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Abstract

In educational and medical studies, cross-classified data are very common.

In the cross-structured data, the observations corresponding to one level of

a random effect could correspond to multiple levels of the other random ef-

fect. In this thesis, a Tweedie generalized linear mixed model with crossed

random effects is introduced to deal with the cross-structured dataset. More-

over, two random effects are considered as multiplicative rather than additive

in the model. The estimates of the random effects are obtained by using or-

thodox best linear unbiased predictor (BLUP) method. The estimation for

the model parameters, involving regression parameters and dispersion pa-

rameters, are conducted iteratively until the results converge. Without the

necessity of specifying the distributions of random effects and incorporating

Tweedie distribution into the model, our method offers a great flexibility to

the distribution of the dataset. Three applications are shown in this thesis to

demonstrate how the proposed model fit differently distributed datasets with

distribution-free random effects. The simulation studies are also conducted

to measure the model performance.
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Chapter 1

Introduction

In educational and social science research, data with multilevel structure

are always encountered. Although numbers of methodologies have been in-

vented to deal with multilevel data analysis, most of them are mainly focused

on hierarchical linear models (Bell et al., 2013). In hierarchical linear models

(HLMs), the multilevel data are assumed to be strictly nested or hierarchical.

It means that the lower level units belong to one and only one upper level

cluster, so the overall structure of the data shows a hierarchical shape.

However, the multilevel data may not always show a strictly hierarchical

or non-hierarchical structure, especially in education and medical studies. A

well-known and widely used example is an educational dataset from Fife in

Scotland (Browne et al., 2001). The response is the academic performance

of 3435 students of age 16, who attended 148 primary schools and 19 sec-

ondary schools. In this example, not all students from the same primary
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school then go to the same secondary school, nor do all students attending

the same secondary school come from the same primary school. From this

point of view, there is not a hierarchical or nested structure between pri-

mary school and secondary school. On the contrary, they are crossed, and

each student potentially could belong to any combination of primary school

and secondary school. Another example mentioned by Rasbash and Browne

(2008) is in health services research. If there are large numbers of patients

attending many hospitals and we also know the neighbourhood where they

are living, then hospital and neighbourhood are considered as two important

sources of variation for the patient level measurement. Here hospital and

neighbourhood are considered to be crossed because hospitals treat patients

from different neighbourhoods and inhabitants in a neighbourhood may go

to different hospitals. It is obvious that there is no hierarchical structure and

patients are crossed classified by hospital and neighbourhood.

It is very important to incorporate crossed structure into the model when

it occurs in the real dataset (Im et al., 2016). Ignoring crossed structure

and fitting the data using the nearest equivalent hierarchical model may

lead to incorrect inferences about the relative importance of different sources

influencing the variation of the response. For example, we may misattribute

the response variation to the level included in the model and make misleading

conclusions (Van den Noortgate et al., 2005; Van Landeghem et al., 2005).

Many researchers noticed the importance and necessity of considering

crossed structure, so a variety of modelling methods are investigated and
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demonstrated by the analyses of real data. For example, Hartley and Rao

(1967) and Patterson and Thompson (1971) discussed a maximum likelihood

estimation for crossed-classification variance component structures. Gold-

stein (1987) described a general procedure for general random coefficient

models, which can be either hierarchical or crossed-classified, but without

discussing any estimation problems. Raudenbush (1993) investigated the

two-level, two-way additive cross-classification and describes an EM algo-

rithm to deal with the estimation, which is demonstrated by a real example.

More details of the traditional estimation methods to analysing multilevel

data with crossed random structure are discussed in chapter 2.

However, there are some limitations for those traditional methods in

terms of speed, memory usage and bias (Rasbash and Browne, 2008). In ad-

dition, those existing approaches rely heavily on the distribution of random

effects and the assumption of a normally distributed response. This strong

reliance limit the robustness and capacity of the model while doing real re-

search. Thus, a robust model with more flexibility in the assumption of the

distribution of random effects and response is necessary.

Motivated by Jørgensen (1992) and Ma (1999), this thesis mainly dis-

cusses a Tweedie generalized linear mixed model, with distribution-free crossed

random effects. This model is based on the Tweedie exponential dispersion

distributions (Jørgensen, 1987), which including a variety of distributions,

like Poisson, normal, gamma, invers Gaussian and compound Poisson. Thus,

our model will not only have a large flexibility in the distribution of random
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effects, but also can be used to analyse responses with various distributions.

Following Ma and Jørgensen (2007), the parameter estimation is conducted

based on orthodox best linear unbiased predictors (BLUPs) of random effects.

These orthdox BLUPs are truly the linear unbiased predictors of random ef-

fects which minimize the mean-squares distance between true random effects

and their predictors. In addition, another novelty in this model is that two

random effects are considered multiplicative, instead of additive in the tradi-

tional model. It means the combined influence of two random effects is their

product, instead of the summation of two random effects.

The remaining part of this thesis is mainly organized into five parts.

In chapter 2, three existing estimation algorithms for fitting crossed-

classified data are discussed generally, along with the advantages and dis-

advantages for each method. These three algorithms are: (1) the iterative

generalized least squares (IGLS) estimates, (2) Markov Chain Monte Carlo

(MCMC) Algorithm, (3) Alternating Imputation Prediction (AIP) method.

In chapter 3, the proposed model is mainly introduced by specifying

three important assumptions, displaying the moment structures of response

and random effects in the form of matrices. The best linear unbiased predic-

tors (BLUPs) for random effects are also described in this chapter in order

to obtain the optimal estimates. Then, an iterative equation is given to esti-

mate the regression parameters. Lastly, the method of estimating dispersion

parameters is also displayed.

Three applications are demonstrated in chapter 4, chapter 5 and chapter
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6. In chapter 4, the Poisson mixed model is used to analyse a count data,

child respiratory hospitalization data. The data contain 345 pieces of records

for children age from zero to 14 who were admitted as in-patients with a

diagnosis of respiratory illness between April 1st, 1991 and March 31st, 1996

(Congdon and Best, 2000). Wards and practice are considered as two random

effects here. The estimated results are displayed and interpreted, followed

by a simulation study to assess the performance of the algorithm.

In chapter 5, a special binomial dataset, the animal fertilization data,

is analysed, in which the total number of trials of the binomial distributed

response is also a random count. The “dual Poisson mixed model” is em-

ployed based on a well-known relationship between binomial and Poisson

random variables. The estimating procedure is based on the existing es-

timating methods for the Poisson mixed model. Then the analysis results

are displayed with interpretations and a simulation study is conducted to

evaluate the performance of this model.

In chapter 6, the proposed model is used to analyse a fish mercury

concentration dataset with non-detectable values in the response. For this

special dataset, a compound Poisson mixed model is used, with fish species

and lake considered as two random effects. Then, the analysis results are

displayed with interpretations. To evaluate the performance of the model, a

simulation study is then conducted. As a comparison, a Gamma mixed model

is also used to analyse this dataset without assuming any detection limit of

mercury concentration. The analysis results of the Gamma mixed model will
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be shown and a comparison between the results of these two models will be

made.

Some conclusions and comments are made in chapter 7, along with a

general discussion of future work.

6



Chapter 2

Literature Review

2.1 Introduction to Crossed Structure of Ran-

dom Effects

Random effects models for unbalanced hierarchical structured data at-

tracted the attention of researchers in social science since mid-1980s. The

application of this model involves hierarchical or nested random effects, where

each lower level unit belongs to one and only one higher level unit.

However, more complex data structures are commonly encountered in

real data analysis, like non-hierarchical or crossed structure. In cross-structured

data with two classes A and B, the observations corresponding to the same

level in class A may be correlated with different levels in class B, and vice

versa, the observations corresponding to the same level of class B may be cor-

related with different levels of class A. A widely used example for crossed ran-
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dom effect structure is an educational dataset from Fife in Scotland (Browne

et al., 2001). The response variable is the exam result of 3435 students age

16 who attend 19 secondary schools and 148 primary schools. The primary

school and secondary school are considered as two random effects influencing

the performance of the students in the exam. In addition, they are considered

as crossed because the students attending the same primary school may go

to different secondary schools and the students in the same secondary school

may come from different primary schools. Moreover, these two random ef-

fects are partially crossed since not all the possible combinations between

primary school and secondary school occur in the data.

Another typical example in educational study is analysed by Garner and

Raudenbush (1991) to investigate the effects of neighbourhood and school for

educational attainment. The data contain the educational measurements of

2310 students, from 524 neighbours and 17 schools. Here neighbourhood and

school are considered as two random effects with partially crossed structure

because some neighbours sent students to multiple schools and schools drew

students from multiple neighbourhoods. More importantly, not all the com-

binations between neighbourhood and school occur in the data, only some

cases out of all possible combinations can be found.

Another dataset, which can be found in R package “BHH2”, possessing

crossed random effect structure is Penicillin data. Penicillin data were first

described by Davies and Goldsmith (1972) in Table 6.6 on page 144. In

this experiment, 6 samples of Penicillin solutions are dropped on 24 Petri
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dishes (plates). After several minutes, Penicillin diffuses, which produces a

clear circular zone of inhibition of organisms’ growth. The diameter of the

circular zone was measured and regarded as the response. In the experiment,

all 6 samples are measured on each of 24 plates, which means all combinations

between sample and plate occur in the data. Thus, if we regard sample and

plate as two random effects, 6 sample of Penicillin and 24 plates are called

fully or completely crossed random effects.

Lastly, I would like to introduce a more complex data structure, which

can also be commonly encountered in real research. Although it is not the

focus of this thesis, the importance of it is non-negligible. It is called multi-

ple membership structure. Multiple membership describes a data structure

where a lowest level observation is a member of more than one higher classi-

fication unit. Consider the educational data from Fife in Scotland discussed

at the beginning of this section, in which 3435 students attend 19 secondary

schools and 148 primary schools. If some of the observed students changed

their schools during the course of the experiment, then there might be some

special cases in which a student attended several primary schools or sec-

ondary schools. In other words, a student might correspond to multiple

primary schools or multiple secondary schools. In this case, two random

effects are not only crossed, but also present the feature of multiple member-

ship. A real dataset considered as multiple membership structure by Browne

et al. (2001) is Scottish lip cancer data. The response variable in the data

is observed count of male lip cancer from 1975 to 1980 in 56 counties of

9



Scotland. This dataset has been analysed many times using various methods

to investigate the spatial random effect. Browne, Goldstein and Rasbash

considered this problem from the perspective of multiple membership model

creatively. They regarded 56 counties as the first random effect. In addition,

they considered a second random effect of neighbours which represents the

counties close to a certain county. Thus, each observed count of lip cancer

corresponds to one county and multiple neighbours. A multiple member-

ship structure is successfully constructed. Then they applied Markov Chain

Monte Carlo (MCMC) in a Bayesian framework to analyse the data based

on multiple membership model. The details of this estimation method will

be introduced in the next section, along with other existing methods.

2.2 Existing Estimation Algorithms for Crossed

Random Effect Models

Three estimation algorithms for fitting crossed random effect models

are generally discussed in this section. Each of them has advantages and

disadvantages in terms of speed, memory usage and bias.
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2.2.1 Iterative Generalized Least Squares (IGLS) Al-

gorithm

The iterative generalized least squares (IGLS) estimator is first given

by Goldstein (1986) to analyse hierarchically structured datasets and shown

to be equivalent to maximum likelihood in the normal case. Based on that,

Goldstein further extended IGLS algorithm to a very general mixed linear

model with both crossed and nested covariance component (Goldstein, 1987).

Generally, the IGLS estimators are the estimates satisfying both of the

following equations:

β̂ = (XTV −1X)−1XTV −1y

θ̂ = (Z∗T (V ∗)−1Z∗)−1Z∗T (V ∗)−1y∗, (2.1)

where β̂ is the estimated fixed effect parameters and θ̂ contains the estimates

of variance and covariance of random effects. V = cov(y|X, β) and the esti-

mate of V is obtained from θ̂ and Z. y∗ is a vector containing the elements of

(y−Xβ)(y−Xβ)T with length of N2 (N is the number of total observations).

V ∗ = V
⊗

V and Z∗ is the design matrix linking y∗ to V in the regression of

y∗ on Z∗. More details are discussed in Goldstein (1986).

The problem when applying this algorithm to the crossed random effects

model is that some of the matrices are so huge that the computation of this

algorithm is very slow and extremely resource intensive in terms of both

CPU and memory usage. More discussion and application can be found in

11



Rasbash and Goldstein (1994) and Bull et al. (1999).

2.2.2 Markov Chain Monte Carlo (MCMC) Algorithm

The Markov Chain Monte Carlo (MCMC) estimation algorithm is used

to generate samples from the posterior joint distribution of all unknown pa-

rameters (Rasbash and Browne, 2008). These samples are then used to con-

duct point and interval estimation for each individual parameter.

There are many cross-structured datasets analysed by MCMC methods.

