

CSA S806 - OPTIMIZED DESIGN 

Figure 7-2: Results for Slab Design Example 
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8 CONCLUSIONS AND RECOMMENDATIONS FOR 

FURTHER RESEARCH 

8.1 Conclusions 

Member thickness requirements are investigated for strength and serviceability of one

way slabs and beams based on ACI 440.1 R design guidelines and the CSA S806 design 

standard for FRP reinforced concrete. Formulations for the member span-to depth (L/h) 

ratio are developed for flexural strength, incremental and live load deflection, crack 

control, creep rupture, and compressive stress limits in the concrete. Design requirements 

are evaluated with an extensive parametric study for different levels of reinforcement 

ranging from 1.0pfb to 5.0pfb· Recall that flexural members reinforced with FRP are 

typically over-reinforced. Results from the parametric study support the following 

conclusions: 

• Member thickness requirements are more severe for beams than for slabs as 

expected. 

• Design of an over reinforced flexural member is controlled mostly by serviceability 

related to either deflection (slabs and beams) or crack control (for beams using FRP 

reinforcement with poor bond). Designing for serviceability results in a member that 

is almost always over strength. 
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• L/h requirements are controlled by the Etf f fu ratio of the reinforcing bar when the 

reinforcing ratio p I is expressed as a multiple of the balanced reinforcing ratio p fb. 

Hence, two different types of FRP bar with the same E 1 / f fu ratio will have the same 

thickness requirements for a member with the same relative level of reinforcement 

p 1 / p I b. The member thickness increases for an FRP bar with a lower E 1 / f I u ratio. 

• The L/h limit increases for (1) concrete with a higher compressive strength, (2) an 

increase in the reinforcing ratio, (3) an increase in the d/ h ratio of the member cross 

section, and (4) a lower d/b aspect ratio for beams. Use of lightweight concrete 

(with a lower unit weight) and a reduction in the cracking moment (from restraint to 

shrinkage) decreases the L/h limit primarily for the deflection criteria. Changes in 

the D: L ratio also have an effect on the L/h limit. Recall that an increase in the L/h 

limit leads to a decrease in the required member thickness (and vice versa). 

• Design according to CSA S806 results in thicker members in general than for design 

according to ACI 440.1 R-06. This is a result of more stringent incremental deflection 

requirements for CSA S806 which do not include the effects of tension stiffening. 

Crack control for beam members tends to be more critical as well, as the CSA S806 

approach results in smaller maximum bar spacings for beam members. 
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• Incremental deflection is a critical design requirement which often governs for both 

beams and slabs. Hence, this requirement provides a good starting point for member 

thickness design, even when design is governed by other criteria. 

Recommendations for minimum member thickness are provided as a design aid for 

members with different support conditions. L/h values are based on a member thickness 

needed to satisfy incremental deflection for a full ( dead plus live) service load of 9 .6 kPa 

for a member with twice the balanced reinforcing ratio (2p1b). Design carried out using 

this approach indicates the following: 

• Recommended values of member thickness provide a good starting point for design 

(selection of member size and reinforcement requirements). 

• Providing a reasonably accurate estimate of member thickness will typically satisfy 

the applicable design criteria and result in an efficient member design. 

Design of a reinforced concrete slab or beam can be sensitive to changes in the member 

thickness, particularly for design carried out according to CSA S806 requirements (where 

member stiffness, and hence deflection, can be significantly affected when small changes 

in the member thickness represent the difference between a member that is uncracked or 

cracked at the service load level). The service load moment is often very close to the 

cracking moment for an optimized CSA S806 designed member because the effective 

moment of inertia neglects tension stiffening. 
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8.2 Recommendations for Further Research 

In terms of research regarding L / h formulations, there are several topics which merit 

further investigation. 

• L/h results are determined for rectangular sections only, and can be extended to 

include T-shaped beams. 

• Another area that should be investigated for FRP reinforced concrete beams is the 

effect of placing reinforcement in multiple layers. An over reinforced beam often 

requires a large number of bars that cannot fit into a single layer without violating 

minimum bar spacing requirements. Placing the reinforcement in multiple layers 

reduces the d/h ratio of the member (causing a drop in the L/h limit). For 

determination of strength requirements, the bar stress needs to be determined for 

each layer of reinforcement using strain compatibility and this effect needs to be 

considered in the L / h expression formulated for strength. 

• L/h limits for deflection and crack control of continuous members are both based on 

member section properties at mid-span only. The parametric study can be extended 

to evaluate the effect of section properties at the supports for continuous members. 

Minimum thickness requirements for steel reinforced concrete slabs are well established 

and little thought is given to use of these minimum thickness values for design of a slab. 

Past experience suggests that slabs satisfying this requirement are not likely to encounter 

problems when the attached non-structural elements are not susceptible to damage from 

large deflections. However, these requirements do not correspond to any quantifiable 
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result (Llincr ~ Llazz, Mr ~ M1 , etc.), but rather are based on past experience to give slab 

thicknesses which are considered economical and have performed well throughout their 

service life. Conversely, minimum thickness requirements for steel reinforced concrete 

beams are typically not useful for design. Design of a steel reinforced concrete beam is 

controlled by strength requirements. Proportioning a beam for strength usmg an 

appropriate reinforcing ratio ( ~ 0.4pb) and reasonable aspect ratio (d/b ~ 1.5) gives a 

cross-section size with a member thickness that should satisfy deflection requirements. 

However, for comparison purposes it would be useful to have similar recommended 

minimum thickness requirements for steel reinforced concrete members based on well

defined design criteria. 

In terms of the recommended minimum member thicknesses and design procedure 

proposed in this investigation, it would be useful to carry out testing to observe the effect 

of some of the variables considered in the parametric study. This would help confirm that 

behaviour of the members is similar to what is predicted by this research. Variables for 

testing could include the effect of different concrete and reinforcement material 

properties, level of reinforcement, member sizing and proportions, on immediate and 

long term deflections, crack initiation and propagation, and member moment capacity. 
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APPENDIX A DETERMINATION OF MECHANICAL PROPERTIES FOR 

FRP REINFORCEMENT 

Appendix A presents information related to mechanical properties of FRP reinforcement 

available as of September 2010. The information available from manufacturers for 

GFRP and CFRP reinforcing bars was averaged and rounded to determine representative 

mechanical properties used for the parametric study in this research. As AFRP is not 

currently commercially available in North America, representative design values are 

based on available information from the literature. The table below presents the design 

tensile strengths and elastic moduli for each reinforcement type by bar size, with the 

representative values used in this investigation shown in the bottom row. Representative 

design values for the GFRP and CFRP were chosen to give the same E1 lftu ratio. 

Design Properties 

Bar Size 
GFRP CFRP AFRP 

ftu: ksi E1 : ksi ftu: ksi E1 : ksi ftu: ksi E1 : ksi 
(MPa) (GPa) (MPa) (GPa) (MPa) (GPa) 

#2 (6.4 mm) 
102.4 6301 248.2 18203 
(706) (43.4) (1711) (125.5) --- ---

#3 (9.5 mm) 
95.6 6250 241.2 17696 
(659) (43.1) (1663) (122) --- ---

#4 (12.7 mm) 
94.4 6315 252.9 19435 
(651) (43.5) (1744) (134) --- ---

#5 (15.9 mm) 
92 6453 

(634) (44.5) --- --- --- ---

#6 (19.1 mm) 
82.8 6410 
(571) (44.2) --- --- --- ---

#7 (22.2 mm) 
81.2 6323 
(560) (43.6) --- --- --- ---

#8 (25.4 mm) 
72.8 6721 
(502) (46.3) --- --- --- ---

#9 (28.7 mm) 
60 5920 

(414) (40.8) --- --- --- ---

#10 (32.3 mm) 
56 5920 

(386) (40.8) --- --- --- ---
Design Values 
for 100 6300 285 18000 260 9100 
Parametric (689) (43 .. 4) (1965) (124.1) (1793) (62.7) 
Study 
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Information from two manufacturers, Hughes Bros. and Pultrall, is used for the GFRP 
and CFRP reinforcement. The GFRP reinforcing bars are Aslan 100 from Hughes Bros. 
and V-Rod from Pultrall. The CFRP reinforcing bars are Aslan 200 from Hughes Bros. 
and C-Rod from Pultrall. The tables below show how the data was averaged for each 
type of reinforcement, followed by manufacturer supplied data from Hughes Bros. and 
Pultrall. 

GFRP Mechanical Properties Based on Manufacturer Supplied Data: 

V-ROD 
Aslan (Standard) Average 

Bar Area fiu: ksi Er: ksi f/u: ksi Er: ksi fiu: ksi Er: ksi 
CE Size (mm2

) (MPa) (GPa) (MPa) (GPa) (MPa) (GPa) 

#2 31.67 
120 5920 136 6681 128 6300.5 

0.8 
(827) (40.8) (938) (46.1) (883) (43.4) 

#3 71.26 
110 5920 129 6580 119.5 6250 

0.8 
(758) (40.8) (889) (45.4) (824) (43.1) 

#4 126.7 
100 5920 136 6710 118 6315 

0.8 
(689) (40.8) (938) (46.3) (814) (43.5) 

#5 197.9 
95 5920 135 6986 115 6453 

0.8 
(655) (40.8) (931) (48.2) (793) (44.5) 

#6 285 
90 5920 117 6899 103.5 6409.5 

0.8 
(621) (40.8) (807) (47.6) (714) (44.2) 

#7 387.9 
85 5920 118 6725 101.5 6322.5 

0.8 
(586) (40.8) (814) (46.4) (700) (43.6) 

#8 506.7 
80 5920 102 7522 91 6721 

0.8 
(552) (40.8) (703) (51.9) (627) (46.3) 

#9 641.3 
75 5920 75 5920 

0.8 
(517) (40.8) (517) (40.8) 

#10 791.7 
70 5920 70 5920 

0.8 
(483) (40.8) (483) (40.8) 

CE = 0.8 for interior exposure of GFRP bars (ACI 440.lR-06) 
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GFRP Average Design Properties 
Average GFRP Design Properties for 
Slab and Beam Reinforcement 

Bar Size 
ftu: ksi E1: ksi 

(MPa) (GPa) 
Slabs Beams 

(#2-#5 bars) (#5-#10 bars) 

#2 102.4 6300.5 
(706) (43.4) 

ftu: ksi E1 : ksi ftu: ksi E1 : ksi 

(MPa) (GPa) (MPa) (GPa) 

#3 
95.6 6250 

(659) (43.1) 
96.1 6330 74.1 6291 
(663) (43.6) (511) (43.4) 

#4 
94.4 6315 

(651) (43.5) 

#5 
92 6453 

(634) (44.5) 
Representative GFRP Design Properties 

#6 82.8 6409.5 for Slab and Beam Reinforcement used 
(571) (44.2) in Parametric Study 

#7 
81.2 6322.5 

(560) (43.6) 
Slabs Beams 

#8 72.8 6721 
(502) (46.3) 

ftu: ksi E1: ksi ftu: ksi E1: ksi 

(MPa) (GPa) (MPa) (GPa) 

#9 
60 5920 

(414) (40.8) 
100 6300 80 6300 

(689) (43.4) (552) (43.4) 

#10 
56 5920 

(386) (40.8) 

CFRP Mechanical Properties Based on Manufacturer Supplied Data: 

Asian V-ROD (Standard) Average 

Bar Area fiu: ksi E1: ksi fiu: ksi E1: ksi fiu: ksi E1: ksi 
CE Size (mm2

) (MPa) (GPa) (MPa) (GPa) (MPa) (GPa) 

#2 31.67 
300 18000 196.4 18406 248.2 18203 

1.0 
(2068) (124.1) (1354) (126.9) (1711) (125.5) 

#3 71.26 
275 18000 207.4 17391 241.2 17695.5 

1.0 
(1896) (124.1) (1430) (119.9) (1663) (122) 

#4 126.7 
250 18000 255.8 20870 252.9 19435 

1.0 
(1724) (124.1) (1764) (143.9) (1744) (134) 

CE = 1.0 for interior exposure of CFRP bars (ACI 440.IR-06) 
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Average CFRP Design 
CFRP Average Design Properties Properties for Slab and Beam 

Reinforcement (#2-#4 bars) 

Bar Size 
ftu: ksi E1 : ksi 

(MPa) (GPa) 

ftu: ksi E1: ksi 

(MPa) (GPa) 

#2 
248.2 18203 
(1711) (125.5) 

247.4 18444.5 
(1706) (127.2) 

#3 
241.2 17695.5 
(1663) (122) 

#4 
252.9 19435 
(1744) (134) 

Representative CFRP Design 
Properties for Slab and Beam 

Reinforcement 
ftu: ksi E1: ksi 

(MPa) (GPa) 
285 18000 

(1965) (124.1) 
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Contact lnfonnation 

Hughes Brothers, Inc. 
2 0 N. 13"' Street • Se.varct. E 68434 

Pttooe .800-869-0359 402-643-299 
fax 402-643-2149 

· doug@tmgh&.sbros.com 
www. hugh0sbros. com 

AslanFRP 
)II' 

Hughes Brothers 

Fiberglass Rebar 

Technlcally referred to as 
Glass Fiber Reinforced 
Polymer, or GFRP Rebar 

Benefits of GFRP Rebar 
• IFfl}efVious to d11oride iot1 and low 

pH chemical attack 
• Tensile strength greater than steel 
• 114ttl weight of steel reinforce men 
• Transparent to magnetic fields and 

radio frequencies 
• Non-conductive 
• Thennal:ly non-conductive 

Rebar be considered? 
· My coocrete member susceplibte 

to corrosu1 of steel reinlorcement 
by chloride ion Of dlemical 
corrosion 

· My coocrete member requiring 
non-ferrous reinforcement due ID 
efectro;nagnetic considerations 

• As an alternative to epoxy, 
galvanized or stainless steel reba.f 

• To strengthen un-renforced masonry 

Corrosive Applications 
• Concrete Exposed to • Electromagnetic 
De-Icing Salt.s Applications 
Bridge decks, Median barriers, 
Approach slabs, PaJlcing structures, 
Raitroad crossings, Salt sto,age 
ta.cilmes 

• Concrete Exposed to 
Marine Salts 
Seawalls, Buildings. & structures 
near waterfioots, Aquaculture 
operations, Artificiai reefs and water 
breaks, Roa.ti~ marine docks 

• Tunneling and Mining 
Applications 
Soft-eye openings ror tunnel boring 
machines (IBM's) and temporary 
works, Rock nails, Bectrofytic and 
o,,e extradioo tanks 
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MRI moms rn hospitals 
AilJX)lt radK> &. COOlpass calibration pads 
Concrete near high voftage cables, 

tranformers and substations 

• Masonry Strengthening 
Seismic, wind or blast 
strengthening of unreinforced 
masonry, increase flexura.1 and 
shear strength. 

Other Corrosive App!tcatlons 
· Concrete used in chemical plants 

and containers 
• Any polymer concrete requiring 

reinforcement 
Archi:tecltl.ral precast and cast 
stooe aements 

• Thin concrete sections where 
adequate rover is not available 
Swimming: Pools 



Physical Properties -Asian 100, 101 GFRP Rebar 
Aslan 100 V11yl Ester Matrix GFRP Rebar 

Aslan 101 Polyester Matrix GPAP Rebar for non-portland cement and temporary use applicalioos. 

IL Tensile Stress, Nominal Diameter & Cross Secfiooal Area 

Guaranteed Ultimate Tensile Modulus 
Diameter Alea Tensie Strenglh Tensile Load of Basticity 

Siz,e {mm) {i") (~ (~ (MP.i (ks) kN kipS (GPal CP9' 1ot') 
2 6 114 31.&7 0.049 825 120 26.2 5.89 40.8 5.92 
3 10 318 71 .26 0.110 760 110 54.0 12.1 40.8 5.92 
4 13 1fl 1'26.7 0.1 96 690 1'00 87.3 19.6 40.8 5.92 

5 16 516 197.9 0.307 655 95, 130 29.1 40.8 5,.92 

6 19 314 285.0 0.442 620 90 1177 39.8 40.8 5.92 
7 22 718 387.9 0.601 586 85 227 51.1 40.8 5.92 
8 25 1 506.7 0.785 550 80 279 62.8 40.8 5.92 
9 29 1-118 '641.3 0.994 5,17 75 332 74.6 40.8 5.92 
10 32 1-114 791.7 1:2:27 480 70 382 85.9 40.8 5.92 l'lqa---1111,vc.ta.-~lhh~-----lh-or--~ .... -.- - U-----•---d-~- -!Dm-•1!11> ,...-tnt ___ dtht;;,ma•dl!iw 'ifDT. --iaUTllcm.m. 

