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Abstract
In this thesis practical considerations for Operational Modal Analysis (OMA) are
discussed and two new methods of analysis are proposed. First, it is shown that although
natural frequencies may be accurately estimated, the estimated mode shapes when the
input excitation is other than Gaussian white noise contain significant errors, and in most
cases, accurate estimation is not feasible. A modal filter system is proposed which
implements a nonlinear optimization algorithm to perform OMA on a system subjected
to input excitations other than Gaussian white noise. The proposed method is validated
using numerical parametric studies on a 4 DOF analytical system subjected to a
generalized broadband excitation. Lastly, the application of automated OMA as a solution
for practical Structural Health Monitoring is discussed and a novel scale space based
frequency domain automated OMA method is proposed. The method is successfully
validated with a 4 DOF analytical system and a comparative study is performed using
vibration test data from a scale cable stayed bridge model.
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1.1

Introduction
Overview

Modal analysis consists of extracting the modal parameters of a system with techniques
that can be classified as experimental and operational methods. Experimental Modal
Analysis (EMA) refers to the identification of modal parameters using known input
excitations and been used in many fields such as automotive and aerospace industries [1].
Operational Modal Analysis (OMA) differs in that ambient vibrations are used as an input
excitation and the identification becomes a stochastic problem. OMA has several
advantages in the context of large civil engineering structures as it is relatively
inexpensive, does not interfere with operations, avoids the use of potentially damaging
shakers or impact forces, and represents the operational conditions at a structure [2].
Recently, OMA has become a viable choice for large scale testing of civil structures as
analysis methods becomes more sophisticated and sensor technology improves. This can
be seen in a drastic increase in published literature on the subject within the last 20 years.
Though current methods are becoming analytically more robust and powerful, there are
still many challenges being faced with implementations in practice. This can be attributed
in part to the affects of assumptions made in the derivation of most analysis methods and
the difficulties of making an effective automated implementation.
Due to the stochastic nature of OMA several assumptions must be made including the
linearity of the structure, the stationarity of the signal, and observability of all modes of
interest. It is also common for OMA methods to require the assumption that the input
excitation is a Gaussian white noise. This is often not true in practice for the typical
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excitation sources of wind [3] [4], and traffic [5]. As modes are weighted by the spectrum
of the input, modal identification in these conditions can be difficult [6].
With the current aging infrastructure and the construction of massive civil structures there
is an increasing interest for rapid online Structural Health Monitoring (SHM) systems.
Current methods of OMA require several test parameters to be calibrated. This manual
post processing and parameter estimation by a skilled user requires extensive interaction.
Therefore, to make OMA a practical tool in SHM there is a need for robust fully
automated OMA methods with minimal user interaction.
The present study investigates the practical limitations of OMA by considering the
assumption of input excitation type and the effective automation of OMA methods. Two
independent problems were investigated and are briefly summarized below:
1.

The effects of an input excitation other than a Gaussian white noise on accurate
modal parameter estimation is investigated in Chapter 3. Using the framework
developed by Ibrahim et. al. [7] to represent a system subjected to a generalized
broadband input excitation a new method of generalized OMA is proposed.

2.

Many researchers have proposed automated OMA methods but most still have
common drawbacks [8]. Chapter 4 presents a novel scale space based frequency
domain automated OMA method that shows promise as a robust method of
automated modal parameter estimation which overcomes many current
limitations.

Relevant background information on dynamic system theory has been provided in
Chapter 2 to provide the theoretical background for the proposed OMA methods. The
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relevant Matlab codes for Chapter 3 and Chapter 4 are found in Appendix A and Appendix
B respectively. All of the Matlab codes were self prepared with the exception of the Scale
Space Peak Picking code which was written by A. Liutkus [9].
1.2

Thesis Structure

This thesis has been prepared following the articles format and is composed of a
theoretical background and 2 journal articles, which have been included as Chapters 2, 3
and 4 respectively. Introductory and concluding chapters have also been included as well
as two appendices.
Chapter 2 presents a brief theoretical background on dynamic systems and transfer
functions. The chapter provides the derivation of single and multi degree of freedom
frequency response functions, their dynamic characteristics and representation in partial
fraction form.
Chapter 3 presents a new method of generalized OMA based on a modal filter system that
is capable of estimating the mode shapes of systems subjected to generalized broadband
excitation.
Chapter 4 proposed a new scale space based method of Automated OMA in the frequency
domain.
1.3

Contribution of the Candidate

The two articles presented in this thesis were co-authored by the candidate’s supervisor,
Dr. Kaveh Arjomandi. Dr. Kaveh Arjomandi initially proposed to consider the practical
limitations of OMA and provided valuable guidance and mentorship throughout the
duration of this work. The candidate identified the research problem addressed in each
3

article, developed the analytical methods, completed the parametric studies, analyzed the
data, and prepared the manuscripts.
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2

Transfer Functions and Dynamic Systems

This chapter outlines the theoretical background of transfer functions for Single Degree
of Freedom (SDOF) systems and their graphical representation, and their extension to
Multi Degree of Freedom (MDOF) systems.
2.1

General Single Degree of Freedom System

A transfer function is a mathematical function that relates the proportion of an input that
is transferred to its output [1]. Transfer functions are commonly represented in block
diagrams as in Figure 2.1 where it relates the input 𝐹(𝑠) to the output 𝑌(𝑠).

𝐹(𝑠)

𝐻(𝑠)

𝑌(𝑠)

Figure 2.1: Generic transfer function H(s)
The factors of the denominator and numerator of the transfer function are known as the
poles (𝜆 ) and zeros (𝑧 ) of the system respectively. The poles are the values of 𝑠 which
make the transfer function infinite while the zeros are the values of 𝑠 which make the
transfer function zero. The transfer function of a system is therefore generally written as
a product of all the factors of the numerator and denominator:

𝐻(𝑠) =

(𝑠 − 𝑧 ) … (𝑠 − 𝑧 )
[(𝑠 − 𝜆 )(𝑠 − 𝜆 ) … (𝑠 − 𝜆 )]
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(2.1)

Where the denominator contains the terms of the characteristic equation as will be shown
in section 2.1.1 since it is formed by the homogeneous solution to the equation of motion.
The following sections will develop the transfer function for a SDOF system in detail.
2.1.1

Transfer Function of Single Degree of Freedom Systems

A Single Degree Of Freedom (SDOF) system can be represented as an idealized mass,
spring, damper model as shown in Figure 2.2.

c

u(t)

m

f(t)

k

Figure 2.2: An idealized model of a SDOF system
This system has an equation of motion of the form:
𝑚𝑦̈ (𝑡) + 𝑐𝑦̇ (𝑡) + 𝑘𝑦(𝑡) = 𝑓(𝑡)

(2.2)

By taking the Laplace transform of (2.2) the second order ordinary differential equation
becomes a simple polynomial in the s-domain [1]:
𝑚 𝑠 𝑌(𝑠) − 𝑠𝑌(0 ) − 𝑌̇(0 ) + 𝑐[𝑠𝑌(𝑠) − 𝑌(0 )] + 𝑘[𝑌(𝑠)] = 𝐹(𝑠)

(2.3)

Only the response due to the loading is of interest therefore the system is assumed to begin
at rest and the initial conditions terms 𝑌(0 ) = 𝑌̇ (0 ) = 0. Collecting the terms of
equation (2.3) and rearranging yields the equation of motion in the s-domain as:
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(𝑚𝑠 + 𝑐𝑠 + 𝑘)𝑌(𝑠) = 𝐹(𝑠)

(2.4)

It is now possible to produce a transfer function as a ratio of the output 𝑌(𝑠) to the
excitation F(𝑠) as:
𝑌(𝑠)
1
=
= 𝐻(𝑠)
𝐹(𝑠) 𝑚𝑠 + 𝑐𝑠 + 𝑘

(2.5)

Making the following substitutions:

𝑐 = 2𝜁𝑚𝜔

(2.6)

𝑘 = 𝑚𝜔

(2.7)

𝐻 (𝑠) can be rewritten as the second order transfer function for a SDOF system:

𝐻(𝑠) =

2.1.2

1
𝑚[𝑠 + 2𝜁𝜔 𝑠 + 𝜔 ]

(2.8)

Pole Residue Form of SDOF Transfer Function

The transfer function 𝐻(𝑠) can also be expressed in pole residue form which can simplify
the representation of the system allowing for easy manipulation [1]. To represent the
transfer function in pole residue form:

𝐻(𝑠) =

𝐴
𝐴
+
𝑠−𝜆
𝑠−𝜆

(2.9)

Where 𝜆 represent the poles and 𝐴 represent the residues. The poles are the roots to the
characteristic equation which is the denominator of the transfer function. The
characteristic equation can be rewritten as:
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𝑚[𝑠 + 2𝜁𝜔 𝑠 + 𝜔 ] = 0

(2.10)

Solving for the roots:

𝑠=

−2𝜁𝜔 ± (2𝜁𝜔 ) − 4𝜔
2

= −𝜁𝜔 ± 𝜔 √−1 ∙ 1 − 𝜁

(2.11)

= −𝜁𝜔 ± 𝑖𝜔
Where,
𝜔 =𝜔

1−𝜁

Therefore, the poles are:
𝜆 , 𝜆 = −𝜁𝜔 ± 𝑖𝜔

(2.12)

If the system is underdamped the roots are a pair of complex conjugates, as shown in
(2.12). An undamped system results in a pair of poles at ±𝑖𝜔 as evident from (2.11)
when 𝜁 = 0. If the system is critically damped there are two real repeating poles at −𝜁𝜔
as the terms under the radical in (2.11) equal zero when 𝜁 = 1. Finally, if the system is
overdamped, there are two real and distinct poles at −𝜁𝜔 ± 𝜔 as when 𝜁 > 1 the values
under the radical in (2.11) become positive, resulting in real roots. The residues can now
be found by the “cover up” method using the equation:
𝐴 = [(𝑠 − 𝜆 )𝐻(𝑠)]|
Factoring 𝐻(𝑠) as:
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(2.13)

𝐻(𝑠) =

1
𝑚(𝑠 − 𝜆 )(𝑠 − 𝜆 )

(2.14)

And substituting (2.14) into (2.13):

𝐴 =

(𝑠 − 𝜆 )
𝑚(𝑠 − 𝜆 )(𝑠 − 𝜆 )

(2.15)

And setting 𝑠 = 𝜆 results in:

𝐴 =

1
𝑚[(−𝜁𝜔 + 𝑖𝜔 ) − (−𝜁𝜔 − 𝑖𝜔 )]
(2.16)

1
1
=
= −𝑖
2𝑖𝑚𝜔
2𝑚𝜔
Therefore, the residues are:

𝐴 , 𝐴 = ∓𝑖

2.1.3

1
2𝑚𝜔

(2.17)

From Transfer Function to Frequency Response Function

Often when representing a vibrating system, it is desirable to represent the transfer
function as a function of frequency instead of 𝑠 [1]. This is accomplished by considering
only the steady state response and restricting the complex variable 𝑠 = 𝜎 + 𝑖𝜔 to the
purely imaginary 𝑖𝜔 axis as is done when performing a Fourier transform. Substituting
𝑠 = 𝑖𝜔 into (2.8) yields:

𝐻(𝑠 = 𝑖𝜔 ) =

By factoring out 𝜔

1
𝑚[(𝑖𝜔) + 2𝜁𝜔 𝑖𝜔 + 𝜔 ]

and noting that 𝑘 = 𝑚𝜔
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this can be rewritten as:

(2.18)

𝐻(𝑖𝜔 ) =

1⁄𝑘
(1 − 𝛽 ) + 𝑖(2𝜁𝛽)

(2.19)

Where 𝛽 = 𝜔⁄𝜔 . Equation (2.19) is now referred to as the Frequency Response
Function (FRF).
2.2

Graphical Representation

It is beneficial to show a transfer function or FRF graphically to determine the
characteristics of a system. The following section will consider pole and zero diagrams, a
graphical representation of stability as well as Bode plots and real and imaginary
component plots.
2.2.1

Pole and Zero Diagrams

Plotting the poles and zeros of a transfer function is a way to represent it in the s-domain
as shown in Figure 2.3. Poles are typically shown by “X” and zeros by “O”. Considering
the results from (2.12) the real coordinate is defined by −𝜁𝜔 and the imaginary
coordinate by ±𝑖𝜔 . The magnitude 𝜔 is the vector sum of these two components which
makes the angle 𝜃 with the real axis.
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Poles of H(s)
4

+𝜔 = 𝜔

1−𝜁

−𝜔 = 𝜔

1−𝜁

iω

𝜔
−𝜁𝜔

0

𝜃

-4
-4

0

4

σ

Figure 2.3: S-plot of the poles of a second order transfer function H(s) shown in the
complex plane
Plotting poles in the complex plane can also indicate what type of system the transfer
function represents. Considering the coordinate values from Figure 2.3, 4 second order
system types are shown: an underdamped system in Figure 2.4, an undamped system in
Figure 2.5, a critically damped system in Figure 2.6 and an over damped system in Figure
2.7.
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Poles of H(s)

4

Impulse Response h(t)

0.025
0.02

h(t)

iω

0.015
0

0.01
0.005
0
-0.005

-4

-0.01
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0

4

0

2

σ

4

6

8

Time (s)

Figure 2.4: S-plot and impulse response of an underdamped system

Poles of H(s)

4

Impulse Response h(t)

0.02

h(t)

0.01

iω

0

0
-0.01

-4
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0

σ

4

0

2

4

Time (s)

6

8

Figure 2.5: S-plot and impulse response of an undamped system
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Figure 2.6: S-plot and impulse response of a critically damped system
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Figure 2.7: S-plot and impulse response of an over damped system
2.2.2

Stability of Systems

The stability of a system can also be ascertained by inspecting the location of the poles in
the complex plane. As shown in [2] by exploiting the properties of a Dirac delta function
𝛿(𝜏) the impulse response in the s-domain can be written as:

𝑌(𝑠) = 𝐻(𝑠)ℒ[𝛿(𝑡)] = 𝐻(𝑠) ∙ 1 = 𝐻(𝑠)

(2.20)

As shown previously in (2.9) 𝐻(𝑠) can be considered in pole residue form as a
summation of partial responses:

𝐻(𝑠) =

𝐴
𝐴
𝐴
+
+⋯+
𝑠−𝜆
𝑠−𝜆
𝑠−𝜆
(2.21)

=

𝐴
𝑠−𝜆

Where the pole 𝜆 is a complex number of the form:

𝜆 = 𝑎 + 𝑖𝑏
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(2.22)

Where 𝑎 is the real component and 𝑖𝑏 is the complex component. Expressing the
residues 𝐴 with (2.13) and recognizing that the inverse Laplace transform of a partial
response from (2.21) is:
𝐴
=𝐴𝑒
𝑠−𝜆

ℒ

(2.23)

The time domains response can be written as:

𝑦(𝑡) = ℎ(𝑡) =

𝐴𝑒

=

ℎ (𝑡)

(2.24)

Using the form of the pole in (2.22), equation (2.24) can be written as:

𝑦(𝑡) =

The term 𝑒

𝐴 𝑒(

)

=

𝐴𝑒

𝑒

(2.25)

is a complex number and the harmonic portion of the response with an

absolute value of 1. It is therefore the 𝑒

term which determines the magnitude of the

response as 𝑡 → ∞. Consider now the three following situations:
1. 𝑎 < 0: the pole in this case lies in the left half of the complex plane. Since 𝑎 is
negative it causes the term 𝑒

→ 0 and therefore ℎ (𝑡) → 0 as 𝑡 → ∞.

2. 𝑎 = 0: the pole in this case lies on the imaginary axis. Since 𝑎 is equal to zero it
causes the term 𝑒

= 1 and therefore ℎ (𝑡) is a constant value as 𝑡 → ∞.