The production and fish quality data of farmed Atlantic salmon from Marine

Harvest Norway (MHN) were analysed using the MCMC method to inves-

tigate the sources of variation and risk factors for spinal deformity (Aun-

smo et al., 2009). Browne et al. (2001) implemented the MCMC method

to analyse the educational data of test scores from Fife in Scotland, and

compared the MCMC result with maximum likelihood based IGLS method.

Furthermore, they also analysed a Belgium household migration data, which

has a more complex structure, multiple membership multiple classification

(MMMC) structure, by the MCMC method and compared the result with

the IGLS method.

There are many different methods within the MCMC algorithm, Gibbs

sampling is the one used most widely in analysing crossed random effect

models. The Gibbs sampling method is used to generate a sequence of ob-

servations, each of which is correlated with the nearby samples, based on the

specified joint distribution of n-dimensional parameters when direct sampling

12



is difficult. It first divides the parameter vector θ into n different blocks,

θ = (θ1, θ2, . . . , θn). Then each block is sampled from the full conditional

distribution p(θk|θ1, . . . , θk−1, θk+1, θn), iteratively. The steps of the Gibbs

sampler are described below:

Step 1 Specify the initial values for parameters θ(0) = (θ
(0)
1 , θ

(0)
2 , . . . , θ

(0)
n )

Step 2 Sample each parameter block as follows, iteratively (i represents the

ith iteration):

– Sample θ1
(i) from the full condition distribution

p(θ1|θ2
(i−1), θ3

(i−1), . . . , θn
(i−1))

– Sample θ2
(i) from the full condition distribution

p(θ1|θ1
(i), θ3

(i−1), . . . , θn
(i−1))

...

– Sample θn
(i) from the full condition distribution

p(θ1|θ1
(i), θ2

(i), . . . , θn−1
(i))

The procedures above produces a correlated chain. When i is large

enough, the generated observations can be regarded as a sample from the

underlying distribution (Geman and Geman, 1993). Based on these results,

the point and interval estimation can be conducted.

13



2.2.3 The Alternating Imputation Posterior (AIP) Method

The Alternating Imputation Prediction (AIP) method is a data augmen-

tation approach to estimate models with large numbers of crossed random

effects (Rasbash and Browne, 2008). This algorithm was motivated by the

intention of overcoming the computational difficulties in using linear mixed

models to fit the data that involves an extensive dataset and large numbers

of random effects (Clayton and Rasbash, 1999).

The AIP algorithm, involving a restatement of the crossed random effect

model in terms of a constrained nested random effect model, was proposed

by Rasbash and Goldstein (1994). This algorithm is most successful in a

situation in which the structure of the data deviates only slightly from the

nested structure, for example, the educational data in Fife, Scotland, men-

tioned in previous chapters (Browne et al., 2001). In this data, only a small

proportion of students in primary schools did not go to the main secondary

school, so the crossed-classified structure does not deviate from the nested

structure very much.

In other words, in AIP, a K-way crossed random effect model is restated

into k nested models, firstly. Then those K partitions of the whole model can

be analysed by alternating between K parallel IP algorithms. IP algorithm

was introduced by Tanner and Wong (1987), which is a stochastic version

of the EM algorithm, or IP, in maximum likelihood estimation for problems

involving missing data. The AIP algorithm is conducted iteratively, where

in each iteration, the following steps are carried out for each partitioned

14



model by sequence. Below are the procedures in the ith iteration for the kth

partitioned nested model:

1 Fit the kth nested sub-model using offset vector O(i)
k calculated from

the current values of the random effects.

2 P-step. Sample the model parameters from an approximation to their

joint posterior distribution; the result will be used in next I-step.

3 I-step. Regard the ith random effect as missing data and impute it by

sampling the distribution of random effect i given the observed data

and current values of the model parameters obtained from 2.

After we conduct the steps above for each partitioned model, we com-

plete one iteration. This is an Imputation-Posterior algorithm which al-

ternates between K random effects. After a burn-in period, the posterior

moments for the parameters can be obtained by Rao-Blackwellization, if us-

ing asymptotic properties and assuming asymptotic normality (Clayton and

Rasbash, 1999).

As mentioned above, this AIP algorithm performs well only in the data

whose crossed-classified structure deviates slightly from the nested structure.

When the data possess a strong feature of crossed structure, a large amount

of memory is required and numerical instability could occur in the estimated

result (Clayton and Rasbash, 1999).
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2.2.4 Other Methods and Comments

An empirical Bayes approach to estimating crossed random effect mod-

els based on the EM algorithm was proposed by Raudenbush (1993). He

constructs the crossed random effects model by combining two concepts of

changeability between and within regressions. However, his algorithm seems

most efficient when there are many levels in one random factor and a compar-

atively small number of levels in the second random factor. In addition, two

random effects are assumed additive, so there no interaction effect between

two random effects taken into account.

In addition, there are some approximation methods: marginal quasi-

likelihood (MQL) and penalized quasi-likelihood (PQL) (Breslow and Clay-

ton, 1993) and second-order improvements (Goldstein and Rasbash, 1996) re-

quiring fitting a linear mixed model when conducting reweighed least squares

algorithm iteratively.

As a simple comparison between different methods, the IGLS method

requires a huge memory usage when all crossed random effects have large

numbers of units. AIP does not have memory problems but it converges

slowly for a structure close to hierarchy. If the response is a binary variable,

then this method is affected by the bias. The MCMC algorithm has no

bias and memory problem, but there are issues with the selections of prior

distributions used for the variance parameters. This method is also slow

since it estimates the whole distribution instead of simply the model.
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2.3 Generalized Linear Mixed Model Based

on Tweedie Exponential Dispersion Dis-

tribution

From the linear model (LM), where the expected value µi of a random

observation yi can be expressed as a linear combination of a sequence of

unknown constants µi = xiβ, the linear mixed model (LMM) appears, in

which random variables are incorporated into the linear function, in cooper-

ation with constants, to express the expected value (McCulloch et al., 2008).

Thus, the formula to represent LMM can be expressed as: µi = xiβ + ziu,

where x and z represent the covariates for fixed effect and random effect,

respectively. In addition, µi = E[Yi|u] represents the conditional mean of

the response given the random effects. Both LM and LMM require linearity

and normality.

In the last twenty-five years or so, an advanced extension, generalized

linear mixed model (GLMM), has appeared and plays an important role in

data analysis. The essence of this generalization lies in two points: first, the

assumption of normal distribution of the response is not necessary; second, it

is some function of the mean that can be expressed as a linear combination of

the parameters, instead of the mean itself (McCulloch and Neuhaus, 2005).
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The GLMM can be expressed below:

E[yi|u] = µi, (2.2)

g(µi) = xi
′β + zi

′u, (2.3)

where g(.) is a known function, called link function since it links the con-

ditional mean of yi and a linear form of predictors together. xi
′ is the ith

row of the covariates matrix for fixed effects and β is the fixed effects pa-

rameter vector. Similarly, zi
′ is the ith row of model matrix for the random

effects and u is the random effects vector. Note here, we use µ to represent

conditional mean of response, not the unconditional mean. To complete the

specification, we assign a distribution to random effect:

u ∼ fU(u) (2.4)

In this thesis, the GLMM is based on the Tweedie exponential dis-

persion distribution. First, the basic definition of exponential dispersion

model (EDM) is introduced. The“exponential dispersion model (EDM) is

a two-parameter family of distributions consisting of a linear exponential

family with an additional dispersion parameter” (Dunn and Smyth, 2005).

An important filed of study in EDM was established by Jørgensen (1987,

1997), called Tweedie exponential dispersion models. More specifically, a

random variable Y that follows Tweedie distribution with power index p,
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Y ∼ Twp(µ, φ), can be defined in terms of its density as below:

f(y;µ, φ) = c(y;φ)exp{1

φ
(
yµ1−p

1− p
− µ2−p

2− p
)}, (2.5)

where the normalizing constant c(y;φ) can be expressed in terms of φ and

α = 2−p
1−p as follows:

c(y;φ) =


1, y = 0;∑∞

n=1
−αy−nα

n!Γ(−nα)[φ(2−p)]n(1−α)
, y > 0.

(2.6)

The summation of infinite series above is known as Wright generalized Bessel

function. In addition, E(Y ) = µ and V ar(Y ) = φµp.

The Tweedie family covers a large number of commonly used distribu-

tions by setting different values for power index p. For example, when p=0,

the Tweedie distribution corresponds to normal distribution; when p=1, it

corresponds to Poisson distribution; when p=2, Tweedie distribution cor-

responds to Gamma distribution and when p=3, it corresponds to inverse

Gaussian distribution. In addition, when 1 < p < 2, Tweedie family corre-

sponds to compound Poisson distribution, which is a semi-continuous dataset

including a right skewed density curve and a number of zeros.

It is worth noting that the evaluation of Tweedie compound Poisson dis-

tribution involves calculating c(y;φ). It requires a numerical approximation

to Wright’s generalized Bessel function. This approximation occurs in every
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iteration in the traditional likelihood estimation methods, which makes the

traditional likelihood methods very challenging because of the intensive com-

putation. The estimation algorithm used in this thesis, which is orthodox

Best Linear Unbiased Predictor (BLUP) method, avoids this difficulty since

it requires this evaluation only once to obtain the initial values.

There is another important novelty in the model proposed in this thesis,

compared with the traditional models. That is, unlike other models where

the crossed random effects are additive, our model has multiplicative crossed

random effects. In other words, it is the product of random effects that

helps to explain the variation of the response in our model, while in other

traditional models, the sum of random effects (no matter nested or crossed)

helps to explain the variation of the response. More details of the model

specification are discussed in chapter 3.
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Chapter 3

Tweedie Crossed Random

Effects Models

3.1 Model Specification

In this section, we consider crossed random effect models, where each

response is associated with two factors. Let Y = (Y1, . . . , Yk, . . . , YN)T rep-

resent the vector of the responses, where Yk, the kth (k ∈ 1, 2, . . . , N) re-

sponse, is associated with the ith first factor and jth second factor. Also

let U and V represent the vector of the first and the second random ef-

fects respectively, which can be expressed as U = (U1, . . . , Ui, . . . , UI)
T and

V = (V1, . . . , Vj, . . . , VJ)T . Our model is based on the following three as-

sumptions:

Assumption 1. The first random effect U (U1, . . . , Ui, . . . , UI) is inde-
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pendently and identically distributed with

E(Ui) = 1 and var(Ui) = σ2.

Assumption 2. The second random effect V (V1, . . . , Vj, . . . , VJ) is

independently and identically distributed with

E(Vj) = 1 and Var(Vj) = τ 2.

In addition, the random effects U and V are independent. Let U∗ =

(U × V ) represent the multiplied combination of random effects U and V ,

with dimensions (I × J)× 1. If the first random factor U has I components

and the second random factor V has J components, then there are I × J

components in the vector U∗. Therefore, U∗ can be expressed as:

U∗ = (U1V1, · · · , U1Vj, · · · , U1VJ , · · · , UiVj, · · · , UIV1, · · · , UIVj, · · · , UIVJ)T

Now we create an identity matrix B = (B1, . . . ,Bk, . . . ,BN)T, with di-

mensions of N× (I×J), where N represents the number of the observations,

I is the number of components for the first random factor U and J represents

the number of components in the second random factor V . Each component

Bk (k ∈ 1, . . . , N) is a 1 × (I × J) matrix, indicating which random effects

U and V are associated with the kth object. For example, if the kth object

is associated with the ith fist random effect Ui and the jth second random
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effect Vj, then its identity matrix Bk only has value one at the position cor-

responding to Ui × Vj, while others are all zero. For instance, matrix Bk

could have values like Bk = (0, . . . , 0, 1, 0, . . . , 0). Thus, identity matrix B

has the form as below:

B =



0 0 1 0 · · · · · · · · · · · · 0

0 · · · · · · · · · · · · 0 1 0 0

...
...

...
...

...
...

...
...

...

0 · · · · · · 0 1 0 · · · · · · 0

...
...

...
...

...
...

...
...

...

0 0 · · · · · · · · · · · · 0 1 0


(3.1)

Assumption 3. Given random effects U and V , the components of Y

are conditionally independent. In other words, the conditional distribution

of Y , given U and V , depends on the random effects associated with it, only,

that is

Yk | U, V ∼ Twp{µkUiVj, ρ2(UiVj)
1−p}, (3.2)

where µk = exp(XT
kβ) with Xk stands for the predictor vector of the kth

response. Ui and Vj are the random effects corresponding to the kth observa-

tion. The explicit expression of Tweedie exponential dispersion distribution

is given in equation (2.5) in chapter 2. Thus, the conditional mean and the
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conditional variance of the response are:

E(Yk|U, V ) = µkUiVj, (3.3)

Var(Yk|U, V ) = ρ2µpkUiVj, (3.4)

when random effects Ui and Vj are associated with the kth response.