Contact lnfonnation 

Hughes Brothers, Inc. 

c.ax - -643-:? 49 

r:: : doug@h.ughe-sbros.com 
www. hug:hesbros. com 

Typical Stress/ Strain Curve for GFAP Rebar 
700 

fm 

-soo 
8: 
~ 4m --

/ ... 
// 

/ 
/ 

ii 300 

t:poo 
100 

0 
D 0.005 O.Ol O.Dl:i 0.02 0.025 

Strain 

Bond Stress 
!Bond of GFRP to col'lCfete is controlled by friction due ID surface 
roughness of the GFRP rods and mechanic.aJ ·nterfock of the G FRP rod 
agai1st the conarete. 

Maximum Bond Stress ...... - .. .......... m_ ........ 11.6 MPa (l679psi) 
Ba1l8d on pull out tests periormed ustng the AGI 440.3R-04 Me1hod 8.3.. 

Coefftcient of Thermal' Expansion: 
liransverse Direction 18.7 x 10"6/lf 

33.7 x 1o-6f'C Specific Gravity: 

Longitudinal Direction 3.66 x 10*/DF 

6.58 X 1o-6f'C 
B rcol Hardness: 

60 per ASTM D2583 

Glass fiber Content by Weight: 

70% minimum per ASTM 02584 
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2.0 per ASTM 0792 

Shear Stress: 
Shear stress 22,000 
psi (152 MPa) per Aa 
440.3R-04 Test B.4. 



Durabi.lity 
Potenlial durability vers1Js traditional stecl reinforcement is ooe of lhe 
ctief benefits of GFRP R.ebaI. However; bmg a relatwely new material 
for use as a concrete reinforcement, decades,of pefformance da1a are 
not avdatje_ 

Fortunately, research tmm lhe ISIS network in Canada wnich invotved 
extracmg G FRP bars from several brKfges and slructures across 
Canada thal have been in seMDe from between 5 to 8 years reveals 
NO OEGRAEDATION of dle GFRP bars. ([)u-ati1ity of GFFP ~ 
Ccno«Jte from n9ld lJ9rronstmriat Struc:ruroo - M. crotmi Uni'v'fnitJ a 
M'ar.Yfooa, May2CX)SJ. This, performance matches lhat of GFRP dowel 
bars that had been e:x:tracted from service in Cho after 20 years. 

Creep 
When subjected to a oonstam load, all sttuctural materials, indooing 
steel, may tail suddenly after a period of ·lime, a phenomeoon known 
as creep rupture. Creep tests conducted in Germany by Bundelmann 
& Rosia.Sy in 1993, indicate dlat if sustained stresses are limited to 
less lhan 60% of short term :sbength, creep rnptme does not occur in 
GFRP rods. For this reasoo:, GFRP rebars are not suitable tor use as 
presrressing tendons. In addition, other envirormental facrors such as 
moisture can affect creep ruplUre performance. 

Based on proposed ACI 440 design iJUidelines, it is recommend
ed that the sustained tet1sile sb'ess not exceed 20% ot minimum 
ultimate tensi1e stress. For a summary of the recommended design 
guidelines, refer to 440.1 R-06 or your conttol flJ: national guide. 

Stirrups, Shapes and Bends 
Bends in Ast.ID G FHP Aebar are fabncated by • AU bends must 
shapjng ove:r a set of molds or mandrels prior be made a1 the 
to lhennoset ot the resin matrix. Fiekl bends factory. 
a:re mt aDowed. • Ben.I portions of 
It is recommencied thal you work writh the GfRP rebars have 
facto.ry in, lhe early stages of design, as not a lower tensile 
all standard bends and shapes are readily strength tihan 
available. For example, a J-Hook at the end straigbt porti.ons. 
of a 10 meter length of rebar 
would be achieved by lap for large Radius Curves 

Minimum 
splicing a J-hook Bar Diameter Allowable Radius 
piece to lhe 10 rooter rebar. #2 6mm 34• 664mm 

• The nmlawes't nsEe stirup 
width is 10", (1 5 i1ches for /fl & 
18bar). 

• Bends are 5miled ,to shapes 
that conlinue in lhe same 
circulw cirec1ion. Othe!Wise lap 
splices are required. 

13 9mm 51• 1295mm 
14 13mm 67"' 1702mm 
15 1i6mm a4• 2134mm 
#6 119mm 101• 2565mm 
17 22mm 11a• 2997mm 
16 25mm 135• 3429mm 
19 29mm 15-2:'" 3861 mm 

#10 32mm 186• 4267mm 
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Dia. Inside Bend Oia. 

n 3• 
13 4.25"' 
14 4.25"' 
15 4...5• 
16 4.5 .. 
f7 6· 
18 6· 

Contact I nformafion 

Hughes Brothers, Inc. 
2 0 N. 31" Street • Sew!.11'd, NE 6£1434 
Pnone 800--869-0359 40~..£4-3-2991 
Fm: <i02-&4l-214.Q 
Email: doug hugh~sbfos.com 
www.hughe-sbros.com 



Des!lgn Con.slderaUons 
A direct substitution between 
GFRP and a'l8el rebar ia not 
po88ible due ID various differences 
in 1he mechanical properties of 
lhe two materials. In tr~liorlilil 
8t9BI reinforced concrete design. 
a maximum IU1100'\t of Bteef 
reinforcing has been apecified ao 
llhat the steel is lhe weak ink in 
a structure .. When weakened, the 
8t9BI rebara streleh or yi&ld and a 
give a warring of pending failure 
of the concrete mentiec. 

'Nhen using GFAP Rabara,. ACI 
committee 4401s d8aign guideiinea 
recommend a minimum amount 

Hand llng and 
Placement 
• 'Mlen nec:easary. cutting of 

GFRP rebare: should be done 
with a masonry or diamond 
bfade, gmdar or fine blade 
saw. A dust mask iis ,euggeeted 
when cutting the bara .. It is 
recommended Iha.I. work gloves 
be worn when handling and 
pfacing GFAP rebar.a. 

• Seal ng of cut ends i:s not 
neceaaary since any poaaible 
wicking wil l not .-igr988 more 
than a small amount inlo1he end 
of a rod. 

Masonry Strengthening 

Aal~ 1100 GFRP bara can be 
used to increase llhe strength of 
exislmg wveinfon:ed maaomy 
wall a in flmure (out-Of-plane) and 
shear (in-plane} . . 

This has impolitant implications 
in are-as that are suti;ect to new'· 

of G FRP rabar ndhar bin a 
maxiumum. H a member faia, the 
concrete wil be 1he weak Iii* and 
will crush ri comJlfeeaiorl. The 
cruahing concrete will •rve 118 

the warning of failure aid d>ere 
will still be ample reserve tensile 
capacity in lhe GFRP reinforcing. 

Anolher major ciff&nn:e is 
llhat :eerviceability wil be more 
of a design Imitation., GFRP 
.reinforced members than ., 
steel r'8inbrced members. Due 
to it's lower modulus of al'asticity. 
delledion aid crack width will 
afect the deeign. Deflection 

• GFRP rebar has a very low 
specmc gravity .and will tend 
ID "float" ri concrete during 
vibralion.. Care should be 
eleerciaed lo adequately 88CUre 

GFRP in foffllWOrk using chairs, 
plaatic coated wire ties or nylon 
zip tiEJB. 

Lap, SpHce Length 
Gvven by 440.1 A-06. 

auallty Assurance 
• To provide for lot or production 

run traceability. each lot i's color 
coded. 

• ,Individual rebars are tensile 

mu,tain the viauall appeaamce of 
lhe existing maaoory. particularly 
in lhe case of shear res,forci.ng. 

seismic codea, humcane wind ? 
lcladalg or even blast mitigation t·~ .. 
achemes. In ad<ition,. Asian 100 .... ~, 
GFRP bara can be used to restore I or increase the atructu rill strength 
of existing masonry walls that 
have already cracked. 

In many inat.-.ces the 
strengthening procedura can 
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and crack widlh aenriceability 
requiranent8 wilf pmvicle 
addmonal waming of f.ailure prior 
ID compr888ion fuure of concrele. 

In man'/ 
~ instanc::ee, 

dafleclion 
mldcr.ack 
wid'lhwil 
connol 
desqt. 

teated ba8ed on a random 
ata1istical sampling. wi1h a 
minimum of 5 samples per 
production lot. 

