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Abstract

In this thesis, we explore the quantum gravity universe using physical time.

First, we consider a Friedmann–Lemâıtre–Robertson–Walker (FLRW) uni-

verse with a massive scalar field. We polymer quantize the scalar field, and

use the number of efolds of inflation as physical time. We look at the semi-

classical dynamics of this system assuming that the scalar field is described

by a Gaussian state. We find that there is a ‘polymer inflation’ phase that

continues into the infinite past, followed by slow-roll inflation, and then re-

heating. We also show that sub-Planckian initial data can lead to significant

inflation.

Second, we expand the previous model to include a pressureless dust field.

The scalar field is polymer quantized, and we use dust as physical time. We

find that there is an early time polymer inflationary phase, followed by slow-

roll inflation, and an exit into late time classical dynamics. The value of the

dust energy density controls the amount of polymer inflation with smaller

values giving more inflation.

Third, we look at the Cosmological Constant (CC) problem as viewed from
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the physical Hamiltonian framework, where we first identify a physical time.

We show that vacuum energy depends on the choice of time, is generally

a square root and time-dependent, and is a function of the observed CC.

We explicitly calculate it for various choices of time. We also discuss why

the conventional CC problem is ill-posed, and formulate the question ‘Does

vacuum gravitate?’ We find that there is no CC problem when viewed from

this framework.

Finally, we construct the path integral for a closed FLRW universe with a

CC and dust. We use dust as physical time, and numerically evaluate the

integral using Markov Chain Monte Carlo (MCMC) techniques. We calculate

the no-boundary wavefunction of the universe, as well as correlation functions

and mean volume. We find that the wavefunction is peaked on zero volume

Universes. For a positive CC, we discuss two methods of making the integral

convergent. We find that a smaller CC leads to a greater probability of large

Universes.
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Chapter 1

Invitation

Deep in the realms of pure thought, sat M, pondering. He had been here for

decades...or centuries perhaps? He couldn’t tell. For here (wherever ‘here’

was) it was only himself. He thought if there was nothing in the universe (a

‘Minkowski universe’ as some of his friends called it) then what distinguishes

‘now’ from ‘then’? What distinguishes ‘here’ from ‘there’? If there is no

change, no events, no objects, then what is space? And what is time?

General Relativity (GR) [4, 53, 55, 65, 112, 146] is our best known theory

of gravity. From predicting the exact perihilion shift of Mercury’s orbit,

to numerous other solar system tests; from pulsar timing experiments, to

the prediction and detection of gravitational waves, GR has proven itself as

the most successful theory of gravity so far. However, all is not well. GR

by itself is not completely consistent due to the occurence of singularities
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[72]. Black holes, for instance, that are thought to describe the final result

of gravitational collapse of matter, contain within them singularities where

GR can no longer work. Cosmological spacetimes also contain singularities

(e.g., the big bang) where classical predictability breaks down. Given this

situation, it is thought that a quantum theory of gravity will help cure these

problems.

Furthermore, since all known matter is described by quantum theory (e.g.,

Electromagnetism through Quantum Electro-Dynamics, Weak interactions

through Electro-Weak Theory, and Strong interactions through Quantum

Chromo-Dynamics), and GR describes the interaction of spacetime and mat-

ter, it is thought that GR itself must be quantized in some way (or pave way

for another theory of quantized gravity) to provide a fully consistent descrip-

tion of reality.1 Hence arose the search for a quantum theory of gravity.

This fact was first realized by Einstein himself. Soon after he presented GR,

he knew it had to be modified by quantum effects:

“...it appears that quantum theory would have to modify not only MAXWELLIAN

electrodynamics, but also the new theory of gravitation.” [54]

The history of Quantum Gravity (QG) thus spans almost a century now [123].

However, despite a century of work, there is no consistent theory of quantum

gravity yet. This is due to numerous technical and conceptual challenges.

One particularly pressing one is the problem of time, which arises due to

1There is not a complete consensus however that gravity has to be quantized in some
way. See [148] for instance.
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the fundamentally different role of time in GR (where there is no preferred

time) versus in quantum theory (where a fixed external time is assumed). A

way around this problem is to use some physical quantity as a clock, i.e., a

physical time variable.

The goal of this thesis is to explore the role of physical time in quantum

gravity. Since there are various technical challenges in the quantization of

full GR (with an infinite number of degrees of freedom), we consider here a

symmetry-reduced homogeneous and isotropic cosmological spacetime: The

Friedmann–Lemâıtre–Robertson–Walker (FLRW) universe coupled with var-

ious forms of matter.

This thesis is organized as follows: Chapter 2 contains the necessary back-

ground needed for the content of this thesis. Section 2.1 provides an intro-

duction to Hamiltonian cosmology. Section 2.2 contains an introduction to

the problem of time, and the notion of physical time and physical Hamilto-

nian: a formalism that we use throughout this thesis. Section 2.3 provides

an introduction to polymer quantization (which is a scheme of quantization

motivated (but distinct) from Loop Quantum Gravity (LQG)). This scheme

is used in Chapters 3 and 4. Section 2.4 provides a preliminary introduction

to Monte Carlo techniques that we use in Chapter 6. Examples of a simple

harmonic oscillator in one dimension, and a particle in two dimensions in a

Mexican hat potential are discussed in Appendix A.

In Chapter 3 we consider an FLRW universe with a massive scalar field.

The scalar field is polymer quantized, and is coupled to classical gravity
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by taking an expectation value in some suitably constructed ‘semi-classical’

state. Since gravity in LQG is quantized using a scheme similar to polymer

quantization (but distinct from Schrodinger quantization), it is natural to

expect that matter itself should also be polymer quantized for a consistent

quantum treatment of both matter and gravity. This is the reason we consider

a polymer (rather than Schrodinger) quantization of the scalar field here.

Since all matter we know appears to be Schrodinger quantized, it is expected

that polymer quantization effects would be dominant only at high energies,

and would lead to modified dynamics at those scales. To get the dynamics,

we choose a gravitational physical time, and use the efold time gauge (where

time is given by the number of efolds, which is just the natural logarithm of

the scale factor). We find that there is an early time inflationary phase which

continues into the infinite past, followed by slow roll inflation, and finally an

exit into late time classical dynamics.

In Chapter 4 we consider an FLRW universe with a massive scalar field and

a dust field (the model of chapter 3 plus a dust field). Here, we quantize

the scalar field again via polymer quantization, and couple it to the classical

gravity plus dust system by taking an expectation value in a semiclassical

state. But now, we choose a matter physical time, and use the dust field

as the time reference. We find that there is an early time polymer phase

whose length depends on initial conditions, followed by slow roll, and then

an exit into late time classical dynamics. We recover the dynamics discussed

in chapter 3 when we set initial data such that the dust energy density is
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zero (vanishing dust).

In Chapter 5 we take a look at the cosmological constant problem, and how

it looks when viewed from a non-perturbative theory of matter and gravity.

We show how the notion of ‘vacuum energy density’ depends on the choice

of physical time, and calculate it for various choices of time. We also discuss

why the conventional cosmological constant problem is not well posed, and

provide a formulation of the question ‘does vacuum gravitate?’.

In Chapter 6 we construct a path integral for an FLRW universe with dust, a

cosmological constant, and non-zero spatial curvature, using dust as physical

time. We evaluate it numerically using Markov Chain Monte Carlo (MCMC)

techniques. We calculate quantities like mean volume of the universe, and

its fluctuations; correlation functions, and the Hartle-Hawking no boundary

wavefunction of the universe in this model. This provides a first step towards

the full numerical treatment of non-pertubative gravity and matter (in this

physical Hamiltonian framework) - a problem that is not (yet) tractable

analytically.

We summarize in Chapter 7. The chapters are mostly self-contained, and

can be read independently, apart from the introductory material present in

Chapter 2.

I invite you, the reader, to followM on his journey, and explore the quantum

gravity universe with the glasses of physical time.
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He finally realized, that it makes no sense to talk about space or time when

there is nothing around! No sooner had this thought occurred to him than he

saw a flash of light coming from far away. And now, for the first time, there

was change in his universe: the light seemed to get brighter and brighter. As

the light got closer, he saw that there were two transparent orbs, each with a

bouncing ball of light in it.

Looking at them, he noticed something peculiar: The bounces of the two light-

balls were regular, but different from each other. One was bouncing vertically,

the other horizontally; and when the first (red) ball bounced 10 times, the

other (blue) had bounced 30 times. He realized he had found time and space.

He could use the number of bounces of one of them to see (and calculate

exactly) how the other was changing. He could also use the length of the

bounce (which was the radius of the orb), to measure distance. He knew he

could also use them to see how other things were changing, if there were any

other things around that is. Filled with excitement, he reached out to touch

the orbs.

As soon as he touched them, the darkness around him lifted, and the whole

universe filled with light. He could already see different things happening in

every direction. He stood up, and with the two orbs in hand, set out to explore

the universe around him...
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Chapter 2

Background

He was about to begin his journey, when he noticed a very large cabinet. It

could fit thousands if not millions of the light-orbs he had. On the front was

written “Toolbox (for the uninitiated)”. He thought he was new here, and the

universe seemed very large, maybe he could benefit from whatever is inside

the cabinet. Maybe it had maps, guidebooks, tools, or maybe more informa-

tion on the light-orbs that he was now carrying, who knew? He decided to

take a look inside...

In this chapter, we review various ideas that are used in the thesis. In

Sec 2.1, we review Hamiltonian cosmology (cosmological evolution described

through the Hamiltonian formulation of GR), which is used throughout this

thesis. In Sec 2.2, we review the problem of time in GR, and the notions of

‘physical time, and ‘physical Hamiltonian’- a framework we use in this work
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(In subsection 2.2.2.2, we review ‘dust time’- something used in Chapters

4, 5 and 6). In Sec 2.3, we review polymer quantization which is used in

Chapters 3 and 4. Finally, in Sec 2.4, we review the Markov Chain Monte

Carlo (MCMC) method, which is used in Chapter 6.

2.1 Hamiltonian Cosmology

We begin with the Arnowitt–Deser–Misner (ADM) canonical formulation

of GR [15, 16] with a minimally coupled scalar field. The ADM formula-

tion begins by foliating spacetime into spatial slices, and a time direction.

The full 4-dimensional spacetime manifold is split into 3-dimensional spatial

slices, and a 1-dimensional flow of time. Since GR is diffeomorphism invari-

ant, this foliation is arbitrary, and any choice of time flow and spatial slices

can be made. Mathematically, this proceeds by starting from the standard

Einstein-Hilbert Lagrangian for GR (which depends on the 4-dimensional

Ricci scalar), and then decomposing it into terms containing 3-dimensional

intrinsic quantities (like the metric on 3-dimensional spatial slices, and its

Ricci scalar curvature), and extrinsic quantities (e.g., the extrinsic curvature)

through the Gauss-Codazzi equations. Physically, this formalism helps in for-

mulating GR (where space and time are mixed) as an initial value theory,

where some initial data is prescribed at an initial 3-dimensional spatial slice,

and then evolves under time evolution along the direction of the time-flow.

It also formulates GR as a Hamiltonian theory - which is the starting point
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for the canonical quantization of GR.

In the ADM formalism, the phase space variables are (qab, π
ab) (where qab

is the metric on the spatial slices of spacetime, and πab is its canonically

conjugate momentum, related to the extrinsic curvature Kab as: πab =

√
q(Kab − Kqab)) and (φ, pφ) (where φ is the scalar field, and pφ is its mo-

mentum given as pφ = (
√
q/N)(φ̇ − N a∂aφ) where an overdot indicates a

time derivative) and the action is

S =

∫
d3xdt[πabq̇ab + pφφ̇−N (HG +Hφ)−N a(CG

a + Cφ
a )], (2.1)

where,

HG =
2

M2
Pl

1
√
q

(
πabπab −

1

2
π2

)
+
M2

Pl

2

√
q(Λ−R),

Hφ =
p2
φ

2
√
q

+
1

2

√
qqab∂aφ∂bφ+

√
qV (φ), (2.2)

CG
a = Dbπ

b
a,

Cφ
a = pφ∂aφ, (2.3)

q is the determinant of the spatial metric qab, π is the trace of πab, R is the

3-Ricci scalar curvature, Λ is the cosmological constant, N is the shift, N a

is the lapse, M2
Pl = 1/8πG is the reduced Planck mass, Da is the covariant

derivative associated with qab, and V (φ) is the scalar field potential (we will

consider V (φ) =
1

2
m2φ2, where m is the scalar field mass).

Reduction to homogeneity and isotropy is obtained by the parametrization
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(we set Λ = 0 for now, but it can be reintroduced by taking V (φ)→ V (φ) +

M2
PlΛ/2)

qab = a2(t)eab, πab =
pa

6a(t)
eab, (2.4)

where eab is the flat Euclidean metric. This gives the reduced action

SR = V0

∫
dt
(
paȧ+ pφφ̇−NH

)
, (2.5a)

H = − p2
a

12aM2
Pl

+
p2
φ

2a3
+ a3V (φ), (2.5b)

where V0 =
∫
d3x is a fiducial volume.

Notice that the reduced action is invariant under the rescalings

(a, pa, φ, pφ, V0) 7→
( a

κ1/3
,
pa
κ2/3

, φ,
pφ
κ
, κV0

)
. (2.6)

This symmetry is due to the invariance of the spatially flat FLRW metric

under spatial dilations:

(a, x, y, z) 7→ (κ−1/3a, κ1/3x, κ1/3y, κ1/3z). (2.7)

Cosmological observables of interest may be easily written in terms of phase

space variables. The Hubble parameter is

H =
ȧ

Na
=
{a,NH}
Na

=
{a,H}
a

= − pa
6a2M2

Pl

. (2.8)
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Note that for an expanding universe H > 0 and hence pa < 0. Here {, } are

Poisson brackets, and define the time evolution of phase space variables. The

brackets themselves constitute a binary operation (on phase space functions)

that satisfies the following properties (for any functions f, g and h):

1. Anticommutativity: {f, g} = −{g, f}.

2. Bilinearity: {af+bg, h} = a{f, h}+b{g, h}, {h, af+bg} = a{h, f}+b{h, g}

(a, b ∈ R).

3. Leibniz Rule: {fg, h} = f{g, h}+ {f, h}g.

4. Jacobi identity: {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0.

Given phase space variables (qi, pi), i = 1 to d, where d is the (total) number

of degrees of freedom (in our case d = 2, qi = a, φ and pi = pa, pφ), the Poisson

bracket of any two phase space functions f(qi, pi; t), g(qi, pi; t) is evaluated as,

{f, g} =
∑
i

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
. (2.9)

The time evolution of any phase space function f is given by its Poisson

bracket with the Hamiltonian,

ḟ =
df

dt
= {f,NH}+

∂f

∂t
(2.10)

(If f has no explicit time dependence, then the last term in the equation

above drops out. It is clear that any phase space function - that is not
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explicitly time-dependent - is conserved under time evolution if and only if

its Poisson bracket with the Hamiltonian vanishes.)

In terms of the Hubble parameter, the Hamiltonian constraint assumes the

familiar form of the Friedmann equation

H2 =
ρφ

3M2
Pl

, (2.11)

where the scalar field density ρφ is given in terms of the scalar field Hamil-

tonian density Hφ as follows:

ρφ ≡
Hφ

a3
≡

p2
φ

2a6
+ V (φ). (2.12)

Other quantities of cosmological interest can also be expressed in this way.

For example, the Hubble slow roll parameters are

εH = − Ḣ

NH2
= −{H,H}

H2
=

3

2

(
Lφ
Hφ

+ 1

)
, (2.13a)

ηH = εH −
˙εH

2NHγH
= −{{H,H},H}

{H2,H}
, (2.13b)

where Lφ =
p2
φ

2a3
− a3V (φ).

The dynamics of the system can be obtained by solving Hamilton equations

d

dt
(a, pa, φ, pφ) = N

(
∂H
∂pa

,−∂H
∂a

,
∂H
∂pφ

,−∂H
∂φ

)
. (2.14)

with initial data consistent with the Hamiltonian constraint H = 0.
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A more efficient procedure involves identifying a function on phase space

as a time variable and solving the Hamiltonian constraint explicitly. The

net effect is a move from a 4-dimensional system with a Hamiltonian con-

straint to an unconstrained 2-dimensional system with a non-zero “physical”

Hamiltonian. The equations of motion obtained in either approach are of

course equivalent (up to time re-parameterizations) and give rise to the same

classical dynamics. We turn to the formalism of this approach in the next

section.

2.2 The problem of time, physical time, and

a physical Hamiltonian

2.2.1 The problem of time

General relativity is a constrained theory, i.e. the Hamiltonian vanishes:

HG ≈ 0. This constraint reflects the time reparametrization invariance of

general relativity.1 This leads to the (yet unsolved) problem of time in quan-

tum gravity. See [12, 13, 90, 96] for a detailed exposition, and reviews.

The problem arises due to the mismatch between the role that the time

variable plays in GR versus in quantum theory. In GR, coordinate time has

no physical relevance, and can be changed upon whim. In quantum theory,

1Along with the diffeomorphism constraint CaG ≈ 0 which shows space reparametriza-
tion invariance, these four constraint equations are manifestations of the full diffeomor-
phism invariance of GR.
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on the other hand, the notion of a fixed external time is required. This leads

to the problem that if we were to quantize GR, how would time appear?

What role would it play in the dynamics? And how do various physical

quantities ‘evolve’? (Or is there even such a thing as time?)

We can see the problem explicitly by looking at a method of quantizing GR

due to Dirac [48] (where the classical Hamiltonian constraint is promoted to

an operator, and it is required that its action on all physical states must give

zero), which leads to the Wheeler-DeWitt equation,

Ĥ|Ψ〉 = 0. (2.15)

Comparing this to the usual Schrodinger equation,

Ĥ|Ψ〉 = i
∂

∂t
|Ψ〉 (2.16)

we see that the latter has a time derivative (or time evolution of the physical

states) on the right hand side, whereas the former vanishes. It should also

be noted that the time variable t appearing in the Schrodinger equation is a

fixed external parameter, and in particular, does not belong to the Hilbert

space on which the Hamiltonian Ĥ is defined.

Clearly this is a major point of discontent between the two theories, and

has to be resolved in any consistent approach to quantum gravity. We now

explain a way around this problem in the following subsection, and describe

the physical Hamiltonian formalism - a formalism that we use in this thesis.
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2.2.2 Physical time and a physical Hamiltonian

A way to introduce physical time in GR is to consider a clock made out of

some phase space variable. Practically, this is what we already do. The time

that we use in our daily life, and in various experiments is measured by some

physical clock. For instance a day is defined to be the duration in which the

Earth (which is a physical system) completes one rotation (approximately)

about its axis. Our day-to-day activities then rely on this standard clock.

But not only this, our very standard of time, the definition of the unit of

time ‘second’, uses a physical clock: an atom. The Cesium-133 atom, in its

ground state, has a certain energy transition between two of its levels. A

second is defined as the duration of 9,192,631,770 periods of radiation that

is emitted during this transition [5].

How is this translated mathematically in GR? We explain below a method

called the physical Hamiltonian approach (also known as the reduced phase

space approach, or deparametrization) which proceeds as follows (see also

[11, 49, 50, 107, 122]) for other ideas):

1. Start with the ADM form of GR with a massive scalar field,

S =

∫
d3xdt[πabq̇ab + P̃φφ̇−N (HG +Hφ)−N a(CG

a + Cφ
a )], (2.17)
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where,

HG =
1
√
q

(
πabπab −

1

2
π2

)
+
√
q(Λ−R),

Hφ =
P̃φ

2

2
√
q

+
1

2

√
qqab∂aφ∂bφ+

1

2

√
qm2φ2, (2.18)

CG
a = Dbπ

b
a,

Cφ
a = P̃φ∂aφ, (2.19)

(πab, qab) and (φ, P̃φ) are the gravitational and scalar field phase space

variables respectively. q is the determinant of the spatial metric qab, π is

the trace of πab, R is the 3-Ricci scalar curvature, Λ is the cosmological

constant, N is the shift, N a is the lapse and m is the scalar field mass.

2. Pick a time function from the phase space variables,

t = f(phase space variables). (2.20)

Since there is no preferred notion of time, this choice is arbitrary. The

only condition it must satisfy is that it should be second class with the

full Hamiltonian constraint, i.e,

{t,H} 6≈ 0. (2.21)

We call this the physical time since it is constructed from physical

variables, and is not a mere coordinate choice.
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3. Find the momentum pt conjugate to this choice of time: {t, pt} = 1.

4. The physical Hamiltonian is then given as,

Hp = −pt. (2.22)

To see why this is called the physical Hamiltonian, consider a con-

strained theory with two degrees of freedom: (t, pt) and (x, px) and a

Hamiltonian (constraint): H(t, pt, x, px) ≈ 0. The action for such a

theory is,

S =

∫
dτ
(
ptṫ+ pxẋ−NH(t, pt, x, px)

)
, (2.23)

where N is a Lagrange multiplier that enforces the constraint, an

overdot indicates a derivative with respect to τ , and all phase space

variables are functions of τ . If we choose a time gauge such that

τ = t(⇒ ṫ = 1), then after solving the constraint strongly (i.e., sub-

stituting H(t, pt, x, px) = 0 everywhere), we get the gauge-fixed action

(for the unconstrained theory),

SGF =

∫
dτ
(
pxẋ+ pt

)
. (2.24)

Comparing this with the action for a standard unconstrained theory,

S =

∫
dτ
(
pxẋ−H(x, px)

)
, (2.25)
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we can see that pt = −H(x, px) i.e., pt plays the role of the Hamiltonian

for the remaining degrees of freedom (in this case (x, px)). We can

get an exact expression for pt as a function of (x, px) by solving the

Hamiltonian constraint H(t, pt, x, px) ≈ 0 for pt. This is the reason

we identify the physical Hamiltonian with the (negative of) conjugate

momentum to the chosen time variable.

This physical Hamiltonian is now the ‘true’ Hamiltonian of the re-

maining phase space degrees of freedom, and is no longer constrained

to vanish. All dynamics of the system then follow from this physical

Hamiltonian, and upon quantization, this is promoted to an operator on

a suitable Hilbert space. Note that solving the Hamiltonian constraint

strongly means that we have now gone from the full 14-dimensional

phase space (12-gravity and 2-scalar field) to a partially reduced 12-

dimensional physical phase space.2 Two of the (phase space) degrees

of freedom have vanished since they are now our time function and the

physical Hamiltonian.

5. The chosen time gauge fixing should be dynamically preserved, i.e.

we must have that ṫ = 1. This requirement fixes the lapse function

through,

ṫ = {t,
∫
d3xNH} = 1. (2.26)

2It is partial since we have not solved the diffeomorphism constraint. Solving it would
further reduce the phase space to 12− (2×3) = 6 dimensions: 4-gravity and 2-scalar field,
which in configuration space corresponds to the usual 2 degrees of freedom for gravity,
and 1 for the scalar field.
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At this stage, the fact that a large number of (independent) time choices

can be made may seem troubling, and it may appear that this is not a

meaningful/gauge-invariant formalism. However, this is not true. Within

the framework of general relativity plus matter (where coordinate time has

no physical relevance), we identify some quantities (phase space variables)

that can serve as physical clocks. So suppose we have a scalar field φ, and the

spatial metric qab. Einstein’s equations give the evolution of these quantities

with respect to coordinate time. In this time-gauge fixed formalism however,

we ask a different question: How do one of these quantities evolve with

respect to the other one. For instance if we choose scalar field as time,

then we ask how do all the other quantities like the spatial metric qab, or

any other matter fields, evolve with respect to φ. That is what is the value

qab takes, when φ = 1, 2, 10 etc. This is by construction, a gauge-invariant

question, and has a well defined physical meaning. If we were to choose a

different phase space variable as time, then the evolution of the remaining

quantities, would in general look different (see also footnote 6). Given that

there is no preferred phase space variable to be used as time, this is just the

(yet unsolved) problem of time. But each of the time choices that we make

constitutes a well defined physical question: how do the rest of the phase

space variables change in relation to this particular variable that we identify

as time.

We now illustrate this formalism concretely in the following subsections for

a gravitational choice of physical time, as well as for a matter one.
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2.2.2.1 Gravitational (cosmological) time

For cosmology it is perhaps natural to consider the class of canonical gauge

conditions where physical time is a function of the gravitational degrees of

freedom,

t = f(a). (2.27)

(Note that f must carry the units of time; i.e., inverse mass.) The gauge

fixed reduced action is given by

SGF
R = V0

∫
dt
[
paȧ+ pφφ̇−NH

] ∣∣∣∣
t=f(a),H=0

. (2.28)

Differentiating both sides of (2.27) with respect to t we obtain:

1 = f ′(a)ȧ ⇒ ȧ = 1/f ′(a), (2.29)

We can use this to write

SGF
R = V0

∫
dt

[
pa
f ′(a)

+ pφφ̇−NH
] ∣∣∣∣

t=f(a),H=0

= V0

∫
dt
(
pφφ̇−Hp

)
, (2.30)

where we have identified the physical Hamiltonian as

Hp = − pa
f ′(a)

∣∣∣∣
t=f(a),H=0

. (2.31)
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Notice that Hp is the negative of the momentum conjugate to the time func-

tion since {
f(a),

pa
f ′(a)

}
= 1. (2.32)

Explicitly solving the Hamiltonian constraint for pa (and restricting ourselves

to expanding universes with pa < 0) allows us to write the physical Hamil-

tonian as

Hp =
6MPla

2

f ′(a)

√
ρφ
3

=
6MPl

f ′(a)

√
Hφa

3
=

6M2
Pla

2

f ′(a)
H. (2.33)

In each of these expressions, it is understood that the scale factor is to be

written as an explicit function of t via a = f−1(t) and the Hubble parameter

is to be written in terms of (φ, pφ, t) using the Friedmann equation (2.11).

Lastly, the requirement that the gauge condition is preserved in time leads

to the condition fixing the lapse function:

ṫ = 1 = ḟ(a) = N{f(a),H} (2.34)

Rearranging, we obtain

N =
1

{f(a),H}

∣∣∣∣
t=f(a),H=0

=
MPl

f ′(a)

√
3a

Hφ

. (2.35)

This gives N (φ, pφ, t) corresponding to the canonical time gauge t = f(a) on

the constraint surface.
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As examples, let us consider the following two gauges

t =
1

MPl


(a/a0)3,

ln(a/a0),

(2.36)

where a0 is a constant that picks a particular (covariantly-defined) reference

epoch. For example, the reference epoch could be taken as the hypersurface

where the Hubble parameter takes on a certain value. Since a0 is associated

with a physically defined instant of time, we have the following behaviour

under spatial dilations (2.7):

a0 7→ κ−1/3a0 ⇒ t 7→ t. (2.37)

That is, our choice of time is assumed to be invariant under spatial dilations.

The first of these time gauge in (2.36) gives

Hp = 2M2
Pl

√
Hφa3

0

3MPlt
= 2M3

Pla
3
0H. (2.38)

The corresponding lapse function is

N =

√
M3

Pla
3
0

3tHφ

. (2.39)

The second gauge choice is can be interpreted as follows: Consider two cos-

mological epochs where the time coordinate and the scale factor are (t1, a1)
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and (t2, a2), respectively. Then, the number of e-folds of cosmological expan-

sion between the two epochs is

∆N = ln
a2

a1

= MPl(t2 − t1) = MPl∆t. (2.40)

That is, t measures the number of e-folds of expansion along a given tra-

jectory in this gauge, and we hence call it the “e-fold” time. We define an

absolute e-fold scale by

N = MPlt = ln
a

a0

(2.41)

so that N = 0 corresponds to a = a0.3 This is the gauge we use in Chapter

3. In this gauge, we have

Hp = 6M2
Pl

√
Hφa3

0e
3MPlt

3
= 6M3

Pla
3
0e

3MPltH. (2.42)

and lapse

N = M2
Pl

√
3a3

0e
3MPlt

Hφ

. (2.43)

2.2.2.2 Matter (dust) time

In this subsection, we describe a time choice made out of matter variables,

that we use in Chapters 4, 5 and 6. To our theory of GR with a minimally

coupled scalar field (2.3), we add a presureless dust field T .

3We caution the reader that the e-fold time N should not be confused with ADM lapse
function N . Also, unlike some of the cosmological literature, we choose N to increase to
the future; i.e., da/dN > 0.
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The dust Lagrangian on a manifold with metric gab is

LD(g, T,M) = −1

2
M
√
−g
(
gab∂aT∂bT + 1

)
, (2.44)

where M is the field that enforces the constraint that the dust is timelike.

The stress-energy tensor is

Tab = M

(
∂aT∂bT −

1

2
gab(1 + ∂cT∂

cT )

)
. (2.45)

therefore on shell, M is the dust energy density.