Since the full mechanism of the random effect is not known, ideal in-

dependent properties are imposed in Assumption 1 and Assumption 2.

It is noteworthy to point out that these two assumptions are only based on

first two moments and cover a wide range of parametric random effects, like

Gamma, inverse Guassian and log-normal distributions (Ma, 1999). Mean-

while, a large variety of distributions of responses can be specified as a

Tweedie distribution as mentioned in Assumption 3.

3.2 Moment Structure

The moment structure of the model can be gained after the calculation of

conditional moment structure given random effects, which is given in formula

(3.3) and (3.4). In addition, according to the Assumption 1 and 2, E(Ui) =

E(Vj) = 1 and Ui and Vj are independent; we have E(UiVj) = E(Ui)E(Vj) =
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1. Thus, the unconditional expectation of Yk has the expression as below:

E(Yk) = E[E(Yk|U, V )]

= E[µkUiVj]

= µkE(UiVj)

= µk (3.5)

The unconditional covariance of Yk and Y ′k can be derived as below:

Cov(Yk, Yk′) = E {Cov(Yk, Yk′|U, V )}+ Cov {E(Yk|U, V ), E(Yk′|U, V )}

= L1 + L2 (3.6)

In equation (3.6), L1 = E {Cov(Yk, Yk′ |U, V )} can be obtained in two

scenarios:

Case 1: If k = k′, then

E[Cov(Yk, Yk′ |U, V )] = E[V ar(Yk|U, V )] (3.7)

= E(ρ2µk
pUiVj)

= ρ2µk
pE(UiVj)

= ρ2µk
p

Case 2: If k 6= k′, since the responses Y are independently distributed given
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random effects U and V , Cov(Yk, Yk′ |U, V ) is zero. Thus,

E {Cov(Yk, Yk′|U, V )} = E(0) = 0

In summary, L1 can be expressed as:

L1 = E[Cov(Yk, Yk′|U, V )] =


ρ2µk

p, if k = k′

0, otherwise.

(3.8)

Then, L2 = Cov {E(Yk|U, V ), E(Yk′ |U, V )} can be derived as below.

As mentioned in equation (3.3), E(Yk|U, V ) = µkUiVj given that the kth re-

sponse is associated with random effects Ui and Vj. The expression Cov {E(Yk|U, V ), E(Yk′ |U, V )}

becomes:

Cov {E(Yk|U, V ), E(Yk′ |U, V )} = Cov {µkUiVj, µk′Ui′Vj′} (3.9)

In the context, µk and µk′ are constant, so expression (3.9) can be written

as:

Cov {E(Yk|U, V ), E(Yk′ |U, V )} = µkµk′Cov(UiVj, Ui′Vj′)

= µkµk′ [E(UiVjUi′Vj′)− E(UiVj)E(Ui′Vj′)]

(3.10)

The results of Cov(UiVj, Ui′Vj′) = E(UiVjUi′Vj′) − E(UiVj)E(Ui′Vj′) change
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with four different cases:

Case 1: If i = i′ and j = j′, then

Cov(UiVj, Ui′Vj′) = E(UiVjUiVj)− E(UiVj)E(UiVj)

= E(Ui
2Vj

2)− E2(UiVj)

= E(Ui
2)E(Vj

2)− E2(Ui)E
2(Vj)

= [V ar(Ui) + E2(Ui)][V ar(Vj) + E2(V j)]− E2(Ui)E
2(Vj)

= (σ2 + 1)(τ 2 + 1)− 1

= σ2τ 2 + σ2 + τ 2 (3.11)

Case 2: If i = i′ and j 6= j′, then

Cov(UiVj, Ui′Vj′) = E(UiVjUiVj′)− E(UiVj)E(UiVj′)

= E(Ui
2VjVj′)− E(Ui)E(Vj)E(Ui)E(Vj′)

= E(Ui
2)E(Vj)E(Vj′)− E2(Ui)E(Vj)E(Vj′)

= E(Ui
2)× 1− E2(Ui)× 1

= σ2 (3.12)
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Case 3: If i 6= i′ and j = j′, then

Cov(UiVj, Ui′Vj′) = E(UiVjUi′Vj)− E(UiVj)E(Ui′Vj)

= E(UiVj
2Ui′)− E(Ui)E(Vj)E(Ui′)E(Vj)

= E(Ui)E(Vj
2)E(Ui′)− E(Ui)E

2(Vj)E(Ui′)

= E(Vj
2)− E2(Vj)

= τ 2 (3.13)

Case 4: If i 6= i′ and j 6= j′, then

Cov(UiVj, Ui′Vj′) = E(UiVjUi′Vj′)− E(UiVj)E(Ui′Vj′)

= E(Ui)E(Vj)E(Ui′)E(Vj′)− E(Ui)E(Vj)E(Ui′)E(Vj′)

= 0 (3.14)

Therefore, the Cov(UiVj, Ui′Vj′) has the form summarized as below:

Cov(UiVj, Ui′Vj′) =



σ2τ 2 + σ2 + τ 2, if i = i′ and j = j′;

σ2, if i = i′ and j 6= j′;

τ 2, if i 6= i′ and j = j′;

0, if i 6= i′ and j 6= j′;

(3.15)

Thus, L2 = Cov {E(Yk|U, V ), E(Yk′|U, V )} has the expression summa-
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rized as:

L2 = Cov {E(Yk|U, V ), E(Yk′|U, V )}

= µkµk′Cov(UiVj, Ui′Vj′)

=



µkµk′(σ
2τ 2 + σ2 + τ 2), if i = i′ and j = j′;

µkµk′σ
2, if i = i′ and j 6= j′;

µkµk′τ
2, if i 6= i′ and j = j′;

0, if i 6= i′ and j 6= j′;

(3.16)

At this point, we can summarize the result of the second moment struc-

ture of the response Cov(Yk, Yk′) = L1 + L2 using Kronecker notation as:

Cov(Yk, Yk′) = δ(k,k′)ρ
2µpk + µkµk′ [δ(i,i′)δ(j,j′)σ

2τ 2 + δ(i,i′)σ
2 + δ(j,j′)τ

2]

(3.17)

where δ(k,k′) equals one when k = k′, and equals zero otherwise. δ(i,i′) equals

one only when i = i′ and equals zero otherwise. Similarly, δ(j,j′) has a value

of one if j = j′, and has a value of zero otherwise.

It is noteworthy to point out that Cov(UiVj, Ui′Vj′) is basically the co-

variance of U∗, noted as V ar(U∗), since U∗ = UV is the vector representing

the multiplied combination of U and V . Thus, V ar(U∗) = Cov(UiVj, Ui′Vj′)

is a squared matrix with dimensions (I×J) by (I×J). Filling in all the pos-

sible vales of Cov(UiVj, Ui′Vj′) into the square matrix of V ar(U∗) according
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to formula (3.15), we can visualize the covariance structure of U∗ as below:

V ar(U∗) =



A τ 2I · · · τ 2I τ 2I

τ 2I A · · · τ 2I τ 2I

...
...

. . .
...

...

τ 2I τ 2I · · · A τ 2I

τ 2I τ 2I · · · τ 2I A


(3.18)

Here, V ar(U∗) can be regarded as a square matrix with dimensions of I by

I and each component of V ar(U∗) is also a square matrix with dimensions

of J by J . Squared matrix A is of dimensions J ×J , possessing the property

that all the diagonals are σ2τ 2 +σ2 + τ 2 and all the off-diagonals are σ2. The

expression of matrix A is:

A =



σ2τ 2 + σ2 + τ 2 σ2 · · · σ2 σ2

σ2 σ2τ 2 + σ2 + τ 2 · · · σ2 σ2

...
...

. . .
...

...

σ2 σ2 · · · σ2τ 2 + σ2 + τ 2 σ2

σ2 σ2 · · · σ2 σ2τ 2 + σ2 + τ 2
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The matrix τ 2I represents a J × J square matrix which can be expressed as:

τ 2I =



τ 2 0 · · · 0 0

0 τ 2 · · · 0 0

...
...

. . .
...

...

0 0 · · · τ 2 0

0 0 · · · 0 τ 2


Thus, we can have the matrix form of the second moment structure of Y :

V ar(Y ) = ρ2diag(µp) + diag(µ)BV ar(U∗)BTdiag(µ) (3.19)

where µ = (µ1, . . . , µk, . . . , µN)T , diag(µp) = diag(µp1, . . . , µ
p
k, . . . , µ

p
N) and B

is the identity matrix specified in the previous section.

3.3 The Best Linear Unbiased Predictors of

Random Effects

In this section, we will use orthodox best linear unbiased predictor

(BLUP) to estimate the random effects involved in the model. These BLUPs

of random effects will in turn be used to estimate regression and random

effect parameters in the later sections.
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3.3.1 The BLUP of Random Effect Ui

When Y is given, the first random effect U can be predicted by the

following orthodox BLUP:

Û = E(U) + Cov(U, Y )V ar−1(Y )(Y − E(Y )) (3.20)

where E(U) = (1, · · · , 1, · · · , 1)T with dimensions of I × 1. V ar−1(Y ) is

the inverse of V ar(Y ). E(Y ) means the vector of unconditional expected

response, µ, with dimensions of N × 1. Cov(U, Y ) represents the covariance

matrix between U and Y with dimensions of I × N . The derivation of

Cov(U, Y ) is shown below:

Cov(U, Y ) = E[Cov(U, Y |UV )] + Cov[E(U |UV ), E(Y |UV )] (3.21)

Because U is constant when U and V are given, we have:

Cov(U, Y |UV ) = 0 (3.22)

E(U |UV ) = U (3.23)

In addition, according to the conditional expectation of the response Y men-

tioned in Assumption 3, we have:

E(Y |UV ) = diag(µ)BU∗ (3.24)
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Then, (3.21) can be written as:

Cov(U, Y ) = 0 + Cov[U, diag(µ)BU∗]

= Cov(U,U∗)BTdiag(µ)

where BT , the transpose of the identity matrix B, and diag(µ) can be re-

garded as constants and then be factored out. Cov(U,U∗), equivalent to

Cov(Ui, Ui′Vj), can be derived from two different cases below:

Case 1: If i = i′, then

Cov(Ui, Ui′Vj) = Cov(Ui, UiVj)

= E[Cov(Ui, UiVj|U)] + Cov[E(Ui|U), E(UiVj|U)]

= E(0) + Cov[Ui, UiE(Vj)]

= Cov(Ui, Ui)

= V ar(Ui)

= σ2 (3.25)

Case 2: If i 6= i′, then

Cov(Ui, Ui′Vj) = E[Cov(Ui, Ui′Vj|U)] + Cov[E(Ui|U), E(Ui′Vj|U)]

= E(0) + Cov[Ui, Ui′E(Vj)]

= Cov(Ui, Ui′)

= 0 (3.26)
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In the last step, because U is independently distributed as mentioned in

Assumption 1, Cov(Ui, Ui′) = 0 when i 6= i′. In summary,

Cov(Ui, Ui′Vj) =


σ2, if i = i′

0, otherwise.

(3.27)

Thus, Cov(U,U∗) = Cov(U,UV ) is a I × (I × J) matrix with the expression

below:

Cov(U,U∗) =



σ2 · · · σ2 0 · · · 0 · · · 0 · · · 0

0 · · · 0 σ2 · · · σ2 · · · 0 · · · 0

...
...

...
...

...
...

. . .
...

...
...

0 · · · 0 0 · · · 0 · · · σ2 · · · σ2


(3.28)

3.3.2 The BLUP of Random Effect Vj

Following the derivation of the last section, we estimate random effect

V , given Y , by using the orthodox BLUP. The estimate of the random effect

V has the following form:

V̂ = E(V ) + Cov(V, Y )V ar−1(Y )(Y − E(Y )) (3.29)

where the vector E(V ) = (1, · · · , 1)T is of dimensions J × 1. The inverse of

covariance matrix of Y is denoted by V ar−1(Y ). Cov(V, Y ) represents the

covariance matrix between random effect V and response Y , which can be
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derived, following the same way of Cov(U, Y ) in the last section, as below:

Cov(V, Y ) = E[Cov(V, Y |UV )] + Cov[E(V |UV ), E(Y |UV )] (3.30)

Since the value of V is fixed when U and V are given, we have:

Cov(V, Y |UV ) = 0 (3.31)

E(V |UV ) = V (3.32)

In addition, since we know from (3.24) thatE(Y |UV ) = diag(µ)BU∗, Cov(V, Y )

can be rewritten as:

Cov(V, Y ) = E(0) + Cov[V, diag(µ)BU∗]

= Cov(V, U∗)BTdiag(µ), (3.33)

where B and diag(µ) have fixed values. The expression of Cov(V, U∗) can

be calculated by Cov(Vj, UiVj′) in two cases: (1)j = j′ and (2) j 6= j′.
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Case 1: If j = j′, then

Cov(Vj, UiVj′) = Cov(Vj, UiVj)

= E[Cov(Vj, UiVj|V )] + Cov[E(Vj|V ), E(UiVj|V )]

= E(0) + Cov[Vj, VjE(Ui)]

= Cov(Vj, Vj)

= V ar(Vj)

= τ 2 (3.34)

Case 2: If j 6= j′, then

Cov(Vj, UiVj′) = E[Cov(Vj, UiVj|V )] + Cov[E(Vj|V ), E(UiVj′|V )]

= E(0) + Cov[Vj, Vj′E(Ui)]

= Cov(Vj, Vj′)

= 0 (3.35)

In the last step of the derivation, because V is independently distributed (as

mentioned in Assumption 2), Cov(Vj, Vj′) = 0 when j 6= j′.