3. 𝑎 > 0: the pole in this case lies in the right half of the complex plane. Since 𝑎 is
positive it causes the term 𝑒

→ ∞ and therefore ℎ (𝑡) → ∞ as 𝑡 → ∞.
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Considering these three scenarios some conclusions can now be drawn about stability. If
each pole lies in the left half of the complex plane the system is asymptotically stable as
each ℎ (𝑡) → 0 as 𝑡 → ∞ as shown in Figure 2.8. If one or more poles lie on the imaginary
axis while the remainder lie in the left half of the complex plane the system is said to be
marginally stable as one or more of the ℎ (𝑡) approach a constant value as 𝑡 → ∞ while
the remaining ℎ (𝑡) → 0 as shown in Figure 2.9. Finally, if at least one poles lies in the
right half of the complex plane the system is said to be unstable because at least one
ℎ (𝑡) → ∞ as 𝑡 → ∞ as shown in Figure 2.10.
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Figure 2.8: Asymptotically stable system with one or more poles in left half of the
complex plane
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Figure 2.9: Marginally stable system with one or more poles on imaginary axis
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Figure 2.10: Unstable system with one or more poles in right half of complex plane
2.2.3

Bode Plots and Real and Imaginary Plots

Two common ways to plot a FRF is to plot the real and imaginary components versus
frequency or as a Bode plot, which is the magnitude in decibels and the phase versus
frequency [3], as shown in Figure 2.11.
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Figure 2.11: a) Real and imaginary components of a FRF b) Bode plot of a FRF
These plots can be constructed from measured data and can offer an estimate of the
dynamic parameters of the system. Peaks and phase shifts are located at resonance which
can give insight into the natural frequencies of the system. Damping can also be estimated
by the width of the peaks or slope of the phase shift. High damping leads to low wide
peaks and gradually sloping phase shifts whereas low damping lead to tall narrow peaks
and a steeply sloping phase shift.
As shown in [4] the peaks and phase change in the Bode plot can be easily explained by
considering the poles and zeros of a transfer function in the complex plane. If one restricts
s to the purely imaginary axis by substituting 𝑠 = 𝑖𝜔 into the transfer function, as is the
case with an FRF, some conclusions can be drawn about the systems behavior as s moves
from −𝑖𝜔 to +𝑖𝜔. First, to develop the equation for magnitude and phase consider the
complex FRF written in polar from:

𝐻(𝑖𝜔) = |𝐻(𝑖𝜔)|𝑒
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(

)

(2.26)

With magnitude |𝐻(𝑖𝜔)| and phase angle 𝜙(𝑖𝜔) given by:

|𝐻(𝑖𝜔)| =

ℜ[𝐻(𝑖𝜔)] + ℑ[𝐻(𝑖𝜔)]
ℑ[𝐻(𝑖𝜔)]
ℜ[𝐻(𝑖𝜔)]

𝜙(𝑖𝜔) = 𝑡𝑎𝑛

(2.27)

(2.28)

The numerator and denominator can be factored as in (2.1):

𝐻(𝑖𝜔) = 𝐾

(𝑖𝜔 − 𝑧 ) … (𝑖𝜔 − 𝑧 )
[(𝑖𝜔 − 𝜆 )(𝑖𝜔 − 𝜆 ) … (𝑖𝜔 − 𝜆 )]

(2.29)

Where each factor is a complex value and can be interpreted as a vector in the s-plane
originating at the point 𝑧 or 𝜆 and terminating at the point along the 𝑖𝜔 axis the FRF is
being evaluated at. Each of these vectors from the 𝑛 poles may therefore also be written
in polar form in terms of magnitude and phase as:

|𝑖𝜔 − 𝜆 | =

𝜎 + (𝜔 − 𝜔 )

(2.30)

𝜔−𝜔
−𝜎

(2.31)

∠(𝑖𝜔 − 𝜆 ) = 𝑡𝑎𝑛

Since the magnitude of the product of two complex values is simply the product of the
individual magnitudes, substituting (2.30) into (2.29) yields the equation for the
magnitude of a FRF:

|𝐻(𝑖𝜔)| = |𝐾|

∏
∏

|𝑖𝜔 − 𝑧 |
|𝑖𝜔 − 𝜆 |

(2.32)

The angle of the products of two complex values is the sum of the angles of each value
and considering the numerator and denominator of (2.29) in polar form it is a quotient of
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exponentials which can be written as a subtraction of numerator and denominator.
Combining these observations and substituting (2.31) into (2.29) the equation for the
phase angle of an FRF can be written as:

∠𝐻(𝑖𝜔) =

∠(𝑖𝜔 − 𝑧 ) −

∠(𝑖𝜔 − 𝜆 )

(2.33)

Considering Figure 2.12 as the point moves along the imaginary axis and approaches a
pole, the denominator of (2.32) decrease which in turn will cause the magnitude of the
FRF to increase before suddenly decreasing again as the point moves past the pole causing
the peaks seen in a Bode plot. It can also be noted that as the point approaches a zero the
numerator of (2.32) decreases causing the magnitude of the FRF to also decrease.
Similarly, if one considers the phase angle from (2.33) as a point moves along the
imaginary axis, it will change rapidly as it approaches a zero or pole causing the phase
changes seen in the Bode plot. The effect of damping is also obvious from Figure 2.12
because as seen in Figure 2.4 an increase in damping shifts the poles away from the
imaginary axis which will in turn cause the changes in magnitude and phases to be less
sudden.
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Figure 2.12: Changes in magnitude and phase of a transfer function as a point moves
along the 𝑖𝜔 axis
2.3
2.3.1

MDOF Second Order Transfer Function
MDOF Frequency Response Function

Considering the MDOF equation of motion:
𝐌𝒚̈ (𝑡) + 𝐂𝒚̇ (𝑡) + 𝐊𝒚(𝑡) = 𝐟(𝑡)

(2.34)

It is possible to transform (2.34) to form a linear combination of equations in modal
coordinates [3] by first obtaining the natural frequencies and mode shapes from the
eigenproblem:
[𝐊 − 𝜔 𝐌]𝝓 = 0

(2.35)

With 𝜔 and 𝝓 being the natural frequencies and mode shapes respectively, 𝑟 =
1,2, . . , 𝑁 and the modes are collected to form the modal matrix 𝜱 = [𝝓 𝝓 … 𝝓 ].
Writing (2.35) for the rth mode shape and premultiplying the equation by 𝝓 :
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(𝝓 𝐊𝝓 ) − 𝜔 (𝝓 𝐌𝝓 ) = 0

(2.36)

Doing the same for the sth mode and premultiplying by 𝝓 :
(𝝓 𝐊𝝓 ) − 𝜔 (𝝓 𝐌𝝓 ) = 0

(2.37)

Since 𝐊 and 𝐌 are symmetric (2.36) can be transposed as:

(𝝓 𝐊𝝓 ) − 𝜔 (𝝓 𝐌𝝓 ) = 0

(2.38)

Subtracting (2.38) from (2.36) results in:
(𝜔 − 𝜔 )(𝝓 𝐌𝝓 ) = 0

(2.39)

Which indicates that for modes with distinct frequencies 𝜔 ≠ 𝜔 in order to satisfy
(2.39) the following must be true:

𝝓 𝐌𝝓 = 0 , 𝑖𝑓𝜔 ≠ 𝜔

(2.40)

Which means that the rth and sth modes are orthogonal with respect to the mass matrix.
Equation (2.40) can be substituted into (2.36) to similarly show that:

𝝓 𝐊𝝓 = 0 , 𝑖𝑓𝜔 ≠ 𝜔

(2.41)

Indicating that the rth and sth modes are also orthogonal with respect to the stiffness matrix.
The orthogonality property is what enables the MDOF equation of motion to be uncoupled
into linearly independent equations which can be superimposed to create the full response
of the system. The system matrices can also be transformed to modal coordinates as:

𝑴 = 𝜱 𝐌𝜱
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(2.42)

𝑪 = 𝜱 𝐂𝜱

(2.43)

𝑲 = 𝜱 𝐊𝜱

(2.44)

𝒇(𝑡) = 𝜱 𝐟(𝑡)

(2.45)

Finally, the response coordinate transform and modal superposition can be introduced as:

𝒚(𝑡) = 𝜱𝜼(𝑡) =

𝝓 𝜂

(2.46)

Where 𝜼(𝑡) is the response vector in modal coordinates. The equation of motion can now
be represented in modal coordinates as:

𝑴𝜼̈ (𝑡) + 𝑪𝜼̇ (𝑡) + 𝑲𝜼(𝑡) = 𝒇(𝑡)

(2.47)

Now considering the frequency response of a single uncoupled equation of motion for the
rth mode:
𝜂 (𝜔) = 𝐻

⁄

(𝜔)𝐹 (𝜔)

(2.48)

Where,
𝐹 (𝜔) = 𝝓 𝑭(𝜔)

(2.49)

And,

𝐻

⁄

(𝜔 ) =

1⁄𝐾
(1 − 𝛽 ) + 𝑖(2𝜁 𝛽 )

(2.50)

Considering (2.46) it is evident that the total response can be represented as a summation
of such uncoupled responses by combining (2.46), (2.48), and (2.49) for 𝑟 = 1,2, . . , 𝑁 as:
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𝝓 𝝓 𝑭(𝜔)

𝒀(𝜔) =

𝐾

1
(1 − 𝛽 ) + 𝑖(2𝜁 𝛽 )

(2.51)

Giving the complex MDOF FRF in physical coordinates as

𝐻 (𝜔) ≡ 𝐻

⁄

𝜙 𝜙

(𝜔 ) =

𝐾

1
(1 − 𝛽 ) + 𝑖(2𝜁 𝛽 )

(2.52)

The FRF can easily be represented in matrix form as:
𝐻 (𝜔)
⋮
𝑯(𝝎) =
𝐻 (𝜔)
2.3.2

⋯ 𝐻 (𝜔)
⋱
⋮
⋯ 𝐻 (𝜔)

(2.53)

Pole Residue Form of MODF FRF

The MDOF FRF can be represented in pole residue form in much the same way as (2.9)
[3] except that now it must be calculate as a summation across 𝑟 = 1,2, . . , 𝑁 for each
𝑖 and 𝑗

entry of 𝑯(𝝎):

𝐻 (𝑠) =

𝐴∗
𝐴
+
𝑖𝜔 − 𝜆
𝑖𝜔 − 𝜆∗

(2.54)

Where the poles and residues are similarly:

𝜆 , 𝜆∗ = −𝜁 𝜔

± 𝑖𝜔

(2.55)

And,

𝐴

, 𝐴∗ = ∓𝑖
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𝜙 𝜙
2𝑀 𝜔

(2.56)

2.4

List of Symbols

𝐴

Residue

𝑐

Damping coefficient

𝐂

Damping matrix

𝑪

Modal damping matrix

𝑓(𝑡)

Excitation function in time domain

𝐟(t)

Excitation vector

𝒇(𝑡)

Modal excitation vector

𝐹(𝑠)

Excitation function in s-domain

ℎ(𝑡)

Impulse reponse function

𝐻(𝑖𝜔)

Frequency response function

𝐻(𝑠)

Transfer function

𝑘

Spring stiffness

𝐊

Stiffness matrix

𝑲

Modal stiffness matrix

𝑚

Mass

𝐌

Mass matrix

𝑴

Modal mass matrix

𝑦(𝑡)

Output response in time domain

𝑌(𝑠)

Output response in s-domain

𝑧

Zero of system

𝛿(𝜏)

Dirac delta function

𝜁

Damping factor

𝜼(𝑡)

Response vector in modal coordinates

𝜆

Pole of system

𝜙

Mode shape

𝜱

Modal matrix

𝜔

Damped frequency

𝜔

Natural frequency
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3

Modal Parameter Extraction of Systems Subject to General Ambient
Excitation. *

Abstract
A central assumption in classical operational modal analysis (OMA) is that the excitation
is a perfect Gaussian white noise. This assumption is difficult to validate and, in most
practical situations is not correct. In practice, most excitations rarely are Gaussian and
often take on other distributions such as Rayleigh for wind load poorly defined
distribution for sporadic loading generated from low traffic volumes. This paper
investigates the influence of generalized broadband excitations on the accuracy of
commonly used OMA methods. It is shown that although natural frequencies may be
accurately estimated, the estimated mode shapes when the input excitation is other than
Gaussian white noise contain significant errors, and in most cases, accurate estimation is
not feasible. A proposed modal filter system is then developed using the framework of a
cascaded dynamic system representation subjected to a general input. The proposed
method is successfully implemented to estimate the correct mode shapes of a system
subject to a generalized broadband excitation.

_______________________________________________________________________
*MacLeod, E., Arjomandi, K., (2018). “Modal Parameter Extraction of Systems Subject
to General Ambient Excitation.” Structural Control and Heath Monitoring.
Submitted in August 2018.
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3.1

Introduction

Modal analysis consists of extracting the modal parameters of a system with techniques
that can be classified as experimental and operational methods. Experimental Modal
Analysis (EMA) refers to the identification of modal parameters using known input
excitations. EMA methods, also known as input-output tests, have been used in many
fields such as automotive and aerospace industries [1].
In relatively small structures such as those in aerospace or manufacturing industries it is
possible to adequately excite the dominant structural vibration modes with a known
excitation via an oscillator or an impact force. This greatly simplifies the analysis
procedure as both the input and output are deterministic. In large civil structures, this is
not feasible as the shaker’s mass or the size of the impact force needed to excite the
structure would be significantly large and possibly damaging. In Operational Modal
Analysis (OMA) the ambient operational environment is instead used as a source of
excitation originating from wind, waves, traffic, or occupants. As a result, it becomes a
stochastic problem where only the output is deterministic. OMA presents many
advantages in modal analysis of large civil structures as it is relatively inexpensive and
does not interfere with day to day operations of the structure. Additionally, OMA tests are
also an actual representation of the operational conditions at a structure [2].
OMA can primarily be divided into two categories, Time Domain (TD) and Frequency
Domain (FD) identification methods. TD methods are typically parametric models
obtained by Least Square (LS) fitting. By formulating an overdetermined set of equations,
it is possible to find a solution by using the pseudo inverse of the equation matrix. The
Poly Reference (PR) method uses free decays established from correlation functions to
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find Auto Regressive (AR) coefficients through a LS solution. Modal parameters are then
estimated by forming a companion matrix and performing an eigenvector decomposition
[3].
A different approach is taken in the Ibrahim Time Domain (ITD) method where a block
Hankel matrix is formed with 4 block rows and is split down the middle. The system
matrix is again solved by LS with modal parameters being estimated from an eigenvector
decomposition of the system matrix [4]. The Eigensystem Realization Algorithm (ERA)
forms two block Hankel matrices and performs a Singular Value Decomposition (SVD)
of the first, enabling the use of an observability and controllability matrix to find the
system matrix. An eigenvector decomposition is performed on the system matrix to
estimate the modal parameters [5]. The above methods all use the free decays to create
block Hankel matrices, however, in the Stochastic Subspace Identification (SSI)
technique the time response is used to construct the matrix instead. A projection matrix is
formed by LS solution and a SVD of the projection matrix is used to find the system
matrix. Finally, an eigenvector decomposition of the system matrix is used to estimate
modal parameters [6].
Frequency Domain (FD) methods are popular because they produce intuitive plots that
allow insight into the system but often suffer from bias problems due to leakage when
calculating PSD [7]. The most simplistic method is the classical FD technique in which
the natural frequencies are estimated from the peaks of the considered PSDs, with the
damping being estimated by the width of the peak and mode shapes from any row or
column of the PSD matrix [8]. This method only works well in the case of well-separated
modes and can be difficult to perform if there are numerous PSD plots.
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The Frequency Domain Decomposition (FDD) method overcomes these shortcomings by
performing a SVD of the PSD matrix from which the modal parameters are estimated as
in the classical FD method. This creates a single PSD plot that is easier to interpret and
allows for the identification of closely spaced modes [9]. The Polymax method, also
known as the poly-Least Squares Frequency domain method (p-LSCF) is an extension of
the PR method to the frequency domain. Two block Hankel matrices are formed, and a
companion matrix is solved for by a LS solution with eigenvector decomposition then
being performed to estimate modal parameters [10].
To account for the unknown nature of the input excitation several overarching
assumptions must be made. First, in most practical applications the system of interest is
assumed to be a linear dynamic system. Second, the system and source of vibrations is
assumed to be stationary. This means that the dynamic characteristics of the system and
input excitation do not change with time. The third assumption is observability which
means that the sensor layout is properly designed to observe all the modes of interest.
Finally, due to the stochastic nature of the input excitation, further assumptions must be
made about its characteristics. In most OMA methods it is assumed that the input
excitation is a Gaussian white noise, therefore equally exciting all modes of interest [2].
The assumption of the input excitation to have a Gaussian white noise characteristic is
rarely the case in practice. This is evident if one considers the ambient loading conditions
for large civil structures. For example, ambient vibration of bridges is mainly due to wind
and traffic, both of which have well defined characteristics that are not Gaussian or white
in nature. Wind velocities are typically characterized by a Weibull distribution [11] where
the spectral content has two main regions separated by a large spectral gap. The spectrum
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has a high frequency region caused by the turbulent flow which also takes the shape of a
Weibull distribution and a low frequency region due to the long term weather systems
[12]. Traffic loading follows a bimodal probability distribution caused by the separation
in size of passenger vehicles and large trucks [13] and the spectral content can vary
considerably depending on traffic volume. Modes are weighted by the spectrum of the
input therefore the output is a combination of responses from properties of both the input
and the structures modal parameters making modal identification more difficult in these
cases [14].
In recent years there has been a number of studies using OMA for the in-situ testing of
full scale structures. OMA was conducted on the Humber bridge, a 2220 m single-span
suspension bridge near Kingston, England using the ERA, SSI and the p-LSCF methods
[15]. It was possible to identify all vertical mode shapes, but the identification of lateral
mode shapes was less successful. Though there was no systematic difference between
analysis methods there was still significant variability between parameter estimation. Two
historic masonry structures were studied in [16], the Clock Tower of Mogadouro and the
Church of Jerónimos Monastery, in Lisbon, Portugal. The SSI method was used on the
clock tower to estimate modal parameters before and after structural rehabilitation. A
decrease in frequency and increase in damping was observed after major cracks were
repaired which is consistent with the increased stiffness and decreased energy dissipation
associated with closing cracks. The main naïve of the church was analyzed using the
Enhanced Frequency Domain Decomposition (EFDD) [17] and the SSI method to
estimate natural frequencies, mode shapes and damping coefficients. There was a very
close agreement between estimated natural frequencies but large discrepancies in
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damping estimates were observed. Only the first two modes had MAC values greater the
0.90 due to the difficulty in exciting the heavy structure.
A cable-stayed bridge with a span of 70 m was analyzed by F. Benedettini and C. Gentile
[18] using the EFFD and SSI analysis methods. The first 10 normal modes were identified
in the frequency range of 0-10 Hz with good agreement between the estimated natural
frequencies by the two methods. There were significant difficulties identifying some of
the mode shapes, however, and the estimated damping values displayed a large scatter.
The Guangzhou New TV Tower (GNTVT) in Guangzhou, China, is a supertall tube-intube structure with a total height of 600 m and was studied using EFDD and SSI methods
throughout multiple construction and operational stages [19]. A good agreement was
found between the estimated natural frequencies but there was considerable variability
between damping estimates. It was found that the estimated mode shapes vary based on
the different operational conditions experienced during the test.
This paper investigates the influence that input distribution has on the accurate estimation
of modal parameters using the available OMA methods. The effect of probability density
functions and spectral content of an idealized wind force is presented. It is shown that the
estimated modes shapes contain significant errors, and in most cases, accurate estimation
is not feasible when the input excitation is other than Gaussian white noise. A novel
approach is suggested for the correction of modal parameters using fundamental structural
dynamics. In the proposed method, an inverse filter system is applied to the structural
response which enables the accurate extraction of mode shapes from a system subjected
to a general excitation.
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3.2