• Gertiicalion of oormrmance 
is availablie for flff/ ~ 
produc:lion lot 

• In adcition. quality aasurance 
test8 are routinely petformed to 
deiterminec 
~~~ ... ~'9fflAlj,TV 
~ ) 
a. wt;lllng j~ l!Qr..._Al>TV 
Dii117J 
~h~ASTM~ 
~~ .... AC,+40-4( 
....... ln~.4SJUD44~ 

---*-ltlliW Cl .. In 1111,1111 
ASTMOUl5 . 

-...~~--'I*·~ 
~ 

Contact Information 

Hug has Brothers. Inc. 
2 0 @& 'lraet " Se, •llfl1. · E 68434 
Phooa000-00'9-0359 4(\2-643.-299 
Fax 402-643-2 4fl 

Em . doug@hugh.GSbros.com 
www.hughoobros.com 



liiiiiir ...... l. / / -i ... ,,.ww V •RO:I 
REVISION: MAAS 20'Jl 

ff~\.,il:"iHI' #lut"H I'' #41.it"HP #5 u 'r-lHI" #6,Gt"HI' fl u t"Ht' #8utHY 
V•OOO 'l·ROO V•ROD V~OD V~ROD Y:.AOO V·AOO 

• e1ir, al tensile s •en!f. MPa /!74 856 7 e.5: i"-51 72S 693 675 
ks, 127 124 1'4 109 10£ 100 98, 

Gua•antaoo des· ,er~ e s1f"E'!lgth MPa 7B4 755 700 683 656 625 '.597 - ksi 114 11 1 1ro 99 95, 91 67 

Eq v:.en1 o a.d at G -s (oo ;m. 0'1 N 246:19 54511 89687 135186 166975 242467 302504 
l bl:s, SS:!2 12254 20162 303B1 420311 5,<!509 66006 

i~ C( al tensile rnoo.ilus GPa 46,1 45,4 46..3 46.2 47 ,6 4&.4 51,9 
kst 6631 6580 E,71 0 6966 5899 6725 7522 

l enE<;le e.:ra:n ~/;) 1,90 1,69 i ,70 1.56 1.5'3 1.4-9 1,30 
Po1ssori:s ra.: to f,I 0.,25 0.21 0,26. 0 ..:25 0 .,25 0 .25 0.2-8 

DE"".·el'op e- t length 1:CSA-S&-00 ci:ause 16.E3) 
rnn 256 354 '1:33 533 .587 643 722 
i11c 10,W 13'% 17,05 20,99 23,10 zs,__33 219<,42 

Spli:::e length (GSA-Se;.. clause 16.B.3. J rn, 333 461 5&3 693 763 836 9·38 
im 13.12 1 6.13 22.16 27,29 Jo.ro 32:.93 ~ g-4 

De>,·e-opmem le,:igth ,:cSA-S&!6-D2 cla.ua..i 9.3i rn 2.62 362 443 545 600 658 7:38 
111( 10,32 14.26 17,43 21,46 23,61 25.90 29,05 

DE"•'ei'Op'T\!Nll le< gth v\ I U O. h 6 Cause 1 .3) 
mm 309 421 495 599 641 1661 734 
incl'! 12,15 ~6.:57 19,49 23,59 25,24 26,82 3!!,;:JO 

Splice I · g1h '"'c 4'!0.1A-Oli :ause 1 • .31 
mm 401 547 ~ TT9 833 88.5 954 
l!lCl!l 15,60 21.55 2.5.34 30.67 32.-81 34.86 37,Si' 

ote: a ll de.,ebpmern lel'l;¢1& =.,lld !:fAit-e ler,;nhs a.ce gi,en withoot C) oo.i:m factors (such as c.ate-cm-er) 

)> al Compr~;si\'e :s,:ren!f.h 
·a 553 538 47:3 S(ll4 19 488 339 

ksi BC• 78 69 73 75 71 73, 
I 
\0 

1No al le:rnral stron~ MJJa 13JO f161 1005 930 882 afi 776 
ksi 17 4 1156 14!.i 135 12B 117 112 

• CIT< nal Flexural Tcduus GPa 48,B 46,1 46.3 4.6.8 45,1 44,6 45,1 
k'SI 7 071 6685 E,787 6786 6533 6466 65'39 

R e))Jral strain ~;r., 2:,.ll6 2,52 2,15, 1,99 1,S6 1.B2 1,72 

2.25 183 212· g5 200 
32,6 26,5 30,7 28 .3 29,0 

20,5 17.5 4.1 13.7 16,7 
2971 25"16 2943 19B!i 2420 
01B .a 0,8 O.,B 0,,8 

_orgi udinaJ ~ 'icier/'. of :rerrnal expa.; :::0 
XE- tlG 5 ,9 5..5 5.5 6,4 6 6 6..1 
xc::-f.JF 3~ 3 3 3.5 3.3 3..3 3A 

Tr=.1t'<'erae caeliic.ie~ ol tr r a l e;(pa. sio xE-e:.'C 29-5 2B.1 234 232 
xE~G.iF 16,.ll 16,2 13 12,9 

,'li\J1e,:um aosomiron % 0 ,65 0,47 0,38 Q .ll2 0.,21 0 ,38 0.17 

Gla.ss oontenl %vol 59,1 59,6 00.5 60.1 60.8 60J 60,7 
% werant 77,1 77 ,4 71 ..,91 n .a 713 .3 77,8 71'!,2 

rRa:1:> Df_rnuuu.us 01 e1a.s:1c1ty 10 strang:n H 5-2.7 53,0 f8.9' 64.2 65,4 67,0 76,9 
1,•10,g'Tt .llr'LF 0,052 O, t 13 G,182 0.266 0,413 0 ,561 0 ,733 

E ect ·,-e cross--se::tona fill?:: 
(mm') 38,97 -ra.(l!J 136,70 224.36 29'2.57 38:7,9 5Zl,'34 
inch. D,Dli04 0.120'3 0,2119 0 ,3478 0,4535 0Ji012 0 .. 3174 

\Jom;nal cross."'"9ctiD. al area (mm'J 3'1,67 71.26 126,66 Hl' ,93 .235,02 387,95 506,71 
irn:h' 0,0491 0_1 104 0,1963 0,3066 0 ,4418 0Ji013 0;7554 



Carbon Fiber Reinforced 
Polymer (CFRP) 

:REBAR 
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The Asian 200 series provides designers the greater modulus and tensile strengths o1 car
bon fiber in a. non-met:alic reinforcing bar. Asian 200 can be used 1or both new construction 
and as a strenglhering material for the novel technique known as "Near Surface Mount" or 
NSM strengthening. With a p,-oprietary end anchOfage, the Asian 200 bar can be used in 
un-bonded post tension or 1pre-stressing ~pplications. The Asian 200 series features a tex
rured surface whereas the Asian 201 series is a. sand coated surface. Both versions have 
the same physical properties. 

Benefits of Asian 200 CFRP Rebar 
• Impervious to chloride ion and cttemical atlack 
• Tensile streflCJhs ,greates lhan steel 
•· Modulus approachng that of steel and three limes that of GFRP Rebar 
• Bellef utiizalion of fiber properties as dictated by ACl440.1R-06 
· NSM strqlhening per ACI 440.2H-08 
• 115th the wei1'tt of steel reinforcing 
• -Surtace 1reat:ment 10 emance bond 10 portland cement for new construction {Asian 201 ), and 

grout or saructural epoxies when used for NSM stren~g (Asian 200). 

Feature,s of Asian 200 
CFRP Rebar 
The Asian 200 series of Carbon FRP bars are significanlly more expensive than the 
Asian 100 GFRP Rebar, but a greater tel1Sile modulus and gJeatef creep rupture 
ttuesbold offer a number of mique advantages. 

For strenglhering of existing structural elements, Asian 200 may be used to in
crease the ffexural or shear capacity of a.member. In this tecmi~e. the Asian 200 
is 1Dced in a groove cut into the sur1ace of the element The rod is embedded in a 
cernentitious grout or high str,englh structural epoxy adhesive. NSM strengthening 
is appropriate for coocrete, masonry or wood :Structural elements. 

Asian 200 bars can also be used for pre-stressing or post-,tensioni~ utilizing Hughes 
Brothers p,opriet.ary anchorages. 

Unlike Asian 100 G FRP, Asian 200 CFRP bars are semk:ondUctive of thermal, 
electnca, and raffle>-'frequeocy energy. 

Phys.ical Properties 
Croet1 Sectional Nominal 

Dianal&r 
Tensile Modulus Ultimate 

Bar Dianal&r Area 

(mm} (in) (mm2} 

6 #2 311.67 
10 #3 n .26 
13 14 126 .. 70 

(in2} 

0.049 
0.1 10 
0.196 

(mm) (in} 

6.4 0_25· 

9.5 0_375· 

12.7 0.:500· 
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Tensile S1Fenglh of Elasticity Strain 

(MPa) (ks1 (Gpa) (psi 106} (%) 

2068 300 124 18 0.017 
1896 275 124 18 0.016 
1724 250 124 18 0.015 
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Nominal Oiameter 
The nominal diamelef of the rebal rs the average ciametet 
and assumes the shape of the rebar is a drde. 

Tense stress 
Tensle stress values shown are deterrined as lfle aver
age faiure load dMded by lf1e nominal bar diameter minus 
three standard deviations. Per A.Cl440 definition. lhis is 
the "Gua,anteed Tensie Strength, r w Tensile testing is 
performed as per AS™ D7205. 

Tensile Modulus of Elasticity 
This value is the mean modulus of a sarJ1>le ot test speci
mens. 

UnJike steel materie, the stress-strain CUIW of FRP is 
linear elastic to faiure. 

/ 
/ 

/ 

• ,,:,» 
';" 

i ·W.»> 

l'l~X' 11 ,.,111 .,wt t'.l>ltl Gt'1 "'; U.UH 1t•'l'I \ :I 'l \l l 

aill~- l\l 

Coefficient of Thermal El<pansion: 
Typical values - Based on ACl440.1 R-01 

Transverse Direction •.. ..• 41 to 58X lo-6Jf (74 to 104 X 1o-6/C) 
Longitudinal Direction..... --4 to 0.0 X 10.&F (~ ro 0.0 X 10-6/C} 

Barcot Hardness: 
48 - 55 per ASTM D2563 

ASLAN 200 CFRP Rebar 
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Bond SVeS's to Concrete 
The bond sttess to concrete is based on pull out tests pert>rmed at lhe University of Missouri Rdla 
per ACI 440.3R-04 method 83. This mettlod is used as it is easly ,epealable and gives an indication 
of relative performance. (Photos courtesy of University ot Mssoorl Rdfa.) 

Research has shown that the bond strength does not vary significaridy with varying concrete strenglh, 
provided the concrete bkd is properly sized to prevent spltlilg. 

In order to control the embedment lenglh wilhill the bb::k, the rods a,e prepared with a bond breaker, 
which consists ot soft plastic timing placed aroood Ille rods to prevent contact between the rod and 
the concrete. The en1>ecment length is 5 bal diameters, 

Maximum Bond Stress of Asian 200 CFRP bars .. J .... 1225 psi <8.45MPaJ 

Stirrups,. Shapes and Bends 
Bent shapes with FRP bars are reacily available in the Asian 100 GFRP family, but at 1his time are not 
available for 1he Asian 200 series CfRP bars. 

P1ease· see lhe Aslan 100 literature 10f information about GFRP stir~s and bent shapes. 

Ast.AN 200 ·CTRP· Rebar 

A-1 3 

5 



6 

Design Considerations - New Construction 

Direct subslitution between CFRP, Gf RP or steel bars is not possible due to various differences in 
the physical and mechanical properties o1 the materials. 

AC1440.1 H-06 "'Guide for the Design and Construction o1 Concrete Reinforoed with FRP Bars" pro
vides the design engineer with Ille latest info1mation necessary t:o perf01m a conservative and safe 
implementation of the Asian FRP family of reinforcing. 

TheACl440.1 R-06 includes provisions for: 
• Flexure 
· Shear 
• lemperarure and Shrinkage Reinforcing 
· lap Splice and! Dev.etopmem Lengths 

The 440 design guide does NOT allow the use of FRP bars for: 
• ~ression Reinforcement 
· Seismic Zones 
· Moment Frames 
• Zones whe1-e moment redistribulion is required 
• Stmcrures subjecit to high temperatures 

~M kCflbl,r&I 
:U:~c.l:t,'11.n, .. )l,.•U:-VW 

~m_..., .... .,f,. 

Handling and Placem_ent - New Construction 
When necessary; cutting of the CFRP rebars should be, done with a masonry or diamond blade, 
grinder 01 fine blaoo saw. A dust. mask is suggested when cutting; the bars. It is recommended dlat 
work gloves be worn when handling and placing CFRP rebars, 

CFRP rebar has a tow specific gravity and may "'float"' in concrete during vibration. Ciue should be 
exercised to adequa1ety· .secure CFRP bars in 1onnwork using chairs, plastic coated wire ties or nylon 
zip ties.Care should be taken to avoid abrading the Cf RP bars by dragging! them or rubbing against 
other surfaces. This may degrade Ille tensile stJengdl o,f the bar. 

Provisons in ACI 440.5-08 °Specification for Conslfootion with Fiber-Reimorced Polymer ReinfOJcing 
Bars" describe implementation issues for FRP bars in detailed mandatory language~ 

AsLAN 200 CFRP Rebar 
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Design Considerations - NSM strengthening 
Structural strengthening usingAstan 200 is based on the principles of AC3440.2R--08 "Guide 1or the De
sign and Construction of Externally Banded FRP Systems tor Strengdlening Coocfete Structures". 

A oompanion product to Asian 200 is the Asian 500 CFRP Tape. The Asian 500 Tape is available in a 
.f2 equMdent cross sectional area and 1umished only in a:Jils. Asian 500 is intended fo1 flat swfaces 
and is embedded in a saw ket1 w . See 1he Asian 500 lit.et'ature fof more details. 

Installation of Asian 200 - NSM Strengtheni g 
After assessment o1 the condition of trre existing structure and design by a ~enl professional, 
installation of the CfRP Tape is performed according to the fo1Jowing Qef8al outline. f}hotos cour
l&SY of Univ of Missouri RollaJ 

1. Using a diamond blade concrete saw or grinder. a groove of 1.5 times the bar diameter is cut. 
2. The groove iis dloroughly deaned using a vacuum and/or comf)l'essed ai1. 
3. The inside of the groow is sancl>J:wed o,· ljgbted abraded with a wire brush. 
4. The sk>t is masked to prevent excess adhesiw 1rom marring surface. , 
5. Groove is haft tiled wnn Structural adhesive. Care should be made to avoid entrapped air voids. 
6. The CFAP Bar is seated in the groove. 
7. Remainder o1 the g10ove is filed Widl atllesiw. 
8. General dean up and removal of any masldng. 

Recommended Strucnnal Adhestves Include: 
- 8ASF (Mastm Builders) Concreaiwt 1420 & Conoeeiw LPL 

w 09Ne8t Enforce CFL Gel 
- HiltiRE500 
- Unitex P.ropoxy 400 
- Piqim Magmallow CF 

AsLAN 200 CPRP Rebar 
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Technical data sheet straight Carbon V-rod 

#2 CFRP #3CFRP #4CFRP 

V-rod V-rod V-rod 

Tensile strength MPa 1518 1596 1899 
ksi 220.15 231,3 275.4 

Guaranted design tens str MPa 1355,5 1431 1765 
ksi 196,7 207,4 256,0 

Tensile modulus GPa 127 120 144 
ksi 18405,5 17391 20885 

Tensile strain o/o 1,215 1,33 1,32 
Poisson's ratio 0,285 0,3 

> I 

Bond stress MPa 16,25 16,5 
psi 0 ...... 

-...J Bond dependant coefficient 1 1 

Long coeff thermal exp xE-6/C -2,25 -2,5 
xE-6/F -1.4 -1.4 

Trans coeff thermal exp xE-6/C 38 38 
xE-6/F 21 21 

Cross-sectional area (mm"') 31,67 71,26 



APPENDIX B DERIVATIONS OF L/H FORMULATIONS AND 
PROOFS 

B.1 First Generation Formulations 

The first generation of L/h expressions was developed by Bischoff and Scanlon (2009) 

to satisfy strength and incremental deflection requirements for steel reinforced concrete 

flexural members that are under reinforced, but are equally applicable to FRP reinforced 

concrete. 

Strength Formulation (ACI 318 and ACI 440.lR): 

given that Mn = Rnbd2 and Mv+L = (Ma/ M0)(wL2 /8), then 

2 W 2 
<pRnb(d/h) = av+L(Ma/M0) 8 (L/h) 

2 _ 8(<p/av+L)Rnb(d/h) 2 

(L/h) - w(Ma/M0) 

For slabs: 

L 

h 
8(<p/ av+L)Rn d 

,------x-
(w/b)(Ma/Mo) h 

For beams: 

3 8(<p / av+L)Rn d 
,--------x-
(w/L)(d/b)(Ma/M0) h 

where Rn = p fy{ 1 - p [y / (2aif()) for a rectangular steel reinforced concrete member 

that is under reinforced with the stress in the bar fb = [y. 
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FRP reinforced concrete is typically over reinforced such that the concrete crushes 

before the design strength ftu of the FRP bar is reached. In this case, 

Deflection Formulation (ACI 318 and ACI 440.lR): 

Ll incr = ALl sus + Ll L,add :5 Ll all 

Assuming there is no sustained live load, Llsus = Llv, then 

Llincr = ALlv + (Llv+L - Llv) = (A - l)Llv + Llv+L 

5 Mvl2 5 Mv+LL2 

Llincr = (11.- l)K 48E/ + K 48E I 
C e,D C e,D+L 

5 L
2 

[ Mv Mv+LJ 5 Mv+LL
2 

[ Mv le,D+L l 
Llincr = K 48 E (A - 1) -

1 
- + -

1 
- = K 48 E I (A - 1) ~-

1
- + 1 

C e,D e,D+L C e,D+L D+L e,D 

given that Mv = yMv+L and Mv+L = (<p/av+L)Rnbd2
, then 

A . _ K v +L (A _ 1) e,D+ L + l _ K <fJ D+ L n fl < Ll 5 M L
2 

[ I l 5 ( /a )R bd
2
L

2 

LJ mer - 48 E I y I - 48 E I - all 
C e,D+L e,D C e,D+L 

where n = [c11. - l)y le,D+L + 1] 
le,D 

for incremental deflection 

[
Llalll Ecle D+L h lg d ·L<~ I x-x-x-

.. - L K(S/48)(<p/av+L)Rnbd 21l h lg d 

~ < [Llaul [ Ec(le,D+L/lg)lg(d/h) l = [Llaul [Ec(le,D+L/lg)(lg/bd
3
)(d/h)l 

h - L K(S/48)(<p/av+L)Rnbd 31l L K(S/48)(<p/av+L)Rnfl 

which is applicable for all cross-section shapes (rectangular and T-shaped). For 
rectangular cross sections only 

bh3 d 3 bd3 

lg = 12 X d 3 = 12(d/h)3 
and _!_g_ = 1 

bd3 12(d/h)3 