In summary, the value of Cov(Vj, UiVj′) changes with two cases:

Cov(Vj, UiVj′) =


τ 2, if j=j’

0, otherwise.

(3.36)
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Thus, if we fill the values of Cov(Vj, UiVj′) into the corresponding positions

in the matrix of Cov(V, U∗) = Cov(V, UV ) according to (3.36), we get the

explicit expression of Cov(V, U∗):

Cov(V, U∗) =



τ 2 0 · · · 0 · · · τ 2 0 · · · 0

0 τ 2 · · · 0 · · · 0 τ 2 · · · 0

...
...

. . .
...

...
...

...
. . .

...

0 0 · · · τ 2 · · · 0 0 · · · τ 2


(3.37)

From this expression, we can see that matrix Cov(V, U∗) has dimensions

J × (I × J).

3.3.3 The BLUP of UiVj

It is introduced in the previous section that U∗ = UV is the multiplied

combination of U and V . The orthodox BLUP of U∗ can be obtained, fol-

lowing the same way in predicting random effects U and V , by the formula

below:

Û∗ = E(U∗) + Cov(U∗, Y )V ar−1(Y )(Y − E(Y )). (3.38)

In addition, the variance of U∗ can be calculted from the formula given below:

V ar(Û∗) = Cov(U∗, Y )V ar−1(Y )Cov(Y, U∗), (3.39)
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where E(U∗) is a vector with dimensions (I × J)× 1 and its components all

have a value of 1. The reasons are: first, we have E(U∗) = E(UV ); second, U

and V are independent with each other and the expected value of each is one

(specified in the Assumption 1 and 2). Thus, we can have the derivation

below:

E(U∗) = E(UiVj) = E(Ui)E(Vj) = 1× 1 = 1 (3.40)

Then Cov(U∗, Y ) can be derived as below:

Cov(U∗, Y ) = E[Cov(U∗, Y |UV )] + Cov[E(U∗|UV ), E(Y |UV )].

(3.41)

When U and V are given, U∗ is constant. Thus,

Cov(U∗, Y |UV ) = 0 (3.42)

E(U∗, UV ) = U∗ (3.43)

Based on formula (3.42), (3.43) and (3.24), Cov(U∗, Y ) can be simplified as:

Cov(U∗, Y ) = E(0) + Cov[U∗, diag(µ)BU∗]

= Cov(U∗, U∗)BTdiag(µ)

= V ar(U∗)BTdiag(µ), (3.44)
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where BT and diag(µ) are known and V ar(U∗) has been derived in section

3.2, formula (3.18). Cov(Y, U∗) is the transpose of matrix Cov(U∗, Y ).

3.4 Model Estimation

3.4.1 Estimation of Regression Parameters

Under the assumption that the dispersion parameters are known, the

estimation of the regression parameters can be conducted by, first, taking

the derivative of the “partially observed ‘joint’ log-likelihood of the Tweedie

mixed model for the data and random effects” with respect to β, which pro-

duces a function called “partially observed score function”. After replacing

the random effects by their BLUPs, the “estimated score function” (Ma,

1999) is gained, which is also the unbiased estimating function for the re-

gression parameters β and can be expressed as below:

ψ(β) =
N∑
k=1

Xk
T µk

1−p(β)

ρ2
{Yk − ÛiVjµk(β)}

=
N∑
k=1

Xk
T µk

1−p(β)

ρ2
{Yk −BkÛ∗µk(β)} (3.45)

This function is identified as the optimal estimating function among a

certain linear class because it attains the minimum asymptotic covariance for

β̂ (Ma, 1999). Here, k corresponds to the kth observation, p is a known power

index, with different values for different distributions. ρ2 is a new introduced
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dispersion parameter whose value is unknown and needs to be estimated.

For Poisson distribution, the value of ρ2 is one. Thus, when Poisson data

are analysed, knowing the values of p and ρ2 are both one, the expression of

(3.45) can be simplified as:

ψ(β) =
N∑
k=1

Xk
T{Yk −BkÛ∗µk(β)} (3.46)

Then the root of equation ψ(β) = 0 is considered as the estimates of the

regression parameters. Indicated by Ma (1999), the root for the equation is

consistent and asymptotically normal, with the asymptotic variance given by

the inverse of the Godambe information matrix J(β) = S(β)V (β)−1S(β)T ,

where the sensitivity matrix S(β) = Eβ{∂ψ(β)
∂βT
} and the variability matrix

V (B) = Eβ{ψ(β)ψT (β)}. The Newton scoring algorithm was used to solve

equation ψ(β) = 0 efficiently, giving the following updated estimates for β:

β∗ = β − S−1(β)ψ(β) (3.47)

A general matrix expression of ψ(β) and the relationship among the

variability matrix V (B), the sensitivity matrix S(β) and the Godambe infor-

mation matrix J(β) can be gained and have been shown by Ma and Jorgensen
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(2007). They can be expressed as below:

(a) ψ(β) = XTdiag{E(Y )}V ar−1(Y ){Y − E(Y )}; (3.48)

(b) V ar(β) = V ar{ψ(β)} = XTdiag{E(Y )}V ar−1(Y )diag{E(Y )}X;

(3.49)

(c) J(β) = −S(β) = V (β). (3.50)

3.4.2 Estimation of Random Effects Parameters

In the previous section, the method of estimating regression parameters

is shown, given that the dispersion parameters σ2, τ 2 and ρ2 are known. In

this section, we are going to demonstrate how to estimate those dispersion

parameters by using “adjusted Pearson estimators”. Basically, it means that

the estimates of dispersion parameters are adjusted by their “bias correction”

(Ma, 1999), on the basis of their moment structure. Here, bias correction

comes from the fact that the true value of those dispersion parameters are

always bigger than their estimates. For example, σ2 = V ar(U) = E(Ui −

1)2 > E(Ûi − 1)2 and τ 2 = V ar(V ) = E(Vj − 1)2 > E(V̂j − 1)2, so when

estimating σ2 and τ 2, we need to add a bias correction to their estimates, as

follows:

σ̂2 = E(Ûi − 1)2 + bias correction (3.51)

τ̂ 2 = E(V̂j − 1)2 + bias correction (3.52)
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The bias correction matrix is the difference between V ar(U∗) and V ar(Û∗),

with dimensions I × J by I × J , denoted by C∗:

C∗ = V ar(U∗)− V ar(Û∗) (3.53)

where V ar(U∗) is the true variance-covariance matrix of U∗ = UV , with

dimensions I×J by I×J , whose explicit expression is illustrated by formula

(3.18). V ar(Û∗) is the variance of estimated U∗, which can be calculated by

formula (3.39). The bias correction for the random effect U , here denoted by

C∗U , is calculated by taking the average of all off-diagonal components in the

diagonal square matrices in bias correction matrix C∗; the bias correction for

random effects V , denoted by C∗V , is the mean of all the diagonal components

in the off-diagonal square matrices in C∗. Thus, the estimating expressions

for σ2 and τ 2 can be written as follows:

σ̂2 = E(Ûi − 1)2 + C∗U (3.54)

τ̂ 2 = E(V̂j − 1)2 + C∗V . (3.55)

Another dispersion parameter to be estimated is ρ2, which is known to

be 1 only for Poisson distribution and is unknown for the other distributions.

The estimating equation of ρ2 can be derived as below:
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E(Yk − µkBkÛ∗)
2 = V ar(Yk − µkBkÛ∗)

= V ar(Yk) + V ar(µkBkÛ∗)− 2Cov(Yk, µkBkÛ∗)

= V ar(Yk) + µk
2BkV ar(Û∗)B

T
k − 2Cov(Yk, Û∗)B

T
k µk,

(3.56)

where

V ar(Yk) = ρ2µk
p + µk

2BkV (U∗)Bk
T , and (3.57)

Cov(Yk, Û∗) = Cov[E(Yk|U∗), E(Û∗|U∗)] + E[Cov(Yk, Û∗|U∗)].(3.58)

Since Û∗ = E(U∗) +Cov(U∗, Y )V ar−1(Y )(Y −E(Y )), when U∗ is given, we

have:

Û∗|U∗ = E(U∗) + Cov(U∗, Y )V −1(Y )(Y − E(Y ))|U ∗

= U∗ (3.59)

Thus,

E(Û∗|U∗) = E(U∗) = 1, and (3.60)

Cov(Yk, Û∗|U∗) = Cov(Yk, U
∗),
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where Cov(Yk, U
∗) is the transpose of Cov(U∗, Yk). From formula (3.44), we

know that:

Cov(Yk, U
∗) = [Cov(U∗, Yk)]

T

= [V ar(U∗)BTµk]
T

= µkB
TV ar(U∗) (3.61)

Thus,

Cov(Yk, Û∗) = Cov(E(Yk|U∗), 1) + E[µkBkV ar(U
∗)]

= 0 + µkBkV ar(U
∗)

= µkBkV ar(U
∗) (3.62)

Then, by putting (3.57) and (3.62) into (3.56), we have:

E(Yk − µkBkÛ∗)
2 = ρ2µk

p + µk
2BkV ar(U

∗)Bk
T + µk

2BkV ar(Û∗)Bk
T − 2µk

2BkV ar(U
∗)Bk

T

= ρ2µk
p + µk

2BkV ar(Û∗)Bk
T − µk2BkV ar(U

∗)Bk
T

= ρ2µk
p + µk

2Bk[V ar(Û∗)− V ar(U∗)]Bk
T

= ρ2µk
p − µk2Bk[V ar(U

∗)− V ar(Û∗)]Bk
T

= ρ2µk
p − µk2BkC

∗Bk
T (3.63)

By rearranging (3.63), we can get the estimating formula for ρ2 as follows:

44



ρ̂2 =
1

N

N∑
k=1

[
(Yk − µkBkÛ∗)

2

µkp
+ µk

2−pBkC
∗Bk

T ] (3.64)
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Chapter 4

Analysis of Child Respiratory

Hospitalization Data

This chapter involves the data analysis for a count dataset, child respi-

ratory hospitalizations data, by using the Poisson mixed model with crossed

random effects. Then a simulation study is conducted to evaluate the perfor-

mance of the model. Finally, a comment will be given to briefly summarize

the results of model fitting and simulation performance.

4.1 Data Description

With the increasing incidence of respiratory illness, more and more peo-

ple begin to get interested in what factors could influence the incidence of

asthma and hospital admissions. It is indicated that there is a strong link
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between respiratory illness and area deprivation, and an ambiguous relation-

ship between respiratory illness and air pollution resulting from traffic (Payne

et al., 1993). This dataset was first analysed by Congdon and Best (2000),

adopting fully Bayesian hierarchical modelling framework. It contains the

population of children aged from zero to 14 who were first referred to hos-

pital by their general practice (GP, simply written as “practice” in later

sections) and then admitted as in-patients with a diagnosis of respiratory

illness between April, 1st, 1991 and March 31st, 1996 (Congdon and Best,

2000). The primary question of interest is to explore the unobservable effects

of wards and practices, and also to test the influence of the hypothesized fac-

tors (i.e. ward deprivation, traffic, prophylactic drug use in the practice, etc)

on the number of referrals.

Consistent with Congdon and Best (2000), two random effects, “ward”

and “practices”, are identified here, together defining catchment zone ij with

associated risk population Nij, which represents the population of children

aged 0-14 living in ward i and affiliated with practice j. If we use Ui to

indicate the ith ward (i = 1, . . . , 44) and Vj to represent the jth practice

(j = 1, . . . , 99), the response Y is the observed referrals to hospital for res-

piratory illness out of the risk population Nij. Different from nested models

(Ma and Jørgensen, 2007), where any level of one factor can only be mea-

sured within a single level of another factor, in this dataset, the observation

associated with one ward could be affiliated with multiple practices and vice

versa, so we regard “ward” and “practice” as two crossed random effects.
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In addition, although there are theoretically (44 wards × 99 practices =)

4356 catchment zones, only 345 ward− practice catchment zones have risk

populations Nij, which forms the basic units of the analysis. It means that

not all the theoretical combinations occur in the data, so two random effects

“ward” and “practice” are partially crossed.