The Hamiltonian theory is obtained by substituting the ADM parametriza-

tion of metric

ds2 = −N 2dt2 + (dxa +N adt)(dxb +N bdt)qab (2.46)

into the Lagrangian. The dust momentum is

pT =
∂LD
∂Ṫ

= M

√
q

N
(Ṫ −N a∂aT ), (2.47)

and the Hamiltonian density is

HD =
p2
T

2M
√
q

+
1

2
M
√
q (1 + qab∂aT∂bT ). (2.48)
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Variation of the canonical from of the action with respect to M gives

M2 =
p2
T

q

1

(qab∂aT∂bT + 1)
. (2.49)

Substituting this back gives

HD = sgn(M) pT
√

1 + qab∂aT∂bT . (2.50)

The ADM canonical action of general relativity with massive scalar field and

dust then becomes

S =

∫
d3x dt

(
πabq̇ab + pφφ̇+ pT Ṫ −NH−N aCa

)
, (2.51)

where

H ≡ HG +Hφ +HD,

=
2

M2
Pl

πabπab − 1
2
π2

√
q

+
M2

Pl

2

√
q(Λ− (3)R)

+

(
p2
φ

2
√
q

+
1

2

√
qqab∂aφ∂bφ+

1

2
m2φ2

)
+HD, (2.52a)

Ca ≡ −Dbπ
b
a + pφ∂aφ− pT∂aT. (2.52b)

We now fix our time to be given by the dust field,

t = εT, (2.53)
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with ε = ±1. In the end we will make one choice, but we keep this freedom

for now to interpret physically the corresponding physical Hamiltonian. The

requirement that the gauge be preserved in time requires

Ṫ = ε = {T,
∫
d3x NH}|T=t = sgn(M)N . (2.54)

The physical Hamiltonian Hp is obtained by substituting the gauge into the

dust symplectic term in the canonical action, which identifies Hp = −εpT .

Using (2.50) and solving the Hamiltonian constraint

HG +Hφ + sgn(M)pT = 0 (2.55)

gives

Hp = −εpT = sgn(M) ε (HG +Hφ) = N (HG +Hφ) , (2.56)

using (2.54) for the last equality. It is also useful to note, using (2.47) and

(2.54), the relation

pT = ε
√
q
M

N
= ε
√
q

sgn(M)

N
|M | = √q |M | . (2.57)

which shows that pT > 0 for M 6= 0, and

Hp = −ε√q |M | = N (HG +Hφ) . (2.58)
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We note also that the requirement that the dust Hamiltonian satisfy HD =

sgn(M)pT ≥ 0 implies sgn(M) = +1, since pT =
√
q |M | ≥ 0. This means

that the dust field satisfies the weak energy condition. With this choice (2.54)

gives N = ε. We make the choice N = ε = −1 which gives the manifestly

positive physical Hamiltonian density

Hp =
√
q |M | = − (HG +Hφ) ≥ 0. (2.59)

2.3 Polymer Quantization

Polymer Quantization is a scheme of quantization motivated from Loop

Quantum Gravity (LQG), and distinct from standard Schrodinger quanti-

zation. In the canonical quantum gravity program, quantization proceeds

by writing GR in a Hamiltonian form, and then imposing commutation re-

lations between configuration space variables (e.g., the 3-metric) and their

conjugate momenta. However, despite years of effort, it proved difficult to

quantize using the ADM variables (one major difficulty being that the Hamil-

tonian constraint is not polynomial in the phase space variables). Currently,

it is not known whether a quantization in the ADM variables is possible or

not (For instance, quantization in the ADM variables can be carried out in

cosmological models). When Ashtekar introduced a new set of variables for

GR (now known as Ashtekar variables) [17], the Hamiltonian constraint be-

came polynomial in these new variables, and canonical quantization could
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proceed. This program was carried out resulting in LQG. (See [139] for more

details).

One of the lessons from LQG is a different scheme of quantization (which

carries a different set of basic variables, and a different Hilbert space than

standard Schrodinger quantization) known as polymer quantization. If grav-

ity in our universe is really described by LQG, then polymer quantization

methods should be applied to gravity instead of standard ones. Moreover,

since all matter couples to gravity, it is our expectation (for a more unified

or symmetric treatment of gravity and matter), that matter should also be

polymer quantized in some regime (currently, it appears to be Schrodinger

quantized, but it might be that polymer quantization is the one really used

by nature, but its effects only become visible at sufficiently high energies).

Of course this doesn’t necessarily have to be the case, but it is our expecta-

tion that this might be so for a treatment of gravity and matter on an equal

footing. Furthermore, by considering such a quantization scheme for matter,

we would be able to look for observable differences from standard results

at high energies, and they might have significant consequences for currently

unresolved problems.

In this section, we provide an introduction to this scheme. For more details,

see [20, 64] and Chapters 2 and 3 in [126].

We start by recalling that in Schrodinger quantization, the basic variables x̂
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(position), and p̂ (momentum), satisfy the commutation relation,

[x̂, p̂] = i. (2.60)

There is another representation available as well which gives the algebra of

the exponentiated variables (the Weyl algebra),

[eiµx̂, eiλp̂] = (1− eiµλ)eiµx̂eiλp̂, (2.61)

where µ and λ are arbitrary free parameters, and have been introduced for

dimensional reasons.

Before we can proceed to defining polymer quantization, we want to explain

to what extent is the Schrodinger representation unique. This is stated by

the Stone–von Neumann theorem (see Chapter 2.3 in [126]),

Given: (i) The configuration space Rn, and (ii) The Weyl variables are re-

alized such that they are weakly continuous, then, the Weyl representation

(and consequently the Schrodinger representation) is unique (up to unitary

transformations, which don’t change any physical results).

To define what weak continuity means here, consider the operator V̂µ ≡ eiµx̂

(the analysis is similar for the other (momentum) operator as well). For a

function defined as,

f(µ) = 〈ψ|V̂µ|ψ〉, (2.62)

(where |ψ〉 represents all possible states in the Hilbert space on which the
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Weyl algebra is realized), the operator V̂µ is said to be weakly continuous if

the limit limµ→0 f(µ) exists and is equal to f(0). If an operator is weakly

continuous, then it can be written as the exponential of some self-adjoint

operator, or in other words, that particular self-adjoint operator can be found

by taking the limit,

lim
µ→0

( V̂µ − Î
iµ

)
, (2.63)

where Î is the identity operator. So, weak continuity of the exponentiated

operators allows us to reconstruct the operators in the exponentials (e.g., x̂

and p̂).

This means that as long as the conditions (i) and (ii) in the Stone–von Neu-

mann theorem are satisfied, the Schrodinger representation (and the Hilbert

space over which it is realized) are unique. To proceed to a different (unitar-

ily inequivalent) quantum theory, we need to lift one of these requirements.

In polymer quantization, the weak continuity of one of the Weyl variables is

removed.4 At this stage, there is a choice: which one of the variable do we

want to be weakly continuous? Note that if the exponentiated version of an

operator is not weakly continuous, then that corresponding operator cannot

be defined by taking the limit.

Given eiµx̂ and eiλp̂, we remove the weak continuity of one of them, so that

we can have either (x̂, êiλp) (where êiλp is no longer weakly continuous), or

(êiµx, p̂) as our pair of basic variables. These are like the position space, and

4The other requirement can also be removed, by considering a different configuration
space than Rn, for instance a particle on a circle where the configuration space is S1.
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momentum space representations of usual quantum mechanics, however here,

there is no relation between them, and they are not equivalent. So a first

choice requires us to identify the basic set of variables noting that the results

will, in general, depend on the choice.

We are now in a position to define the polymer Hilbert space, and the action

of operators. In what follows we will work with the ‘position space represen-

tation’ where (x̂, êiλp) are our basic operators, and satisfy the algebra,

[x̂, Ûλ] = λÛλ, (2.64)

where Uλ ≡ eiλp. (The other representation works similarly, here we choose

this since it is the choice we make in Chapters 3 and 4.)

The polymer Hilbert space is the space of square integrable functions on the

Bohr compactification5 of the Real line (RBohr),

Hpoly = L2(RBohr). (2.65)

The basis elements are eiµnp, and any state can be written as,

ψ(p) =
∞∑
n=0

cne
iµnp. (2.66)

Here µn ∈ R are ‘quantum numbers’ that label the basis (similar to how

the quantum number n labels the basis of L2(R) in terms of the Hermite

5Named after the mathematician Harald Bohr, the brother of Niels Bohr.
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polynomials). The set {µn} is a set of numbers picked from the Real line,

and forms a countable subset of R. The functions ψ(p) are called ‘almost

periodic functions’ (if {µn} = Z, then these are periodic functions).

The Bohr compactification of the real line is basically the real line with a

discrete topology. This means that we take a collection of points selected from

the real line. For instance the set of integers: Z = {...,−2,−1, 0, 1, 2, ...},

or the set {−1.213, 4.61421, e, π, 10600}, or {x|x = x0 + nλ, ∀n ∈ Z} (here

x0, λ are arbitrary real numbers) etc. This is more general than just the set

of integers or rationals since we can take a collection of any real numbers.

We now write the basis in Dirac notation with,

|µn〉 = eiµnp. (2.67)

The inner product is given as,

〈µn|µm〉 = lim
T→∞

1

2T

∫ T

−T
dpe−iµnpeiµnp

= lim
T→∞

1

2T

(
2

(µm − µn)
sin((µm − µn)T )

)
= δµn,µm , (2.68)

where δµn,µm is the generalization of the Kronecker delta function to the Real

numbers (and is distinct from the Dirac delta function).

With the Hilbert space defined, we can now define the action of our basic
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operators on the basis,

x̂eiµnp ≡ −i d
dp
eiµnp = µne

iµnp

Ûλe
iµnp = êiλpeiµnp ≡ ei(µn+λ)p, (2.69)

or, in Dirac notation,

x̂|µn〉 = µn|µn〉

Ûλ|µn〉 = |µn + λ〉. (2.70)

Hence the basis elements |µn〉 are eigenvectors of the position operator, and

Ûλ is the translation operator. We also note that Ûλ satisfies,

Û−λ = Û †λ. (2.71)

We can verify that this definition satisfies the algebra,

[x̂, Ûλ]|µn〉 = x̂Ûλ|µn〉 − Ûλx̂|µn〉

= x̂|µn + λ〉 − Ûλµn|µn〉

= (µn + λ)|µn + λ〉 − µn|µn + λ〉

= λ|µn + λ〉 = λÛλ|µn〉

⇒ [x̂, Ûλ] = λÛλ. (2.72)
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We can also check that Ûλ is not weakly continuous. Consider the function,

g(λ) = 〈µn|Ûλ|µn〉. (2.73)

Now,

lim
λ→0

g(λ) = lim
λ→0
〈µn|Ûλ|µn〉

= lim
λ→0
〈µn|µn + λ〉

= lim
λ→0

δµn,µn+λ

= lim
λ→0

0 = 0, (2.74)

and,

g(0) = 〈µn|Û0|µn〉 = 〈µn|µn〉 = 1, (2.75)

hence making it clear that the function g(λ) is discontinuous at λ = 0.

Therefore, a momentum operator cannot be defined by taking a limit of Ûλ.

We can also check that the operator V̂µ = eiµx̂ is weakly continuous by

considering f(µ) = 〈µn|V̂µ|µn〉,

lim
µ→0

f(µ) = lim
µ→0
〈µn|V̂µ|µn〉

= lim
µ→0
〈µn|eiµx̂|µn〉

= lim
µ→0
〈µn|eiµµn|µn〉

= lim
µ→0

eiµµn = 1, (2.76)
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and,

f(0) = 〈µn|V̂0|µn〉 = 1. (2.77)

(Similarly we can check at more general points, and not just zero, that f(µ)

is continuous everywhere). This means that we can define an operator x̂ as,

x̂|µn〉 = lim
µ→0

( V̂µ − Î
iµ

)
|µn〉

= lim
µ→0

(eiµµn − 1

iµ

)
|µn〉

= lim
µ→0

((1 + iµµn + ...)− 1

iµ

)
|µn〉

= µn|µn〉, (2.78)

which is the standard x̂ operator.

Finally, we ask the question that if there is no momentum operator in this

representation of polymer quantization, then how do we define an ‘effective’

momentum? This is necessary since standard Hamiltonians (like the free

particle, or the harmonic oscillator) are written in terms of x’s and p’s, and

if we want to polymer quantize such a system, we need a way to define the

momentum operator. Here we will focus on defining p2 rather than p, since it

is p2 that typically appears in Hamiltonians, but the analysis for p is similar.

We start from the series expansion of the (classical) exponential function,

e±iλp = 1± (iλp) +
(iλp)2

2!
+ ... (2.79)
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From this, we can see that,

2− eiλp − e−iλp = (λp)2 +O((λp)4). (2.80)

Therefore, we can define our p2 operator as,

p̂2 ≡ 2Î − Ûλ − Û †λ
λ2

, (2.81)

where Î is the identity operator. Of course this definition is not unique,

and other definitions are also possible (higher order definitions for instance).

Polymer quantization, then, has two ambiguities: (i) A free dimensionful

parameter λ (which could be constrained through observations) and (ii) A

choice of a momentum operator.

Polymer quantization has been applied to various systems like a free particle,

a simple harmonic oscillator, a free and massive scalar field, an FRW cosmol-

ogy, etc. See e.g. [20, 21, 27, 45, 46] for details. Since it is a different scheme

of quantization, the results are different from standard quantization. How-

ever, by taking an appropriate limit, the standard results can be recovered.

Consider for instance a simple harmonic oscillator with a Hamiltonian,

H =
p2

2m
+

1

2
mω2x2, (2.82)

where, x, p are its position and momentum respectively, m is its mass, and

ω its frequency. After quantizing this in the standard way, the energy levels
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are given as,

En =
(
n+

1

2

)
~ω. (2.83)

If instead, we were to quantize this using polymer quantization (and in the

representation where x̂ exists, but p̂ is defined indirectly as in Eq. 2.81), we

find that the energy levels are now given as [20],

En =
(
n+

1

2

)
~ω − 2n2 + 2n+ 1

32
~ω
(λ
d

)2

+O
(λ4

d4

)
(2.84)

where λ is the polymer scale, and d is some length scale. Clearly these are

different from the standard result, and are in principle observable. The fact

that we have not seen any such modifications experimentally puts strong

bounds on the polymer scale λ. We can also see that in the limit λ→ 0, this

reduces to the standard Schrodinger result. Similarly, the wavefunctions of

the oscillator are also modified.

We now proceed to apply this quantization scheme to a scalar field on an

FLRW background.

2.3.1 Polymer quantization of a scalar field in FLRW

The method we use here for polymer quantization on a curved background

was introduced in [82]. Quantization of a scalar field on a background metric

ds2 = −N 2dt2 + (dxa +N adt)(dxb +N bdt)qab (2.85)
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in this approach starts with the introduction of a pair of non-canonical phase

space variables whose algebra resembles the holonomy-flux algebra used in

LQG. These variables are

Φf ≡
∫
d3x
√
qf(x)φ(x), Uλ ≡ exp

(
iλpφ√
q

)
, (2.86)

where f(x) is a smearing function. The parameter λ is a spacetime constant

with dimensions of (mass)−2. These variables satisfy the Poisson algebra

{Φf , Uλ} = ifλUλ, (2.87)

Specializing to the FLRW spacetime with line element

ds2 = −N 2(t) dt2 + a2(t)(dx2 + dy2 + dz2), (2.88)

we can set f(x) = 1 because of homogeneity, so these variables become

Φ = V0a
3φ, Uλ = exp

(
iλpφ
a3

)
, (2.89)

Their Poisson bracket is the same as in (2.87).

Quantization proceeds by realizing the Poisson algebra (2.87) as a commu-

tator algebra on the polymer Hilbert space (defined before).
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The operators Φ̂ and Ûλ have the action

Φ̂|µ〉 = µ|µ〉, Ûλ|µ〉 = |µ+ λ〉, (2.90)

|µ〉 is an eigenstate of the field operator Φ̂, and Ûλ is the generator of field

translations. As a consequence, the momentum operator does not exist in

this quantization because the translation operator is not weakly continuous

in λ. It may be defined indirectly as

pλφ :=
a3

2iλ
(Uλ − U †λ). (2.91)

This modifies the kinetic energy, and constitutes the origin of “polymer cor-

rections,” while yielding in a suitable limit the standard Schrodinger results

[77, 82].

For polymer corrected cosmological dynamics we wish to calculate the scalar

energy density

ρeff =
1

a3
〈Hφ〉, (2.92)

where |ψ〉 is a semiclassical state of specified width peaked at a scalar field

phase space point (φ̄, p̄φ) (which we henceforth write without the bars. Before

doing so we fix the polymer energy scale by setting λ = λ∗ ≡M−2
? . The state
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is

|ψ〉 =
1

N

∞∑
−∞

ck|µk〉,

ck ≡ exp

[
−(φk − φ)2

2σ2

]
exp(−ipφφkV0), (2.93)

where φk ≡ µk/V0a
3 is an eigenvalue of the scalar field operator (rather than

its integrated version Φ̂k).

The effective density ρeff was computed for the zero potential case in [77],

so we quote the relevant parts. The normalization constant is calculated by

approximating the sum by an integral to give

N =
∑
|ck|2 ' V0a

3σ
√
π, (2.94)

and

〈Uλ∗〉 = eiΘe−Θ2/4Σ2

, (2.95)

where

Θ ≡ pφ
M2
∗a

3
, Σ = V0σpφ (2.96)

are variables invariant under the coordinate scale changes x → lx. Taken

together these give

ρeff =
M4

?

4

(
1− e−Θ2/Σ2

cos 2Θ
)

+ 〈V (φ̂)〉. (2.97)

40



We study the quadratic potential V (φ) = m2φ2/2. Its expectation value in

this state is

〈V 〉 =
1

2
m2

(
φ2 +

σ2

2

)
. (2.98)

The nonzero quantum width σ of the semi-classical state in the φ direction

ensures that 〈V (φ)〉 6= V (φ).

Let us examine the energy density (2.97) to see if the width correction to

the potential plays a significant role. For Θ/Σ� 1, the very small universes

regime, we have ρeff →M4
?/4; this gives the early time polymer phase, which

is almost exactly deSitter. For Θ/Σ < 1, we have

ρeff ∼
p2
φ

2a6

[
1− 1

(σVoa3)2M4
?

]
+

1

(2σVoa3)2
+ 〈V 〉. (2.99)

This exhibits the polymer scale (M?) and width (σ) corrections. (In stan-

dard quantum mechanics M? → ∞, and we would have only the width

corrections.) Therefore for sufficiently early times, the kinetic correction

to ρeff dominates the potential energy correction. It follows that we can

set 〈V (φ)〉 ≈ V (φ). Finally for Θ/Σ � 1, the energy density tends to its

classical value with the addition of a width correction that acts as a small

cosmological constant.
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2.4 The Markov Chain Monte Carlo (MCMC)

method

The Markov Chain Monte Carlo (MCMC) method has varied applications.

Here, we will focus on using this method to evaluate a path integral for a

given system (this is the technique used in chapter 6) (here, we will describe

the Metropolis algorithm used to carry out the MCMC). For a more general

introduction and various reviews and applications, see [30, 41, 47, 119]. For

a great review of this method as applied to QFT, see [113].

Suppose we have a system with configuration variable6 q(t) and a Lagrangian

L[q(t), q̇(t)], then following Feynman’s prescription [57], the quantum prop-

erties of this system can be studied by ‘summing over all possible paths’,

formally given by the path integral,

Z =

∫
D[q(t)] exp(iS), (2.100)

where S =
∫ T

0
dtL[q(t), q̇(t)] is the action, and D[q(t)] is the measure which

denotes that we will integrate over all paths q(t).

If the system at hand is simple and does not have too many configuration

variables, this integral can be evaluated analytically (e.g., for the free parti-

cle, harmonic oscillator, etc). However, it is not possible to do so for more

complicated systems. This is where the MCMC comes in, where we evaluate

6Here, we will describe the procedure for a single configuration variable, however, it
can be generalized straightforwardly to more variables.
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the integral numerically. The integral at hand however, is oscillatory, and to

make it convergent, a Wick rotation is performed which amounts to rotating

the time coordinate in the complex plane such that,

t→ it. (2.101)

Generally such a rotation leads to,

iS → −SE, (2.102)

where SE is the Euclidean action, and is bounded below. Hence the integral

becomes convergent and can be evaluated numerically.

The Metropolis algorithm for MCMC then proceeds as follows:

1. Discretize the Euclidean action SE by dividing the time interval from

0 to T in N steps of size ε = T/N each.

2. Start with an initial configuration of the basic variable qstart
i . This

starting point could be chosen to be random or fixed, and is an N -

dimensional array.

3. Propose a change in a random element of the array by a random

amount: qi → qnew
i = qi + δ, where δ is a random number chosen

from [−∆,∆], and ∆ is a fixed (but free) parameter of the simulation.

4. Calculate the change in action ∆S = Snew − S.
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5. If ∆S ≤ 0, accept this change. Else, accept it with a probability

exp(−∆S) (this is done by taking a random number r in [0, 1], and

accepting the change if exp(−∆S) > r). If the change is accepted,

then update the selected element of the array: qi = qnew
i . Typically,

the parameter ∆ is chosen such that it gives an acceptance rate of

around 50− 60%.7.

6. Repeat steps 3-5 N number of times. This completes one Monte Carlo

step.

7. Perform Ntherm number of Monte Carlo steps, until the action is ther-

malized. Thermalization means that the MCMC process has lost mem-

ory of the starting point, and whatever variable is used as an indicator

of thermalization has achieved an equilibrium value, which is more or

less constant (with some fluctuations) over a range of Monte Carlo

steps. Achieving thermalization is important so that the results are

independent of whatever starting point is chosen.

8. After thermalization, the actual measurements can begin. Perform

NMC number of Monte Carlo steps.

9. Sample every Nskip path to reduce autocorrelations. Paths that are

selected one after the other can be correlated strongly with each other,

7A smaller acceptance rate becomes computationally expensive, and a larger one might
not sample the distribution correctly (e.g., by getting stuck in a false minima)
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which can affect the results. A technique to get rid of these autocorre-

lations is to skip a few samples between measurements.

Once enough paths are generated, various quantities can be computed from

the set of paths. Examples of this method are given in Appendix A, where

it is applied to two simple systems: A simple harmonic oscillator in one

dimension, and a particle in a Mexican hat potential in two dimensions.
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Chapter 3

Polymer Inflation

Armed with the newly acquired tools, he set out. He came across a signpost

with multiple signs on it. Two of the biggest ones said “Strings” and “Loops”

respectively. He decided to follow the “Loops” one. Further down the road,

there was a huge chamber with two sections. One of them said “gravity”, the

other “matter”. The gravity one was filled with people, but the matter one,

surprisingly, had very few people in it. He decided to go into the matter one,

and explore it using the red ball...

In this chapter, we consider the semiclassical dynamics of a free massive scalar

field in a homogeneous and isotropic cosmological spacetime. The scalar

field is quantized using the polymer quantization method assuming that it

is described by a Gaussian coherent state. For quadratic potentials, the

semiclassical equations of motion yield a universe that has an early “polymer
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inflation” phase which is generic and almost exactly de Sitter, followed by

an epoch of slow-roll inflation. We compute polymer corrections to the slow-

roll formalism, and discuss the probability of inflation in this model using a

physical Hamiltonian arising from time gauge fixing. We also show how in

this model, it is possible to obtain a significant amount of slow-roll inflation

from sub-Planckian initial data, hence circumventing some of the criticisms

of standard scenarios. These results show the extent to which a quantum

gravity motivated quantization method affects early universe dynamics. This

Chapter is based on joint work with Dr. Viqar Husain and Dr. Sanjeev

Seahra, and is published in [71].

3.1 Introduction

The standard model of inflationary cosmology is the coupled dynamics of

gravity and matter (usually a scalar field) with the assumption of homogene-

ity and isotropy. The Large Scale Structure of our universe is described by

the Friedmann–Lemâıtre–Robertson–Walker (FLRW) metric, together with

the quantum fluctuations of the metric and matter on this background. It

is the quantum fluctuations, made real by inflation, that are considered the

basis for structure formation. The quantization method is the usual stan-

dard Schrödinger/Fock quantization, where the Hilbert space is chosen as the

space of square integrable functions on the spatial manifold. (For a recent

review see for example [29].)
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A question of much interest is whether and how quantum gravity might

affect the standard model of cosmology. This has been studied from various

points of view including string theory [37, 109], non-commutative geometry

[36, 42, 100], loop quantum gravity (LQG) [35], and alternative quantization

methods that incorporate a fundamental length scale. Although the regime

in which inflation occurs is presently considered to be far from the Planck

scale, in the absence of a complete quantum theory of gravity it is only

through such models that one might see the effects of quantum gravity at

lower energy scales [68, 132].

Our purpose here is to study the effect of an alternative quantization method

called polymer quantization. This is motivated from LQG but is different

from it, sharing only the idea that an alternative set of classical variables is

used as a basis for quantization in a Hilbert space distinct from that used

in standard quantum theory. The method itself is general in that it may

be applied to any classical theory. A basic feature is that it introduces a

length scale in addition to ~ into the quantum theory at the outset; standard

quantization results appear in a well defined limit.

Polymer quantization was first introduced in the quantum mechanics setting

[20, 64], and applied to the scalar field at the kinematical level in [21]. A

related method using different variables was applied to scalar field theory

dynamics on flat spacetime [76, 79, 82], and to other quantum mechanical

systems [77, 84, 97, 98]. The Schrödinger limit of polymer quantization has

also been discussed in detail [46, 58].
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We apply this quantization method to the scalar field in the context of in-

flationary cosmology. In [78], the authors studied the effects of a polymer

quantized massless scalar field in an FLRW background. It was demon-

strated that: (i) at early times, there is a de-Sitter like inflationary phase

that solves the horizon and flatness problems while successfully avoiding the

big bang singularity; and (ii) the universe dynamically emerges from inflation

at late times, where polymer quantization effects become small and classical

results are recovered. These results were obtained assuming vanishing scalar

potential and zero cosmological constant.

The key difference between the polymer model studied in [78] and the con-

ventional picture of inflation is that, in the former, the inflationary epoch

extends infinitely far into the past and is characterized by a (virtually) con-

stant Hubble factor. The number of e-folds of this polymer-driven inflation is

therefore infinite, so the requirement that we need & 60 e-folds of accelerated

expansion to explain the homogeneity and apparent flatness of the universe

is trivially satisfied.

However, it is widely believed that inflation is also responsible for produc-

ing primordial perturbations with a spectrum consistent with observations.

The latest results from cosmic microwave background (CMB) experiments

[7] suggest that the power spectrum of these perturbations is ∝ kns−1 with

ns ∼ 0.9675. To obtain ns 6= 1, we require that the Hubble factor (evaluated

when perturbative modes exit the Hubble horizon) to vary slowly during

inflation. It is fairly easy to see that the Hubble variation in the polymer
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model of Ref. [78] is far too small to be consistent with the observed CMB.

In order to recover the period of “slow-roll” inflation favoured by observa-

tions, we extend the model of [78] to include a nonzero scalar potential. We

study this model in the context of a fixed time gauge, where the Hamiltonian

constraint is solved strongly to yield a physical Hamiltonian that describes

the evolution of the scalar field phase space variables. As described in detail

below, such a model has phases of both polymer and slow roll inflation. We

discuss implications for the probability of inflation, quantify the amount of

e-foldings that can be obtained, and comment on how sub-Planckian initial

conditions can lead to significant slow-roll in this model.

The broader context of this type of study comes from LQG: if at a funda-

mental level both gravity and matter are polymer quantized, then there will

be a lower energy regime where the effects of polymer quantization of matter

filter down to an emergent semiclassical level. It is therefore of some interest

to see if this could lead to signatures for cosmology.

In Section 3.2 we do a numerical and analytic study of the semiclassical

evolution equations, and the effects of polymer quantization on the slow roll

parameters. Section 3.3 is a discussion of the probability of inflation, followed

by a summary section.
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3.2 Semiclassical dynamics

Our goal in the following sections is to study the dynamics of a massive scalar

field in an FLRW cosmology in the semiclassical approximation. We begins

with the effective Hamiltonian constraint

H = − p2
a

12aM2
Pl

+

〈
ψ

∣∣∣∣∣ p̂2
φ

2a3
+ a3V (φ̂)

∣∣∣∣∣ψ
〉

(φ̄, p̄φ), (3.1)

where |ψ〉 is a Gaussian coherent state peaked at the phase space values

(φ̄, p̄φ) (which we henceforth write without the bars), and the operators are

defined in the polymer quantization prescription. This effective system in

the e-fold time gauge MPlt = ln(a/a0) ≡ N (as explained in Sec 2.2.2.1) is

described by the Hamiltonian (2.42). Defining the effective energy density

ρeff = 〈ψ|ρ̂φ|ψ〉 (3.2)

this Hamiltonian takes the form

Hp = 6M3
Pla

3
0e

3N

√
ρeff

3M2
Pl

, (3.3)

where ρeff is given in 2.97.
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3.2.1 Equations of motion

In this section we study the dynamics that follows from the effective e-fold

time physical Hamiltonian density (3.3). The equations of motion are given

by Hamilton’s equations

MPl
d

dN
(φ, pφ) =

(
∂Hp

∂pφ
,−∂Hp

∂φ

)
. (3.4)

In terms of the dimensionless quantities defined by

ϕ := φ/MPl, pϕ := pφ/M
2
Pla

3
0, γ := MPl/M?,

α := M2
PlσV0, V := 〈V 〉/M4

Pl, H̃ := H/MPl, (3.5)

the equations of motion are

dϕ

dN
=

1

2H̃γ2
exp

(
− γ4

α2a6
0e

6N

)
sin

(
2γ2pϕ
e3N

)
, (3.6a)

dpϕ
dN

= −e
3N

H̃

dV
dϕ

. (3.6b)

The dimensionless Hubble parameter is explicitly given by

H̃ =

√
V
3

+
1

12γ4

[
1− exp

(
− γ4

α2a6
0e

6N

)
cos

(
2γ2pϕ
e3N

)]
. (3.7)

We note that under spatial dilations (2.7), the only quantities appearing in
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(3.6) or (3.7) that are not invariant are α and a0, which transform as:

(α, a0) 7→ (κα, κ−1/3a0). (3.8)

This of course implies that the equations themselves are invariant since only

the combination αa3
0 appears. For numeric simulations, we fix the spatial

dilation gauge by making the choice αa3
0 = M2

PlσV0a
3
0 = 1. Physically, this

involves fixing the N = 0 hypersurface as the epoch when the semiclassical

width of the smeared field Φ = V0a
3φ is equal to M−2

Pl . Solutions of (3.6) for

αa3
0 6= 1 can be generated from αa3

0 = 1 solutions by the transformations:

N 7→ N +N0, pϕ 7→ e3N0pϕ. (3.9)

3.2.2 Simulations and phase portraits

We begin our study of the solutions of the equations of motion (3.6) by per-

forming numeric simulations. We limit ourselves to the quadratic potential

V (φ) =
1

2
m2φ2. (3.10)

Neglecting semi-classical corrections to the expectation value of φ2, this yields

the dimensionless potential

V =
1

2
δ2ϕ2, δ =

m

MPl

. (3.11)
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Our purpose is to gain a qualitative understanding of the behaviour of solu-

tions, which we will analytically rationalize in subsequent sections.