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For a rectangular section, the ratio of service load moment Ma to cracking moment Mer 

(needed to compute le) is given by 

= =--------
fr 

For dead load moment only (where y = Mv/Mv+L) 

Mv 6y(<p/av+L)Rn(d/h) 2 

Mer fr 

B.2 Second Generation Formulations 

The second generation of L/h expressions recognizes that the service load moment Ma 
is less than ( <p / av+L)Mn when serviceability (not strength) governs design, as is often 
the case for an FRP reinforced concrete member that is over reinforced. In other words 

Hence, the (<p/av+L) term is replaced by a service load coefficient Sc < (<p/av+L) to 

account for the fact that the member is over strength with <pMn > Mu = av+LMD+L 
(Veysey and Bischoff 2010). 

Strength Formulation for an Over Strength Member: 

L 

h 

L 

h = 

8ScRn(d/h) 2 

(w/b)(Ma/M0 ) 

(w /L)(d/b)(Ma/M0 ) 

for slabs 

for beams 
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Incremental Deflection Formulation: 

~ < [Llaul [Ec(/e,D+Lf I9 )(19 /bd 3)(d/h)l 
h - L K(S/ 4B)ScRn11 

for all cross section shapes 

L [Llaul [ Ec(/e,D+if I9 ) l 
h =:; T K(60/48)ScRn(d/h) 211 

for rectangular cross sections 

For a specified reinforcing ratio (Pb, 1.Spb, 2pb, etc.) and assumed level of service load 

(w /b for slabs and w /L for beams), the service load coefficient Sc (which represents the 

ratio of service load moment to nominal member capacity Ma/ Mn) is varied until the 

L / h ratio for both strength and deflection are equal. This process is repeated for 

different levels of service load to generate a plot of L/h vs. service load. 

B.3 Third Generation Formulations 

The third generation of L/h expressions are related directly to the service load for each 

criteria considered. The L / h expressions for strength are therefore the same as the first 

generation formulation, while those for deflection and other criteria related to the bar 

stress are different. Recall th~t the service load for slabs is given by w /b, while the 

effective service load for beams is defined as w / L. 

Strength Formulation (ACI 440.lR): 

For slabs: 

For beams: 

L 

h 

L 

h 

= 
B(<p / av+i)Rn (d/h)2 

(w /b)(Ma/M0 ) 

3 B(<pf av+i)Rn(d/h) 3 

(w /L)(d/b)(Ma/M0 ) 

Incremental Deflection: 

Llincr = lLlv + (Llv+L - Llv) = (1 - 1)L1v + Llv+L 

5 Mvl2 5 Mv+il2 

Llincr = (1 - 1)K 48 E/ + K 48£ / 
C e,D C e,D+L 
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5 L
2 

[ M0 Mo+L] 5 Mo+LL
2 

[ Mo Ie,o+L ] 
L1iner=K48E (J-1)-/-+-/- =K48E/ (J-1)~-/-+1 

e e,O e,O+L e e,O+L O+L e,O 

given that M0 = rMo+L and Mo+L =Ma= (Ma/M0 )(wL2 /8), then 

5 Mo+LL
2 

[ Ie,O+L ] 5 (Ma/M0 )wL
4 

L1iner = K48E I (1-1)y-I-+ 1 = K 384 EI fl~ L1au 
e e,O+L e,O e e,O+L 

where fl = [(A - 1)y le,O+L + 1] for incremental deflection 
le,O 

For slabs: 

with 
frbh 2 d2 frbd 2 

Mer = -6- X d2 = 6(d/h)2 and 

Ma 6(Ma/M0 )wL2(d/h) 2 0.75(Ma/M0 )(w /b)(L/h) 2 

= 
fr 

Mo yMa 0.7Sy(Ma/M0 )(w/b)(L/h)2 
-=-= 
Mer Mer fr 

For beams: 

(
~)

3 
< [L1aul [Ee(le,o+Lf l9 )(19 /bd

3
)(d/h)

3
] X ~ X ~ X ~ 

h - L K(S/384)(Ma/M0 )(w/b)fl d h L 

(
~)

4 
< [L1aul [ Ee(Ie,o+dI9 )(I9 /bd

3
)(d/h)

4 
] 

h - L K(S/384)(Ma/M0 )(w /L)(d/b)fl 
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!:_ < 4 [Llaul [ Ee(Ie,v+dI9 )(19 /bd
3
)(d/h)

4 
] 

h - L K(S/384)(Ma/M0 )(w/L)(d/b)fl 

and 
Ma 0.7S(Ma/M0 )(w/b)(L/h)2 d h L -= x-x-x-
Mer fr -d h L 

Ma 0.7S(Maf M0 )(w /L)(d/b)(L/h) 3 
= Mer · fr(d/h) 

Mv 0.7Sy(Maf M0 )(w/L)(d/b)(L/h)3 
-------------
Mer fr(d/h) 

Live Load Deflection: 

given that Mv = yMD+L and Mv+L =Ma= (Maf M0 )(wL2 /8), then 

5 Mv+LL
2 

[ Ie,D+L] 5 (Ma/M0 )wL
4 

/J,.L=K48EI l-y-/- =K384 El QL~/J,.all 
e e,D+L e,D e e,D+L 

where flt = [i _ Y le,D+L] 
le,D 

for live load deflection 

(
!:._)3 

< [Llaul [Ee(le,D+Lf l9 )(19 /bd
3
)(d/h)

3
] 

h - L K(S/384)(Ma/M0 )(w /b)flL 

For slabs: 

!:_ < 3 [Llau] [Ee(Ie,D+Lf I9 )(19 /bd3)(d/h)3] 
h - L K(S/384)(Ma/M0 )(w /b)flL 
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and 
Ma 0.7S(Ma/M0 )(w /b)(L/h) 2 

=---------
Mer fr 
MD yMa 0.7Sy(Ma/M0 )(w/b)(L/h)2 

-=-= 
fr 

For beams: 

(!:_)3 
< [Llazz] [Ee(le,D+L/lg)(Ig/bd

3
)(d/h)

3
] X ~ ~ !:_ 

h - L K(S/384)(Ma/M0 )(w/b)flL d X h XL 

(!:_)4 
< [Llazz] [ Ee(/e,D+i/Ig)(Ig/bd

3
)(d/h)

4 l 
h - L K(S/384)(Ma/M0 )(w/L)(d/b)flL 

!:_ < 4 [Llazzl [ Ee(le,D+L/lg)(Ig/bd
3
)(d/h)

4 l 
h - L K(S/384)(Maf M0 )(w/L)(d/b)flL 

Ma 0.7S(Maf M0 )(w /L)(d/b)(L/h) 3 

and -------------
Mer fr(d/h) 

MD 0.7Sy(Ma/M0 )(w/L)(d/b)(L/h)3 

-------------
Mer fr(d/h) 

Bar Stress (Crack Control, Creep Rupture, and Concrete Stress Limits): 

The service load stress fts in a bar under a service load moment Ma for a cracked 

rectangular section is given by 

fer = [kJr/3 + np(1 - ker)2]bd3, 

and ker = .J(np) 2 + 2np - np 

Given that Ma = (Maf M0 )(wL2 /8), then 
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_ n(Ma/M0 )(w/b)(L/h)2 
[ (1- kcr) ] 

fts - 8(d/h) 2 kJr/3 + np(1 - kcr) 2 

:. (!:.)2 = 8(d/h)2fts [k~r/3 + np(1 - kcr)
2

] 

h n(Ma/M0 )(w/b) (1 - kcr) 

For slabs: 

L 
= h 

8(d/h) 2 fts [klr/3 + np(1 - kcr) 2
] 

n(Ma/M0 )(w /b) (1 - kcr) 

For beams: 

(!:_)2 = 8(d/h)2 fts [k~r/3 + np(l - kcr)2] X !:_ X ~ X !!_ 
h n(Ma/M0 )(w/b) (1 - kcr) L d h 

(L)3 
8(d/h)

3 
fts [k~r/3 + np(1 - kcr)2] 

h = n(Ma/M0 )(w/L)(d/b) (1- kcr) 

L = 3 8(d/h) 3 fts [klr/3 + np(1 - kcr) 2
] 

h n(Ma/M0 )(w/L)(d/b) (1- kcr) 

A summary of service load bar stress ft s limits is given below for various criteria related 

to crack control, creep rupture, and stress limits in the concrete. 
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ACI 440.lR-06 Crack Control: 

wE1 
:. fts = ---;:::==== 

2Pkb d~ + Czin t with 

ACI 440.lR Balloted Crack Control: 

wE1 wE1 s = 1.15,;--k - 2.5cc :5 0.92--
Jfs b ftskb 

wE1 wE1 
:. fts = 1.15 ( 2 S )k ~ 0.92-k 

S + . Cc b S b 

and 
wE1 

de :5 2p F k Jfs b 

wE1 
and fts :5 2dcP 

The lower value of fts will give a lower limit for L/h, which is the more critical 

condition. Setting s = Smin then gives 

[ 
wE1 wE1 wE1 J 

f1s=MIN1.15(. 25 )k'0.92 ·k'2dpk 
Smm + · Cc b Smm b c b 

with Smin = 2db 

ACI 440.lR-03 Crack Control: 

The Gergely-Lutz variable A, which equals the area of concrete controlled by each 

longitudinal bar, is expressed differently for slabs and beams. 

For slabs, A = 2 des, and setting s = Smin gives 
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with Smin = 2db 

For beams however, A = 2dcb/n for n bars placed in a single layer and spaced apart 

with a centre-to-centre spacing of s within the beam width b. 

b - 2dc (b - 2dc) l(b - 2dc) I 
:. s = ( ) 2:: Smin ~ n ~ + 1 = round down + 1 

n - 1 Smin Smin 

L d d 
and b = L + h x h + b for a beam of given span L. This gives 

wE1 fts=-----

2.ZP kb~ 2d~ ~ l
(b _ 2dc) I 

with n = round down . + 1 
Smm 

and 
L d d 

b=L+-x-+
h h b 

Hence, an iterative approach is required to determine the L / h ratio needed to satisfy 

crack control for beams (since L/h is a function of the bar stress fts which in tum is 

controlled by the L/h ratio), but requires an assumed member span L (in addition to 

assumed values ford/hand d/b). For this reason, the L/h limit for beams is 

approximated with the bar stress fts expression developed for slabs. 

An alternative approach for evaluating crack control is to determine the required bar 

spacing for a member satisfying the L/h requirement for incremental deflection. 

For slabs: 

(L)2 
n(Ma/M0 )(w /b) [ (1 - kcr) l 

fts = h X 8(d/h) 2 kgr/3 + np(1 - kcr)2 

2.2 3 r;;--; [ wE1 ]
3 

1 
and w = EPftskbvdcA ~A= 2 2PF k d = 2dcs 

f ' Jfs b C 
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For beams: 

= (!:.) 3 
X n(Ma/M0 )(w/L)(d/b) [ (1- kcr) ] 

fts h 8(d/h)3 k~r/3 + np(1 - kcr) 2 

2.2 3 r;;-; [ wE1 ]
3 

1 2dcb 
and w = Et p ftskb V dcA ~ A = 2.2p ftskb de = 7 

2 [2.2P ftskbl
3 

b - 2dc 
:. n = 2dcb wEt and s = (n _ l) for n rounded off to a whole number, 

L d d 
with b = L + - x - + - for a beam of given span L. 

h h b 

S806 Crack Control: 

The z factor (see Section 2.4) is equivalent to wE5 /(2.2P) and equals 3800 N/mm2 for 
exterior exposure conditions (with w = 0.5 mm and p = 1.2) and 45000 N/mm2 for 

interior exposure conditions (with w = 0.6 mm and p = 1.2). 

Assuming the effective area per bar for slabs, A = 2dcs, is also applicable for beams 
(see explanation related to ACI 440.IR-03 crack control requirements) gives 

when s = Smin 

with 
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ACI 440.lR-06 Creep Rupture: 

ftsus = Yfts ~ ft,sus 

with ft,sus = 0.2ftu for GFRP, 0.35ftu for AFRP, and O.SSftu for CFRP 

:. fts ~ ft,susfY 

S806 Creep Rupture: 

fts ~ 0.2Sftu for GFRP, 0.35ftu for AFRP, and 0.65ftu for CFRP 

Additional requirement for GFRP: Etsus ~ 0.002 

ftsus = Yfts ~ 0.002Et 

:. fts ~ 0.002E1 /y 

Total Concrete Stress: 

fts nMa(d - Ccr) n(d - kcrd) n(l - kcr) 
:. fc = MaCcr = kcrd = kcr 

n(l - kcr) 
fts = fc X k 

er 
with fc ~ fc,limit = 0.6[; 

Sustained Concrete Stress: 

fcsus = Y fc ~ fc,sus limit 

fcsus n(1 - kcr) fc,sus limit n(1 - kcr) I' 0 4 F' 
:. fts = -- X ~ X with Jc,sus limit= · Jc 

Y kcr Y kcr 
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B.4 Strength Dependence on E 1 / f fu (ACI 440.lR) 

[ Pfr l 
Rn= Pfr 1- 2a1f! 

Choose p as a multiple, (, of Pb (in other words, ( = p /Pb) 

= ( a1f3d: ( Er I fru) [e t: f, ] 
cu r ru 

= (a1P1 r:(Er lfru) [ Ecu ] 
fru Ecu(Er /fru) + 1 

Pft = (a1P/(Erf fru) [ Ecu ] X 0.SErEcu [ 1 + 4aiPd! - 1] 
fru Ecu (Er/ fru) + 1 pEr Ecu 

f;(Erffru) [ Ecu ] [·~ ] 
Pfr = (a1P1 I' ( ) X O.SErEcu vl + A - 1 

1ru Ecu Er lfru + 1 

4a1Pd: 4a1Pd: fru [Ecu ( Er I fru) + 1] 
A = ErEcu ( ( Pb) = ErEcu X ( a1Pd! (Er/ fru) Ecu 
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Since Mn= Rnbd2 = pft[1 - pftf(2aifJ)]bd2
, strength is dependent on the concrete 

properties (a1, /31. fJ, and Ecu), cross section size (b x d), relative amount of 

reinforcement (( = p/pb), and on the E1/ftu ratio. 
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B.5 Deflection and Bar Stress Dependence on E 1 / f fu 

Deflection is controlled by the effective moment of inertia le which is a function of the 

moment of inertia Icr for the cracked transformed section, where 

Icr = (k!r + np(l - k,,)2 ) bd3 and kcr = ,J(np) 2 + 2np - np 

Hence, deflection is controlled by np (along with the cross-section size and other 

factors). Similarly, the bar stress fts under service loads is also controlled by np along 

with other factors as demonstrated by the expression for fts· 

nMa(d - Ccr) nMa(1- kcr) 
~s= =--------------------------------

lcr ef + np(l - k,,)2) bd2 

Given that 

and 

Hence the dependence on E1 / ftu when the reinforcing ratio is expressed as a multiple of 

the balanced reinforcing ratio (p = ( Pb). 
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APPENDIX C DETAILED RESULTS OF PARAMETRIC STUDY 

Appendix C presents detailed results of the parametric study (Chapters 4 and 5). Results 
are presented as follows: 

• C.l: changes in Pt I Ptb and D: L (slabs and beams). 

• C.2: changes inf/ and d/h (slabs and beams). 

• C.3: changes in ;t and D: L (slabs and beams). 

• C.4: changes in FRP type and E1 I ftu ratio (slabs and beams). 

• C.5: changes in support conditions and Mer (slabs and beams). 

• C.6: changes in concrete unit weight and D: L (slabs and beams). 

• C.7: changes in le, D: L, and incremental deflection limit (slabs and beams). 

• C.8: changes in member length and d/b (beams only). 

Results are based on ACI 440.lR design requirements and default design values unless 
specifically stated otherwise. Default values include f/ = 27.6 MPa ( 4000 psi), normal 

weight concrete, E1f ftu= 63, d/h = 0.85, d/b = 1.5 for beams, Pt= 2Ptb, D: L = 2, 

A = 1.2 and deflection limit of L/240 for incremental deflection, L/360 deflection limit 
for live load deflection, full cracking moment, creep rupture stress limit for GFRP bar, 
simply supported, and uniformly distributed load. 

Results are presented for strength (Strength), incremental deflection with preload (Iner), 
live load deflection under virgin load - no preload - (LL Virgin), live load deflection 
with preload (LL Preload), crack control with kb = 1.0 (kb = 1.0) and kb = 1.4 (kb = 

1.4), and creep rupture (C.R. or Creep Rupture). Comparison is also made for 

incremental deflection computed with le = fer (Icr), and using an effective moment of 
inertia le based on the CSA S806 formulation for deflection (S806). The total concrete 
stress under service load (fc), and sustained concrete stress (fc,sus) are also evaluated. 
Finally, results are presented for the overstrength factor and sample bar spacings, both 
of which are evaluated for members with an L/h selected to satisfy incremental 
deflection requirements. 

Note that for the parametric study C.5, support conditions are designated as SS for 
simply supported, OEC for one-end-continuous, BEC for both-ends-continuous, and 
CANT for cantilever. 
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C.1 Slabs (changes in Pt/ Pt,b and D: L): 

1, 0.5 

50 -~---------------

::; 40 - ~ ---------------

30 

20 

10 

0 
0 10 20 30 · 

w/b or w/L (kPa) 

2, 0.5 

5 40 ~-~~ ---'--· 

40 50 

30 f---"lio.--"""-.::-" ..... .::=' ......... =---------

10 20 30 40 50 

w/b or w/L (kPa) 

5, 0.5 

50 1--- ------~---------
5 40 f-~ --"..,----" ...... ;;;::---""" ..... =::::-------

30 f-__;'.!IIJil..::-~ --:::------=-----

o~----------------
0 10 20 30 40 50 

w/ b or w/L (kPa) 

- Iner 

- LLPreload 

- LL virgin 

- strength 

- Crkkb = I.O 

- Crk kb = l.4 

C.R 

- Iner 

- LL Prcload 

- LL Virgin 

- Strength 

- Crk kb= 1.0 

- Crk kb= l .4 

C.R. 

- Iner 

- LLPrcload 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb = 1.4 

C.R. 

1, 8 
80 

70 

60 
- Iner 

50 - LLPreload 

5 40 - LL virgin 

30 
- Strength 

- Crkkb = I.O 
20 - Crkkb = 1.4 

IO 
~ 

C.R. 

10 20 30 40 50 

w/b or w/L (kPa) 

2, 8 
80 

70 

60 
- Iner 

50 - LLl'reload 

5 40 - LL Virgin 

30 
- strength 

- Crkkb= 1.0 
20 - Crk kb= 1.4 

IO C.R 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

5, 8 

- Iner 

- LLPrcload 

- LL Virg in 

- s trength 

- Crkkb = 1.0 

- Crkkb = 1.4 

C.R. 

0'------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

Summary of slab design results (with values of Pt/ Pt,b and D: L ratio shown in titles). 