Each observation also includes information of two levels: ward level and

practice level. The first variable in ward level is “ward level deprivation”,

derived from the Townsend index, which measures the employment, non-

ownership of homes and cars, and household overcrowding (Phillimore and

Reading, 1992). The second ward-level variable is “ward level population

density”, which is a proximate measure of urban environment and traffic

density. In the practice level, “practice level deprivation” is the average of

Townsend indexes of wards that each patient affiliates with. The “practice

level prescribing information” indicates the ratio of net costs of prophylactic

to bronchodilator prescribing. These variables in the data are treated as co-

variates, having fixed effects on the response. The details about all variables

are summarized in table 4.1 and a sample dataset is provided in table 4.2.
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Table 4.1: Variable Description of Respiratory Illness Data

Variable Description

id ID for each catchment zone (from 1 to 345)

Y Observed referrals to hospital for respiratory illness in the catchment zone UiVj

ward Integer from 1 to 44 indicating the ward corresponding to the response

practice Integer from 1 to 99 indicating the practice corresponding to the response

warddep Ward level deprivation

popden Ward level population density

pracdep Practice level deprivation

ratiocost
Practice level prescribing information, namely the ratio of net costs of prophylactic

asthma prescriptions to bronchodilator prescribing

Table 4.2: Sample Data of Respiratory Illness Data

id Y ward practice warddep popden pracdep ratiocost

1 8 1 4 5.97 38.9 2.19 0.98

2 32 1 18 5.97 38.9 1.03 1.49

3 9 1 25 5.97 38.9 -0.09 0.75

4 52 1 30 5.97 38.9 1.81 1.05

5 8 16 49 5.18 6.3 0.87 1.47

6 2 16 58 5.18 6.3 3.16 1.25

7 26 16 98 5.18 6.3 2.56 1.95

8 11 17 12 3.18 30.7 1.34 1.26

9 8 17 19 3.18 30.7 -0.9 1.39

10 9 17 28 3.18 30.7 0.16 1.4
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4.2 Model Assumption

Now, the proposed Tweedie crossed random effect model is used to anal-

yse the data. Following the model assumption in chapter 3, we have following

specific assumptions:

Assumption 1. The first random effect “ward”, U1, . . . , Ui, . . . , U44, is

independently and identically distributed with

E(Ui) = 1 and var(Ui) = σ2.

Assumption 2. The second random effect “practice”, V1, . . . , Vj, . . . , V99,

is independently and identically distributed with

E(Vj) = 1 and var(Vj) = τ 2.

In addition, random effects “ward” and “practice” are independent. Let

U∗ = UiVj represent the multiplied combination of random effects “ward”

and “practice”, with dimensions of (44×99) by 1. Since there are 345 obser-

vations and 44 ∗ 99 = 4356 theoretical combinations of two crossed random

effects, the identity matrix B = (B1, . . . , Bk, . . . , BN)T is of dimensions 345

by 4356, with each vector Bk indicating which ward and practice are associ-

ated with the kth response Yk.

Assumption 3. Let Yk represent the kth response associated with the

ith ward and the jth practice; the conditional distribution of Y , given U and
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V , is independently and identically distributed as:

Yk | U, V ∼ Twp{µkUiVj, ρ2(UiVj)
1−p}. (4.1)

Since the responses are count data, we consider it as Poisson distribution

with dispersion parameter ρ2 = 1 and power index p = 1, so the expression

of distribution (4.1) can be simplified as:

Yk|(Ui, Vj) ∼ Poisson(µkUiVj), (4.2)

with µk = exp(XT
kβ). Since for each Yk, there is an expected number of

referrals Ek corresponding to risk population Nij, we consider Ek as an offset

when calculating marginal mean µk, that is

log(
µk
Ek

) = XT
k β. (4.3)

Thus,

µk = exp(XT
k β + log(Ek))

= exp(β0 + β1 ∗ warddepk + β2 ∗ popdenk + β3 ∗ pracdepk +

β4 ∗ ratiocostk + log(Ek)). (4.4)
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4.3 Analysis Results and Interpretation

A full model with all covariates included is conducted first, the estimates

of regression parameters and dispersion parameters are displayed in table 4.3.

Table 4.3: Analysis Results for Child Respiratory Data (Full Model)

Parameter Estimate SE P-value

constant β0 0.3473 0.1507 0.0212

warddep β1 0.0523 0.0115 < 10−5

popden β2 -0.0019 0.0030 0.5251

pracdep β3 0.0113 0.0336 0.7377

ratiocost β4 -0.2428 0.1065 0.0226

σ2 0.0200

τ 2 0.1103

From table 4.3, we can see that practice-level deprivation (“pracdep”)

is the most statistically insignificant with the largest p-value of 0.7377, so

we can conduct a model reduction here by dropping term “pracdep”. As

Congdon and Best (2000) said,“practice deprivation scores contain no addi-

tional explanatory power over that attributable to the ward-level deprivation

measure”. The estimated results of reduced model without term “pracdep”

are shown in table 4.4.
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Table 4.4: Analysis Results for Child Respiratory Data (Reduced Model)

Parameter Estimate SE P-value

constant β0 0.3521 0.1502 0.0190

warddep β1 0.0544 0.0098 < 10−5

popden β2 -0.0017 0.0030 0.5643

ratiocost β3 -0.2516 0.1036 0.0152

σ2 0.0200

τ 2 0.1107

It is indicated by the table that, except “popden”, other covariates are all

significant at level 0.05. The estimate of β1 is 0.0544, indicating that when

keeping other covariates constant, one unit increase in the index of ward-

level deprivation will make the expected number of referrals (eβ1 = e0.0544 ≈)

1.0559 times greater (the expected referrals will increase around 5.59%). The

regression parameter β3 is the coefficient of “ratiocost” (the ratio of net costs

of prophylactic asthma prescriptions to bronchodilator prescribing) with es-

timated value of -0.2516. The negative sign indicates that if practice involves

more effort in the prophylactic drugs, which will lead to a greater ratio, the

number of referrals will decrease. If other covariates are kept constant, one

unit increase in “ratiocost” will decrease the expected number of referrals to

(eβ3 = e−0.2516 ≈) 0.7776 times the previous number ( around a 22.24% de-

crease). In the dataset, the expected number of referrals for the practice with

the highest ratio (3.23, the highest ratiocost in the dataset) only accounts for
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(eβ̂3∗max(ratiocost)/eβ̂3∗min(ratiocost) = eβ̂3∗3.23/eβ̂3∗0.39 ≈) 0.4894 of that for the

practice with the lowest ratio (0.39, the lowest ratiocost in the dataset). The

large p-value of β2 indicates that there is probably no systematic relationship

between the population density and the number of referrals. However, since

it is suspected to be a potential factor affecting the referral number, we keep

it in the model. As Congdon and Best indicated (Congdon and Best, 2000),

“population density may be a relatively poor surrogate for features of the

urban environment, such as road traffic pollution, which are hypothesized to

affect respiratory referrals”.

Figure 4.1: Estimated Random Effect of Ward

The estimated random effects of “ward” and “practice” are shown in
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Figure 4.2: Estimated Random Effect of Practice

three separate plots. First of all, the estimated ward random effects are

displayed in figure 4.1, from which we can see that ward 29 has the largest

estimated random effect of 1.37, standing far beyond all other points. For

example, although ward 26 has the second largest estimated random effect,

there is still a big gap between ward 29 and ward 26. Ward 2 and ward 33

are very close and they have the smallest and the second smallest estimated

random effects, respectively. Overall, based on the estimated ward random

effects, any observation associated with ward 29 tends to have a large value.

In other words, ward 29 is more likely to have a larger number of referrals to

hospital than other wards.

55



Figure 4.3: Estimated Ward vs Practice

Figure 4.2 displays the estimated random effects for practice. The most

extreme value happens in practice 99 which has the smallest estimated ran-

dom effect (0.16), sitting in the bottom right corner. All other points seem

to fall into a reasonable range, with some points standing a little bit higher.

Practice 39 has the largest estimated random effect of 1.77. Then practice 19,

41, 47 and 78 are estimated to be the other four practices with large random

effects. Based on the estimates of practice random effect, any observation

corresponding to practice 99 tends to have a small value and the responses

associated with practices 39 or 19 tend to have a large value. In other words,

practice 99 is more likely to have a smaller number of referrals than other

practices, while practices 39 and 19 are more likely to have larger numbers
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of referrals.

Lastly, figure 4.3 tells us what will happen if ward and practice are con-

sidered simultaneously. The points in the plot represent all the combinations

between 44 wards and 99 practices occurring in the data, located by the cor-

responding estimated ward and practice random effects. The dashed lines in

red correspond to the extreme values for estimated ward random effects and

the dashed lines in blue correspond to the extreme values of estimated prac-

tice random effects. With those lines labelled, it is much easier to identify

which combination is associated with extreme random effects. Theoretically,

the points sitting in the top right corner tend to have a large expected re-

sponse and the points in the bottom left corner is more likely to have a small

response. For example, according to figure 4.3, observation 79 (corresponding

to ward 10 and practice 99) and 20 ( corresponding to ward 3 and practice

24) are close to the bottom left corner, so these two combinations are more

likely to have small numbers of referrals to the hospital. The combination of

ward 26 and practice 41 tends to have a large number of referrals since its

point (point 186) is close to the top right corner.

4.4 Simulation Study

The performance of the orthodox BLUP approach and the proposed

model in estimating parameters will be evaluated based on a simulation

study.
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4.4.1 Simulation Procedure

The simulation study for child respiratory data is discussed in this sec-

tion. In total, there are 500 simulations conducted to analyze the perfor-

mance of the Tweedie crossed random effect model. The estimates of the

model parameters in table 4.4 in the previous section is used as true values in

the simulation study. Specifically, we set β = (0.3521, 0.0544,−0.0017,−0.2516)T ,

σ2 = 0.0200 and τ 2 = 0.1107. In order to make the simulation as close to

reality as possible, we use the covariates in the true dataset to do the sim-

ulations. In each of 500 simulations, the simulated responses are generated

first, and then an estimating procedure discussed in chapter 3 is called to

estimate those regression parameters and dispersion parameters.

The simulation procedure is described below:

•Step 1: Generate simulated responses on the basis of evaluated true

parameters. The details will be discussed later in generating procedure.

•Step 2: Call estimating procedure (discussed in chapter 3) to calculate

estimates for the simulated data. Record those estimates.

•Step 3: Repeat step 1 and step 2 500 times.

The generating procedure (step 1) producing the simulated responses

for each simulation is described below:

•Step (a): Since there are 44 components for the first random effect

“ward”, we generate 44 random numbers, denoted by U1, . . . , Ui, . . . , U44 (i =

1, . . . , 44), from Gamma distribution with mean 1 and variance σ2, which can
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be expressed as:

E(Ui) = 1

V ar(Ui) = σ2

•Step (b): Similarly, because there are 99 components for the second

random effect “practice”, we generate 99 random numbers from Gamma

distribution with mean 1 and variance τ 2, denoted by V1, . . . , Vj, . . . , V99 (j =

1, . . . , 99). The distribution of the second random effect “practice”, denoted

by V , can be expressed as below:

E(Vj) = 1

V ar(Vj) = τ 2

•Step (c): Given two random effects U and V , we generate simulated

responses, denoted by Y1, . . . , Yk, . . . , YN (k = 1, . . . , N), from the following

Poisson distribution:

Yk ∼ Poisson(µkWk),

Once 500 simulations are finished, we can obtain the overall simulated

estimates by taking the average of those 500 simulated results for each pa-

rameter. The results of the simulation study for the child respiratory dataset
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are summarized in table 4.5.

4.4.2 Simulation Performance

The summary of the simulated results is displayed in Table 4.5, where

the average of the estimates of standard errors for model parameters over

500 simulations and the sample standard errors over 500 parameter estimates

are termed as estimated standard error (ESE) and simulated standard error

(SSE), respectively.

Table 4.5: Simulated Results for Child Respiratory Data

Parameters True Value Estimate1 Bias2 ESE3 SSE4

constant β0 0.3521 0.3444 -0.0077 0.1458 0.1496

warddep β1 0.0544 0.0547 0.0003 0.0093 0.0099

popden β2 -0.0017 -0.0016 0.0001 0.0028 0.0029

ratiocost β3 -0.2516 -0.2505 0.0011 0.1012 0.1062

σ2 0.0200 0.0169 -0.0031 0.0072

τ 2 0.1107 0.1058 -0.0049 0.0214

1 Average of estimates over 500 simulations

2 Bias=Estimate-True Value

3 Estimated standard error, average of 500 estimated standard errors

4 Simulated standard error, standard deviation of simulated estimates over 500 simulations

According to Table 4.5, all the biases for both regression parameters and

dispersion parameters are very small. In addition, the ESEs and SSEs of re-
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gression parameters are also very close. Although all SSEs are slightly larger

than corresponding ESEs, the differences are all of very small magnitude.