In figure 3.1, we plot the output of a single simulation. Qualitatively, we see

four district phases of cosmological evolution:

(i) An early time phase where the Hubble factor as well as the scalar

amplitude and its conjugate momentum are constant. The Hubble slow-

roll parameter εH is very close to 0, implying de Sitter-like inflation.

We call this phase the “polymer inflation” epoch.

(ii) A phase where the Hubble factor appears to decay like e−3N ∝ a−3, the

scalar field depends linearly on N , and εH approaches 3. We call this

the kinetic domination (“KD”) phase.

(iii) A “slow-roll inflation” phase where the Hubble factor varies slowly, with

εH < 1 but not exactly 0; implying quasi-de Sitter expansion.

(iv) A post-inflation reheating (“RH”) phase where ϕ oscillates about 0.

The last two phases are familiar from ordinary quadratic inflation, while the

first is truly distinct from the standard treatment.

In order to gain a sense of which features shown in figure 3.1 are generic, we

conducted numerous other simulations with different choices of parameters.

These allow us to empirically conclude that the polymer inflation and reheat-

ing phases are always present in solutions of (3.6), however the existence and
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Figure 3.1: Simulation results for the quadratic potential with (γ, δ, ϕ0, p0) =
(5, 5 × 10−4, 3, 1). Here, “KD” stands for “kinetic domination” and “RH”
stands for “re-heating”.
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length of the slow-roll and kinetic-dominated phases depend on the specific

choices made.1

To further illustrate qualitative features of solutions, we plot cosmological

trajectories through the 3-dimensional (N ,ϕ,pϕ) phase space in figures 3.2

and 3.3. For ease in visualization, we plot pϕ/e
3N instead of pϕ. Initial

data for the trajectories is sampled on a rectangular grid in the (ϕ, pϕ/e
3N)

plane when N = −10. We see that soon after the start of the simulation,

all trajectories rapidly approach an attractor manifold (which we will discuss

further in 3.2.3). They remain close to this surface until the end of polymer

inflation when γ2/e3N ∼ 1. This behaviour is also clearly exhibited in the

middle panel of figure 3.3—which shows the projection of the trajectories

in figure 3.2 onto each of the phase space coordinate planes—where we see

the trajectories converge exponentially to the attractor at early times. Also

apparent in this plot is that none of the simulations demonstrate a clear

kinetic-dominated phase, and the duration of the slow-roll inflation phase

depends on initial conditions, particularly the choice of ϕ0. We will comment

on these observations below.

In the following subsections, we derive analytic formulae describing the poly-

mer, slow-roll, and kinetic dominated phases of evolution apparent in figures

3.1–3.3.

1As discussed in detail in Sec. 3.2.3 below, the polymer inflation phase is a robust
feature of all solutions as long as simulations are started early enough; i.e., when γ2 � e3N .
This is a simple consequence of the N → −∞ limit of (3.6), and holds irrespective of
parameter and initial data choices.
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Figure 3.2: 3-dimensional phase portrait of the system (3.6) assuming a
quadratic potential with (γ, δ) = (0.5, 1.0).
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Figure 3.3: Projection of the 3-dimensional phase portrait in figure 3.2 onto
coordinate planes

3.2.3 The polymer inflation phase

The polymer inflation phase evident in simulations represents the early time

limit of the systems dynamics. In this limit we assume

γ2

e3N
� 1. (3.12)

Now, the equations of motion (3.6) reduce to

dϕ

dN
= 0,

dpϕ
dN

= −e
3NV ′(ϕ)

H̃
. (3.13)

with

H̃2 =
1

3
V(ϕ) +

1

12γ4
. (3.14)
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The solution is

ϕ = ϕ0,
pϕ
e3N

=
p0

e3N
− 2γ2V ′(ϕ0)√

12γ4V(ϕ0) + 3
. (3.15)

with ϕ0 and p0 representing constants of integration. Since ϕ is constant in

this limit, the Hubble factor is also constant, implying the universe undergoes

de Sitter-like expansion.

The appearance of the early time attractor manifold seen in figures 3.2 and 3.3

is now easy to rationalize from the solutions (3.15): We see that irrespective

of our choice of initial data, the solution of the equation of motion approaches

the surface

pϕ
e3N

+
2γ2V ′(ϕ)√

12γ4V(ϕ) + 3
, (3.16)

exponentially quickly during the polymer inflation phase.

3.2.4 Slow-roll phase

The slow-roll phase of evolution will take place after the end of the polymer

inflation phase, which means we can take

γ2

e3N
� 1. (3.17)
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Hence, the equations of motion (3.6) reduce to

dϕ

dN
=

1

2H̃γ2
sin

(
2γ2pϕ
e3N

)
, (3.18a)

dpϕ
dN

= −e
3N

H̃
V ′(ϕ), (3.18b)

with

H̃2 =
V
3

+
1

6γ4
sin2

(
γ2pϕ
e3N

)
. (3.19)

To obtain the Hamilton-Jacobi form of the equations of motion, we note that

the simulations of section 3.2.2 suggest that ϕ is a monotonic function during

slow-roll, so we can use it as an effective time coordinate. Then, it is fairly

easy to show

dH̃

dϕ
= − 1

4γ2
arcsin

(
2γ2H̃

dϕ

dN

)
, (3.20a)

H̃2 − 1

3
V =

1

6γ4
sin2

(
2γ2dH̃

dϕ

)
. (3.20b)

Expanding the right had side of each of these to leading order in γ leads to the

standard Hamilton-Jacobi equations of single field inflation. (See e.g.[136] for

a similar expansion from brane inflation.)

The slow-roll paradigm is that the Hubble parameter is approximately con-

stant during the inflating period; i.e., |dH̃/dϕ| � 1. Using this assumption,

60



we can solve (3.20b) iteratively for H̃ = H̃(ϕ). Restoring units, we obtain

H2 =
V

3M2
Pl

[
1 +

εV
3

+
2εV ηV

9
− ε2

V

3

(
1 +

2V

9M4
?

)
+ · · ·

]
, (3.21)

where we have defined the standard potential slow-roll parameters

εV =
1

2V2

(
dV
dϕ

)2

=
M2

Pl

2V 2

(
dV

dφ

)2

, (3.22a)

ηV =
1

V
d2V
dϕ2

=
M2

Pl

V

d2V

dφ2
. (3.22b)

In equation (3.21) and below, “· · · ” indicates terms higher order in slow-roll

parameters. The expansion of the Friedmann equation (3.21) suggests that

polymer effects come it at second order in slow-roll parameters. However,

we should caution that for this expansion and the ones below to be valid, we

require

V

M4
?

. 1. (3.23)

Of course the potential slow-roll parameters are not the only ones we can

define. Re-introducing the dimensionless proper time T via

dN

dT
= H̃, (3.24)

we can define a Hubble slow roll parameter by

εH = − 1

H̃2

dH̃

dT
= − d

dN
ln H̃. (3.25)
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This parameter is useful because of the identity

1

a

d2a

dT 2
= H̃2(1− εH), (3.26)

from which we see that inflation only occurs when εH < 1 and purely deSitter

inflation has εH = 0. Using our previous results, we can write

εH =
1

2γ2H̃2

dH̃

dϕ
sin

(
4γ2dH̃

dϕ

)
(3.27)

Making use of (3.21), this becomes

εH = εV

[
1− 4

3

(
1 +

1

3

V

M4
?

)
εV +

2

3
ηV + · · ·

]
(3.28)

If we solve (3.20a) for dN/dϕ we can obtain a formula for the number of

e-folds of expansion as the scalar field rolls from ϕ1 to ϕ2. We obtain

∆N = −2γ2

∫ ϕ2

ϕ1

H̃(ϕ)

sin[4γ2H̃ ′(ϕ)]
dϕ. (3.29)

Substituting in (3.21), we obtain

∆N =

ϕ1∫
ϕ2

[
1 + 2

3

(
1 + V

3M4
?

)
εV − 1

3
ηV + · · ·

]
√

2εV
dϕ. (3.30)
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To conclude this subsection, we specialize to the quadratic potential:

V =
1

2
m2φ2, εV = ηV =

2M2
Pl

φ2
. (3.31)

The consistency condition (3.23) reduces to

M2
Plm

2

M4
?

. εV . (3.32)

We find the following:

H2 ≈ m2φ2

6M2
Pl

+
m2

9

(
1− 2

9

m2M2
Pl

M4
?

)
, (3.33a)

εH ≈
2M2

Pl

φ2

(
1− 4

9

m2M2
Pl

M4
?

)
− 8M4

Pl

3φ4
, (3.33b)

∆N ≈
(

1 +
4

9

m2M2
Pl

M4
?

)(
φ2

1 − φ2
2

4M2
Pl

)
+

1

3
ln
φ1

φ2

. (3.33c)

Assuming that slow roll inflation starts at some φ = φ1, it will end when

εH = 1. Neglecting the φ−4 term in (3.33b), this implies the end of inflation

is when

φ2 = 2M2
Pl

(
1− 4

9

m2M2
Pl

M4
?

)
. (3.34)

Neglecting the logarithmic term in (3.33c) and working to leading order in

M−4
? this yields the total number of e-folds of slow roll inflation to be

Ntot =
φ2

1

4M2
Pl

(
1 +

4

9

m2M2
Pl

M4
?

)
− 1

2
. (3.35)
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Now, we would like to relate the field value φ1 = MPlϕ1 at the onset of slow-

roll to the field value during the polymer inflation phase ϕ0. To do so, we

must look at the kinetic-dominated phase in between polymer inflation and

slow-roll in greater detail.

3.2.5 Kinetic-dominated phase

Since it is conserved at early times, the dimensionless Hubble factor at the

end of the polymer inflation phase will be

H̃ =

√
1

3
V(ϕ0) +

1

12γ4
. (3.36)

If we have

1

3
V(ϕ0)� 1

12γ4
, (3.37)

the slow-roll conditions will be satisfied at the end of polymer inflation and

the universe will immediately enter into slow-roll. This is the situation de-

picted in figures 3.2 and 3.3. In this scenario, we can take the field value at

the start of slow-roll to simply be

φ1 = MPlϕ0. (3.38)

However, if we instead have

1

3
V(ϕ0)� 1

12γ4
, (3.39)
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there must exist a transitional period between polymer and slow-roll inflation.

This is the scenario shown in figure 3.1. The condition (3.39) implies that

potential energy in the the Hubble-factor is sub-dominant, so we can call

this the kinetic-dominated phase of evolution. In figure 3.4 we show several

simulations (with the quadratic potential) depicting the kinetic dominated

transition between the polymer and slow-roll inflation epochs. The main

features of the kinetic dominated phase is that the Hubble slow roll parameter

εH is approximately equal to 3 implying that the Hubble factor decays like

e−3N or a−3, and that the scalar field varies linearly with N . This last feature

means that the scalar field amplitude at the end of polymer inflation φ0 is

not necessarily the same as the amplitude at the start of slow-roll inflation

φ1. Our goal in this subsection is to estimate the functional dependence of

φ1 on φ0 and other parameters.

3.2.5.1 Case 1: |p0| & 1

Just as in the slow-roll phase above, any kinetic-dominated phase occurs after

polymer inflation, and we take

γ2

e3N
� 1. (3.40)
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Figure 3.4: Simulation results depicting the kinetic dominated phase of cos-
mological evolution assuming a quadratic potential. We take (δ, ϕ0, p0) =
(10−3, 10.0, 2.0). During this phase εH ≈ 3 as seen in the lower panel, and
the scalar amplitude varies linearly with N . The dash-dot horizontal lines in
the top panel show the estimate for the scalar field amplitude at the onset
of slow roll inflation based on the numerical solution of equation (3.49) for
φ1. Note how the magnitude of the field excursion |φ1 − φ0| increases with
decreasing γ.
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Now, if we assume that |p0| ≥ O(1), we may neglect the scalar field potential,

leading to the equations of motion:

dϕ

dN
=

1

2H̃γ2
sin

(
2γ2pϕ
e3N

)
,

dpϕ
dN

= 0, (3.41)

the Friedmann equation

H̃2 =
1

6γ4
sin2

(
γ2pϕ
e3N

)
, (3.42)

and Hamilton-Jacobi equations

dH̃

dϕ
= − 1

4γ2
arcsin

(
2γ2H̃

dϕ

dN

)
, (3.43a)

H̃2 =
1

6γ4
sin2

(
2γ2dH̃

dϕ

)
. (3.43b)

Equations (3.41) imply that pϕ is constant and that the sign of dϕ/dN is the

same as the sign of pϕ. This in turn implies that the sign of dH̃/dϕ is the

opposite of pϕ via (3.43a). This allows us to rewrite (3.43b) as

dϕ

dH̃
= − 2 sgn(pϕ)γ2

arcsin(
√

6γ2H̃)
. (3.44)

Now, the kinetic-dominated phase starts when

H̃ = H̃0 =
√

1/12γ4, ϕ = ϕ0. (3.45)
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We can take the ending of the the phase to roughly be when the slow-roll

condition becomes valid:

H̃ = H̃1 =
√
V(ϕ1)/3, ϕ = ϕ1. (3.46)

We can hence integrate (3.44) from H̃0 to H̃1 to obtain the change in ϕ during

kinetic domination. After some straightforward manipulations we obtain:

ϕ1 − ϕ0 =
sgn(pϕ)√

3

∫ 1

2γ2V1/2(ϕ1)

dx

arcsin(x/
√

2)
. (3.47)

If H̃0 � H̃1, the lower limit of integration is � 1. Under this assumption,

the integral is dominated by the portion of the integrand corresponding to

x� 1, and we can use the small argument approximation of arcsin to obtain:

ϕ1 − ϕ0 = −
√

2

3
sgn(pϕ) ln[2γ2V1/2(ϕ1)], (3.48)

or written in terms of dimensionful quantities:

φ1 = φ0 −
MPl√

6
sgn(pϕ) ln

[
4V (φ1)

M4
?

]
, (3.49)

Unfortunately, for most potentials this will be a highly nonlinear equation to

solve for ϕ1 that is impossible to solve analytically.

However, for the quadratic potential V = 1
2
m2φ2 it is fairly easy to obtain a
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numeric solution.2 Such numerical solutions are compared to simulation re-

sults in figure 3.4. Furthermore, one can find a (rather rough) fitting formula

to the numerical results.

φ1 ∼ φ0 −MPl sgn(pϕ)

[
0.8 ln

(
mMPl

M2
?

)
+ 3.8

]
. (3.50)

Interestingly we see that if mMPl �M2
? , we will have |φ1−φ0| �MPl. That

is, the kinetic dominated phase can produce very large field values at the

onset of slow-roll inflation; this effect is also evident in figure 3.4.

Even if we do not assume mMPl � M2
? , it is still possible to achieve |φ1| &

MPl if the initial value φ0 is small via the constant 3.8 term in (3.50). From

equation (3.35), we see that this implies that sub-Planckian initial data can

lead to an appreciable amount of slow-roll inflation. (However, this assumes

|p0| & 1; we discuss small p0 is Sec. 3.2.5.2 below.)

Finally, we can also explain the observation from figure 3.4 that ϕ ∝ N

and H ∝ e−3N during kinetic domination. Recalling that pϕ is constant and

assuming that γ2pϕ is not extremely large, we are guaranteed that a few

e-folds after the start of kinetic domination we have γ2pϕ/e
3N � 1. Then, it

is fairly easy to show that (3.41) and (3.42) yield

ϕ =
√

6 sgn(pϕ)N + constant, H̃ =
1√
6

|pϕ|
e3N

, (3.51)

2Technically speaking, on can write down analytic formula for φ1 in this case in terms
of Lambert-W functions, but these have multiple branches which make the expressions
difficult to work with.
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which are the behaviours seen in Fig. 3.4.

3.2.5.2 Case 2: |p0| � 1

Equation (3.50) seems to imply that is possible to have scenarios where the

scalar amplitude is sub-Planckian in the polymer inflation phase |φ0| �MPl

yet super-Planckian at the onset of slow-roll inflation |φ1| & MPl. This is

interesting from the point of view of the standard initial condition problem

of ordinary inflation: For a quadratic potential, one requires (presumably

unnatural) super-Planckian initial data to ensure a sufficient amount of in-

flation to explain CMB (and other) observations.

However, some caution is required since (3.50) was derived under the assump-

tion that |p0| & 1. If this condition is not satisfied, then the Hamilton-Jacobi

equations (3.43a) used in the derivation of (3.50) are not valid. For such

cases we can resort to numeric simulations like the ones shown in Figure 3.5.

There, we assume a very small initial scalar amplitude of φ0 = 10−3MPl and

various values of p0. We see that for |p0| . 1, the value of φ at the onset of

slow-roll is not as large as when |p0| & 1, but it is still super-Planckian. We

also see that the maximum amplitude attained is consistent with the analytic

prediction for |p0| & 1.

To summarize, in the polymer inflation model it is possible for sub-Planckian

initial data to lead to significant slow-roll inflation due to the existence of a

kinetic dominated phase prior to slow-roll. We confirmed this via an analytic

approximation for large initial values of the scalar momentum and numeric
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Figure 3.5: Simulations showing the evolution of the scalar field amplitude for
sub-Planckian initial data assuming a quadratic potential. We take γ = 0.1,
δ = 10−3 and an initial scalar field amplitude of φ0 = 10−3MPl. Each
curve represents different choices for the initial momentum p0, starting with
p0 = 0.25 and increasing to p0 = 2.00 in increments of 0.25. The dash-dot
line is the analytic prediction (3.50) for the value of φ at the end of kinetic
domination. As expected, the maxima in the numeric curves are consistent
with the approximation for p0 & 1.
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simulations for small initial momentum.

3.3 Probability of inflation

A question that has drawn a fair amount of attention in the literature is

whether inflation is generic or a result of finely tuned initial conditions. This

problem is sometimes posed by reducing the cosmological dynamics to an

effective two dimensional (φ, φ̇) dynamical system [94, 120, 121], while other

authors have approached it using a Hamiltonian framework without time

gauge fixing [24, 25, 43, 44, 59, 60]. Here, we will briefly review the non-gauge

fixed Hamiltonian formulation, and then propose a new strategy based on the

physical Hamiltonian introduced in Section 2.2.2.1. The analysis presented

here assumes homogeneity and isotropy (since we only consider an FLRW

universe) - assumptions that are not necessarily very probable a priori.

As discussed in Section 2.1, the phase space of single field inflationary cosmol-

ogy is a priori 4-dimensional, and is covered by coordinates (a, pa, φ, pφ) ∈

R4. The Hamiltonian constraint H = 0 restricts the cosmological dynamics

to an embedded 3-surface in this phase space.

To assign a probability to inflation, many authors choose a 2-surface S within

the constraint surface that all phase space trajectories cross only once. This

implies a unique mapping of points in S onto cosmological trajectories. Given

an integration measure dσ and a distribution function ρ of trajectories cross-
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ing S, this allows one to calculate the probability of inflation:

Pinf =

∫
Sinf

ρ dσ

/∫
S
ρ dσ, (3.52)

where Sinf is the subset of S that maps onto trajectories with more than

some specified threshold number of inflationary e-folds.

Another statistic that is sometimes considered is the expected number of

e-folds of inflation [121], given by

〈Ntot〉 =

∫
S
ρNtot dσ

/∫
S
ρ dσ, (3.53)

where Ntot is a function that maps points in S onto the number of inflationary

e-folds for the associated cosmological trajectory.

In the above formulae for calculating Pinf or 〈Ntot〉, several choices must be

made:

1. One needs to choose the integration measure dσ. Much of the literature

follows Gibbons, Hawking and Stewart [59] and makes use of the fact

that Louiville’s theorem picks out a preferred (symplectic) form ω =

da∧dpa+dφ∧dpφ on the full 4-dimensional phase space, which in turn

defines a phase space volume element conserved under the Hamiltonian

flow. The measure dσ is then defined by the pullback of the symplectic

form onto S.

2. Ideally, the probability distribution ρ should be provided to us by quan-
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tum gravity or some other fundamental theory, but in the absence of

such a theory one is forced to make ad hoc assumptions. The simplest

of these comes from Laplace’s “principle of indifference”, which essen-

tially states that without any information to the contrary, one should

choose ρ to have the least structure possible, which suggest the choice

ρ = 1 used by several authors. (We remark that the choice of ρ is not

disconnected with the choice of measure dσ since only the combination

ρ dσ appears in probabilities or expectation values.)

3. Finally, there is the choice of the surface S. It is commonly chosen to be

the surface where the Hubble parameter is constant, and corresponds to

its value at the end of inflation [60], or when it is constant and O(MPl)

[24, 25, 94, 120, 121, 134]. As discussed in detail in refs. [43, 44, 128],

the answer one gets for Pinf or 〈Ntot〉 depends on the choice of S: For

H ∼MPl one gets Pinf ≈ 1 while for H �MPl one gets Pinf � 1.

Some of the above listed ambiguities stem from the fact that the underlying

Hamiltonian governing the dynamics is constrained to be zero. We can con-

trast this to the more familiar situation where one has a physical Hamiltonian

Hp that is non-zero, and there are no remaining constraints on phase space.

In such cases, if we want to calculate probabilities or expectation values we

can appeal to ordinary statistical mechanics. The surface S referenced in

(3.52) and (3.53) is then naturally replaced by the physical phase space and

dσ is its natural symplectic measure. The only quantity to be selected is ρ,
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which can now be interpreted as the phase space density of an ensemble of

trajectories evaluated at some “initial” time. That is, ρ defines a probability

distribution of initial data.

In a cosmological model, the shift from constrained Hamiltonian dynamics

(which gives highly ambiguous formulae for characterizing the likelihood of

inflation) to unconstrained dynamics (which gives less ambiguous formulae)

is achieved via the time gauge fixing t = f(a) described in Section 2.2.2.1.

This procedure leads to the physical 2-dimensional phase space (ϕ, pϕ) ∈ R2,

and gives the following formula for the expected number of e-folds:

〈Ntot〉 =

∫∫
ρ(t0, ϕ, pϕ)Ntot(t0, ϕ, pϕ) dϕ dpϕ∫∫

ρ(t0, ϕ, pϕ) dϕ dpϕ

, (3.54)

with a similar formulae for Pinf. Here, t0 is a time at which we specify

initial data, ρ(t0, ϕ, pϕ) is the phase space distribution describing a statistical

ensemble of universes evaluated at t = t0, and Ntot(t0, ϕ, pϕ) tells us how

initial data at t = t0 maps onto the total number of e-folds. Note that

equations (3.53) and (3.54) are essentially identical once we identify S as the

intersection of the gauge-fixing t0 = f(a) and HamiltonianH = 0 constraints.

We can go no further without specifying the phase space density. We note

that in statistical mechanics, ρ evolves as

∂ρ

∂t
+ {ρ,Hp} = 0. (3.55)
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Systems in thermal equilibrium have ∂ρ/∂t = 0, which is achieved by taking

ρ to be a function of the physical Hamiltonian Hp.

An interesting assumption is to apply this notion to polymer inflation; that is,

we assume that the universe resembles a physical system in thermal equilib-

rium at early times. Specifically, we assume that during the polymer inflation

epoch, the phase space density ρ is a function of one of the physical Hamil-

tonians discussed in Section 2.2.2.1. To specify exactly which Hamiltonian,

we can push the thermal analogy a bit further by noting that true equilib-

rium states are governed by time independent Hamiltonians. We therefore

demand that the physical Hamiltonian in the polymer phase have the same

property. Recalling that the physical Hamiltonian is related to the Hamilto-

nian density via Hp = V0Hp, we see that by enforcing the volume time gauge

t = M−1
Pl (a/a0)3, the physical Hamiltonian is

Hp = 2M3
PlV0a

3
0H ≈ 2M4

PlV0a
3
0

(
1

6
δ2ϕ2 +

1

12γ4

)1/2

, (3.56)

which is indeed effectively time independent at early times (i.e., when γ2e−3N �

1).

Under these assumptions, the expectation value of the number of (slow roll)

e-folds is

〈Ntot〉 =

∫∫
ρ(Hp)Ntot(t0, ϕ, pϕ) dϕ dpϕ∫∫

ρ(Hp) dϕ dpϕ

, (3.57)

where Hp is given by (3.56). Noting that in the polymer phase, ϕ and pϕ
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are essentially constant and equal to their values in the asymptotic past, we

can use (3.35) and (3.50) to see that Ntot ∼ ϕ2 (assuming the quadratic

potential). Hence, the uniform distribution suggested by Laplace’s principle

ρ(Hp) = 1 leads to an infinite value of 〈Ntot〉. This is reminiscent of the

divergences manifest in the non-gauge fixed approach assuming a flat proba-

bility distribution [24, 25, 43, 44, 59, 60]. One could attempt to resolve this

via some sort of regularization scheme, but this strategy has been criticized

[128].

We now demonstrate that one can obtain a finite answer (without resorting

to a brute force regularization scheme) for a quadratic potential by assuming

a Boltzmann distribution:

ρ(Hp) = exp(−βHp) = exp(−H/kBTeff), (3.58)

where the effective temperature is

Teff =
1

2kBβ0V0a3
0M

3
Pl

. (3.59)

For this potential, the system’s dynamics are invariant under (ϕ, pϕ) 7→

(−ϕ,−pϕ), so we can restrict the integration in (3.57) to pϕ ≥ 0. Mak-

ing use of ϕ ≈ ϕ0 and pϕ ≈ p0 in the polymer phase, equations (3.35) and

(3.50) give us Ntot in terms of ϕ and sgn(pϕ). But the restricted integra-

tion domain implies sgn(pϕ) = 1, so Ntot is effectively a function of ϕ only.

Since H is also independent of p0, the (infinite) p0 integration cancels from
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Figure 3.6: Ensemble average of the number of e-folds of slow roll inflation
as a function of effective temperature in the polymer phase (assuming a
quadratic potential).
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the numerator and denominator of (3.53). If we measure kBTeff in units of

M2
?/MPl, we see the resulting formula for 〈Ntot〉 depends on temperature

and γ2δ = mMPl/M
2
? only. The integrals can be computed numerically, and

results are shown in Fig. 3.6. We see that the expected number of e-folds

shows a broken power-law dependence on temperature, with low tempera-

tures associated with a small number of e-folds. We also see that the number

of e-folds increases as M? increases, and decreases as m increases.

This does lead to the slightly perplexing conclusion that the expected number

of e-folds becomes infinite in the m→ 0 limit. It is not hard to see how this

effect arises: When m� M?, there is a large hierarchy between the Hubble

factor in the polymer and slow-roll phases. This means that the kinetic-

dominated phase lasts a long time. Since φ ∝ N during this phase, the will

generally be a large field amplitude at the start of slow-roll inflation yielding

a large number of e-folds.

In closing this section we note that there remains one ambiguity in our ap-

proach. This is the choice of time gauge. It is clear that different gauges

lead to different physical Hamiltonians. This is turn obviously affects the

calculation of 〈Ntot〉. The resolution of this issue would require a solution of

the problem of time in quantum gravity, or at least a model that suggests

a natural time gauge, such as general relativity coupled to pressureless dust

[87].
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3.4 Conclusions

We have described semiclassical homogeneous cosmological evolution with a

scalar field in the context of the polymer quantization method motivated by

LQG. The formalism and calculations are in the framework of a non-vanishing

time-dependent physical Hamiltonian obtained by fixing a time gauge.

The dynamics associated with a quadratic scalar potential unfolds in four

distinct phases. The first is the polymer phase, where the energy density is

effectively independent of the field momentum. This leads to almost exactly

de Sitter evolution extending into the infinite past and there is no big bang

singularity 3. This is followed by a period of kinetic domination where the

scalar momentum dominates the potential. The universe then enters a phase

of slow-roll inflation where solutions receive various types of polymer correc-

tions. The last phase is the usual epoch of reheating where φ oscillates about

the zero of its potential.

Assuming the polymer energy scale is sufficiently larger than the geometric

mean of the scalar and Planck masses, we calculated the effects of polymer

quantization on the homogeneous dynamics during slow-roll inflation. It re-

mains to be seen what the semi-classical polymer effects are on the generation

3There is no big bang singularity here because the effective scalar field energy density
(Eq. 2.97) is bounded above by the polymer scale (for a fixed value of the potential). This
means that the Hubble parameter is also bounded above. Our results indicate that at
early times, the field (and hence the potential) becomes constant, and evolution is driven
by the kinetic part of the effective energy density which is bounded above. Therefore, the
Hubble parameter approaches a fixed constant value, and hence inflation continues into
the infinite past. It is in this sense that there is no big-bang singularity.
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of primordial perturbations. (An approach to this problem logically distinct

from the semi-classical approximation was presented in [131].) We hope to

report on this in the future.