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LLPreload 
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70 

60 

50 
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30 

20 

10 
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\. 

'---

0 10 

Icr 

20 30 40 50 

w/b or w/L (kPa) 

S806 
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70 
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80 
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Creep Rupture kb = 1.4 
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20 
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80 .-------------------

70 

60 

50 

;:i 40 1---.-, ,-" ______________ _ 

30 i----~ .....--- .:--------------
20 

10 

0 
0 IO 20 30 40 50 

w/b or w/L (kPa) 

70 

60 

- 1, 0.5 50 
- 1. 8 

;:i 40 
- 2. 0.s 

- 2, 8 30 

- 5, 0.5 20 

- 5, 8 
10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

fc,sus 
so ~ ~ ----------------

- 1, 0.5 50 - - ,...,.__...., _____________ _ 

- 1, 8 

- 2, 0.5 
;:i 40 

- 2. 8 30 l---"""""::"""c"-...::""-..... ::-==""""-==-------
- 5, 0.5 20 

- 5, 8 
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Strength 
80 -------------------------

70 --------------

50 f--'"""'.-------------
~ 40 f--'"""~ .-------------

30 f---"'i~ ~~-

20 

10 

0 '---------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

- 1, 0.5 

- 1,8 

- 2, 0.5 

- 2, 8 
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Slab design results for each criterion, showing the effects of changes in Pt/ Pt,b and 

D: L ratio (shown in legend). 

Overstrength 
3 -------------·----------------·--

- 1, 0.5 

- 1, 8 

- 2, 0.5 
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- 5, 0.5 

0.5 -------------- - 5, 8 
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0 10 20 30 40 50 
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Overstrength factor results for slabs (where all slabs are overstrength for the full range 

of service loads and range of variables considered). 
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- 440. IR-03 kb = 1.4 

Sample bar spacings for slabs (based on incremental deflection), showing the difference 

in results for different approaches (shown in legend) . 
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C.1 Beams (changes in Pt/ Pt,b and D: L): 
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Summary of beam design results (with values of Pt/ Pt,b and D: L ratio shown in titles). 
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S806 LL Virgin 
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Strength 
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Beam design results for each criterion, showing the effects of changes in Pt/ Pt,b and 

D: L ratio (shown in legend) . 
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0.4 f---------------

0.2 ----------·--------·---·-

0 '--------------

- 5, 0.5 

- 5, 8 

0 IO 20 30 40 50 

wl b or w/L (kPa) 

Overstrength factor results for beams ( demonstrating that strength can govern at high 

service loads and for a low reinforcing ratio of Pt = Pt,b in combination with a low 

D: L ratio of D: L = 0.5). 

5, 8 

- 440. 1 R-06 kb= 1.0 

- 440 Rev. kb= 1.0 

- 440. 1 R-03 kb = 1.0 

- 440. 1 R-06 kb = 1.4 

- 440 Rev. kb= 1.4 

- 440.1 R-03 kb = 1.4 

wl b or w/L (kPa) 

Sample bar spacings for beams (based on incremental deflection), showing the 

difference in results for different approaches (shown in legend). 
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C.2 Slabs (changes inf~ and d/h) : 
4000, 0.8 

90 ..------------------

80 -------· 

70 I-+-----· 

60 !--~---------------
_., so 1--""'-"'--------------
:l 40 1--""'-"- -~------------

30 l----"'~ :"'-,2"-....::'""""'....:=----------

20 

IO 

o ~----------------
0 IO 20 30 40 50 

w/b or w/L (kPa) 

4000, 0.85 
90 ----·--------·----·---

80 1------------------
70 1--4----------------
60 l---+-'1..-----------------

-= 50 - ~ ~,--------------

:l 40 l--~ -...---------------
30 f----"~ .:""'-.2 ...... .:::"'-"""':----------

20 

IO 

0 
0 IO 20 30 40 50 

w/b or w/L (kPa) 

4000, 0.9 
90 ~----------------
80 1--~---------------

60 1---,+---------------

50 

:5 40 

20 

10 1------------------

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb = l.4 

- C R. 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = I.0 

- c rkkb= 1.4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = I.O 

- Crkkb = I.4 

- C.R. 

10000, 0.8 
90 ~~---------------
80 

-= 50 - ~ ~ -....,__,,,..,.... _________ _ 

:l 40 l-~ ~ - -=--="""-..:::-.:=.-=-------

30 

20 

0'------------------
0 IO 20 30 40 50 

w/b or w/L (kPa) 

10000, 0.85 
90 

80 - - c-T--------------
70 l---11n-......... -------------

60 1---------------------
-= 50 1--~ - --_..,~-----------
:l 40 f--_,,,"" _ __;;:""bo.::"' ...... =--=-..;;;;;::::-----

30 1--__::,~ ~ -;;;;;;:~ ==--~:::=:-----
20 f-----=~~,,,;;;;;==:::;~===---
10 -----------------

0 
0 IO 20 30 40 50 

w/b or w/L (kPa) 

10000, 0.9 
90 ~~~--------------
80 t--...... +-'...--------------
70 -~e.--..c--"0..--------------
60 1----""c-~-------------

:5 :: 
30 1---"""-,£?-.....::=:---'==--..:a~'----
20 ~----=:::::~!!!!!!i.;;::;;;;.;;;;.; ____ _ 

IO f------------------
0 -·--·---·----------------------·- 0 -·-··-·-·-··-·---------·-··-·---··-·--· 

0 10 20 30 40 50 0 IO 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = l.O 

- Crkkb = I.4 

- c .R. 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb = 1.4 

- C R 

- Iner 

- LLPrcload 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- Crkkb = l .4 

- C.R. 

Summary of design results for slabs (with values off; and d/h respectively given in the 

titles). 
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Iner 
90 ..------------------

SO r------------------
70 r------------------
60 r------------------

.., 50 ·------------------

::, 40 >---•~ --------------

30 l----'"~ ...... o.c--------------
20 

10 

0 -----·---·--------·-----·--·-

90 

80 

70 

60 
.., 50 

::, 40 

30 

20 

10 

0 

90 

80 

70 

60 
50 

:j 40 

30 

20 

10 

0 

0 10 20 30 40 50 

w/b or w/L (kPa) 

S806 
-

\. 

'"' .............. ~ 
0 10 20 30 40 50 

w/b or w/L (kPa) 

Icr 

-~ -

~ 
~ 

0 10 20 30 40 50 

w/b or w/L (kPa) 

Creep Rupture 
90 ..----.----------------

80 - ------------------

70 r--- - --------------
60 ___ ,,. __ _ 

50 1--... --'"No,c------------

:i 40 f--"1~ - ~:s:I::!-..:----------~ 

10 -----------------

0 '------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

LLPreload 
90 

80 

70 

- 4000, 0.8 60 - 4000, 0.8 

- 4000, 0.85 .., 50 - 4000,0.85 

- 4000, 0.9 ::, 40 - 4000, 0.9 

- 10000, 0.8 30 - 10000, 0.8 

- 10000, 0.85 
20 

- 10000, 0.85 

- 10000,0.9 - 10000, 0.9 
10 

0 
0 10 20 30 40 50 

w/b o r w/L (kPa) 

LL Virgin 
90 

80 

70 

- 4000, 0.8 60 - 4000, 0.8 

- 4000, 0.85 .., 50 

- 4000, 0.9 ::, 40 

- 10000, 0.8 30 
- 10000, 0.85 

20 

\. 
\..'-
"'"---------

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 - 10000, 0.9 
10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

kb = 1.0 
90 

80 

70 

- 4000, 0.8 60 - 4000, 0.8 

- 4000, 0.85 .., 50 - 4000, 0.85 

- 4000, 0.9 ::, 40 - 4000, 0.9 

- 10000, 0.8 30 - 10000, 0.8 

- 10000, 0.85 
20 

- 10000, 0.85 

- 10000, 0.9 - 10000, 0.9 
10 

10 20 30 40 50 

w/b or w/L (kPa) 

kb = 1.4 
90 

80 

70 

- 4000, 0.8 60 - 4000 , 0.8 

- 4000, 0.85 .., 50 - 4000, 0.85 

- 4000, 0.9 ::, 40 - 4000, 0.9 

- 10000, 0.8 
30 

- 10000, 0.8 

- 10000, 0.85 
20 

- 10000, 0.85 

- 10000, 0.9 - 10000, 0.9 
10 

10 20 30 40 50 

w/b or w/L (kPa) 
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fc 
90 ,---------------

-= 50 l--;--~ ,c-----------
~ 40 l--~ - ~ ~ ;:----------

30 

JO 

0 '---------------
0 JO 20 30 40 50 

w/ b or w/L (kPa) 

Strength 
90 .--~ ------------
80 1----------------
70 )----~-----------

-= 50 1---.---~ ~ 
~ 40 l--~ ~ ___::~ ~ ;;;;::--------

30 1--.-:s~ !i§i;;:::-=::::s;;;:s!!ii:5:!!5:~iii:ii.;---
20 ~---__:~ ----iliiiiiiiiiiiiii1 ~ 

0 
0 JO 20 30 40 50 

w/b or w/L (kPa) 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

fc,sus 
90 .--~ ------------

80 

70 J-----------------
60 

50 J--- ~ ~ ----------

5 40 I--~ - -""~~ --------

JO 

JO 20 30 40 50 

w/b or w/L (kPa) 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

Slab design results for each criterion, showing the effects of changes int: and d/h ratio 

(shown in legend). 

Overstrength 4000, 0.8 
800 ,--------------

- 4000, 0.8 - 440. IR-06kb= 1.0 

- 4000, 0.85 e - 440 Rev. kb = 1.0 

- 4000, 0.9 5 400 t-----""""".::-------- - 440. I R-03 kb = 1.0 

- 10000, 0.8 300 J--------_..:::,-"""-'=,----- - 440. I R-06 kb= 1.4 

- 10000, 0.85 200 - 440 Rev. kb= 1.4 

0.5 ------------------------------------------
- 10000, 0.9 

JOO ------------------
- 440. JR-03kb= 1.4 

0 '---------------- o~------------
0 JO 20 30 40 50 0 JO 20 30 40 50 

w/ b or w/L (kPa) w/b o r w/L (kPa) 

Overstrength factor results for slabs (left) demonstrating that strength does not govern 

for the various combinations considered, and sample bar spacings for slabs (right) based 

on incremental deflection (where the Frosch equations give the more critical bar 

spacings). 
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C.2 Beams (changes inf~ and d/h): 

4000, 0.8 10000, 0.8 
16 ~----------------

14 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = 1.0 
4 --·-·-·-----·-··--------------· - Crkkb = l .4 

4 ----------------------

- C.R 

o ~---------------- o~----------------
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

4000, 0.85 10000, 0.85 
16 16 ~ ----------------

10 - LLPreload 

5 8 - LL Virgin 5 8 

- s trength 

- Crkkb = 1.0 

- Crkkb = 1.4 

- C.R. 

0 0 --···--··--··----·-·---·-·---------··--·--··--·--------··--
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

4000, 0.9 10000, 0.9 
16 16 

10 1---"'~ """-:------------- - LLPreload 10 

$81-~~~==::=====-;;;;;=--- - LL Virgin s 8 

- Strength 
6 -------------------------------

0 ·------------------------··-------------
0 IO 20 30 40 50 

w/b or w/L (kPa) 

- Crkkb = 1.0 

- Crkkb= l .4 

- C. R. 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin 

- s trength 

- C~kkb = 1.0 

- Crkkb = l.4 

- C.R 

- LLPrcload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb = l .4 

- C.R. 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = I.O 

- Crkkb = l.4 

- C. R. 

Summary of design results for beams (with values off! and d/h respectively given in 

the titles). 

Iner LLPreload 
16 --------··---------------------· 

14 1------------------

10 l--.... ~ ~ -=------------- - 4000, 0.8 - 4000, 0.8 

5 8 
- 4000, 0.85 

- 4000, 0.9 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 - 10000. 0.8 

- 10000. 0.85 - 10000, 0.85 

- 10000. 0.9 - 10000, 0.9 

o~----------------
0 10 20 30 40 50 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 
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S806 
16 .------ ------------

14 -----------------

JO l--..'\.'~ !',,,.:--------------

5 8 

0 
0 JO 20 30 40 50 

w/b or w/L (kPa) 

Icr 
16 .------------------

0 
0 JO 20 30 40 50 

w/b or w/L (kPa) 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

------------------------
.------------------------·----, 

Creep Rupture 

JO l-~ ~ -"'""""'°~ ~ ---------- - 4000, 0.8 

5 8 r--~ ~;:;::~ ;:::i:======::§:::°-- - 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

o~----------------
0 JO 20 30 40 50 

w/b or w/L (kPa) 

fc 

JO f-~..,.,.......~ ~ -...:----------- - 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 :j 8 ~ ~ ~:;;;;;:~::i:::::::!:::==§§;;:;---
- 10000, 0.8 

- 10000. 0.85 

- 10000, 0.9 

o -------------------
0 JO 20 30 40 50 

w/b or w/L (kPa) 

LL Virgin 
16 .--------------- ---

JO 1-~ ~ """"oc"'"""".._o.::::---------

:j 8 

0 ·--·----·----·---·-----
0 JO 20 30 40 50 

w/b or w/L (kPa) 

kb = 1.0 

JO 20 30 40 50 

w/b or w/L (kPa) 

kb = 1.4 
16 ,------------------

:i 8 

)-------------------

o~----------------
0 JO 20 30 40 50 

w/b or w/L (kPa) 

fc ,sus 
16 

14 

12 

JO 

5 8 

0 
0 JO 20 30 40 50 

w/b or w/L (kPa) 

C-1 2 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000. 0.8 

- J0000, 0.85 

- 10000, 0.9 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000. 0.85 

- 10000, 0.9 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- J0000, 0.8 

- 10000, 0.85 

- 10000, 0.9 



Strength 

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 

- 10000, 0.9 

0 --------------------
0 IO 20 30 40 50 

w/b or w/L (kPa) 

Beam design results for each criterion, showing the effects of changes inf; and d/h 
ratio (shown in legend). 

Overstrength 
2.5 .---------------

- 4000, 0.8 

- 4000, 0.85 

- 4000, 0.9 

- 10000, 0.8 

- 10000, 0.85 
0.5 ------------- - 10000, 0.9 

0 ------------------------------------------
0 IO 20 30 40 50 

w/ b or w/L (kPa) 

Overstrength factor results for beams ( demonstrating that strength can govern at high 

service loads). 

10000, 0.9 

- 440.1 R-06 kb = 1.0 

- 440 Rev. kb = 1.0 

- 440. IR-03kb= 1.0 

- 440. IR-06kb= 1.4 

- 440 Rev. kb= 1.4 

- 440. 1 R-03 kb= 1.4 

w/b or w/L (kPa) 

Sample bar spacings for beams based on incremental deflection (where the Gergely

Lutz approach gives the more critical bar spacings for this combination of variables). 
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C.3 Slabs (changes in ,land D: L): 

0.8, 0.5 
80 

70 

60 

50 

:l 40 

30 

20 

10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

1.0, 0.5 
80 

70 

60 

50 

5 40 

30 

20 

JO 

0 ---·--·-----
0 10 20 30 40 50 

w/b or w/L (kPa) 

1.2, 0.5 
80 ~----------------

30 

20 

IO 

0 

80 

70 

60 

50 

5 40 

30 

20 

IO 

0 

0 10 

0 10 

20 30 40 50 

w/b or w/L (kPa) 

1.6, 0.5 

20 30 40 50 

w/b or w/L (kPa) 

0.8, 8 
80 

70 

60 
- Iner 

- LLPreload 50 

- LL Virgin 5 40 

- Strength 
30 

- Crkkb = 1.0 

- Crkkb = l .4 
20 

C. R 10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

1.0, 8 
80 

70 

60 
- Iner 

- LLPreload 50 

- LL Virgin 5 40 

- s trength 
30 

- Crk kb = I.O 

- Crkkb = l .4 20 

C.R. JO 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

1.2, 8 
80 ,------------------

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb = l .4 

- C.R. 

- Iner 

- LLPrcload 

- LL V irgin 

- Strength 

- c rkkb = I.O 

- c rkkb = l .4 

C.R. 

30 

20 

0 