The simulation results show that the proposed model performs quite well in

fitting the Poisson dataset.
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Chapter 5

Analysis of Animal Fertilization

Data

After the count data analysis discussed in the last section, a binomial

dataset, animal fertilization research data, will be analysed in this section

by the proposed model. One of the challenges in fitting this data is that the

number of repeated trials for each binomial observation is a random count,

which is difficult to deal with by traditional methods, but can be easily

analysed by a “dual Poisson mixed mode”.

5.1 Data Description

The data come from an animal fertilization study in Portugal. The main

object of this data analysis is to explore the effects of food supplementation
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and duration of administration on the number of mitosis events among all

viable oocytes. There are 148 observations in total. Each observation in-

cludes the information of food supplementation group (0 for control, 1 for

experiment), duration of administration (in days), the donor (mother cow

who provides the oocytes), the bull (father cow who provides the sperm),

the number of viable oocytes and the number of mitosis events. An example

of the original data is shown in table 5.1.

Table 5.1: Example of Animal Fertilization Data

Treatment Days Donor Bull Viable Oocytes Mitosis

0 14 1 1 16 9

0 26 1 1 23 20

0 111 3 7 33 17

0 28 9 5 21 15

0 119 13 1 34 18

1 81 17 2 7 3

1 111 18 8 16 13

1 28 22 5 5 4

1 14 29 6 53 40

1 84 30 1 10 10

Each observation corresponds to a “donor” who provides oocytes that

are then fertilized by a “bull”. The two columns in the middle (“Donor” and
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“Bull”) indicate which donor and which bull each observation is generated

by. In total, there are 30 donors and 8 bulls in the dataset. Both donor and

bull have effects on the number of mitosis events, so we consider “donor” and

“bull” as random effects. Since the observations associated with a donor can

correspond to many bulls and vice versa, the observations corresponding to a

bull could be associated with many donors, we consider “donor” and “bull”

are crossed. Moreover, because not all the possible combinations between

“donor” and “bull” occur in the dataset, it is a partially crossed random

effect structure.

The first column “Treatment” indicates which food supplement is im-

plemented for each observation (0 for control group and 1 for experiment

group). Column “Days” indicates the duration of administration in days

for each observation. Both “Treatment” and “Days” are considered as fixed

effects in the model.

The last two columns in the table are considered as responses. The

column “Mitosis” is the number of mitosis events among corresponding viable

oocytes. Here, if we regard variable “Viable Oocytes” (denoted by “mk”) as

the total number of repeated trials and regard “mitosis” as the success with

equal success probability πk in each trial, the number in column “Mitosis”

can be regarded as a binomial distributed random variable with total number

of trials mk and success probability πk. “Viable Oocytes” (mk) in the data

is also a random count because we do not really know how many viable

oocytes can be provided by each donor. In other words, the total number
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of trials in binomial distributed data is also a random count in this special

dataset, which is very different from the traditional binomial distribution and

makes it very difficult to analyse the data by using conventional methods,

like logistic-normal and binomial-beta models.

In later sections, the proposed orthodox BLUP approach for Tweedie

mixed models will be conducted to analyse this animal fertilization dataset.

According to Ma (1999), although our model is not directly applicable to

binomial data since binomial distribution is not a member of Tweedie distri-

bution family, the data can be dealt with via Poisson-Tweedie models based

on a well-known relationship between binomial and Poisson random vari-

ables, introduced by McCullagh and Nelder (1989). This relationship can be

expressed as a theory as below:

Theorem. If Y 1 and Y 2 are two independent Poisson random variables

with means µ1 and µ2:

Y 1 ∼ Poisson(µ1),

Y 2 ∼ Poisson(µ2),

then Y = Y 1 + Y 2 follows a Poisson distribution with mean µ1 +µ2 and the

conditional distribution of Y 1 = y given Y 1 + Y 2 = m follows a binomial

distribution with success probability π = µ1
µ1+µ2

. That is:
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Y = Y 1 + Y 2 ∼ Poisson(µ1 + µ2) (5.1)

Y 1 = y | Y 1 + Y 2 = m ∼ Binomial(m,π). (5.2)

Based on this idea, for each observation, if “Viable Oocytes” (number of

total trails) is denoted by mk, and “Mitosis” (number of successes) is denoted

by Y 2k, the number of viable oocytes that did not undergo mitosis Y 1k (the

number of failures) can be obtained by Y 1k = mk − Y 2k. Then, there will

be N (number of total observations) pairs of Y 1k and Y 2k (k = 1, . . . , N).

Both Y 1k and Y 2k are assumed to follow Poisson distribution given two

crossed random effects “donor” and “bull”. Since pairs of Poisson distributed

responses are analysed simultaneously, this model is called “dual Poisson

Mixed Model”. Three assumptions of this model are specified in detail in

the next section.

5.2 Model Specification

Assumption 1. The first random effect “donor”, U1, . . . , Ui, . . . , U30,

is independently and identically distributed with

E(Ui) = 1 and var(Ui) = σ2.

Assumption 2. The second random effect “bull”, V1, . . . , Vj, . . . , V8, is
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independently and identically distributed with

E(Vj) = 1 and var(Vj) = τ 2.

In addition, random effects “donor” and “bull” are assumed to be inde-

pendent.

Assumption 3. Let mk and Y 2k represent the number of total viable

oocytes and the number of mitosis events, respectively, for the kth observa-

tion corresponding to the ith donor and the jth bull. Then, given random

effects Ui and Vj, the conditional distributions of Y 1k = mk − Y 2k and Y 2k

both follow Poisson distribution independently. That is:

Y 1k = mk − Y 2k |Ui, Vj ∼ Poisson(UiVjexp(Zk
Tα + Xk

Tβ)) (5.3)

Y 2k |Ui, Vj ∼ Poisspn(UiVjexp((Zk
Tα)), (5.4)

where matrices Z and X are design matrices, with Zk and Xk representing

the covariates for the kth observation. More specifically,

Zk
Tα = α0 + α1Treatmentk + α2Daysk, (5.5)

Xk
Tβ = β0 + β1Treatmentk + β2Daysk + β3Days

2
k + β4Days

3
k. (5.6)

Based on the theorem introduced in the last section, if variables Y 1k

and Y 2k satisfy the Assumption 3, then the total number of viable oocytes
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follows a Pisson distribution:

mk = Y 1 + Y 2|Ui, Vj ∼ Poisson(µmk). (5.7)

and the conditional distributions of number of mitosis events (Y 2) and the

number of non-mitosis (Y 1) follow:

Y 1k|Y 1k + Y 2k = mk, Ui, Vj ∼ binomial(mk, π1k), (5.8)

Y 2k|Y 1k + Y 2k = mk, Ui, Vj ∼ binomial(mk, π2k), (5.9)

where the expected number of viable oocytes (µmk), the probability of non-

mitosis (π1k) and the probability of mitosis (π2k) can be obtained by:

µmk = E(Y 1k|Ui, Vj) + E(Y 2k|Ui, Vj)

= UiVjexp(Z
T
k α +XT

k β) + UiVjexp((Z
T
k α), (5.10)

π1k =
UiVjexp(Z

T
k α +XT

k β)

UiVjexp(ZT
k α +XT

k β) + UiVjexp((ZT
k α)

,

=
exp(XT

k β)

1 + exp(XT
k β)

(5.11)

π2k =
exp((ZT

k α)

UiVjexp(ZT
k α +XT

k β) + UiVjexp((ZT
k α)

=
1

1 + exp(XT
k β)

(5.12)

Furthermore, we can have the expression for odds of non-mitosis (odds1k)
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and odds of mitosis (odds2k):

odds1k =
π1k

1− π1k

= exp(Xk
Tβ) (5.13)

odds2k =
π2k

1− π2k

=
1

exp(XT
k β)

(5.14)

and

logit(π1k) = XT
k β (5.15)

logit(π2k) = −XT
k β (5.16)

5.3 Analysis Result and Interpretation

The proposed “dual Poisson mixed model” is conducted based on con-

ventional Poisson mixed model. It means that the existing method for Pois-

son mixed model will be used to calculate the estimates of the model param-

eters in the “dual Poisson mixed model”. To do that, we need to rewrite our

“dual Poisson mixed model” into the form of a single Poisson mixed model

with regression parameter γ = (αT , βT )T as follows:

YSk |Ui, Vj ∼ Poisson(UiVjexp(W
T
Sk
γ)), (5.17)
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where S equals either 1 or 2 (representing success or failure) and k =

1, 2, . . . , 148 ( indicating the observation number). W = (W1,W2) is the

design matrix with W1 = (ZT ,XT )T and W2 = (ZT ,0)T . After the model

transformation, the orthodox BLUP approach to Poisson mixed models can

be immediately applied. The estimated results of data analysis after employ-

ing the algorithm above are displayed in table 5.2.

Table 5.2: Analysis Results for Animal Fertilization Data

Parameter Estimate SE P-value

Z

constant α0 3.0167 0.1451 < 10−10

treatment α1 -0.1875 0.1813 0.3009

days α2 -0.0022 0.0006 0.0007

X

constant β0 -1.8180 0.2254 < 10−10

treatment β1 0.0565 0.0772 0.4645

days β2 0.0741 0.0141 < 10−5

days2 β3 -0.0014 0.0003 < 10−5

days3 β4 7.08× 10−6 1.29× 10−6 < 10−5

σ2 0.2244

τ 2 0.0239

Based on the estimated results, the duration of administration has a

strong influence on mitosis since the p-values of “days”, “days2” and “days3”

are highly significant, while the fixed effect of food supplement seems not

significant since the p-value of “treatment” is highly insignificant. However,
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since the influence of food supplementation on mitosis is one of the objects

in this experiment, we will keep “treatment” in the model. In addition, we

can calculate the probability and odds of mitosis by:

P (mitosis) =
1

1 + exp(XT
k β)

(5.18)

odds(mitosis) =
1

exp(XT
k β)

(5.19)

The explicit expressions for (5.18) and (5.19) can be obtained based on

the estimates of regression parameters displayed in table 5.2. The curve of

each expression can help to interpret the fixed effects of the food supple-

mentation group and the duration of administration, for example, how the

probability and odds of mitosis change with different food supplement groups

and different durations of administration.

(a) Curves of P(mitosis) vs Days (b) Curves of Odds(mitosis) vs Days

Figure 5.1: Plots of Fixed Random Effects
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The graph 5.1 displays how the probability and odds of mitosis change

with different fixed effects: food supplement group and the duration of ad-

ministration. In both plots (a) and (b), the curves of the control group (in

blue) are above the dashed curves for the experiment group (in red). It

indicates that the control group has a larger probability and a larger odds

of oocytes mitosis than the experiment group. Thus, the food in the con-

trol group might be able to make the fertilization more productive than the

experiment group. Next, if we keep the same food supplement group, we

can study the effect of the duration of administration on the probability and

odds of mitosis, by looking at the trend of the curve. Basically, for both food

supplement groups, the trend of probability of mitosis is similar to the trend

of odds of mitosis. The curves of the probability and the odds of mitosis for

both food supplement groups decrease first as the duration of administration

is increasing, then reach the minimum at around 38 days. If the duration

keeps increasing, all the curves will increase and, at around 97 days, reach

the maximum. After that, all curves decrease as the duration increases. Both

(a) and (b) in figure 5.1 indicate that when the duration of administration is

around 97 days, the viable oocytes are likely to have the highest probability

of mitosis. In other words, keeping the duration of administration at around

97 days might make the fertilization the most productive.

The effects of two crossed random effects “donor” and “bull” can be

interpreted by three plots, figure 5.2, figure 5.3 and figure 5.4.

The estimated random effects of “donor” are plotted in figure 5.2. The
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Figure 5.2: Plot of Estimated Random Effect Donor

fourth donor corresponds to the largest estimated random effect of 2.2680;

the fifth and the 27th donors have the second and the third largest estimated

random effects (1.9362 and 1.8622), respectively. On the other hand, the 22ed

and the 15th donors correspond to the smallest and second smallest estimated

random effects of 0.2324 and 0.3335, respectively. Thus, the viable oocytes

provided by the fourth donor are most likely to undergo mitosis, while the

viable oocytes provided by the 22ed donor might be least likely to undergo

mitosis.

Figure 5.3 shows the estimated bull random effects, in which the fourth

bull has the largest estimated random effect (1.2264) and the eighth bull has
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Figure 5.3: Plot of Estimated Random Effect Bull

the lowest estimated random effect (0.7890). It means that the viable occytes

fertilized by the fourth bull are most likely to undergo mitosis and the viable

oocytes fertilized by the eighth bull are least likely to undergo mitosis.