For quadratic potentials, we also demonstrated that it is possible for this

model to have significant amount of slow-roll inflation if the initial value of

the scalar field amplitude is sub-Planckian. This is not possible in standard

quantizations, where one must assume large initial field values.

An interesting question to ask here is how would our results change for a

different form of a potential? For instance flat potentials or other inflationary

potentials. To address this, we note that the polymer inflationary phase

that occurs in the past is a generic feature (arising due to polymer effects)

independent of the type of potential (for instance it is present even when

there is no potential [78]). So for a different type of potential, the polymer

inflationary phase is still expected to be present in the past. Beyond that

phase, the evolution of the universe depends on the exact form of the potential

with the polymer part introducing small modifications. For instance here,

the polymer phase was followed by standard (quadratic) slow roll inflation

(with small polymer corrections). Similarly, we expect that for any generic

potential, there would be an early time polymer inflationary phase, followed

by an exit into dynamics dictated by that particular potential with small

polymer corrections. The exact amount of those corrections would have to

be studied on a case-by-case basis.

We also presented a novel approach for characterizing the probability of in-
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flation using a physical Hamiltonian arising from time gauge fixing. While

we only applied this formalism to the polymer quantized model presented

here, it would be interesting to analyze standard single field inflation and

other models from this perspective.

In a broader context, this work is in the spirit of addressing cosmological

evolution in the context of models suggested by possible features of quantum

gravity. In our case this is the low energy consequences of fundamental

discreteness as built into the polymer quantization method.
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Chapter 4

Polymer Inflation with Dust

Satisifed with his explorations, he now thought what would have happened if

he had used the blue ball instead. ‘Well’, he thought, ‘since I’m here, let me

try that as well!’...

In this chapter, we study semiclassical cosmology with a scalar field and

pressureless dust. Gravity is kept classical, dust is used to fix the time

gauge, and polymer quantization effects are isolated in the scalar field. The

resulting dynamics shows a period of inflation, both with and without a

scalar potential, and the emergence of a classical universe at late times. The

value of the dust energy density controls the amount of polymer inflation in

this model, and in the limit that it vanishes, we recover the results of the

previous chapter (where there is an infinite amount of polymer inflation in

the past). Since gravity is not quantized, the cosmological singularity is not
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resolved, but our results suggest that polymer quantization of both gravity

and matter are important for a complete picture. This Chapter is based on

joint work with Dr. Viqar Husain, and is published in [69].

4.1 Introduction

Inflation is a part of the standard model of cosmology [29]. It explains key

observations in our universe including large scale spatial homogeneity and

structure formation. It is natural to ask what role, if any, quantum gravity

effects play in explaining or modifying the standard inflationary picture, and

whether signals of quantum gravity are writ large on the sky [52, 132]. This

question continues to be discussed from various points of view including string

theory [14], non-commutative geometry [36, 106], and loop quantum gravity

(LQG) [18, 23, 35] Of these varied approaches, most of the work related to

cosmology is from the first and last.

One of the main lessons emerging from LQG is a method of quantization

called polymer quantization. The key feature of this is the use of a non-

separable Hilbert space that has a built in notion of fundamental discreteness.

Although this method can be used for quantization of any classical system,

the most detailed studies have been to cosmological models written in the

connection-triad variables for canonical gravity, an area called loop quantum

cosmology (LQC). Perhaps the most important result is a general mechanism

for singularity resolution in a variety of models [19, 22]. This comes about
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from the operator realization of the Hamiltonian constraint on this Hilbert

space with the scalar field (with zero potential) used as a clock.

However all models studied to date in LQC use the usual Schrodinger quan-

tization prescription applied to matter, and polymer quantization applied

to the gravitational degrees of freedom. This is not natural from the point

of view of full LQG, where polymer quantization is taken to be a funda-

mental ingredient, and is applied to both gravity and matter sectors [137].

Indeed, given this starting point, it is natural to expect that in a semiclassical

regime, there will first be an emergence of a “polymer quantum field theory”

(PQFT) on curved spacetime, and a subsequent lower energy emergence of

usual QFT on curved spacetime. These are open issues, and so far there has

been some preliminary investigations of the polymer quantum field theory

on flat spacetime with some interesting physical results [79, 82, 83].

In this paper we investigate this intermediate regime as it applies to cosmol-

ogy. We treat gravity classically and study the semiclassical Hamiltonian

theory with polymer quantized matter in a Gaussian state. We do this in

the Arnowitt–Deser–Misner (ADM) variables, with the understanding that if

gravity is kept classical, there is little difference from connection-triad vari-

ables. Our aim is to isolate the effects of polymer quantization of matter on

cosmological dynamics as a prelude to a more complete treatment.

This approach has been studied before for homogeneous and isotropic uni-

verse with a massless and massive scalar field [71, 78]. We extend these works

by adding a dust field which introduces an extra degree of freedom in the
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system. The dust is used to fix a time gauge [86, 87], and the corresponding

physical Hamiltonian is used to study the dynamics. Without a “solution”

to the problem of time, this time gauge provides a potentially useful and rel-

atively simple physical Hamiltonian for studying semiclassical and quantum

gravity.

Our main result is that polymer quantization of matter in this model natu-

rally produces a period of inflation followed by a graceful exit into a classical

regime. This occurs both with and without a scalar field potential. These

results are qualitatively similar in some aspects, but quantitatively quite

different from the above works.

In Section 4.2 we present the results of semiclassical dynamics, followed in

Sec. 4.3 by a summary of results, and a discussion of possible further devel-

opments.

4.2 Semiclassical dynamics

We begin with the (dust time) gauge fixed action

SR = V0

∫
dt
(
Paȧ+ pφφ̇−Hp

)
, (4.1a)

Hp ≡ − (HG +Hφ)

=
P 2
a

12aM2
Pl

− a3M2
PlΛ−

p2
φ

2a3
− 1

2
a3m2φ2, (4.1b)
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where the last equation follows from (2.59), and V0 =
∫
d3x is a fiducial

volume. Eqn. (2.59) also requires that initial data for this system be chosen

such that Hp = e ≥ 0 for some constant e: this may be rearranged as the

Friedman equation

3a3

(
ȧ

a

)2

= a3Λ +
1

M2
Pl

(Hφ + e) , (4.2)

indicating positive e corresponds to positive dust energy density.

Our goal is to study this model in the semiclassical approximation. This is

defined using a state of the scalar field |Ψ〉(φ̄, p̄φ;σ) of width σ, peaked at the

phase space point (φ̄, p̄φ). Such a state determines an effective Hamiltonian

Heff
p (a, pa; φ̄, p̄φ;σ) ≡ HG + 〈Ψ|Ĥφ|Ψ〉. (4.3)

Semiclassical dynamics of the coupled matter gravity equations arises from

this effective Hamiltonian by imposing the Poisson bracket {φ̄, p̄φ} = 1, which

we henceforth write without the bars. Ĥφ is defined in the polymer quanti-

zation scheme described before (2.3.1), and its expectation value is given as

〈Ĥφ〉 = a3ρeff, where (with Θ = pφ/M
2
?a

3 and Σ = V0σpφ),

ρeff(a, φ, pφ;M?, σ) =
M4

?

4

(
1− e−Θ2/Σ2

cos 2Θ
)

+
1

2
m2

(
φ2 +

σ2

2

)
. (4.4)

This has an interesting limit: for Θ � 1 and Σ ≈ 1 the oscillatory term is
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damped out and the first term becomes an effective cosmological constant at

the polymer scale.

4.2.1 Polymer scalar equation of state

It is interesting to note the equation of state of the polymer quantized scalar

field. Let us first define the dimensionless variables

ϕ ≡ φ/MPl, pϕ ≡ pφ/M
2
Pl, pa ≡ Pa/M

3
Pl

γ ≡ MPl/M?, δ ≡ m/MPl, λ ≡ Λ/M2
Pl

σ → σMPl, V0 → V0M
−3
Pl , Hp → HpM

4
Pl. (4.5)

The scalar field energy density (with zero cosmological constant) becomes

ρeff =
1

4γ4

(
1− e−Θ2/Σ2

cos 2Θ
)

+
1

2
δ2

(
ϕ2 +

1

2
σ2

)
, (4.6)

and the scalar field pressure is

P =
1

2γ4
exp

(
−Θ2

Σ2

)[
Θ sin (2Θ)+

(
Θ2

Σ2
+

1

2

)
cos (2Θ)

]
− 1

4γ4
−1

2
δ2

(
ϕ2 +

1

2
σ2

)
,

(4.7)

where Σ = V0σpϕ, and Θ = pϕγ
2/a3 in the dimensionless variables (4.5) .

In the limit of a small universe, where Θ→∞, these give

lim
Θ→∞

P = − lim
Θ→∞

ρeff = − 1

4γ4
− 1

2
δ2

(
ϕ2 +

1

2
σ2

)
. (4.8)
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On the other hand, in the limit of a large universe where Θ→ 0,

P =
Θ2

2γ4

(
1 +

1

2Σ2

)
− 1

2
δ2

(
ϕ2 +

1

2
σ2

)
+O(Θ4), (4.9)

ρeff =
Θ2

2γ4

(
1 +

1

2Σ2

)
+

1

2
δ2

(
ϕ2 +

1

2
σ2

)
+O(Θ4). (4.10)

These are the classical results up to the polymer state width σ corrections

in the variable Σ, and in the potential. The latter term is a cosmological

constant-like contribution to the energy density δ2σ2/4, whereas the model we

started with had zero cosmological constant. However this does not generate

the vanishingly small observed value without introducing correspondingly

small values of δ and σ. Similarly, this term may be used to cancel a negative

bare cosmological constant, but again this must be finely tuned.

Using (4.1b) and (4.6), the effective Hamiltonian density is

Heff
p =

p2
a

12a
− a3 1

4γ4

(
1− e−Θ2/Σ2

cos 2Θ
)

− 1

2
a3δ2ϕ2 − a3

(
λ+

1

4
δ2σ2

)
, (4.11)
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and the corresponding equations of motion are

ȧ =
1

6

pa
a
, (4.12)

ṗa =
p2
a

12a2
+ 3a2

(
1

2
δ2ϕ2 + λ+

1

4
δ2σ2 +

1

4γ4

)
−3

2

a2

γ4
exp

(
−Θ2

Σ2

)[
Θ sin (2Θ) +

(
Θ2

Σ2
+

1

2

)
cos (2Θ)

]
, (4.13)

ϕ̇ = − 1

2γ2
exp

(
−Θ2

Σ2

)
sin (2Θ) , (4.14)

ṗϕ = a3δ2ϕ . (4.15)

As a standalone unconstrained Hamiltonian system, these equations are valid

for all sets of initial data, including data for which Heff
p = 0. However, given

their origin from dust time gauge, it is useful to understand the difference

between the trajectories for zero and positive values of Heff
p . For this purpose

only, there is no structural difference in using the classical or semi-classical

Hamiltonian, since these differ in only the functional form of ρ(pφ, a). There-

fore let us use the classical Hφ.

Writing the potential term as V (φ), the constant energy surface is then given

by

e

a3
+ V (φ) =

(pa
a2

)2

−
(pφ
a3

)2

. (4.16)

A convenient set of variables to study this surface is W 2 ≡ 1/a3, X2 ≡ V (φ),

Y ≡ pa/a
2, Z ≡ pφ/a

3, so the energy surface is

eW 2 +X2 = Y 2 − Z2. (4.17)
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Figure 4.1: Cosmological dynamics with massless scalar field for Heff
p =

0, 0.01, 1. The graphs show the Hubble factor, scalar field and metric de-
terminant as functions of dust time. There is a singularity at early time only
for positive Heff

p . The reducing periods of polymer inflation as Heff
p increases

is evident.

Since W,X, Y, Z are independent curvilinear coordinates on the phase space,

it is clear that the e = 0 energy surface has a Killing vector field ∂/∂W . It is

in this sense that the theory with dust “reduces” to the theory without dust

in the full phase space. We will see in the numerical solutions below that

the e = 0 cases indeed reproduce the results of the zero dust theory studied

earlier in [71, 78].
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Figure 4.2: Dynamics of a massive scalar field (δ = 1) for Heff
p = 0, 0.01, 1.

The graphs show the Hubble factor, scalar field and metric determinant as
functions of dust time. Polymer induced inflation is followed by slow-roll and
oscillatory decay, evident in the scalar field graphs.
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Figure 4.3: The equation of state corresponding to two of the solutions in
Figures 4.1 and 4.2. The difference between the massive δ = 1 and massless
δ = 0 cases is evident at late times.
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4.2.2 Numerical results

We solved this system of ordinary differential equations numerically using

standard packages in MAPLE. For initial data such that Heff
p = 0, 0.01, 1 for

massless (δ = 0) and massive (δ = 1) scalars. These cases illustrate the inter-

esting change in dynamics caused by polymer quantization of matter. The

results are in Figures 1 and 2. The other parameters for these illustrations are

λ = 0, γ = 1, V0 = 1, σ = 0.1, and the initial data is a(0) = 0.1, pϕ(0) = 100,

ϕ(0) = 3. pa(0) is fixed by requiring the above values for Heff
p .

Heff
p = 0. This case appears in the left column in Figs 1 and 2. It reproduces

the result with no dust (M = 0) studied in [71, 78]. Although the above

Hamiltonian equations of motion apply for all values of Heff
p including zero,

it is useful to note that this case is degenerate in the sense that the constant

energy surface has a Killing vector field for Heff
p = 0, as discussed above.

Heff
p > 0. These cases have a curvature singularity. For zero scalar field

mass, it is evident that after the singularity, there is a period of inflation

that depends on the value of Heff
p . As in the Heff

p = 0 case, this is entirely

a consequence of polymer quantization of the scalar field and the unusual

equation of state it produces. Larger values of Heff
p give shorter durations of

inflation.

For non-zero scalar mass (δ = 1), shown in Fig. 2, there is a period of slow

roll inflation following the polymer induced inflation. The oscillatory settling

down to zero of the scalar field is also evident. As for the massless case, the

period of polymer induced inflation decreases with increasing Heff
p .

94



Another interesting feature in these plots is that the scalar field does not

diverge as a3(t) → 0, although there is a curvature singularity for Heff
p >

0. This is clear from the scalar field equations, and has its origin in the

semiclassical Friedman equation

3

(
ȧ

a

)2

=
1

M2
Pl

(
ρeff +

Heff
p

a3

)
. (4.18)

From (4.6), ρeff is bounded above, so the singularity comes from positive

values of the constant Heff
p on the right hand side. If Heff

p = 0 the Hub-

ble parameter too is bounded above, and there is eternal inflation and no

singularity in the past.

The numerical results presented are for a relatively small set of initial data

parameters. But these are representative: all other values of parameters yield

results that are qualitatively similar. The general feature is that larger values

of Heff
p = 0 give successively smaller periods of polymer quantization induced

inflation. No significant effects occur upon changes to the state width (σ) or

mass (δ) parameters.

Fig. 3 shows plots of the equations of state w = P/ρeff computed for the

same initial data as that used for Figs. 1 and 2. These demonstrate another

aspect of the polymer scaler field: the oscillations between early and late

times arise from the damped sinusoidal factors in the effective energy density

and pressure. The massive case is qualitatively different due to the fact

that there is mass and state width dependent effective cosmological constant
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Λ ≡ δ2σ2/4 at late times, a feature that is clear from eqns. (4.9) and (4.10).

4.3 Discussion

We studied homogeneous and isotropic cosmology in a semiclassical setting

of polymer quantized matter and classical gravity. The approach is similar to

the conventional semiclassical Einstein equation, but it is carried out in the

Hamiltonian theory including back reaction. We used the system of gravity

coupled to scalar field and pressureless dust, and studied the dynamics using

the physical Hamiltonian corresponding to dust time gauge. Our main result

is that polymer quantization of the scalar field alone is responsible for a

period of inflation after the initial singularity, a result we derived using the

dust time gauge. The number of e-folds of polymer quantization induced

inflation is determined by the choice of initial data: smaller values of Heff
p

give more e-folds than larger values.

It is useful to compare and contrast our results with those of Refs. [71, 78],

where the semiclassical equations give an eternal period of inflation in the

past. This is the case Heff
p = 0, which we reproduced. The origin of the

eternal inflation in the past is due to the fact that at early times the polymer

Hamiltonian tends to a constant determined by the polymer scale, which acts

like a cosmological constant. In contrast, in the case Heff
p = e > 0, there is

an initial singularity followed by a period of inflation which depends on the

value of e. This is followed by a graceful exit into the classical regime. The
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reason there is a singularity for the e > 0 case is of course that gravity is not

quantized, and the Friedmann equation (4.18) contains the divergent term

e/a3.

A possible method of “resolving” this singularity while not fully quantizing

gravity sector is to employ a heuristic semi-classical technique by replacing

the 1/a3 factors in the scalar field energy density with a semiclassical expres-

sion motivated by the Thiemann identity for defining the inverse triad oper-

ator [138]. This has been used in a number of works in cosmology [89, 133]

and in spherically symmetric gravitational collapse [81, 85, 150]. The net

effect is that 1/a3 factors are replaced by a bounded function of a. In the

case of our physical Hamiltonian, these factors appear in the gravitational

and scalar momentum parts of the Hamiltonian. This change would lead to

a significant modification of the dynamics in the region a→ 0.

Although our approach is semiclassical in a specifically defined sense, and

we use ADM variables, and an alternative polymer quantization not directly

coming from LQG, we draw the lesson that polymer quantization of matter

in LQC models is likely to lead to interesting new dynamics. Our argument

for this is that the main effect of quantizing the gravity sector is to resolve the

singularity – this by itself should leave unaffected later time evolution, where

the inflationary epoch is seen. But this temporal separation of the singularity

resolution time scale from the inflationary one might require distinct choices

for the polymer scales for gravity and matter, a question that requires further

scrutiny in LQG. This may be studied in the LQC context by adding a scalar
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field to the gravity with dust model studied in [86].

The main technical difference in the LQC version of the model would be in

polymer quantization of the matter sector, where the scalar field mass term

would be realized through an exponentiated operator Uφ ≡ eiλφ [21]. This

of course has no effect in the theory without a potential. But with a mass

term it would serve a role similar to that of the kinetic term in our version

of quantization: the mass term would be realized as an operator made from

the elementary operator Uφ.

The role of dust as time may appear unappealing from a fundamental point of

view, but it nevertheless provides a simple physical Hamiltonian which pro-

duces an inflationary phase in concert with polymer quantization of matter.

Furthermore, the quantization method by itself has led to detailed predic-

tions for density fluctuations [131], which serves as a concrete potential test

of the approach.
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Chapter 5

Physical Time, Vacuum

Energy, and the Cosmological

Constant Problem

Happy with the results, he decided to leave the chamber, and explore other

parts of the universe. He came across a huge crowd of people complaining

about something. But he couldn’t see what it was yet. He slowly made his

way through the crowd, and came across quite a peculiar scene: In the middle

was a large trampoline, with what looked like an elephant on it! The elephant

seemed quite heavy, and yet, the trampoline was perfectly flat! However, he

was not sure if the elephant was real or just his imagination.

Nearby he started hearing what people were saying. “The elephant is very

heavy, why is the trampoline not bending?” seemed to be a very popular
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question on confused faces. “Maybe the trampoline is immune to elephants”

said some. “Maybe the elephant has wings, so it’s not on the trampoline”

said others. There seemed to be a consensus, however, that something was

wrong.

At a distance from this crowd, stood some (very few) people who were wary of

the whole thing. They were saying things like “The elephant isn’t real, its just

a figment of imagination”, “Even if it’s real, it’s a special one, and doesn’t

weigh anything” and “There’s nothing wrong with either the elephant, or the

trampoline, it’s just that elephants don’t go on trampolines, and therefore,

the whole setup is an illusion.” But the crowd didn’t seem to be listening to

them. They were busy cooking a 101 different ways of tampering with the

elephant or the trampoline to make the problem go away.

In this chaos, he heard someone say: “Everything is fine if you use the light-

orbs to look at the situation.” Since he already had two light-orbs with him,

and had gotten many more from the “Toolbox” cabinet, he decided to have a

look himself...

In this chapter, we expand on the (recently suggested) idea that the cos-

mological constant problem as viewed in a non-perturbative framework is

intimately connected to the choice of time and a physical Hamiltonian. We

calculate the non-perturbative vacuum energy density as a function of the

cosmological constant with multiple choices of time. We also include a spatial

curvature of the universe and generalize this calculation beyond cosmology
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at a classical level. We show that vacuum energy density depends on the

choice of time, and in almost all time gauges, is a non-linear function of

the cosmological constant. This non-linear relation is a calculation for the

vacuum energy density given some arbitrary value of the cosmological con-

stant. Hence, in this non-perturbative framework, the cosmological constant

problem does not arise. We also discuss why the conventional cosmological

constant problem is not well-posed, and formulate and answer the question:

“Does vacuum gravitate?”

5.1 Introduction

The cosmological constant problem has been described as one of the great-

est crises in modern physics. On the one hand, the cosmological constant

appears in General Relativity as a parameter and explains the current ob-

served acceleration of the expansion of our universe, and these observations

indicate that its value is very small compared to the Planck scale. On the

other hand, a calculation from Quantum Field Theory (QFT) predicts that

the vacuum energy density should be comparable to the Planck scale. Then,

assuming a connection between General Relativity and QFT, which equates

vacuum energy density to the cosmological constant, leads to the problem

that the observed value of the cosmological constant is off from its theoretical

prediction by 120 orders of magnitude.

The conventional cosmological constant problem arises by assuming that
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quantum matter, in its vacuum state, will lead to a backreaction on the

background geometry. From a non-perturbative perspective however, gravity

and matter form a whole, and should both be quantized (instead of fixing a

background apriori). In this non-perturbative framework, a ‘matter-vacuum’

does not exist in general, therefore the question of backreaction of some

matter-vacuum becomes ill-posed. What is relevant instead is a vacuum of

the full gravity-matter system, which is computed using some given value of

the cosmological constant. Therefore, from a non-perturbative perspective,

the conventional problem does not arise.

In [88] it was argued that the assumed connection between General Relativity

and QFT (on a fixed background) is suspect and we should really look at

the cosmological constant problem in a full non-perturbative gravity-matter

theory. The basic idea is that to define a vacuum energy density, a physical

Hamiltonian is needed, which comes after identifying a time. Hence the

notion of time, vacuum energy and the cosmological constant are intimately

connected. There, they considered a spatially flat FLRW universe with a

massive scalar field, chose volume of the universe as time, and quantized the

resultant Hamiltonian using usual Schrodinger quantization.

In this chapter, we extend the results of [88] to look at the effects of different

choices of time (other than volume time) within the cosmological sector.

We include a non-zero spatial curvature of the universe and also perform

a Fermionic quantization of the resultant Hamiltonian. We also calculate

the energy density in the full theory (without reducing to cosmology) at a
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classical level with three different choices of time. We find that the generic

conclusions in [88] still remain valid: (i) The cosmological constant problem is

consistently formulated only in a non-perturbative gravity-matter theory. (ii)

Vacuum is sensibly defined after one has a physical Hamiltonian, which comes

after choosing a particular time. Different choices of time lead to different

physical Hamiltonians (and hence different quantum theories), which lead to

different vacuum energy densities. (iii) Vacuum energy density is, in general,

a non-linear function of the cosmological constant and time. (iv) In this

non-perturbative framework, the vacuum energy density (of the full gravity-

matter system) is calculated using a given value of the cosmological constant,

hence, the cosmological constant problem does not arise.

This chapter is organized as follows: In sections 5.2-5.4, we explain the prob-

lem, and give the background and setup for our calculations. Sections 5.5-5.7

then present the detailed calculations. In Sec. 5.2, we look at six versions of

the cosmological constant problem. In Sec. 5.3 we take a close look at the

meaning of vacuum in a non-perturbative theory of gravity and matter. In

Sec. 5.4 we formulate and answer the question: “Does vacuum gravitate?”

In Sec. 5.5, we look at the relation between vacuum energy density and the

cosmological constant at the classical level in three different time gauges: (i)

scalar field time, (ii) York time and (iii) dust time. In Sec. 5.6, we reduce

to an FLRW universe from the full theory and to homogeneous fields on this

background. Choosing volume of the universe as time, we explore the re-

sulting quantum theory by extending the results of [88] to include a non-zero
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spatial curvature of the universe and also perform a Fermionic quantization of

the Hamiltonian. Then, we consider three other time gauges: (i) scale factor

time, (ii) scalar field time and (iii) dust time in the cosmological context and

quantize the resultant physical Hamiltonians where possible. Vacuum energy

density (as a function of Λ) is calculated in all of these gauges. In Sec. 5.7

we look at the effect of including inhomogeneities in the homogeneous sector.

We give a sketch of derivation for the full cosmological perturbations case,

and explicitly calculate the vacuum energy density in scale factor time, for a

simple model. We present our conclusions in Sec. 5.8, and give a summary

and some discussion in Sec. 5.9. (We work in G = c = ~ = 1 units.)

5.2 What is the cosmological constant prob-

lem?

The conventional formulation of the cosmological constant problem is in the

context of quantum fields on a fixed background [147]. There are different

ways of formulating the problem and there are also some other types of

“cosmological constant problems”. In what follows, we briefly review six

types of the problem. The starting point is Einstein Field Equations (EFEs),

Gµν + Λgµν = 8πTµν , (5.1)
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or, in a form where the cosmological constant appears as some sort of a

stress-energy tensor,

Gµν = 8π
(
Tµν −

Λ

8π
gµν

)
. (5.2)

It is also useful to mention here that the observed value of the cosmological

constant is [6],

Λobs ∼ 3× 10−122l−2
P , (5.3)

where lP is the Planck length. For reviews of this problem in various forms,

see [38, 40, 108, 115, 117, 127, 147].

5.2.1 A classical problem: Shift symmetry

A first type of the cosmological constant problem is inherently classical with-

out any reference to quantum fields. It goes as follows [117].

The matter equations of motion are invariant under a constant shift of the

Lagrangian: L(Φ, gµν)→ L(Φ, gµν)+C (here Φ denotes all the matter degrees

of freedom.) If we now couple this Lagrangian to General Relativity, we get,

S =

∫
d4x
√
−g
[(
L(Φ, gµν) + C

)
+

1

16π
R
]
. (5.4)

It is then clear that the matter equations of motion remain unchanged under

this constant shift but the gravitational equations of motion change by the

term
√
−gC. Hence a symmetry of the matter sector has been broken by
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coupling it to gravity. The above action can be re-written as

S =

∫
d4x
√
−g
[
L(Φ, gµν) +

1

16π

(
R− 2Λ

)]
, (5.5)

where we have defined Λ = −8πC, making it clear that the constant shift

can be interpreted as a cosmological constant.1 The problem here is that one

can introduce an arbitrary shift in the matter Lagrangian (without affecting

matter dynamics) which would then either introduce a cosmological constant

(if a bare one is not already included), or it would change its numerical value.

This leads to an infinite range of cosmological constants (by changing C),

only one of which describes our universe.

5.2.2 Another (pseudo) classical problem: Arbitrari-

ness and fine-tuning

Another version of the argument at the classical level goes as follows [40].

The energy-momentum tensor of a scalar field in an arbitrary potential is,

Tµν =
1

2
∂µφ∂νφ+

1

2
∂αφ∂αφgµν − V (φ)gµν . (5.6)

The lowest energy state (or vacuum) of this system will be when there is zero

kinetic energy i.e. ∂µφ = 0, and the field is in its potential minimum φ = φ0.

1One can also have a bare cosmological constant and a shift in the matter Lagrangian,
but the physics will only depend on the sum of these two.
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This gives,

T vacµν = −V (φ0)gµν . (5.7)

Comparing this with (5.2), the cosmological constant term looks like a vac-

uum energy term (This is the origin of the idea that the cosmological con-

stant is the vacuum energy [40].) Hence, we can associate the cosmological

constant with this ground state (vacuum) energy as:

V (φ0) =
Λ

8π
. (5.8)

The problem is stated as follows: The observed cosmological constant is

immensely small (in Planck units).2 There is no apriori reason for the mini-

mum of the potential to be so small. Therefore, why is it so small? This is

a naturalness issue which is discussed further below.

This same argument can be turned into a fine tuning issue by saying that

the cosmological constant appearing in EFEs is a bare cosmological constant

(Λ0), and it can have any value. The observed cosmological constant is then,

the sum of the two contributions,

Λobs = Λ0 + 8πV (φ0). (5.9)

Now, once again, since Λobs is so small, Λ0 and V (φ0) must be precisely fine-

2This is where an input from quantum theory is required: namely the comparison in
Planck units. Purely classically, the Planck scale is not relevant. This is the only quantum
input we require in this sub-section, everything else is classical and no reference is made
to quantum fields.
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tuned so that they cancel out each other to 122 decimal places (in Planck

units).

5.2.3 The naive quantum problem

We now look at the quantum problem. It is usually understood as a failure

of theoretical prediction of the value of the cosmological constant coming

from quantum field theory on a fixed background, versus the observed cos-

mological constant [40, 147]. A rough sketch of the argument goes as follows:

a quantum field theory calculation on a (Ricci)-flat background gives the

vacuum energy density

〈ρ̂vac〉 =

∫ K

0

d3k

(2π)3
k =

K4

8π2
, (5.10)

where K is some high energy cutoff scale.