80 

70 

60 

50 

5 40 

30 

20 

10 

C-14 

0 10 20 30 40 50 

w/b or w/L (kPa) 

1.6, 8 

10 20 30 40 50 

w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb = l .4 

C.R. 

- Iner 

- LLPrcload 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb = l .4 

C.R. 

- Iner 

- LLPrcload 

- LL Virgin 

- Strength 

- Crkkb= I.O 

- Crkkb = 1.4 

C.R. 

- Iner 

- LL Preload 

- LL Virgin 

- Strength 

- Crkkb = I.O 

- Crkkb = 1.4 

C.R. 



2.0, 0.5 
80 ~----------------

- lncr 

- LLPrcload 

- LL Virgin 

- strength 

- Crkkb= 1.0 
20 - Crkkb=l.4 

- C.R. 

0 --···-·------------------------
10 20 30 40 50 

w/b or w/L (kPa) 

2.0, 8 
80 .-----------------

50 

;:i 40 

30 

20 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

- Iner 

- LLPrcload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb= 1.4 

C.R. 

~---·------------------------~----------------------------

Summary of slab design results (values of 2 and D:L given respectively in the titles). 

80 

70 

60 

50 

;:i 40 

30 

20 

IO 

0 

70 

60 

50 

30 

20 

.10 

\.. 
"'--

0 10 

\. 

'--

Iner 

- 0.8, 0.5 

- o.8, 8 

- 1.0. 0.5 

- 1.0. 8 

- 1.2, 0.5 

- 1.2. 8 

- 1.6, 0.5 

- 1.6, 8 

2.0, 0.5 

20 30 40 50 
- 2.0, 8 

w/b or w/L (kPa) 

S806 

- 0.8, 0.5 

- o.8, 8 

- 1.0. 0.5 

- 1.0, 8 

- 1.2, 0.5 

- 1.2, 8 

- 1.6, 0.5 

- 1.6, 8 

2.0, 0.5 

0 
0 40 50 - 2.0. 8 

10 20 30 

w/b or w/L (kPa) 

lcr 
80 

70 
- 0.8, 0.5 

60 --·----·------·----·---------·- - 0.8, 8 

50 1------------------- - 1.0. 0.s 

- 1.0. 8 

- 1.2. 0.5 

- 1.2. 8 

- 1.6, 0.5 

;:i 40 

30 t--~\.-'-____________ _ 
20 r----"""-..::-::--------------
IO L----==~~~!!!!!!!!!!!!! ____ _ - 1.6, 8 

2.0, 0.5 

0 o~---1-0 ___ 2_0 ____ 30 ____ 40 ____ 50 - 2-0· 8 

w/b or w/L (kPa) 

LLPreload 
80 ----------------

70 1-------------------
- 0.8, 0.5 

60 t------------------- - o.8, 8 

50 1--;----------------- - 1.0. 0.5 

- 1.0, 8 

- 1.2. 0.5 

- 1.2, 8 

- 1.6, 0.5 

IO t-------------------
- 1.6, 8 

10 20 30 ~o 

2.0, 0.5 

50 - 2.0, 8 

80 

70 

60 

50 

;:i 40 

30 

20 

10 

0 

60 

0 

\. 

"'-.. 
"--

10 

w/b or w/L (kPu) 

LL Virgin 

-
20 30 

w/b or w/L (kPa) 

kb = 1.0 

40 

- 0.8, 0.5 

- o.8, 8 

- 1.0, 0.s 

- 1.0, 8 

- 1.2. 0.5 

- 1.2. 8 

- 1.6, 0.5 

- 1.6, 8 

2.0, 0.5 

50 - 2.0, 8 

- 0.8, 0.5 

- o.8, 8 

50 ---~-------------- - 1.0. 0.5 

- 1.0. 8 

- 1.2. 0.5 
:i 40 

30 I--------'"""'-=--------- - 1.2. 8 

- 1.6, 0.5 

- 1.6, 8 

2.0, 0.5 

0 o.__ ___ 1_0 ___ 2_0 ____ 30 ____ 40 ____ 50 - 2-0· 8 

w/b or w/L (kPa) 
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Creep Rupture kb= 1.4 
80 ~---------------

70 1---4-----------------
- o.8, 0.5 - o.8, o.5 

- o.8, 8 - o.8, 8 

- 1.0, 0.5 50 - 1.0, 0.5 

- 1.0, 8 

- 1.2, 0.5 
5 40 l--~---"~----------- S 40 1----""-------------

- 1.0, 8 

- 1.2, 0.5 

30 - 1.2, 8 30 - 1.2, 8 

- 1.6, 0.5 - 1.6, 0.5 

- I.6, 8 - 1.6, 8 

- 2.0, 0.5 - 2.0, 0.5 

0 --------------------
0 10 20 30 40 50 -

2
.0, 

8 0 
0 20 

----30---~;-·--;o - 2.0, 8 
IO 

. w/b or w/L (kPa) wlb or w/L (kPa) 

fc fc,sus 
80 80 ~---------------
70 ,__ ______________ _ 

60 1-----------------

50 -------· 

0 -----------------------------· 
0 IO 20 30 40 50 

w/ b or w/L (kP•) 

Strength 
80 ~---------------

70 1-----------------
60 1-----------------

50 1-----------------

~ 40 l----'~-------------
30 

IO 

- 0.8, 0.5 

- 0.8, 8 

- I.0, 0.5 

- 1.0, 8 

- 1.2, 0.5 

- 1.2. 8 

- I.6, 0.5 

- 1.6, 8 

- 20, 0.5 

- 2.0, 8 

- o.8, 0.5 

- 0.8, 8 

- 1.0, 0.5 

- 1.0, 8 

- 1. 2, 0.5 

- 1. 2. 8 

- I.6, 0.5 

- 1.6, 8 

2.0, 0.5 
0 o'-----10 ___ 20 ___ 3_0 ___ 40 ___ 50 - 2-0• 8 

w/b or w/L (kPa) 

- 0.8, 0.5 

- o.8, 8 

- 1.0,0.5 

- 1.0, 8 

- I. 2,0.5 

- 1.2. 8 

- I.6, 0.5 

- 1.6, 8 

- 2.0, 0.5 
0 o ------; -----2-0-------; ----40---;o - 2-0• 8 

w/b or w/L (kPa) 

Slab design results for each criterion, showing the effects of changes in A and D: L ratio 

(shown in legend). 

Overstrength 0.8, 8 
3 ·-----------------·--------- 300 - --------------, -· 

- o.8, 0.5 

- o.8, 8 

- 1.0, 0.5 - 440. I R-06 kb= 1.0 

- 1.0, 8 - 440 Rev. kb= 1.0 

- 1.2, 0.5 - 440. I R-03 kb= 1.0 

- 1.2. 8 - 440.IR-06kb= 1.4 

- 1.6, 0.5 - 440 Rev. kb= 1.4 

0.5 >----------------- - 1.6, 8 50 !-------------- - 440. I R-03 kb= 1.4 

- 2.0, 0.5 

O O'----I-0 ___ 20 ___ 30 ___ 4_0 ___ 50 - 2-0· 8 0'--------------
0 10 40 50 20 30 

w/b or w/L (kPa) w/b or w/L (kPa) 

Overstrength factor results for slabs (left), and sample bar spacings for slabs (right) 

based on incremental deflection (where the Frosch equations tend to give the more 

conservative results). 
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C.3 Beams (changes in A and D: L): 

0.8, 0.5 0.8, 8 

- Iner 

- LLPrelood 

- LL Virgin 

- s trength 

- Crkkb= 1.0 

- c rkkb = l .4 

- C.R. 

10 20 30 40 50 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

1.0, 0.5 1.0, 8 

- Iner 

- LLPrelood 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb= l .4 

C.R. 

0 ------------··-------·-------· 0 
0 IO 20 30 40 50 0 10 20 30 40 50 
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C.4 Slabs ( changes in FRP type and E f / f fu): 
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Summary of slab design results (type of FRP and Er/ ftu ratio shown in the title, 

respectively). 
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based on incremental deflection (where the Frosch equations tend to give the more 
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C.4 Beams ( changes in FRP type and E f / f fu): 
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Summary of beam design results (type of FRP and E1 / ftu ratio shown in the title, 

respectively). 
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C.5 Slabs (changes in support conditions and Mer): 
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10 20 30 40 50 

w/b or w/L (kPa) 

Cant, Full Mer 

10 

o ~----------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

- LLPrcload 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb = 1.4 

C .R. 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb= I.O 

- Crkkb= l .4 

C.R. 

30 

20 

0 -------------------

80 

70 

60 

50 

:) 40 

30 

20 

10 

0 

0 10 20 30 40 50 

wlb or w/L (kPu) 

Cant, Reduced Mer 

~ 
~ -..:.._..___ ____ 

0 10 20 30 40 50 

wlb or w/L (kPa) 

- Iner 

- LLPrcload 

- LL Virgin 

- Strength 

- Crkkb = I.O 

- Crkkb = l .4 

C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb= 1.0 

- Crkkb= l .4 

C.R. 

- LLPrcload 

- LL Virgin 

- s trength 

- c rkkb = 1.0 

- Crkkb = l .4 

C.R. 

- Iner 

- LLPrcloud 

- LL Virgin 

- Strength 

- Crkkb= 1.0 

- Crkkb= l.4 

C.R. 

Summary of slab design results (supports conditions and either fu ll Mer or reduced 
0. 8Mcr shown in the titles). 
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-··----·--------·-------------------· 

Iner 
80 ·----------------

70 1------------------
60 1------------------

50 1--.. ~---------------
:i 40 !---::-"l~--------------

30 f-->lii~ ~ .t,,..:,------------

20 

10 

0'------------------
0 IO 20 30 40 50 

- ss, Fu11 

- SS, 0.8 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- c ant, Full 

- Canl, 0.8 

LLPreload 
80 -----------------------

70 1------------------

;:i 40 l-~ "&!!<:::--------------

30 

20 

0'------------------
0 10 20 30 40 50 

w/b o r w/L (kPa) w/b or w/L (kPa) 

S806 LL Virgin 
80 ---·-------------··------- 80 ----------------------------------

70 70 !------------------
60 -----------------

50 !--....----------------

20 

IO 

0 '------------------
0 IO 20 30 40 50 

w/b or w/L (kPa) 

lcr 
80 ~----------------

70 1------------------

- SS, Full 

- ss. o.8 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant. Full 

- canl, 0.8 

60 ----·------·-------------· - ss, Full 

50 - ss, 0.8 

30 

20 

IO 

0 

60 

0 10 20 30 40 50 

w/h o r w/L (kPa) 

Creep Rupture 

50 - ~ - -'lo.~.---------------

;:; 40 

30 1-----"'"c'- """.:::t::-=--------

0'------------------
0 10 20 30 40 50 

w/ b or w/L (kPa) 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant.Full 

- canl, 0.8 

- ss, Full 

- ss. o.8 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant, Full 

- Canl, 0.8 

60 

0'------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

kb= 1.0 

60 

50 f----'l,c---"'""=-----------

:i 40 l----__;""'=-_.......::-.,~....:,--------

30 ~ ~ :----~ ~ ""'-"=-=:::::::s;;;;:::::::::;... __ 

0 '------------------
0 IO 20 30 40 50 

w/ b or w/ L (kPa) 

kb= 1.4 

:i 40 

30 t-~ ---"" ....... ;;;;:::- """"'...::.=:::::::::::;;;;;;:;;:::----

0 '------------------
0 IO 20 30 40 50 

w/b o r w/L (kPa) 
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- ss, Fu11 

- ss, o.8 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant, Full 

- c anl, 0. 8 

- ss, Full 

- ss. o.s 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant, Full 

- Cant, 0.8 

- ss, Full 

- ss. o.s 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant, Full 

- canl, 0.8 

- ss, Full 

- ss. o.8 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant, Full 

- canl, 0.8 



fc 
80 .-----------------

70 >-----------------
- SS, Full 

50 1----1.,~------------

:i 40 t--~~- ----------- -
30 f---~ ~ :s::;~ =-----------

- ss, o.s 

- OEC, Full 

- OEC, 0.8 

- BEC, Full 

- BEC, 0.8 

- Cant, Full 

- cant , 0.8 

0 ------------------
10 20 30 40 50 

w/b or w/L (kPa) 

Strength 
80 

70 

60 - SS, FullMer 

50 - SS, 0.8Mer 

:i 40 
- OEC, Full Mer 

- OEC, 0.8 Mer 

30 - BEC, Full Mer 

20 - BEC, 0.8 Mer 

10 
- Cant, Full Mer 

- Cant, 0.8 Mer 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

fc,sus 
80 ,-----------------

70 t---:----------------

0 ------·-------------
JO 20 30 40 50 

w/b or w/L (kPa) 

- SS, Full 

- ss. 0.8 

- OEC, Full 

- OEC, 0.8 

- BEC, FuU 

- BEC, 0.8 

- Cant, Full 

- Cant, 0.8 

Slab design results for each criterion, showing the effects of support conditions and full 

or reduced Mer (shown in legend). 

-------------·---·-------·--- -------···--·-----··--------------------

Overstrength SS, Full Mer 
500 ,--------- ------

450 t----------~----
400 

- ss, FuJIMer 
350 

- 440.1 R-06 kb = 1.0 - ss. 0.8Mcr 
300 

- 440 Rev. kb = 1.0 

- 440.1 R-03 kb = 1.0 

- 440.IR-06kb= 1.4 

- OEC, Full Mer s 
- OEC, 0.8 Mer 

_§, 250 

- BEC, Full Mer 
~ 200 

- BEC, 0.8 Mer 
150 

- 440 Rev. kb = 1.4 

- cant, Full Mer 
100 - 440. IR-03 kb= 1.4 

- cant, 0.8 Mer 50 

0 '---------------- 0 
0 JO 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

Overstrength factor results for slabs (left) , and sample bar spacings for slabs (right) 
based on incremental deflection. 
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C.5 Beams ( changes in support conditions and Mer): 

SS, Full Mer 

0'------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

OEC, Full Mer 

0 -·--·----·-----·-··------··--·-··--·--·---------· 
0 10 20 30 40 50 

w/b or w/L (kPa) 

BEC, Full Mer 

o~----------------
0 10 20 30 40 so 

w/b or w/L (kPa) 

Cant, Full Mer 
14 ,------------------

12 -----------------

10 ------------------- ----------

0 ---------------- --------
0 10 20 ,o 40 50 

- Iner 

- LLPrcload 

- LL Virgin 

- strength 

- Crkkb= l .0 

- Crkkb = l.4 

C.R. 

- Iner 

- LLPrcload 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- Crkkb= l .4 

- C.R 

- Iner 

- LLPrcload 

- LL Virgin 

- Strength 

- Crkkb= 1.0 

- Crkkb = 1.4 

C.R 

- Iner 

- LL Prcloud 

- LL Virgin 

- Strength 

- Crkkb= 1.0 

- Crkkb = l.4 

C.R 

SS, 0.8 Mer 
14 

12 

10 

::i 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

OEC, 0.8 Mer 
14 ....--......----------------

4 ·------------------

10 20 30 40 50 

w/b or w/L (kPa) 

BEC, 0.8 Mer 

o~----------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

Cant, 0.8 Mer 
14 ,------------------

12 -----------------

10 

0 
0 IO 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

- lncr 

- LLPreload 

- LL Virgin 

- strength 

- erk kb = 1.0 

- Crkkb= 1.4 

C.R. 

- Iner 

- LLPrcload 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb = l.4 

C.R. 

- Iner 

- LLPreloud 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb= l .4 

C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb = I.O 

- Crkkb = l .4 

C.R. 

Summary of beam design results (support conditions and full Mer or reduced 0.8Mcr 

shown in titles). 
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Iner 

0 
0 10 20 30 40 50 

w/b o r w/L (kPa) 

S806 
14 

0 --------------------------------
0 10 20 30 40 50 

w/b o r w/L (kPa) 

- SS, FuJIMer 

- SS, 0.8 Mer 

- OEC, Full Mer 

- OEC, 0 .8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- Cant, Full Mer 

- Cant, 0.8 Mer 

- SS, FuJIMer 

- SS, 0.8 Mer 

- OEC, Full Mer 

- OEC, 0.8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- Cant, Full Mer 

- Cant, 0.8 Mer 

LLPreload 
14 

12 

10 

:i 

0 
0 10 20 . 30 40 50 

w/b o r w/L (kPa) 

LL Virgin 

0 
0 10 20 30 40 50 

w/ b or w/L (kPa) 

Icr kb= 1.0 

- SS, FullMer 

- SS, 0.8Mer 

- OEC, Full Mer 

- OEC, 0.8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- Cant, Full Mer 

- Cant, 0.8 Mer 

0 '---------------- 0 '-------------------
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/ b or w/L (kPa) 

Creep Rupture kb = 1.4 
14 ~---------------

- SS, FullMcr 

- SS, 0.8Mcr 

- OEC, Full Mer 

- OEC, 0.8 Mer 
6 -

- BEC, Full Mer 

- BEC, 0.8 Mer 

- Cant, Full Mer 

- Cant, 0.8 Mer 

0'---------------- 0 '-------------------
0 10 20 30 40 50 0 10 20 30 40 50 

wlb or w/L (kPa) wlb or w/L (kPa) 

C-30 

- SS, FullMer 

- SS, 0.8Mer 

- OEC, Full Mer 

- OEC, 0.8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- Cant, Full Mer 

- Cant, 0.8 Mer 

- SS, FullMer 

- ss, 0.8Mcr 

- OEC, Full Mer 

- OEC, 0.8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- cant, Full Mer 

- Cant, 0.8 Mer 

- SS, FullMer 

- SS, 0.8Mer 

- OEC, Full Mer 

- OEC, 0.8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- Cant, Full Mer 

- Cant, 0.8 Mer 

- SS, FullMer 

- SS, 0.8Mer 

- OEC, Full Mer 

- oEC, 0.8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- cant, FulJ Mer 

- Cant, 0.8 Mer 



Strength fc 
14 ~--------------

- SS, Ful! Mer - SS, FullMcr 

- SS, 0.8 Mer - SS, 0.8 Mer 

- OEC, Full Mer - OEC, Full Mer 

- OEC, 0.8 Mer - OEC, 0.8 Mer 

- BEC, Full Mer - BEC, Full Mer 