Effects of the Input Excitation on Extracted Modal Parameters

The input and output spectra of a dynamic process are related by their transfer function as
[20]:
𝑆 (𝑠) = 𝐻(𝑠)𝑆 (𝑠)𝐻 (𝑠 ∗ )

(3.1)

Where 𝑆 (𝑠) is the spectral content of the input, 𝐻(𝑠) is the system transfer function and
𝑆 (𝑠) is the spectral content of the input. In OMA the input excitation is assumed to be
stochastic having a white noise spectrum. In this case the input spectral content is constant
and equation (3.1) can be expressed in pole residue form as:

𝑆 (𝑗𝜔) =

𝝓 𝜸𝒓
𝝓 ∗ 𝜸𝒓
𝜸𝒓 𝝓
𝜸𝒓 ∗ 𝝓
+
+
+
𝑖𝜔 − 𝜆
𝑖𝜔 − 𝜆∗ −𝑖𝜔 − 𝜆
−𝑖𝜔 − 𝜆∗

(3.2)

Where 𝜸𝒓 is the operational reference vector associated with the rth mode and serves as a
modal participation vector that depends on all the modal parameters of the system, the
input locations, and the input correlation matrix [6]. The poles, 𝜆 , hold the information
about the frequencies and damping ratios and the residues hold the mode shapes 𝝓 . The
assumption that 𝑆 (𝑠) in (3.1) is a constant value makes the derivation of the pole residue
representation possible, however, in practice the spectral content is changing with
frequency which presents the possibility of causing errors in modal parameter estimations.
To account for input excitations with different characteristic behaviour than white
Gaussian noise, Ibrahim et al. [21] proposed to assume a combined system as shown in
Figure 3.1. In this method, the structure is loaded by random forces that are the output of
a so-called excitation system loaded with Gaussian white noise. The measured response
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can be interpreted as the output of the combined system as shown in Figure 3.1. In this
figure, 𝑁(𝜔) is the white noise input, 𝐹(𝜔) is the output of the excitation system, 𝑌(𝜔)
is the output of the structure and 𝐻 (𝜔) and 𝐻 (𝜔) are the Frequency Response Functions
(FRF) of the excitation system and the structure respectively. In this approach, a fictitious
excitation system that acts as a filter is considered to transform an ideal white noise input
to an excitation with characteristics other than Gaussian white noise.

𝑁(𝜔)

𝐹(𝜔)

𝐻 (𝜔)
Excitation System

𝐻 (𝜔)

𝑌(𝜔)

Structure

Combined System
Figure 3.1: Combined system to account for excitations with non-Gaussian non-white
characteristics
Since the systems are in series the response of the combined system to the white noise
excitation 𝑁(𝜔), can be calculated from:

𝑌(𝜔) = 𝐻 (𝜔)𝑁(𝜔)

(3.3)

𝐻 (𝜔) = 𝐻 (𝜔)𝐻 (𝜔)

(3.4)

Where:

It is clear that the measured response 𝑌(𝜔), includes information about the excitation
system and the structure. 𝐻 (𝜔) and 𝐻 (𝜔) can be represented in pole residue as:
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𝐻 (𝑠) =

𝑎
𝑠−𝜆

(3.5)

𝐻 (𝑠) =

𝑏
𝑠−𝛼

(3.6)

In this equation 𝜆 and 𝛼 are the structural and excitation system poles respectively; 𝑎
and 𝑏 are the structural and excitation system residues. Substituting equations (3.5) and
(3.6) into equation (3.3) and simplifying yields:

𝐻 (𝑠) =

𝑎 𝑏
(𝑠 − 𝜆 )(𝑠 − 𝛼 )

(3.7)

This equation can be presented in partial fraction form as:

=

𝑎 (𝐴𝜆 − 𝐵)
+
𝑠−𝜆

𝑏 (𝐶𝛼 − 𝐷)
𝑠−𝛼

(3.8)

Where

𝐴=

𝑏

;

𝐵=

𝑏𝛼

;

𝐶=

𝑎

;

𝐷=

𝑟𝜆

In equation (3.8), the poles, 𝜆 , that represent the modal frequencies of the structure are
the denominator’s roots. Therefore, the FRF of the combined system preserve the modal
frequencies of the actual structure [21]. This means that using OMA methods the natural
frequencies can be accurately identified for a system subjected to a non-Gaussian nonwhite noise. However, the residues, 𝑎 , that represent the vibration mode shapes of the
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structure are simply scaled by a constant that includes the dynamic properties of both the
structure and the excitation system.
3.3

Numerical Studies

In this section the effect of input excitation characteristics on the accuracy of extracting
modal parameters using OMA in a 4 DOF system shown in Figure 3.2 is numerically
investigated. The system parameters k, c, and m are taken as 500 N/m, 5%, and 5 kg
respectively.

c

c
m
k

Acc(t)

c
m

k

Acc(t)

c
m

k

c
m

Acc(t)

k

Acc(t)

k

Figure 3.2: 4 DOF system subjected to random excitations
The system is subjected to a series of 10-minute random acceleration excitation time
histories. The excitations stochastic characteristics idealized a general turbulent wind flow
with 5 different Weibull shape velocity spectral contents shown in Figure 3.3. The
Weibull distribution is a continuous two-parameter function defined as:

𝑓(𝑥|𝛼, 𝛽) =

𝛽 𝑥
𝛼 𝛼

𝑒

( ⁄ )

(3.9)

Where 𝛼 is a scale parameter and 𝛽 is a shape parameter [22]. The acceleration signals
are normalized to unity and the spectral contents were all scaled to have the same total
power. Figure 3.3 shows the velocity and acceleration excitation with 𝛼 = 1.5 and 𝛽 = 2.
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This figure also shows the velocity and acceleration magnitude PDFs and the spectral
densities.
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Figure 3.3: Velocity probability density functions of the numerically generated wind
excitations
The test system subjected to the five non-white excitations was analyzed using the direct
modal time history analysis. The modal parameters were then extracted using the
PolyMAX method available in FEMtools. Table 3.1 shows the extracted modal
parameters subjected to each excitation. As seen in Table 3.1 the natural frequencies under
each loading scenario agree very closely with the theoretical values. This validates
equation (3.8) that it is possible to accurately identify the natural frequencies regardless
of the excitation spectrum.
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Figure 3.4: Example of generated wind signals: (a) velocity time history, (b) velocity
magnitude PDF, (c) Velocity spectral density, (d) acceleration time history, (e)
acceleration magnitude PDF (f) acceleration spectral density

38

1.0

Acceleration (m/s2)

f)
Accel. Spectral Density

Velocity Spectral Density

1.0

5.0

The correlation between two mode shapes can be measured using the Modal Assurance
Criteria (MAC) [23] defined as:

𝑀𝐴𝐶(𝝓 , 𝝓 ) =

|𝝓 𝝓 |
(𝝓 𝝓 )(𝝓 𝝓 )

(3.10)

If 𝝓 and 𝝓 are estimates of the same physical mode shape MAC values are close to
unity as the two mode shapes will be highly correlated. If the two modes are estimates of
two different mode shapes they will have minimal correlation and the MAC value will be
close to zero.
As seen in Table 3.1 the first dominant mode shape could be estimated accurately for all
cases except the fifth test as indicated by the high MAC values. The low MAC values of
the higher mode shapes indicate a lack of correlation between the theoretical and
estimated mode shapes. This makes it evident that it is not possible to estimate the higher
mode shapes with inputs other than Gaussian white noise. This result is predicted by (3.8)
which clearly shows that the mode shapes estimated from the residues of the expression
of the system FRF are weighted by the spectral content of the input. This means that mode
shapes that are not adequately excited at their corresponding natural frequencies cannot
be reliably estimated and can cause significant reduction in accuracy and effectiveness of
OMA.
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Table 3.1: Summary of extracted modal parameters

Theoretical

α=1.5 β=2.0

α=2.5 β=3

Mode
f (Hz)

f (Hz)

MAC

f (Hz)

MAC

1

6.18

6.09

1.00

6.17

1.00

2

11.76

11.76

0.97

11.76

0.02

3

16.18

16.18

0.84

16.18

0.05

4

19.02

19.18

0.72

19.23

0.00

α=4 β=5

α=6 β=7

α=8 β=9

Mode

3.4

f (Hz)

MAC

f (Hz)

MAC

f (Hz)

MAC

1

5.92

1.00

6.23

1.00

6.24

0.76

2

11.76

0.02

11.68

0.02

11.73

0.02

3

16.13

0.04

16.20

0.64

16.49

0.72

4

19.16

0.00

19.09

0.00

18.79

0.10

Proposed Method for Accurate Extraction of Modal Parameters

In this paper, an addition of a modal filter to the combined excitation system is proposed
to enhance the accuracy of modal parameters extracted from OMA seen in Figure 3.5. An
ideal theoretical filter would be a pseudo second order system which is the inverse of the
excitation system. However, as the excitation system has a random nature, the filter
system can not be defined deterministically.
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Figure 3.5: Proposed system for enhancing OMA results of systems subjected to nonGaussian non-white excitations
For the case of civil structures, the most common forms of excitation are broadband in
nature therefore, the excitation system in this study is assumed to have broadband
characteristics. An excitation system with broadband a nature can be simulated as a
critically damped system that will not introduce any spurious peaks into the response
spectrum. With this assumption, an ideal modal filter system can be described as a
dynamic system with properties of an inverse critically damped system The FRF of the
combined excitation-structure-filter system can be calculated from:
𝐻 (𝑠) = 𝐻 (𝑠)𝐻 (𝑠)𝐻 (𝑠)

(3.11)

Where 𝐻 (𝑠) and 𝐻 (𝑠) can be presented in pole-residue form as per equations (3.5) and
(3.6). 𝐻 (𝑠) is an inverse critically damped system and be represented in pole-residue
form as:

𝑠−𝛽
𝑐

𝐻 (𝑠) =

Substituting (3.5), (3.6), and (3.12) into (3.11) yields:
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(3.12)

𝑎 𝑏 𝑠−𝛽

𝐻 (𝑠) =

(𝑠 − 𝜆 ) 𝑠 − 𝛼 𝑐

(3.13)

This is similar to equation (3.7) however, with the addition of the filter system there is a
new term in the numerator, 𝑠 − 𝛽

which can weigh the residues as a function of

frequency. It is evident that the location of the poles will remain unchanged as only a
constant 𝑐 is introduced in the denominator.
In OMA when only the combined excitation-structure system output is known, it becomes
necessary to perform an iterative approach to find an effective filter system. This can be
accomplished by optimizing the filter system properties to achieve a dynamically sound
objective function. In this case, the filter system model parameters are corrected through
optimizing a new objective function that is defined based on the orthogonality of the
structural mode shapes.
The orthogonality principle of normal modes can be expressed as:
(3.14)

𝝓 𝐌𝝓 = 0 , 𝑖𝑓𝜔 ≠ 𝜔

The mass matrix 𝐌 can be introduced into (3.10) as a weighing matrix 𝑾 defining a mass
weighted MAC value [24]:

𝑀𝑀𝐴𝐶𝑊 (𝝓𝑟 , 𝝓𝑠 ) =

𝝓𝑇𝑟 𝑾𝝓𝑠

2

(𝝓𝑇𝑟 𝝓𝑟 )(𝝓𝑇𝑠 𝝓𝑠 )

(3.15)

Equation (3.15) will result in zero if the two mode shapes 𝝓 and 𝝓 are orthogonal. If
the measured points represent equal proportions of mass the matrix 𝑾 will be
proportional to an identity matrix and (3.15) will be identical to (3.10). However, if the
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measured points do not represent equal proportions of mass the matrix 𝑾 will not be
proportional to an identity matrix and (3.10) will not equal zero even if the two modes
shapes are orthogonal.
In this paper Auto MMACW values are used to calculate the cross-correlation between
mode shapes in the modal matrix 𝜱. If a properly proportioned matrix 𝑾 is used to
calculate the Auto MMACW matrix, due to the orthogonality of modes, the MMACW
results in an identity matrix. Since the mode shapes of the combined system are a
combination of the mode shapes of the excitation system and the structural system, they
are not orthogonal. This will result in non-zero off-diagonal terms in the Auto MMAC W
matrix when calculated with the estimated combined system mode shapes.
If a suitable inverse filter system is found that removes the effects of the excitation system,
the Auto MMACW matrix will be equal to the identity matrix as the isolated mode shapes
of the structural system will be orthogonal. The Auto MMAC W matrix can therefore be
used to determine when a suitable inverse filter system has been determined which will
isolate the true mode shapes of the structural system. This method requires an accurate
estimation of the distribution of mass which is achievable in most applications of OMA
in civil structures.
The calculation of the filter system is now defined as a constrained optimization problem
of the form:
𝐹(𝒙) = 𝒛

(3.16)

The function 𝐹(𝒙) is the process of filtering the measured test data 𝒚 with the filter
system calculated from 𝒙 which is a partitioned vector of updating parameters:
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𝒙 = [𝑘 , … , 𝑘 ⋮ 𝑚 , … , 𝑚 ]

(3.17)

Where 𝑚 and 𝑛 are the number of stiffness and mass parameters selected for updating
respectively. If the Auto MMACW matrix is expressed as:
𝑎11 𝑎12 … 𝑎1𝑛
𝑎
𝑎22 … 𝑎2𝑛
𝐴𝑀𝑀𝐴𝐶𝑊 (𝝓𝑟 , 𝝓𝑠 ) = 21
⋮
⋮
⋱
⋮
𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑛

(3.18)

The objective function is defined as the norm of the lower triangle of the Auto MMAC W
matrix:

𝒛 = || 𝑎 , 𝑎 , … , 𝑎

||

𝑗 = 1,2, … , 𝑛
𝑖 = 𝑖 + 1, … , 𝑛

(3.19)

The parameters in 𝒙 are updated iteratively to find the modal filter system for which 𝒛
satisfies the convergence criterion. A convergence study was performed, and it was found
that a suitable convergence criterion was 𝒛 ≤ 0.01.
The optimization process is demonstrated by the flowchart found in Figure 3.6. Initial
updating parameters 𝒙 are selected and normalized to ensure convergence, as the
stiffness and mass are in different orders of magnitude. The initial filter system 𝑯 is
calculated from the initial updating parameters and the measured data 𝒚 is filtered to
produce the filtered data 𝒚 where 𝑘 is the iteration number. OMA is performed on the
filtered data to extract the filtered mode shapes 𝜱 . The Auto MMACW matrix 𝐀 of the
filtered mode shapes in calculated and the objective function 𝐳 is formed. If the values
of 𝒛 are greater than the convergence criteria, the parameters are updated, and an updated
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filter is calculated. To ensure stability of the modal filter system, the mass parameter
values must be constrained to be greater than zero.