In General Relativity, all energy gravitates (not just energy differences), lead-

ing to the conclusion that vacuum energy must gravitate as well. By making

this statement, we have already assumed a connection between classical gen-

eral relativity and quantum field theory which is usually expressed as the

semiclassical Einstein field equations

Gµν + Λgµν = 8π〈ψ|T̂µν |ψ〉, (5.11)

where |ψ〉 is some suitable (but arbitrary) semiclassical state.
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Evaluating these equations perturbatively around a flat (Minkowski) back-

ground ηµν , with a known vacuum state |0〉, a matter stress energy tensor T̂µν

evaluated on this (Minkowski) background, and applying the above argument

leads to the fact that at first order we have,

Ληµν = 8π〈0|T̂µν |0〉 = 8π〈ρ̂vac〉ηµν ∼ K4ηµν . (5.12)

Assuming a Planck scale cutoff for K leads to the cosmological constant prob-

lem since the observed value of Λ (5.3) is vastly smaller than the predicted

value,

Λ ∼ 0.3 l−2
P . (5.13)

This huge contradiction of 120 orders of magnitude arises due to calculating

the same quantity in two different ways: one is through fitting observations of

the universe (at the largest scales) to General Relativity (5.3), and the other

is a calculation (at the smallest scales) from QFT on a fixed background

(5.13).

5.2.4 The refined quantum problem

It has been argued that the above argument is misleading and the real prob-

lem is radiative corrections [115]. To make it concrete, consider a massive

scalar field minimally coupled to classical gravity with a λφ4 self interaction,

L = −1

2
gµν∂µφ∂νφ−

1

2
m2φ2 − λφ4. (5.14)
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1-loop vacuum diagram 2-loops vacuum diagram

Figure 5.1: Vacuum bubble diagrams at 1-loop and 2-loops.

To calculate the vacuum energy in this formalism, we have to use perturba-

tion theory (on some fixed background). The first contribution is at 1-loop

(This is the scalar field loop with no external legs (figure 5.1). Recall that

these are just the vacuum bubble diagrams which cancel out in the n-point

functions in field theory with gravity turned off. With gravity however, they

contribute to the cosmological constant term).

At 1-loop we get,

V 1−loop
vac ∼ − m4

(8π)2

[
2

ε
+ log

(
µ2

m2

)
+ finite

]
. (5.15)

To cancel off this divergent contribution, one has to add to the bare cosmo-

logical constant a counterterm given as,

Λ1−loop ∼ m4

(8π)2

[
2

ε
+ log

(
µ2

M2

)]
, (5.16)

where M is some arbitrary subtraction scale. This means that the value of

the renormalized cosmological constant cannot be predicted, but has to be

measured. This is just the usual field theoretic renormalization procedure,
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we cancel off the vacuum energy divergence with a suitable counterterm and

are left with something finite.

The problem begins when we go to 2-loops. This is the eight figure with

no external legs (figure 5.1). We get a contribution that goes as λm4. This

is the same order of magnitude as the divergent term at 1-loop (For the

Higgs boson for example, λ ∼ 0.1). Therefore, we need to readjust the

counterterm we added before at 1-loop to account for this as well. This is a

retuning. But we can continue this to higher orders: 3-loops, 4-loops, and so

on, requiring retuning at each successive order. And at each order, we have to

fine-tune it to extreme accuracy. This is radiative instability and means that

the cosmological constant is highly sensitive to high energy physics (physics

which we do not know). This is another version of the problem.

A seemingly simple solution would be to sum the loops to all orders and then

add the counter term. But the details of the loops are theory dependent and

it is almost impossible, perturbatively at least, to do this to all orders.3 It

seems that what is needed is a non-perturbative analysis of the situation, in

the full gravity-matter theory.

5.2.5 An effective argument

Another way of looking at the cosmological constant problem is through the

effective action [38, 115]. It goes as follows: To describe the physics below

3See [74] for a case where an all loop analysis is done for the Gross-Neveu model. Note
that it still does not include gravity as fully dynamical since they use the framework of
semiclassical EFEs.
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a certain energy scale µ, we take some “fundamental” (microscopic) action

and integrate out the modes with energies higher than µ. The basic point is

that physics depends on the energy scale at which you look at the system.

Consider then a field theory in which we split the field (in Fourier space) into

high energy and low energy modes,

φ = φl + φh, (5.17)

where the modes φh lie above the energy scale µ. The theory at energy scales

below µ is then given by an effective action where we have integrated out φh,

exp(iSeff[φl]) =

∫
Dφh exp(iS[φh, φl]), (5.18)

S[φh, φl] is the microscopic action and Seff[φl] is the action valid at scales

below µ.

Now, if we compute the vacuum energy using this effective action (it is im-

portant to note here that this is a calculation done on a fixed background),

we expect it to be of the order of µ4, which can be large. In order to cancel

this large contribution to get the actual (small) observed value of the cosmo-

logical constant, we need to add a cosmological counter term of the order of

µ4.

But the mass scale µ is quite arbitrary. What happens if we integrate out

a few more modes to get an effective action at a lower mass scale µ̃ < µ?

We expect that any physics should not depend on the mass scale since it is
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just an arbitrary parameter. However, by the same argument as above, we

expect the vacuum energy to be of the order of µ̃4, so to cancel that, we have

to add a cosmological counterterm of the order of µ̃4. But previously, we

already fixed this counter term to be of order µ4. We have to change it again

i.e we have to retune it. But we can repeat the above argument again and

again for any arbitrary mass scale, implying that we would have to retune

this counter term again and again. This is the effective description of the

problem. The tuning should not be sensitive to what low energy action we

choose to do physics with.

5.2.6 Naturalness issues

Underlying some of the above versions of the problem is another issue known

as naturalness. This is not a seperate type of a cosmological constant prob-

lem, rather an additional question. The question is: why is the observed

value of the cosmological constant so small compared to other scales that

we know of. For an interesting solution (where it is suggested that a new

physical principle is needed to answer this question) see [116, 117].

5.2.7 What will we address?

Questions are posed and answered in a framework. The central feature of

all the quantum versions of the cosmological constant problem stated above

is the framework in which they are posed: quantum field theory on a fixed
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background, coupled in some way to general relativity (usually through the

semiclassical Einstein Field Equations). Our point of view in this paper

is that this is not the appropriate framework to address the cosmological

constant problem. To quote Earman [51],

“Rather than concluding that there is a“cosmological constant problem,”

one might alternatively conclude that there is something suspect either in

the very the notion of vacuum energy density or else in the notion that this

energy can serve as a source for the gravitational field.”

Following [88], we think that “there is something suspect in the very notion

of vacuum energy density”, as it is usually understood in QFT on a fixed

background.4 Our approach here is to start from a fully non-perturbative

gravity-matter theory (note that this is a different framework from QFT on

flat space) and see if the cosmological constant problem (or a related one)

arises there. We will not address the naturalness issue in this work with the

view that Λ should be determined by observations, as constants in a theory

usually are.5

The formalism that we will use here is the physical Hamiltonian approach

(described in Sec 2.2.2), where we will pick different time functions, and

look at the corresponding physical Hamiltonians and the associated vacuum

energy density. Note that different choices of time will lead to different

4There are discussions on the other part of the quote above as well, that whether
vacuum energy can serve as a source for gravity. See for example [92] for a discussion on
the ‘reality’ of zero point energy as established through the Casimir effect.

5For a view on naturalness issues that we agree with, see [80].
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physical Hamiltonians and it is not clear whether the resulting quantum

theories are equivalent in any sense.6

We also comment here on another approach to quantization known as the

Wheeler-deWitt method to which we will compare our formalism in Sections

5.3 and 5.4. In this formalism, we start with the Hamiltonian constraint of

GR and impose that the action of its corresponding quantum operator on all

states in the Hilbert space must be zero. This leads to the Wheeler-deWitt

equation:

ĤG|Ψ〉 = 0, (5.19)

with the matter Hamiltonian included as well, this becomes,

(
ĤG + ĤM

)
|Ψ〉 = 0. (5.20)

We will now apply our framework to different choices of time and find the

corresponding physical Hamiltonian. We can then calculate the vacuum en-

ergy density with each of those Hamiltonians. But before that, we need to

define what we mean by a ‘vacuum’. This also leads to the question: ‘Does

vacuum gravitate?’. We proceed to define a ‘vacuum’ in the next section, and

will return to formulate and answer this question in the subsequent section.

6 For instance, in [67] we find the statement: “A different choice of time, Hilbert space,
unitarily in-equivalent commutation relations, or operator ordering, for example, will lead
to different canonical quantum theories.”
In the context of Loop Quantum Cosmology, it was shown in [93], that different choices of
lapse can lead to significantly different physical Hilbert spaces. For studies on how some
physical predictions change by choosing a different time variable, see [95, 103, 104, 105].
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5.3 What is a vacuum?

This section will provide an answer to the question ‘what is a vacuum?’

within the context of quantum theory, with the purpose in mind to formulate

and answer the question ‘does vacuum gravitate?’. Since we want to treat

the gravity-matter system as a whole, we will consider two different vacua:

vacuum of the full gravity-matter system (called ‘vacuum’ from now on), and

vacuum of the matter sub-system within the gravity-matter system (called

‘matter-vacuum’). We will first formally define both of these vacua, and

then, will see if they are possible to define for two different approaches: The

Wheeler-deWitt approach, and the Physical Hamiltonian approach, outlined

in the previous section.

For any quantum system, the standard definition of vacuum comes after

identifying a Hamiltonian Ĥ of that particular system. So the first step is

to find out (or write down) what is the Hamiltonian. Once this is done, the

quantum vacuum state |0〉 of that system is most naturally defined as the

lowest energy eigenstate of that particular Hamiltonian,

Ĥ|0〉 = E0|0〉, (5.21)

where E0 is the lowest possible eigenvalue.7 This is what is meant by a

vacuum in usual quantum theory.8 Given a gravity-matter system with a

7Hence in this work, by vacuum we mean the ground state of a Hamiltonian.
8It is important to note here that this is the vacuum of the full physical system Ĥ,

and not the vacuum of any particular subsystem (e.g, matter) within that Hamiltonian.
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Hamiltonian Ĥ(ĝ, Φ̂) (where ĝ denotes all the gravitational degrees of free-

dom, and Φ̂ all the matter ones), its quantum vacuum state will then be

given by (5.21) as,

Ĥ(ĝ, Φ̂)|0〉 = E0|0〉. (5.22)

Now, let us proceed to formally define a matter-vacuum. Again, before we

can define a matter-vacuum, we must know what is the matter Hamiltonian

ĤM . There are two problems in proceeding further:

(i) Within the full non-perturbative theory of gravity and matter, the matter

part exists as a subsystem, and in general, it may be that this subsystem is

so mixed up with the gravity part, that it is not even possible to cleanly

identify what is the matter part and what is the gravity part. We will see

below that this is indeed the case in general for the physical Hamiltonian

approach.

(ii) Since matter is coupled to gravity, the matter Hamiltonian ĤM will de-

pend on the background metric g. This raises the question of whether we

want to keep the background dynamical (i.e quantize the background: ĝ); or

do we want to keep the background fixed (i.e have g), which is the arena for

usual QFT on a fixed background.9 From the fully non-pertubative approach

in which both gravity and matter are dynamical, there is no apriori justifi-

cation of fixing a background, and it must be shown that there is some limit

9If we quantize the background ĝ, then we have to solve the Hilbert space problem: A
Hilbert space requires some notion of a metric (to compute inner products etc). Within the
formalism of QFT on a fixed background, this metric is usually taken to be the background
spacetime metric. But this is no longer possible if the background is also quantized.
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of the theory in which using a fixed background makes sense. It is useful

here to state a fundamental fact about General Relativity (and its quantum

theory) [124]:

“Physics on a curved spacetime is not GR. GR is the dynamics of

spacetime itself. So, quantum GR is the theory of a quantum spacetime, not

a quantum theory on various spacetimes.”

Suppose, for the sake of argument, that somehow we solve problem (i) above,

then the matter-vacuum can be defined as the lowest energy eigenstate of

the matter Hamiltonian. But looking at (ii), we see that there will be two

possibilities, one where the background is dynamical (hat on g, so operators

made of gravitational variables can act on the matter vacuum (by writing the

matter vacuum as a tensor product of some combination of gravitational and

matter states, so that the gravitational operators act on the gravitational

states, and the matter ones on the matter states)),

ĤM(ĝ, Φ̂)|0M〉 = e0|0M〉, (5.23)

and one where it is fixed (no hat on g, so gravitational operators cannot act

on the matter vacuum),

ĤM(g, Φ̂)|0̃M〉 = ẽ0|0̃M〉, (5.24)

which leads to different vacua: |0M〉 lives in the full gravity-matter Hilbert
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space HQG, whereas |0̃M〉 lives in the matter Hilbert space HM .

Now that we have the definition of a matter-vacuum above, and a vacuum as

in (5.22), we see if they can actually be defined for General Relativity with

matter for two different approaches.

5.3.1 Vacuum and matter-vacuum in the Wheeler-deWitt

approach

Within the Wheeler-deWitt approach, we have the operator constraint (5.20),

(
ĤG + ĤM

)
|Ψ〉 = 0.

This means that all physical states in the Hilbert space must satisfy this

constraint, and hence all states are eigenstates of the full Hamiltonian with

the eigenvalue 0. This leads to an ambiguity in the notion of vacuum: all

physical states have the lowest energy of 0, and therefore all of them are

vacua. Clearly this notion of vacuum is not a very useful one.

Now, let us try to find a matter-vacuum in this approach. Since here, we have

the notion of a matter Hamiltonian, we can proceed to define the matter-

vacuum, with gravity as a dynamical variable as in (5.23),

ĤM(ĝ, Φ̂)|0M〉 = e0|0M〉.
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But this matter-vacuum state must also satisfy the Wheeler-deWitt equation,

(
ĤG + ĤM

)
|0M〉 = 0

⇒ ĤG|0M〉 = −ĤM |0M〉 = −e0|0M〉, (5.25)

and hence, the matter-vacuum is also an eigenstate of the gravity sector.

This however leads to,

[ĤM(ĝ, Φ̂), ĤG(ĝ)]|0M〉 = 0 (5.26)

and in general, we do not expect the matter and the gravitational Hamilto-

nians to commute.10

Note that there still can be states for which the above equation holds since

we are not implementing a representation of the commutator of ĤM(ĝ, Φ̂)

and ĤG(ĝ), since they are not the fundamental variables (those being ĝ, Φ̂

and their conjugates). But if there are such states, they will be highly spe-

cial (in the sense that they would be eigenstates of both the matter and the

gravity sector). We are not aware of any such states in the literature. In the

absence of that, we can say that within the Wheeler-deWitt formalism, defin-

ing a matter-vacuum is highly non-trivial. Now let us turn to the physical

Hamiltonian approach, the formalism we use in this paper.

10This is because the matter Hamiltonian depends on the background on which it is
defined and hence contains ĝ in it. The gravity Hamiltonian contains the variables π̂ which
are canonically conjugate to ĝ: [ĝ, π̂] 6= 0.
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5.3.2 Vacuum and matter-vacuum in the Physical Hamil-

tonian approach

Within the physical Hamiltonian approach, we arrive at a non-vanishing

physical Hamiltonian after fixing a time gauge. This means that we can

compute its spectrum, and find the lowest eigenvalue state. Therefore, in

contrast to the Wheeler-deWitt approach, it is possible here to find (in prin-

ciple) the vacuum state of the full gravity-matter system. This will be the

approach we follow in this paper, we will consider the full vacuum of the

theory (and not just a matter-vacuum), obtained after fixing a time gauge

and getting a physical Hamiltonian.

To complete the argument being made here, and to setup for the next section,

let us now consider a matter-vacuum in this approach. As we will see later,

it turns out that the physical Hamiltonian is a non-linear function of gravity

and matter variables in almost all time gauges, and cannot be written as,11

Ĥp = ĤG + ĤM . (5.27)

This means that it is not possible to identify what is a matter Hamiltonian,

and since we dont even know what it is, it is not possible to compute its

spectrum to get a matter-vacuum.

There is, however, a very special choice of time in which it is possible to write

11The full Hamiltonian constraint is generally quadratic in momenta, and hence any
time variable made out of fields, would lead to a square root Hamiltonian.
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down the above equation. This is the dust time gauge. (We will return to the

details of this choice of time in sections (5.5.3) and (5.6.4)) We assume that

we are in this gauge. We can then define the matter-vacuum as in (5.23),

and note that it is a state that lies in the full Hilbert space HQG.

Now that we have defined what we mean by ‘vacuum’ (summarized in Ta-

ble 5.1), we proceed to formulate and answer the question ‘does vacuum

gravitate?’ in the next section.

What is a vacuum?
Type of vacuum Wheeler-deWitt approach Physical Hamiltonian approach

Full vacuum
|0QG〉 ∈ HQG

Ambiguous since all states
are annihilated by the
Hamiltonian constraint
operator.

Can be defined as,
Ĥp(ĝ, Φ̂)|0QG〉 = E0|0QG〉.

Matter vacuum on
a dynamical back-
ground (ĝ)
|0M〉 ∈ HQG

Not known. Has to be a
simultaneous eigenstate of
both ĤG(ĝ) and ĤM(ĝ, Φ̂).

Not possible in general. Can
only be done in the dust-time
gauge,
ĤDT
M (ĝ, Φ̂)|0M〉 = E0|0M〉.

Matter vacuum on a
fixed background (g)
|0̃M〉 ∈ HM

A matter vacuum similar
to the QFT vacuum can
be defined using the mat-
ter Hamiltonian. However,
the Wheeler-deWitt equa-
tion still has to be solved.
This is similar to the semi-
classical EFEs.

Not possible in general. Can
only be done in the dust-time
gauge,
ĤDT
M (g, Φ̂)|0̃M〉 = Ẽ0|0̃M〉.

Table 5.1: A summary of section 5.3: ‘What is a vacuum?’
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Does vacuum gravitate?
Type of vacuum Wheeler-deWitt approach Physical Hamiltonian approach

Full vacuum
|0QG〉 ∈ HQG

No notion of a unique vac-
uum state, therefore this
question cannot be ad-
dressed here.

Can calculate
〈0QG|R̂(ĝ, π̂)|0QG〉, how-
ever, the notion of gravitate is
not clear in this context since
|0QG〉 is an eigenstate of the

full Hamiltonian Ĥp(ĝ, Φ̂), and
lies in the full Hilbert space
HQG.

Matter vacuum on
a dynamical back-
ground (ĝ)
|0M〉 ∈ HQG

Not known. If it ex-
ists, then one can calcu-
late 〈0M |R̂(ĝ, π̂)|0M〉. The
notion of gravitate is not
clear here, since |0M〉 is also
an eigenstate of the gravita-
tional Hamiltonian.

Only in the dust-time
gauge, one can calculate
〈0M |R̂(ĝ, π̂)|0M〉. Not possible
otherwise.

Matter vacuum on a
fixed background (g)
|0̃M〉 ∈ HM

Gravitate is not well-defined
here, since a background
has already been fixed, and
therefore the curvature is
also fixed.

Gravitate is not well-defined
here, since a background has
already been fixed, and there-
fore the curvature is also fixed.

Table 5.2: A summary of section 5.4: ‘Does vacuum gravitate?’

5.4 Does vacuum gravitate?

A question that is often asked is ‘does vacuum gravitate?’ This question

is understood to mean that if we take some quantum matter which is in its

vacuum state, how will it affect the geometry. Before answering this question,

it is useful to understand the meaning of vacuum (more specifically, what it

means to say ‘quantum fields in their vacuum state’). It is important to
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note here that in QFT (which does not include gravity), the vacuum state

is background dependent.12 As we saw in the previous section, it is non-

trivial to define a vacuum within the full gravity-matter theory. Moreover,

this question arises from the assumption that there is a connection between

flat/fixed background quantum field theory and general relativity, given by

the semiclassical EFEs,

Gµν + Λgµν = 8π〈0M |T̂µν |0M〉, (5.28)

where T̂µν is the quantized matter stress-energy tensor, and |0M〉 is the

‘matter-vacuum’. One big problem with this approach (among others, see

§2.2A of [91], or [118] for instance), is that this matter-vacuum state is de-

fined on some fixed background metric (usually Minkowski). The very notion

of a matter Hilbert space (and inner products) requires the existence of some

fixed metric. But in the EFEs, the spacetime metric is what we are solving

for. A fixed background is thus a requirement to define the very equations we

are solving for the background itself. This means that the semiclassical EFEs

alone are not a consistent set of equations for dealing non-perturbatively with

the full gravity-matter system.

It has been suggested that a final solution may only lie in a full non-perturbative

theory of quantum gravity, which as of now, we don’t know. However, an

12In fact, it is coordinate dependent. Consider for instance the vastly different vacuum
state obtained by doing a coordinate tranformation in flat space from Minkowski to Rindler
coordinates.
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argument can be made just by considering some general assumptions about

a non-perturbative theory of quantum gravity.

Following from the previous section, there is only one case where the vacuum

of the full gravity-matter theory can be defined, which is the physical Hamil-

tonian approach. Let us call this vacuum |0QG〉. Now to answer the question

whether or not it ‘gravitates’, we need to understand what is meant by that

term. The term ‘gravitate’ is usually understood as ‘to curve spacetime’ i.e.

given this vacuum state, how does it affect spacetime (how does it affect the

gravitational variables).

In this non-perturbative approach however, |0QG〉 is the vacuum of the full

gravity and matter sector, and lives in the full Hilbert space HQG. It is calcu-

lated using the dynamical gravitational variables, and hence the term gravi-

tate is meaningless here. One can presumably define the 4-Ricci scalar opera-

tor R̂(ĝ, π̂) and calculate its expectation value in this state: 〈0QG|R̂(ĝ, π̂)|0QG〉,

which would give some sort of an average geometrical curvature in this state,

but whatever it turns out to be, zero or non-zero, it is fully consistent in

this non-perturbative theory. There is no such thing as a ‘matter backre-

action’ here, this approach already includes all ‘backreactions’ since it is

non-perturbative, and gravity is dynamical. Now let us try to answer the

question whether the matter-vacuum gravitates.
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5.4.1 Does matter-vacuum gravitate?

For defining the matter-vacuum state, there are two possibilities: (1.) A

fixed background is chosen [i.e., gravity is not quantized, as in (5.24)], or (2.)

Gravity is dynamical [i.e., it is quantized as well, as in (5.23)] . We treat

both of these cases below, in both the Wheeler-DeWitt approach, and in the

physical Hamiltonian approach. We note that defining a matter-vacuum is

non-trivial in either approach, and especially within the physical Hamiltonian

approach, where the resultant physical Hamiltonian generally does not split

into the sum of a gravity part and a matter part (since it is usually a square

root). Hence the question ‘does matter-vacuum gravitate?’ is not well posed

in the latter approach since a matter Hamiltonian (and hence a matter-

vacuum) cannot even be identified. There is an exception however, which we

will discuss below.

(1.) Fixing a background means that the gravitational degrees of freedom

(g) are no longer dynamical. Hence a matter-vacuum state lying purely in

the matter Hilbert space (although still dependent on the fixed background)

can be defined. But once we have fixed the background, the curvature is

also fixed. There is no backreaction, by construction. Therefore the question

‘Does matter-vacuum curve spacetime?’ is meaningless here. The notion

that we calculate vacuum energy density on some fixed background and then

find that it is huge and hence should curve spacetime immensely is inconsis-

tent here since we have already fixed a background and no backreaction is

allowed. To include backreaction, we have to go the full theory where gravity
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is dynamical.

(2.) Instead of fixing the background, find the lowest energy eigenstate of

the matter Hamiltonian ĤM(ĝ, Φ̂) (which would lie in the full Hilbert space)

and call that the matter-vacuum, i.e |0M〉 ∈ HQG. It is important here to

note the distinction, that this is a “matter” vacuum state which lies in the

full Hilbert space and also depends on the dynamical gravitational degrees of

freedom ĝ. This vacuum is quite different from the QFT vacuum on a fixed

background.

Now, within the Wheeler-DeWitt approach, it is not known if such a vac-

uum exists. But suppose, for the sake of argument that a matter-vacuum

state as in (5.25) can be defined. The meaning of the question ‘does matter-

vacuum gravitate’, is not clear here since the matter vacuum is also simul-

taneously an eigenstate of the gravity Hamiltonian. One could still calculate

an expectation value of the 4-Ricci scalar in this state, which would provide

(fully consistently, without worrying about any ‘back-reactions’) a measure

of spacetime curvature in this state.

Within the physical Hamiltonian approach, a matter Hamiltonian cannot be

identified in general as mentioned above. However, there is one exception in

which the physical Hamiltonian is a sum of gravity and matter Hamiltonians

i.e. the dust time gauge. The discussion below will hold only in this time

gauge.13 Given the matter-vacuum state |0M〉,14 we can compute the cur-

13Or any other time gauge which allows (5.27) to hold. To date, dust time gauge is the
only one known which does this.

14|0M 〉 is, in general, distinct from the vacuum state |0QG〉 of the full theory which
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vature of spacetime by taking an average of the 4-Ricci scalar in this state:

〈0M |R̂(ĝ, π̂)|0M〉 (Or the Riemann tensor in general, or any other natural

object to measure curvature). This calculation would then be an answer to

the question whether the matter-vacuum gravitates. Note that as mentioned

earlier, this calculation can only be done in the dust time gauge.

(A summary of this section can be found in Table 5.2.) Our approach here

will be to choose a time function on the classical phase space, reduce to a

physical Hamiltonian (for the full non-perturbative matter-gravity) system

and then define the vacuum as the ground state of this full system (and not

just a matter-vacuum). This is a fully non-perturbative formalism, in which

both gravity and matter are fully dynamical. We will not fix a background,

but will keep it dynamical (as opposed to QFT on a fixed background). We

will then look at the relation between the vacuum energy density and the

cosmological constant. In certain time gauges where it is difficult to quantize,

we will leave the result at a classical level. This will not change our argument

since the form of ρvac as a function of Λ will carry over to the quantized

case, and the fact will still remain true that the result is to be viewed as a

calculation for ρvac for a given value of Λ.

satisfies,

Ĥp|0QG〉 =
(
ĤG(ĝ) + ĤM (ĝ, Φ̂)

)
|0QG〉 = E0|0QG〉. (5.29)
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5.5 Vacuum energy density and the cosmo-

logical constant

We now look at the relation between energy density and the cosmological

constant in three different time gauges.

5.5.1 Scalar field time

In the presence of a scalar field, we can construct a clock made out of matter

degrees of freedom. One way to do that is to consider the scalar field itself

as time [125],

t = φ. (5.30)

The ∂aφ terms vanish from the Hamiltonian and the diffeomorphism con-

straint (∂aφ = ∂at = 0). The time gauge fixing condition has to be dynami-

cally preserved, which means that,

ṫ = φ̇ = {t,H} = 1, (5.31)

where,

H =

∫
d3x
[
N
(
HG +Hφ

)
+N a

(
CG
a + Cφ

a

)]
(5.32)

is the full Hamiltonian constraint with the scalar and the diffeo part given

by (2.2) and (2.3) respectively. Calculating this Poisson bracket then fixes
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the lapse function,

{t,H} = {φ,H} =
δH

δP̃φ

= N P̃φ√
q

+N a∂aφ = N P̃φ√
q

= 1

⇒ N =

√
q

P̃φ
, (5.33)

where in the second step we have used ∂aφ = ∂at = 0 and (5.31). The variable

conjugate to our choice of time is P̃φ, since {φ, P̃φ} = 1, which makes our

physical Hamiltonian: Hp = −P̃φ. Solving the Hamiltonian constraint (2.2)

for P̃φ then gives,

P̃φ = ±
√
π2 − 2πabπab + 2q(R− Λ)− qm2t2. (5.34)

We choose the appropriate sign here (and in future) to keep the physical

Hamiltonian (density) positive,

Hp =
√
π2 − 2πabπab + 2q(R− Λ)− qm2t2. (5.35)

We can find the (time) gauge fixed action by using Hp = −P̃φ, HG+Hφ = 0,

Cφ
a = 0 and (5.31) in the full action (2.1)

SGF =

∫
d3xdt

[
πabq̇ab −Hp −N aCG

a

]
. (5.36)
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Note that to keep the Hamiltonian (density) real, we must have that,

t2 ≤ 1

m2

[
π2(x, t)− 2πab(x, t)πab(x, t)

q(x, t)
+ 2(R(x, t)− Λ)

]
. (5.37)

This equation is to be viewed as an implicitly defined upper bound for time,

beyond which the scalar field time gauge breaks down. Note that it also

depends on the spatial point, x. (In the massless limit, m → 0, this gauge

is fine since the domain of t becomes the whole real line.) Along with this,

since we also want to keep time real, we must have that,

1
2
π2 − πabπab

q
+R ≥ Λ. (5.38)

These are just the conditions in which our time gauge is valid, and tell that,

in general, the scalar field time gauge is not a particularly good choice.15

For a Hamiltonian system with the physical Hamiltonian Hp =
∫
d3x Hp, in

a volume V , the energy density is naturally defined as,

ρ ≡ 1

V

∫
d3x Hp. (5.39)

For our case, since we have the physical Hamiltonian for the full gravity-

matter system, ρ is the energy density for the fully coupled non-perturbative

gravity-matter system. It is not just the matter energy density and is not to

15See [114] for a recent study regarding the viability of scalar field as time. Compared
to our case, they consider a massless scalar field and without a cosmological constant.
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be confused with other energy densities, e.g. ρ appearing in the stress energy

tensor of a perfect fluid or ρ appearing in the Friedmann equations. In

general (as we will see below), it is also not the energy density of matter plus

the energy density of gravity. It is the energy density of the full inextricably

mixed gravity-matter system, which comes from a physical Hamiltonian after

identifying a time function.