Lastly, figure 5.4 shows the combinations between “donor” and “bull”

that occurred in the dataset. Each point, located by corresponding esti-

mated donor random effect and bull random effect, represents a combination

between the donor and the bull. Theoretically, the point in the top right

corner represents a combination that potentially has a large probability of

mitosis, while the point in the bottom left corner represents an observation

that tends to have a smaller probability of mitosis. For example, observation
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Figure 5.4: Plot of Estimated Random Effects Bull vs Donor

10,11 and 12 all correspond to the fourth donor and the fourth bull, sitting

in the same position at the top right corner, so the combination of the fourth

donor and the fourth bull is most likely to be associated with a large proba-

bility of mitosis. In other words, when the fourth donor and the fourth bull

work together, the probability of mitosis tends to be large. Similarly, the

point closest to the bottom left corner corresponds to observation 77, which

is associated with the 17th donor and the 8th bull. The position of the point

indicates that this combination (the 17th donor and the 8th bull) is more

likely to have a small probability of mitosis.
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5.4 Simulation Study

To evaluate how well this dual Poisson mixed model fit the animal fer-

tilization data, a simulation study is conducted, with the estimates in table

5.2 as true values of the parameters in the model. Basically, it is a simula-

tion study for Poisson distribution, following the same procedure described

in chapter 4, section 4.2.1. Five hundred simulations are conducted in total

and the simulated results are displayed in table 5.3.

Table 5.3: Simulated Results of Dual Poisson Mixed Model

Parameters True Value Estimate1 Bias 2 ESE 3 SSE 4

Z

constant α0 3.0167 3.0025 -0.0143 0.1356 0.1479

treatment α1 -0.1875 -0.1821 0.0054 0.1719 0.1841

days α2 -0.0022 -0.0022 −1.69× 10−5 0.0006 0.0007

X

constant β0 -1.8180 -1.8181 -0.0001 0.2229 0.2166

treatment β1 0.0565 0.0499 -0.0066 0.0765 0.0770

days β2 0.0741 0.0744 0.0003 0.0138 0.0133

days2 β3 -0.0014 -0.0014 4× 10−6 0.0002 0.0002

days3 β4 7.08× 10−6 7.13× 10−6 5.43× 10−8 1.25× 10−6 1.22× 10−6

σ2 0.2244 0.2064 -0.0180 0.0643

τ 2 0.0239 0.0171 -0.0069 0.0151

1 Average of estimates over 500 simulations

2 Bias= Estimate - True Value

3 Estimated standard error, average of 500 estimated standard errors

4 Simulated standard error, standard deviation of simulated estimates over 500 simulations

Based on the simulated results, the biases are very small for all model
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parameters, with dispersion parameters underestimated. In addition, the

ESEs and SSEs for all regression parameters are very close. Thus, the results

of the simulation study indicate the performance of the dual Poisson mixed

model in fitting the animal fertilization dataset is quite good.
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Chapter 6

Analysis of Fish Mercury

Concentration Data

In this section, a fish mercury concentration dataset with a lot of non-

detectable values will be analysed. Although the presence of those non-

detectable values makes the data analysis much more complicated than tra-

ditional continuously positive right skewed data, we can use Tweedie mixed

model, by setting p between one and two, to solve it easily. That is using

compound Poisson mixed model to analyse the data.

6.1 Data Description

These fish mercury concentration data were provided by the Ontario

Ministry of Natural Resources and Forestry, and the Ontario Ministry of
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Environment, Conservation and Parks. The response variable is the mus-

cle total mercury concentration, in parts per million (ppm) and wet mass

basis, of fish from the lakes of Ontario between 2009 and 2016. Each obser-

vation records the lake that the fish comes from, the year when the fish was

sampled, fish species, fork length (mm), total length (mm), rounded whole

body weight (g), sex and estimated age. Since mercury is a bioaccumulative

and biomagnifying contaminant, the mercury concentration increases in fish

throughout their lives. Normally, the mercury concentration is modelled as

a function of body size (length or weight), age or both. Age here can explain

some additional variations not accounted for by size in some populations.

Because fork length, total length and body weight are closely correlated, we

use only total length instead of all three in the model fitting. In addition,

for most northern fish populations, mercury is usually modelled as a power

function of length alone (i.e. log-log linear), so we will use log(total length)

instead of total length itself in the model. Thus, the covariates in the full

model consist of log(total length), age, sex and year.

The original dataset has 5229 observations collected between 2006 and

2016. In this thesis, the data from 2011 to 2016, containing 2896 observations,

will be analysed. After deleting the observations with missing values, we have

2754 observations left. The observation of species “splake” is also deleted

because there is only one observation for “splake” in the data. Finally, we

have 2753 observations left which correspond to 7 species and 91 lakes.

For this fish mercury concentration dataset, we consider the lake that
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each fish comes from and fish species as two random effects. We do that

because, firstly, the effects of lake and species are unobservable. Secondly,

different lakes may provide different living environments for fish, which may

make the mercury contained by fish different from lake to lake. On the other

hand, different fish may have different preferred living habitats and food,

which might also influence the mercury concentration in fish bodies.

Moreover, those two random effects “lake” and “species” are crossed

because there might be several species living in a single lake and each species

might exist in many different lakes. From here, we can see that there is no

hierarchical structure between “lake” and “ species”; on the contrary, they

have a crossed structure. When all the combinations between 7 species and

91 lakes (7 ∗ 91 = 637 combinations) occur in the dataset, it is called fully

crossed random effect structure. In this dataset, there are only 305 species-

lake combinations , which means only part of the combinations occur in

the data. Thus, our dataset has a partially crossed random effect structure,

which is more complicated than fully crossed structure. The partially crossed

structure in the data is displayed in the figure 6.1.
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Figure 6.1: Partially Crossed Random Effect Structure

Another difficulty for analysing this dataset is that there are many non-

detectable values in the responses, mercury concentrations. Since the ma-

chine for detecting the mercury concentration has a detection limit of 0.05

ppm wet, any mercury concentration under 0.05 is a non-detectable value.

For those non-detectable values, we group them together and set their values

to zero. For those responses that have values greater than or equal to 0.05, we

subtract 0.05 from the original value. Then a histogram of the transformed

responses is plotted in figure 6.2 to see the overall density shape.
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Figure 6.2: Histogram of Transformed Mercury Concentration

It is obvious that there is a zero-inflation occurring in the positively

right skewed density curve. In this case, we consider using compound Poisson

mixed model to fit our data.

6.2 Model Specification

Following section 3.1, three assumptions for compound Poisson mixed

model are specified as below:

Assumption 1. The species random effect (U1, . . . , Ui, . . . , U7) is in-
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dependently and identically distributed with

E(Ui) = 1 and Var(Ui) = σ2.

Assumption 2. The lake random effect (V1, . . . , Vj, . . . , V91) is inde-

pendently and identically distributed with

E(Vj) = 1 and var(Vj) = τ 2.

Moreover, two random effects species and lake are independent.

Assumption 3. Given two random effects species (U) and lake (V ),

the response Y (mercury concentration) are conditionally independent. In

other words, the conditional distribution of Y , given U and V , depends only

on the random effects associated with it; that is,

Yk | U, V ∼ Twp{µkUiVj, ρ2(UiVj)
1−p}, (6.1)

where µk = exp(XT
kβ) with Xk stands for the predictor vector of the kth

response. Ui and Vj are the two random effects associated with the kth

observation. ρ2 is a dispersion parameter which can be estimated during the

iterative estimation procedure. The power index p equals 1.5174 , which is

estimated beforehand based on the maximum likelihood method.

If we define the regression function in the model as g(X) = XTβ, the

83



initial regression function has the expression below:

g(X) = XTβ

= β0 + β1 ∗ female+ β2 ∗ log(length) + β3 ∗ log2(length) + β4 ∗ log3(length)

+β5 ∗ female ∗ log(length) + β6 ∗ female ∗ log2(length)

+β7 ∗ female ∗ log3(length) + β8 ∗ age+ β9 ∗ age2

+β10 ∗ feamle ∗ age+ β11 ∗ female ∗ age2 + β12 ∗ year

+β13 ∗ year2 (6.2)

Then µ can be expressed as :

µ = exp(g(X))

= exp(XTβ)

= exp(β0 + β1 ∗ female+ β2 ∗ log(length) + β3 ∗ log2(length) + β4 ∗ log3(length)

+β5 ∗ female ∗ log(length) + β6 ∗ female ∗ log2(length)

+β7 ∗ female ∗ log3(length) + β8 ∗ age+ β9 ∗ age2

+β10 ∗ feamle ∗ age+ β11 ∗ female ∗ age2 + β12 ∗ year

+β13 ∗ year2) (6.3)

Next, the compound Poisson mixed model is used based on the regression

function (6.2). The analysis results are shown in table 6.1 in the next chapter.
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6.3 Analysis Results and Interpretation

The estimated results for the full model are shown in table 6.1.

Table 6.1: Analysis results for Fish Mercury Concentration Data (Full Model)

Parameter Estimate SE P-value

constant β0 4.4391 55.4535 0.9362

female β1 15.7272 62.9078 0.8026

log(length) β2 -2.8608 27.5480 0.9173

log(length)2 β3 0.2458 4.5528 0.9569

log(length)3 β4 0.0099 0.2502 0.9683

female*log(length) β5 -9.0899 31.2111 0.7709

female*log(length)2 β6 1.7203 5.1522 0.7385

female*log(length)3 β7 -0.1070 0.2830 0.7053

age β8 0.1298 0.0094 < 10−40

age2 β9 -0.0025 0.0003 < 10−15

female*age β10 0.0011 0.0098 0.9106

female*age2 β11 −4.88× 10−5 0.0003 0.8802

year β12 -0.2139 0.1242 0.0851

year2 β13 0.0206 0.0113 0.0687

σ2 0.2027

τ 2 0.4955

ρ2 0.1150
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Since many terms in the table have strongly insignificant p-values, a

model reduction is then conducted by dropping those insignificant terms in

the regression function step by step . In the end, the final estimated results

with all the terms in the regression function significant are shown in table

6.2.

Table 6.2: Analysis results for Fish Mercury Concentration Data (Reduced
Model)

Parameter Estimate SE P-value

constant β0 0.0444 2.7303 0.9870

log(length) β1 -1.8739 0.8875 0.0347

log(length)2 β2 0.2501 0.0724 0.0006

age β3 0.1297 0.0071 < 10−70

age2 β4 -0.0025 0.0002 < 10−30

σ2 0.1920

τ 2 0.5091

ρ2 0.1145

According to table 6.2, the regression function in the reduced model

is g(X) = Xβ = 0.0444 − 1.8739 ∗ log(length) + 0.2501 ∗ log2(length) +

0.1297 ∗ age − 0.0025 ∗ age2, which indicates that only “total length” and

“age” have significant influence on the mercury concentration. To interpret

the fixed effect of length, variable age is considered as a constant. Then how

the response (mercury concentration) changes with different lengths can be
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visualized by plotting the function f(length) = exp(−1.8739 ∗ log(length) +

0.2501 ∗ log(length)2), displayed in figure 6.3 (a). Based on the plot, the

mercury concentration increases more and more quickly as the total length

is increasing. Similarly, to interpret the fixed effect of age, variable length is

kept constant. Then the relationship between the response and age can be

disclosed by plotting the function f(age) = exp(0.1297 ∗ age− 0.0025 ∗ age2)

in figure 6.3 (b). Based on this plot, the mercury concentration first increases

as the age increases, then decreases after around age 25.

(a) The Curve of Length (b) The Curve of Age

Figure 6.3: The Curves of Fixed Effects (Compound Poisson Model)

To interpret the random effects “species” and “lake”, three plots are

displayed below.
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Figure 6.4: The Plot of Species (Compound Poisson Model)

Based on the plot of estimated species random effect (figure 6.4), the

effect of “lake whitefish” and “white sucker” are close and small, while the

other five species have higher effects. This is consistent with the fact that

“white sucker” and “lake whitefish” are benthivores and tend to have lower

mercury, the remaining species are mostly piscivorous and have higher mer-

cury. In addition, the estimated effects of “smallmouth bass” and “walleye”

are high and close, and the other three piscivorous species: “northern pike”,

“burbot” and “lake trout”, are sitting in the middle. According to the esti-

mated species random effects, smallmouth bass and walleyes are more likely
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to have large mercury concentrations comparing with other species, while the

lake whitefish and the white suckers are more likely to have small mercury

concentrations.