Update Filter System
𝑯

Test Data
𝒚

Initial Parameters
𝒙

Apply Modal Filter
𝑯 𝒚

Initial Filter System
𝑯

Modal Parameter
Extraction using OMA

Calculate Auto
MMACW

Calculate Objective
Function
𝒛

Update Parameters
𝒙

FALSE

𝒛 ≤ 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛
TRUE
Corrected Mode Shapes
𝚽 =𝚽

Figure 3.6: Flowchart for enhancing the accuracy of modal parameter extraction using
OMA
In this paper the non-linear optimization is performed using the Levenberg-Marquardt
(LM) algorithm [25], [26] which is a nonlinear least-squares estimation.
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3.5

Numerical Verification

A series of parametric studies were conducted on the system described in section 3.2,
shown in Figure 3.2, to verify the proposed filtering method. The sensitivity to unequal
masses in the structural system, initial modal filter system parameter selection, and
excitation power spectral distribution were investigated. These parameters were
investigated using a dynamically sound force system to generate a broadband excitation.
The performance of the modal filter when the system is subjected to a generalized
broadband excitation is investigated by exciting the structural system with a numerically
generated Rayleigh distribution from the previous section. The simulation of the dynamic
systems , OMA analysis using FDD method [27], and the proposed method for improving
the accuracy of the extracted modes were executed using Matlab [28]. The accuracy of
the extracted mode shapes was evaluated through comparison of MAC values between
OMA results from proposed method and the theoretical structural mode shapes.
3.5.1

Effects of Unequal Masses

The sensitivity of the proposed methods to unequal masses was investigated by selecting
three different structural systems with progressively more unequal masses as outlined in
Table 3.2. These parameters were chosen to represent a range of systems. Figure 3.7
shows the FRF of the considered excitation and dynamic systems.
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Figure 3.7: Excitation and dynamic systems FRFs
The MMACW values were calculated using the assumed mass distribution matrix. The
proposed method was implemented using two assumptions for the system mass
distribution. First, a uniform distribution was assumed for all configurations. This
represents cases where the understanding of system parameters is poor. In the second
study a more accurate proportion of masses within a 20% range of the actual values were
considered. The excitation system parameters are ke1 = ke3 = 1000 N/m, ke2 = ke4 = 1500
N/m, ke5 = 2000 N/m, me1 = me3 = 5 kg, me2 = me4 = 10 kg, and ζei = 100%. The initial
values for the proposed method were taken as kfi = 2000 N/m and mfi = 7 kg.
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Table 3.2: System parameters for 3 different structural system configurations and the
assumed normalized mass distributions

Structural System Parameters
Test

Assumed Normalized Mass

ksi
(N/m)

ms1
(kg)

ms2
(kg)

ms3
(kg)

ms4
(kg)

ζsi
(%)

mf1

mf2

mf3

mf4

1

500

5

5

5

5

5.0

1.0

1.0

1.0

1.0

2

500

5

6

7

6

5.0

1.0

1.0

1.0

1.0

3

500

5

7

9

6

5.0

1.0

1.0

1.0

1.0

4

500

5

7

9

6

5.0

1.0

1.6

2.0

1.4

Table 3.3: MAC values of the combined system and after the modal filter is applied

OMA Results

Proposed Method

Test
MAC1

MAC2

MAC3

MAC4

MAC1

MAC2

MAC3

MAC4

1

0.99

0.97

0.92

0.91

0.99

1.00

1.00

1.00

2

0.98

0.96

0.88

0.90

0.99

0.99

0.99

0.98

3

0.98

0.98

0.87

0.94

0.98

0.96

0.97

0.98

4

0.98

0.98

0.87

0.94

0.98

0.99

0.96

1.00

As seen in Table 3.3 it was still possible to increase the MAC values between the
theoretical mode shapes and the estimated mode shapes even when the mass was unequal,
indicating that the method is quite robust even when the structural system properties are
poorly known. However, making a more accurate assumption regarding mass distribution
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in test 4 increased the accuracy of results compared to test 3 where the mass distribution
was assumed to be uniform.
3.5.2

Sensitivity to the Excitation System Parameters

The sensitivity of the proposed method to the excitation system parameters was
investigated through studying three excitation systems as shown in Table 3.4. These
systems were chosen to represent a wide range of alteration in the input excitation to the
structural system. The FRF of these studied excitation systems are shown in Figure 3.8.
The initial filter system parameters are kfi = 2000 N/m, and mfi = 7 kg and the structural
system parameters were taken as ksi = 500 N/m, msi = 5 kg and ζsi = 5%.
Table 3.4: System parameters for 3 different excitation system

Excitation System Parameters
Test

me1
(kg)

me2
(kg)

me3
(kg)

me4
(kg)

ke1
(N/m)

ke2
(N/m)

ke3
(N/m)

ke4
(N/m)

ke5
(N/m)

1

5

10

5

10

1000

1500

1000

1500

2000

2

5

10

5

10

1000

1500

1000

1500

5000

3

5

5

5

5

6000

1000

500

1000

6000
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Figure 3.8: Excitation and dynamic systems FRFs
Table 3.5: Extracted mode shape MAC values

OMA Results

Proposed Method

Test
MAC1

MAC2

MAC3

MAC4

MAC1

MAC2

MAC3

MAC4

1

0.99

0.97

0.92

0.91

0.99

1.00

1.00

1.00

2

0.94

0.88

0.85

0.89

1.00

0.99

1.00

1.00

3

0.89

0.75

0.72

0.91

0.97

0.97

0.94

0.97

The pseudo force systems in test 1, test 2, and test 3, produced minimum MAC values of
0.91, 0.85, and 0.72 respectively. As shown in Table 3.5 the proposed method produces
MAC values above 0.99 for test 1 and test 2 and above 0.94 in test 3. This demonstrates
that the proposed method is capable of a significant improvement in mode shape
estimation even if the structural system modes are heavily weighed by the input excitation.
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3.5.3

Sensitivity to the Initial Parameter Assumption

The sensitivity of the proposed method to selecting an initial trial filter system was
investigated by selecting three different initial filtering systems. These were chosen to be
progressively distant from the true pseudo force system parameters as seen in Table 3.6.
The excitation system parameters are ke1 = ke3 = 1000 N/m, ke2 = ke4 = 1500 N/m, ke5 =
2000 N/m, me1 = me3 = 5 kg, me2 = me4 = 10 kg, and ζei = 100% and the structural system
parameters were taken as ksi = 500 N/m, msi = 5 kg and ζsi = 5%.
Table 3.6: System parameters of the initial filter

Test

mfi
(kg)

kf1
(N/m)

kf2
(N/m)

kf3
(N/m)

kf4
(N/m)

kf5
(N/m)

1

7

2000

2000

2000

2000

2000

2

10

3000

3000

3000

3000

3000

3

10

5000

8000

5000

8000

5000

As seen in Table 3.7 the proposed method can improve the mode shape estimation to
MAC values of 0.99 or higher even when the initial filter system parameters are far from
the true force system parameters.
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Table 3.7: MAC values of the extracted mode shapes

OMA Results

Proposed Method

MAC1

MAC2

MAC3

MAC4

MAC1

MAC2

MAC3

MAC4

0.99

0.97

0.92

0.91

0.99

1.00

1.00

1.00

0.99

0.97

0.92

0.91

0.99

1.00

1.00

1.00

0.99

0.97

0.92

0.91

1.00

0.99

0.99

1.00

3.5.4

General Broadband Excitation System

The previous sections considered the excitation system as a stable dynamic system itself.
However, this does not accurately reflect real world conditions as input excitations take
on many generalized forms that cannot be described by a dynamic system. When a
dynamic excitation system is used it is guaranteed there is a dynamically sound inverse
system that will in theory completely filter the mode weighing effects. In this section, the
effectiveness of the proposed method when the input is a numerically generated
generalized broadband excitation is investigated. Figure 3.9 shows the FRF of the
structure and the PSD of the excitation considered in this study.
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Figure 3.9: FRF of the structural system and the PSD of a generalized broadband input
excitation
A global optimization was performed using a grid search of initial filter system
parameters. Initial stiffness values ranged 2000 N/m to 6000 N/m increasing by
increments of 1000 N/m; mass was left constant at 7 kg. The structural system parameters
were taken as ksi = 500 N/m, msi = 5 kg and ζsi = 5%. A total of 3125 local optimizations
were run with 69 initial conditions sets converging to a filter system which yielded final
MAC values greater than 0.90. Figure 3.10 shows the final filter system stiffness and mass
values of the global optimal filter system. The parameters as plotted as the finial optimum
parameter divided by the maximum initial parameter. The range bars show the extents
final filter system parameters which yielded MAC values greater than 0.90. It is clear
from the range bars in Figure 3.10 that the filter systems converge towards the same
optimal filter system and the solutions are not random or scattered in nature.
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Figure 3.10: The optimum filter system is shown plotted as the optimum parameter over
the maximum initial parameter. The range bars show final filter system stiffness and
mass values that yielded MAC values greater than 0.90.
As can be seen in Table 3.8 the proposed method was able to significantly improve the
estimated mode shapes, increasing the low MAC values of 0.64 and 0.67 to 0.97 and 0.94
respectively. This indicates that the proposed inverse pseudo force system filter is capable
of accurate mode shape estimations of a system excited by a generalized broadband
excitation.
Table 3.8: MAC values of the combined system and MAC values after the global
optimal modal filter is applied

MAC1

MAC2

MAC3

MAC4

OMA Results

1.00

0.64

0.99

0.67

Proposed Method

0.96

0.97

0.98

0.94
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3.6

Conclusion

The OMA fundamental theories are developed on the assumption that the excitation will
be a Gaussian white noise, however, this is rarely true in practice. The effects of excitation
characteristics were tested through a parametric study and it was shown that the extracted
frequencies are insensitive to the spectral and probability distribution of the input. The
estimation of mode shapes was only possible for the first dominant mode shape when the
input signal was not Gaussian white noise.
A proposed modal filter system was developed using the framework of a cascaded system
representation of a structural system subjected to an input which is not a Gaussian white
noise. This filter was successfully implemented in a nonlinear optimization problem using
the off-diagonal values of the weighted auto MMACW matrix as the objective function.
From the results of the parametric studies the following conclusion are drawn about the
proposed method. The method is capable of estimating the correct mode shapes when the
structural system masses are unequal and not properly reflected in the MMAC W weighing
matrix. Convergence to an accurate mode shape estimation is possible from a wide range
of initial conditions and mode shapes that are heavily weighed by the input excitation can
be accurately estimated using the modal filter system. It is also possible to estimate the
correct mode shapes of a system subjected to a generalized broadband excitation using
the proposed method.
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3.8

List of Symbols

𝑎

Residue of structural system

𝐀

Mass weighted auto MAC matrix at 𝑘 iteration

𝑏

Residue of excitation system

𝑐

Damping coefficient

𝑐

Residue of filter system

𝐹(𝒙)

Optimization function

𝐹(𝜔)

Excitation system output

𝐻(𝑠)

Transfer function

𝐻 (𝜔)

Combined system transfer function

𝐻 (𝜔)

Excitation system transfer function

𝐻 (𝜔)

Inverse filter transfer function

𝐻 (𝜔)

Structure transfer function

𝑯

Initial filter system

𝑘

Spring stiffness

𝐊

Stiffness matrix

𝑚

Mass

𝐌

Mass matrix

𝑁(𝜔)

Gaussian white noise input

𝑆 (𝑠)

Output spectral content

𝑆 (𝑠)

Input spectral content

𝑾

MAC weighing matrix

𝒙

Optimization updating parameters 𝑘 iteration

𝒙

Initial optimization updating parameters

𝑋(𝑠)

Combined system output

𝒚

Filtered data at 𝑘 iteration

𝒚

Measured test data

𝑌(𝜔)

Output response

𝑡ℎ

𝑡ℎ

𝑡ℎ
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𝑡ℎ

𝐳

Optimization objective function at 𝑘 iteration

𝛼

Pole of excitation system

𝛽

Pole of filter system

𝜸𝒓

Operational reference vector

𝜆

Pole of structural system

𝜱

Modal matrix

𝝓

Mode shape

𝜱

Modal matrix at 𝑘 iteration

𝑡ℎ
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4

An Automated Scale-Space Operational Modal Analysis Method.*

Abstract
As sensor technology, computer power, and analytical methods become more advanced
and accurate, Operational Modal Analysis (OMA) is becoming a widely used option for
the vibration testing of large civil structures. With current OMA practices there is the need
for calibration processes and extensive interaction by an experienced user making
traditional methods unsuitable for use in rapid online structural health monitoring
applications. There is therefore a need to develop robust automated OMA methods which
require minimal interaction and can rapidly and accurately perform the modal
identification process. This paper presents a new scale space based frequency domain
method of Automated OMA. The proposed method is first validated with an analytical
system followed by a comparative study performed on vibration test data from a smallscale cable stayed bridge model. The proposed method is compared to two current FDD
based Automated OMA methods and is demonstrated to be a promising method of
automated modal parameter identification.

_______________________________________________________________________
*MacLeod, E., Arjomandi, K., (2018). “An Automated Scale-Space Operational Modal
Analysis Method.” Journal of Civil Structural Health Monitoring. Submitted in
August 2018.
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4.1

Introduction

In recent years there has been a growing interest in using modal analysis for real-time
vibration-based damage detection. For the last 50 years, Experimental Modal Analysis
(EMA), which is modal identification using a known input excitation has been used
successfully in diverse applications such as automotive and aerospace industries [1].
When the structure is too large or impractical to excite with controlled forces, Operational
Modal Analysis (OMA) which uses the ambient environment to excite the structure, can
be used instead. OMA shares a common theoretical background to EMA except it
becomes a stochastic identification problem with only the output being deterministic.
OMA has several advantages for real-time damage detection as the tests are relatively
inexpensive and can be done without interfering with the operation of the structure [2].
With current practices there is a need for calibration and parametric studies before testing
can be performed which takes time and resources. There is also the need for manual post
processing and parameter estimation which requires extensive interaction by an
experienced user to achieve meaningful results. Therefore, in their current state,
traditional OMA methods are impractical for rapid and real-time monitoring. To make
real-time structural assessments viable there is a need to fully automate the data collection
and modal identification process. An effective automated OMA method should have little
to no initialization process and minimal user interaction. Automating the process causes
less disruption to the operation of the structure, is more cost effective and provides
immediate results which are all key considerations for online structural health monitoring.
Current automated OMA methods can primarily be divided into two broad categories:
frequency domain and time domain methods. One of the earliest time domain approaches
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was based on a basic automated version of the Stochastic Subspace Identification (SSI)
algorithm [3]. Parameter estimation was performed based on a stabilization diagram and
the selection of poles that are at least five times stable. Another method based on SSI and
a stabilization diagram was proposed by [4] which worked well for automated modal
parameter tracking but needed user interaction for initial parameter estimation. The SSI
method was fully automated based on a stabilization diagram obtained from a multipatch
subspace approach [5]. Pole extraction was carried out with graph theory by searching for
the linear alignment of the frequency, damping, and Modal Assurance Criteria (MAC)
points in the stabilization diagram [6].
A new algorithm for automated OMA based on the Covariance Driven SSI (Cov-SSI)
method was developed which uses the analysis of stabilization diagrams and a hierarchical
clustering algorithm [7]. The method performed well in the presence of closely spaced
modes but requires a number of parameters to be set for Cov-SSI and the clustering
algorithm which are determined from preliminary analysis and manual initialization.
Using the automated interpretation of stabilization diagrams and Reference-based
Covariance Driven SSI (SSI cov/ref) a three-step approach was developed by E. Reynders
et. al. [8]. In the first step all modes in the stabilization diagram are classified as possibly
physical or certainly spurious using a partitioning method producing a cleared
stabilization diagram. Next, hierarchical clustering is used to form groups of similar
modes from the cleared stabilization diagram with the cut off being set in step one instead
of as a user defined input. Finally, the clusters are separated between physical and
spurious modes and a single mode is chosen from each physical cluster. In a comparative
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study the method was found to achieve results similar to those produced manually by an
expert user.
In the frequency domain an automated approach using the Least Squares Complex
Frequency (LSCF) method was developed [9]. Automatic separation of physical poles
from mathematical poles is performed using a higher order model based on a fuzzy
clustering algorithm which uses deterministic and stochastic parameters such as noise
levels and the standard deviation of poles as inputs [10]. Another automated method based
on Frequency Domain Decomposition (FDD) was developed by R. Brincker et. al. [11]
which uses a modal domain and modal coherence indicator to determine the bandwidth
of each modes. A similar method called LEONIDA was also developed based on FDD
which determines the bandwidth of each mode by averaging MAC values of singular
vectors across multiple segments from which bandwidths are identified based on
statistical parameters [12], [13].
The main drawbacks of current automated identification methods are summarized by C.
Rainieri and G. Fabbrocino [13] as follows:


Most methods require threshold based peak detection which require an initial
calibration process.



Identification of modes is based on a number of parameters that must be calibrated
to each monitored structure. Static thresholds may be inadequate to account for
natural changes in modal parameters from damage or the environment.