Returning back to scalar field time, the energy density is calculated as,

ρ =
1

V

∫
d3x Hp

=

∫
d3x
√
π2 − 2πabπab + 2q(R− Λ)− qm2t2∫

d3x
√
q

. (5.40)

This shows that the energy density is not linearly proportional to the cosmo-

logical constant, rather ρ ∝
√

Λ. It also shows that ρ is explicitly dependent

on time and cannot be written as ρmatter + ρgravity. We will see that these

generic features will be true of almost all time gauges.

5.5.2 York time

In this section, we switch off the scalar field for simplicity. A time variable

constructed entirely out of gravitational degrees of freedom is the York time

gauge,16[149]

t =
2

3

π
√
q

=
2

3

qabπ
ab

√
q
. (5.41)

16This time gauge plays a central role in shape dynamics. See [28, 111].
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The momentum conjugate to this time variable is, pt =
√
q since {t, pt} ={

2

3

π
√
q
,
√
q

}
= 1. Therefore, the physical Hamiltonian (density) is,

Hp =
√
q. (5.42)

For our purpose here, to calculate the energy density ρ (as a function of Λ), we

don’t need to solve the Hamiltonian constraint for this physical Hamiltonian

in terms of the reduced degrees of freedom since,17

ρ =
1

V

∫
d3x Hp =

∫
d3x
√
q∫

d3x
√
q

= 1. (5.43)

Restoring units we get,18

ρ =
Λc2

8πG
. (5.44)

17A technique to solve the full Hamiltonian constraint and the diffeomorphism con-
straint in York time is to consider conformal transformations of the metric: qab → φ4qab
(here, φ is not the scalar field, but the conformal factor) under which the Hamiltonian
constraint becomes the Lichnerowicz-York(LY) equation [28]:

8
∇2φ

φ5
+
πTabπ

ab
T

φ12q
− R

φ4
− 3

8
t2 + Λ = 0.

Here πTab ≡ πab − 1
3πqab is the traceless part of the gravitational momentum. Once this

equation is solved for φ, the physical Hamiltonian is given as,

H =

∫
d3x
√
qφ6.

18Since we are in the classical theory, the only parameters we have are G, c and Λ. All
dimensions have to be constructed out of these. For York time (5.41) to be dimensionally
correct (π has units 1/length and q is dimensionless), we must have that t = 1

cΛ
2
3
π√
q .
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Interestingly, the energy density is independent of (almost) everything! It is

clear from (5.43) that even if we add any matter in the system, the energy

density would still remain constant. It is time independent and is linearly

proportional to Λ due to our choice of units. Note that the vacuum energy

density calculated above is exactly the same as the one calculated from EFEs

(5.2).

5.5.3 Dust time

Finally, we consider another matter clock made from a dust field [87]. The

dust Hamiltonian is

HD =

√
P̃ 2
T + qabCD

a C
D
b , (5.45)

where,

CD
a = −P̃T∂aT, (5.46)

and (T, P̃T ) are the dust field phase space variables. This is to be added to

(2.1) to obtain the full theory. The corresponding symplectic term is P̃T Ṫ .

Our choice of time is the level surfaces of dust,

t = T. (5.47)
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The dust diffeomorphism constraint vanishes (∂aT = ∂at = 0) and the phys-

ical Hamiltonian (density) becomes,

Hp =
1
√
q

(
πabπab −

1

2
π2
)

+
√
q(Λ−R)

+
P̃φ

2

2
√
q

+
1

2

√
qqab∂aφ∂bφ+

1

2

√
qm2φ2. (5.48)

Notice that quite remarkably, this physical Hamiltonian (density) is just the

old Hamiltonian constraint without the dust field. In this sense, dust-time

seems to be a good time gauge. The physical Hamiltonian (density) is not a

square root and is also not explicitly time dependent.

The gauge fixed action is,

SGF =

∫
d3xdt

[
πabq̇ab + P̃φφ̇−Hp −N a(Dbπ

b
a + Pφ∂aφ)

]
. (5.49)

The energy density becomes,

ρ =
1∫

d3x
√
q

∫
d3x
[ 1
√
q

(
πabπab −

1

2
π2
)

+
√
q(Λ−R)

+
P̃φ

2

2
√
q

+
1

2

√
qqab∂aφ∂bφ+

1

2

√
qm2φ2

]
. (5.50)

It is clear from here that ρ is linear in Λ and is also not explicitly time

dependent. Again, this equation is to be viewed as a calculation for the

energy density given a value of Λ.
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5.6 Reduction to Cosmology

The full theory analysis in the previous section was done classically and we

did not quantize due to difficulties with quantizing full general relativity. In

this section, we reduce from full GR to a homogeneous, isotropic cosmol-

ogy. This reduction to cosmology provides a concrete instance where we can

actually go ahead and perform a full quantization19 (in some time gauges)

and explicitly calculate the vacuum energy density in the full (homogeneous)

quantum theory. We will see that the general features of the full theory

classical analysis still hold here in the (symmetry-reduced) quantum theory:

the vacuum energy density is, in general, time dependent and a non-linear

function of Λ.

In addition to what was done in [88], here we also include a non-zero spatial

curvature of the universe, perform a Fermionic quantization of the physical

Hamiltonian for their choice of time gauge, and calculate the vacuum energy

density for other choices of time as well. We see that introducing a positive

spatial curvature restricts the domain of the time function, Fermionic quan-

tization produces (almost) the same result as usual quantization, and there

is a time choice (dust time), in which the energy density is a linear function

of Λ, in contrast to the results of [88].

We now reduce to a Friedmann–Lemâıtre–Robertson–Walker (FLRW) uni-

19For a pioneering study on quantizing the Friedmann universe with different choices
of time, see [34].
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verse with the ansatz

qab = a2(t)hab, π
ab =

Pa(t)

6a(t)
hab
√
h, (5.51)

where a(t) is the scale factor, Pa is the momentum canonically conjugate to

the scale factor, hab =
1

f 2(r)
eab is an auxiliary metric (which provides the

density weight), eab = diag(1, 1, 1) is the flat metric,

f(r) = 1 +
κr2

4
, (5.52)

and κ is the spatial curvature and can be either 0 (flat), +1 (closed) or -1

(open). (This is the isotropic form of the FLRW line element. See §149 in

[140].)

We also assume that the scalar field is homogeneous,20

φ = φ(t) , P̃φ =
√
h Pφ(t). (5.53)

With this homogeneity ansatz, the diffeomorphism constraint vanishes iden-

tically and we are left with, (after performing the spatial integration)

S = Vp

∫
dt

(
Paȧ+ Pφφ̇−NH

)
, (5.54)

20For the dust field, assuming homogeneity i.e T = T (t), P̃T =
√
h PT (t) means that

the dust diffeomorphism contraint vanishes (CDa = 0) and the Hamiltonian reduces to:

HD = P̃T .
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with the Hamiltonian constraint,

H =
−P 2

a

24a
+ a3

(
Λ− 6κ

a2

)
+
P 2
φ

2a3
+

1

2
a3m2φ2, (5.55)

where Vp =

∫ √
h d3x. We will now fix different time gauges and calculate

the vacuum energy density.

5.6.1 The volume time gauge

First we choose the time gauge considered in [88]. Here we generalize their re-

sult to arbitrary spatial curvature and also perform a Fermionic quantization

of the resultant Hamiltonian.

Time is chosen to be the (spatial) volume of the universe, a very natural

choice for us since we are currently living in an expanding universe and

hence the volume constitutes a monotonically increasing function.

t =

∫
d3x
√
q = Vpa

3. (5.56)

With scale invariant variables defined as: p = VpPφ and κ̄ = V
2
3
p κ we get the

gauge fixed action,

SGF =

∫
dt
[
pφ̇−Hp

]
, (5.57)

Hp =

√√√√8

3

[
Λ− 6κ̄

t2/3
+

p2

2t2
+

1

2
m2φ2

]
. (5.58)
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Note that to keep the Hamiltonian real, we must have that

Λ− 6κ̄

t2/3
+

p2(t)

2t2
+

1

2
m2φ2(t) ≥ 0, (5.59)

given that Λ ≥ 0, the above equation is automatically satisfied for κ̄ = 0 and

κ̄ < 0, however, for κ̄ > 0, the above equation is to be viewed as a restriction

on time t, beyond which our time gauge breaks down (Note that since p and

φ are functions of time, this is an implicitly defined equation for time.)

The energy density can be calculated as,

ρ =
Hp

Vphysical
=

Hp∫
d3x
√
q

=
Hp

Vpa3
=
Hp

t
. (5.60)

Now that we have the classical Hamiltonian (and energy density), we consider

two different ways of quantization: usual (Schrodinger) quantization; and

Fermionic quantization (a’la Dirac).

5.6.1.1 Standard quantization

The Hamiltonian (5.58) is the square root of a shifted harmonic oscillator.

Following [88], this can be readily quantized. For any operator Â that has

a positive spectrum an, the spectrum of the square root of that operator√
Â is given by

√
an. To compute the spectrum for our Hamiltonian, we

require that the argument inside the square root be positive. But that is

already required to keep the Hamiltonian hermitian (and real) from (5.59).
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The term inside the square root is,

8

3

[
Λ− 6κ̄

t2/3
+

p2

2t2
+

1

2
m2φ2

]
(5.61)

which is just a time-dependent, shifted harmonic oscillator. For our purpose

here, since we are only interested in the spectrum and not in solving the

time-dependent Schrodinger equation, we can treat t as some parameter (like

mass) in the Hamiltonian. Therefore, the shift above is a constant, and hence

if we find the spectrum of the remaining part, the constant shift can just be

added in the spectrum since, given an operator B̂ with the eigenvalues EB,

the eigenvalues of another operator B̂ + CÎ (where C is a constant and Î

is the identity operator), are just EB + C. The remaining part looks like a

harmonic oscillator. Recall that for a simple harmonic oscillator like,

HSHO =
P 2

2m̄
+

1

2
m̄ω2x2, (5.62)

the energy spectrum is given as,

ESHO =
(
n+

1

2

)
ω. (5.63)

where n = 0, 1, 2, ... Comparing with our Hamiltonian here, if we set m̄ = t2

and ω = m/t, we get the spectrum as,

E =
(
n+

1

2

)m
t
. (5.64)
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We can now combine all of the above results to get the spectrum for the full

square root Hamiltonian (5.58),

En =

√√√√8

3

[
Λ− 6κ̄

t2/3
+

(
n+

1

2

)
m

t

]
. (5.65)

Finally, we can calculate the energy density, which is just (recalling that

volume = t),

ρn =
En
t

=
1

t

√√√√8

3

[
Λ− 6κ̄

t2/3
+

(
n+

1

2

)
m

t

]
. (5.66)

Naturally for the vacuum, we choose n = 0, which gives,

ρ =
1

t

√√√√8

3

[
Λ− 6κ̄

t2/3
+
m

2t

]
. (5.67)

This equation is to be viewed as a calculation for the value of the vacuum

energy density (of the full gravity-matter system) given the observed value of

the cosmological constant, hence making it clear that in this framework, there

is no cosmological constant problem. We also note that the vacuum energy

density is not linearly proportional to Λ and is explicitly time dependent.
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5.6.1.2 Fermionic quantization

We can also perform a Fermionic quantization a’la Dirac. Consider a massless

scalar field with the Hamiltonian

H =

√√√√8

3

(
Λ− 6κ̄

t2/3
+

p2

2t2

)
, (5.68)

and write it as linear in the momentum,21

H = αA+ β
p

t
B, (5.69)

where α =

√√√√8

3

(
Λ− 6κ̄

t2/3

)
, β =

√
8

6
and A and B are some matrices.

Then the condition that the square of this linear Hamiltonian be equal to the

square of the original Hamiltonian leads to A and B being Pauli matrices.

We choose the following two:

A = σx =

 0 1

1 0

 ,

and

B = σz =

 1 0

0 −1

 .

21This trick is not possible for a massive scalar field since the mass term (m2φ2) and
the momentum term (p2) do not commute.
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The Hamiltonian becomes,

H =

 β

t
p α

α −β
t
p

 .

To keep the Hamiltonian hermitian, we must have from the above that α∗ = α

which leads to,

Λ ≥ 6κ̄

t2/3
. (5.70)

We can view the above equation as introducing a lower bound on time t = tc,

such that, if tc =
(

6κ̄
Λ

) 3
2
, then the above equation is automatically satisfied

for all t ≥ tc.

Now, we want to find the (instantaneous) eigenstates of this Hamiltonian,22

Ĥ(t)|ψn(t)〉 = En(t)|ψn(t)〉. (5.71)

The general wavefunction at any time can be written as: |Ψ〉 =
∑

n cn(t)|ψn(t)〉,

from which we can then calculate the expectation value of the Hamiltonian,

〈Ĥ〉 =
〈Ψ(t)|Ĥ(t)|Ψ(t)〉
〈Ψ(t)|Ψ(t)〉

=

∑
n |cn(t)|2En(t)∑

n |cn(t)|2
. (5.72)

In the position representation, p = −i∂φ, eqn (5.71) becomes

22Here, we are only interested in calculating the vacuum energy density. For a detailed
treatment of this ‘spinorial’ Hamiltonian (in a different time gauge) see [95].
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−iβt ∂φ α

α
iβ

t
∂φ


 ψ1

ψ2

 = En(t)

 ψ1

ψ2

 ,

with the solutions,

ψ1 = eikφ
(
− C1 + C2

)
+ e−ikφ

(
C1 + C2

)
, (5.73)

and

ψ2 = eikφ

[(
−C1 + C2√
8
(

Λ− 6κ̄
t2/3

)
)(
− 2k

t
+
√

3E

)]

+ e−ikφ

[(
C1 + C2√

8
(

Λ− 6κ̄
t2/3

)
)(

2k

t
+
√

3E

)]
, (5.74)

where C1 and C2 are integration constants.

The eigenvalues are,

E(t) = ±

√√√√8

3

(
Λ− 6κ̄

t2/3
+
k2

2t2

)
. (5.75)

Hence, we get,

〈Ĥ〉 = ±

√√√√8

3

(
Λ− 6κ̄

t2/3
+
k2

2t2

)
, (5.76)
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and the energy density is

〈ρ̂〉 = ±1

t

√√√√8

3

(
Λ− 6κ̄

t2/3
+
k2

2t2

)
. (5.77)

This turns out to be the same as before (Schrodinger quantization, with a

massless scalar field). The only difference is that now, both positive and

negative values are allowed. Once again, ρ ∝
√

Λ and is explicitly time

dependent.

We now consider three other time gauges within the homogeneous cosmolog-

ical sector and see how the vacuum energy density changes.

5.6.2 Scale factor time

A geometrical time gauge related to volume time is the scale factor time,

t = V
1
3
p a. (5.78)

With the definitions p = VpPφ and κ̄ = V
2
3
p κ, we get the gauge fixed action:

SGF =

∫
dt
(
pφ̇−Hp

)
, (5.79)

Hp = t2
√

24
[
Λ− 6κ̄

t2
+

p2

2t6
+

1

2
m2φ2

]
. (5.80)
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Again, for hermiticity, it is required that

Λ− 6κ̄

t2
+

p2

2t6
+

1

2
m2φ2 ≥ 0, (5.81)

which is viewed as a restriction on t beyond which our time gauge breaks

down.

The energy density becomes

ρ =
Hp

Vpa3
=
Hp

t3
=

1

t

√
24
[
Λ− 6κ̄

t2
+

p2

2t6
+

1

2
m2φ2

]
, (5.82)

again, this is a scaled and shifted harmonic oscillator and is readily quantized

to give,

ρ =
1

t

√
24
[
Λ− 6κ̄

t2
+
(
n+

1

2

)m
t3

]
. (5.83)

For vacuum, we choose n = 0,

ρ =
1

t

√
24
[
Λ− 6κ̄

t2
+

m

2t3

]
. (5.84)

It is clear that this is different from what we had in volume time (5.67). Once

again, we emphasize that the above equation is a calculation for vacuum

energy density given the cosmological constant. We also see that, as before,

ρ ∝
√

Λ and is explicitly time dependent.
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5.6.3 Scalar field time

Next, we use matter variables to make a clock and consider the scalar field

itself as time,

t = φ. (5.85)

With scale invariant quantities defined as pa = V
2
3
p Pa , ā = V

1
3
p a and κ̄ =

V
2
3
p κ, the gauge fixed action becomes,

SGF =

∫
dt
[
pa ˙̄a−Hp

]
, (5.86)

Hp =

√
p2
aā

2

12
− 2ā6

(
Λ− 6κ̄

ā2

)
− ā6m2t2. (5.87)

To keep the Hamiltonian hermitian, we must have,

t2 ≤ 1

m2

(
p2
a

12ā4
+

12κ̄

ā2
− 2Λ

)
. (5.88)

Also, since t ∈ R, we must have that,

Λ ≤ 1

ā4

(
p2
a

24
+ 6κ̄

)
. (5.89)

These conditions once again reflect the limited validity of the scalar field time

gauge. The energy density then becomes,

ρ =
Hp

Vpa3
=
Hp

ā3
=

√
p2
a

12ā4
− 2Λ + 12

κ̄

ā2
−m2t2. (5.90)
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So far, this is classical. To quantize this theory, we look at our degrees of

freedom, which are: (a(t), pa(t)). So this is a 1-dimensional quantum mechan-

ical system. We could impose the usual representations of these operators:

âF (a) ≡ aF (a) and p̂aF (a) ≡ −i∂aF (a) where the functions F (a) lie in

some suitably constructed Hilbert space (to make sense of inner products,

some sort of a measure has to be defined on the space of all a’s). Looking

at the form of the physical Hamiltonian, there are two problems here: (i)

To construct an operator out of 1
ā

and (ii) Operator ordering issues in mak-

ing an operator out of the first term:
p2
a

12ā4
. Here, we will not try to solve

these issues,23 but will state that at a classical level, we have ρ ∝
√

Λ and is

explicitly time dependent; generic features which are expected to be carried

over to the quantum theory regardless of how the above problems are solved.

This is analogous to what we have seen for our previous choices of time where

we were able to quantize and these features remained valid in the quantum

theory.

5.6.4 Dust time

Finally, we consider the dust time gauge,

t = T. (5.91)

23See [125] where the full theory (with a massless scalar field) is quantized in the scalar
field time gauge.
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We define, pa = V
2
3
p Pa, ā = V

1
3
p a, p = VpPφ and κ̄ = V

2
3
p κ. The gauge fixed

action is then,

SGF =

∫
dt

[
pa ˙̄a+ pφ̇−Hp

]
, (5.92)

Hp =
−p2

a

24ā
+ ā3

(
Λ− 6κ̄

ā2

)
+

p2

2ā3
+

1

2
ā3m2φ2. (5.93)

This Hamiltonian is not a square root Hamiltonian and is time-independent.

There are no restrictions on the time parameter or the cosmological constant

just to keep the Hamiltonian hermitian, implying that the dust field is a good

choice of time. Comparing this with (5.55), we see that they are the same,

the difference being that this is now a (non-vanishing) physical Hamiltonian,

whereas (5.55) was the Hamiltonian constraint. This is another feature of

using the dust field as time.

For the quantum theory, we have the same problems here as discussed be-

fore in the case of scalar field time; defining inverse operators and operator

ordering issues. Therefore, we will not proceed to quantize this theory, but

will look at the energy density classically,

ρ =
Hp

ā3
=
−p2

a

24ā4
+ Λ− 6κ̄

ā2
+

p2

2ā6
+

1

2
m2φ2. (5.94)

Here, we see that the energy density is not explicitly time dependent and is

linearly proportional to Λ. However, there is still no cosmological constant

problem, since the above equation is to be viewed as a calculation for the

energy density given a value of the cosmological constant.
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5.7 Inhomogeneities

At this stage, one may ask that the analysis in the previous section is for the

homogeneous case, and is restricted to zero modes. How would it extend to

inhomogeneities, and in particular, how does it relate to the understanding

of the conventional cosmological constant problem (that ‘vacuum energy’ is

divergent due to infinite/large contributions coming from an infinite/large

number of modes).

The purpose of this section is to look at the effect of inhomogeneities by

performing a mode expansion around a spatially flat FLRW background. We

note that this is necessarily perturbative, since performing a mode expansion

first requires the notion of a fixed background. This is because modes are

defined as eigenfunctions of a Laplacian on a fixed background. In general, a

mode expansion is neither possible (if the background is dynamical i.e ĝ), nor

useful since the resulting momentum space Hamiltonian does not simplify,

as we will see below.24

For the first sub-section, we will sketch our arguments heuristically, since our

purpose here is not to provide a detailed treatment of cosmological inhomo-

geneities, but to see the features of vacuum energy density. In the second

sub-section, we repeat the calculation for the inhomogeneous model consid-

ered in [88], but this time in a different time gauge to see explicitly that

vacuum energy density (even in the inhomogeneous sector) does depend on

24See also [75] for a discussion on problems with a mode treatment of QFT.
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the choice of time, as one would already have expected from the full theory

analysis done in Sec (5.5), and that there is no cosmological constant problem

arising from a large number of modes.

5.7.1 Cosmological perturbations

Following [99], we expand the full Hamiltonian constraint (2.2) around a

spatially flat FLRW background, upto second order in perturbations. The

degrees of freedom X = (qab, π
ab, φ, Pφ) are split as,

X(t, x) = X0(t) + δX(t, x), (5.95)

where X0(t) is the homogeneous background value, and δX(t, x) is the per-

turbation. We will omit all 0’s in the superscript in background variables for

simplicity, with the understanding that any variables not appearing with a δ

in front of them are homogeneous background variables.

The Hamiltonian constraint then reads,

H = − P
2
a

24a
+ a3Λ +

P 2
φ

2a3
+

1

2
a3m2φ2

+

(
− P 2

a

144a
+

1

2
a3Λ−

P 2
φ

4a3
+

1

4
a3m2φ2

)
qabδqab − a3

(
qacqbd − qadqbc

)
∂b∂cδqad

− Pa
6a2

qabδπ
ab +

Pφ
a3
δPφ + a3m2φδφ

+
1

a3

(
qacqbd −

1

2
qabqcd

)
δπabδπcd +

(δPφ)2

2a3
+

1

2
a3m2(δφ)2 +

1

2
a3qab∂aδφ∂bδφ

+ f(δqab) ≈ 0, (5.96)
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where f(δqab) is some second-order function of the metric perturbation, which

does not have a Pa in it (since it comes from the perturbation of the 3-Ricci

scalar R), we will not need its exact form here. We define our theory to be,

S =

∫
d3xdt[Paȧ+ δπabδ̇qab + Pφφ̇+ δPφ ˙δφ−NH−N aCa], (5.97)

with (a, Pa) and (φ, Pφ) the homogeneous canonically conjugate variables,

and (δqab, δπ
ab) and (δφ, δPφ) the inhomogeneous canonically conjugate vari-

ables. Here Ca is the diffeomorphism constraint expanded upto second order

in perturbations whose exact form will not concern us here.

There are two ways to proceed from here, first is to fix a time gauge first,

and then do a mode expansion, second is to first do a mode expansion, and

then fix the time gauge. We look at both of these separately.

5.7.1.1 Gauge fixing before mode expansion

We fix the scale factor time gauge t = a (ignoring factors of V0 for simplicity).

Then, solving the Hamiltonian constraint (5.96) for its conjugate momentum

Pa gives the physical Hamiltonian density as,

Hp =
−12

t
qabδπ

ab ±
√

(12
t
qabδπab)2 + (6 + qabδqab)(144t g(t, φ, Pφ, δqab, δπab, δφ, δPφ))

(6 + qabδqab)
,

(5.98)
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where,

g(t, φ, Pφ, δqab , δπab, δφ, δPφ) = t3Λ +
P 2
φ

2t3
+

1

2
t3m2φ2

+

(
1

2
t3Λ−

P 2
φ

4t3
+

1

4
t3m2φ2

)
qabδqab − t3

(
qacqbd − qadqbc

)
∂b∂cδqad

+
Pφ
t3
δPφ + t3m2φδφ

+
1

t3

(
qacqbd −

1

2
qabqcd

)
δπabδπcd +

(δPφ)2

2t3
+

1

2
t3m2(δφ)2

+
1

2
t3qab∂aδφ∂bδφ+ f(δqab), (5.99)

and the physical Hamiltonian is given as,

Hp =

∫
d3xHp. (5.100)

The inhomogeneous degrees of freedom δX are expanded into modes as,

δX(t, x) =

∫
d3k

(2π)3
δXk(t)eik.x. (5.101)

It is clear from the square root form of the physical Hamiltonian, that the

mode expansion will result in something like (heuristically),

Hp =

∫
d3x

√∫ ∫
d3k

(2π)3

d3k′

(2π)3
δXk(t)δXk′(t)ei(k+k′).x + ..., (5.102)

and since
∫
d3x is sitting outside the square root, it is not possible to carry
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out the x integration to get the usual result. Hence a mode expansion is not

very useful in this situation, since it is not clear how to proceed to a quantum

theory from here. We will not consider this case further.

5.7.1.2 Gauge fixing after mode expansion

The other possibility is to carry out a mode expansion first, and then gauge

fix. In this case, the Hamiltonian (before gauge-fixing) is,

H =

∫
d3x(N (t, x)H +N a(t, x)Ca), (5.103)

whereH is given as in (5.96). Since this is not a square root, the x integration

can be carried out. The usual way to proceed from here is to make the gauge

choices that N (t, x) = 1 and N a(t, x) = 0 (e.g in [99]). It is important to

note that without these simplifying assumptions, the x integration cannot

be carried out here as well due to the arbitrary functions of x sitting in

the Hamiltonian (which would result in a convolution, instead of the usual

delta function). Moreover, since we are interested in fixing a time-gauge

later on, we have to check if the above choices for the lapse and shift are

consistent. This is because fixing a time gauge restricts the allowed lapse

functions (similarly, choosing a spatial gauge would fix the shift).

Looking ahead, we want to fix the scale factor gauge t = a, so we check first

what possibilities of lapse are allowed. Since the gauge fixing condition has
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to be dynamically preserved, we must have that,

ṫ = {t,H} =
{
a,

∫
d3x(N (t, x)H +N a(t, x)Ca)

}
= 1. (5.104)

Calculating this Poisson bracket and using the explicit form ofH from (5.96),

we get,

∫
d3x

[
N (t, x)

(
− Pa

12a
− Pa

72a
qabδqab −

1

6a2
qabδπ

ab

)
+N a(t, x)

δCa
δPa

]
= 1.

(5.105)

Since we used the homogeneous variable a to fix the time gauge, the above

equation is a global equation for N (t, x) and N a(t, x). Also, since we are not

fixing a spatial gauge here, we can set N a(t, x) = 0 for simplicity (Although

in the case of a full gauge fixing, one has to be careful whether this choice is

consistent or not with the chosen gauge). Since our purpose is to be able to

carry out the x integration after the mode expansion, we require the lapse to

be independent of x. Given that we have a global equation for N (t, x), this

is a consistent choice (although it is certainly not the full solution). Defining,

F (t) =

∫
d3x

(
− Pa

12a
− Pa

72a
qabδqab −

1

6a2
qabδπ

ab

)
, (5.106)

we get the solution,

N (t) =
1

F (t)
, (5.107)

given that F (t) is nowhere zero. Note that this is not necessarily equal to
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one, and hence making the choice N = 1 at the beginning would have been

inconsistent for this scale factor time gauge.

We can now perform the mode expansion (5.101) for all the inhomogeneous

degrees of freedom and plug that into the full Hamiltonian constraint (5.96).

Again, we will not do the detailed calculation here, but the resultant Hamil-

tonian constraint after using (5.107), N a(t, x) = 0, and carrying out the

integration over x will look something like,

Hk(Λ; a, Pa, φ, Pφ, δqab, δπ
ab, δφ, δPφ) =

N (t)

[
V0(homogeneous degrees) +

∫
d3k (δXk + ...)

]
≈ 0. (5.108)

Once we fix the time gauge t = a, and solve the above for its conjugate

momentum Pa to get the physical Hamiltonian, it will be: (a) time dependent,

since the Hamiltonian constraint above has a’s in it which will be replaced

by t, (b) a square root, since Pa appears quadratically in the Hamiltonian

as can easily be seen from (5.96), and (c) proportional to
√

Λ as can also be

seen from (5.96), since the Λ terms do not have a Pa in front of them.

Once we get this (highly complicated) physical Hamiltonian, the modes can

be quantized, and vacuum energy density can be calculated explicitly. It is

clear that none of the features mentioned above will change due to quanti-

zation.

We now turn to a model where we can explicitly calculate the vacuum energy

density.
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5.7.2 A toy model

We now repeat the inhomogeneous mode calculation done in [88], but in the

scale factor time gauge (as opposed to volume time).