- BEC, 0.8 Mer - BEC, 0.8 Mer 

- Cant, Full Mer - cant, Full Mer 

- Cant, 0.8 Mer - Cant, 0.8 Mer 
0 

0 10 20 30 40 50 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

----------

fc,sus 

- SS, FullMer 

- SS, 0.8 Mcr 

- OEC, Full Mer 

- OEC, 0.8 Mer 

- BEC, Full Mer 

- BEC, 0.8 Mer 

- Cant, Full M er 

- Cant, 0.8 Mer 

10 20 30 40 50 

w/b or w/L (kPa) 

Beam design results for each criterion, showing the effects of support conditions and 

selected Mer (shown in legend). 

Overstrength 
1.8 ,----------------

1.6 t----------------

1.2 

i I 
i 
:[ 08 

- o.6 1----------------
04 1----------------
0.2 1----------------

0 ~--------------
0 10 20 30 40 50 

wlb or w/L (kP•) 

BEC, 0.8 Mer 
140 

120 

- SS, FullMcr 100 
- SS, 0.8 Mer - 440.1 R-06 kb= 1.0 

- OEC, Full Mer 80 

~ - OEC, 0.8 Mer 60 

- 440 Rev. kb= 1.0 

- 440.1 R-03 kb= 1.0 

- BEC, Full Mer - 440. IR-06 kb= 1.4 

- BEC, 0.8 Mer 40 - 440 Rev. kb = 1.4 

- Cant, Full Mer 20 - 440. IR-03 kb= 1.4 

- Cant, 0.8 Mer 

wlb or w/L (kPa) 

Overstrength factor results for beams (left), and sample bar spacings for beams (right) 

based on incremental deflection. 
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C.6 Slabs (changes in concrete unit weight and D: L): 

:5 

:5 

5 

90, 0.5 
70 

60 

50 

40 

30 

20 

10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

107.5, 0.5 
70 .--~---------------

50 

40 

30 

20 

10 

0 ---·-···------·-···-···--·---·-------·--·--·· 
0 IO 20 30 40 50 

w/ b or w/L (kPa) 

125, 0.5 
70 .--~---------------

0 ·----------·------------·--

70 

60 

50 

40 

30 

20 

10 

0 

0 IO 20 30 40 50 

w/b or w/L (kPa) 

142.5, 0.5 

0 10 20 30 40 50 

w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin :5 
- s trength 

- Crkkb = 1.0 

- Crkkb = l.4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 5 
- Strength 

- Crkkb= 1.0 

- Crkkb= l .4 

- C.R 

- Iner 

- LL Preload 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- Crkkb = l .4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 5 
- Strength 

- Crkkb= I.O 

- Crkkb= 1.4 

- C.R. 
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90, 8 
70 

60 

50 

40 

30 

20 

10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

107.5, 8 
70 ,---.----------------

so 

40 

30 

20 

10 

0 -·--··--·---·-···-·--·-·----·---·----·-·--·-·-·--···-·-··-
10 20 30 40 50 

w/b or w/L (kPa) 

125, 8 
70 .--~---------------

20 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

142.5, 8 
70 

60 

50 

40 

30 

20 

10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- c rkkb = 1.0 

- Crkkb = l.4 

--C.R 

- Iner 

--LLPreload 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb=l.4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb= l .4 

- C.R. 

- Iner 

- LLPrcload 

- LL Virgin 

- Strength 

- crkkb=I.O 

- Crkkb=l.4 

- c .R. 



160, 0.5 
70 ~~------ ---------

0 -------------------------
0 IO 20 30 40 50 

w/b or w/L (kPa) 

70 

60 

- lncr 50 

- LLPreload 40 
- LL Virgin :s 
- strength 30 

- Crkkb = 1.0 20 
- Crkkb = 1.4 

- C.R. 10 

0 

160,8 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb= l .4 

- C.R. 

0 10 20 30 40 50 

w/b or w/L (kPa) 

Summary of slab design results (values of concrete unit weight and D:L ratio 

respectively shown in titles). 

Iner 
70 ~----------------

60 --·------·--·---------··--- - 90, 0.5 

50 f------------------ - 90, 8 

- I07.5, 0.5 
40 !------------------ - I07.5, 8 

- 125, 0.5 

- 125, 8 

20 ,--_::,a"liiiilll;;;::iijjiiiiiiiij-;;~~~::=---
10 ---·---·-----------·-·-·-----·-·---·--··-

- 142.5, 0.5 

- 142.5, 8 

160, 0.5 

o~----------------
0 10 20 30 40 50 

- 160, 8 

w/b or w/L (kPa) 

S806 
70 ~----------------

60 f------------------ - 90, 0.5 

50 ~--··-----·-------------- - 90, 8 

- 107.5, 0.5 

40 f------------------
:s \ 

30 ,__.,~------------

20 1---"''iiit~::------------

- 107.5, 8 

- 125 , 0.5 

- 125 , 8 

- 142 .5, 0.5 

JO ~-----·-- - 142.5, 8 

160, 0.5 

- 160, 8 
50 

o~----------------
0 10 20 30 40 

w/b or w/ L (kPa) 

Icr 
70 

60 

50 

0 ------------------------
0 IO 20 30 40 50 

w/b or w/L (kPa) 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125 , 0.5 

- 125 , 8 

- 142.5, 0.5 

- 142.5, 8 

- 160, 0.5 

- 160, 8 

:s 

:s 
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LLPreload 
70 

60 - 90, 0.5 

- 90, 8 

- 107.5, 0.5 
40 - I07.5, 8 

30 - 125, 0.5 

- 125, 8 
20 - 142.5, 0.5 

JO - 142.5, 8 

- 160, 0.5 

0 - 160, 8 
0 JO 20 30 40 50 

w/b or w/L (kPa) 

LL Virgin 
70 -----------------

60 f------------------ - 90, 0.5 

50 ------------------------·- - 90, 8 

- I07.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 
20 - 142.5, 0.5 

IO - 142.5, 8 

160, 0.5 
0 o~---1-0 ___ 20 ____ 30 ____ 40 ___ 50 - i60, 8 

w/b or w/L (kPa) 

kb= 1.0 
70 -~---------------

60 

50 

40 

30 

20 

IO 

0 
0 10 20 30 

w/ b or w/L (kPa) 

40 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107 .5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

160, 0.5 

- 160, 8 
50 



Creep Rupture kb= 1.4 
70 ~~--------------- 70 r------------------

- 90, 0.5 60 !--~--------------- - 90, 0.5 

- 90, 8 - 90, 8 

- 107.5, 0.5 - 107.5, 0.5 

- 107.5, 8 - 107.5, 8 

- 125, 0.5 - 125, 0.5 

- 125, 8 - 125, 8 

- 142.5, 0.5 - 142.5, 0.5 

- 142.5, 8 IO >------------------ - 142.5, 8 

--160, 0.5 - 160, 0.5 

0 o ----·-1-0 ---;~----3-0 ___ 4_0 -~o - l60, 8 0 
0 

w/b or w/L (kPa) w/b or w/L (kPa) 

fc fc,sus 
70 70 r--...----------------

60 >------------------ - 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

IO >------------------ - 142.5, 8 

- 160, 0.5 

o 
O 
-----;-;;-----~ ------;;-------:;-~---~

0 
- 160, 8 

w/b or w/L (kPa) 

Strength 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

- 160, 0.5 

0 o'------10 ___ 2_0 ___ 3_0 ___ 40 ___ 50 - l60, 8 

w/b or w/ L (kPa) 

40 

20 

10 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

- 160, 0.5 
0 o -------;-;----2-0 ----30---:;-;-----;o - i60, 8 

w/b or w/L (kPa) 

Slab design results for each criterion, showing the effects of concrete unit weight and 

D: L ratio (shown in legend). 

Overstrength 90, 8 
3.5 -------·----·--·-----------·------

2.5 1---c--"""iiilll>!o;;:::,-------------

i 2 

:E i 15 

0.5 ,__ _______________ _ 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

- 160, 0.5 

10 20 30 40 
50 - 160, 8 

w/b or w/L (kPa) 

- 440. IR-06kb= 1.0 

- 440 Rev. kb = 1.0 

- 440.1 R-03 kb = 1.0 

- 440.1 R-06 kb = 1.4 

- 440 Rev. kb= 1.4 

- 440. IR-03kb= 1.4 

10 20 30 40 50 

w/b or w/L (kPa) 

Overstrength factor results for slabs (left), and sample bar spacings for slabs (right) 

based on incremental deflection. 

C-34 



C.6 Beams (changes in concrete unit weight and D: L): 

90, 0.5 90, 8 
14 

12 

- Iner 10 - Iner 

- LLPreload - LLPreload 

- LL Virgin 5 - LL Virgin 

- strength - Strength 

- Crkkb= 1.0 - crkkb= 1.0 

- Crkkb= l .4 - crkkb= 1.4 

--C.R. - C.R. 

o~---------
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107.5, 0.5 107.5, 8 
14 .---- ---------------

- Iner 10 - Iner 

- LLPreload - LLPreload 
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- strength - strength 

- Crkkb = I .O - Crkkb= 1.0 

- Crkkb = l .4 - Crkkb = l .4 

- C.R. - C.R 

0 0 ---··----·-·----------··------·-·----···-·-··--
0 10 20 30 40 50 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

125, 0.5 125, 8 
14 14 .-----.---------------

- Iner - Iner 

---~ ------------- - LL Preload - LLPreload 

s --.. - LL Virgin 5 - LL Virgin 

- Strength - strength 

- Crk kb = I.O - Crkkb = 1.0 

- Crkkb= l.4 - Crkkb = 1.4 

- C.R --C.R. 

0 0 --------------------·-·--------· 
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

142.5, 0.5 142.5, 8 
14 

12 

- Iner IO - Iner 

- LLPreload - LLPreload 

5 - LL Virgin 5 - LL Virgin 

- Strength - strength 

- Crkkb = I.O - Crkkb= 1.0 

- Crkkb= l .4 - Crk kb = l .4 

C.R. - C.R. 

0 
10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 
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14 

12 

10 

10 

160, 0.5 

20 30 

w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb=I.O 

- Crkkb= l.4 

- C.R. 

40 50 

160,8 
14 ~ ~ ~--------------

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- Crkkb= l .4 

- C.R. 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

Summary of beam design results (values for concrete unit weight and D:L ratio shown 
in titles). 

5 

Iner LLPreload 
14 ~----------------

12 ··--·---·------··-----·-----·--···-·------- - 90, 0.5 - 90, 0.5 

- 90, 8 10 - 90, 8 

- 107.5, 0.5 - 107.5, 0.5 

- 107.5, 8 - 107.5, 8 

- 125, 0.5 - 125, 0.5 

- 125, 8 - 125 , 8 

- 142.5, 0.5 - 142.5, 0.5 

2 --------·-·-·--------·----·------------- - 142.5, 8 - 142.5, 8 

- 160, 0.5 160, 0.5 
0 

0 10 20 30 40 50 
- 160, 8 

10 20 30 40 50 
- 160, 8 0 '------------------

0 

w/b or w7L (kPa) w/b or w/L (kPa) 

S806 LL Virgin 
14 14 .---~--------------

12 - 90, 0.5 - 90, 0.5 

10 - 90, 8 10 -··- - 90, 8 

- 107.5, 0.5 - 107.5, 0.5 

- 107.5, 8 - 107.5, 8 

- 125, 0.5 - 125, 0.5 

- 125, 8 - 125 , 8 

- 142.5, 0.5 - 142.5, 0.5 

- 142.5, 8 - 142.5, 8 

- 160, 0.5 - 160, 0.5 
0 o.__ ___ 1_0 ___ 2_0 ___ 3_0 ___ 40 ___ 50 - l60, 8 

10 20 30 40 
50 - 160, 8 

w/b or w/L (kPa) w/b or w/L (kPa) 

Icr kb= 1.0 
14 14 .------------------

12 ----------------- - 90, 0.5 

10 - 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

- 160, 0.5 
0 ---------------------- - 160, 8 

50 0 10 20 30 40 

w/b or w/L (kPa) 
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12 ,__ _______________ _ 
- 90, 0.5 

10 
- 90, 8 

- 107.5,0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

160, 0.5 

o o ----10----; -~----30---~ ---~o - 160, 8 

w/b or w/L (kPa) 



Creep Rupture 

10 20 30 40 

w/b or w/L (kP•) 

fc 

IO 20 30 40 

w/b or w/L (kPa) 

Strength 

10 20 30 40 

w/b or w/L (kPa) 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5,8 

- 125, 0.5 

- 125, 8 

- 14 2.5, 0.5 

- 142.5, 8 

160, 0.5 

50 
- 160, 8 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142 .5, 8 

- 160, 0.5 

50 
- 160, 8 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

160, 0.5 

50 - 160, 8 

:S 

kb= 1.4 
14 ~----------------

12 .------------------- - 90, 0.5 

- 90, 8 

- 101.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

160, 0.5 

0 o ----10 ______ 2_0 ----;-;;----·--4~----·;o - i60, 8 

w/b or w/L (kPa) 

~--------------------·---~ 

fc,sus 
14 

12 

IO 

:S 

0 
0 10 20 30 

w/b or w/L (kPa) 

40 

- 90, 0.5 

- 90, 8 

- 107.5, 0.5 

- 107.5, 8 

- 125, 0.5 

- 125, 8 

- 142.5, 0.5 

- 142.5, 8 

160, 0.5 

50 - 160, 8 

Beam design results for each criterion, showing the effects of concrete unit weight and 
D:L ratio (values shown in legend). 

Overstrength 90, 8 
160 

1.8 
1.6 r----"I_,_ ____________ _ - 90, 0.5 

140 

1.4 J---Rioa.:-=""iiiilr:::,,,o;;;:::--------- - 90, 8 120 

~ 1.2 

:. I 

! 08 

- 107.5, 0.5 100 
- !07.5, 8 e 

.§, 80 
- 125, 0.5 

- 125, 8 60 

- 440.1 R-06 kb= 1.0 

- 440 Rev. kb= 1.0 

- 440.1 R-03 kb= 1.0 

- 440.1 R-06 kb= 1.4 
0.6 ---------------- - 142.5, 0.5 40 - 440 Rev. kb= 1.4 0.4 .__ ______________ _ 

0.2 ~---------------------
- 142.5, 8 

20 
160, 0.5 

- 440.1 R-03 kb = 1.4 

0 '---------------------
0 10 20 30 40 50 

- 160, 8 
IO 20 30 40 50 

w/b or w/L (kPa) w/b or w/ L (kPa) 

Overstrength factor results for beams (left), and sample bar spacings for beams (right) 

based on incremental deflection. 
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C.7 Slabs (changes in I e, D: L, and incremental deflection limit): 

Bischoff, 0.5, L/240 

50 

40 

0 '------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

Bischoff, 8, L/240 

0 ··-·-·--···---·--·-----------·-·----------·-·---------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

Branson, 0.5, L/240 
60 -~---------------

20 

10 -------------------------

0 -----·-----·-----------·---·-·----
10 20 30 40 50 

w/b or w/L (kPa) 

Branson, 8, L/240 

o~----------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb = l .4 

--C.R 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = I.O 

- Crkkb = l .4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- c rkkb = 1.0 

- Crkkb = l .4 

- C.R. 

- lncr 

- LL Preload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crk kb = 1.4 

- c .R. 

Bischoff, 0.5, L/480 
60 

50 

40 

;i 30 

20 

10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

Bischoff, 8, L/480 

0 ---·-----·-----·----·--·-----·-------·-·---·-----
0 10 20 30 40 50 

w/b or w/L (kPa) 

Branson, 0.5, L/480 
60 -~---------------

20 

10 

0 
0 10 20 30 40 50 

w/b or w/L (kPa) 

Branson, 8, L/480 

20 

to ------------------

0 '------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

- Iner 

- LLPreload 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb = l .4 

- C.R. 

- Iner 

- LLPrcload 

- LL Virgin 

- s trength 

- Crkkb = 1.0 

- Crkkb = 1.4 

·-C.R 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb = l .4 

C.R 

- Iner 

- LL Preload 

- LL Virgin 

- s trength 

- Crkkb= 1.0 

- Crkkb= l .4 

- C.R 

Summary of slab design results showing the effect of selected l e, D:L, and selected 
deflection limit (respective values shown in titles). 
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Iner LLPreload 
60 .---------------- 60 ---------------

50 -----------------------

- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

- Branson, 0.5, L/240 - Branson, 0.5, L/240 

- Branson, 0.5, L/480 - Branson, 0.5, L/480 

- Branson, 8, L/240 - Branson, 8, L/240 

- Branson, 8, L/480 - Branson, 8, L/480 

0 0 
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

S806 LL Virgin 
60 .---------------- 60 .----------------

50 1---------------- 50 1----------------
- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

- Branson, 0.5, L/240 - Branson, 0.5, L/240 

- Branson, 0.5, L/480 - Branson, 0.5, L/480 

- Branson, 8, L/240 10 -·------------------------·-------· - Branson, 8, L/240 

- Branson, 8, L/480 - Branson, 8, L/480 
0 --------------------------- 0 ---------------------------

0 JO 20 30 40 50 0 JO 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

lcr kb = 1.0 
60 .---------------- 60 .---.--------------

50 ---------------

- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

40 f---------------- - Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