Most methods are sensitive to noise resulting in higher order modes or poorly
excited modes not always being identified.
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In this paper, a new scale-space based frequency domain automated OMA method is
proposed. The goal of the proposed scale-space method is to overcome the drawbacks of
current methods resulting in a robust automated OMA method with minimal user
interaction. The proposed method is validated with an analytical 4 DOF model and a
comparative study is performed on a scale cable stayed bridge model using the proposed
method, the automated FDD method developed by R. Brincker et. al in [11] and the
LEONIDA method [13].
4.2

Technical Background and Current Automated OMA Methods

The following section will outline the theoretical background of FDD followed by a brief
description of each the two current FDD based automated method.
4.2.1

Frequency Domain Decomposition (FDD)

The FDD method is based on the singular value decomposition (SVD) of the power
spectral density (PSD) matrix [14]. The technique can be explained by considering a
response 𝒚(𝑡) in normal modes 𝚽 and modal coordinates 𝜼(𝑡):

𝒚(𝑡) = 𝚽𝜼(𝑡)

(4.1)

Using the definition of the Correlation Function (CF) matrix as:
𝑹 (𝜏) = 𝐸[𝒚(𝑡)𝒚 (𝑡 + 𝜏)]

(4.2)

and expressing it with modal coordinates by:
𝑹 (𝜏) = 𝚽𝐸[𝜼(𝑡)𝜼 (𝑡 + 𝜏)]𝚽
(4.3)
𝑹 (𝜏) = 𝚽𝑹 (𝜏)𝚽
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where 𝑹 (𝜏) is the CF matrix of modal coordinates. The PSD matrix can be attained by
taking the Fourier transform of both sides:
𝑮 (𝑓) = 𝚽𝑮 (𝑓)𝚽

(4.4)

Where 𝑮 (𝑓) is the PSD matrix and 𝑓 is a frequency line. Assuming an uncorrelated
input characterized by a gaussian white noise, the off-diagonal elements of the CF matrix
𝑹 (𝜏) are zero, therefore, the PSD matrix 𝑮 (𝑓) must be diagonal and positive valued.
Since the PSD matrix is complex and symmetric, and the modes shapes may be complex
as well, it is necessary to use the complex transpose or Hermitian 𝚽 resulting in:
𝑮 (𝑓) = 𝚽[ 𝑔 (𝑓) ]𝚽

(4.5)

Where 𝑔 (𝑓) are the diagonal elements of 𝑮 (𝑓) . The LHS of equation (4.5) is a
measured value whereas as the RHS of the equations holds the estimates of the modal
parameters which can be solved by a Singular Value Decomposition (SVD). A
generalized SVD is of the form:
𝑴 = 𝑼𝚺𝑽∗

(4.6)

where 𝑼 and 𝑽∗ contain the singular vectors and 𝚺 contains the singular values. For a
Hermitian positive definite matrix such as the PSD matrix, 𝑼 = 𝑽 [2], therefore the
decomposition of the PSD matrix 𝑮𝒚 (𝑓) can be written as:
𝑮𝒚 (𝑓) = 𝑼𝑺𝑼

(4.7)

Where comparing equations (4.6) and (4.7) 𝑼 can now be interpreted as the mode shapes
and the diagonal matrix 𝑺 contains the singular values or auto spectral densities of the
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modal coordinates. The natural frequencies are estimated as the location of a peak in the
first singular value when plotted against frequency [15]. At the location of a peak a single
mode will be dominating, thus the first singular vector {𝑢 } at the same frequency line is
an estimate of the mode shape.
Damping is estimated by fitting a curve to the free decays of each mode [16]. The
frequency band is chosen using the Modal Assurance Criterion (MAC) value which is a
measure of the correlation between two mode shapes [17] defined as:

𝑀𝐴𝐶(𝝓 , 𝝓 ) =

|𝝓 𝝓 |
(𝝓 𝝓 )(𝝓 𝝓 )

(4.8)

If {𝜙 } and {𝜙 } are estimates of the same physical mode shape MAC values are close to
unity as the two mode shapes will be highly correlated. If the two modes are estimates of
two different mode shapes they will have minimal correlation and the MAC value will be
low. An appropriate threshold is selected between 1.0 and 0.0 and MAC values are
calculated between the mode of interest and the singular vector for each frequency step in
opposite directions until the modes are no longer correlated and therefore no longer
contributing to the response. This segment is then transformed to the time domain using
an inverse FFT resulting in a correlation function, the peaks of which have the decay:

𝑒

(

)

(4.9)

The damping ratio is estimated based on a linear regression of the logarithmic decrement
with the following equation:
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1
𝑢
ln
𝑗
𝑢
𝜉=
2𝜋
where 𝜉 is the damping ratio, 𝑢 is the first peak, and 𝑢
4.2.2

(4.10)

is the last peak of the decay.

Modal Indicators Method

The basis of this method is an automated peak picking approach where a number of
identified peaks are accepted or rejected based on modal correlation. Once the natural
frequencies have been identified the mode shapes and damping ratios are estimated using
the traditional FDD method. To help determine whether a peak is a structural mode or
noise R. Brincker et. al [11] introduces two indicator functions: Modal Coherence
Indicator, and Modal Domain Indicator.
Consider that a peak in first singular value is identified at the frequency 𝑓 . It is
subsequently necessary to determine if this peak is a structural mode peak or a noise peak
by calculating the correlation between the first singular vector at the peak (𝑓 ) and the first
singular vector at neighboring points (𝑓). This defines the discriminator function called
the modal coherence indicator:
𝑑 (𝑓 ) = 𝒖 (𝑓) 𝒖 (𝑓 )

(4.11)

If modal coherence is close to unity, the neighbouring singular vectors are correlated and
correspond to the same mode shape and the same mode is dominating the response. If the
modal coherence is close to zero, the response is being dominated by uncorrelated noise.
The more measurement channels are present the closer the value for two points with
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random components will get to zero. These properties make the modal coherence useful
in differentiating modal information from noise.
A threshold Ω can be introduced as a criterion for accepting that the neighbours are
correlated to the peak and correspond to physical modal information:

𝑑 ≥Ω

(4.12)

R. Brincker et. al. suggests a value of Ω to be close to 1 such as 0.8 [11].
Once a peak has been accepted, it is necessary to determine the frequency range it
dominates. A new discriminator function called the modal domain indicator is defined as:
𝑑 (𝑓) = 𝒖 (𝑓) 𝒖 (𝑓 )

(4.13)

Though it looks similar to the modal coherence indicator it is not a function of the peak
frequency 𝑓 but a function of the neighbouring points 𝑓. High correlation values mean
that the considered peak is the only mode dominating over that frequency range.
A similar threshold can be introduced as a criterion for accepting the mode is dominating
the range:

𝑑 ≥Ω

(4.14)

This defines a frequency range [𝑓 − Δ𝑓 : 𝑓 − Δ𝑓 ] around each peak called the modal
domain. The lower the value of Ω the larger the range Δ𝑓 = Δ𝑓 + Δ𝑓 will be and the
larger the modal domain. A suggested value for Ω is 0.8 [11].
The logical flow of this method is therefore to first calculate the PSD matrix and perform
an SVD to calculate the singular values. Next, a standard peak picking algorithm is used
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to find a number of peaks in the first singular values. The modal coherence indicator is
then calculated, and all peaks which fall below the threshold Ω are rejected and removed
from consideration. The modal domain indicator is calculated around each peak ensuring
that only one selected peak exists inside the modal bandwidth. Finally, traditional FDD is
performed using the final identified natural frequencies to extract mode shapes and
damping estimates.
4.2.3

LEONIDA

LEONIDA is a fully automated frequency domain modal parameter identification method
that uses the FDD method. It is based on considering the expression of the output PSD
matrix expressed in pole-residue form [2]. Beginning with a state space representation, it
is necessary to define a state space transfer function and the representation of a white
noise spectrum. It is then possible to relate the two and express the result in pole-residue
form [18] which is shown in detail in Appendix I.
The input and output spectra of a process are related by their transfer function as [19]:
𝑆 (𝑠) = 𝐻(𝑠)𝑆 (𝑠)𝐻 (𝑠 ∗ )

(4.15)

Where 𝑆 (𝑠) is the spectral content of the output, 𝐻(𝑠) is the system transfer function and
𝑆 (𝑠) is the spectral content of the input. Assuming the input excitation to have a white
noise spectrum results in the input spectral content to be a constant. This allows equation
(4.15) to be expressed in pole residue form as:

𝑆 (𝑗𝜔) =

{𝜙 }{𝛾 }
{𝜙 }∗ {𝛾 }
{𝛾 }{𝜙 }
{𝛾 }∗ {𝜙 }
+
+
+
𝑖𝜔 − 𝜆
𝑖𝜔 − 𝜆∗
−𝑖𝜔 − 𝜆
−𝑖𝜔 − 𝜆∗
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(4.16)

Where {𝜙 } is the rth mode shape and {𝛾 } is the operational reference vector associated
with the rth mode and depends on all the modal parameters of the system, the input
locations, and the input correlation matrix [18].
The poles hold the information about the frequencies and damping ratios and the residues
hold the modal information. In the proximity of a pole of the structure where multiple
roots do not exist the matrix is dominated by the corresponding term. Residues for a given
mode are independent of frequency, therefore the information about the amplitude
depends on denominator which reaches its maximum. Since residues hold the information
about the mode shapes and can be estimated from singular vectors of PSD matrix, the
bandwidth of modes can be identified by assessing the stability of singular vectors at a
certain frequency over several data sets [12].
At a certain frequency line, the MAC values are computed between the singular vectors
from the first and nth block of data:

𝑀𝐴𝐶 𝑢 (𝜔) , 𝑢

𝑢 (𝜔)

=
𝑢 (𝜔)
With 𝑛 = 1, … , 𝑛

∆

𝑢 (𝜔)

(𝜔)
𝑢
𝑢

∆
∆

(4.17)

(𝜔)
(𝜔)

𝑢

∆

(𝜔)

. The superscripts 𝑡 denote the starting time of the first segment and

𝑡 + 𝑛∆𝑇 denotes the starting time of the nth segment where both segments are of length
∆𝑇. Equation (4.17) should be constant and equal to 1 for stationary and ergodic systems.
This is only approximately true for real systems due to unknown input and noise, it is
therefore necessary to choose a selection criterion.
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The algorithm can be implemented in the classical FDD method by considering the first
singular vector at each frequency line after decomposing the PSD matrix. This process is
then repeated for a number of subsequent samples with the MAC values at the same
frequency lines being computed across the samples using equation (4.17). The MAC
values are averaged and when plotted against frequency resemble a coherence function.
Values become high and bell shaped in the frequency range of a given mode with the
MAC values being close to 1. The bandwidth is then identified by statistical parameters
related to the MAC values and the first derivative at each frequency line. Error in mode
shape estimation is based on error in spectral estimation and therefore the number of
samples averaged and is maintained at a given level by defining the duration of each
segment. Therefore, any variance in the statistical parameters of the MAC values can be
mostly attributed to the presence of a mode rather than error in the spectrum estimation.
Mean and standard deviation are used for bandwidth identification. C. Rainieri and G.
Fabbrocino recommend to have at least 10 segments to achieve a good a good estimation
[2].
By noting that the MAC function is nearly horizontal at frequency lines located within the
bandwidth of a mode it is possible to define statistical parameters to reflect this condition.
MAC values must have an average higher than 0.95 and standard deviation less than 0.01
as well as the average of the first derivative being lower than 0.01 with a standard
deviation lower than 0.01 to be considered. These limits were attained by C. Rainieri and
G. Fabbrocino from a calibration process by varying the measurement hardware
characteristics, measurement noise and number of analysis steps [2].
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Once the bandwidth is determined a peak picking algorithm can be used to calculate the
corresponding natural frequency. The mode shapes and damping values are then estimated
using the FDD method.
4.3

Proposed Scale Space Automated OMA Method

The proposed automated OMA method uses a scale space representation of the first
singular values to determine the locations of resonant peaks. Once the peaks have been
identified, FDD is used to estimate modal parameters. Scale space theory is a mature field
of computer graphics and computer vision. Beginning with the seminal work of J. J.
Koenderink [20] in 1984 and later work of T. Lindeberg [21] and L. Florack [22], scalespace representation has become an accepted tool for image recognition and graphic
analysis, being featured in many computer applications.
In digital image processing, scale is one of the most important properties when one wishes
to extract meaning from an image. The interpretation of scale differentiates a shrub from
a tree, the foreground from the background and important details from trivial ones. Not
all information is apparent at every scale, therefore it is advantageous to represent an
image at multiple scales in so called scale space. As one moves farther away from an
image, the details blend together until only the most prominent features remain. The image
has not changed however, and it still holds the same information. The same is true when
constructing a scale space of an image. At each scale level the image is successively
smoothed removing increasingly more details but never introducing spurious information.
[23]

73

Though humans intuitively interpret multiple scales in a single image, this phenomenon
can be quite difficult to replicate with a computer program. The following will outline the
basic concepts for 1D discrete scale spaces [24]. This theory will be implemented into a
novel automated OMA method in the next section. For this method it is assumed that
nothing is known about the signal therefore all scales must be considered. This is achieved
by imbedding the signal 𝑓(𝑥) into a one parameter family of derived signals 𝐿(𝑥, 𝑡),
through the convolution:

𝐿(𝑥, 𝑡) = 𝐾(𝑥, 𝑡) ∗ 𝑓(𝑥)

(4.18)

where 𝑡 is the scale parameter and 𝐾(𝑥, 𝑡) is a scale space kernel. This family can be
considered a one parameter extension of the original and is the scale space representation
of the 1D signal [25]. This concept is illustrated in Figure 4.1 where a 1D signal is
successively smoothed at increasing scales t to produce a scale-space representation of
the signal. As the scale becomes coarser there are less zero-crossings of the second
derivative of the signal 𝑓"(𝑥).
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Scale

f(x) at Coarser Scales

x

Zero crossings of f"(x)

(a)

(b)

Figure 4.1: Scale space representation of a 1D signal. a) scaled signal. b) zero crossings
of f''(x).
The kernel 𝐾(𝑥, 𝑡), is considered a scale space kernel if it satisfies several properties. The
most critical property is that a signal at a coarse scale level must contain less detail than
a signal at a fine scale level. It can therefore be said that that the number of extrema in the
convoluted signal cannot exceed the number of extrema in the original signal. This axiom
makes it possible to draw some further conclusions about the properties of discrete scale
space kernel. Consider the discrete delta function as the input signal:

𝑓 (𝑥) = 𝛿(𝑥) =

1 𝑖𝑓 𝑥 = 0
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(4.19)

The output signal will then simply be the kernel:
𝑓

(𝑥) = (𝐾 ∗ 𝛿)(𝑥) = 𝐾(𝑥)

(4.20)

Since 𝛿(𝑥) has exactly one peak and no zero-crossings, the scale space kernel 𝐾(𝑥) must
not have more than one peak and no zero-crossings. It can therefore be said that all

75

coefficients of a scale-space kernel must have the same sign and the kernel must be
unimodal.
The proposed automated OMA method applies the Scale-Space Peak-Picking (SSPP)
algorithm created by [26] which uses the multiscale information available through a scalespace representation of the first singular values. The method simply analyzes the signal
across multiple scales and defines a peak as a point which remains a local maximum.
Local maxima across the different scales are associated and a criterion is built which
weighs the importance of the peak across multiple scales. At the end of the process the
peaks with the largest criterion values are selected. The use of scale space removes the
necessity of a priori knowledge of the signal and avoids having to input various factors
about the width and height of the peaks. This lack of multiple user inputs is desirable in
the context of an automated peak picking algorithm for OMA.
The algorithm takes an 𝑁 𝑥 1 input data vector of the first singular values 𝑣 and uses an
iterative procedure to build a 𝑁 𝑥 1 selection criterion 𝐶. The resonant peaks are selected
based on high values of 𝐶, totally ignoring the input spectra 𝑣. First, all local maxima in
the spectra 𝑣 are detected and stored in an array 𝑃.

𝑃 ← 𝑙𝑜𝑐𝑎𝑙𝑚𝑎𝑥𝑖𝑚𝑎 (𝑣)

(4.21)

A sample index 𝑛 is selected as a local maximum if it is higher than its neighboring points:

𝑛 ∈ 𝑙𝑜𝑐𝑎𝑙𝑚𝑎𝑥𝑖𝑚𝑎 ⇔ 𝑣(𝑛) = max[𝑣(𝑛 − 1) 𝑣(𝑛) 𝑣(𝑛 + 1)]
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(4.22)

The points that were detected as local maxima from 𝑃 need to have their criterion
incremented. This is done by selecting all local maxima and incrementing their criterion
in C by their spectral peak values:

∀𝑝 ∈ 𝑃, 𝐶(𝑝) ← 𝑣(𝑝)

(4.23)

Using 𝑣(𝑝) to increment 𝐶 promotes larger amplitude peaks to be selected as they will
have a higher criterion value. The local spectral peaks are also stored in an array 𝑂.
This is now the point in the algorithm where the scale-space application takes place. The
spectra is smoothed by a convolution with a scale-space kernel which was chosen as a
half-sinusoid with a small length-scale 𝑠. A half-sinusoid is a unimodal function where
every value has the same sign and its convolution with a spectra does not introduce new
detail making it an appropriate choice for a scale-space kernel.
Local maxima are again selected from 𝑣 and a new array of spectral peaks P is formed
from (4.21) and (4.22). The method then associates the newly selected maxima in P with
the previously selected maxima in O. The objective is to increment the criteria of the
associated peaks because they are selected at both scales and are therefore significant.
This is accomplished by finding the values 𝑜 from 𝑂 that minimize the difference
between 𝑝 and 𝑜. They are then assigned to a new array 𝐼 which will then contain the
neighbours of the elements of 𝑃.