Our starting point is the full scalar field Hamiltonian given in (2.2) evaluated

on a spatially flat FLRW background,

Hφ =
P 2
φ

2a3
+

1

2
a3m2φ2 +

1

2
aeab∂aφ∂bφ (5.109)

where eab is the flat metric. The scalar field and its conjugate momentum

are decomposed in modes as,

φ(x, t) =

∫
d3k

(2π)3
φk(t)eik.x,

Pφ(x, t) =

∫
d3k

(2π)3
Pk(t)eik.x. (5.110)

The scalar field Hamiltonian then becomes,

Hφ =

∫
d3k

(2π)3

1

2

(
P 2
k

a3
+ a3m2φ2

k + a|k|2φ2
k

)
. (5.111)

We now define our theory, with the variables (a, Pa) and (φk, Pk) to be,

S = V0

∫
dt
(
Paȧ+

∫
d3k

(2π)3

[
Pkφ̇k −NH

])
, (5.112)
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where,

H = − P
2
a

24a
+ a3Λ +Hφ, (5.113)

is the Hamiltonian constraint.

Now, we fix the scale factor time gauge, t = V
1/3

0 a. Solving the Hamiltonian

constraint for its conjugate momentum, and defining scale invariant field

momentum pk = V0Pk and scale invariant wave vector k̄ = V
1/3

0 k, we get the

physical Hamiltonian,

Hp =
√

24t2

√√√√Λ +

∫
d3k

(2π)3

[
p2
k

2t6
+

1

2

(
|k̄|2

t2
+m2

)
φ2
k

]
. (5.114)

This can be quantized to get the Energy eigenvalues,

En =
√

24t2

√
Λ +

∫
d3k

(2π)3

(
n+

1

2

)
ωk(t), (5.115)

where,

ωk(t) =
1

t3

√
|k̄|2
t2

+m2. (5.116)

For vacuum energy, we choose n = 0, and to simplify further, we set m = 0.

The k integral is done upto some high energy cutoff K̄. We finally get the

vacuum energy density,

ρvac =
E0

t3
=

1

t

√√√√24

(
Λ +

K̄4

16π2t4

)
. (5.117)
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We can clearly see from this that the vacuum energy density is a non-linear

function of Λ, is explicitly time dependent and the contribution from the

scalar field modes is suppressed at late times (large universe), leaving the Λ

term to be dominant.25 We can calculate its numerical value (now) using the

Planck scale as the cutoff, the observed value of Λ, and t = 5.4 × 1061tP ,26

which gives (with ρP being the Planck energy density),

ρvac ∼ 10−122ρP . (5.118)

Clearly this is very small compared to the ones computed from QFT on a

fixed background.

We can compare this result to the vacuum energy density obtained in a

different time gauge (volume time) in [88] (re-arranging their Eq. 39),

ρvac =
1

t

√√√√8

3

(
Λ +

K̄4

16π2t4/3

)
. (5.119)

Numerically evaluating this for a Planck scale cutoff, the observed value of

Λ, and t = 0.95× 10185tP
27 gives,

25Although it doesn’t really matter if it is suppressed at late times or not since there is
no experimental measure of this vacuum energy density of the full gravity-matter system.
It is to be viewed as a calculation (or prediction) for a given value of Λ, cutoff scale K̄
and time t.

26This follows from the fact that we are using scale factor time, which physically cor-

responds to ‘length’ of the universe: t =
V

1/3
0 a
lP

tP (where we have re-introduced units).
Plugging in the current observed diameter (or radius) of the universe then gives this value
for t.

27Again, this follows from plugging in the current observed volume of the universe in

t = V0a
3

l3P
tP .
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ρvac ∼ 10−246ρP . (5.120)

We can see that these two are not the same, hence making it clear that

vacuum energy density depends on the choice of a global time function. This

is not surprising since this is just a manifestation of the problem of time.

Currently, there is no experimental measure of these vacuum energy densities

of the gravity-matter system, meaning that the differences in their values can

also be viewed as predictions for different choices of time functions, ultimately

to be decided by experiment.

5.8 Conclusions

In this section, we list the main conclusions of this work, followed by a

summary and discussion in the next section.

1. The vacuum in a fully non-perturbative quantum theory of gravity and

matter is the vacuum of the full system defined as the ground state of

the physical Hamiltonian, and depends on the choice of a time function.

2. In general, it is not possible to define a ‘matter-vacuum’, and hence the

question: ‘Does matter-vacuum gravitate?’ cannot be framed.

3. In the full theory, at a classical level, the functional form of energy

density depends on the chosen time-gauge, and in general, is time de-

pendent and a non-linear (usually square root) function of the cosmo-
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logical constant. This is to be viewed as a calculation for the energy

density, given some observed value of the cosmological constant.

4. There are two special choices of time for which the energy density is

linearly proportional to Λ (in contrast to the results of [88]): Dust time,

and York time. In York time, it is in fact a spacetime constant.

5. A full quantization is possible (in some time gauges) after a symmetry

reduction to cosmology. The vacuum energy density turns out to be

time-dependent and proportional to
√

Λ. Again, this vacuum energy

density is a calculation for a given observed value of Λ. Moreover,

within the cosmological sector, introducing a non-zero spatial curvature

leads to a restricted domain for the time function, and performing

a Fermionic quantization leads to (almost) the same vacuum energy

density as usual Schrodinger quantization.

6. Within a full gravity-matter formalism, a mode expansion is not pos-

sible on a dynamical quantum background, and not very useful on a

general fixed background due to the Hamiltonian being a square root.

In an FLRW based toy model where it can be explicitly performed,

the cosmological constant problem does not arise since the vacuum en-

ergy density is a function of the high energy cutoff, and some observed

value of the cosmological constant. Furthermore, it depends on the

chosen time-gauge, is explicitly time-dependent, and is suppressed at

late times (large universe).
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5.9 Summary and Discussion

The cosmological constant problem as currently understood, comes from a

very poor mismatch between theoretical predictions of fixed background QFT

and experimental observations of General Relativity. Starting with a fixed

background theory and subsequently incorporating gravitational effects is not

a sensible thing to do. All of the quantum versions of the problem stated in

Sec 5.2 are arguments coming from QFT on a fixed (usually flat) background.

In this paper, we analyzed the problem in a non perturbative framework. We

have shown that this problem has to be approached non-perturbatively in a

fully dynamical theory containing both gravity and matter.

First and foremost, within a fully non-perturbative quantum theory of grav-

ity and matter, a notion of time is needed to define what a vacuum is. The

understanding of vacuum as the ground state of some Hamiltonian first re-

quires the existence of that Hamiltonian. But in a constrained theory (such

as GR), the Hamiltonian vanishes (this is the problem of time), and hence

(as shown in Sec 5.3) a natural vacuum state cannot be defined. One way

to proceed (as done in this paper) is to identify a time function on the clas-

sical phase space, and then solve (strongly) the Hamiltonian constraint for

the variable conjugate to this choice of time, to get a non-vanishing physical

Hamiltonian. As we saw above, this depends on the choice of time function,

and hence, the ground state, or vacuum of this physical Hamiltonian will

depend on the choice of time.
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Once we have this physical Hamiltonian and its ground state, vacuum energy

density can be calculated by taking the expectation value of this Hamilto-

nian in the ground state and then dividing by the physical volume. As we

saw above, this vacuum energy density, in general, turns out to be time de-

pendent, and is a non-linear function of the cosmological constant. Its exact

functional form also depends on the choice of time being made. This vacuum

energy density is understood as a calculation for some observed value of Λ.

The conventional cosmological constant problem arises by assuming that

quantum matter in its vacuum state will backreact on the background geom-

etry. In a non-perturbative framework however, we have a full gravity-matter

system in which both matter and gravity are dynamical, and a matter-

vacuum state does not exist in general. Therefore, this question of back-

reaction is ill-formulated. What is relevant is the vacuum of the full non-

pertubative gravity-matter system, which as we saw above, is calculated

using some value of Λ. Therefore, within this non-perturbative framework,

the cosmological constant problem does not arise. There is no backreac-

tion since we are already considering the full gravity-matter system. We

would like to emphasize that this is a very conventional approach in which

we neither modified General Relativity, nor tampered with quantum theory.

We defined vacuum as in usual quantum mechanics and then calculated the

vacuum energy density in the presence of a cosmological constant term.

This raises some questions: (i) What is the meaning of these various vacuum

energy densities? (ii) Is there any relation between them? (iii) Do they have
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any observational consequences? And, (iv) Do they give some criteria to

judge which time choice is a good one?

Firstly, these vacuum energy densities are not to be confused with the energy

densities appearing in the Friedmann equations, these are different. These

are the vacuum energy densities of the fully non-perturbative gravity-matter

system. They are to be thought of as the proper variables of interest with

regards to the cosmological constant problem. Furthermore, each of these

vacuum energy densities is with respect to some physical clock (some phase

space variable), and hence constitutes a well-defined, gauge-invariant calcula-

tion: what is the value of vacuum energy density when a chosen phase space

variable (eg scalar field, dust field, spatial volume, etc), which is identified as

time, takes a particular value. It is expected that the answer would depend,

in general, on what phase space variable is chosen as time, and this was

explicitly demonstrated here. This vacuum energy density is the physical

energy density seen by someone who uses a particular variable (e.g., scale

factor, scalar field etc) as a clock.

Secondly, it is not clear if there is a relation between them (that could trans-

form one to the other), or if they are fundamentally distinct. This issue is

directly related to the problem of time, and we have not solved the problem of

time here. It is the same question as: which of all the different Hamiltonians

is the ‘true’ Hamiltonian? This cannot be answered until the problem of time

is solved. Some possible avenues of exploration (which lie beyond the scope

of this paper) are to consider the quantum theories with different choices of
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time (i.e with different Hamiltonians) and see if: (a) They reproduce QFT

on a flat spacetime in some appropriate limit, and hence reproduce all known

observations (See [70] and [135] for an answer to this). (b) They predict the

emergence of an FLRW universe at ‘late times’ and (c) They predict some

new phenomenon or behavior that could be experimentally detected.

We would also like to mention, that within the covariant formalism as well,

energy density is observer dependent. An observer with a four velocity uµ,

sees an energy density ρ = Tµνu
µuν , whereas a different observer with a

different four velocity w̃µ sees, in general a different energy density ρ̃ =

Tµνw̃
µw̃ν 6= ρ. The various time slicings performed here can also be thought

of as different observers traveling on different worldlines.

Thirdly, currently there is no experimental measure of these vacuum energy

densities of the full gravity-matter system. What is experimentally observed

is the value of the cosmological constant, obtained after a fit to the FLRW

universe. Therefore, at this stage, until a method is developed to measure

these quantities experimentally, they can be thought of as calculations or

predictions for different choices of time, given an experimentally observed

value of Λ. In case it turns out that this quantity can not be measured

experimentally, then methods (a-c) listed above (and possibly more) would

be used to decide which Hamiltonian, and hence which energy density is

the “right” one, and then it will remain a calculation, again based on some

observed value of Λ.

Finally, the calculation of energy densities with various choices of time shows
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how its functional form changes by changing the time gauge, and makes it

clear that they can be drastically different from one time choice to another.

Moreover, it also gives an indication of which time choices are better than

others. This is because we want the resultant physical Hamiltonian to be real.

Introducing this constraint then restricts the domain of the time function.

Ideally we want our time function to be a globally valid choice. In this

context then, dust time is a good choice since it introduces no constraints on

the time variable just to keep the Hamiltonian real.

Some of the questions that still remain unanswered in this framework are: (i)

What is a good time? Dust time, in which the Hamiltonian is not a square

root seems like a good candidate. (ii) Related to the first one is the general

issue of the problem of time in quantum gravity. Choosing a different time

function leads to a physically different Hamiltonian and hence a different

quantum theory. Is there a natural choice? (iii) Is there a general method to

reduce to flat space QFT starting from a non-perturbative theory? (iv) Why

is Λ what it is? In our framework, we did not answer the naturalness issue

relating to Λ. We left it to be determined by observations, as parameters in

a theory usually are.

This approach (developed in [88] and extended here) provides a look beyond

flat space QFT arguments. The relation between vacuum energy density and

the cosmological constant is defined consistently only in a holistic approach,

one where both gravity and matter are present along with a choice of time and

a physical Hamiltonian. Within this framework then, there is no cosmological
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constant problem.
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Chapter 6

Simulating the Universe

He realized that he hadn’t looked at any fully “quantum gravity” situation yet.

A lot of people he met on the way had told him very exciting things about

it, but they had also warned him that it’s a hard problem. He thought the

light-orbs had been pretty helpful until now, maybe they can help with this as

well. He had used many of them, and knew their features and shortcomings.

The “dust” one seemed pretty good. He also decided to take a look into some

of the tools he had acquired to see if there was anything helpful there.

He peeked inside, and a flashing terminal caught his eye. It said:

“MONTE CARLO TM: CALCULATE ANYTHING!

PLEASE PRESS ENTER TO CONTINUE”

He thought maybe he can use this. He knew it said “Calculate anything”, but

he first wanted to try a simple setting to see if it worked. With the dust-orb in

one hand, and the terminal in the other, he set out to explore the uncharted
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territory...

In this Chapter, we consider an FLRW universe, with a spatial curvature

k > 0, a cosmological constant Λ, and a dust matter field. The dust field

is used as physical time, and using the resultant physical Hamiltonian, we

construct the path integral for this theory. This path integral is then eval-

uated using MCMC techniques. For Λ < 0, the path integral is convergent,

and we calculate the ground state wavefunction of the universe, and correla-

tion functions. The wavefunction is peaked at zero volume Universes, with

a small spread, and the correlation functions exhibit exponential decay. For

Λ > 0, we consider two different ways of making the path integral convergent,

and calculate the no-boundary wavefunction of the universe, and the expec-

tation value of the volume of the universe. We see that the wavefunction is

peaked at small Universes with some spread, and that a smaller cosmological

constant leads to a larger spread. The mean volume of the universe is a

non-monotonic function of time, and there are some Universes which expand

out to large size starting from zero volume. The advantages of this method

over other proposals is that our system has a physical degree of freedom (in

contrast to some de-Sitter models), and that the exact path integral can be

calculated numerically (instead of just a semiclassical approximation).

This Chapter is based on joint work with Dr. Viqar Husain and Masooma

Ali.
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6.1 Introduction

Within the context of canonical quantization of gravity, the path integral

approach has been used to find solutions to the Wheeler-DeWitt (WDW)

equation. Specifying solutions to the WDW equation involves choosing ap-

propriate boundary conditions for the equation i.e., prescribing the initial

conditions for the universe. In the sum over histories approach this corre-

sponds to a choice of paths (or histories) to be included in the sum. It was

demonstrated by Hartle and Hawking that the amplitude for a particular

3-geometry can be obtained via a semiclassical evaluation of the sum over

all 4-geometries it bounds [66]. This was the original no boundary proposal.

Several proposals have since been made for both the boundary conditions and

the set of paths to be included in the sum to find solutions of the WDW equa-

tion [56, 62, 63, 143, 144]. However, these proposals have been restricted to

semiclassical approximations of the path integral due to technical difficulties.

In recent years, some focus has shifted towards numerical simulations in order

to mitigate the difficulties of performing analytical calculations in the vari-

ous approaches to quantum gravity. Several approaches utilize a sum over

histories formulation for the dynamics, each differing in its fundamental dis-

cretization scheme or lattice formulation. Notable examples include Causal

Dynamical Triangulations [10] and Causal Sets [73]. In addition to mak-

ing the problem of quantum gravity tractable, numerical simulations within

these approaches have provided crucial insights into the quantum nature of
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gravitation [9, 61].

Here, we are interested in exploring the path integral approach numerically

within the framework of canonical quantum gravity. We propose a numerical

method to study the reduced phase space quantization1 of a closed FLRW

universe with a dust field. We use the dust field as a physical clock and after

a time-gauge fixing solve the Hamiltonian constraint to obtain a physical

Hamiltonian. We then define a path integral for this reduced system and

using path integral MCMC techniques study the quantum theory.

Monte-Carlo methods are a staple tool in many areas of physics (e.g., lattice

QCD, atomic physics, etc). In the context of canonical quantum gravity,

Monte-Carlo methods have been applied to cosmological models [31, 32, 33].

In [31], Berger explores several ansatz for regulating the path integral for

minisuperspace models with one, two and three degrees of freedom. However,

in this study the Hamiltonian constraint is not solved, though the lapse (N )

is fixed using the condition Ṅ = 0. On the contrary, in our approach we have

the identification of a physical time (dust), which leads to a (non-vanishing)

physical Hamiltonian identical to the Hamiltonian constraint. Furthermore,

in contrast to the deSitter models studied in literature [31, 63] our model

retains a physical degree of freedom after gauge fixing.

This approach provides an important first step towards the fully non-perturbative

1Reduced phase space quantization is in general inequivalent to Dirac quantization
(see [129] for an example), however we know of at least one example in which the results
are equivalent for a particular choice of operator ordering in the Dirac quantization scheme
[8, 102].
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quantum treatment of matter and gravity. Firstly, the use of dust as time

provides two key advantages: (i) It provides a physical Hamiltonian which

can be quantized through standard methods (without worrying about con-

straints), and (ii) The physical Hamiltonian is just the old Hamiltonian con-

straint. This fact means that any type of matter can be added in this model

as one would add it in standard GR. Hence this model can be generalized

in a straight forward manner. And secondly, the use of MCMC techniques

provide a strong handle on actually calculating quantities of physical inter-

est, even in the presence of matter fields, and in more general (anisotropic,

inhomogeneous) settings. Finally, one big advantage of this approach is that

it does not modify either GR or quantum theory, and uses their standard

formulations which have been extensively tested experimentally2.

This chapter is outlined as follows: In Section 6.2 we define our model and

construct the quantum path integral and its discretized version to be used

for MCMC. Sections 6.3 and 6.4 provide details of our simulations and re-

sults, where we look at some semiclassical calculations, and the no boundary

wavefunction of the universe respectively.

2On the other hand, we haven’t yet tested these theories in domains where quantum
gravity would become important. So quantum gravity might require modifications of GR
or quantum theory or both.
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6.2 The Model

Our model is GR with a dust field, and we use dust as physical time (2.2.2.2).

To reduce to FLRW cosmology, instead of using the standard ansatz (de-

scribed in 2.1), we use a slightly different ansatz using the ‘oscillator’ vari-

ables (A(t), pA(t)) [8],

qab =
3

8
A4/3(t)hab, πab = 2A−1/3(t)pA(t)

√
hhab, (6.1)

where hab = 1
f2(r)

eab with f(r) = 1 + kr2/4 and eab = diag(1, 1, 1). The

parameter k determines the spatial curvature of the metric and sgn(k) =

0,+1,−1 corresponds to flat, closed or open spatial geometries respectively.3

The physical Hamiltonian with this FLRW ansatz is

Hp =

(
p2
A

2
− Λ

2
A2 + kA2/3

)
, (6.2)

(where we have used the rescalings Λ→ 3
4
Λ, k →

(
3
8

) 1
3 k), with the action,

S =

∫
dt

(
Ȧ2

2
+

Λ

2
A2 − kA2/3

)
, (6.3)

which is the action for a particle subject to a potential V (A) = −ΛA2/2 +

kA2/3.

3The notation for spatial curvature in this chapter is slightly different from Chap 5.
Here we use k, whereas in Chap 5, we used κ.
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6.2.1 Classical Analysis

The action (Eq. (6.3)) has several interesting properties. When k = 0 (i.e

the flat FLRW case), this is the action for a simple harmonic oscillator with

Λ < 0 and an inverted harmonic oscillator with Λ > 0, and this system can

be solved analytically (both classically and quantum mechanically) [8].

For k 6= 0, the equation of motion is

Ä− ΛA+
2

3
kA−1/3 = 0. (6.4)

The above equation of motion is singular at the origin and therefore classically

the origin is excluded from the domain of A. For Λ, k 6= 0, the above equation

is not analytically solvable, therefore we solve it numerically. Figure 6.1

displays the phase portraits for different values of Λ (We are interested in

the sgn(k) > 0 case). When Λ > 0 the system has two saddle points.

6.2.2 Quantum Analysis

We will use the path integral approach to study the quantum mechanics of

this model. Our aim here is to evaluate expressions such as

G(A′′, A′) =

∫
DA exp

{
i

∫ T

0
dt

(
Ȧ2

2
+

Λ

2
A2 − kA2/3

)}
, (6.5)

where A′′ = A(T ) and A′ = A(0) indicate boundary conditions on spatial

slices. For the case Λ < 0 (when the physical Hamiltonian is bounded be-
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Ȧ

A

Figure 6.1: Phase portraits for Eq. (6.4) with k = 1 and Λ = 1 (left), Λ = 0
(centre), Λ = −1 (right). The dotted lines indicate the singular nature of
Eq. (6.4) as A → 0. The black dots indicate the two saddle points when
Λ > 0.

low), we are also interested in determining ground state expectation values

of observables.

The functional integral in Eq. (6.5) is oscillatory and in order to make it

convergent, we perform a Wick rotation 4: t → it. Wick rotating Eq. (6.3)

we have

S = i

∫
dt

(
Ȧ2

2
− Λ

2
A2 + kA2/3

)
, (6.6)

where the over dot now indicates differentiation with respect to Euclidean

time. Thus Eq. (6.5) is wick rotated to

G(A′′, A′) =

∫
DA exp

{
−
∫ T

0
dt

(
Ȧ2

2
− Λ

2
A2 + kA2/3

)}
, (6.7)

where the t is now Euclidean time. The Euclidean action SE can be read off

4There are issues with Wick rotations. One particular one is if a metric has cross
terms like dtdx, then a Wick rotation turns the metric imaginary. For our FLRW ansatz,
this is not a problem. For more details, see [145].
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from Eq. (6.7),

SE =

∫
dt

(
Ȧ2

2
− Λ

2
A2 + kA2/3

)
. (6.8)

The integral in Eq. (6.7) is not analytically tractable for Λ, k 6= 0. We proceed

by numerically computing the path integral using the Markov Chain Monte

Carlo (MCMC) method. In order to compute a path integral we need to

define the measure in the path integral. This involves two operations: 1.

Define a set of paths, 2. Define a suitable weight for the paths. The weight

for the paths are determined by the (Euclidean) action functional, therefore

our choice for the set of paths defines our theory. In the following sections

we will discuss various choices.

6.2.3 The Monte Carlo method

The path integral that we wish to compute (6.7) is not analytically solvable.

Here, we propose to evaluate it by using the Path Integral MCMC technique

(described in Chapter 2.4). The central idea is to generate ‘suitable’ paths

that can be weighed to calculate the integral.

In classical theory, there is a unique classical path (once the initial conditions

are specified) that solves the equations of motion. In quantum theory how-

ever, there are an infinite number of paths that contribute to the Feynman

path integral, each with a phase exp(iS). After Wick rotation, the amplitude

exp(−SE) may be treated as a (unnormalized) probability distribution on the

space of paths. The MCMC technique then attempts to generate a Markov
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chain of paths such that the stationary distribution for the Markov chain is

given by the suitably normalized amplitude exp(−SE). In order to probe the

space of paths effectively we use the Metropolis algorithm for importance

sampling. Paths with large positive SE are naturally suppressed.

We start by discretizing the action in Eq. (6.8). The time interval from 0 to

T is divided into N steps. For the potential we choose a point interaction:

A(t) → Ai, whereas for the time-derivative, we use a forward step stencil:

Ȧ(t)→ (Ai+1 − Ai)/ε. The discretized action becomes,

SE =
N−1∑
i=1

ε

[
(Ai+1 − Ai)2

2ε2
− Λ

2
A2
i + kA

2/3
i

]
. (6.9)

We now perform the MCMC procedure with the above action. Here we use

the action itself as an indicator of thermality. For a given set of MC param-

eters, with different starting points, the action converges to (more or less)

the same value. Figure 6.2 shows the action thermalizing for a representative

MC run.

At this stage, it is important to note one key difference between our model

and usual quantum mechanical systems: The potential for our system is not

bounded below when either Λ > 0 or Λ = 0, k < 0. Thus the Hamiltonian

is not bounded below and the Euclidean path integral does not converge for

all values of T 5. We consider two methods to deal with this issue:

5This ‘problem’ arises due to the sign difference between the kinetic term and the
cosmological constant term, which is a feature of GR. One could choose other matter time
gauges, or a gravitational time gauge to avoid this sign problem, but that would then
generically lead to a square root physical Hamiltonian which is difficult to deal with.
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Figure 6.2: Log of the action S vs Monte Carlo time, from one representative
run. The red dot shows the starting value of the action (for a random initial
path), the blue curve shows the action during thermalization, the dashed
black line marks the point where measurements are started, and the green
curve shows the action values during measurement. It is clear that the action
achieves thermalization after around 150,000 thermalization steps. In the
inset, the last thousand samples taken during measurement are plotted, to
show the variations in the action around its mean value.
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1. In [39] the convergence of path integrals of systems with Hamiltonians

unbounded below was investigated. The authors concluded that for poten-

tials diverging as (or slower than) −ω2x2 (where ω is a parameter), the path

integral is convergent if the Euclidean time T is less than π/ω. We are in-

terested here in the case k > 0. For our model, this means that G(A′, A′′, T )

is bounded for all values of T < π/
√

Λ if Λ > 0, and is always bounded

otherwise. We use this result to calculate the amplitude for the universe to

expand from nearly zero volume to some finite volume in section 6.3. In

section 6.4, though we do not fix one of the end points (A′′), we find the

integral is convergent for some values of T . We calculate the no boundary

wave function for these values of T .

2. An alternative way to proceed is by restricting the integral to the set of

paths on which the Euclidean action is manifestly positive or zero [31]. This

regularization is motivated by the duality between Euclidean quantum field

theory and statistical mechanics [110]. The Euclidean action of the quantum

theory is akin to the Hamiltonian of a statistical mechanical system with

time identified as (inverse) temperature (β),

∫
DA e−SE ∼

∑
e−βH . (6.10)

Requiring that this Hamiltonian (which corresponds to our Euclidean action)

be positive,

SE ≥ 0 (6.11)
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fixes the ground state at SE = 0 and yields a convergent integral. This means

that we only select those paths for which SE ≥ 0, and automatically reject

any path that leads to a negative Euclidean action.

A necessary consequence of this regularization is that for Λ > 0 (or k < 0)

there is no unique ground state. In fact an infinite number of degenerate

vacua exist since there is an uncountably infinite number of paths which may

yield SE = 0. Thus the physical results depend quantitatively on whichever

subset of vacua the MCMC process converges on in each run. However,

there can still be qualitative features common to different vacua (we explore

these in later sections). Moreover, the absence of a unique ground state

implies that expectation values of observables cannot be strictly calculated

using the path integral approach. However, we may compare the averages

of observables calculated over different subsets of vacua to extract common

features. Note that for Λ ≤ 0 and k ≥ 0, a unique vacuum exists.6

6.3 Semiclassical calculations

Although our model is capable of doing the full quantum theory non-perturbatively,

it is useful to also look at semiclassical calculations. In this section, we will

6This situation with infinite degenerate vacua can be compared to another physical
system: A particle in a Mexican hat potential (described in Appendix A): V (x, y) =
(x2 + y2 − a2)2, where there is also a one-parameter infinite degeneracy of vacua labeled
by the angle θ = arctan (y/x). Nonetheless, in this case there is an observable whose value

is invariant for all the vacua; this is the radial co-ordinate r =
√
x2 + y2, whose behavior

is 〈r̂〉 = a. All other observables like x̂, ŷ, θ̂ take on different random values on different
vacua. In our case however, we don’t have any such ‘invariant observable’ apart from the
action itself.
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Figure 6.3: The average quantum path 〈A(t)〉 vs the classical solution Acl
for different parameter values. We can see that the quantum path remains
close, but distinct to the classical path.

look at quantum fluctuations around a fixed classical solution. We begin by

recalling the classical equations of motion in Euclidean time,

Ä = −ΛA+
2

3
kA−1/3, (6.12)

where the dot indicates a derivative with respect to Euclidean time. For

k,Λ 6= 0, this equation cannot be solved analytically. We solve it numerically

with different choices of parameters. To generate the classical solutions, we

restrict initial conditions to small Universes (Universes that start out at near

zero size. Numerically this means choosing A(t0) = ε where ε is a small

positive number, since the point A = 0 is singular).

The Monte Carlo process is seeded initially by the classical solution, and the

end points (A(0) and A(T )) are held fixed. Once thermalization is achieved,
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Figure 6.4: Fluctuations in the volume normalized by the mean volume for
the same paths as in Fig 6.3. We can see that at early times, when the
universe is small, the fluctuations are large, but thet gradually die off as the
universe expands. For Λ = k = 1 (middle), the fluctuations die off slower as
compared to others since the classical solution does not expand very much.

measurements are made. We calculate the Monte Carlo mean of the path

〈A(t)〉, and fluctuations in volume ∆V
〈V (t)〉 for three different parameter values.

The results are shown in Fig 6.3 and Fig 6.4. We see that: (i) The average

quantum path does not deviate too far away from the classical path, and (ii)

The relative volume fluctuations are large when the universe is small, and

gradually die off as the universe expands.
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6.4 No Boundary Proposal

The original no boundary proposal prescribes

ψHH(hij, φ) =

∫
DgDφ exp {−SE(g, φ)} (6.13)

where g, φ denote the gravitational and matter degrees of freedom respec-

tively, and the integral is over all compact 4-geometries bounded by a 3-

geometry with induced metric hij [66]. Since compact geometries are summed

over, this integral may be interpreted as the amplitude for the 3-geometry

to arise from “nothing”, i.e a zero 3-geometry or a point. In our minisuper-

space model the no boundary proposal would correspond to calculating the

amplitude of a finite spatial volume 3-geometry to arise from a zero volume

one. That is we would like to integrate over paths with A(0) = 0. For the

FLRW case this proposal is equivalent to the prescription in [101].