5 30 ...__...\ - , -------

- Bischoff, 8, L/240 

- Bischoff, 8, L/480 

- Branson, 0.5, U240 

- Bischoff, 8, L/240 

- Bischoff, 8, L/480 

- Branson, 0. 5, L/240 20 
- Branson, 0.5, L/480 - Branson, 0.5, L/480 

20 1---~-..--.___c------------

10 1-------=~~~!'!!!!!!!I-L--- - Branson, 8, L/240 10 --------··-----·-··------- - Branson, 8, L/240 

0 '----------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

Creep Rupture 

20 

10 

0 '----------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

- Branson, 8, L/480 

- Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 

.- Bischoff, 8, L/480 

- Branson, 0.5, L/240 

- Branson, 0.5, L/480 

- Branson, 8, L/240 

- Branson, 8, L/480 
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- Branson, 8, L/480 

0'----------------
0 JO 20 30 40 50 

w/b or w/L (kPa) 

kb = 1.4 

- Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 

- Bischoff, 8, L/480 

20 - Branson, 0.5, L/240 

- Branson, 0.5, L/480 

- Branson, 8, L/240 

- Branson, 8, L/480 

0 '----------------
0 10 20 30 40 50 

w/b or w/L (kPa) 



fc fc,sus 
60 ~-------------- 60 ~~ - ------------

50 

- BischofT, 0.5, U240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, U480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

- Branson, 0.5, U240 - Branson, 0.5, L/240 

- Branson, 0.5, U480 - Branson, 0.5, L/480 

- Branson, 8, U240 - Branson, 8, L/240 

- Branson, 8, U480 - Branson, 8, L/480 

0 0 
0 10 20 30 40 50 0 JO 20 30 40 50 

w/b or w/L (kP•) w/b or w/L (kP•) 

Strength 

- Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 

- Bischoff, 8, L/480 

- Branson, 0.5, U240 

- Branson, 0.5, U480 

- Branson, 8, L/240 

- Branson, 8, U480 

JO 20 30 40 50 

wlb or w/L (kP•) 

Slab design results for each criterion, showing the effects of selected l e, D:L ratio, and 
deflection limit (respective values shown in legend). 

3.5 

0.5 

0 
0 10 

Overstrength 

20 30 40 

wlb or w/L (kP•) 

- Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 

- Bischoff, 8, L/480 

- Branson, 0.5, U240 

- Branson, 0.5, U480 

- Branson, 8, L/240 

- Branson, 8, L/480 

50 

Bischoff, 8, L/240 
500 ~--------~-----

450 t-----------~ -----
400 1--- -------------
350 1-----"c--------------

150 , _::::,- ...... ~=======;---
100 >----------------

50 

o~--------------
0 JO 20 30 40 50 

w/b or w/L (kPa) 

- 440. IR-06kb= 1.0 

- 440 Rev. kb= 1.0 

- 440. IR-03kb= 1.0 

- 440. IR-06kb= 1.4 

- 440 Rev. kb= 1.4 

- 440.1 R-03 kb = 1.4 

Overstrength factor results for slabs (left), and sample bar spacings for slabs (right) 

based on incremental deflection. 
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C.7 Beams (changes in le, D: L, and incremental deflection limit): 

Bischoff, 0.5, L/240 Bischoff, 0.5, L/480 
12 

10 

- Iner 

- LLPreload 

- LL Virgin :i 6 

- Strength 

- Crkkb= 1.0 

- Crkkb = l .4 

- C.R 

0 
10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

Bischoff, 8, L/240 Bischoff, 8, L/480 

10 

- lncr 

- LLPreload 

:i 6 - LL Virgin :i 6 

- strength 

- Crkkb = 1.0 

- Crkkb = l .4 

- C. R 

0 ---·--··------··-··--------------··--··--·---· 0 ·-·-----·--···--···-·· ----·-··-··--·---···------------
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

Branson, 0.5, L/240 Branson, 0.5, L/480 

2 ----------------------

0 -----------------------··---------··-----· 
0 10 20 30 40 50 

w/b or w/L (kPa) 

Branson, 8, L/240 

OL------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- c rkkb = l.4 

- C.R. 

- Iner 

- LLl'rcload 

- LL Virgin 

- Strength 

- Crkkb = 1.0 

- Crkkb= l.4 

- C.R. 

s 6 

0'------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

Branson, 8, L/480 

0 '------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

- lncr 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- Crkkb = l .4 

C.R. 

- lncr 

- LLl'reload 

- LL Virgin 

- strength 

- Crkkb = I.O 

- Crkkb = l .4 

- C.R. 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- crkkb= l.4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- Crkkb= l .4 

- C.R. 

Summary of beam design results showing the effect of selected l e, D:L, and selected 

deflection limit (respective values shown in titles). 
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Iner LLPreload 

- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

- Branson, 0.5, L/240 - Branson, 0.5, L/240 

- Branson, 0.5, L/480 - Branson, 0.5, L/480 

- Branson, 8, L/240 - Branson, 8, L/240 

- Branson, 8, L/480 - Branson, 8, L/480 

0 0 -·---·------------··-
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

S806 LL Virgin 
12 ~--------------

- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

- Branson, 0.5, L/240 - Branson, 0.5, L/240 

- Branson, 0.5, L/480 - Branson, 0.5, L/480 

2 --··--------------·-·-------- - Branson, 8, L/240 

- Branson, 8, L/480 

----·-·---·----------- - Branson, 8, L/240 

- Branson, 8, L/480 
0 ----------------- 0 -------------------------

0 IO 20 30 40 50 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

Icr kb== 1.0 
12 ~--------------

- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

- Branson, 0.5, L/240 4 --··--·--··-·--------------· 
- Branson, 0.5, L/240 

- Branson, 0.5, L/480 - Branson, 0.5, L/480 

- Branson, 8, L/240 2 ---·-----------------------· - Branson, 8, L/240 

- Branson, 8, L/480 - Branson, 8, L/480 

o~-------------- 0 '-----------------
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

Creep Rupture kb == 1.4 
12 12 ,----------------

10 10 !--+--------------
- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

4 --··-----··--···-----------·--· - Branson, 0.5, L/240 - Branson, 0.5, L/240 

- Branson, 0.5, L/480 - Branson, 0.5, L/480 

- Branson, 8, L/240 - Branson, 8, L/240 

- Branson, 8, L/480 - Branson, 8, L/480 

o~--------------
0 IO 20 30 40 50 IO 20 JO 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

C-42 



fc fc,sus 
12 ~-------------- 12 ~ ~ -------------

10 

- Bischoff, 0.5, L/240 - Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 - Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 - Bischoff, 8, L/240 

- Bischoff, 8, L/480 - Bischoff, 8, L/480 

- Branson, 0.5, L/240 - Branson, 0.5, L/240 

- Branson, 0.5, 1/480 - Branson, 0.5, L/480 

- Branson, 8, 1/240 - Branson, 8, L/240 

- Branson, 8, 1/480 - Branson, 8, L/480 

0 ------------------- 0 
0 10 20 30 40 50 0 10 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

Strength 
12 ~~-------------

- Bischoff, 0.5, L/240 

- Bischoff, 0.5, L/480 

- Bischoff, 8, L/240 

- Bischoff, 8, L/480 

- Branson, 0.5, 1/240 

- Branson, 0.5, 1/480 

--·--------·--------- - Branson, 8, L/240 

- Branson, 8, L/480 
0 ------------------------

0 10 20 30 40 50 

w/b or w/L (kP•) 

Beam design results for each criterion, showing the effects of selected l e, D:L ratio, and 

deflection limit (respective values shown in legend). 

Overstren~th 

- Bischoff, 0.5, 1/240 

- Bischoff, 0.5, 1/480 

- Bischoff, 8, L/240 

- Bischoff, 8, L/480 

- Branson, 0.5, 1/240 

- Branson, 0.5, 1/480 

- Branson, 8, 1/240 

- Branson, 8, 1/480 

0 '----------------
0 10 20 30 40 50 

w/b or w/L (kP•) 

Bischoff, 8, L/480 
200 ~--------------

180 t----------------
160 1--..-~------------
140 t----"",ts:,------------

60 l-----"-.:--""'~ """'"""":::c--------
40 l---..:---'"'r-t--------'="'----

20 

10 20 30 40 50 

w/b or w/L (kPa) 

- 440.1 R-06 kb= 1.0 

- 440 Rev. kb = 1.0 

- 440.1 R-03 kb= 1.0 

- 440.IR-06kb= 1.4 

- 440 Rev. kb= 1.4 

- 440.1 R-03 kb= 1.4 

Overstrength factor results for beams (left), and sample bar spacings for beams (right) 

based on incremental deflection. 
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C.8 Beams (changes in member length and d/b): 

6, 0.5 12, 0.5 
16 .---~---------------

- Iner 

- LLPreload 

5 8 - LLVirgin 

- strength 

- Crkkb= l .O 

- Crkkb= l .4 
4 ------------------------

- C.R 

0'------------------
I O 20 30 40 50 0 IO 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 

6, 1.0 

I O t---"'~ ~ -.;;;::-----------

;j 8 

0 
0 I O 20 30 40 50 

w/b or w/L (kPa) 

6, 1.5 
16 .-------------------

14 -----------------

10 1--~ ~ i::---------------
;j 8 

0 -----------------------------------
I O 20 30 40 50 

w/b or w/L (kPa) 

6, 2.0 
16 .-------------------

14 -----------------

12 -----------------

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb=l.4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb= l .4 

C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb= 1.0 

- Crkkb=l.4 

5 

12, 1.0 
16 

14 

12 

IO 

8 

0 
0 I O 20 30 40 50 

w/b or w/L (kPa) 

12, 1.5 
16 .-------------------

14 -----------------

10 20 30 40 50 

w/b or w/L (kPa) 

12, 2.0 
16 .-------------------

14 -----------------

5 8 

- lncr 

- LLPrcload 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb= l .4 

- C.R 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb=l .O 

- Crkkb = l.4 

- C.R. 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb = 1.0 

- Crkkb= 1.4 

- C.R 

- Iner 

- LLPreload 

- LL Virgin 

- strength 

- Crkkb= 1.0 

- Crkkb= 1.4 

C.R. 2 ---------------------------- - c .R 

0'------------------
IO 20 30 40 50 0 IO 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 
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6, 2.5 
16 .------------------

14 

12 

IO ,-... ~•,----------------

~ s 8 

0 -----------------------------
0 10 20 30 40 50 

w/b or w/L (kPa) 

16 

14 

- lncr 12 

- LLPreload 
I O 

- LL Virgin 

- strength s 8 

- Crkkb = 1.0 

- Crkkb = I .4 

- C.R. 

0 

12, 2.5 

- Iner 

- LLPreload 

- LL Virgin 

- Strength 

- Crkkb = l .O 

- Crkkb = I .4 

- C.R. 

0 I O 20 30 40 50 

w/b or w/L (kPa) 

Summary of beam design results (with selected spans and d/b ratios shown in the titles). 

---------

Iner LLPreload 
16 16 

14 
- 6, 0.5 

14 
- 6, 0.5 

12 - 6, 1.0 12 - 6. 1.0 

I O - 6, 1.5 I O - 6, 1.5 

s - 6, 2.0 s 8 
- 6, 2.0 

8 
- 6, 2.5 - 6, 2.5 

- 12. 0.5 - 12, 0.5 

- 12. 1.0 - 12, 1.0 

- 12, 1.5 - 12, 1.5 

12, 2.0 12, 2.0 

0 - 12, 2.5 0 - 12, 2.5 
0 IO 20 30 40 50 0 I O 20 30 40 50 

w/b or w/L (kPa) w/b or w/L (kPa) 
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Creep Rupture 
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APPENDIX D RECOMMENDED MINIMUM MEMBER THICKNESS 

MODIFICATION FACTORS 

Modification factors for recommended minimum member thickness are provided for 
slabs and beams for design according to both ACI 440. IR and CSA S806. 

L/h values for minimum member thickness provided in Chapter 6 (Table 6-2 for ACI 
440.IR and Table 6-3 for CSA S806) are based on incremental deflection requirements 
for an assumed set of values that include a 9.6 kPa service load, dead-to-live-load (D: L) 
ratio of 8, long-term deflection multiplier A= 1.2 for ACI 440.IR (..1 = 2 for CSA 

S806), reinforcing ratio Pt = 2.0pb, FRP reinforcement with Et/ ftu = 60, 4000 psi 

(27.6 MPa) concrete strength for ACI 440.IR (30 MPa concrete strength for CSA S806), 

d/h = 0.85, and beam aspect ratio d/b = 1.5. 

Modification factors are provided for cases or situations where the design values deviate 
from the assumed default values. These modification factors are determined using data 
from the parametric study at a service load of 9.6 kPa. L/h results are taken over the 
range of the variable considered, and normalized to the default value listed above. The 
modification factor is the resulting best fit line for the normalized data, and is linear for 
all factors except for service load. The factor for service load is bilinear, as there is a 
significant difference in slope below and above 9.6 kPa. 
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Table D. l: Modification factors for ACI 440. lR Recommended Minimum Thickness Requirements 

Factor L1au ss I OEC I BEC I Cant 

L/240 
0.96-(w/b-9.6)/11 * 

Slab 
0.98-(w/b-9.6)/36.5t 

L/480 
0.96-(w/b-9.6)/10.5* I o.96-(wlb-9.6)/11 * 

f(w) 
0.98-(w/b-9.6)/36.5t 

0.98-(w/L-9.6)/19* I 0.98-(w/L-9.6)/16.5* I 0.98-(w/L-9.6)/19* I 0.98-(w/L-9.6)/17.5* L/240 
0.99-(w/L-9.6)/54 t 

Beam 
0.98-(w/L-9.6)/17.5* I 0.98-(w/L-9.6)/16.5* 

L/480 
0.99-(w/L-9.6)/54 t 

t:j 
I 

N 

Slab 
L/240 1 +(Erlfru-60)/1384 

f(E1/fiu) 
L/480 1 +(Erlfru -60)/714 
L/240 1 +(Erlfru -60)/263 

Beam 
L/480 1 +(Erlfru -60)/357 

Slab 
L/240 

1-().-1.2)/11 
f().) 

L/480 

L/240 
Beam 1-().-1.2)/8 

L/480 

Slab 
L/240 

1 +(d/h-0.85)/3 
f(d/h) 

L/480 

L/240 
Beam 1 +(d/h-0.85) 

L/480 
* - for service loads less than 9 .6 kPa 
t - for service loads between 9.6 kPa and 19.2 kPa 
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Table D.l (con't): Modification factors for ACI 440.IR Recommended Minimum Thickness Requirements 

Factor Llau ss I OEC I BEC I Cant 

Slab 
L/240 1 +(prlPr,b -2)/27 

f(p1IP1b) 
L/480 1 +(pr lpr,b -2)/50 
L/240 1 +(prlPr,b -2)/19 Beam 
L/480 1 +(prlPr.b -2)/25 

Slab 
L/240 

1-(D:L-8)/769 
f(D:L) 

L/480 

L/240 
Beam 1-(D:L-8)/588 

L/480 

Slab 
L/240 

I +(f c-4000)/25000 
f(fc) 

L/480 
L/240 

Beam I +(f c-4000)/33000 
L/480 

f(d/b) Beam 
L/240 

1.05-(d/b-1.5)/4 
L/480 



Table D.2: Modification factors for CSA S806 Recommended Minimum Thickness Requirements 

Factor Aau ss I OEC I BEC I Cant 
0.95-(w/b-9.6)/1 O* 

Slab 
L/240 0.98-(w/b-9.6)/36.5t 

0.95-(w/b-9.6)/1 O* 

f(w) 
L/480 0.98-(w/b-9.6)/35.5t 

0.97-(w/L-9.6)/18* I 0.97-(w/L-9.6)/17* 

Beam 
L/240 0.99-(w/L-9.6)/54t 

0.97-(w/L-9.6)/16* I 0.97-(w/L-9.6)/17* 
L/480 0.99-(w/L-9.6)/52t 

Slab 
L/240 

1 +(E/fiu -60)/1250 
f(E1/fju) 

L/480 
L/240 1 +(Erlfru -60)/270 

Beam 
L/480 1 +(Erlfru -60)/588 

Slab 
L/240 0.99-(1-2)/17.9 

f(l) 
L/480 1-(1-2)/75 

L/240 0.98-(1-2)/5. 7 
Beam 

L/480 0.99-(1-2)/10 

Slab 
L/240 

l+(d/h-0.85)/17.2 
f(d/h) 

L/480 

L/240 
Beam 1 +(d/h-0.85) 

L/480 
* - for service loads less than 9.6 kPa 
t - for service loads between 9.6 kPa and 19.2 kPa 



Table D.2 (can't): Modification factors for CSA S806 Recommended Minimum Thickness Requirements 

Factor Lian ss I OEC I BEC I Cant 

Slab 
L/240 1 +(pr IPr.b -2)/87. 7 

f(p1IPfb) 
L/480 1 +(prlPr.b -2)/625 
L/240 1 +(prlPr.b -2)/17.3 

Beam 
L/480 1 +(prlPr.b -2)/3 7 

Slab 
L/240 

I-(D:L-8)/1000 

f(D:L) 
L/480 

L/240 
Beam l-(D:L-8)/167 

L/480 

Slab 
L/240 

1 +(f c-30)/172 
f(fc) 

L/480 

L/240 
Beam 1 +(f c-30)/250 

L/480 

f(d/b) Beam 
L/240 

l .06-(d/b-1.5)/4 
L/480 
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