∀𝑝 ∈ 𝑃, 𝐼(𝑝) ← argmin |𝑝 − 𝑜|
∈
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(4.24)

When the neighbours are identified the algorithm augments the criterion corresponding to
the location of the neighbour by ∆ (𝐼(𝑝)). The augmentation amount depends on the
spectra value at the neighbouring location 𝑣(𝐼(𝑝)), and the square of the current scale 𝑠 .

∀𝑝 ∈ 𝑃: ∆ (𝐼(𝑝)) ← 𝑣(𝐼(𝑝))𝑠

(4.25)

The algorithm uses 𝑠 because it significantly promotes points that remain maxima after
successive smoothing at increasing scales. The location of local maxima can drift at
different smoothing scales when in reality they correspond to the same resonant peak.
Therefore, elements of 𝐼 are incremented instead of 𝑃 to avoid incrementing different
points at each iteration. The process is iterated for increasing scales 𝑠 for some fixed
amount of scales. The resonant peaks are selected at the end of the process as the highest
values in 𝐶. Once the spectral peaks are selected the FDD method is used the estimate the
modal parameters.
The significant advantage of this method is that due to the nature of scale space very little
user input is needed to successfully run the algorithm. It can function on a predetermined
number of scales, typically 30, that works adequately in most applications. The only user
specified input is simply the number of spectral peaks to detect which in the context of
OMA represents how many modes to identify.
The proposed method of automated OMA is validated using a 4 DOF system shown in
Figure 3.2. The system parameters k, c, and m are taken as 500 N/m, 5% and 5 kg
respectively.
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Figure 4.2: 4 DOF system subjected to random excitations.
The system is subjected to a series of 10-minute white Gaussian acceleration excitation.
The simulation of the dynamic systems, and automated OMA analysis using FDD [27]
with the proposed method was executed using Matlab [28].
The results of the automated scale space algorithm are highlighted in Figure 4.3 where
the original spectra, the smoothed spectra at the final scale level, and the criterion values
associated with each peak are shown. It can be seen that even in a signal with noisy peaks
the method can clearly identify the true natural frequencies. It is also of note that the
proposed scale space method successfully identified the natural frequency of mode 4
which has singular values 2 orders of magnitude weaker than the dominant peak. This
actually resulted in the fluctuation in noise around the dominant peak being larger than
the prominence of mode 4 which would make traditional prominence based peak finding
algorithms incapable of identifying this mode.
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Figure 4.3: Automated scale space method of spectral peak picking results.
The extracted modal parameters were compared to the theoretical calculated values and
are summarized in Table 4.1. As can be seen, the scale space method estimates modal
parameters in very close agreement with the theoretical values. All estimated natural
frequencies are within 1.27% of theoretical values and all MAC values calculated with
the theoretical and estimated mode shapes are above 0.99. The estimated damping ratio
for mode 1 and mode 2 show good agreement being within 3.8% and 5.8% of theoretical
values respectively. The higher modes showed more variability in damping estimates,
however, this is a common shortfall of the FDD method and OMA in general and does
not reflect the performance of the proposed method.
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Table 4.1: Summary of estimated and theoretical modal parameters.

Mode

ftheo (Hz)

fscale (Hz)

Diff (%)

ζtheo (%)

ζscale (%)

Diff (%)

MAC

1

6.18

6.13

0.90

5.00

4.81

3.80

1.00

2

11.76

11.63

1.11

5.00

5.29

-5.80

1.00

3

16.18

15.98

1.27

5.00

5.92

-18.40

1.00

4

19.02

18.80

1.16

5.00

7.65

-53.00

0.99

4.4

Comparative Experimental Studies

A series of comparative studies where performed using the modal indicators method,
LEODNIDA and the proposed scale space method to perform automated OMA on
acceleration data from a scale cable stayed bridge vibration test performed by D.
Pahdhilha et. al. [29]. The 1/75 scaled bridge is a 4.4 m long 1/75 model of the Hawkshaw
Bridge in Nackawic, New Brunswick shown in Figure 4.4. The model was instrumented
with five LORD MicroStrain G-Link LXRS tri-axial accelerometers and was sampled for
14 mins at 128 Hz under random excitation.
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Figure 4.4: 1/75 scale cable stayed bridge model at University of New Brunswick
4.4.1

Results

The objective of the Automated OMA was to extract the first 10 vibration modes of the
structure and the results are summarized in Table 4.2. The proposed scale space method
and the modal indicator FDD based method were successful in identifying the first 10
vibration modes of the structure. As can be seen in Table 4.2, the natural frequencies and
damping ratios have a very close agreement with only slight variation introduced in the
9th and 10th mode. The MAC value column is calculated between the identified mode
shapes from the two methods and shows that the same modes are being identified as all
values are 0.99 or greater. The LEONIDA method was only successful in identifying the
3rd and 5th modes of the structure.
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Table 4.2: Estimated modal parameters using the modal indicators method, LEONIDA
and the scale space automated OMA methods.

Mode

fscale
(Hz)

fFDD
(Hz)

fLEONIDA
(Hz)

ζLEONIDA
(%)

MAC

1

10.37

10.37

-

1.44

1.44

-

1.00

2

15.26

15.26

-

1.53

1.53

-

1.00

3

19.33

19.33

19.35

1.11

1.11

1.27

1.00

4

29.60

29.60

-

1.45

1.45

-

1.00

5

32.42

32.42

32.50

2.06

2.06

3.15

1.00

6

34.14

34.14

-

7.04

7.04

-

1.00

7

35.42

35.42

-

3.59

3.59

-

1.00

8

45.47

45.47

-

3.75

3.75

-

1.00

9

51.74

51.62

-

5.29

5.02

-

0.99

10

57.28

57.47

-

4.64

4.15

-

0.99

4.4.2

ζscale (%)

ζFDD
(%)

Discussion

LEONIDA
The LEONIDA method was executed using 11 segments of 200 s long time histories with
an overlap of 50% and frequency resolution of 0.05 Hz. The modal domain was selected
when average MAC values were higher than 0.95 and standard deviation less than 0.01
as well as the average of the first derivative being lower than 0.01 with a standard
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deviation lower than 0.01 as outlined in [2]. A prominence based peak picking method
was used to select the spectral peak once the modal domain was identified.
As seen in Table 4.2 only the 3rd and 5th vibration modes were successfully identified. In
Figure 4.5 it can be seen that the average MAC values do not consistently exceed the
specified threshold of 0.95 in the vicinity of a mode or drop much below 0.9 in the vicinity
of noise to form well defined “bell shaped” modal domains. It is also seen in Figure 4.5
that peaks such as 29.60 Hz which exhibits a well defined modal domains were not
selected based on the specified strict criteria as they displayed too much variability and
had high standard deviations due to the noisy data.
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Figure 4.5: LEONIDA automated method of spectral peak picking.
Modal Indicator FDD Method
The modal indicator method was successful in identifying the first 10 vibration modes of
the structure when using Ω = 0.8 and Ω = 0.8 as suggested in [11]. A peak picking
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algorithm with a minimum peak prominence threshold of 0.00095 was used for successful
identification of all ten modes as seen in Figure 4.6.
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Figure 4.6: Automated FDD based modal indictor method of spectral peak picking
results with prominence value of 0.00095.
The method proved to be very sensitive to the peak picking algorithm parameters due to
the difference between the spectral peak heights being in an order of magnitude. If a
threshold value was chosen too low at say 0.0001 then noise peaks were identified instead
of the true spectral peaks as evident in Figure 4.7.
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Figure 4.7: Automated FDD based modal indictor method of spectral peak picking with
a) a low prominence value of 0.0001 b) an appropriate prominence value of 0.00095.
As can be seen in Figure 4.7.a because of the low threshold value, obvious noise peaks at
33.2 Hz and 35.2 Hz are selected instead of the true spectral peaks shown in Figure 4.7.b.
This is because they still fall within the modal domain of the mode as shown by the d2
indicator. Due to the selection algorithm, all other peaks within the same modal domain
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are excluded and the true peaks are not identified. This method is therefore very sensitive
to noise if too low a minimum peak prominence value is selected.
The method is also not successful in identifying the first 10 vibration modes if the
threshold is set too high at 0.001. Due to the large difference in magnitudes between the
lower and higher vibration modes only the first five modes are selected as shown in Figure
4.8. The sensitivity to a static threshold such as the minimum peak prominence is
undesirable in the context of Automated OMA as varying operation conditions can illicit
different magnitudes of response from the structure and thus cause considerable error in
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Figure 4.8: Automated FDD based modal indictor method of spectral peak picking with
a high prominence value of 0.003.
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Proposed Scale Space Method
The proposed scale space method was successful in extracting the first 10 modes of the
structure with the only necessary automated parameter being the number of modes to
select. Figure 4.9 shows the results of the automated spectral peak picking showing the
original spectra, smoothed spectra at the final scale and the peak criterion values. The
AutoMAC matrix which is the cross correlation of the extracted mode shapes is shown in
Figure 4.10. The very low off-diagonal values indicate that the estimated mode shapes are
not correlated and thus a good estimation of unique normal modes of the system.
1.00E+00
0.9
0.8
0.7
0.6

1.00E-02

0.5
0.4

1.00E-03

0.3
0.2

1.00E-04

0.1
1.00E-05

0.0
0

10

20

30

40

50

60

Frequency (Hz)
Smoothed Spectra
Selected Peaks

Original Spectra
Criterion

Figure 4.9: Automated scale space method of spectral peak picking results
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Figure 4.10: AutoMAC matrix of estimated modes using scale-space method.
4.5

Conclusion

This paper proposes a new scale space based frequency domain approach to automated
OMA with the goal of overcoming the limitations of current methods such as using
threshold based peak detection, requiring the initial calibration of static parameters, and
being sensitive to noise.
The proposed method was successfully validated with a 4 DOF analytical model and
performed well in a comparative study on vibration measurements from a small-scale
cable stayed bridge. The comparative study found that LEONIDA did not perform
effectively during the study as it was only successful at identifying two modes due to
restrictive thresholds and noisy data. The modal indicator method could identify the
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correct vibration modes of a structure but was very sensitive to static parameters and
requires an initial calibration process. The proposed method performed very well proving
to be insensitive to noise, insensitive to the relative prominence of peaks and requires only
a single input parameter which is simply the number of vibration modes to identify.
4.6
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4.7

List of Symbols

𝐴

State space dynamic system matrix

𝐵

State space input matrix

𝑐

Damping coefficient

𝐶

State space output matrix

𝐶

State space output locations for acceleration

𝑑 (𝑓 )

Modal coherence indicator

𝑑 (𝑓 )

Modal domain indicator

𝐷

State space direct transmission matrix

𝑮(𝑓)

Power spectral density matrix

𝐻(𝑠)

Transfer function

𝑘

Stiffness

𝐾(𝑥, 𝑡)

Scale space kernel

𝐿(𝑥, 𝑡)

1D scale space representation

𝐿

State space modal participation factors

𝑚

Mass

𝑅(𝜏)

Correlation function

𝑆 (𝑠)

Spectral content of output

𝑆 (𝑠)

Spectral content of input

𝑡

Scale parameter

𝑢(𝑡)

Input vector

𝑈(𝑠)

Input vector in s-domain

𝑼

Left singular vectors

𝑉

State space observed mode shapes.

𝑽

Right singular vectors

𝑥(𝑡)

State vector

𝑋(𝑠)

State vector in s-domain

𝑦(𝑡)

Output vector

𝒚(𝑡)

Time domain system response
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𝑌(𝑠)

Output vector in s-domain

{𝛾 }

Operational reference vector

𝛿(𝜏)

Dirac delta function

𝜼(𝑡)

Response vector in modal coordinates

𝜆

Structure pole

Λ

State space eigenvalues

𝜉

Damping ratio

𝚺

Singular values

{𝜙 }

Mode shape

𝚽

Modal matrix
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4.9

Appendix I: Partial Fraction Representation of the PSD

To express the PSD in pole residue form first a system is defined as:
𝑥̇ (𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡)
(4.26)
𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡)
Where 𝑥(𝑡) is the state vector, 𝑦(𝑡) is the output, 𝑢(𝑡) is the input, 𝐴 is the dynamic
system matrix, 𝐵 is the input matrix, 𝐶 is the output matrix and 𝐷 is the direct
transmission matrix. Next taking the Laplace transform:
𝑠𝑋(𝑠) = 𝐴𝑋(𝑠) + 𝐵𝑈(𝑠)
(4.27)
𝑌(𝑠) = 𝐶𝑋(𝑠) + 𝐷𝑈(𝑠)
Then by eliminating the input states 𝑋(𝑠) the following relation can be developed:

𝑌(𝑠) = 𝐻(𝑠)𝑈(𝑠)

(4.28)

Where 𝐻(𝑠) is the transfer function:

𝐻(𝑠) = 𝐶(𝑠𝐼 − 𝐴) 𝐵 + 𝐷

(4.29)

The modal decomposition of (4.29) yields:

𝐻(𝑠) = 𝑉(𝑠𝐼 − Λ) 𝐿 + 𝐷

(4.30)

Where Λ holds the eigenvalues of 𝐴, 𝐿 is the modal participation factors and 𝑉 holds the
observed mode shapes.
Now to define the spectrum for a white noise it can be shown that the correlation function,
𝑅 (𝜏), can be written as:
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𝑅 (𝜏) = 𝑬[𝑢(𝑡 + 𝜏)𝑢 (𝑡)] = 𝑅 𝛿(𝜏)

(4.31)

Where 𝛿(𝜏) is the Dirac delta function with the following property:

𝑓(𝑡)𝛿(𝑡 − 𝑎)𝑑𝑡 = 𝑓(𝑎)

(4.32)

for any function 𝑓(𝑡) that is continuous at time 𝑎. The spectrum of a stationary stochastic
process 𝑥(𝑡) is defined by the double-sided Laplace transform of the correlation function:

𝑆 (𝑠) =

𝑅 (𝑡)𝑒

𝑑𝑡

(4.33)

In the case of white noise, due to the properties of equation (4.32) the spectrum is a
constant matrix defined as:

𝑆 (𝑠) =

𝑅 (𝑡)𝑒

𝑑𝑡 = 𝑅

(4.34)

It is show by [19] that the input and output spectra of a process are related by their transfer
function as:
𝑆 (𝑠) = 𝐻(𝑠)𝑆 (𝑠)𝐻 (𝑠 ∗ )

(4.35)

And therefore, in the case of a white noise input:
𝑆 (𝑠) = 𝐻(𝑠)𝑅 (𝑠)𝐻 (𝑠 ∗ )

(4.36)

By substituting the modal decomposition of the transfer function in equation (4.30) into
equation (4.25) a new expression for the spectrum can be attained as:
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𝑆 (𝑠) = (𝑉(𝑠𝐼 − Λ) 𝐿 + 𝐷)𝑅 (𝐷 + 𝐿(𝑠 ∗ 𝐼 − Λ) 𝑉 )

(4.37)

The direct transmission matrix 𝐷 is defined as:

𝐷=𝐶 𝑀 𝐵

(4.38)

Where 𝐶 is the output locations for accelerations, 𝑀 is the mass matrix, and 𝐵 is the
matrix that holds the input locations. In the case of displacement measurements 𝐶 = 0
and there is therefore no direct transmission matrix. Equation (4.37) can then be reduced
to
𝑆 (𝑠) = (𝑉(𝑠𝐼 − Λ) 𝐿 )𝑅 (𝐿(𝑠 ∗ 𝐼 − Λ) 𝑉 )

(4.39)

To apply a partial fraction expansion to equation (4.39) two residual matrices 𝑃 and 𝑃
must be found that satisfy:
(𝑠𝐼 − Λ) 𝐿 𝑅 𝐿(𝑠 ∗ 𝐼 − Λ)

= (𝑠𝐼 − Λ) 𝑃 + 𝑃 (𝑠 ∗ 𝐼 − Λ)

(4.40)

Pre-multiplying both sides by (𝑠𝐼 − Λ) and post-multiplying both sides by 𝑠 ∗ 𝐼 − Λ
yields:
𝐿 𝑅 𝐿 = 𝑠 ∗ 𝑃 + 𝑠𝑃 − 𝑃 Λ − Λ𝑃

(4.41)

Thought this expression holds true for all values of 𝑠, in practice 𝑠 is restricted to the
purely imaginary values 𝑠 = 𝑗𝜔 where 𝜔 is an arbitrary frequency in rad/s. By noting that
𝑠 ∗ = −𝑠, it can be shown that 𝑃 = 𝑃 by imposing that the 𝑠 terms must disappear. We
can now replace 𝑃 , and 𝑃 simply by the residue 𝑃. Implementing the partial fraction
representation into equation (4.39) yields:
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𝑆 (𝑗𝜔) = 𝑉(𝑠𝐼 − Λ) 𝑃𝑉 + 𝑉𝑃(𝑠 ∗ 𝐼 − Λ) 𝑉 |

(4.42)

Defining a new matrix Γ as:

Γ = 𝑃𝑉

(4.43)

With its rth row defined as {𝛾 } . Equation (4.42) can now be written as:

𝑆 (𝑗𝜔) =

{𝜙 }{𝛾 }
{𝜙 }∗ {𝛾 }
{𝛾 }{𝜙 }
{𝛾 }∗ {𝜙 }
+
+
+
𝑖𝜔 − 𝜆
𝑖𝜔 − 𝜆∗
−𝑖𝜔 − 𝜆
−𝑖𝜔 − 𝜆∗

(4.44)

Where {𝛾 } is the operational reference vector associated with the rth mode and depends
on all the modal parameters of the system, the input locations, and the input correlation
matrix [18].
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5
5.1

General Conclusion and Recommendations
General Conclusion

This thesis investigates two topics pertaining to the practical limitations of OMA methods.
These include: (1) the development of a new OMA method which uses a modal filter
system to identify the mode shapes of a system subjected to a generalized input excitation;
and (2) a proposed novel method of frequency domain automated OMA based on scale
space representation. The conclusions made for each specified topic are summarized
below.
1) It is shown that current methods of OMA which rely on the assumption of a
Gaussian white noise input excitation are significantly affected when the input is
a general broadband excitation and accurate mode shapes estimation is not
possible. A novel method is proposed using a modal filter system developed in
the framework of a cascaded system representation. A parametric study was
conducted which demonstrated the proposed system is insensitive to structural
mass distribution, initial conditions, and input excitation characteristics. The
method was then verified by successfully estimating the mode shapes of an
analytical system subject to a generalized broadband excitation.
2) A new scale space based frequency domain approach to automated OMA was
proposed with the goal of overcoming the limitations of current methods. The
proposed method was successfully validated using an analytical 4 DOF system.
A comparative study was conducted with vibration data from a small-scale cable

stayed bridge model and the proposed method outperformed two current
methods of FDD based automated OMA.
5.2

Recommendations

The author wishes to make the following recommendation for future research:


The modal filter system developed in Chapter 3 was validated using a 4 DOF
analytical system. It is recommended that the method be further validated using
full scale vibration testing of a civil structure.