Figure 6.5: The Plot of Lake (Compound Poisson Model)

In figure 6.5, the lake random effects are displayed with corresponding

geographical locations (latitude and longitude). The darkness of the color

represents the magnitude of the estimated lake random effect. In other words,

the darker the color, the larger the lake random effect. From the plot, the

lakes with the first five largest random effects are concentrated within the area

of longitude between -85 and -79, latitude between 45 and 48. In addition,

the names of the first five lakes are listed to the left of the graph. Based on

the estimated lake random effect, the fish living in those five lakes probably

have larger mercury concentrations than fish living in other lakes.
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Figure 6.6: The Plot of Lake vs Species (Compound Poisson Model)

Figure 6.6 is the plot of the combinations of “species” and “lake” occur-

ring in the dataset. Each column of points corresponds to real species-lake

combinations for each species in the data. The highest point in each col-

umn tells us which lake effect is the highest for each species and the names

of those lakes are listed to the left of the graph. Inferences could be made

based on those listed lakes. For example, since the lake with the largest

random effect for “white sucker” is Anjigami, the white suckers living in lake

Anjigami probably have larger mercury concentrations than those in other

lakes. Similarly, the lake whitefish living in lake Rabbit are more likely to

have larger mercury concentrations than those in other lakes. Similar infer-

ences can be made for all other species. The grouping of species random

effects, illustrated in figure 6.4, also can be disclosed by this plot, through

the values on the x-axis. When we consider two dimensions together, the
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points on the top right corner represent the lake-species combinations that

tend to have large mercury concentrations in the fish body, while the points

on the bottom left corner are the combinations that are more likely to have

lower mercury concentrations. For example, we can make a inference that

since the combinations of species “smallmouth bass” and “walleye” with lake

“Isabella” are the two points closest to the top right corner in the plot, small-

mouth bass and walleyes living in the lake Isabella are the fish that are most

likely to have large mercury concentrations among all species within the area

of Ontario.

6.4 Simulation Study

In order to measure the performance of our compound Poisson mixed

model, a simulation study was conducted by using a similar simulation proce-

dure in the Poisson data analysis in Chapter 4, section 4.2.1. One important

difference is that, the function rtweedie() in package “tweedie” is used to

generate a tweedie random variable, with the power index set as 1.5174. In

addition, the dispersion parameter ρ2 is also estimated in each simulation.

In total, 500 simulations are conducted and five out of those 500 simula-

tions did not converge. Thus, on average, 99% of the simulations converged

and only those convergent simulated results are used to study the bias of the

model estimators. The summarized results of those 495 convergent simula-

tions are displayed in table 6.3.

91



Table 6.3: Simulation Results for Compound Poisson Data

Parameters True Value Estimate1 Bias2 ESE3 SSE4

constant β0 0.0444 -0.0633 -0.1077 2.7524 2.9989

log(length) β1 -1.8739 -1.8466 0.0273 0.8949 0.9781

log(length)2 β2 0.2501 0.2479 -0.0022 0.0730 0.0797

age β3 0.1297 0.1296 -0.0001 0.0070 0.0074

age2 β4 -0.0025 -0.0025 −1.57× 10−6 0.0002 0.0002

σ2 0.1920 0.1449 -0.0471 0.0873

τ 2 0.5091 0.4798 - 0.0293 0.1332

ρ2 0.1145 0.1169 0.0024 0.0161

1 Average of estimates over 500 simulations

2 Bias= Estimate - True Value

3 Estimated standard error, average of 500 estimated standard errors

4 Simulated standard error, standard deviation of simulated estimates over 500 simulations

Based on the simulated results in table 6.3, there seems to be very little

bias in the estimates of regression parameters and dispersion parameters.

For standard error, although the SSEs seem slightly greater than ESEs for

all the regression parameters, the difference between the ESE and the SSE

is not serious. Thus, all those results indicate that the performance of the

compound Poisson mixed model in fitting fish mercury concentration data is

quite good.
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6.5 Gamma Model Analysis

The analysis of the fish mercury concentration dataset described in the

previous sections is based on the fact that there is a detection limit of 0.05

ppm wet. Thus, any mercury concentrations below 0.05 in the response are

considered as non-detectable values. Then a transformation is conducted to

the response and the transformed response is considered as a semi-continuous

dataset. In this case, the compound Poisson mixed model is employed to

analyse the data.

If we ignore the detection limit for the mercury concentration and regard

the original responses as the true values, the response in the dataset can

be regarded as a positively continuously distributed dataset. Then, a new

Tweedie mixed model with power parameter p > 2 could be used to analyse

this positively continuous distribution. The new model assumptions are the

same as the assumptions in compound Poisson mixed model specified in

section 6.2, Assumption 1-3. The power parameter p in the new model is

still estimated beforehand by the maximum likelihood method, but unlike the

compound Poisson mixed model where p is between 1 and 2, p is estimated

in the range of greater than or equal to 2 in the new model. The estimated

value of p for the new Tweedie mixed model is 2.0510 which is very close to

2. In this case, we may set p as 2 and regard the new model as a Gamma

mixed model.

The initial regression function g(X) = XTβ for the Gamma mixed
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model is specified as:

g(X) = XTβ

= β0 + β1 ∗ female+ β2 ∗ log(length) + β3 ∗ log2(length) + β4 ∗ log3(length)

+β5 ∗ female ∗ log(length) + β6 ∗ female ∗ log2(length)

+β7 ∗ female ∗ log3(length) + β8 ∗ age+ β9 ∗ age2

+β10 ∗ feamle ∗ age+ β11 ∗ female ∗ age2 + β12 ∗ year, (6.4)

so the unconditional mean µ can be obtained by:

µ = exp(g(X))

= exp(XTβ)

= exp(β0 + β1 ∗ female+ β2 ∗ log(length) + β3 ∗ log2(length) + β4 ∗ log3(length)

+β5 ∗ female ∗ log(length) + β6 ∗ female ∗ log2(length)

+β7 ∗ female ∗ log3(length) + β8 ∗ age+ β9 ∗ age2

+β10 ∗ feamle ∗ age+ β11 ∗ female ∗ age2 + β12 ∗ year) (6.5)

The analysis results of the Gamma mixed model based on regression

function (6.4) are displayed in table 6.4.
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Table 6.4: Gamma Model Analysis Results for Fish Mercury Concentration
Data (Full Model)

Parameter Estimate SE P-value

constant β0 -39.0139 42.8387 0.3624

female β1 36.4726 47.6981 0.4445

log(length) β2 20.0853 21.5074 0.3504

log(length)2 β3 -3.7635 3.5912 0.2947

log(length)3 β4 0.2408 0.1994 0.2273

female*log(length) β5 -19.7019 23.9421 0.4106

female*log(length)2 β6 3.5270 3.9977 0.3776

female*log(length)3 β7 -0.2094 0.2220 0.3457

age β8 0.1216 0.0083 < 10−40

age2 β9 -0.0026 0.0003 < 10−20

female*age β10 -0.0015 0.0085 0.8636

female*age2 β11 0.0001 0.0003 0.7089

year β12 0.0130 0.0155 0.4034

σ2 0.1332

τ 2 0.4025

ρ2 0.1374

Model reduction is then conducted since many terms in the model are

highly insignificant with large p-values. After conducting model reduction

step by step to get rid of the insignificant terms, the estimates of the reduced
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model are displayed in table 6.5.

Table 6.5: Gamma Model Analysis Results for Fish Mercury Concentration
Data (Reduced Model)

Parameter Estimate SE P-value

constant β0 5.9157 2.0483 0.0039

log(length) β1 -3.5762 0.6774 < 10−5

log(length)2 β2 0.3780 0.0564 < 10−10

age β3 0.1182 0.0063 < 10−70

age2 β4 -0.0024 0.0002 < 10−30

σ2 0.1360

τ 2 0.3900

ρ2 0.1395

According to table 6.5, the reduced Gamma mixed model only involves

length and age, indicating that length and age are two variables having signif-

icant influences on the fish mercury concentration. In addition, the regression

function in the reduced model is:

g(X) = XTβ

= 5.9157− 3.5762 ∗ log(length) + 0.3780 ∗ log(length)2

+0.1182 ∗ age− 0.0024 ∗ age2 (6.6)

Comparing table 6.2 and 6.5, the regression function in the reduced

96



Gamma mixed model has the same covariates as the compound Poisson

mixed model. In addition, the estimates of regression parameters for these

two models have the same sign. Plots of fixed effects and random effects are

displayed respectively to help interpret the analysis results for the reduced

Gamma mixed model.

Based on regression function 6.6, the two functions below are plotted to

help interpret the fixed effects of length and age:

f(length) = exp(0.3827 ∗ log(length)2 − 3.6323 ∗ log(length)) (6.7)

f(age) = exp(−0.0024 ∗ age2 + 0.1189 ∗ age2) (6.8)

(a) The Curve of Length (b) The Curve of Age

Figure 6.7: The Curves of Fixed Effects (Gamma Model)

Figure 6.7 (a) shows that the mercury concentration will increase more

and more quickly with the increase of length; (b) indicates that as age is in-

creasing, mercury concentration first increases, then starts to decrease around
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age 25. Comparing figure 6.3 and figure 6.7, there is no significant difference

in fixed effects of length and age between the two models.

Then, three plots of random effects species and lake are displayed below:

Figure 6.8: The Plot of Random Effect Species (Gamma Model)

According to figure 6.8, the random effects of “smallmouth bass” and

“walleye” are large and close, and the random effects of “lake whitefish” and

“white sucker” are small and close, while the random effects of the other

three species: “northern pike”, “burbot” and “lake trout”, are in between.

Comparing figure 6.4 and figure 6.8, the estimated species random effects

for the compound Poisson mixed model and the Gamma mixed model are
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consistent.

Figure 6.9: The Plot of Random Effect Lake (Gamma Model)

Figure 6.9 displays the estimates of lake random effect in the same man-

ner as figure 6.5. The darker the color, the larger the estimated random

effect. The lakes with the first five largest estimated random effects in the

Gamma mixed model are the same as the lakes in the compound Poisson

mixed model, but the orders of the first five lakes between these two models

are slightly different. Basically, the colors are distributed similarly in figure

6.5 and figure 6.9, which indicates that the geographic distributions of esti-

mated lake random effects for the compound Poisson mixed model and the

Gamma mixed model are similar.
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Figure 6.10: The Plot of Lakes vs Species (Gamma Model)

A comparison of figure 6.10 and figure 6.6 indicates there is no signif-

icant difference in the estimated random effects between the two models,

but it is obvious that the estimated random effects of “smallmouth bass”

and “walleye” in the Gamma mixed model are much closer than in the com-

pound Poisson mixed model because the last two columns of points in color

black and color pink overlap in figure 6.10. In figure 6.10, there seems to be

only one column of pink points, but actually there is another column of black

points hidden behind. The lakes that have the largest estimated random ef-

fect for each species are also listed, which are the same as for the compound

Poisson mixed model.

Overall, there is no significant difference between the analysis results for

the compound Poisson mixed model and the Gamma mixed model. Thus,

similar conclusions or inferences could be made based on both models.
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The simulation study for the Gamma mixed model will be part of the

further work for this thesis.
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Chapter 7

Discussion

7.1 Conclusion

This thesis considers the Tweedie generalized mixed model with cross-

structured random effects. Three applications are demonstrated to show

how this proposed model accommodate various classes of distributions. This

model is of great importance in educational and medical studies, where cross-

classified structured data are commonly encountered.

Previously, people mainly focused on how to use a generalized mixed

model with nested random effects to fit a normally distributed dataset. Al-

though a few statisticians have discussed cross-structured analysis before,

they only fit the cross-classified data based on the traditional nested model

by re-expressing the cross-structured model into the closest nested structured

model. In addition, most analyses were constructed based on the assumption
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of normally distributed data and random effects, but actually, those assump-

tions are not what we have in real life. One of the most important advantages

of our model is we do not have to specify any distributions of the random

effects beforehand, as long as they are positively distributed. Moreover, since

Tweedie distribution is incorporated into our model, the proposed model can

deal with a wide range of distributions (discrete, continuous, semi-continuous,

etc) by setting a proper power index. Thus, it offers a great flexibility to the

distribution of the dataset.

Another novelty of this model compared to previous methods is that

two crossed random effects are assumed multiplicative, instead of additive.

In other words, the influence of two random effects on the response is the

product of two random effects, rather than their summation. It is a creative

way of considering how random effects influence the response. The random

effects in the model are estimated by means of best unbiased linear predictor”

(BLUP).

The performance of our model is evaluated by simulation studies. Based

on the simulated results for all applications, the bias of model estimates is

very small and we can conclude that the model performs quite well in fitting

Poisson, compound Poisson and Gamma datasets.

7.2 Further Studay

Further work remains to be taken.
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Although three applications are demonstrated in this thesis, more data

analyses of other distributions are still needed to test how flexible the pro-

posed model is in fitting data. In addition, the data with more complicated

structures could be considered. For instance, the data with a structure of

multiple membership or the data involving both nested and crossed struc-

tures could be considered by using the model proposed in this thesis.

Moreover, for the fish mercury concentration data, a species-specific

regression function could be considered in our Tweedie mixed model with

crossed random effects, to see how fixed effects (total length and age) in-

fluence the mercury concentration differently among seven species. In this

way, firstly, a comparison of the estimated results (estimates of regression

parameters and dispersion parameters, estimation speed, etc.) between the

species-specific model and the original common regression function model

(demonstrated in this thesis) could be made. Secondly, the estimates of the

regression parameters for the species-specific model facilitate the comparison

among different fish species.
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