Consider now the Euclidean integral (6.7),

G(A′′, A′) =

∫
DA exp

{
−
∫ T

0
dt

(
Ȧ2

2
− Λ

2
A2 + kA2/3

)}
.

We can interpret this propagator as a wave-function by fixing the initial value

A′ and leaving the final value A′′ arbitrary. In the spirit of the no boundary

proposal we define the wavefunction for this model as

ψ(q, T ) =

∫ A(T )=q

A(0)=0
DA exp

{
−
∫ T

0
dt

(
Ȧ2

2
− Λ

2
A2 + kA2/3

)}
. (6.14)
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The limits on the functional integral imply that the integration is defined

over a class of paths which start with A = 0 on the t = 0 hypersurface,

while the value of A at the t = T hypersurface is arbitrary (denoted by the

variable q). Our calculation differs from the Hartle-Hawking calculation in

several ways:

• We fix a time gauge and solve the Hamiltonian constraint right at the

outset. Therefore, there is no integration over the lapse function. We

are not finding solutions to the Wheeler-DeWitt equation.

• A fixed time gauge also implies that the proper time and the foliation

between the initial and final hypersurfaces are fixed. Thus we are in-

tegrating over 3−geometries between these hypersurfaces and not over

4−geometries as in the Hartle-Hawking calculation.

• As in the Euclidean path integral approach the path integral we con-

sider is also unbounded. However, unlike the Hartle-Hawking calcula-

tion we are calculating the full quantum path integral and not a saddle

point approximation. The integral is regularized as discussed in the

previous section.

• For the model presented here, the no boundary proposal corresponds

to choosing a zero volume initial hypersurface, i.e A(0) = 0.
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As described in the previous section Eq. (6.14) is discretized as

ψ(q, T ) =
N∏
n=1

∫
dAn

exp

{
−

N−1∑
n=1

(An+1 − An)2

2ε
− εΛ

2
A2
n + εkA2/3

n

}
,

(6.15)

with A1 = 0 and An arbitrary. Note the upper limit in the summation

distinguishes this from the integral
∫
dA′′G(A′′, A′). We calculate the above

integral numerically using the Metropolis algorithm. The initial value A1 = 0

is held fixed, i.e. A1 is not sampled. The wavefunction ψ(q, T ) is given by

the distribution of the values of AN .

The parameter Λ plays a crucial role in our analysis. We will consider two

cases: Λ ≤ 0 and Λ > 0.

6.4.1 Λ ≤ 0

When Λ ≤ 0 the Euclidean path integral is convergent for all T and a unique

ground state exists. In the large T limit the MC algorithm converges to this

ground state. We find that the action stabilizes at a finite positive value

and the paths are driven towards A(t) = 0. Figure 6.5 displays snapshots of

ψ(q, t) at different times. The initial wavefunction ψ(q, 0) is a delta function

at A = 0 and this disperses with time with the centre of the wavefunction

peaked at A = 0 (the minima of the potential) for all t.
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|ψ|2
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Figure 6.5: Snapshots of the ground state wavefunction at different times
for the case Λ = −1, k = 1 and T = 10. The MC run was started with a
random initial path with A(t) ∈ [−500, 500] and A(0) = 0. We used ε = 0.01,
∆ = 0.4 and NMC = 50, 000.
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Figure 6.6: The unique ground state wavefunction for the case Λ = −1.
The minor variations in the wavefunction are due to the limited number
of samples used and choice of bin size. The MC runs were started with a
random initial path with A(t) ∈ [−500, 500] and A(0) = 0. We used ε = 0.01,
∆ = 0.2, NMC = 50, 000 and a bin size of 0.1.

The ground state wavefunction ψ(q, T ) can be easily computed from the his-

togram of A(T ) at the final time step. Figure 6.6 shows the ground state

wavefunction computed from two simulations with different T values. The

ground state is stationary and we see that the wavefunction from both sim-

ulations is essentially the same.

Since the ground state is unique, we can evaluate the two point correlation

function as

〈0|A(t1)A(t2)|0〉 =

∫
DA A(t1)A(t2) exp{−SE}∫

DA exp{−SE}
, (6.16)

which is just the Monte Carlo average of A(t1)A(t2). Figure 6.7 shows the

correlation functions 〈A(t0)A(t0 + τ)〉 and 〈V (t0)V (t0 + τ)〉 as functions of
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Figure 6.7: Plots of the correlation function for A(t) and the volume V (t).
The black dots indicate the actual data points while the solid blue lines
indicate exponential curves fitted to the data. Both correlation functions
show an exponential decay.

τ ∈ [4, 6] for T = 10.

6.4.2 Λ > 0

The cosmological setting corresponds to Λ > 0. In this case the Euclidean

path integral is not convergent in general. However, as discussed in section

6.2.3, there are two approaches to making it convergent which we consider

below.
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Figure 6.8: The no boundary wavefunction (right panel) for Λ = 0.01, k = 1
and T = 10 computed using samples collected after varying numbers of
thermalization sweeps. A total of 50, 000 samples obtained from 10 indepen-
dent simulations were used for each wavefunction plot. Each simulation was
started with a random path with A(t) ∈ [−500, 500] and A(0) = 0. The
MC parameters were ε = 0.01, ∆ = 0.2, NMC = 5000, and bin size = 0.1.
The left panel shows the value of the action for 5000 samples from a single
simulation.
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6.4.2.1 Integrate to a maximum T

The path integral is convergent if we restrict the integration in time upto

T < π/
√

Λ. For such values of T we can determine the wavefunction as

specified by (6.14). Figure 6.8 shows the no boundary wavefunctions for

Λ = 0.01, k = 1 and T = 10 computed using 50, 000 samples from 10 inde-

pendent simulations. The samples were collected after different numbers of

thermalization sweeps. The actions for the samples collected after 300, 000

thermalization sweeps and 600, 000 thermalization sweeps are quite similar

both in value and the rate of change, and both appear to be sufficiently

thermalized. However, the wavefunctions computed from these samples are

remarkably different. After 300, 000 thermalization sweeps, several sample

paths appear to take on large values [A(10) ∼ 15, V (10) ∼ 84] whereas after

600, 000 thermalization sweeps the second peak at large A(T ) disappears.

The tails of the distribution after the 600, 000 thermalization sweeps are

significantly thicker compared to the distribution after 1.5 million sweeps.

These differences are actually due to the fact that in the first two cases,

the MCMC has not thermalized yet. This can be seen by noting that the

wavefunction for the first two cases is not symmetric (and it should be be-

cause our potential is symmetric). This indicates that convergence has not

happened yet (despite the very small variations in the action which is used

as a primary indicator of thermalization). For the last figure (i.e. 1.5 mil-

lion thermalization runs), the wavefunction is symmetric, and the action is

stable, hence thermalization has been achieved. This wavefunction suggests
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that universes of large volume are less probable.

It is interesting to compare the last plot in Figure 6.8 with the plots in Figure

6.9 which shows the no boundary wavefunction at different values of T with

parameters Λ = 1 and k = 20. The tails of the wavefunction for Λ = 0.01,

k = 1 are nearly twice as long as the tails for the wavefunctions in Figure 6.9.

This indicates that larger universes may be more probable for smaller values

of Λ. All three plots in Figure 6.9 indicate that the universe does not expand

to very large volumes within the interval of convergence for the path intergal.

6.4.2.2 Impose SE ≥ 0

Alternatively, a path integral convergent for all T can be defined by restrict-

ing to the set of paths on which SE ≥ 0. In general the set of paths yielding

SE = 0 is uncountably infinite. In a single MC run only a subset of the

SE = 0 paths can be generated. The size and characteristics of this subset

are determined by the initial path provided to the algorithm and the pa-

rameter ∆. Effectively there is no unique ground state for the algorithm to

converge to, but a continuum of vacua defined by the SE = 0 surface. The

algorithm then converges to the most easily accessible subset of vacua in each

run. Once the algorithm has converged to the zero action surface, it is free

to move on it (since all points on this surface have zero action, and hence

will get selected), however it is expected that this movement will be confined

to a small region around whatever point on the surface the algorithm first
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Figure 6.9: The no boundary wavefunction for Λ = 1, k = 20. The plot was
generated using 50, 000 sample paths for each value of T . The MC runs were
started with a random path with A(t) ∈ [−500, 500] and A(0) = 0. We used
ε = 0.01, ∆ = 0.1, Ntherm = 106, and a bin size of 0.05.
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lands on. This is because all directions around that point (on the surface)

have the same probability of getting accepted. It seems as if most of the

dependence on which vacuum is selected (and hence what results we obtain

for observables) depends on initial conditions. This is not surprising given

the infinite degeneracy of vacua, and can be compared with another system:

a particle in two dimensions in a Mexican hat potential which is described

in Appendix A. Figure 6.10 shows an illustration of this phenomenon.

Figure 6.11 shows the expectation value of volume as a function of time for

four different MC runs. Each run was started with a randomly selected initial

path and the same value of Λ, k and ∆. The common feature in the runs

is that the volume of the universe is a non-monotonic function of time and

in contrast with Figures 6.8 and 6.9 large volumes (at least for some period

of time) are obtained when starting from zero volume. However, each run

results in a different trajectory.

6.5 Conclusions

We studied the quantum theory of a closed (k = 1) FLRW universe with

a cosmological constant and a dust field. The dust was used as physical

time, and we constructed the path integral for this model using the (non-

vanishing) physical Hamiltonian. The path integral was evaluated by using

MCMC techniques.

For Λ ≤ 0, the path integral is always convergent, and a unique ground
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Figure 6.10: Illustration of the selection of different vacua in different runs.
Given two different random initial points (shown in red), the MCMC process
can take different routes (shown in blue) towards the SE = 0 surface, and
hence, can converge to two different vacua (shown in green). Observables
(like mean volume of the universe) will then depend on which vacuum is
selected.
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Figure 6.11: 〈V (t)〉 for four different MC runs with the same parameters. We
used Λ = 1, k = 1 and ∆ = 0.1. In each run the algorithm explores a different
region of the space of vacua and the results of the runs are never the same.
The initial path for each run was a random path with A(t) ∈ [−500, 500] and
A(0) = 0.
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state exists. We calculated the no-boundary wave function of the universe,

which peaked at a vanishing universe (of zero volume), with a small width.

Hence the universe does not get very large. We also calculated the two point

correlation functions for our configuration variable A(t), and for the volume

of the universe V (t). We found that they exhibit exponential decay.

For Λ > 0 (which is the cosmologically relevant case), the Euclidean action

is unbounded below, and the path integral generally does not converge. We

looked at two methods of calculating the convergent path integral. In the

first method, we only integrate the Euclidean action upto T < π/
√

Λ which

makes the integral convergent. We calculated the no boundary wave function

using this method, and saw that it peaks around zero volume Universes, with

a small spread. Hence the universe does not get very large within the domain

of convergence. We also saw that the wavefunction has a larger spread for

smaller values of Λ, hence larger Universes may be more probable for smaller

values of Λ.

In the second method, we imposed the condition that the Euclidean action

be positive (SE ≥ 0), and we only considered those paths in the path in-

tegral that satisfied this requirement. We saw that this leads to an infinite

degeneracy of vacua, and that results depend on which vacuum is selected by

the MCMC (which in turn depends on initial conditions). We calculated the

mean volume of the universe and saw that it varies from run to run. How-

ever, it is generically, a non-monotonic function of physical time, and large

volume Universes are possible after starting from a zero volume universe.
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The method presented here provides a useful formalism to numerically study

non-perturbative quantum gravity with matter, and can be extended in a

straightforward fashion to anisotropic and inhomogeneous settings, and to

include any form of matter. Some work in the context of Bianchi Universes

is already in progress7, and an FLRW universe with a scalar field is currently

under investigation. One particular problem that this method could provide a

tractable model for is the study of gravitational collapse, Hawking radiation,

and the information loss problem [26, 141, 142]; and it may shed some light

on a non-perturbative resolution of this problem.

7M. Ali, PhD thesis.
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Chapter 7

Summary

In this Chapter, we briefly summarize the results of this thesis. More detailed

discussion and summary can be found at the end of each chapter.

In this thesis, we looked at the role of physical time in quantum gravity.

GR is a constrained theory, and hence its Hamiltonian (which is usually

the generator of time evolution) vanishes. This leads to the problem of

time in quantum gravity where the role played by time in GR (where time

coordinates are arbitrary) clashes with its role in quantum theory (where

there is a fixed external time).

A way around this problem is to use ‘physical time’, that is identify a phase

space variable (classically) as time, solve the Hamiltonian constraint, and

then get the (non-vanishing) physical Hamiltonian for rest of the variables.

This Hamiltonian then describes the time evolution of the rest of the degrees

of freedom with respect to the degree of freedom identified as time. Note that
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this is what we already do practically, since we measure time using matter

clocks (which are a dynamical physical system themselves).

Since there is no preferred clock, there is no unique choice of a time variable,

and multiple choices are possible. The resultant physical Hamiltonians for

each choice are different, and will, in general, lead to (unitarily) inequivalent

quantum theories. At first look, therefore, it may seem that this whole

procedure is suspect since it leads to different theories. However, we note

that each time choice constitutes a well-defined gauge-invariant question:

how do the remaining physical quantities evolve with respect to the physical

quantity identified as time.

In Chapter 3, we looked at the semiclassical polymer dynamics of a massive

scalar field in an FLRW universe. We chose a gravitational physical time:

the number of efolds of expansion of the universe. Gravity was classical,

and the scalar field was quantized using a scheme motivated from LQG:

polymer quantization. We then constructed the expectation value of the

scalar field Hamiltonian in a Gaussian semiclassical state, and looked at

the corresponding dynamics. We found that there is an early time polymer

inflationary phase (that continues into the infinite past), followed by slow

roll inflation, and then reheating. We also showed that in this model, sub-

Planckian initial conditions can lead to a large amount of slow-roll inflation.

In Chapter 4, we looked at the same system as in Chapter 3, but with an

additional pressureless dust field. We chose a matter physical time: the

dust field, the scalar field was polymer quantized, and we looked at the
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resultant semiclassical dynamics. We found that there is an early phase of

polymer inflation, followed by slow roll inflation, and then an exit into late

time dynamics. The value of the dust energy density controls the amount

of polymer inflation, with smaller values giving more inflation. In the limit

that this vanishes (i.e., vanishing dust), we recover the results of Chapter 3.

In Chapter 5, we looked at the cosmological constant problem, and what

becomes of it in the physical Hamiltonian approach. We showed that the

notion of vacuum and vacuum energy depends on the choice of time, and

explicitly calculated vacuum energy density for various choices of time. The

vacuum energy density is in general time dependent, a square root, and a

function of the observed cosmological constant. Hence in this formalism,

the cosmological constant problem does not arise. In a toy model, we calcu-

lated numerically the vacuum energy density for two different choices of time,

and showed that they give different answers, and each of them is very small

compared to the usual values calculated from QFT on a fixed background.

We also discussed why the conventional cosmological constant problem is

not well-posed, and gave a formulation of the question ‘does vacuum gravi-

tate?’ in both the physical Hamiltonian formalism, and the Wheeler-deWitt

approach to quantum gravity.

Finally, in Chapter 6, we constructed the path integral for a closed FLRW

universe with a cosmological constant, and a dust field. The dust field was

chosen as physical time, and the path integral was evaluated numerically us-

ing MCMC techniques. We calculated the ground state wave function of the
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universe, and saw that it is peaked at zero volume Universes, with a small

spread. We also calculated the mean volume of the universe, and saw that for

a positive cosmological constant (with a particular technique of making the

path integral convergent), it is a non-monotonic function of time, and there

are Universes that expand out to large size. The model and method presented

here provides a useful template to numerically studying fully anisotropic and

non-homogeneous quantum gravity with matter.

Through years of exploring, he had seen some very interesting parts of the

universe. But there was still a vast amount left. He felt like a little rock on

the shores of a vast majestic sea that had only felt the waves. He thought

maybe it’s time to jump into the ocean. He felt ready, since he had built up a

collection of orbs and tools, and was now beginning to see things as a whole.

He got an orb out of his bag, and started examining it. When suddenly,

something felt wrong...

He was not sure if it was his eyes playing tricks or actually happening, but

the light-ball inside the orb didn’t look smooth and round anymore. It was

fuzzy. In fact, the whole orb was fuzzy. Furthermore, the ball was not bounc-

ing smoothly anymore, it appeared to be jittery. He thought ‘I have been

using this to measure time all along, but if it is not smooth and regular, then

how can I use it as a standard anymore?’. And then he realized something,

‘Maybe time itself is quantum’. In fact this seemed obvious to him now: ‘If

all matter is quantum, and we use matter clocks, then the clocks themselves,
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and hence time, must also be quantum’. This opened a whole new level of

possibilities (and difficulties). Excited to start exploring again, in the hopes

of meeting new people, finding new tools, or maybe even building some, he

set out again...
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Appendix A

Examples of the MCMC

method

A.1 Simple Harmonic Oscillator in 1D

The action is given as,

S =

∫ T

0

dt
m

2

(
ẋ2 − ω2x2

)
, (A.1)

where ω is the frequency of the oscillator and a dot denotes differentiation

with respect to t. First we perform a Wick rotation: t = iτ , which gives,

ẋ =
dx

dt
= −idx

dτ
≡ −ix′

SE = iS =

∫ T

0

dτ
m

2

(
x

′2 + ω2x2

)
. (A.2)
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It is clear from the above that the Euclidean action SE is bounded below,

and hence the path integral

Z =

∫
Dx exp(−SE) (A.3)

is convergent.

We now discretize SE. The path x(τ) is divided into N steps. The value of

x at a given point i is denoted by xi. For the time derivative x
′
, we use the

forward time stencil:

x
′

i ≡
xi+1 − xi

ε
. (A.4)

Note that this is not a unique choice1. Furthermore, this particular choice

will lead to boundary issues at the N -th point. For the oscillator here, we

can remove this issue by considering periodic boundary conditions where:

x1 = xN .

With this, the action becomes,

SE =
N∑
i=1

εm

[
(xi+1 − xi)2

2ε2
+ ω2x2

i

]
. (A.5)

Figure A.1 shows the result of a simulation. The parameter values were m =

2, ω = 50, N = 100, ε = 0.01,∆ = 0.1, Ntherm = 100, 000, NMC = 25, 000, and

Nskip = 25. The initial configuration was chosen with the oscillator at x = 0,

but a random initial start also gives similar results.

1Sometimes, the same is done for the potential term as well for a more ‘symmetric’
treatment, where the point interaction is replaced by an average: xi → (xi+1 + xi)/2.
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Figure A.1: Results from an MCMC run for a simple harmonic oscillator
in 1D. The top graph shows the numerically computed correlation function
〈x(t)x(0.3)〉 (in blue) versus the theoretical one (in red). We can see that its
a close match. The bottom graph shows the mean path 〈x(t)〉 for a sample
run. The title shows some numerically calculated quantities versus their
actual values.

We calculated 〈x〉, and the ground state energy E0.2 We found that 〈x〉 =

−0.0013112±7.397×10−6, which is quite close to its theoretically calculated

value 〈x〉 = 0. And E0 = 24.3007 ± 1.2101 which is close to the theoretical

value of E0 = ω/2 = 25. We also calculated the two point correlation

function 〈x(t)x(0.3)〉 shown in Figure A.1, and found that it is close to the

theoretically calculated correlation function. These results show the success

of the MCMC method in calculating various physical quantities.

2The ground state energy can be calculated using the virial theorem, which gives,
E0 = mω2〈x2〉.
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A.2 Mexican hat potential in 2D

We now consider a two dimensional problem which will help illustrate the

case of an infinite number of degenerate vacua. Consider a particle in a 2D

Mexican hat potential. The action is (with mass m = 2),

S =

∫ T

0

dt
(
ẋ2 + ẏ2 − V (x, y)

)
, (A.6)

where,

V (x, y) = (x2 + y2 − a2)2, (A.7)

and a is some fixed parameter. For numerics, we perform the usual Wick

rotation, and discretization mentioned before.

The potential is shown in Fig A.2. It has a minima at the circle described

by x2 + y2 ≡ r2 = a2, and hence there is an infinite degeneracy of vacua

labeled by the angle θ = arctan(y/x). It is clear that if we start the MCMC

process with the particle at the top of the hill (at r = 0), the process could

lead to any value of θ, since all directions are equally probable (and lower the

action). Hence, this is an example of a system in which 〈θ〉 will vary from

one run to another, and there is no unique value to which it can converge

to. 〈r〉 on the other hand, is expected to be around a, and will give a unique

answer every time (upto statistical fluctuations).

Figures A.3, A.4 and A.5 show the results of three independent simula-

tions with a = 4. Other parameter values were N = 100, ε = 0.01,∆ =
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Figure A.2: The Mexican hat potential in two dimensions.

0.5, Ntherm = 100, 000, NMC = 50, 000, and Nskip = 25. The initial configura-

tion was chosen with the particle at the top of the hill (i.e., x = y = 0), but

a random initial start also gives similar results.

It is clear that 〈x〉, 〈y〉, and 〈θ〉, give different values for each run as expected.

Whereas 〈r〉 can be seen to be around a = 4 for each run. This illustrates

the fact that in a system with an infinite number of degenerate vacua, there

can be quantities (such as 〈θ〉) whose value will vary from run to run, and

there may (or may not) be quantities (such as 〈r〉), whose value is unique for

all vacua.
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Figure A.3: Results from an MCMC run for a particle in a 2D Mexican hat
potential. 〈x〉, 〈y〉, 〈r〉 and 〈θ〉 are plotted as a function of time. Their mean
values are written on top of each diagram. It is clear that 〈r〉 ∼ a = 4. These
are to be compared with two other independent runs shown in Figures A.4
and A.5, which makes it clear that 〈x〉, 〈y〉 and 〈θ〉 vary from run to run,
whereas 〈r〉 does not.
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Figure A.4: Results from an MCMC run for a particle in a 2D Mexican hat
potential. 〈x〉, 〈y〉, 〈r〉 and 〈θ〉 are plotted as a function of time. Their mean
values are written on top of each diagram. It is clear that 〈r〉 ∼ a = 4. These
are to be compared with two other independent runs shown in Figures A.3
and A.5, which makes it clear that 〈x〉, 〈y〉 and 〈θ〉 vary from run to run,
whereas 〈r〉 does not.
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Figure A.5: Results from an MCMC run for a particle in a 2D Mexican hat
potential. 〈x〉, 〈y〉, 〈r〉 and 〈θ〉 are plotted as a function of time. Their mean
values are written on top of each diagram. It is clear that 〈r〉 ∼ a = 4. These
are to be compared with two other independent runs shown in Figures A.3
and A.4, which makes it clear that 〈x〉, 〈y〉 and 〈θ〉 vary from run to run,
whereas 〈r〉 does not.
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Appendix B

A Note

I would like to take this opportunity to note some things I have seen/no-

ticed/felt during the course of my degree. These are my own personal opin-

ions, and proceed in a ‘rambling’ fashion (some of these things have been

publicly said by other people as well).

• I feel that due to a lack of incentive, research on truly hard problems,

and fundamental issues is slow, and few and far between. There is more

incentive to just publish (rather than publish something outstanding).

This has lead to a proliferation of ‘standard calculations’. One look at

the arXiv, or any famous journal in Physics will show lots of articles

that look like routine calculations (with no surprising results either);

or a trend of publishing in a topic that becomes ‘hot’ (regardless of any

issues inherent in the topic itself). And often I find myself asking, ok
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they did this, so what?

• The pressure on young researchers to publish more and more to land

jobs is huge now. This reinforces the standard, that you should publish

almost anything if you can get away with it, since it will look good,

and will help get a job. Someone told me that to land a faculty posi-

tion in North America, one (usually) needs around 20-30 publications!

Of course it might happen that there is someone who came up with a

really good idea that worked, and they got to the top right away, how-

ever, this is rare and risky. It is risky because if your great idea didn’t

work out, then there’s a chance no one will hire you (no one wants to

hire someone who thought about a really hard problem for a few years,

but produced nothing). The relatively easier way is to continue doing

‘routine science’, and continue publishing.

• But progress on hard problems is always slow, and takes a lot of time

and thinking. It should be realized that Science is not always about

‘winning’. If someone had an idea, worked on it for some time to de-

velop it, and it didn’t work out, then so what? But you don’t get

funding (or a job) with this attitude. You have to show something

tangible, which means you have to ignore the hard problems, and work

with whatever is workable. It took Einstein around 9 years to get to
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General Relativity from the idea that he had (the equivalence princi-

ple). Ground-breaking work like this takes time, and doesn’t seem to

be possible in the current academic setting (at least until you get a

permanent job).

• Peter Higgs, the Physicist who got a Nobel Prize for work on the Higgs

mechanism believes no university would employ him in today’s aca-

demic system because he would not be considered “productive” enough:

“Today I wouldn’t get an academic job. It’s as simple as that. I don’t

think I would be regarded as productive enough.” [2] Clearly, it could

have happened that his great idea didn’t work out. But it did, and he

had the time and resources available to develop it - something that is

increasingly vanishing from the current academic world.

• People who do work on ‘out of the box ideas’, or something that is not

standard, face difficulties in getting it published. This is because few

people (including referees, editors) are willing to think out of whatever

paradigm they are stuck in.

• Given the lack of experimental results in Quantum Gravity, and the

current status of the field (that it is stuck), it is understandable that

there be many (different and radical) ideas out there, on which work
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is progressing. However there are some ideas (like SUSY, multiverses,

etc) on which work continues to be done. These are either unfalsifiable

(even in principle), or have been repeatedly shown by experiment not

to work, but the theorists keep tweaking these models (in an epicycle

type fashion) to evade the latest experimental constraints. What is

the reason? Is it perhaps a fundamentalist ideological commitment to

these ideas (even in the face of experimental evidence)? Or is it that

these have become standard, and it’s easy to get published? Or is it a

combination of both? Some people have even remarked that we don’t

need falsifiability as a scientific criteria anymore! [1] (see [130] for an

appropriate response).

• A referee once told us that our paper is not suitable for publication in

a particular journal, because it does not describe a physically realistic

scenario. While this fact may be arguable, the journal in question reg-

ularly publishes stuff related to physics in five and higher dimensions!

• Graduate students face a lot of stress and pressure during their studies.

While I was very lucky to have an extremely helpful and supportive su-

pervisor, and research group, this is not always the case. I know of

colleagues whose supervisors were terrible. It ranges from not giving

enough time for meetings/guidance, to verbally harassing their stu-
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dents. And while UNB (and other universities) have systems in place

to report and check this kind of behavior, more needs to be done. In

particular, if multiple students have left a particular supervisor due to

various reasons, it needs to be examined at a departmental level, what

those reasons were, and if appropriate, the supervisor should be barred

from getting new students until the situation changes.

• Supervisors play a very important role in the lives of graduate students

(specially more so for research based, and PhD students). This requires

a lot of time and effort on the part of the supervisor. As such, at the

university level, this effort generally goes unrewarded. At UNB, at

least, I am not aware of any reward for ‘best supervisor’, whereas there

is one for ‘best teacher’. This is not just about giving incentives to mo-

tivate people, but rather to recognize the genuinely good efforts where

they are being made. I think the role of a supervisor to a graduate

student is as important as the role of a teacher to an undergraduate.

Therefore universities in general, and UNB in particular, should start

an award along these lines. Furthermore, there should also be some-

thing on the other end of the spectrum. Similar to how undergraduate

teaching courses are rated (through a Student Opinion Survey), super-

visors should also be rated (to some extent). And supervisors that are

consistently rated ‘bad’ by different students should be reviewed by the

department.
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• Postdoctoral fellows also face a lot of stress. The major reason being

the uncertainty in their future position. Many people in this field need

to have 2-3 postdocs at least before getting a faculty job. This means

continuously moving from place to place (with your family and kids,

if you have them). Furthermore, the issues faced by them should be

talked about (and resolved) openly. There was a case in which jour-

nals refused to publish a certain scientific paper (that was accepted on

its scientific merits) because the acknowledgments section contained a

comment about the problems with the postdoctoral system [3].

• Things in the academic world need to change, and people who are in

the position of doing so, must do so, collectively. Personal preferences

and biases must be kept aside, and critical thinking should be pro-

moted. The problems faced by academics at different stages of their

careers should be discussed and addressed. Focus should be on the

advancement of science and human knowledge itself (the reason most

scientists choose to do science), instead of just for the sake of publishing.

• On a positive note, there are institutes and people out there who pro-

mote critical thinking, and thinking outside the box. There is a greater

need for more of them. Scientific progress cannot be marked through
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the number of papers published, it is always through the quality of the

work, and time always reveals the true winner in the end.

• For those who want to know, the Gravity group at UNB is a very

nice, supportive, helpful and collaborative group. The Professors here

support students as much as they can, and are generally available to

discuss any sorts of research issues. While it is not a very big group,

and sometimes in terms of the number of fellow graduate students (to

whom one can talk to), it can certainly feel that way, but the professors

(and postdoctoral fellows) make up for that by being available to talk

to, most of the time.

Through personal experience, I would highly recommend Dr. Viqar Hu-

sain as a supervisor, and the gravity group in general to any prospective

students.

The city, Fredericton, I found to be small and boring! Maybe because I

am from a big city myself, or maybe because of the cultural differences.

I have heard people say though (specially people with families) that

they like it. In terms of security, air quality, and ‘Nature friendliness’,

it is quite good, with lots of greenery, trees and trails.

The funding that UNB gives is not very much (compared to the living

expenses), and often students have to find part-time jobs to support

themselves. However, there are various scholarships available to which
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students can apply.
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