The computational time for the nonlinear optimization algorithm implemented in
Chapter 3 was found to be reasonable for a 4 DOF system however would
require significant computational time if a larger amount of data was being
analyzed. It is recommended that a more efficient optimization algorithm be
investigated to make the proposed method more practical for large scale testing.



It is recommended that the automated OMA method presented in Chapter 4 be
further validated using full scale vibration test data from a civil structure.



To further investigate the effectiveness of the proposed method in Chapter 4 it is
recommended that a complete automated structural health monitoring framework
be developed including data collection, post processing of data, modal parameter
estimation and parameter tracking.
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Appendix A: Modal Parameter Filtering Matlab Code
Modal Filter Algorithm
function [ MAC_Filt, Phi_Filt] = Mode_Correct_Num( D,M0,p_t,fs )
% Description:
Function to simulate the combined system response
%
and find the optimal inverse filter to account for
%
general broadband excitation. For a 4 DOF system.
%______________________________________________________________________
% Input:
% D
Data matrix
% M0
Mass weighting matrix
% p_t
General Broadband input
% fs
sampling frequency
%______________________________________________________________________
% Output:
% Phi_Filt
Filtered mode shapes
% MAC_Filt
Filter mode shapes MAC values
%______________________________________________________________________
% Calc structural system FRF and its frequencies and mode shapes
[ H_Sys,~ ,Freq,Phi_True] = Sym_Sys(D.M,D.K,D.C,p_t,fs );
% Calc response of combined system x_t
% Frequency domain forces
n=length(p_t);
dof=length(Freq);
P=fft(p_t,[],2);
P(end/2:end)=0;
P=P*2;
% Calculate reponse
Y_Comb=zeros(dof,n);
for i=1:n
Y_Comb(:,i)=(H_Sys(:,:,i))*P(:,i);
end
x_t=real(ifft(Y_Comb,[],2));
% Do OMA of combined response for comparison
% Sample size
N=2024;
% Spectral density using Welch method with 50% overlap and a Hanning
Window
[ G_Comb,f_Comb ] = CPSD_Welch( x_t,N,fs );
% Perform FDD to obtain frequencies, mode shapes and damping
[ Phi_Comb,~,~] = FDD( G_Comb,f_Comb,Freq,.85,fs );
% Get MAC values from before filtering
dof=length(Freq);
MAC_Comb=zeros(1,dof);
for i=1:dof
MAC_Comb(i)=amac(Phi_True(:,i),Phi_Comb(:,i));
end
MAC_Comb
% Set up optimization
x0=[1000,6000,1000,6000,2000,7,7,7,7];
x0_norm=[1,1,1,1,1,1,1,1,1];
f=@(x)KnobTurn_V(x,x0,x_t,Freq,fs,M0,Phi_True);
% Nonlinear optimization
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history = [];
options = optimset('OutputFcn', @myoutput);
[x,dz]=fsolve(f,x0_norm,options)
function stop = myoutput(dz,optimvalues,state)
stop = false;
if isequal(state,'iter')
history = [history; dz];
end
end
history(end+1,:)=x;
[iter,~] = size(history);
freq_plot = zeros(dof,iter);
for i = 1:iter
xf=history(i,:).*x0;
M = [abs(xf(6)) 0 0 0;0 abs(xf(7)) 0 0;0 0 abs(xf(8)) 0;...
0 0 0 abs(xf(9))]
K = [abs(xf(1))+abs(xf(2)) -(abs(xf(2))) 0 0;-(abs(xf(2)))...
abs(xf(2))+abs(xf(3)) -(abs(xf(3))) 0;0 -(abs(xf(3)))...
abs(xf(3))+abs(xf(4)) -(abs(xf(4))); 0 0 -(abs(xf(4)))...
abs(xf(4))+abs(xf(5))];
% Perform eigenvalue decomposition
[~, f] = eig(K,M);
% Sort eigenvalues and eigenvectors
[f,index] = sort(diag(f),'ascend');
f = real(sqrt(f));
freq_plot(:,i)=f;
end
x=x.*x0;
% Extract new mode shapes using filter
% Form Mass and Stiffness Matrix
M = [abs(x(6)) 0 0 0;0 abs(x(7)) 0 0;0 0 abs(x(8)) 0;0 0 0 abs(x(9))];
K = [abs(x(1))+abs(x(2)) -(abs(x(2))) 0 0;-(abs(x(2))) ...
abs(x(2))+abs(x(3))-(abs(x(3))) 0;0 -(abs(x(3))) abs(x(3))+abs(x(4))...
-(abs(x(4))); 0 0-(abs(x(4))) abs(x(4))+abs(x(5))];
% Calculate y_t by filtering with inverse pseudo system
[ H_inv,y_t ] = Knob_Turn_Inv_Sys(M,K,x_t,fs );
% Do OMA of filtered signal
% Sample size
% Spectral density Welch method with 50% overlap and a Hanning Window
[ G_Filt,f_Filt,] = CPSD_Welch( y_t,N,fs );
% Perform FDD to obtain corrected mode shapes
[ Phi_Filt,~,~] = FDD( G_Filt,f_Filt,Freq,.85,fs );
% Get MAC values from after filtering
MAC_Filt=zeros(1,dof);
for i=1:dof
MAC_Filt(i)=amac(Phi_True(:,i),Phi_Filt(:,i));
end
% Scale filtered mode shapes
% Calc mode shape scale factor MSF
MSF=zeros(dof,dof);
for i = 1:dof
MSF(i)=(Phi_True(:,i)'*Phi_Filt(:,i))/(Phi_Filt(:,i)'*Phi_Filt(:,i));
end
% Scale modes shapes
for i=1:dof
Phi_Filt(:,i)=Phi_Filt(:,i)*MSF(i);
end
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% Scale combined mode shapes
% Calc mode shape scale factor MSF
MSF=zeros(dof,dof);
for i = 1:dof
MSF(i)=(Phi_True(:,i)'*Phi_Comb(:,i))/(Phi_Comb(:,i)'*Phi_Comb(:,i));
end
% Scale modes shapes
for i=1:dof
Phi_Comb(:,i)=Phi_Comb(:,i)*MSF(i);
end
end

Dynamic System Simulation
function [ H,y,f,phi ] = Sym_Sys(M,K,C,p_t,fs )
% Simulate a system response 4 DOF using FRFs
% Perform eigenvalue decomposition
[phi, f] = eig(K,M);
% Sort eigenvalues and eigenvectors
[f,index] = sort(diag(f),'ascend');
f = real(sqrt(f));
% phi = real((phi(:,index)));
% Get dofs
dof = length(f);
% Get N
[~,N]= size(p_t);
% Calculate mass orthonormalized mode shapes
[~,col]=size(phi);
PHI=zeros(col);
for i=1:col
PHI(:,i)=sqrt(1/(phi(:,i)'*M*phi(:,i)))*phi(:,i);
end
% Convert to modal coordinates
% Modal stiffness (diag(w^2))
K_m = PHI'*K*PHI;
% Modal mass, normalized to identity matrix
M_m = PHI'*M*PHI;
% Frequency domain forces
P=fft(p_t,[],2);
P((end/2):end)=0;
P=P*2;
% Calculate Modal Damping Factors
Zeta=zeros(1,dof);
for i = 1:dof
Zeta(1,i) = C(i);
end
% Calculate Omega, i.e. the frequencies to evaluate the FRF at
dt =(fs)/(N);
Omega=0:dt:(fs)-dt;
% Calculate FRF Matrix (Complex)
H_Dummy = zeros(dof,dof,N);
H=zeros(dof,dof,N);
for i = 1:dof
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for j = 1:dof
for r = 1:dof
for w = 1:N
H_Dummy(i,j,w) = ((PHI(i,r)*PHI(j,r))/K_m(r,r))...
*(1/(((1-(Omega(w)/f(r))^2)+(1i*2*Zeta(r)...
*Omega(w)/f(r)))));
end
H=H+H_Dummy;
H_Dummy=zeros(dof,dof,N);
end
end
end
% Calculate response
Y=zeros(dof,N);
for i=1:N
Y(:,i)=(H(:,:,i))*P(:,i);
end
end
y=real(ifft(Y,[],2))*2;

Modal Filter Optimization Function
function [ dz ] = KnobTurn_V( x,x0,x_t,Freq,fs,M0,Phi_True )
% Description:
Function to minimize difference in dz=0-zj by
%
changing M and K
%______________________________________________________________________
% Input:
% x
Updating parameters
%
x = [k1,k2,k3...,m1,m2....]
% x0
initial conditions
% x_t
Measured output from combined system
% fs
sampling frequency
%______________________________________________________________________
% Output:
% dz
Objective to minimize. Is the difference between the
%
the lower triangle of the autoMMAC matrix and zero
%______________________________________________________________________
% Form Mass and Stiffness Matrix
x=abs(x.*x0);
M = [abs(x(6)) 0 0 0;0 abs(x(7)) 0 0;0 0 abs(x(8)) 0;0 0 0 abs(x(9))];
K = [abs(x(1))+abs(x(2)) -(abs(x(2))) 0 0;-(abs(x(2))) abs(x(2))...
+abs(x(3)) -(abs(x(3))) 0;0 -(abs(x(3))) abs(x(3))+abs(x(4)) ...
-(abs(x(4))); 0 0 -(abs(x(4))) abs(x(4))+abs(x(5))];
% Calculate y_t by filtering with inverse pseudo system
[ ~,y_t ] = Knob_Turn_Inv_Sys(M,K,x_t,fs );
% Do OMA of filtered signal
% Sample size
N=1024;
% Spectral density Welch method with 50% overlap and a Hanning Window
[ G_Filt,f_Filt,] = CPSD_Welch( y_t,N,fs );
% Perform FDD to obtain corrected mode shapes
[ Phi_Filt,~,~] = FDD( G_Filt,f_Filt,Freq,.85,fs );
% Calculate AMMAC to determine if modes are corrected
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A = MMAC(Phi_Filt,M0);
% extract bottom triangle of AMAC matrix
[n,~] = size(A);
z = zeros(((n*n)-n)/2,1);
c=0;
for i = 1:n-1
for j=i+1:n
c=c+1;
z(c)=A(i,j);
end
end
% Calculate residual dz
dz=norm(z);
% Get MAC values from after filtering
MAC_Filt=zeros(1,n);
for i=1:n
MAC_Filt(i)=amac(Phi_True(:,i),Phi_Filt(:,i));
end
if dz <= .01
dz=0
end
end

Mass Weighted Modal Assurance Criteria
function [ MMAC ] = MMAC( Phi, M )
% Mass weighted MAC matrix
dof=length(Phi);
MMAC=zeros(dof);
for i=1:dof
for j=1:dof
MMAC(i,j)=abs((Phi(:,i)'*M*Phi(:,j))^2)/...
((Phi(:,i)'*Phi(:,i))*(Phi(:,j)'*Phi(:,j)));
end
end
MMAC=MMAC/MMAC(1,1);
end
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Appendix B: Automated OMA Matlab Code
Automated OMA Function
function [ phi, freq, zeta] = OMA( x_t, fs, MAC_lvl )
%______________________________________________________________________
% Description:
This function calculates the modes shapes,
%
frequencies,
%
of an MDOF system using Frequency Domain
%
Decomposition
%______________________________________________________________________
% Input:
% x_t
Input signal
% fs
sampling frequency
%______________________________________________________________________
% Output:
% Phi
Matrix containing estimated mode shapes
% Freq
Matrix containing frequencies
% Zeta
Matrix containing damping ratios
%______________________________________________________________________
%% Calculate Spectral Density
%Sample size
N=4000;
% Spectral density using Welch method with 50% overlap and a Hanning
% Window
[ G,f,S ] = CPSD_Welch( x_t,N,fs );
%% Find peaks
% Find value of frequency peaks in Hz
[ peak_val] = FindPeaks( S,f );
%% FDD
% Perform FDD to obtain frequencies, mode shapes and damping
[ phi,freq,zeta] = FDD( G,f,peak_val,MAC_lvl,fs );
end

Cross Power Spectral Density Using the Welch Method
function [ G,f,S,U ] = CPSD_Welch( x,N,fs )
%______________________________________________________________________
% Description:
PSD with Welch Method and 50% overlap
%______________________________________________________________________
% Input:
% x
Input signal
% N
Block size
% fs
sampling frequency
%______________________________________________________________________
% Output:
% G
PSD matrix
% f
Frequency vector
% S
Singular values
% U
Singular vectors
%______________________________________________________________________
% Calc initial values
% Frequency steps
df = fs/N;
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[n_chan, n_pt] = size(x);
% Amplitude correction factor
w = ahann(N)';
A_w = length(w)/sum(w);
% Equivalent noise bandwidth
B_en = N*sum(w.^2)/sum(w.^2)^2;
% PSD scaling factor
SP = 2*A_w^2/(N^2*B_en*df);
% Size of overlap
N_lap = N/2;
% Size of step the fft is moving along data
step = N-N_lap;
% Number of blocks
M = floor((length(x)-step)/step);
% Calculate summation of X(k)Y(k)* of all M blocks
G = zeros(n_chan,n_chan,N);
for k = 1:M
x_i = x(:,-step+(k*step)+1:k*step+step);
for t = 1:n_chan
x_i(t,:) = w.*x_i(t,:);
end
X_i = fft(x_i,[],2);
Y_i = conj(X_i);
for i = 1:n_chan
for j = 1:n_chan
G_dummy
= zeros(n_chan,n_chan,N);
G_dummy(i,j,:) = real(Y_i(i,:).*X_i(j,:));
G
= G+G_dummy;
end
end
end
% Calculate PSD
G
= SP/M*G;
G
= G(:,:,1:N/2);
G(:,:,2:end)
= 2*G(:,:,2:end);
f
= 0:df:fs/2-1/N/2;
% Perform SVD of G
% Get size
[nr,nc,np] = size(G);
% Create storage
S = zeros(nr,np);
U = zeros(nr,nc,np);
V = U;
% Decomposition
for i = 1:np
[U(:,:,i),S_diag,V(:,:,i)] = svd(G(:,:,i));
S(:,i)=diag(S_diag);
end
end

Finding Peaks
function [ peak_val] = FindPeaks( S,f )
% Get frequency values of peaks in Hz
% Use scale space peak picking algorithm
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[peak_loc,] = pickpeaks(S(1,3:end),10,1,f(1,3:end));
% Add the two positions removed from singular values
peak_loc=sort(peak_loc);
peak_loc=peak_loc+2;
% Determine spacing of frequencies
df = f(2)-f(1);
% find value of peak in Hz from peak location
peak_val=(peak_loc-1)*df;
end

Scale Space Peak Picking Algorithm
function [peaks,criterion] = pickpeaks(V,select,display,f)
% ------------------------------------------------------------% Scale-space peak picking
% -----------------------% This function looks for peaks in the data using scale-space theory.
% --------------------------------------------------------------------% Copyright (C) 2015, Inria, Antoine Liutkus
% Redistribution and use in source and binary forms, with or without
% modification are permitted provided that the following conditions are
% met:
%
* Redistributions of source code must retain the above copyright
%
notice, this list of conditions and the following disclaimer.
%
* Redistributions in binary form must reproduce the above
%
copyright notice, this list of conditions and the following
%
disclaimer in the documentation and/or other materials provided
%
with the distribution.
%
* Neither the name of Inria nor the names of its contributors may
%
be used to endorse or promote products derived from this
%
software without specific prior written permission.
% THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND CONTRIBUTORS
% "AS IS" AND ANY EXPRESS OR IMPLIED WARRANTIES, INCLUDING, BUT NOT
% LIMITED TO, THE IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS FOR
% A PARTICULAR PURPOSE ARE DISCLAIMED. IN NO EVENT SHALL INRIA BE
% LIABLE FOR ANY DIRECT, INDIRECT, INCIDENTAL, SPECIAL, EXEMPLARY, OR
% CONSEQUENTIAL DAMAGES (INCLUDING, BUT NOT LIMITED TO, PROCUREMENT OF
% SUBSTITUTE GOODS OR SERVICES; LOSS OF USE, DATA, OR PROFITS; OR
% BUSINESS INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY,
% WHETHER IN CONTRACT, STRICT LIABILITY, OR TORT (INCLUDING NEGLIGENCE
% OR OTHERWISE) ARISING IN ANY WAY OUT OF THE USE OF THIS SOFTWARE,
% EVEN IF ADVISED OF THE POSSIBILITY OF SUCH DAMAGE.
%data is a vector
%input parsin
if nargin < 3
display=0;
end
if nargin < 2
select= 0;
end
n = length(V);
%definition of local variables
buffer = zeros(n,1);
criterion = zeros(n,1);
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if select < 1
minDist = n/20;
else
minDist = n/select;
end
% How many time will the signal be smoothed
horizons = unique(round(logspace(0,2,50)/100*ceil(n/20)));
%horizons=1:2:50;
Vorig = V;
% all this tempMat stuff is to avoid calling findpeaks which is horribly
slow for our purpose
tempMat = zeros(n,3);
tempMat(1,1)=inf;
tempMat(end,3)=inf;
% loop over scales
for is=1:length(horizons)
%smooth data, using fft-based convolution with a half sinusoid
horizon = horizons(is);
if horizon > 1
% creat half sine with increasing resolution
w=max(eps,sin(2*pi*(0:(horizon-1))/2/(horizon-1)));
% normalize smoothing window
w=w/sum(w);
% Perform convolution with the signal
V = real(ifft(fft(V(:),n+horizon).*fft(w(:),n+horizon)));
% get signal back to original length
V = V(1+floor(horizon/2):end-ceil(horizon/2));
end
%find local maxima
tempMat(2:end,1) = V(1:end-1);
tempMat(:,2) = V(:);
tempMat(1:end-1,3) = V(2:end);
[~,posMax] =max(tempMat,[],2);
I = find(posMax==2);
I = I(:)';
%initialize buffer
newBuffer = zeros(size(buffer));
if is == 1
% if first iteration, keep all local maxima
newBuffer(I) = Vorig(I);
else
old = find(buffer);
old = old(:)';
if isempty(old)
continue;
end
%Now, for each element of I, find the closest element in
%old along with its distance. The few nice lines below were
%written by Roger Stafford in a forum post available here:
%http://www.mathworks.fr/matlabcentral/newsreader/view_thread/24387
% determine indices and values of old
[c,p] = sort(old);
% create bins in order to determine neighbors of old values
[~,ic] = histc(I,[-inf,(c(1:end-1)+c(2:end))/2,inf]);
% find closest neighbours
iOld = p(ic);
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% calculate distance
d = abs(I-old(iOld));
%done, now select only those that are sufficiently close
neighbours = iOld(d<minDist);
if ~isempty(neighbours)
newBuffer(old(neighbours)) = V(old(neighbours))*is^2;
end
end
%update stuff
buffer = newBuffer;
criterion = criterion + newBuffer;
%pause
end
%normalize criterion
criterion = criterion/max(criterion);
%find peaks based on criterion
if select<1
peaks = find(criterion>0.01);
df=(f(2)-f(1));
peak_v=(peaks+1)*df;
else
[~,order] = sort(criterion,'descend');
peaks = order(1:select);
df=(f(2)-f(1));
peak_v=(peaks+1)*df;
end
if display
figure
yyaxis left
plot(f,Vorig);
hold on
yyaxis left
plot(f,V)
hold on
yyaxis right
plot(f,criterion)
hold on
yyaxis left
plot(peak_v,Vorig(peaks),'ro','MarkerSize',10,'LineWidth',2)
grid on
title('Scale-space peak detection','FontSize',16);
legend('data','smoothed','computed criterion','selected peaks');
set(gca, 'YScale', 'log')
xlabel 'Frequency (Hz)'
end
v_f=Vorig(peaks);
end

Frequency Domain Decomposition
function [ phi,freq,zeta,peak_loc,U] = FDD( G,f,peak_val,MAC_lvl,fs )
%______________________________________________________________________
% Description:
This function calculates the modes shapes,
%
frequencies,
%
of an MDOF system using Frequency Domain
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%
Decomposition
%______________________________________________________________________
% Input:
% G
Input spectral density matrix
% f
Frequency vector
% peaks_val
Vector containing frequency of peaks (Hz)
% MAC_lvl
Number between 0 and 1 defining acceptable MAC%
value in determination of damping ratios.
% fs
sampling frequency
%______________________________________________________________________
% Output:
% Phi
Matrix containing estimated mode shapes
% Freq
Matrix containing frequencies
% Zeta
Matrix containing damping ratios
%______________________________________________________________________
%% Calculation of frequencies and mode shapes
% Perform SVD of G
% Get size
[nr,nc,np] = size(G);
% Create storage
S = zeros(nr,nc,np);
U = S;
V = U;
% Decomposition
for i = 1:np
[U(:,:,i),S(:,:,i),V(:,:,i)] = svd(G(:,:,i));
end
% Determine index of peak frequencies
df = f(2)-f(1);
% Determine whether to round the index up or down to determine largest
% S-values
for i = 1:length(peak_val)
S_low
= S(1,1,floor(peak_val(i)/df)+1);
S_high = S(1,1,ceil(peak_val(i)/df)+1);
if S_low > S_high
peak_loc(i) = floor(peak_val(i)/df+1);
else
peak_loc(i) = ceil(peak_val(i)/df+1);
end
end
% Store new eigen frequencies
freq = f(peak_loc);
% Extract mode shapes
% Storage
phi = zeros(nr,length(peak_loc));
for i = 1:length(peak_loc)
phi(:,i)
=
squeeze(U(:,1,peak_loc(i)));
%.*sign(squeeze(U(:,i,peak_loc(i)))
end
%% Calculation of damping ratios
% Size of max frequency band around modes (5Hz)
max_freq = floor(50/df);
% Expand number of data points through interpolation
f_big = linspace(f(1),f(end),length(f)*10);
% Only need first column of mode shape
for i=1:nc
U_new(i,:) = interp1(f,squeeze(U(i,1,:)),f_big);
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end
% Only need 1st SV to calculate free decays
S_new = interp1(f,squeeze(S(1,1,:)),f_big);
% Need to find new peak indexes since we added points to frequency axis
peaks_loc_new = floor(f(peak_loc)/(f_big(2)-f_big(1)));
% Begin extraction of zetas
for i = 1:length(peaks_loc_new)
% Choose index of mode
freq_central = peaks_loc_new(i);
% Create storage for counters
modes_high = zeros(1,floor(max_freq/2));
modes_low = modes_high;
% Extract mode shapes at increasing intervals from the central
% frequency
for ii = 1:max_freq/2
U_central = real(U_new(:,freq_central));
U_upper = real(U_new(:,freq_central+1));
U_lower = real(U_new(:,freq_central-1));
% Calculate MAC values at each interval
MAC_upper = amac(U_central,U_upper);
MAC_lower = amac(U_central,U_lower);
% Compare MAC values at each interval to see if modes still
% contribute
% upper level
if MAC_upper >= MAC_lvl
modes_high(ii)=1;
else
modes_high(ii)=0;
end
% lower level
if MAC_lower >= MAC_lvl
modes_low(ii) = 1;
else
modes_low(ii) = 0;
end
end
% Find the indices where MAC > MAC_vlv ie where value is "1"
% upper level
if mean(modes_high==1)
loc_upper = length(modes_high); % all modes in range contribute
else
loc_upper = find(modes_high,1,last); % index of last nonzero
% value towards the right
end
% lower level
if mean(modes_low==1)
loc_lower = length(modes_low); % all modes in range contribute
else
loc_lower = find(modes_low,1,first);% index of last nonzero
% value towards the left
end
% Determine new segment of S-plot that contains contributing modes
Max_index=min((freq_central+loc_upper),length(S_new));
Min_index=max(freq_central-loc_lower,1);
G_trimmed = S_new(Min_index:Max_index);
% Calculate corresponding correlation function
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%CF_trimmed=zeros(1,length(G_trimmed)+1);
CF_trimmed = ifft(G_trimmed);
t = (1:length(CF_trimmed))/fs;
% Expand CF to increase accuracy of peak finding
t_new = linspace(t(1),t(end),length(t)*40);
CF_new = real(interp1(t,CF_trimmed,t_new));
CF_new=CF_new(1:(length(CF_new)/2));
t_new=t_new(1:(length(t_new)/2));
CF_new=CF_new(1:600);
t_new=t_new(1:600);
% Store CF for ploting
CF_t = {CF_new',t_new'};
CF_plot(i) = {CF_t};
% Find CF peaks
[peaks, loc] = findpeaks(abs(CF_new));
% Store peaks for plotting
peaks_loc = {peaks',loc'};
peak_plot(i)={peaks_loc};
% Estimate damping ratio zeta
j = length(loc);
zeta(i) = 1/j*log(CF_new(1)/abs(peaks(end)))/(2*pi);
end
end

LEONIDA Peak Picking Method
function [ MAC_avg, start, stop] = LEONIDA( x, fs )
% LEONIDAS method of automated peak picking
% length of time sample at fs Hz
time_length = 200*fs;
time_lap = time_length/2;
time_step = time_length-time_lap;
% How many blocks, should be 10
Block = floor((length(x)-time_step)/time_step);
% Calc initial values
% 0.01 Hz resolution
df = .1;
% Number of points
N = fs/df;
for p = 1:Block
x_samp = x(:,-time_step+(p*time_step)...
+1:p*time_step+time_step);
[n_chan, ~] = size(x_samp);
% Hanning window
w = ahann(N)';
% Amplitude correction factor
A_w = length(w)/sum(w);
% Equivalent noise bandwidth
B_en = N*sum(w.^2)/sum(w.^2)^2;
% PSD scaling factor
SP = 2*A_w^2/(N^2*B_en*df);
% Size of overlap
N_lap = N/2;
% Size of step the fft is moving along data
step = N-N_lap;
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% Number of local blocks
M = floor((length(x_samp)-step)/step);
% Calculate summation of X(k)Y(k)* of all M blocks
G = zeros(n_chan,n_chan,N);
for k = 1:M
x_i = x_samp(:,-step+(k*step)+1:k*step+step);
for t = 1:n_chan
x_i(t,:) = w.*x_i(t,:);
end
X_i = fft(x_i,[],2);
Y_i = conj(X_i);
for i = 1:n_chan
for j = 1:n_chan
G_dummy
= zeros(n_chan,n_chan,N);
G_dummy(i,j,:) = abs(Y_i(i,:).*X_i(j,:));
G
= G+G_dummy;
end
end
end
% Calculate PSD
G
= SP/M*G;
G
= G(:,:,1:N/2);
G(:,:,2:end)
= 2*G(:,:,2:end);
f
= 0:df:fs/2-1/N/2;
% Perform SVD of G
% Get size
[nr,nc,np] = size(G);
% Create storage
S = zeros(nr,np);
U = zeros(nr,nc,np);
V = U;
% Decomposition
for i = 1:np
[U(:,:,i),S_diag,V(:,:,i)] = svd(G(:,:,i));
S(:,i)=diag(S_diag);
end
U_1(:,:,p)=squeeze(U(:,1,:));
end
% plot(f,S(1,:))
% Calc MAC
MAC_ens=zeros(Block-1,np);
for k=2:Block
for pt=1:np
MAC_ens(k-1,pt)=amac(U_1(:,pt,k-1),U_1(:,pt,k));
end
end
% Get criteria
MAC_avg=mean(MAC_ens);
MAC_std=std(MAC_ens);
Der_ens=diff(MAC_ens,1,2);
Der_avg=abs(mean(Der_ens));
Der_std=std(Der_ens);
length(f);
length(MAC_avg);
% Find modal domains
Mod_Dom=zeros(1,np-1);
for i = 1:np-1
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if MAC_avg(i)>0.95 && MAC_std(i)<0.01 && Der_avg(i)...
<0.01 && Der_std(i)<0.01
Mod_Dom(i)=1;
end
end
% determine start and end of each modal domain
start=0;
stop=0;
order=1;
for i = 1:length(Mod_Dom)
if Mod_Dom(i)==1
if start(order)==0
start(order)=i;
start(order+1)=0;
end
else
if start(order)>0
stop(order)=i;
stop(order+1)=0;
order=order+1;
end
end
end
end

Modal Indicator Peak Picking Method
function [ Pks,Loc,d1,d2 ] = Brinker_Peaks( S,U,f,w )
%______________________________________________________________________
% Description:
Modal indicator method of finding spectral peaks
%______________________________________________________________________
% Input:
% S
Singular values
% U
Singular vector
% f
frequency values
% w
Minimum peak prominence
%______________________________________________________________________
% Output:
% x
Input signal
% N
Block size
% fs
sampling frequency
%______________________________________________________________________
% Find peaks 'MinPeakProminence',w
[Pks,Loc]=findpeaks(S(1,:),'Annotate','extents','MinPeakProminence',w);
% calc d1 and confirm peaks are physical
d1 = Indicator1( f,U );
for i=1:length(Loc)
if d1<0.8
Loc(i)=[];
Pks(i)=[];
end
end
% ensure only one mode per modal domain
n=length(f);
d2=zeros(1,n);
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for ii = Loc(1):n
d2_temp = U(:,1,ii)'*U(:,1,Loc(1));
if d2_temp >= 0.8
d2(ii)=d2_temp;
d2_max = ii;
else
break
end
end
for ii = Loc(1):-1: 1
d2_temp = U(:,1,ii)'*U(:,1,Loc(1) );
if d2_temp >= 0.8
d2(ii)=d2_temp;
else
break
end
end
for i=2:length(Loc)
% check if peak is in previous modal domain, if not proceed, if
% yes, skip
if d2(Loc(i))==0
for ii = Loc(i):-1: d2_max+2
d2_temp = U(:,1,ii)'*U(:,1,Loc(i));
if d2_temp >= 0.8
d2(ii)=d2_temp;
else
break
end
end
for ii = Loc(i);
d2_temp = U(:,1,ii)'*U(:,1,Loc(i));
if d2_temp >= 0.8
d2(ii) = d2_temp;
d2_max = ii;
else
break
end
end
else
Loc(i)=0;
Pks(i)=0;
end
end
Loc=nonzeros(Loc)';
Pks=nonzeros(Pks)';
end

D1 Indicator
function [ d1 ] = Indicator1( f,U )
% Modal coherence indicator
n=length(f);
d1=zeros(1,n);
for i=2:n
d1(i-1)=abs(U(:,1,i)'*U(:,1,i-1));
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end
end

D2 Indicator
% Modal domain indicator
n=length(f);
d2=zeros(1,n);
for ii = peaks_loc(1):n
d2_temp = U(:,1,ii)'*U(:,1,peaks_loc(1));
if d2_temp >= 0.8
d2(ii)=d2_temp;
d2_max = ii;
else
break
end
end
for ii = peaks_loc(1):-1: 1
d2_temp = U(:,1,ii)'*U(:,1,peaks_loc(1) );
if d2_temp >= 0.8
d2(ii)=d2_temp;
else
break
end
end
for i=2:length(peaks_loc)
for ii = peaks_loc(i):-1: d2_max
d2_temp = U(:,1,ii)'*U(:,1,peaks_loc(i));
if d2_temp >= 0.8
d2(ii)=d2_temp;
else
break
end
end
for ii = peaks_loc(i):n
d2_temp = U(:,1,ii)'*U(:,1,peaks_loc(i));
if d2_temp >= 0.8
d2(ii) = d2_temp;
d2_max = ii;
else
break
end
end
end
end
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